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difficulty of the prediction problem. In contrast, the existing literature has so far focused only on the setting
where the two kernels are nearly perfectly aligned. This motivates us to propose an easily implementable data-
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without the need of knowing the covariance kernel. Simulation studies are carried out to illustrate the merits
of the adaptive predictor and to demonstrate the theoretical results.

Keywords
functional linear model, minimax rate of convergence, principal components analysis, reproducing kernel
Hilbert space, spectral decomposition

Disciplines
Statistics and Probability

This journal article is available at ScholarlyCommons: http://repositoryupenn.edu/statistics_papers/S09


http://repository.upenn.edu/statistics_papers/509?utm_source=repository.upenn.edu%2Fstatistics_papers%2F509&utm_medium=PDF&utm_campaign=PDFCoverPages

Minimax and Adaptive Prediction for Functional Linear Regression

T. Tony Cai* and Ming Yuan'

University of Pennsylvania and Georgia Institute of Technology

May 18, 2012

Abstract

This paper considers minimax and adaptive prediction with functional predictors in the
framework of functional linear model and reproducing kernel Hilbert space. Minimax rate of
convergence for the excess prediction risk is established. It is shown that the optimal rate is
determined jointly by the reproducing kernel and the covariance kernel. In particular, the align-
ment of these two kernels can significantly affect the difficulty of the prediction problem. In
contrast, the existing literature has so far focused only on the setting where the two kernels
are nearly perfectly aligned. This motivates us to propose an easily implementable data-driven
roughness regularization predictor that is shown to attain the optimal rate of convergence adap-
tively without the need of knowing the covariance kernel. Simulation studies are carried out to

illustrate the merits of the adaptive predictor and to demonstrate the theoretical results.
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1 Introduction

Prediction is an important problem in functional data analysis with a wide range of applications
including chemometrics, econometrics, and biomedical studies. See, for example, Ramsay and
Silverman (2002; 2005), Ferraty and Vieu (2006), and Ramsay, Hooker and Graves (2009). Consider
the functional linear model

Y =ag+ /TX(t)BO(t)dt—i—e, (1)

where Y is a scalar response, X : 7 — R is a square integrable functional predictor defined over
a compact domain 7 C R, «g is the intercept, By : 7 — R is the slope function, and € is random
noise with mean 0 and finite variance o2. In this paper we focus on the random design where X is
a path of a square integrable stochastic process defined over 7 and is independent of ¢ . The goal

of prediction is to recover the functional 7g:

no(X) = oo + /TX(t)ﬁo(t)dt,

based on a training sample {(X;,Y;) : ¢ = 1,...,n} consisting of n independent copies of (X,Y").
Let 7, be a prediction rule constructed from the training data. Then its accuracy can be naturally

measured by the excess risk:
E(fin) =B [Y* =i (X*)]* = B* [Y* = o(X*)]* = B* [fu(X*) = no(X))?,

where (X*,Y*) is a copy of (X,Y") independent of the training data, and E* represents expectations
taken over X* and Y* only. In particular, the rate of convergence of £(7},,) as the sample size n
increases reflects the difficulty of the prediction problem. A closely related but different problem
is that of estimating the intercept ag and the slope function 5.

Many commonly used approaches to the prediction and estimation problems under the func-
tional linear model (1) are based upon the functional principal component analysis (FPCA) (see,
e.g., Ramsay and Silverman, 2005; Yao, Miiller and Wang, 2005; Cai and Hall, 2006; Hall and
Horowitz, 2007). The functional principal components are determined solely by the observed func-
tional predictors X;. A crucial condition for the success of the FPCA-based methods is that the
slope function [y is efficiently represented in terms of the leading functional principal components.
This condition, however, may not always be true. In many applications it is not realistic to assume
that the functional principal components form an efficient basis for the slope function Sy because
the two are typically unrelated. When this condition fails to hold, the low-variance components

of the predictor X have non-negligible predictive power and the FPCA-based methods may not



perform well. Similar phenomenon has also been observed in the performance of principle compo-
nent regression (see, e.g., Jolliffe, 1982) or singular value decomposition methods for linear inverse
problems (see, e.g., Donoho, 1995).

For illustration purpose, take the Canadian weather data as an example. It is one of the classical
examples in functional linear regression and the goal is to predict the log annual precipitation at
35 different stations based on the average daily temperature. More detailed discussion of the data
and analysis can be found in Ramsay and Silverman (2005) and Section 4 of the present paper.
The Fourier coefficients of the slope function with respect to the eigenfunctions of the sample
covariance are estimated using the FPCA approach. The eigenvalues of the sample covariance and
the estimated Fourier coefficients are shown in Figure 1. It is clear that, although the eigenvalues
decay nicely, the estimated Fourier coefficients do not decay at all. This is a typical example for

the case when the slope function is not well represented by the leading principal components.
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Figure 1: Canadian Weather Data: The eigenvalues of the sample covariance function is given in
the left panel. Note that both axes in the left panel are in log scale. The right panel shows the
estimated Fourier coefficients of the slope function with respect to the eigenfunctions of the sample

covariance function.

In this paper we study the minimax and adaptive prediction problems in the reproducing kernel
Hilbert space (RKHS) framework under which the unknown slope function Jy is assumed to reside
in a reproducing kernel Hilbert space H(K) with a reproducing kernel K. The minimax rate of

convergence of the excess prediction risk is established in a general setting with no constraint on



the relationship between the reproducing kernel K and the covariance function C' of the random
predictor X. It is shown that, under the functional linear model (1), the difficulty of the prediction
problem as measured by the minimax rate of convergence depends on both kernels K and C.
In particular, the alignment of K and C' can significantly affect the optimal rate of convergence.
The FPCA-based methods mentioned earlier correspond to the special setting where K and C are
assumed to be perfectly aligned, i.e., K and C share a common ordered set of eigenfunctions. The
optimal rate of convergence of £(7),,) in this case is determined by the rate of decay of the product
of the corresponding eigenvalues of K and C' (Cai and Hall, 2006). When K and C are not well
aligned, as in the Canadian weather data example, the FPCA-based methods may not perform
well.

The optimal rate of convergence for the prediction problem is established in two steps. First,
a minimax lower bound is derived for the prediction problem. Then a roughness regularization
predictor is introduced and is shown to attain the rate of convergence given in the lower bound,
when the tuning parameter is appropriately chosen. This estimator is thus rate-optimal. The
optimal choice of the tuning parameter depends however on the unknown covariance structure of
the predictors X;. A data-driven procedure for choosing the tuning parameter is then introduced.
It is shown that the resulting procedure automatically achieves the optimal rate of convergence for
a large collection of covariance functions. The adaptive procedure is easy to implement. Simulation
studies are carried out to illustrate the merits of the adaptive predictor and to demonstrate the
theoretical results.

The rest of the paper is organized as follows. In Section 2, after basic notation and definitions
are reviewed, we establish the optimal rate of convergence for the prediction problem by deriving
both minimax lower and upper bounds. A roughness regularization predictor is shown to be
rate-optimal when the tuning parameter is appropriately chosen. Section 3 proposes a data-driven
method for choosing the tuning parameter and the resulting predictor is shown to adaptively achieve
the optimal rate of convergence. Numerical experiments are reported in Section 4 to demonstrate
the practical implications of the theoretical developments using both simulated and real data sets.

The proofs are given in Section 6. We conclude with some discussions in Section 5.

2 Optimal Rate of Convergence

In this section we establish the minimax rate of convergence of the excess prediction risk. The
optimal rate is jointly determined by the reproducing kernel K and the covariance function C' and

the alignment between K and C plays an important role. We begin by reviewing basic notation



and properties regarding the reproducing kernel K and the covariance function C'.

2.1 Notation and definitions

Let 7 C R be a compact set. A reproducing kernel K : 7 x T — R is a real, symmetric, square
integrable, and nonnegative definite function. There is a one-to-one correspondence between a
reproducing kernel K and a reproducing kernel Hilbert space H(K) which is a linear functional

space endowed with an inner product (-, )5 (k) such that for any t € T, K(t,-) € H(K), and

f@) = (K(t), ),  forany f e H(K).

See, e.g., Wahba (1990). Let X(-) be a square integrable stochastic process defined over 7. The

covariance function of X is also a real, symmetric, and nonnegative definite function defined as
C(s,t) = E([X(s) —E(X(s)[X(@) —EX®)]), Vs, teT.
The covariance function C'is square integrable if E[| X ||%, < oo where

112, = (f, flzs,  and Um@:/ﬂmwﬁ
T

For a real, symmetric, square integrable, and nonnegative definite function R : 7 x T — R, let

Lr : Ly — L5 denote an integral operator defined by

lﬂﬂﬁzmﬁ%ﬁbzﬁmaﬁ@m

By the Riesz representation theorem, Lg can also be equivalently defined through

(fs Lr(9)) 2wy = (f:9)c,-

The spectral theorem implies that there exist a set of orthonormalized eigenfunctions {wlf ck>1}

and a sequence of eigenvalues 6 > 65 > ... > 0 such that
R(s,t) =Y 0wl (s)vi'(t),  Vs,teT,
k>1
and

Lrfy =08yl k=12 ...

Throughout the paper we shall say that {(9,?, w,f) : k > 1} are the eigenvalue-eigenfunction pairs of
the operator R, with the understanding that the pairs are ordered according to the eigenvalues in

descending order, 0f > 05 > .... We say two linear operators (or their corresponding kernels) are



perfectly aligned if they share the same ordered set of eigenfunctions (according to their eigenvalues
in descending order).

Let Lpi/2 be a linear operator defined by
L2 (W) =\ Of 0,

where

R (s,t) =Y \/0fuf(s)0f(t),  VsteT.

k>1

It is clear that Lyi/2 = L'2R. Moreover, define

(RyRy)(s,t) = /T Ru(s, 1) Ro(u, ).

Then LR1R2 = LR1 9] LRQ.
For a given reproducing kernel K and a covariance function C, define the linear operator

LK1/20K1/2 by LKl/QCKl/Q = LK1/2 o LC o LK1/2, i.e.,

LK1/2CK1/2(f) = Ly (LC (LK1/2(f))) .

If both Ly1/2 and Lo are bounded linear operators, so is Ly1/2¢0p1/2. By the spectral theorem,
there exist a sequence of positive eigenvalues s; > s9 > ... > 0 and a set of orthonormalized

eigenfunctions {¢y : k > 1} such that

K'2CKY2(s,t) = spon(s)en(t),  Vs,teT,
>1

and
Lipokie(pr) = skek, E=1,2,....

It is easy to see that the eigenvalues {s; : kK > 1} of the linear operator Lyi/2051/2 depend on
the eigenvalues of both the reproducing kernel K and the covariance function C' as well as the
alignment between K and C. We shall show in Sections 2.2 and 2.3 that the difficulty of the
prediction problem as measured by the minimax rate of convergence of the excess prediction risk
is determined by the decay rate of the eigenvalues {sj : k > 1}.

For two sequences {ay : k > 1} and {b; : kK > 1} of positive real numbers, we write ap < by if

there are positive constants ¢ and C independent of k such that ¢ < ai /by < C for all k > 1.



2.2 Minimax lower bound

The optimal rate of convergence of the excess prediction risk will be established in two steps. We
first derive a minimax lower bound in this section and then show in Section 2.3 the convergence
rate of the lower bound is in fact optimal by constructing a predictor that attains this rate of

convergence. The minimax lower bound is given in the following theorem.

Theorem 1 Suppose the eigenvalues {sy : k > 1} of the linear operator Lici/2ppc1/2 satisfy sy <
k2" for some constant 0 < r < 0o, then the excess prediction risk satisfies
2r
lim lim inf sup P {5(77) > an_m} =1, (2)
a—0 n—oo 7 BOEH(K)

where the infimum is taken over all possible predictors 7 based on the training data {(X;,Y;) : 1 =

1,...,n}.

It is interesting to compare Theorem 1 with some of the known results in the literature in
which the reproducing kernel K and the covariance function C' are assumed to be perfectly aligned,
i.e., they share the same ordered set of eigenfunctions. The minimax lower bound obtained here

generalizes the earlier results for this special case. Let
o
X(t) =Y Znn(t)
k=1

be the Karhunen-Loéve decomposition of X where {Z} : kK > 1} are uncorrelated random variables
and {1y : k > 1} is an orthonormal basis of L5(7). Set 8¢ = Var(Zy). We shall assume that 0¢
are indexed in descending order, 6 > 65 > ... . Then it is clear that {(8{,¢x) : k > 1} also
constitutes the eigenvalue-eigenfunction pairs of the covariance function C), i.e.,
(o.0]
Cls,t) =Y 05 ¢r(s)n(t),  fors,teT.
k=1
Consider the case where the reproducing kernel K is perfectly aligned with C, i.e.,
(o.0]
K(s,t) =Y _0fd(s)n(t),  forsteT,
k=1

with 9{{ > 95 > ... > 0 being the eigenvalues of K. In this case it is easy to see that

LK1/20K1/2(7/%) = 9]59]?7;[%, k=1,2,...,

indicating that the eigenvalues s, = 6’,59,?, k=1,2,...,and s1 > s9 > .... If 9,5 = k=2 and

6’,? = k=22 then s;, decays at the rate k~2("1*72) and by Theorem 1,

_ 2(r1+712)
lim lim inf sup ]P’{E(ﬁ) >an 2(7‘1+r2)+1} =1.
a—0n—oo 7 BoeH(K)



This special setting coincides with those considered in Cai and Hall (2006) and Yuan and Cai
(2010). Similar results have been established earlier in these papers for this special setting.

In general, however, the eigenvalues of K and C alone cannot determine the decay rate of
the eigenvalues of Lj1/20p1/2. For example, when 9,? = k2, 9]? = k=2 and T/ch = w,ﬁg for

k = 1,27 ey then Sk < k—(47‘1+2r2).

2.3 Minimax upper bound

Section 2.2 developed a minimax lower bound for the excess prediction risk. We shall now consider
the minimax upper bound and show that the lower bound established in Theorem 1 can in fact be
achieved. We shall construct a predictor using a roughness regularization method and show that
the predictor is asymptotically rate-optimal.

One of the most commonly used methods in nonparametric function estimation is the roughness
regularization method (see, e.g., Ramsay and Silverman, 2005) where the intercept ag and the slope
function Sy are estimated by

n 2
(@nrsBr) = argmin {Z <Y —a- / Xi(t)b(t)dt> +/\Hb\|§l(K)}. (3)
a€RbEH(K) | ;=1 T
Here A > 0 is a tuning parameter that balances the tradeoff between the fidelity to the data
measured by the sum of squares and the smoothness of the estimate measured by the squared
reproducing kernel Hilbert space norm. The estimate BA is readily computable even though the
minimization in (3) is taken over an infinitely dimensional function space H(K). More specifically,

5nA can be expressed as
i) = Yes | KX (0 @
i=1

for some c1,...,c, € R, and they can be computed together with &, by plugging (4) back to (3).
The readers are referred to Yuan and Cai (2010) for more details on the implementation.

Given the estimates &,,) and Bn,\, the predictor 7,,) is obtained by

ina(X) = +/TX(t)5nA(t)dt.

The following theorem states that with an appropriately chosen A, the predictor 7, attains the

convergence rate of the lower bound given by Theorem 1 and is therefore rate optimal.

Theorem 2 Assume that there exists a constant ¢ > 0 such that for any square integrable function

f defined over the domain T,

E (/TX(t)f(t)dt>4 <ec (E </TX(t)f(t)dt>2>2. (5)

8



Suppose the eigenvalues {sy, : k > 1} satisfy s < k2" for some constant 0 < r < oo, then

2r
lim lim sup P {S(ﬁn)\) > An~ 21§ =0, (6)
A—00 00 g1 €3] (K) }

provided that X = n~2r/2r+1),

Condition (5) states that linear functionals of X have bounded kurtosis, which is satisfied in
particular with ¢ = 3 when X follows a Gaussian process.
Theorems 1 and 2 together show that the minimax rate of convergence for the excess prediction
risk is
n—2r/(2r+1)
which is determined by the rate of decay of the eigenvalues of the operator Lyi/20p1/2. The
optimal rate of convergence depends not only on the eigenvalues of K and C but also on how their

eigenfunctions align with each other.

3 Adaptive Prediction

Section 2 established the minimax rate of convergence for the excess prediction risk. As shown in
Theorem 2, the optimal rate can be attained by the roughness regularization predictor 7,5 when the
tuning parameter \ is chosen appropriately. However, the proper choice of A depends on r, which
is unknown since it is determined by the linear operator L j-1/2-51/2 and the covariance function
C is not known apriori. It is important to develop a data-driven choice of A that does not require
the knowledge of C'. In this section, we introduce such an adaptive method for choosing A.

To motivate our procedure, recall that r represents the decay rate of the eigenvalues of L j1/205c1/2,

which can be naturally approximated by Ly1/2¢, 172 where

n

Culs) = = 3" (Xi(s) — X () (Xilt) — X (1),

ni4
Observe that
(f, Lz, k129 e, = (L f, Lo, Lgeg)c,
1 & _ -
= Z(LKwﬂ Xi — X)ro(Lgr29, Xi — Xz,
i=1
1 & _ ~
= E Z(fv LK1/2Xi - X>£2(g, LK1/2X2' — X>£2
i=1
= <f7 LH7Lg>£27



where
n

Hy(s,t) = % Y (L (Xi = X)) () (L2 (Xs — X))(2)-
1=1

By duality, the eigenvalues of H,, are also the eigenvalues of the Gram matrix G = (Gij)1<i j<n

where
1 - _ 1 _ _
Gij = E(LKUQ(XZ' - X),LKl/z (XZ - X)>£2 = E / (XZ - X)(S)K(S,t)(Xj - X)(t)dsdt.
7”2
Information on r can thus be recovered from the eigenvalues of G.
Write
1/2
(1 . 2
(@) = [ = 3 mingsy, 6%}
E>1
and define

p(C,K) := inf {p > n"ogn : yn(8) < p/25 + p, V6 € [0, 1]}

It is not hard to see that p < =2/ @) gf g = k2 (see, e.g., Mendelson, 2002). Therefore, we
can use an estimate of p as our choice of the tuning parameter in defining 7). To this end, we

consider the sample analogue of p. Denote by §; > §o > ... > §, the eigenvalues of G. Write
p(G) :=inf {p >n"togn : 4n(8) < p/%6 4 p, V6 € [0, 1]} ,
where
Lo 1/2
i (0) = (; Zmin{ék,52}> :
k=1

Theorem 3 shows that with high probability p is of the same order as p whenever ||L 12X |z,

has exponential tails.
Theorem 3 Assume that there exist some constants c¢1, co > 0 such that
P{||Lgr2X|z, > 2} < c1exp(—caz?), for x > 0. (7)

Then there are constants 0 < c3 < ¢q4 < 00 such that

0

P c3<=—<cypp—1

P
as n — 0o.
We note that the tail condition (7) for ||Lj1/2X]|z, can also be replaced by

P{||X||z, >z} < c1 exp(—coz?), for x > 0,

10



because ||Ly1/2X |z, < 05 X||z,. It holds true, in particular, if X is a Gaussian process.

The following result shows that the predictor 7,\ with the data-driven choice of the tuning

parameter A indeed adaptively achieves the optimal rate of convergence.

Theorem 4 Assume that there exist constants c1,co > 0 such that

P{|Lgr2X]z, > 2} < c1 exp(—caz?), for =z > 0,

e[ X(t)f(t)dt)zc(E (/ X(t)f(t)dty)z. .

Suppose the eigenvalues {sy, : k > 1} satisfy s < k2" for some constant 0 < r < oo, then

and for any f € Lo

2r
lim lim sup P<E@nn) > An~ 2741 p = 0. 9)
A—o00 n—00 BoeM(K) { }

for any \ < p.

In light of Theorem 4, we can choose A = A= cp for some constant ¢ > 0 to ensure that the
tuning parameter is of the appropriate order. In practice, the constant ¢ can be further fine tuned
to ensure enhanced performance. For example, our experience suggests that A= p/83 usually leads

to satisfactory performance.

4 Numerical Experiments

We turn in this section to the numerical performance of the proposed adaptive predictor and
demonstrate the practical implications of the theoretical results developed in the last two sections.
We shall begin with simulation results, and then return to the analysis of the Canadian weather

data mentioned in the introduction.

4.1 Simulation Study

To fix ideas, we shall focus on the case where 7 = [0,1] and #H(K) consists of functions in the

linear span of the cosine basis,
F() =V2) frcos(knt),  tel0,1],
E>1

such that
Z kR < oo

k>1

11



When endowed with norm

2

1
1) = / (f")? = /0 V2 (kr)? frcos(kmt) | = (km)* f7,

k>1 k>1

H(K) forms a reproducing kernel Hilbert space with the reproducing kernel

K(s,t) = Z 2 cos(kms) cos(kmt)

= (k)4
= ; (k:717)4 cos(km(s —t)) + k; (k7lr)4 cos(km(s +1))
= 2 (Bulls — /D) + Balls +1)/2)),

where By, is the kth Bernoulli polynomial. Here the following fact (Abramowitz and Stegun, 1965)

is used:
cos(2mkx)

— 1.

Bom(z) = (=1)""'2(2m)! Y

k>1

In this setting, the roughness regularization estimate defined by (3) is given by

(dnAaﬁnA) argmin < —a _/ X dt) 4 )\/(b//)2 ]
a€eR,beH(K)

For brevity, we shall also assume that there is no intercept in the functional linear model (1).

The roughness regularization estimate then becomes

Box = argmin < /X dt> —l-/\/ b”
ber(K) | =

To investigate the effect of varying covariance function, the true slope function is taken to be
= Z ANV2(=1)* 1 k=2 cos(kmt).
k>1
We first consider the effect of varying smoothness of the covariance function. More specifically, set
C(s,t) = Z 2k~2"2 cos(kms) cos(kmt).
E>1

The parameter ro controls how fast the eigenvalues of the covariance function C decay and therefore
by Theorem 1 determines the optimal rates of convergence. We let the value of ro vary between 1
and 3. The functional predictors were simulated from a centered Gaussian process with covariance
function C'. To comprehend the trend as the sample size increases, the sample size n is chosen to

be n = 32,64, 128,256,512 and 1024. For each sample size and each value of ro, we simulate data

12



from the functional linear model with ¢ = 0.5. Both the roughness regularization and functional
principal component estimates were computed and the tuning parameters, A for the former and the
number of principal components for latter, were chosen to yield the smallest excess risk so that it
reflects the optimal rate achieved by both methods. The experiment was repeated for two hundreds
times and the results are summarized in Figure 2.

In this example, both the reproducing kernel and the covariance function share a common
ordered set of eigenfunctions. In this case, as shown previously by Cai and Hall (2006) and Yuan
and Cai (2010), both methods can attain the optimal rate of convergence. The similarity between
the two methods as observed in Figure 2 simply confirms these earlier findings.

One of the key messages from Theorem 1 is that in addition to the decay of the eigenvalues
of the reproducing kernel and covariance function, the alignment of the eigenfunctions of the two
kernels also plays a crucial role in determining the optimal rate of convergence. To demonstrate

the effect of such an alignment, we now consider a slightly different covariance function:

C(s,t) = Z 20, cos(kms) cos(kmt)
k>1
where

Op = (|k — kol +1)72

In this setting, the leading eigenfunctions of C' are located around the koth eigenfunction of the
reproducing kernel and in a certain sense controls the misalignment between the covariance function
and the reproducing kernel. We consider kg = 5,10,15 and 20 to appreciate the effect of the
alignment. The simulation was carried out in a similar fashion as before and the results are
reported in the top panels of Figure 3.

As expected, for larger values of kg, the functional principal component based approach performs
rather poorly when the sample size is small. However, as one can observe from Figure 3, both
method appears to converge at similar rates as the sample size increases although the roughness
regularization method performs better. The top right panel displays the median relative efficiency
of the roughness regularization over the functional principal component based method defined as
E(RHFPCAY /£(HREG) where ARFG and AFPCA represent the two estimates respectively. It is evident
that the efficiency of the roughness regularization increases with kg which reflects how poorly the
eigenfunctions of K and C align. In most cases, the roughness regularization estimate outperforms
the functional principal component based method by an order of magnitude. It is noteworthy
that the performance of FPCA based approach quickly deteriorates as kg increases. In particular,

when kg is greater than the sample size, FPCA approach will fail since the true slope function is
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Figure 2: Effect of smoothness of the covariance function: 200 datasets were simulated for each
combination of sample size n = 32,64, 128,256,512 or 1024 and ro = 1,1.5,2,2.5 or 3. Both
roughness regularization estimate and the functional principal components estimate were computed
with tuning parameter chosen to minimize the integrated squared error. The circle corresponds to
the excess risk averaged over 200 datasets and error bars correspond to the mean £ one standard

error. Both axes are in log scale.
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Figure 3: Effect of alignment of eigenfunctions between the reproducing kernel and the covariance
function: For the top panels, 200 datasets were simulated for each combination of sample size
n = 32,64,128,256,512 or 1024 and the location of the first principal component ky = 5,10, 15
or 20. For the bottom panels, 200 datasets were simulated for each combination of sample size
n = 32,64,128,256,512 or 1024 and the decay rate of the eigenvalues of C, 1o = 1,1.5,2,2.5. In
the left and middle panels, the circle corresponds to the excess risk averaged over 200 datasets and
error bars correspond to the mean + one standard error. In the rightmost panels, median relative
efficiency of the roughness regularization method over functional principal component based method

is given for the two simulation settings. Both axes are in log scale.
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orthogonal to the leading functional principal components. In this example, we have chosen the
largest value of kg to be 20 to ensure that kg is always smaller than the sample size n, and to give
a better contrast of the two methods.
To further demonstrate the effect of alignment between the eigenfunctions of K and C, we also
considered a different set of covariance functions. In particular,
C(s,t) =Y 2k~ hy(s)hi(t)
k>1

where his are the Haar functions, i.e.,

2k/2 te [l—_kl l—1/2)

» ok
hoeya(t) =4 =282 te [1_211/2, o
0 otherwise
for k =0,1,2,... and [ = 1,.... Different from the previous two simulation settings, the eigen-

functions of C' are the Haar basis of Lo that are different from those of K. We again apply both
the roughness regularization and functional principal component based methods to each simulated
dataset and summarize the findings in the lower panels of Figure 3. Similar to before, the results are
averaged over two hundred simulated datasets for each value of ro. We observe similar comparison
as in the last example with the roughness regularization significantly outperform the functional
principal component based method.

We now turn to the choice of the tuning parameter \,. The adaptive prediction procedure
is applied to the simulated data. For brevity, we focus on the first two simulation settings. For
each simulated dataset, the tuning parameter A is chosen as A = p/ §% As mentioned earlier, this
particular scaling usually yields fairly reasonable results, although it is plausible that it can be
further improved by using other data-driven choice of scaling factors. Figure 4 summarizes the
excess risk for all settings. The behavior of the resulting estimate closely resembles those reported
earlier, indicating that the adaptive procedure proposed earlier is indeed capable of achieving the

optimal rate of convergence.

4.2 Canadian Weather Data

Finally, we revisit the Canadian weather data example. The data set, one of the most popular
examples in functional linear regression, contains daily temperature and precipitation at 35 different
locations in Canada averaged over 1960 to 1994. The goal is to predict the log annual precipitation
based on the average daily temperature. As shown in Figure 1, the application of functional PCA

based methods could be problematic since the estimated slope function does not seem to allow for a
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compact representation with respect to the eigenfunctions of the covariance function. Alternatively,
we applied the regularization approach discussed earlier to the data. The data were collected on the
basis of calendar year. The nature of the data suggests that the predictor function X be periodic
on [0,1] (year), and so is the slop function fy. Let WP be the second order Sobolev space of

periodic functions on [0, 1], we estimate ag and Sy by

(&, 8) = argmin { [Y; —a— /01 X,-(t)b(t)dt] : + )\/01 [b”(t)]2 dt} (10)

a€R,beEWS”

The space WY, endowed with the norm

lfage = | [ tora]

1
K(s,t) = 1—ﬂB4(\s—tD, Vs, t € [0,1],

2

1
1 2
+ /0 (b (t)]" dt,

has a reproducing kernel:

where By is the fourth Bernoulli polynomial (see, e.g., Wahba, 1990). As shown in Yuan and Cai
(2010), the solution of (10) can be expressed as

and
A n 1 —
B()=co+ ; /0 (X, — X) () (s, )ds,

where

1
Ki(s,t) = =5 Balls — )

is the reproducing kernel of the orthogonal complement of constant functions in WE®'. With this
representation, the objective function of (10) becomes quadratic in terms of ¢, ¢y, ..., ¢, and they

can solved through
(co,(c1,...,cn)T) = argmin {HY — Ya — apul®* + /\aTEa} ,

apER,acR™

where Y = (Y1,...,Y,)T, ¥ is a n x n matrix whose (i, ) entry is

1
By = [ (6 = DK (50X, - X)(t)dsc

and u is a n dimensional vector with the ith entry given by
1 —
u; = / (X; — X)(s)ds.
0
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The integrals in defining 3J;; and u; can be approximated by summations for practical purposes.
We also used the proposed adaptive procedure to choose the tuning parameter. The estimated slope
function is given in left panel of Figure 5. The right panel provides the normal Q-Q plot of the
residuals, which suggests a fairly good fit of the data. The plot suggests that the precipitation at
Kamloops station, corresponding to the rightmost point in the Q-Q plot, may be overestimated
using the functional linear model. This can be attributed to the fact that Kamloops lies deep in
the Thompson River Valley. These findings are similar to those reported in Ramsay and Silverman
(2005) in which a restricted basis function based, instead of reproducing kernel based, roughness

penalization approach was used.

Estimated Slope Function Normal Q—Q Plot
o
o
2
o
~
o
o~ o
R
0
2
=
- < o
- ° S S
<2
=
e
©
n
o
o oo
2
o~ (o)
S -
T
—
S 4
1
< o
S 4
T T T T T T ! T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 -2 -1 (o] 1 2
Time Theoretical Quantiles

Figure 5: Canadian Weather Data: Smoothness regularization estimate of the slope function with
adaptive choice of the tuning parameter. The left panel gives the estimated slope function whereas

the right panel shows the Q-Q plot of the residuals.

Note that both the functional PCA based approach and the smoothness regularization approach
assume that the slope function comes from a certain class of smooth functions where smoothness is
characterized through the decay of the Fourier coefficients under a certain basis. More specifically,
the functional PCA takes the Karhunen-Loeve basis of X whereas the smoothness regularization
approach takes the eigenfunctions of the reproducing kernel K as the basis functions. As seen
before, the assumption made by the functional PCA approach might be questionable for the current

data example. To further demonstrate the this and validate the appropriateness of the smoothness
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regularization approach, we computed the Fourier coefficients of our estimated slope function with
respect to both the eigenfunctions of K and C),. The squared coefficients are given in Figure 6.
It again confirms that the assumption made by the smoothness regularization approach regarding

the slope function is more reasonable.
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Figure 6: Canadian Weather Data: Squared Fourier coefficients of smoothness regularization esti-
mate of the slope function with respect to the eigenfunctions of the reproducing kernel K or C,,.

Both axes are in log scale.

5 Discussions

In the present paper we establish the minimax rate of convergence for prediction with functional
predictors in a general setting where the reproducing kernel K and the covariance function C' are
not necessarily well aligned. The results show that the optimal prediction rate depends not only on
the eigenvalues of K and C', but also on the alignment of the eigenfunctions of the two kernels. The
prediction problem is more difficult if the eigenfunctions of the two kernels are not appropriately
aligned. In contrast, the existing literature typically assumes the two kernels are perfectly or nearly
perfectly aligned.

We also show that the method of regularization can achieve the optimal prediction if appropri-
ately tuned. This is to be contrast with existing work in two ways. First, it is worth pointing out

that the optimality established here for the method of regularization needs to be contrast with the
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functional principal component analysis based approaches. Because the success of these methods
hinges upon the assumption that the leading principal components, although entirely determined
by the predictor itself, are the most predictive of the response, it is not immediately clear to us
if they can also achieve the optimal rate in general when the eigenfunctions of the reproducing
kernel and covariance function differ. In addition, earlier work on method of regularization for
functional linear regression has assumed that the eigenfunctions of the the reproducing kernel and
covariance function are either identical or close to being identical. We show here the optimality of
this estimator extends much more generally.

To fix ideas, we have focused in this paper univariate functions, that is, the domain of the slope
function and the functional predictors 7 C R; and used the usual Sobolev space on T = [0, 1] as
an working example. Our results, however, apply to the more general reproducing kernel Hilbert
spaces when 7T is a compact set in an arbitrary Euclidean space. In particular, the optimal rate
of convergence and adaptivity hold true for Sobolev spaces on T = [0, 1]? with the rate of decay r
determined by the corresponding reproducing kernel and covariance operator. Such a setting can

have useful applications in spatial statistics and image analysis.

6 Proofs

6.1 Proof of Theorem 1

Note that any lower bound for a specific case yields immediately a lower bound for the general

case. It therefore suffices to consider the case when € ~ N(0,02). Denote by M the smallest integer

greater than con™ @+ for some constant ¢y > 0 to be specified later. For a 6 = (Onr+1,---,0201) €
{0, 13M | let
2M
fo= Y M PLygippy.
k=M+1

First observe that fy € H(K) since

2M

Z HkM_l/zLKl/Q(pk

k=M+1

2M

- Z HI%M_l HLKl/QQDIfH?-[(K)
k=M+1

2M

< Z M1 HLK1/2(Pk”3-¢(K) =1,
k=M+1

1 follFury =

H(K)
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where we used the fact that

(Lgr2@5, Lz or)uy = @5y Lz Lg20r)u)
= (¢j, Lk@r)nx)
= (@jsPr)Ly = Ojk-
The Varshamov-Gilbert bound shows that for any M > 8, there exists a set © = {9(0), o0 .. oW )} C
{0,1}M such that
(a) 6@ =(0,...,0)
(b) H(0,0") > M/8 for any 6 # 6’ € ©, where H(-,-) is the Hamming distance;
(c) N >2M/3,
We now invoke the results from Tsybakov (2009) to establish the lower bound which is based

upon testing multiple hypotheses. To this end, denote by Py the joint distribution of {(X;,Y;) :
i > 1} with By = fy. First observe that for any 6,6’ € O,

log (P /Fy) = < /be)/x (fo— fo) —% [/X fe—fe/]

Therefore the Kullback-Leibler distance between Py and Py can be given by

2M
n n _
K(Py | Fp) = 252 1Lz (fo — fo)llZ, = Y > (O — 6)M P Lo Lo
k=M-+1 Lo

Note that

(Lenja Ly yo i Lonja L1 y295) 20 = (0ky L2 Lo Lg1/295) 20 = (Pk, $j95) 2o = Sj0kj-

Hence,

K(Py|Py) = Z M0, — 0})%s
k M+1
nsar 2M
IMo2 Z (O — 92)2
k=M+1
_ 2ns g ,

2ns /o’

IN

IN

IN

2eon M~ /5.
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This implies that for any 0 < oo < 1/8,

N
1
N Z ’C(Pe(j) |P9(o)) < 2627”LM_2T/O'2 <« log 2M/8 <« log N (11)
j=1

1/@2r+1) with a large enough numerical constant ¢ > 0.

by taking ¢y = ca™
On the other hand, for any 6,6’ € ©
2M

Z (Hk — HE)M_1/2L01/2LK1/2(,0]€
k=M+1

Loz (for = folllz, =

Lo

2M
= Z M_l(ek — 9;)2 ”LC’1/2LK1/2()01€”312
k=M+1

2M
= Z M_I(Qk —9;6)281€
k=M+1

2M

> M_lng Z (ek—92)2
k=M+1

= 4M_182MH(9,9/)

> sam/2
> 012—(2r+1)M—2r
> 2ca 2/ (2r+1) )= 272-11 ,

for some numerical constant ¢ > 0. As shown by Tsybakov (2009), this, together with (11), implies
that

> ca2r/(2r+1)n—%}
> VN (1—2a—,/2—a>.
1+ VN log N

27
> ca2r/(2r+1)n_2r+1 } >1-2a,

B 2
inf sup Pp {HLcW(f - f")‘ £

f 6€o

Therefore,

lim inf sup Fp {HL01/2(JE_JC9)‘ ZZ

n—o0 f 0cO
which yields that

a—0n—oo f PcO

Now the desired claim follows from the facts that {fy : 0 € O} C H(K), and under Py,

EG) = || Lera(F = o)

lim lim infsup Py {HLCU?(JF_ fe)‘

2 __2r
>an 2+ , = 1.
Lo

)

2
Lo

where

ﬁzﬁxmmw.
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6.2 Proof of Theorem 2

Recall that Lj1/2(L2) = H(K). Therefore, there exist fo,f € Lo such that By = L2 fo and

ﬁA = Ly1/2 f \. For brevity, we shall assume that 7 (K) is dense in L9, which ensures that fy and fA

are uniquely defined, in what follows. The proof in the general case proceeds in exactly the same

fashion by restricting ourselves to Lo /ker(L j1/2).

For brevity, we shall write T" = Ly 1/2051/2 in what follows. We shall denote by 7" a linear

operator from Lo to L such that Ty = sy . It is not hard to see that
Em) = T"2(fx = fo)lIZ,-

It is also clear that

3

A~

fa=argmin | = > (V; = (Xi, Lz f)e,)? + A £I1Z,

feLls i—1

S|

Recall that
Y; = (Xi, L2 fo) o + €.

Write .
1

(s, t) =— > Xi(s)X;(t

Colo:8) = - D X0

and 1), = Ly1/2L¢, Ly1/2 where L, is an integral operator such that for any h € Lo,

Lec, h(-) = / Ch(s,-)h(s)ds.
T
Therefore,
JE)\ = (Tn + /\1)_1(Tnf0 + gn)
where 1 is the identity operator and
I
gn = n — € Ligri/2.8.
Define
fr=(T+X1)"'Tfp.

By triangular inequality,

HT1/2(f>\ —fo)‘

R s T

(12)

The first term on the right hand side can be easily bounded. We appeal to the following lemma.
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Lemma 1 For any 0 <v <1,

IT"(fx = folllz, < (1 =)' ="V N | foll o (13)

Taking v = 1/2 in Lemma 1 gives

HT1/2(fA - fo)Hi2 < %)‘Hf()”%z’
We now turn to the second term on the right hand side of (12). Observe that
fa=F= T+ 2) " T+ A0 (fa = ) + (T + A1) (T = T)(fr — fr)
Recall that
(T + A1) fr = Tofo = gn-
Therefore,
= = T+ )T = fo) + MT + M) A+ (T + A1) g,
HT+A) T = To)(fr = )
= (T+A)7'To(fr— fo) + AT fo+ (T + A1) 7' g,
HT+A)HT = To)(fr = )
= (T+X)7'T(fr = fo) + (T + A1) (T = T)(fr = fo) + AT fo
HT+ A1) g + (T +A) T = T,)(fr — f)
We first consider bounding || T%(fx — fx)lz, for some 0 < v < 1/2 —1/(4r). By triangular
inequality,
IT"(fr = f)lle < NT(T +A0) T (fx = fo)lley + 1T(T + A1) T, = T)(fr — fo)ll,
AT foll e, + [1T7(T + A1) gnll,
H|T(T + A1) "N T = Tp) (fr = )l

Next we make use of another auxiliary lemma.
Lemma 2 Assume that there exists a constant cs > 0 such that for any f € Lo
E(X, f)E, < o5 (BIX )E,)" (14)
Then for any v > 0 such that 2r(1 — 2v) > 1,
|77 + A1) N(T, - )T, = O, ((ml—nﬂ/@r)) Y 2) ,

where || - |lop Stands for the usual operator norm, i.e., |Ullop = SUDp, || 2, =1 |Uh||z, for an operator

U:£2l—>£2.
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An application of Lemma 2 yields that
IT(T + M) T = T)(fr = P)llee < IT(T +20) T = T) T [lopl T (Fr = £ 2o
op(WIT” (fx = F)les

IN

whenever A\ > en~2/(2"1) for some constant ¢ > 0. Similarly,

IT(T + M) (T = T)(Fx = follle. < IT(T + A1) (T = T)T[lop 1T (fx = fo) 2.

< o (DT (fx = fo)ll o
Therefore,
WWA—MM2=<%@W@+MYWm—hWa
+Mﬂ*ﬂﬁm+uT%T+An—wauQ-
By Lemma 1,

IT"(T + A1) (fx = fo)lles < NTY(T + AL) T |lop I T (Fr = fo)ll e
1T (fx = fo)llz.

< (=) 7N folle,

IN

Together with Lemma 3 stated below, we conclude that
. ~1/2
77 = Ples = Oy (W + (nat-2+1/7) %) — 0,1
provided that ¢;n=2"/(2r+1) < X < ¢yn=2/2+1) for some constants 0 < ¢ < ¢o < 0.

Lemma 3 For any 0 <v <1/2,

|T(T + A1) g, | o, = O, ((ml—2v+1/(2r>)‘1/2>

We are now in position to bound ||[TV2(fy — f1)|. Recall that
T 2(fx = P)lles < NITYVAT + M) (= fo)llea + 17T + A1) "H(T = T)(fr = fo)lcs
FATY2 foll + I TVA(T + A1) gl
H|TVAT + A1) T = To) (fr = V) llea
We now bound the five terms on the right hand side separately. By Lemma 1,
ITYXT+A) T T(fa = follles < ITYA(T + ATV oIV (fr = fo)lles

1
Aol

IN

We appeal to the following result.
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Lemma 4 Under the conditions of Lemma 2,

HT1/2(T F )T, - T

o Op <<n/\1/(27‘))_1/2> .

By Lemmas 1 and 4,

ITY2(T + A1) (T = T)(fr = fo)ll

< TYAT + M) TN T = DT |lop 1T (fx = fo) 2,
< 0, <(n/\1/(2r))—1/2/\1/> = o, ((n)\l/(2r))—1/2) ‘
Similarly,
|IT>(T 4+ A1) "N (T = T)(fx = fa)lles
< TYAT + M) N T = DT [lop 1T (fr = )l
< 0, ((n)\l/(2r))—1/2)\u) = op <(n)\1/(2r))—1/2> '
By Lemma 3,

ITYA(T + A1) galle, = Op ((nAYC)71/2).

Together with the fact that \|7'H1/2 fy|| = O(\), we conclude that
2 __2r
17205 = Fa)llzy = Op (n7251) .

6.3 Proof of Theorem 3

Consider the following Rademacher type of process:
Ru(b) = limx b)
n = n < i\Niy V) Loy
where w!s are iid Rademacher random variables, i.e., P(w; = 1) = P(w; = —1) = 1/2. Define
[Rnllse) = sup [Ra(D)],
beB(5)

where

8(5) = {5 c H(K) . ”b”H(K) S 1 and HLCl/QbHC2 § 5} .

Define
p1 = inf {p >n"tlogn : ElRnls@) < P25+ p, Vo € |0, 1]} .
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Similarly, write
p1 = inf {p >n""logn : By Rl < 0?0+ p, V6 € [0, 1]} :

where E,, stands for expectation taken over Rademacher random variables w}s only. We first note

the following result.
Lemma 5 Under the condition of Theorem 3, there exist constants ci,ca,c3 > 0 such that
19 (8) — can” (logn) < E||Rulls < e37,(9).
It is clear from Lemma 5 that 0 < inf p;/p < sup p;/p < oo. Following the same argument, it
can be shown that 0 < inf p/p1 < sup p/p1 < co. It now suffices to show that p;/p; is also bounded

away from 0 and +oo.

For b € B(9), let f = Ly -1/2b. Then

1 n
— (X, b
n;w< >Cz

1 n
" Z wi(Lg2 X5, f) e
i=1

1 n
S EZ|<LK1/2XZ'7JC>£2|'
i=1

By Cauchy-Schwartz inequality, this can be further bounded.

1 — 1 —
|Ra(b)] < ;ZHLKinHEZ £z, S_Z”LKU?Xi”sz
i=1 i=1

n

where the second inequality follows from the fact that ||f|z, = |[|bl%x) < 1. Note that the
rightmost hand side converges almost surely to E || L 12 X || £, < o0 by strong law of large numbers.

On the other hand,
1
E|R,(0)]* = EE(wz'<Xi,b>£2)2 = [[Leabliz, < 6%
The rest of the proof follows in the same fashion as that of Koltchinskii and Yuan (2010; Section
3.2) and is therefore omitted.
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Appendix — Auxiliary Results

Proof of Lemma 1

Write
fo=> arpr.
k>1
Then
Sk
= P
=1 A+ s

Therefore,

2 2 2v
7 - il = o () < e Dk
2 A+ Sk k=1 (X + sp,)

k>1 k>1

By Young’s inequality, A + s > (1 — V)_(l_”)u_”)\l_”sz. Hence,

1T (= fo)llzy < (1 =)0 fo 2, B

Proof of Lemma 2

Recall that

|T(T +21) "L =TT ||, = sup [(h,T"(T + A1) (T, = T)T " h),|
hil|hllc,=1
Write
h = Z i .
E>1
Then
(h,T"(T + 1) YT, = T)T™h), = (T(T +X1)"‘h,(T,, — T)T"h),,
Syhj _y
= <Z ﬁ@j, > s hi (T — T)s%>
j>1 "7 k>1 Lo
s¥s Y hihy
= Y —l—é——fi——<¢j7(7h'—fr)¢k>cz-
P 85+

An application of Cauchy-Schwartz inequality yields that

s¥s, Yhihy
> e (T = Thgnes
k>1 J
1/2 82»”3];2V 1/2
= Z h?hz Z (Sj _|_)\)2 <90J7(Tn T)(Pk>£2
Jk>1 j,k>1



Hence,

1/2
s s W
|T(T + M) NT = T)T | < (Z ?7’“)2@% (T, — T)sok>%2) :

Jk>1

Now consider the expectation of the right hand side. By Jensen’s inequality,

S?VSI;% 2 v
E Z m@j,(Tn—T)SDkMQ
Jik>1

1/2
< 5355 Elp;, (T — T)gp)?
<[ Y LA (T -Ten?, |
s B
Note that

E(pj, (Tn — T)er)z, = E(Lg29;, (Lo, — Le)Lg2en)z,

E(L1/205, (Le, — L) L2 0n)7,

2
= E </T2(LK1/2(pj)(3)(Cn(37t) — C(37t))(LK1/2<pk)(t)>

(15)

. 2
- E <% 3 /T (Lgerr207) () (X ()X (1) — EXi(S)Xi(t))(LKl/Q‘pk)(t)>
=1

n

2
< lg ( /7?<LK1/2%-><s>X<s>X<t><LK1/zsokxt)) |

n

An application of Cauchy-Schwartz inequality yields

E(LK1/2<,Oj, (Lcn — LC)LK1/2SDI¢>%2
4 4
Ly ( / (Lxl/zsﬁj)(t)X(t)dt) E? ( /| <LK1/wk><t>X<t>dt>

n

IN

2

IN

([ (LKuz%)(t)X(t)dt)zE ([@omaox)

= cgn_1HT1/2<ij%2|]T1/2<pkH%2 = 03n_18j8k.
Therefore,

1/2 1/2
S2us—2u 1 81_+21/81—2V
E E Ik s (T — T)opp)> <z E Tk
(j — (s; +A)? s )(pk>£2) - (n (55 +A)?

Jk=>1

2
-~ g (/ (Lgcr/25)(s)(X ()X (2) —EX(S)X(t))(LKustk)(t)>
T2

(16)

Note that s; 2 is summable because (1 — 2v)(2r) > 1. We now appeal to the following lemma.
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Lemma 6 If there exist constants 0 < ¢; < ¢ < 00 such that c1k™%" < sj, < cok™2", then there

exist constants c3,cq > 0 depending only on cq1,co such that

1+2v
S
e\ @) < Jiy < es(1+ )\—1/(27’))‘
JZZ:I ()\ + Sj)1+2
Thus, by Lemma 6,
1+2v 1/2
S
T+ M) YT, — DT < e(nat=2)"/? S B—
H ( + ) ( ) Hop — C(n ) ; ()\+Sj)1+21/
< ¢ (n)\l—2u+1/(2r)>_1/2 .
The proof is now completed by Markov inequality. Il
Proof of Lemma 3
Recall that
1 n
gn = E Z;eiLKuin.
Therefore,
” _ 2 y _
|T(T +20) " gall,, = D (T (T + A1) g, 1) 7,
E>1
= > {gn (T +21) ' T70p)7,
E>1
1 — s? 2
= = > € Lg12X;, —k90k>
si“ 1 & ?
—= Zm EZ€Z<XZ7LK1/2(,D]§>L2 .
E>1 i=1
Note that

E (€i<Xi7 LK1/2(Pk>£2) =E (€i<Xi7 LK1/2(,0]€>£2‘X1') = 0.
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Hence,

2
52 1 —
E|7(T + \1) gl = %k E( =N eX;, L
H (T'+ A1) gnH£2 e O\ + s1,)2 n ;62< i» Lpc1208) s
1 Siu 2
= = ~——E(e(Xi, Lgr20k)c,)
2 ) 2
n =1 ()\ + Sk)
2 2v
o s, 9
= — D o ubXi Lgieer)r
n i1 ()\ + Sk)2 v 2
B 0,_2 Z S]1€+21/
n (A + sp)?
_ 0,2 Z S]1€+2V
= pAl—2v = ()\ + Sk)l+2u
co?
nAl—2v+1/(2r)
The proof can now be completed by Markov inequality. il
Proof of Lemma 4
Similar to (15), by Cauchy-Schwartz inequality,
HTW(T F )T, - T
op
558, "hihy
= sup %(%’a (Tn = T)ok)
h||h||£2:1 ]7]621 J
1/2
< [ 2 B - Thnt?
< = 2 \PiUn — L)%k,
Frs (sj+A)
Following a similar argument as that of (16),
Sjslzml 9 2 1 8?311@_21/ v 1/(2r)\—1/2
E —= (o, (T, =T < | = — < AT
;1 (55 + )2 (i (Tn = Thew)z, “\n j%;l (55 + )2 <dn )

The proof is now completed by Markov inequality. il

Proof of Lemma 5

It is clear that B(d) = Ly1/2(F(0)) where
FO)={feLa:lIfllc, <1 and |TV2f|2, <8}
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Denote
G=S> fron: <¢>2 <1
It can be easily checked that G C F C V2G. Therefore,
sup | Ry, (L2 f)| < | Ralls < V2sup|Rp (L2 f)] -
feg feg

By Jensen’s inequality,

1/2
Esup |Ry, (L1/2f)| < <Esup|Rn (LK1/2f)|2> .
feg feg

By Cauchy-Schwartz inequality,

2

|Rn (LK1/2f)|2 = Z xRy (LKl/Z‘Pk)
k>1

2 o
< X amrrT | | o min 8 s R L)
k>1 k>1
Therefore,
Sup‘Rn(LKl/zf)FS Zmin{1752/3k}R721(LK1/290k)
feg o1

Observe that

2
1 n

ER}(Lg20k) = E<_Zwi<XiaLK1/2‘Pk>£2>
i=1

1 _
= EE<XZ'7LK1/290’9>%2 =n lsk.
Thus,

E (?Ug\Rn (LKl/zf)\2> < [ Y- min{1,6% /s }ERS (Lcr200) | = 72 (9),
€ k>1

which implies that
E||Rnllz < V27 (6).

To prove the lower bound, we appeal to Hoffman-Jgrgensen inequality which suggests that

1
EV?|| Ryl < ¢ <E\|Rnllza + —E"? max SUP<X2'75>%2) :
n 1§z§n5€F
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Observe that

EL/2 X 3)2
g%;lelg( i B) 7,

1/2 A2
E nax f}ellg)(LKuzXz, e,

1/2 12
BV max [ Lz Xillz,-

Because || Lj1/2X ]|z, has exponential tails, it can be further bounded by clogn for some constant

c>0.
Hence,
E|Rnlls > c1EY?||Rpl[3 — can™'(logn)
> o EY2 sup | Ry, (LKl/gf)]2 — con~1(logn)
feg
> (o) — C27'L_1(10g n). 1
Proof of Lemma 6
Note that
Z 811€+2V Z (Cl k—2r)1+21/
pst ()\ + Sk)1+2V = ()\ + c2k—2r)1+2u
—2r(14+2v) 1
= G Z 21120
=1 (62 + Ak )
—or(142v) [ 1 o dx
< I
> G <C2 +/1 (62+)\$27‘)1+2u>
o) ] _1 /°° dy >
= C —_— —|— )\ 2r -
1 <62 \L/(2r) (C2 +y27’)1+2u
< eg(1 4 AT,
Similarly,
Z 8119+2V > C—2r(1+2u)z 1
= ()\ i Sk)1+2V = 2 = (Cl i )\k27’)1+2u
—or(142v) [° dx
>
Z G /1 (Cl n )\$27‘)1+2V
I o dy
© i /Al/m) (c1 4 y?r)tH2v
> C4/\_1/(2T). |
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