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A THERMAL MODEL FOR THE SURFACE 

TEMPERATURE OF MATERIALS ON THE EARTH'S SURFACE

A mathematical model fo r  the determ ination o f the surface 

temperature o f materials on the surface o f the earth is  derived 

and solved num erica lly.

The m ateria l is  assumed to  be opaque and compact. I ts  

surface is  assumed to be f l a t  and coincident w ith  the plane o f 

the ea rth ' s surface. The problem is  mathematically represented 

by the fo llow ing  one dimensional heat conduction equation and 

boundary cond ition :

(k /ρc) ϑ2T (x ,t) / ϑx2=ϑT(x , t ) / ϑt  0<x

kϑT(x , t ) / ϑx|x =0 = f [T (0 , t ) , t ]

T (x ,0) =constant

The temperature of the m a te ria l a t distance x beneath i t s  surface 

a t time t  is  T(x, t).  The thermal co n d u c tiv ity , de ns ity , and 

spe c ific  heat are k, ρ, and c respective ly  and are assumed to  be
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constant. The function f  is  e x p l ic i t ly  and non linearly  dependent 

upon T(0 ,t )  and t ,  and is  composed o f the fo llow ing  heating or 

cooling e ffe c ts : d ire c t and scattered sun ligh t, rad ian t thermal

energy emitted by the m a te ria l, a ir  convection, evaporation, and 

condensation a t the m a te ria l’ s surface. The function  o f f  is  de

pendent upon: the albedo, e m iss iv ity , and evaporation opportun ity

o f the m a te ria l, the temperature, re la t iv e  hum idity, and wind 

v e lo c ity  o f the a ir  above the m a te ria l, the dec lina tion  o f the sun, 

and the geographical la titu d e  o f the m a te ria l. The temperature, 

re la t iv e  hum idity and wind v e lo c ity  o f the a ir  above the m ateria l 

were assumed to  be constant. Results fo r  T(0,t ) , f [  T ( 0 , t ) , t ] , and 

the various components of f [ T ( 0, t ) , t )  are presented in  graphical 

form. Results fo r  T (0 ,t) a t various s ig n if ic a n t items t  during the 

so lar day are given in  tabu lar form. The so lu tions were ca rried  

out fo r  t  s u f f ic ie n t ly  large th a t T(0 ,t )  became approximately 

pe riod ic . The model predicts th a t the surface temperature o f a 

ty p ic a l earth crus t m ateria l a t a given time is  dependant only to  

a ra ther small degree upon the temperature o f the m ateria l more 

than approximately 6 days p r io r  to  tha t tim e.

In tro d u c t io n

The d a i l y  and se a so n a l v a r ia t io n  o f  th e  s u r fa c e  

te m p e ra tu re  o f  m a te r ia ls  on th e  e a r t h ’ s s u r fa c e  i s  a 

phenomena w h ic h  is  f a m i l i a r  to  a l l  o f  u s . A q u a n t i t a t iv e  

u n d e rs ta n d in g  o f  t h is  phenomena and i t s  n a tu r a l  causes is  

im p o r ta n t  i n  te m p e ra tu re  m apping o f  th e  e a r th 's  s u r fa c e  

by means o f  rem ote sen so rs  lo c a te d  in  a i r  o r  s p a c e c ra f t .



The s u r fa c e  te m p e ra tu re  o f  a g iv e n  m a te r ia l  a t  a 

g iv e n  t im e  o f  th e  y e a r and day depends on a v a r ie t y  o f  

n a tu r a l  h e a t in g  and c o o l in g  e f f e c t s  and on th e  in h e re n t  

p r o p e r t ie s  o f  th e  m a te r ia l .  Any re a s o n a b ly  p r a c t i c a l  

m a th e m a tic a l model d e s ig n e d  to  q u a n t i t a t i v e ly  p r e d ic t  

s u r fa c e  te m p e ra tu re s  w i l l  n o t be a c c u ra te  s im p ly  because 

m ost n a tu r a l  h e a tin g  and c o o l in g  e f f e c t s  a re  dependen t 

upon w e a th e r c o n d it io n s ,  w h ich  a re  im p o s s ib le  to  p r e d ic t  

a c c u r a te ly .  W ith  c e r t a in  assu m p tio ns  a b o u t w e a th e r 

c o n d i t io n s ,  however, a m a th e m a tic a l m odel can be 

deve loped  w h ich  len ds  c o n s id e ra b le  in s ig h t  in t o  th e  s u r 

fa c e  te m p e ra tu re  phenomena and i t s  ca u se s , and w h ic h  

can be used as a g u id e  f o r  th e  q u a n t i t a t iv e  p r e d ic t io n  

o f  s u r fa c e  te m p e ra tu re s .

3

Problem and S o lu tio n

The p rob lem  i s  to  d e te rm in e  th e  s u r fa c e  te m p e ra tu re  

o f  an opaque, compact m a te r ia l  on th e  e a r th 's  s u r fa c e .  

Suppose t h a t  th e  m a t e r ia l 's  s u r fa c e ,  in  c o n ta c t  

w ith  th e  a tm osphere , i s  f l a t  and c o in c id e n t  w i th  th e  

p la n e  o f  th e  e a r th 's  s u r fa c e .  F u r th e r ,  assume t h a t  

c o n d it io n s  a re  such t h a t ,  a t  a g iv e n  t im e  t ,  th e  tem pera 

tu r e  t  o f  th e  m a te r ia l  i s  th e  same a t  a l l  p o in ts  a t  

d is ta n c e  x v e r t i c a l l y  be low  th e  m a t e r ia l 's  s u r fa c e .  The 

d is ta n c e  x i s  zero on th e  s u r fa c e  and in c re a s e s  fro m  zero  

to w a rd  th e  e a r th 's  c e n te r .  W ith  t h i s  assu m p tio n  re g a rd in g  

T i t  fo l lo w s  th a t  th e  f o l lo w in g  fo rm  o f  th e  h e a t e q u a t io n



i s  v a l i d  in  th e  m a te r ia l :

k ϑT( x ,t ) / ϑx |  = f ( t ) (2 )X =0

w here f ( t )  i s  d e fin e d  as th e  r a te  o f  h e a t f lo w  o u t  o f  

th e  m a te r ia l  a t  i t s  s u r fa c e  p e r u n i t  s u r fa c e  a re a . 

D iv id in g  f ( t )  in t o  5 s e p a ra te  te rm s :

A - A lbedo o f  m a te r ia l .

R0 - I r r a d ia n c e  re c e iv e d  fro m  th e  sun above

e a r th 's  a tm osphere  ( .139 Wcm- 2 ) .

Ө0  - Sun z e n ith  a n g le .

co s Ө0 = c o s Өc o s φc o s [2 ∏t( 2 4 h r ) -1] + s in Өs in φ

Ө -  D e c l in a t io n  o f  sun .

φ - G e o g ra p h ica l l a t i t u d e  o f  m a te r ia l  on 

e a r th 's  s u r fa c e . 

t  -  L o ca l s o la r  t im e .

4

The th e rm a l c o n d u c t iv i t y ,  d e n s ity ,  and s p e c i f ic  h e a t a re  

assumed to  be c o n s ta n t and a re  r e s p e c t iv e ly  de no ted  by 

k ,  p , and c .

One a ls o  has :

(k / ρc)ϑ 2T( x , t ) / ϑ x 2=ϑT( x,t ) / ϑ t 0<x (1 )

f ( t )=  5∑ i=1f i (t )  (3 )

-f1( t ) =(1-A)R 0cosϴ 0e x p (- .3 6 5 se cӨ0) / . 9 0  (4)
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a -  E v a p o ra t io n  o p p o r tu n it y  o f  th e  m a te r ia l .

Ra - R e la t iv e  h u m id ity  o f  a i r  above

m a t e r ia l 's  s u r fa c e .

e [ t ]     -S a tu ra te d  va p o r p re s s u re  o f  w a te r  a t  

te m p e ra tu re  T.

e [T ]= [5 .8 0  + . 0295 (T°K -1 ~273 .2 )2 ](mm o f  Hg)

t  -  Tem pera tu re  in  deg rees K e lv in .

f  ( t ) = [T ( 0 , t ) ~ T a ] (1 .0 9  +.23V  sec f t - 1 )x  4   a
 (.000568 Wcm-2 °  K-1 ) (7)

f  3 ( t )  = ϵ σT4 (0, t )  (6)

ϵ  -  Absorbtance (emissivity) of material.

σ - Stephan-Boltzmann constant ( 5 . 6 7 x 1 0 -12

 Wcm-2° K -4 ) .

Ta - Air temperature above the material's

surface in degrees Kelvin.

xα - Absolute humidity of air above material's 

surface.

- f  ( t ) = ϵ oT 4 ( .3 7 + . 019xa m3gm- 1 ) (5)2 a 

f 5 ( t ) = a { e [T ( 0 , t ) ] - e [ T a]Ra } (mm o f  Hg)-1  x   
( .4 4  + .1 7 3  Va sec f t - 1 ) (.0 018 3  Wcm- 2 ) (8) 

v a       - Velocity of air assumed to be moving 

parallel to and above the materials 

- surface.

T ( 0 , t )  - Surface temperature of material in 

degrees Kelvin.



The f i r s t  te rm  f 1 ( t ) a p p ro x im a te s  th e  r a d ia n t  ene rgy  

fro m  th e  sun and in  a d d i t io n  th a t  r a d ia n t  en e rg y  re c e iv e d  

fro m  th e  sun b u t s c a tte re d  by th e  atm osphere  b e fo re  

a r r i v in g  a t  th e  m a te r ia l 's  s u r fa c e .  M ost o f  t h i s  r a d ia n t  

en e rg y  w i l l  have w ave le ng ths  in  th e  .3 -3  μ r e g io n .  The 

s e m ie m p ir ic a l e x p re s s io n  g iv e n  f o r  f 1 ( t )  was d e te rm in e d  

fro m  measurem ents ta ke n  d u r in g  th e  summer in  C o lo ra d o  

(H u ls tro m , 1 9 7 0 ). I t  i s  in te n d e d  to  be a re a s o n a b le  

a p p ro x im a tio n  f o r  c le a r  a tm o s p h e ric  c o n d it io n s  o n ly .

The second te rm  f 2( t )  a p p ro x im a te s  th e  th e rm a l 

r a d ia n t  e n e rg y  re c e iv e d  fro m  th e  a tm osphe re . M ost o f  

t h i s  r a d ia n t  energy w i l l  have w a ve le n g th s  in  th e  3-14 μ 

re g io n  and o r ig in a te s  p r in c ip a l l y  fro m  th e  w a te r va p o r 

in  th e  a tm osphere . P a r t  o f  th e  e x p re s s io n  g iv e n  f o r  

f 2 ( t )  was d e r iv e d  from  g r a p h ic a l ly  p re s e n te d  measured 

d a ta  ta k e n  by S loan e t  a l . (1 9 5 6 ).

The t h i r d  te rm  g iv e s  th e  th e rm a l r a d ia n t  e n e rg y  

e m it te d  by th e  m a te r ia l  as d ic ta te d  by th e  S tephan - 

B o ltzm ann la w .

The f o u r th  te rm  a p p ro x im a te s  th e  c o n v e c t iv e  h e a t 

lo s s  (g a in )  due to  th e  passage o f  a i r  assumed to  be m oving 

p a r a l l e l  t o  and above th e  m a t e r ia l 's  s u r fa c e .  I t  i s  an 

exam ple o f  th e  s o - c a l le d  Newton h e a t exchange boundary  

c o n d i t io n .  The n u m e ric a l c o e f f i c ie n t s  in  th e  te rm  were 

d e te rm in e d  (McAdams, 1954) by la b o r a to r y  e x p e rim e n ts  

m e asu rin g  th e  te m p e ra tu re  o f  a ro ugh  copper p la te  b e in g  

c o o le d  (h ea te d ) by a w in d  o f  v e lo c i t y  v  p a r a l l e l  t o  th e  

p la t e 's  s u r fa c e .
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The f i f t h  te rm  a p p ro x im a te s  th e  h e a t lo s s  due to  

th e  e v a p o ra t io n  o f  w a te r  fro m  th e  m a t e r ia l 's  s u r fa c e .

T h is  te rm  was o b ta in e d  by m u l t ip ly in g  th e  e v a p o ra t io n  

r a te  o f  w a te r  from  th e  m a te r ia l  by th e  h e a t o f  v a p o r i 

z a t io n  o f  w a te r .  S e v e ra l s e m ie m p e ric a l fo rm u la e  f o r  th e  

e v a p o ra t io n  ra te  o f  w a te r  fro m  m a te r ia ls  e x is t  in  th e  

l i t e r a t u r e  (W is le r ,  1 9 4 9 ). The one chosen was d e te rm in e d  

by Rohwer, and sea le v e l  b a ro m e tr ic  p re s s u re  was used in  

h is  fo rm u la .  The c o n s ta n t a i s  th e  s o - c a l le d  e v a p o ra t io n  

o p p o r tu n ity  (W is le r ,  1949) o f  th e  m a te r ia l .  F o r m a te r ia ls  

c o n ta in in g  no w a te r a  w ou ld  be z e ro . F o r h ig h ly  po rous 

m a te r ia ls  w h ich  a re  s a tu ra te d  w i th  w a te r  a w ou ld  be 

a p p ro x im a te ly  1.

The a b s o lu te  h u m id ity  x a in  te rm  f 2 ( t )  i s  o b ta in e d

by means o f  th e  id e a l  law  w i th  te m p e ra tu re  T a and p re s s u re

e  [t a ] Ra.  The a p p ro x im a tio n  g iv e n  f o r  e[T] was d e te rm in e d
 

e m p ir ic a l ly  from  ta b u la t io n s  f o r  s a tu ra te d  w a te r  v a p o r 

p re s s u re  and is  re a s o n a b ly  a c c u ra te  f o r  2 7 3 . 2 °  k < t < 3 1 0 °  k .

I n  te rm s f 2 ( t ) ,  f 4 ( t ) , and f 5 ( t )  th e  q u a n t i t ie s  t a , 

Va,  and Ra o c c u r. These q u a n t i t ie s  depend upon w ea the r
 

c o n d it io n s  and th u s  change w i th  t im e . A t f i r s t  assume 

th a t  th e y  a re  c o n s ta n t,  and n o te  t h a t  f 1 ( t )  depends 

e x p l i c i t l y  upon t ,  t h a t  f2(t) i s  a c o n s ta n t ,  and t h a t

f 3 ( t ) ,  f 4 ( t ) ,  and f 5 ( t )  depend e x p l i c i t l y  upon T ( 0 , t )

T h u s :

f ( t ) = f  [ T ( 0 , t ) , t ]
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In  (1) and (2) T (x , t ) ,  x ,  and t  have th e  d im e ns ion s  

o f  te m p e ra tu re , d is ta n c e , and tim e  r e s p e c t iv e ly .

T rans fo rm  th e s e  th re e  q u a n t i t ie s  in t o  d im e n s io n le s s  fo rm  

by means o f  th e  fo l lo w in g  s u b s t i t u t io n s :

T ( x , t ) = K 0u ( y ,τ)

x= c0y

t= S0τ

where

K0=R01/4σ- l / 4

c0=kR0- 3/ 4 σ- l / 4

S0=R0 - 3 / 2σ- l / 2 k ρc

The q u a n t i t ie s  u ( y , τ ) ,  y , and τ a re  d im e n s io n le s s  

te m p e ra tu re , d is ta n c e , and tim e  r e s p e c t iv e ly .  In  te rm s 

o f  th e s e  new q u a n t i t i e s  (1) and (2) become:

8

ϑu2( y , τ ) /ϑ y 2 =ϑu (y , τ ] / ϑτ 0<y (9)

ϑu ( y , τ ) / ϑy | y=0= f [ K0u(0, τ ) , S 0 τ]R0 -1  = F [u(0 ,τ ), τ ]  (10)

The o n ly  p la c e  w here t  e x p l i c i t l y  o c c u rs  in  f ( t )  i s  

in  th e  c o s [2 ∏ t (24hr)-1] te rm  f o r  c o s Ө0 in  f 1 ( t ) .  T h is  

te rm  becomes cos [2∏ η-1τ] where η = (2 4 h r)S 0-1 when one 

re p la c e s  t  by S0τ. The q u a n t i t y  η i s  d im e n s io n le s s  and is  

in v e r s e ly  p r o p o r t io n a l t o  th e  square  o f  th e  th e rm a l i n e r t i a  

(k ρc ) 1/2. 
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μ (y ,0 )= μ0 0< y (11)

The s o lu t io n  fo r  μ (0 ,τ ) as d e te rm in e d  fro m  ( 9 ) , ( 1 0 ) ,  and

(11) i s  (C ars law  and J a e g e r, 19 59 ):

    μ (0 ,τ )= u0-∏-1/2 0∫τ(τ - z )-1/2 F [ μ (0 ,z ) , z] dz (12)

E q u a tio n  (12) was s o lv e d  n u m e r ic a l ly .  The p ro 

cedure  was to  a p p ro x im a te  F [ μ ( 0 , z ) , z ]  in  th e  u s u a l manner 

by a s e r ie s  o f  p o ly n o m ia ls  o f  1 s t o r  2nd o rd e r .  An 

in d ic a t io n  o f  the  a c c u ra c y  o f  t h i s  p ro c e d u re  may be 

o b ta in e d  by com paring th e  r e s u l t s  f o r  μ ( 0 , τ ) f o r  th e  two 

o rd e rs .  The d is c re p a n c y  between u ( 0 , τ ) u s in g  2nd o rd e r  

p o ly n o m ia ls  was le s s  th a n  .01% f o r  τ >0. The d is c re p a n c y  

tended  to  become le s s  f o r  la r g e r  τ . These s o lu t io n s  

show t h a t  μ ( 0 , τ ) - μ ( 0 , τ +n) f o r  s u f f i c i e n t l y  la rg e  v a lu e s  

o f  τ . T h is  is  p a r t i c u la r l y  t r u e  f o r  an a p p ro p r ia te  ch o ic e  

f o r  u0 . T h is  r e s u l t  i s  p h y s ic a l ly  re a s o n a b le  s in c e  one 

w ou ld  e x p e c t th a t  μ ( 0 , τ ) w ou ld  be m a in ly  d e te rm in e d  by th e  

fo r c in g  fu n c t io n  F f o r  s u f f i c i e n t l y  la rg e  τ , r a th e r  than  

th e  m a t e r ia l ' s i n i t i a l  te m p e ra tu re  a t  some la rg e  tim e  in  

th e  p a s t .

The n u m e ric a l s o lu t io n s  were t im e  phased in  a manner 

such th a t  τ and t  w ere ze ro  a t  18 h rs  (6 PM) lo c a l  s o la r  

t im e . S o lu t io n s  f o r  μ ( 0 , τ ) were fou nd  f o r  0<τ <6η , o r  

e q u iv a le n t ly  T ( 0 , t )  was found  f o r  0<t <6 days . V a lues  f o r  

T ( 0 , t ) - T a a t  6 h rs  lo c a l  s o la r  t im e ,  τ [0 ,1 2  h r + n ( 2 4 h r ) ] - T a, 

in  degrees K e lv in  a re  g iv e n  in  T a b le  1 f o r  tw o v a lu e s  o f  

T0=K0μ0=T( x ,0 ) ' The v a lu e s  ta k e n  f o r  th e  c o n s ta n ts  in  F



10

T0(K)

n 279 285

0 -1 0 .9 4 - 9 . 030

1 -1 0 .4 4 -9 .2 4 3

w e re : A=.05,  ϵ = l.0  ,Ra = .2 5 ,  Va =5 f t / s e c , T a =285°K , η=.1 8 ,  
a=.1 ,0 = 0 , and φ=4 5.

N ote  t h a t  th e  v a lu e s  l i s t e d  f o r  τ - τa in  T a b le  1

in c re a s e  a s y m p to t ic a l ly  w i t h  n f o r  T0=279°K b u t decrease  

a s y m p to t ic a l ly  w ith  η f o r  T0=285°K. F o r s u f f i c i e n t l y  

la rg e  η b o th  sh o u ld  converge  to  th e  same v a lu e .  P re v io u s  

tre a tm e n ts  o f  t h i s  s u r fa c e  te m p e ra tu re  p rob le m  (W atson, 

1971; J a e g e r , 1953) have used a p e r io d ic  s o lu t io n  f o r

τ ( 0 , t ) .  F o r the se  s o lu t io n s  th e  i n i t i a l  t r a n s ie n t

b e h a v io r  o f  T (0 , t ) ,  w h ich  depends upon o n e 's  c h o ic e  o f

T (0,  t ) ,  w h ic h  depends upon o n e 's  c h o ic e  o f  τ 0 , i s  n o t

p re s e n t .  Such s o lu t io n s  a re  le s s  com plex b u t c o n ta in

le s s  in fo r m a t io n  p a r t i c u la r l y  i f  one supposes t h a t  τ0  is

an a p p ro p r ia te  e a r th  s u b s u rfa c e  te m p e ra tu re .

R e fe r r in g  to  th e  p r e v io u s ly  l i s t e d  v a lu e s  f o r  th e

c o n s ta n ts  i n  F , to g e th e r  w i th  τ0 =28 2 °K as th e  "s ta n d a rd

c h o ic e "  o f  c o n s ta n ts , f ig u r e  1 shows T ( 0 , t ) ,  5 days

<t <6 d a y s , f o r  th e  "s ta n d a rd  c h o ic e "  o f  c o n s ta n ts .  F ig u re  
 _

2 shows F ( τ )=  5∑i=1 F i ( τ ) and F i ( τ ) = f i ( t )R 0 - 1 , i = l , 2 , 3 , 4 / 5,       
5 days <t <6 days aga in  w i th  th e  "s ta n d a rd  c h o ic e "  o f  

c o n s ta n ts .

TABLE 1. T [0 ,1 2 h r  + n (2 4 h r ) } - Ta
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3 -1 0 .2 5 -9 .4 4 1

4 -1 0 .2 1 -9 .4 9 5

5 -1 0 .1 8 -9 .5 3 6

C o n s ta n ts a1 (°K) a 2 ( ̊ K) a 3 ( ̊K)

s ta n d a rd 5.07 9 .86 7 .07

A= .15 5.76 10 .1 5 .14

ε = . 9 4.05 8.92 8 .16

R = .75  a 3.66 8.37 8 .44

V =15 f t / s e c  a 4.57 6.91 5 .15

T = 2 9 5 °K a 7.57 11 .9 4 .38

η= . 12 4.57 9.33 5 .88

a=. 5 7.44 11 .7 3 .74

θ=.3  ra d ia n s -1 .1 0 8.29 15 .3

T0=2850K 4.75 9.54 7 .36

TABLE 2. a1 , a2 , and a 3 o f  T ( 0 , t )  f o r  5 days  < t  <6 da ys .

T a b le  2 shows th e  v a lu e s  fou nd  f o r  a1 , a2 , and a3 as 

d e p ic te d  in  F ig u re  1:

-  a1 = T (0, 5 d a y s )-T a 

- a2 = T ( 0 ,t)m in  -Ta  

a3 = T ( 0 , t ) max -Ta  



LOCAL SOLAR TIME (HRS)

Figure I. T (0 ,t) for 5 days < t < 6 days and with 
the "standard choice" of constants.

12
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Figure 2 . Ft } F1 , F 2 , F 3 , and F4  for 5 days≤ / ≤ 6 days

and with the "standard choice" of constants.



The minimum and maximum v a lu e s  f o r  T ( 0 , t ) ,  5 days

< t< 6 d a ys , a re  r e s p e c t iv e ly  T ( 0 , t ) min and T ( 0 , t ) max— —  
E n t r ie s  shown in  th e  column headed " c o n s ta n ts "  in  T a b le  

2 show th e  d e p a r tu re s  fro m  th e  "s ta n d a rd  c h o ic e " . Thus

A=.15 in  th e  second row o f  T a b le  2 means th a t  th e  s e le c t io n  

o f  c o n s ta n ts  was th e  "s ta n d a rd  c h o ic e "  e x c e p t t h a t  A was 

e q u a l to  .15  r a th e r  tha n  .05 as i t  i s  in  th e  "s ta n d a rd  

c h o ic e " .  The reason th a t  th e s e  r e s u l t s  a re  in  ta b u la r  

r a th e r  th a n  g ra p h ic a l fo rm  i s  th a t  th e  v a r io u s  c u rv e s  

f o r  T (0, t ) a re  a l l  v e ry  s im i la r  in  shape b u t have d i f f e r e n t

v a lu e s  f o r  a 1, a2 , and a3 . In  e v e ry  case T ( 0 , t ) min was  
r e a l iz e d  a t  fro m  12 to  36 m in u te s  a f t e r  s u n r is e .  E xcep t

f o r  th e  va = 1 5 f t /s e c  and a= .5  case s , T ( 0 , t )  r e a l iz e d  i t ' s

maximum v a lu e  a t  from  60 t o  84 m in u te s  a f t e r  12 h rs  lo c a l

s o la r  t im e .  F o r th e  Va = 1 5 f t /s e c  and a = .5 ca se s , T ( 0 , t )

r e a l iz e d  i t ’ s maximum v a lu e  a t  fro m  36 to  60 m in u te s  a f t e r  

12 h r s .  lo c a l  s o la r  t im e .

F o r an u n d e rs ta n d in g  o f  th e  r e s u l t s  in  T a b le  2 i t  i s  

im p o r ta n t  to  un de rs tan d  th e  b e h a v io r  o f  th e  te rm s  Fi , 

i = l , 2 , 3 , 4 , 5 ,  as th e y  depend upon th e  c o n s ta n ts  in  F . F1 

and F2 a re  h e a t in g  te rm s , F 3  i s  a c o o l in g  te rm . F 4 and

F5 can e i t h e r  h e a t o r  c o o l th e  m a te r ia l .  The h e a t in g  

e f f e c t  o f  F1 i s  decreased f o r  in c re a s in g  A and, f o r  

p o s i t iv e  φ in c re a s e d  f o r  ϴ  in c re a s in g  fro m  z e ro . The

h e a t in g  e f f e c t  o f  F2 in c re a s e s  f o r  in c re a s in g  ϵ , t a , and 
R .a

F1 i s  t y p i c a l l y  o f  g r e a te r  im p o rta n c e  th a n  F2 , b u t

c o u ld  have le s s  n e t h e a t in g  e f f e c t  th a n  F2 when ϵ , Ta , 
14



and Ra a re  la rg e .  The c o o l in g  e f f e c t  o f  F3 i s  in c re a s e d 
f o r  in c re a s in g  ϵ . F3 i s  pe rhaps t y p i c a l l y  th e  m ost 

im p o r ta n t c o o lin g  te rm . The e f f e c t  o f  F4 i s  to  c o o l th e

m a te r ia l  when T (0 , t )> T a b u t to  h e a t th e  m a te r ia l  when

T ( 0 , t ) <Ta . I t s  e f f e c t  i s  in c re a s e d  f o r  in c re a s in g  V a . 
I t ' s  im p o rta n c e  becomes c o n s id e ra b le  when Va becomes 

s u f f i c i e n t l y  la rg e ,  f 5 can e i t h e r  c o o l (e v a p o ra t io n )  o r  

h e a t (co n d e n sa tio n ) th e  m a te r ia l .  I t ' s  e f f e c t  i s

in c re a s e d  f o r  in c re a s in g  va and a , and can be o f  con 

s id e ra b le  im p o rta n ce  when va and /o r  a become s u f f i c i e n t l y

la r g e .  I t ' s  e f f e c t  te n d s  to  be th a t  o f  c o o l in g  f o r  s m a ll

Ra and Ta .  
T a b le  2 is  q u i te  in c o m p le te . I t  c o n ta in s  o n ly  s in g le  

v a r ia b le  d e p a r tu re s  fro m  th e  "s ta n d a rd  c h o ic e "  e v a lu a t io n  

o f  th e  c o n s ta n ts . The ta b le  may, how ever, be used f o r  

c ru de  a p p ro x im a tio n s  f o r  a g e n e ra l s e le c t io n  o f  th e  

c o n s ta n ts  v ia  th e  f i r s t  o rd e r  T a y lo r  e x p a n s io n :

ai (c 1 + Δc 1 ,  c 2+Δc2,...c9 + Δ c 9 ) =a1 (c 2 , c 2 , ... c9)

9
+ ∑ Δ c jϑ ai (c l , c 2 ,. . . c9 ) / ϑcj  

j = l    

i  = l , 2 ,3

The "s ta n d a rd  c h o ic e "  e v a lu a t io n  o f  th e  c o n s ta n ts  a re  

c l , + c 2, ... c 9 .  The p a r t i a l  d e r iv a t iv e s  ϑai / ϑcj may be 

a p p ro x im a te d  from  T a b le  2. D e p a rtu re s  o f  th e  c o n s ta n ts

fro m  th e  s ta n d a rd  c h o ic e  a re  Δcj.

I t  i s  a p p ro p r ia te  to  c o n s id e r  th e  l im i t a t i o n s  and

15



e xp e c te d  a ccu ra cy  o f  the se  s o lu t io n s .  The te rm  F1 assumes 

c le a r  a tm o s p h e ric  c o n d it io n s ,  th u s  o u r r e s u l t s  a p p ly  o n ly

in  t h i s  case . The c o n s ta n ts  ta ,  V a, and Ra a re  d e te rm in e d  
by w e a th e r c o n d it io n s  and in  r e a l i t y  change c o n s id e ra b ly  

w i th  t im e . I t  has been assumed th a t  th e y  a re  c o n s ta n t ,  

how ever. T h is  assum ption  c le a r ly  in t ro d u c e s  e r r o r  in t o  

th e  s o lu t io n s .  T r a n s p ir a t io n  fro m  v e g e ta t io n  was n o t 

c o n s id e re d  so th a t  ou r r e s u l t s  do n o t a p p ly  to  v e g e ta t io n .

The m odel i s  c le a r ly  to o  s im p le  to  p r e d ic t  w i th  any 

a c c u ra c y  s u r fa c e  te m p e ra tu re s  th a t  one w ou ld  a c t u a l ly  

measure in  th e  f i e l d .  I t  s h o u ld , how ever, be u s e fu l  f o r  

p r e d ic t in g ,  w i th  l im i te d  a c c u ra c y , th e  s u r fa c e  tem pera 

tu r e s  o f  n o n -v e g e ta te d  m a te r ia ls  un de r c le a r  a tm o s p h e ric

c o n d it io n s  when ta , V a, and Ra a re  r e la t i v e l y  c o n s ta n t .  
In  c o n c lu s io n  i t  s h o u ld  pe rhaps be em phasized t h a t  

r e la t i v e l y  l i t t l e  a t t e n t io n  has been g iv e n  to  th e  r a te  a t  

w h ich  th e  s o lu t io n s  p re s e n te d  in  T a b le  2 become a p p ro x i

m a te ly  p e r io d ic .  Only th e  d a ta  p re s e n te d  in  T a b le  1 d e a ls  

w i th  t h i s  phenomena. R e p re s e n tin g  T [ 0 , t + n ( 2 4 h r ) ]  ,

0 < t < 2 4 h r , b y  Tη  ( O , t ) ,  r e p re s e n ta t iv e  v a lu e s  o f  T 5 ( O , t )  

a re  g iv e n  in  T a b le  2. I t  i s  e xp ec te d  t h a t  T n ( 0 , t ) -  T ∞ ( 0 , t ) 

f o r  n  s u f f i c i e n t l y  la rg e .  T h is  i s  exp e c te d  to  be v a l i d  

f o r  r e la t i v e l y  s m a ll n  i f  th e  24hr t im e  average o f  

T ∞ ( 0 , t )  and T 0  a re  n o t s i g n i f i c a n t l y  d i f f e r e n t  and η i s  

r e la t i v e l y  la r g e .  S o lu t io n s  were c a r r ie d  o u t f o r  T ( 0 , t ) ,  

0 < t < l 2  days f o r  the  "s ta n d a rd  c h o ic e "  o f  c o n s ta n ts  e x c e p t 

Ө= .3  ra d ia n  and w ith  η= . 1 8  and . 0 1 6 .  F o r η= . 1 8 ,  a 1 , a 2 ,

16



and a a re  r e s p e c t iv e ly  -1 .0 9 9 ,  8 .2 8 6 , and 15 .29  f o r  

n=5 and -1 .2 5 3 ,  8 .1 35 , and 15. 42 f o r  n= l l .  F o r n = .0 1 6 , 

a 1 ,  a 2 ,  and a 3 a re  r e s p e c t iv e ly  -1 .4 2 1 ,  4 . 400 and 6 .421  

f o r  n=5 and -1 .8 4 4 , 4 .0 0 4 , and 6 .784 f o r  n = l l .  The 

changes in  a 1 , a 2, and a3 a re  a p p ro x im a te ly  .4 f o r  η= . 016 

b u t a p p ro x im a te ly  .15 f o r  η= . 1 8 .  I t  w ou ld  be e xp e c te d  

t h a t  th e  changes f o r  a 1 ,  a 2 , and a 3 w ou ld  n o t  be g r e a te r  

th a n  .15 f o r  th e  s o lu t io n s  in  T a b le  2. The v a lu e  ta k e n  

by η f o r  m ost e a r th  c r u s t  m a te r ia ls  i s  la r g e r  th a n  .1 8 . 

The m odel w ou ld  th u s  p r e d ic t  th a t  th e  te m p e ra tu re  o f  a 

t y p ic a l  e a r th  c ru s t  m a te r ia l  a t  a g iv e n  t im e  is  dependen t 

o n ly  to  a r a th e r  s m a ll degree  upon th e  te m p e ra tu re  o f  th e  

m a te r ia l  more than  a p p ro x im a te ly  6 days p r io r  to  t h a t  

t im e .
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