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Accuracy Assessment for High—Dimensional Linear Regression

Abstract

This paper considers point and interval estimation of the £q loss of an estimator in high-dimensional linear
regression with random design. We establish the minimax rate for estimating the £ loss and the minimax
expected length of confidence intervals for the £4 loss of rate-optimal estimators of the regression vector,
including commonly used estimators such as Lasso, scaled Lasso, square-root Lasso and Dantzig Selector.
Adaptivity of the confidence intervals for the €4 loss is also studied. Both the setting of known identity design
covariance matrix and known noise level and the setting of unknown design covariance matrix and unknown
noise level are studied. The results reveal interesting and significant differences between estimating the £, loss
and £q loss with 1 < q <2 as well as between the two settings. New technical tools are developed to establish
rate sharp lower bounds for the minimax estimation error and the expected length of minimax and adaptive
confidence intervals for the €4 loss. A significant difference between loss estimation and the traditional
parameter estimation is that for loss estimation the constraint is on the performance of the estimator of the
regression vector, but the lower bounds are on the difficulty of estimating its £ loss. The technical tools
developed in this paper can also be of independent interest.
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ACCURACY ASSESSMENT FOR HIGH-DIMENSIONAL
LINEAR REGRESSION*

By T. Tony CaAl, AND Z1JIAN GUO
University of Pennsylvania

This paper considers point and interval estimation of the ¢, loss
of an estimator in high-dimensional linear regression with random
design. We establish the minimax rate for estimating the ¢, loss and
the minimax expected length of confidence intervals for the ¢, loss of
rate-optimal estimators of the regression vector, including commonly
used estimators such as Lasso, scaled Lasso, square-root Lasso and
Dantzig Selector. Adaptivity of confidence intervals for the ¢, loss
is also studied. Both the setting of known identity design covariance
matrix and known noise level and the setting of unknown design
covariance matrix and unknown noise level are studied. The results
reveal interesting and significant differences between estimating the
{5 loss and ¢4 loss with 1 < g < 2 as well as between the two settings.

New technical tools are developed to establish rate sharp lower
bounds for the minimax estimation error and the expected length of
minimax and adaptive confidence intervals for the ¢, loss. A signifi-
cant difference between loss estimation and the traditional parameter
estimation is that for loss estimation the constraint is on the perfor-
mance of the estimator of the regression vector, but the lower bounds
are on the difficulty of estimating its ¢, loss. The technical tools de-
veloped in this paper can also be of independent interest.

1. Introduction. In many applications, the goal of statistical inference
is not only to construct a good estimator, but also to provide a measure of
accuracy for this estimator. In classical statistics, when the parameter of
interest is one-dimensional, this is achieved in the form of a standard error
or a confidence interval. A prototypical example is the inference for a bino-
mial proportion, where often not only an estimate of the proportion but also
its margin of error are given. Accuracy measures of an estimation procedure
have also been used as a tool for the empirical selection of tuning parameters.
A well known example is Stein’s Unbiased Risk Estimate (SURE), which has
been an effective tool for the construction of data-driven adaptive estima-
tors in normal means estimation, nonparametric signal recovery, covariance

*The research was supported in part by NSF Grants DMS-1208982 and DMS-1403708,
and NIH Grant RO1 CA127334.
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matrix estimation, and other problems. See, for instance, [25, 21, 15, 11, 32].
The commonly used cross-validation methods can also be viewed as a useful
tool based on the idea of empirical assessment of accuracy.

In this paper, we consider the problem of estimating the loss of a given
estimator in the setting of high-dimensional linear regression, where one
observes (X,y) with X € R"*P and y € R", and for 1 <1i <mn,

yi = X5 B+ €.

Here 8 € Rp is the regression vector, Xj. YN »(0,) are the rows of X, and

the errors ¢; ~ I N (0,02) are independent of X. This high-dimensional linear
model has been well studied in the literature, where the main focus has been
on estimation of . Several penalized /constrained ¢; minimization methods,
including Lasso [28], Dantzig selector [12], scaled Lasso [26] and square-root
Lasso [3], have been proposed. These methods have been shown to work well
in applications and produce interpretable estimates of 8 when 3 is assumed
to be sparse. Theoretically, with a properly chosen tuning parameter, these
estimators achieve the optimal rate of convergence over collections of sparse
parameter spaces. See, for example, [12, 26, 3, 23, 4, 5, 30].

For a given estimator ,6’, the ¢, loss HB BHq with 1 < ¢ < 2 is com-

monly used as a metric of accuracy for B We consider in the present paper
both point and interval estimation of the ¢, loss || B-8 |2 for a given B.

Note that the loss || B -8 Hg is a random quantity, depending on both the

estimator E and the parameter 5. For such a random quantity, prediction
and prediction interval are ususally used for point and interval estimation,
respectively. However, we slightly abuse the terminologies in the present pa-
per by using estimation and confidence interval to represent the point and
interval estimators of the loss || B-p ||2. Since the ¢, loss depends on the

estimator B , it is necessary to specify the estimator in the discussion of loss
estimation. Throughout this paper, we restrict our attention to a broad col-
lection of estimators 3 that perform well at least at one interior point or a
small subset of the parameter space. This collection of estimators includes
most state-of-art estimators such as Lasso, Dantzig selector, scaled Lasso
and square-root Lasso.

High-dimensional linear regression has been well studied in two settings.
One is the setting with known design covariance matrix 3 = I, known noise
level 0 = 0p and sparse . See for example, [16, 2, 22, 30, 27, 7, 1, 19].
Another commonly considered setting is sparse 8 with unknown ¥ and o.
We study point and interval estimation of the £, loss |8 — S[|2 in both
settings. Specifically, we consider the parameter space O¢(k) introduced in
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(2.3), which consists of k-sparse signals § with known design covariance
matrix ¥ = I and known noise level 0 = o, and O(k) defined in (2.4),
which consists of k-sparse signals with unknown ¥ and o.

1.1. Our contributions. The present paper studies the minimax and adap-
tive estimation of the loss [|3— 8|2 for a given estimator 5 and the minimax
expected length and adaptivity of confidence intervals for the loss. A major
step in our analysis is to establish rate sharp lower bounds for the minimax
estimation error and the minimax expected length of confidence intervals for
the ¢, loss over (k) and ©(k) for a broad class of estimators of /3, which
contains the subclass of rate-optimal estimators. We then focus on the esti-
mation of the loss of rate-optimal estimators and take the Lasso and scaled
Lasso estimators as generic examples. For these rate-optimal estimators, we
propose procedures for point estimation as well as confidence intervals for
their £, losses. It is shown that the proposed procedures achieve the cor-
responding lower bounds up to a constant factor. These results together
establish the minimax rates for estimating the ¢, loss of rate-optimal esti-
mators over Oy (k) and ©(k). The analysis shows interesting and significant
differences between estimating the ¢5 loss and ¢, loss with 1 < ¢ < 2 as well
as between the two parameter spaces ©(k) and O¢(k).

e The minimax rate for estimating ||3—3||2 over O (k) is min { Nk klogp}
and over ©(k) is kbﬂ So loss estimation is much easier with the prior

information ¥ = I and ¢ = o9 when lg{g; <k < 1ogp

e The minimax rate for estimating ||B B||2 with 1 < g < 2 over both
©¢(k) and O(k) is ka bgp

In the regime % < k < 107; 50 A practical loss estimator is proposed

for estimating the 2 loss and shown to achieve the optimal convergence
rate ﬁ adaptively over ©¢(k). We say estimation of loss is impossible if

the minimax rate can be achieved by the trivial estimator 0, which means
that the estimation accuracy of the loss is at least of the same order as the
loss itself. In all other considered cases, estimation of loss is shown to be
impossible. These results indicate that loss estimation is difficult.

We then turn to the construction of confidence intervals for the ¢, loss.
A confidence interval for the loss is useful even when it is “impossible”
to estimate the loss, as a confidence interval can provide non-trivial upper
and lower bounds for the loss. In terms of convergence rate over Og(k)
or ©(k), the minimax rate of the expected length of confidence intervals
for the ¢, loss, || B — B2 2, of any rate-optimal estimator B coincides with
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the minimax estimation rate. We also consider the adaptivity of confidence
intervals for the ¢, loss of any rate-optimal estimator . (The framework for
adaptive confidence intervals is discussed in detail in Section 3.1.) Regarding
confidence intervals for the ¢ loss in the case of known ¥ = I and ¢ = oy,
a procedure is proposed and is shown to achieve the optimal length ﬁ

adaptively over ©g(k) for Vo< <o Furthermore, it is shown that

logp ~ ~ logp"*
this is the only regime where adaptive confidence intervals exist, even over

lo
impossible to construct a confidence interval for the ¢5 loss with guaranteed

coverage probability over Og(k2) (consequently also over Og(k;1)) and with

the expected length automatically adjusted to the sparsity. Similarly, for

the ¢, loss with 1 < ¢ < 2, construction of adaptive confidence intervals is

impossible over Og(k1) and Og(kz) for k; < ko < %. Regarding confidence

intervals for the ¢, loss with 1 < ¢ < 2 in the case of unknown X and o, the

impossibility of adaptivity also holds over O(k1) and O(kg) for k1 < ko <
n

two given parameter spaces. For example, when k1 < \/ﬁp and k; < ko, it is

logp*
Establishing rate-optimal lower bounds requires the development of new

technical tools. One main difference between loss estimation and the tra-
ditional parameter estimation is that for loss estimation the constraint is
on the performance of the estimator E of the regression vector 3, but the
lower bound is on the difficulty of estimating its loss || — BHZ. We introduce
useful new lower bound techniques for the minimax estimation error and
the expected length of adaptive confidence intervals for the loss || B -p Hg
In several important cases, it is necessary to test a composite null against
a composite alternative in order to establish rate sharp lower bounds. The
technical tools developed in this paper can also be of independent interest.

In addition to ©¢(k) and ©(k), we also study an intermediate parameter
space where the noise level o is known and the design covariance matrix ¥ is
unknown but of certain structure. Lower bounds for the expected length of
minimax and adaptive confidence intervals for |5 — B||3 over this parameter

space are established for a broad collection of estimators B and are shown to
be rate sharp for the class of rate-optimal estimators. Furthermore, the lower
bounds developed in this paper have wider implications. In particular, it is
shown that they lead immediately to minimax lower bounds for estimating
18112 and the expected length of confidence intervals for [|3]|2 with 1 < ¢ < 2.

1.2. Comparison with other works. Statistical inference on the loss of
specific estimators of 8 has been considered in the recent literature. The
papers [16, 2] established, in the setting ¥ =1 and n/p — § € (0,00), the
limit of the normalized loss %H B\ - B |2 where 3()) is the Lasso estima-
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tor with a pre-specified tuning parameter A. Although [16, 2] provided an
exact asymptotic expression of the normalized loss, the limit itself depends
on the unknown 3. In a similar setting, the paper [27] established the limit
of a normalized #5 loss of the square-root Lasso estimator. These limits of
the normalized losses help understand the properties of the corresponding
estimators of 3, but they do not lead to an estimate of the loss. Our re-
sults imply that although these normalized losses have a limit under certain
regularity conditions, such losses cannot be estimated well in most settings.
A recent paper, [20], constructed a confidence interval for || — B||3 in
the case of known ¥ = I, unknown noise level ¢, and moderate dimension
where n/p — £ € (0,1) and no sparsity is assumed on . While no sparsity
assumption on 3 is imposed, their method requires the assumption of ¥ =1
and n/p — £ € (0,1). In contrast, in this paper, we consider both unknown
>} and known ¥ = I settings, while allowing p > n and assuming sparse (3.
Honest adaptive inference has been studied in the nonparametric function
estimation literature, including [8] for adaptive confidence intervals for linear
functionals, [18, 10] for adaptive confidence bands, and [9, 24| for adaptive
confidence balls, and in the high-dimensional linear regression literature,
including [22] for adaptive confidence set and [7] for adaptive confidence
interval for linear functionals. In this paper, we develop new lower bound
tools, Theorems 8 and 9, to establish the possibility of adaptive confidence
intervals for |3 — B||2. The connection between f5 loss considered in the
current paper and the work [22] is discussed in more detail in Section 3.2.

1.3. Organization. Section 2 establishes the minimax lower bounds of
estimating the loss |3 — 8|2 with 1 < ¢ < 2 over both ©(k) and O(k)
and shows that these bounds are rate sharp for the Lasso and scaled Lasso
estimators, respectively. We then turn to interval estimation of ||3—f3]|2. Sec-
tions 3 and 4 present the minimax and adaptive minimax lower bounds for
the expected length of confidence intervals for || — 3|2 over O¢(k) and O(k).
For Lasso and scaled Lasso estimators, we show that the lower bounds can
be achieved and investigate the possibility of adaptivity. Section 5 considers
the rate-optimal estimators and establishes the minimax convergence rate
of estimating their ¢, losses. Section 6 presents new minimax lower bound
techniques for estimating the loss HB —B||2. Section 7 discusses the minimax-
ity and adaptivity in another setting, where the noise level ¢ is known and
the design covariance matrix ¥ is unknown but of certain structure. Section
8 applies the newly developed lower bounds to establish lower bounds for a
related problem, that of estimating ||]|2. Section 9 proves the main results
and additional proofs are given in the supplemental material [6].
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1.4. Notation. For a matrix X € R™P, X;, X ;, and X;; denote re-
spectively the i-th row, j-th column, and (7, ) entry of the matrix X. For
a subset J C {1,2,---,p}, |J| denotes the cardinality of J, J¢ denotes
the complement {1,2,---,p}\J, X denotes the submatrix of X consist-
ing of columns X.; with 7 € J and for a vector x € RP, x; is the sub-
vector of x with indices in J. For a vector x € RP, supp(x) denotes the

support of z and the ¢; norm of z is defined as |z|, = (O°F; ]a:z|q)%
for ¢ > 0 with ||z|lo = |supp(z)| and ||z]c = maxi<j<p|z;|. For a € R,
a; = max{a,0}. We use max || X ;||2 as a shorthand for maxi<j<, || X |2
and min || X ;[|2 as a shorthand for mini<;<, || X.;|l2. For a matrix A, we de-
fine the spectral norm [|Alls = supj,,—1 [[Az|[2 and the matrix ¢; norm
|AllL, = supi<j<, iy |Aijl; For a symmetric matrix A, Amin (A) and
Amax (A) denote respectively the smallest and largest eigenvalue of A. We
use ¢ and C to denote generic positive constants that may vary from place
to place. For two positive sequences a, and by, a, < b, means a, < Cb,
for all n and a,, 2 b, if b, < a, and a, < b, if a, < b, and b, < a,, and
an < by if limsup,, ., 7 = 0 and a, > b, if b, < a,.

2. Minimax estimation of the £; loss. We begin by presenting the
minimax framework for estimating the ¢, loss, ||5— ﬁ||§, of a given estimator
B, and then establish the minimax lower bounds for the estimation error for

a broad collection of estimators B . We also show that such minimax lower
bounds can be achieved for the Lasso and scaled Lasso estimators.

2.1. Problem formulation. Recall the high-dimensional linear model,

(21) Ynx1l = Xn><p,8p><1 + €épx1, €~ Nn(070-21)'

We focus on the random design with Xj. YN (0,%) and X;. and ¢; are

independent. Let Z = (X, y) denote the observed data and 5 be a given
estimator of 3. Denoting by L ¢(Z) any estimator of the loss || B-8 12, the
minimax rate of convergence for estimating || — 3 |2 over a parameter space
O is defined as the largest quantity V3, Zq(@) such that

(2.2) i sup Py (1IZa(2) = 1B = BIEI = 15,,(0)) = 6,

for some constant § > 0 not depending on n or p. We shall write Eq for
Eq(Z ) when there is no confusion.

We denote the parameter by § = (5,%,0), which consists of the sig-
nal 3, the design covariance matrix > and the noise level 0. For a given
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0 = (5,%,0), we use 3(0) to denote the corresponding 3. Two settings are
considered: The first is known design covariance matrix ¥ = I and known
noise level ¢ = 0 and the other is unknown ¥ and o. In the first setting,
we consider the following parameter space that consists of k-sparse signals,

(23) @O(k) = {(671700) : Hﬁ“o < k}v
and in the second setting, we consider
(2.4)

1
G(k) = {(6)270) : ”BHO S k? ﬁ S AITliIl (2) S )\max (E) S M17 0 <o S MQ}:
1

where M; > 1 and My > 0 are constants. The parameter space Oy (k) is a
subset of ©(k), which consists of k-sparse signals with unknown ¥ and o.
The minimax rate 73 Zq(@) for estimating |8 — S[|2 also depends on the

estimator 3 Different estimators B\ could lead to different losses || B\ -8 Hg

and in general the difficulty of estimating the loss ||B -5 ||3 varies with 3. We
first recall the properties of some state-of-art estimators and then specify
the collection of estimators on which we focus in this paper. As shown in
[12, 4, 3, 26], Lasso, Dantzig Selector, scaled Lasso and square-root Lasso
satisfy the following property if the tuning parameter is properly chosen,

~ 2]
(25) sup P (15~ Bl = CriEL ) o,
0€O(k) n

where C' > 0 is a constant. The minimax lower bounds established in [30, 23,

31] imply that kg 10% is the optimal rate for estimating 8 over the parameter
space O(k). It should be stressed that all of these algorithms do not require
knowledge of the sparsity k& and are thus adaptive to the sparsity provided
k < gp. We consider a broad collection of estimators g satisfying one of

~ lo
the following two assumptions.

(A1) The estimator B satisfies, for some 0y = (5*,1, 09),
26 By (18- 512 O 2R ) <,

where 0 < g < i and C* > 0 are constants.
(A2) The estimator [ satisfies

) * % || Q% 2lo
(2.7) sip Py <!B _ g2 2 o8 gp02> < an,
{0=(8*1,0):0<200} n

where 0 < o < % and C* > 0 are constants and o > 0 is given.
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In view of the minimax rate given in (2.5), Assumption (A1) requires B
to be a good estimator of 3 at at least one point 6y € ©¢(k). Assumption
(A2) is slightly stronger than (A1) and requires 8 to estimate § well for a
single 8* but over a range of noise levels 0 < 20 while ¥ = L. Of course,
any estimator [ satisfying (2.5) satisfies both (Al) and (A2). In addition
to Assumptions (Al) and (A2), we also introduce the following sparsity
assumptions that will be used in various theorems.

(B1) Let ¢p be the constant defined in (9.14). The sparsity levels k& and

ko satisfy k& < comin{p” } for some constant 0 < v < % and
ko < Co min{k ﬁ

’ logp}‘
(B2) The sparsity levels kq, ko and kg satisfy k1 < ko < ¢o min{p?

_n_
’ logp
_n_
, 1ng} for

some constant 0 < v < % and c¢o > 0 and kg < ¢o min{ky, %},

2.2. Minimax estimation of the g loss over ©g(k). The following theo-
rem establishes the minimax lower bounds for estimating the loss ||5 — ﬁ||2
over the parameter space O (k).

THEOREM 1.  Suppose that the sparsity levels k and ko satisfy Assump-
tion (B1). For any estimator (8 satisfying Assumption (A1) with ||5*|lo < ko,

. 7 2 . logp 1 2
(2.8) inf sup Py (]L2—||ﬁ—ﬁ“2| Zcmln{k ,}o ) > 6.
Ly 020, (k) 2 n ' vnf°

For any estimator B satisfying Assumption (A2) with ||5*]|o < ko,

log p
g,
n

~ ~ 2
(2.9) inf sup Py <|Lq — |8 - BH3| > cka

1 3)25, forl<gq<?2,
Lq 0€00(k)

where § > 0 and ¢ > 0 are constants.

REMARK 1. Assumption (Al) restricts our focus to estimators that can
perform well at at least one point (8*,1,0¢) € Og(k). This weak condition
makes the established lower bounds widely applicable as the benchmark for
evaluating estimators of the ¢, loss of any 3 that performs well at a proper
subset, or even a single point of the whole parameter space.

In this paper, we focus on estimating the loss [|5 — ﬁ||g with 1 < ¢ <2.
Similar results can be established for the loss in the form of HE —BllE with 1 <
¢ < 2; Under the same assumptions as those in Theorem 1, the lower bounds
for estimating the loss ||3 — B||¢ hold with replacing the convergence rates
with their 4 power; that is, (2.8) remains the same while the convergence
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rate l<:§(\/logp/nao)2 in (2.9) is replaced by k(y/logp/nog)?. Similarly, all
the results established in the rest of the paper for || — |2 hold for |5 — 8]|4
with corresponding convergence rates replaced by their £ power.

Theorem 1 establishes the minimax lower bounds for estimating the f;
loss |8 — B||3 of any estimator § satisfying Assumption (A1) and the ¢,
loss ||3 — |2 with 1 < ¢ < 2 of any estimator 3 satisfying Assumption
(A2). We will take the Lasso estimator as an example and demonstrate
the implications of the above theorem. We randomly split Z = (y, X) into
subsamples Z(1) = (y(l),X(l)) and Z(? = (y(Q),X@)) with sample sizes nq
and ng, respectively. The Lasso estimator BL based on the first subsample
ACES (y(l),X(l)) is defined as

oL _ ly® = XWa)5 1x51s
(2.10) Bt = arg min - AZ f 185,

where A = Ay/logp/nioy with A > /2 being a pre-specified constant.
Without loss of generality, we assume n; =< no. For the case 1 < ¢ < 2,
(2.5) and (2.9) together imply that the estimation of the ¢, loss HEL - ﬁ||§
is impossible since the lower bound can be achieved by the trivial estimator

of the loss, 0. That is, SUPgeo, (k) Po (‘0 _ ||5L 5”2‘ > C'k:%lo%> 0.

klogp
d n

For the case ¢ = 2, in the regime £k < l(‘)/g;, the lower boun in
(2.8) can be achieved by the zero estimator and hence estimation of the loss

|3Y — B||3 is impossible. However, the interesting case is when 1(\)/;; Sk S

the loss estimator Ly proposed in (2.11) achieves the minimax lower

log ’
bound ﬁ n (2.8), which cannot be achieved by the zero estimator. We now
detail the construction of the loss estimator EQ. Based on the second half
sample Z(?) = (y(2),X (2)), we propose the following estimator,

(2.11) To— (1 s - x@52 - ag>
no 2 +
Note that the first subsample Z(!) = (y(l),X(l)) is used to produce the
Lasso estimator B\L in (2.10) and the second subsample Z(?) = (y(Q), X (2))
is retained to evaluate the loss HEL — BJ|3. Such sample splitting technique
is similar to cross-validation and has been used in [22] for constructing con-
fidence sets for § and in [20] for confidence intervals for the ¢5 loss.
The following proposition establishes that the estimator Zg achieves the

minimax lower bound of (2.8) over the regime 1(‘)@) SES o
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PROPOSITION 1. Suppose that k < logp and BL is the Lasso estimator

defined in (2.10) with A > /2, then the estimator of loss proposed in (2.11)
satisfies, for any sequence 0y, — 00,

(2.12) limsup sup ]P’g <’L2 — HﬂL B3 ’ >0 =0.

7p—>00 96@0

)

2.3. Minimax estimation of the £y loss over ©(k). We now turn to the
case of unknown ¥ and o and establish the minimax lower bound for esti-
mating the £, loss over the parameter space (k).

THEOREM 2.  Suppose that the sparsity levels k and ko satisfy Assump-
tion (B1). For any estimator 8 satisfying Assumption (A1) with ||5*|lo < ko,

~ ~ 2]
(213)  inf sup P (\Lq—uﬁ—ﬂuz\m?ogp)za, 1<q<2,
Lq 6cO(k) n

where § > 0 and ¢ > 0 are constants.

Theorem 2 provides a minimax lower bound for estimating the ¢, loss
of any estimator (8 satisfying Assumption (A1), including the scaled Lasso
estimator defined as

ASL : —XBl3 o [ X112
2.14 SL 51 — ly 2,74 25,
(214) {876} =arg _min TR0+ ; T il
where Ao = A\/logp/n with A > v/2. Note that for the scaled Lasso estima-
tor, the lower bound in (2.13) can be achieved by the trivial loss estimator

~ 2
0, in the sense, supycer) Po (|0 — [|B5E = B||2| > Cka 1"%) — 0, and hence
estimation of loss is impossible in this case.

3. Minimaxity and adaptivity of confidence intervals over G (k).
We focused in the last section on point estimation of the ¢, loss and showed
the impossibility of loss estimation except for one regime. The results natu-
rally lead to another question: Is it possible to construct “useful” confidence
intervals for |3 — 8|2 that can provide non-trivial upper and lower bounds
for the loss? In this section, after introducing the framework for minimaxity
and adaptivity of confidence intervals, we consider the case of known X =1
and o = o( and establish the minimaxity and adaptivity lower bounds for
the expected length of confidence intervals for the ¢, loss of a broad collec-
tion of estimators over the parameter space Oy(k). We also show that such
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minimax lower bounds can be achieved for the Lasso estimator and then dis-
cuss the possibility of adaptivity using the Lasso estimator as an example.
The case of unknown ¥ and o will be the focus of the next section.

3.1. Framework for minimazxity and adaptivity of confidence intervals. In
this section, we introduce the following decision theoretical framework for
confidence intervals of the loss ||5—j||2. Given 0 < a < 1 and the parameter

space © and the loss Hﬁ— BH?, denote by Z, (@, B, €q> the set of all (1 — )

level confidence intervals for || = B||2 over O,
(3.1)

I, (@,B, zq) - {Cla (B, lg: z) = [1(2),u(2)]: jnf Py (||§— B(9)|2 € CI, (B,eq,z)) >1- a} :

We will write CI, for CI, (3, Eq,Z) when there is no confusion. For any
confidence interval CI, (B, ly, Z) = [I1(Z),u(Z)], its length is denoted by
L (CIa (B\, 4, Z)) =u(Z)—1(Z) and the maximum expected length over

a parameter space Oq is defined as
(3.2) L (CIa (B, 0y, Z) ,@1) — sup EyL (CIa (B, lg: Z)) .
[ASCH
For two nested parameter spaces ©; C O, we define the benchmark L, (@1, 0o, B , Eq) ,

measuring the degree of adaptivity over the nested spaces ©1 C Os,
(3.3)
Lk (@1, A, 3, eq) = inf  sup EeL (ch (B, lg, Z)) .
Cla(B,0q:Z)ELn(O2,8,Lq) €61

We will write L, (@1,3, Eq) for L, (@1, @1,5, €q>, which is the minimax
expected length of confidence intervals for || 3-8 Hg over ©. The bench-

mark L7, (@1, @2,3, €q> is the infimum of the maximum expected length
over ©1 among all (1 — a)-level confidence intervals over 3. In contrast,
L}, (@1, 3, ﬁq) is considering all (1 — a)-level confidence intervals over O;.
In words, if there is prior information that the parameter lies in the smaller
parameter space ©1, L}, (@1, B, £q> measures the benchmark length of con-

fidence intervals over the parameter space ©1, which is illustrated in the left
of Figure 1; however, if there is only prior information that the parameter

lies in the larger parameter space O3, L, (@1, O, B , €q> measures the bench-

mark length of confidence intervals over the parameter space ©1, which is
illustrated in the right of Figure 1.
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Ly (04, 5,€4) ﬁ L, (01,0,,5,4,)

Fic 1. The plot demonstrates definitions of L7, (@173, Zq) and L7, (61, @2,3, Eq).

Rigorously, we define a confidence interval CI* to be simultaneously adap-
tive over ©1 and ©, if CI* € 7, <@2, E, €q> ,

(34) L(CI*,0;)=L" (@1,B,£q), and L (CI*,0,) = L* (@2,3,£q>.

The condition (3.4) means that the confidence interval CI*, which has cover-
age over the larger parameter space ©s, achieves the minimax rate over both

O, and Os. Note that L (CI*, ©;) > L (@1, 0,, 3, eq). IfLY (@1, 0,, 3, eq) >

L} <@1, B, Eq) , then the rate-optimal adaptation (3.4) is impossible to achieve
for ©1 C ©5. Otherwise, it is possible to construct confidence intervals si-
multaneously adaptive over parameter spaces ©1 and ©s. The possibility of
adaptation over parameter spaces ©; and ©2 can thus be answered by in-
vestigating the benchmark quantities L, (@1, B, £q> and L, <@1, O, B, Eq).
Such framework has already been introduced in [7], which studies the mini-
maxity and adaptivity of confidence intervals for linear functionals in high-
dimensional linear regression.

We will adopt the minimax and adaptation framework discussed above
and establish the minimax expected length L, (Go(k), 3 , Eq) and the adap-

tation benchmark L} <@0(k1), Oo(ks), B, €q>. In terms of the minimax ex-

pected length and the adaptivity behavior, there exist fundamental differ-
ences between the case ¢ = 2 and 1 < ¢ < 2. We will discuss them separately
in the following two subsections.

3.2. Confidence intervals for the ly loss over ©y(k). The following the-
orem establishes the minimax lower bound for the expected length of confi-
dence intervals of |3 — 3|3 over the parameter space Og (k).

THEOREM 3. Suppose that 0 < a < % and the sparsity levels k and kg
satisfy Assumption (Bl). For any estimator (B satisfying Assumption (A1)
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with ||B*||l0 < ko, then there is some constant ¢ > 0 such that
. ~ . klogp 1
(3.5) L} (@g(k),ﬁ,€2> Zcmln{n,\/ﬁ}ag.

In particular, if B\L is the Lasso estimator defined in (2.10) with A > /2,
then the minimaz expected length for (1 — «) level confidence intervals of
1B — B3 over ©g(k) is

(3.6) L (eo(k),BL,eg) = min{kbgp ! } 2

,% 0'0.

We now consider adaptivity of confidence intervals for the ¢5 loss. The fol-
lowing theorem gives the lower bound for the benchmark L, (@o(kl), ©¢(k2), B, Eg) .
We will then discuss Theorems 3 and 4 together.

THEOREM 4. Suppose that 0 < a < % and the sparsity levels ki, ko and
ko satisfy Assumption (B2). For any estimator 8 satisfying Assumption (A1)
with ||B*|lo < ko, then there is some constant ¢ > 0 such that

" ~ . ko lo 1
(3.7) La (@0(]471),@0(]472),5,52) Zcmln{Qngp,\/ﬁ}Ug.
In particular, if B\L is the Lasso estimator defined in (2.10) with A > /2,
the above lower bound can be achieved.

The lower bound established in Theorem 4 implies that of Theorem 3 and
both lower bounds hold for a general class of estimators satisfying Assump-
tion (A1l). There is a phase transition for the lower bound of the benchmark

L}, (90(k1) ©¢(k2), B, €2>. In the regime ky < %, the lower bound in (3.7)

kzlogp Vn <k <
logp ~ logp’

Lasso estimator B defined in (2.10), the lower bound M?Lgp og in (3.5) and
%08 in (3.7) can be achieved by the confidence intervals CI2 (Z, k,2)
and CI? (Z, ko, 2) defined in (3.15), respectively. Applying a similar idea to
(2.11), we show that the minimax lower bound fUO in (3.6) and (3.7) can

03; when the lower bound in (3.7) is fa(z) For the

be achieved by the following confidence interval,

. [ v©@ o2 _¥@2) o2
(3.8) CL, (Z) = (éxf_g (n2) 0>+’ (nlzX%; (n2) 0)+ |

—~
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where X7 o (n2) and x% (n2) are the 1 — § and $ quantiles of x* random
2 2

variable with ng degrees of freedom, respectlvely, and
112
(3.9) Y (Z) :min{lHy(Q)—X(Q)ﬁLHZ,Uglogp}.
n2

Note that the two-sided confidence interval (3.8) is simply based on the
observed data Z, not depending on any prior knowledge of the sparsity k.
Furthermore, it is a two-sided confidence interval, which tells not only just an
upper bound, but also a lower bound for the loss. The coverage property and
the expected length of CI., (Z) are established in the following proposition.

PROPOSITION 2.  Suppose k < logp and BL is the estimator defined in

(2.10) with A > /2. Then CI} (Z) defined in (3.8) satisfies,

(3.10) liminf inf P (||ﬁL Bl|3 € CI, (Z)) >1—a,

,p—>00 06@0(

and

(3.11) L (CIL (2),00 (k) < \/1%03

kilogp kilogp S
n n Vn
0o (k1) 0o (k1) 0o(ky)

FiG 2. Hlustration of L, (GO(kl) B, 62) (top) and L, (@ (k1), ©o(ks), BE, 122) (bottom)
(leftmost), k1 < S ko < (middle) and <k <

NlogpN lopN

over regimes k1 < ko < logp
k2 S 1555 (Tightmost).

~ log

Regarding the Lasso estimator BL defined in (2.10), we will discuss the
possibility of adaptivity of confidence intervals for ||3* — 3||3. The adaptivity
behavior of confidence intervals for ||3* — j3||2 is demonstrated in Figure 2.

As illustrated in the rightmost plot of Figure 2, in the regime Vo< k1 <

logp ~ =

B2 S iy we obtain L, (O (k1), €0(ka), B, £2) = L, (©0(ka), B, £2) =
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1
ﬁv
in Proposition 2, the confidence interval CI. (Z) defined in (3.8) is fully

adaptive over the regime 1(‘)@7 Sk S 1gp in the sense of (3.4).
Illustrated in the leftmost and middle plots of Figure 2, it is impossible

to construct an adaptive confidence interval for |3 — 5||3 over regimes ki <

ko S 1(\)/;; and k; < 1(\)/;; S ko g 107ng since LZ <@0<k1),@0<k2),§L,£2> >

L} <@0(k1),EL,€2> if b < VI and k1 < ko. To sum up, adaptive confi-

logp
Vo< n
logp ~ kS logp*

which implies that adaptation is possible over this regime. As shown

dence intervals for || B\L — 3|3 is only possible over the regime

Comparison with confidence balls. We should note that the problem of
constructing confidence intervals for |3 — 3|3 is related to but different from
that of constructing confidence sets for 3 itself. Confidence balls constructed

in [22] are of form {5 18 = BlIZ < un (Z)}, where J can be the Lasso es-

timator and w, (Z) is a data dependent squared radius. See [22] for further
details. A naive application of this confidence ball leads to a one-sided con-
fidence interval for the loss |3 — 3|3,

(312) ot (z) = {15 - B3 18— B <w ()}

Due to the reason that confidence sets for 8 were sought for in Theorem
1 in [22], confidence sets in the form {ﬁ B = Bl3 < uy (Z)} will suffice

to_achieve the optimal length. However, since our goal is to characterize
|3 — 8|3, we apply the unbiased risk estimation discussed in Theorem 1 of
[22] and construct the two-sided confidence interval in (3.8). Such a two-
sided confidence interval is more informative than the one-sided confidence
interval (3.12) since the one-sided confidence interval does not contain the
information whether the loss is close to zero or not. Furthermore, as shown in
[22], the length of confidence interval CTduced (7) gver the parameter space
©o(k) is of order % + %. The two-sided confidence interval CI), (Z)

constructed in (3.8) is of expected length ﬁ, which is much shorter than

Vn
logp*
(3.8) provides a more accurate interval estimator of the fo loss. This is

illustrated in Figure 3.

The lower bound technique developed in the literature of adaptive con-
fidence sets [22] can also be used to establish some of the lower bound
results for the case ¢ = 2 given in the present paper. However, new tech-
niques are needed in order to establish the rate sharp lower bounds for the

ﬁ + klo% in the regime k >

That is, the two-sided confidence interval

minimax estimation error (2.9) in the region % <kS ogp and for the
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Cla(2)

A

1B 13 /

[
|

Cl}lnduCEd(Z)

=

Fic 3. Compam'sgn of the two-sided confidence interval CIL (Z) with the one-sided confi-
dence interval CInduced (7,

expected length of the confidence intervals (3.18) and (7.3) in the region

13@: <k <k < @, where it is necessary to test a composite null against

a composite alternative in order to establish rate sharp lower bounds.

3.3. Confidence intervals for the £, loss with 1 < q < 2 over Oq(k).
We now consider the case 1 < ¢ < 2 and investigate the minimax expected
length and adaptivity of confidence intervals for ||3— 3 |2 over the parameter
space O (k). The following theorem characterizes the minimax convergence
rate for the expected length of confidence intervals.

THEOREM 5. Suppose that 0 < a < %, 1 < q < 2 and the sparsity levels k

and ko satisfy Assumption (B1). For any estimator B satisfying Assumption
(A2) with ||8*||o < ko, then there is some constant ¢ > 0 such that

(3.13) L (00(k). B.0;) > ckélO%ag.

In particular, if B\L is the Lasso estimator defined in (2.10) with A > 4v/2,
then the minimaz expected length for (1 — ) level confidence intervals of
8% — ﬂHg over Oy(k) is

* > 210
(3.14) L (@o(k),ﬁL,zq) = ki S”ag.

We now construct the confidence interval achieving the minimax conver-
gence rate in (3.14),

2]
(3.15) CI0. (2, k,q) = (o,c*<A, o °§p> ,
(22400)” (s Aoo)’
where C*(A, k) = max %0 , A with 79 =
(4,k) (%—42,/72’“2”)4 (i—(9+11no) —2’“;“;“)4 n

1.01%. The following proposition establishes the coverage property and

the expected length of CI (Z, k, q).
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PROPOSITION 3.  Suppose k < bgp and EL is the estimator defined in

(2.10) with A > 44/2. For 1 < q < 2, the confidence interval CIS (Z, k, q)
defined in (3.15) satisfies

2 0
(3.16) timinf inf o (|7~ Bl € O (Z.k.)) = 1
and
2]
(3.17) L (CI3, (Z.k,q) 00 (k) S k7 2L,

In particular, for the case ¢ = 2, (3.16) and (3.17) also hold for the estimator
BL defined in (2.10) with A > /2.

This result shows that the confidence interval CIO (Z, k,q) achieves the
minimax rate given in (3.14). In contrast to the ¢5 loss where the two-sided
confidence interval (3.8) is significantly shorter than the one-sided interval
and achieves the optimal rate over the regime % <
loss with 1 < ¢ < 2, the one-sided confidence interval achieves the optimal
rate given in (3.14).

We now consider adaptivity of confidence intervals. The following theorem

establishes the lower bounds for L}, (@O(kzl), Oo(k2), B, €q> with 1 < ¢ < 2.

~ lo

THEOREM 6. Suppose 0 < a < %, 1 < q < 2 and the sparsity levels k1, ko
and ko satisfy Assumption (B2). For any estimator 3 satisfying Assumption
(A2) with ||8*||o < ko, then there is some constant ¢ > 0 such that
(3.18)

2

cky 82 53 if k1 <ks< k‘)/g;,
* 2 2.1
La <@O(k1)a @O(k‘?)a67€q) > C/-CQq ﬁO’% Zf kl l(\)/g; S ]{2 < logp’
2
Cqu kl logpag Zf l(\)/g;) < kl < ]{2 logp

In particular, if p > n and BL is the Lasso estimator defined in (2.10) with
A > 4\/2, the above lower bounds can be achieved.

The lower bounds of Theorem 6 imply that of Theorem 5 and both lower
bounds hold for a general class of estimators satisfying Assumption (A2).
However, the lower bound (3.18) in Theorem 6 has a significantly differ-
ent meaning from (3.13) in Theorem 5 where (3.18) quantifies the cost
of adaptation without knowing the sparsity level. For the Lasso estimator
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EL defined in (2.10), by comparing Theorem 5 and Theorem 6, we obtain
Lt (60(k1), O (ks), 5L,£q) > Lk <@0(k1), ﬁL,eq) if k1 < ko, which implies
the impossibility of constructing adaptive confidence intervals for the case
1 < ¢ < 2. There exists marked difference between the case 1 < ¢ < 2 and
the case ¢ = 2, where it is possible to construct adaptive confidence intervals

ime Y2 << 1
over the regime ogp S k< Tosp"

For the Lasso estimator 3% defined in (2.10), it is shown in Proposition 3
that the conﬁdence interval CIY (Z, k2, q) deﬁned in (3.15) achieves the lower
-1 21
bound kq logpao of (3.18). The lower bounds k‘q k1 logpao and kg \/1508
of (3.18) can be achieved by the following proposed confidence interval,
(3.19)

CIi (Za ka, Q) = (115(2) - 0(2)> ) (16]{72)%71 (11/}(2)) - O’%)
+ +

2
n2X1, nzx% (n2

o
2

where 9 (Z) is given in (3.9). The above claim is verified in Proposition 4.
Note that the confidence interval CI. (Z) defined in (3.8) is a special case
of CI2 (Z, ko, q) with ¢ = 2.

PROPOSITION 4. Suppose p > n, k1 < ky < 1o§p and BL is defined in

(2.10) with A > 4/2. Then CI2 (Z, ky,q) defined in (3.19) satisfies,

2 liminf inf P 2 (Z,k >1-—
(320  limint it Py (15~ I} € OR (2 h20)) 21~
and

9 21 log p 1 9
(3.21) L(CIQ(Z,kQ,q),GO(kI))SkS k1 +\/ﬁ 0p-

4. Minimaxity and adaptivity of confidence intervals over O (k).
In this section, we focus on the case of unknown Y and ¢ and establish the
minimax expected length of confidence intervals for || B— B2 with 1 < ¢ <2
over O(k) defined in (2.4). We also study the possibility of adaptivity of
confidence intervals for ||3 — B||2. The following theorem establishes the

lower bounds for the benchmark quantities L, (@ (ki) ,B, €q> with i = 1,2
and L (e (k1),0 (ks), 5, gq).

THEOREM 7. Suppose that 0 < a < i, 1 < g < 2 and the sparsity
levels k1, ko and kg satisfy Assumption (B2). For any estimator 3 satisfying
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Assumption (A1) at 0y = (8%,1,00) with ||5*||o0 < ko, there is a constant
¢ > 0 such that

2

~ 1
(4.1) L (@(kﬁ,ﬁ,&)z%f%, for i=1,2:

2

(42) L (1000 (k2) . 3.ty) > ckj 5

In particular, if BSL is the scaled Lasso estimator defined in (2.14) with
A > 2\@, then the above lower bounds can be achieved.

The lower bounds (4.1) and (4.2) hold for any 3 satisfying Assumption
(A1) at an interior point 6y = (8*,1,00), including the scaled Lasso es-
timator as a special case. We demonstrate the impossibility of adaptivity
of confidence intervals for the ¢, loss of the scaled Lasso estimator BSEL,

Since L (@ (kl),@(kg),BSL,eq) > L* ({9@,@(@),3“,@), by (4.2),
we have L (@ (kl),@(kz),BSL,zq) > L* (@ (kl),ESL,zq) if kb < ko
The comparison of L}, (@ (k1) ,ESL,EQ) and L, (@ (k1),0 (ko) ,BSL,€q> is

illustrated in Figure 4. Referring to the adaptivity defined in (3.4), it is
impossible to construct adaptive confidence intervals for || — /BHE.

2 0(k,) 2
kilogp k3log p
n n

Fic 4. Lllustration of L, (@ (k1), BSL, Eq) (left) and L, (@ (k1),0© (k2) ,BSL, Eq) (right).

Theorem 7 shows that for any confidence interval CI, (B, Ly, Z) for the

loss of any given estimator B satisfying Assumption (A1), under the coverage
constraint that CI, (E, Eq,Z> € 1, (@ (ko) ,,73’\, £q>, its expected length at
2

any given 6y = (8*,1,0) € © (ko) must be of order kf losp. In contrast to

Theorem 4 and 6, Theorem 7 demonstrates that confidence intervals must
be long at a large subset of points in the parameter space, not just at a small
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number of “unlucky” points. Therefore, the lack of adaptivity for confidence
intervals is not due to the conservativeness of the minimax framework.

In the following, we detail the construction of confidence intervals for
185L—B |2. The construction of confidence intervals is based on the following
definition of restricted eigenvalue, which is introduced in [4],

. [.X6][2
4.3 k(X,k, s,a0) = min min _—
( ) ( ) b ) ) Joc{l,“',p}, 6#0, \/ﬁ||(5(]01||27
[Jol<k  llosglli<aolldlly

where J; denotes the subset corresponding to the s largest in absolute value
coordinates of § outside of Jy and Jy1 = Jo U Ji. Define the event B =
{6 <logp} . The confidence interval for |37 — BHg is defined as

_[0.¢(Zka) onB
where
) 2
16 Amax || X ;|[35 il 71
- 6 maXH JH“Z;' ” k§ﬂ7 <k§ ogp 10gp> 52
max -2 n
nk2 <X,k, k,3 (W){jng))

REMARK 2. The restricted eigenvalue 2 (X ko k3 (%)) is com-
putationally infeasible. For design covariance matrix 3 of special structures,
the restricted eigenvalue can be replaced by its lower bound and a compu-
tationally feasible confidence interval can be constructed. See Section 4.4 in

[7] for more details.

Properties of Cl, (Z, k, q) are established as follows.

PROPOSITION 5.  Suppose k < logp and ESL is the estimator defined in

(2.14) with A > 2v/2. For 1 < q < 2, then Cl, (Z,k,q) defined in (4.4)
satisfies the following properties,

4. liminf inf Py (|8 — B2 € Cla (Z,k,q)) =1

(45 imint it Po (I8 =Bl € Ol (20,0 =1,
21

(4.6) L(Cla (Z.k,0),© (k) S ki 22,

Proposition 5 shows that the confidence interval Cl, (Z, k;, q) defined in
(4.4) achieves the lower bound in (4.1), for i = 1,2, and the confidence
interval Cl, (Z, k2, q) defined in (4.4) achieves the lower bound in (4.2).
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5. Estimation of the £, loss of rate-optimal estimators. We have
established minimax lower bounds for the estimation accuracy of the loss of
a broad class of estimators 3 satisfying (A1) or (A2) and also demonstrated
that such minimax lower bounds are sharp for the Lasso and scaled Lasso
estimators. We now show that the minimax lower bounds are sharp for the
class of rate-optimal estimators satisfying the following Assumption (A).

(A) The estimator 3 satisfies,

~ w2 1o _
(5.1) sup P (n/a _ 812> 8l gp) <y,
0cO(k) n

for all k£ <« 1o§p> where § > 0, C* > 0 and C > 0 are constants not

depending on k, n, or p.

We say an estimator B is rate-optimal if it satisfies Assumption (A). As
shown in [12, 4, 3, 26], Lasso, Dantzig Selector, scaled Lasso and square-
root Lasso are rate-optimal when the tuning parameter is chosen properly.
We shall stress that Assumption (A) implies Assumptions (A1) and (A2).
Assumption (A) requires the estimator 3 to perform well over the whole
parameter space ©(k) while Assumptions (Al) and (A2) only require
to perform well at a single point or over a proper subset. The following
proposition shows that the minimax lower bounds established in Theorem
1 to Theorem 7 can be achieved for the class of rate-optimal estimators.

PROPOSITION 6. Let B be an estimator satisfying Assumption (A).

1. There exist (point or interval) estimators of the loss HE— BHZ with
1 < q < 2 achieving, up to a constant factor, the minimax lower
bounds (2.9) in Theorem 1 and (3.13) in Theorem 5 and estimators
of loss HB— ﬁHg with 1 < q < 2 achieving, up to a constant factor,
the minimaz lower bounds (2.13) in Theorem 2 and (4.1) and (4.2) in
Theorem 7. R

2. Suppose that the estimator [ is constructed based on the subsample
zm = (y(l),X(l)), then there exist estimators of the loss |3 — B3
achieving, up to a constant factor, the minimax lower bounds (2.8) in
Theorem 1, (3.5) in Theorem 3 and (3.7) in Theorem 4.

3. Suppose the estimator (8 is constructed based on the subsample Z(H) =
(y(l),X(l)) and it satisfies Assumption (A) with § > 2 and
(5.2)

sup Py (H(E— B)selli > ¢ [(B = B)sll where S = Supp(6)> < Cp~?,
0co(k)
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for all k < logp' Then for p > n there exist estimators of the loss
HB— ﬂHg with 1 < q < 2 achieving the lower bounds given in (3.18) in
Theorem 6.

For reasons of space, we do not discuss the detailed construction for the
point and interval estimators achieving these minimax lower bounds here
and postpone the construction to the proof of Proposition 6.

REMARK 3. Sample splitting has been widely used in the literature.
For example, the condition that g is constructed based on the subsample
zW) = (y(l),X(l)) has been introduced in [22] for constructing confidence
sets for B and in [20] for constructing confidence intervals for the /5 loss. Such
a condition is imposed purely for technical reasons to create independence
between the estimator ﬂ and the subsample Z(2) = (y(Z) X2 )) which is use-

ful to evaluate the ¢, loss of the estimator B. As shown in [4], the assumption
(5.2) is satisfied for Lasso and Dantzig Selector. This technical assumption
is imposed such that ||3 — 3||? can be tightly controlled by || — f]|3.

6. General tools for minimax lower bounds. A major step in our
analysis is to establish rate sharp lower bounds for the estimation error and
the expected length of confidence intervals for the ¢/, loss. We introduce
in this section new technical tools that are needed to establish these lower
bounds.

A significant distinction of the lower bound results given in the previous
sections from those for the traditional parameter estimation problems is that
the constraint is on the performance of the estimator 5 of the regression
vector 3, but the lower bounds are on the difficulty of estimating its loss
IB—p Hg It is necessary to develop new lower bound techniques to establish
rate-optimal lower bounds for the estimation error and the expected length
of confidence intervals for the loss ||3 — B||2. These technical tools may also
be of independent interest.

We begin with notation. Let Z denote a random variable whose distribu-
tion is indexed by some parameter § € © and let m denote a prior on the
parameter space ©. We will use fy(z) to denote the density of Z given 6 and
f= (2) to denote the marginal density of Z under the prior 7. Let P, denote
the distribution of Z corresponding to fr (2), i.e., Pr (A) = [ 1,eafr (2)dz,
where 1,¢4 is the indicator function. For a function g, we write IE (9(2))
for the expectatlon under [ More specifically, fr (z) = [ fo () 7 () df and
E, =[g(z z) dz. The L; distance between two probablhty distri-
butlons Wlth den51tles fo and fi is given by L1(f1, fo) = [ |fi(z ()] d=.
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The following theorem establishes the minimax lower bounds for the esti-
mation error and the expected length of confidence intervals for the ¢, loss,

under the constraint that § is a good estimator at at least one interior point.

THEOREM 8. Suppose 0 < a, apy < i, 1 <q <2, 3 is positive definite,
0o = (B*,%0,00) € O, and F C O. Define d = minger ||3 (0) — 8*||q. Let w

o~

denote a prior over the parameter space F. If an estimator B satisfies

o 1
(6.) o, (1571 < o) 21— a0
then
~ ~ 1

(6.2) inf sup Py (]Lq — |8 - ﬂ”g] > d2> > ey,

Ly 0€{00}UF 4
and
(6.3)

L ({90},@,3, eq) - inf Eg, L (CIa (B, eq,z)> > cid?,

Cla(B.tg,2)€Za(0,B.4q)

where ¢ = min{%, (1% —ag— Ly (fw,fgo))Jr} and ¢ = %(1 —2a — ag — 2L, (fﬂ,fgo))Jr.

REMARK 4. The minimax lower bound (6.2) for the estimation error
and (6.3) for the expected length of confidence intervals hold as long as the
estimator B estimates 8 well at an interior point 6. Besides Condition (6.1),
another key ingredient for the lower bounds (6.2) and (6.3) is to construct
the least favorable space F with the prior 7w such that the marginal distri-
butions fr and fy, are non-distinguishable. For the estimation lower bound
(6.2), constraining that HB — (*||2 can be well estimated at 6, due to the
non-distinguishability between fr and fy,, we can establish that the loss
||B - BH% cannot be estimated well over F. For the lower bound (6.3), by
Condition (6.1) and the non-distinguishability between f; and fg,, we will
show that ||8 — Bl|2 over F is much larger than 18 — 3*||2 and hence the
honest confidence intervals must be sufficiently long.

Theorem 8 is used to establish the minimax lower bounds for both the
estimation error and the expected length of confidence intervals of the ¢, loss
over O(k). By taking 0y € ©(kg) and © = O(k), Theorem 2 follows from
(6.2) with a properly constructed subset F C O(k). By taking 6y € O(ko)
and © = O(kz), the lower bound (4.2) in Theorem 7 follows from (6.3) with
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a properly constructed F C ©(kz). In both cases, Assumption (A1) implies
Condition (6.1).

Several minimax lower bounds over ©g(k) can also be implied by Theorem
8. For the estimation error, the minimax lower bounds (2.8) and (2.9) over

the regime k < k\){;; in Theorem 1 follow from (6.2). For the expected length

of confidence intervals, the minimax lower bounds (3.7) in Theorem 4 and
(3.18) in the regions k; < ka < 1(‘)@) and k < 1(‘)/5 Ske S 102;7 in Theorem
6 follow from (6.3). In these cases, Assumption (Al) or (A2) can guarantee

that Condition (6.1) is satisfied. However, the minimax lower bounds for

estimation error (2.9) in the region % <k S ogp

and for the expected

length of confidence intervals (3.18) in the region % Sk < ke S gy can-
not be established using the above theorem. The following theorem, which
requires testing a composite null against a composite alternative, establishes
the refined minimax lower bounds over (k).

THEOREM 9. Let 0 < o, a9 < %, 1 <q <2, and by = (8*,X0,00) where
Yo 1s a positive definite matriz. Let ki and ko be two sparsity levels. Assume
that for i = 1,2 there exist parameter spaces F; C {(53,%0,00) : ||Bllo < ki}
such that for given dist; and d;

V(B (0) — B)T80(8(0) — 8*) = dist; and [|B(0)—5"llg =d;, forall § € F;.

Let m; denote a prior over the parameter space F; for i = 1,2. Suppose
that for 61 = (6*,20,03 —|—dist%) and 0y = (5*,20,08 —i—dist%), there exist
constants c1,co > 0 such that

(6.4) Py, (||B— 8|2 < cgdf) >1—ag, for i=1,2
Then we have

(6.5) inf sup Py (1L, — 1B - B = cs3) > as,
Lq 0€F1UF2

and

(6.6) L* (@0 (k1) , 6o (kQ),B,zq) > ¢ ((1 — ) dE - (1+01)2d§)+,

where ¢ = min{ , ((1 — ) — -0 +c1)2%)+} cci=(1-2a0—2a— 2?21 Ly (fr;, fo,) — 2Ly (fﬂ2,fn1))+

1
1
and €3 = min {%7 (% — 200 — Z?Zl Ly (fris fo,) — 2L (f7r27f771))+} .
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REMARK 5. As long as the estimator E performs well at two points, 6;
and 02, the minimax lower bounds (6.5) for the estimation error and (6.6) for
the expected length of confidence intervals hold. Note that 8; in the above
theorem does not belong to the parameter space {(53, >0, 00) : ||Bllo < ki},
for ¢ = 1,2. In contrast to Theorem 8, Theorem 9 compares composite
hypotheses F; and F3, which will lead to a sharper lower bound than com-
paring the simple null {6y} with the composite alternative F. For simplicity,
we construct least favorable parameter spaces J; such that the points in F;
is of fixed (generalized) ¢, distance and fixed ¢, distance to g*, for ¢ =1, 2,
respectively. More importantly, we construct F; with the prior m; and F>
with the prior my such that fr, and fr, are not distinguishable, where 6,
and 6y are introduced to facilitate the comparison. By Condition (6.4) and
the construction of 7 and F», we establish that the ¢, loss cannot be si-
multaneously estimated well over F; and Fa. For the lower bound (6.6),
under the same conditions, it is shown that the £, loss over /7 and F> are
far apart and any confidence interval with guaranteed coverage probability
over F1 U Fo must be sufficiently long. Due to the prior information 3 =1
and o = oy, the lower bound construction over ©¢(k) is more involved than
that over ©(k). We shall stress that the construction of F; and F» and the
comparison between composite hypotheses are of independent interest.

The minimax lower bound (2.9) in the region Vi < ) < 2 follows from

logp ~ ™ ~ logp
(6.5) and the minimax lower bound (3.18) in the region % Sk <k <

ep tor the expected length of confidence intervals follows from (6.6). In

these cases, ¥ is taken as I and Assumption (A2) implies Condition (6.4).

7. An intermediate setting with known o = o9 and unknown 3.
The results given in Sections 3 and 4 show the significant difference between
©¢(k) and O(k) in terms of minimaxity and adaptivity of confidence intervals
for || 8- ﬁ”g. ©o(k) is for the simple setting with known design covariance
matrix ¥ = I and known noise level o = 0¢, and O(k) is for unknown ¥
and o. In this section, we further consider minimaxity and adaptivity of
confidence intervals for || B— BHg in an intermediate setting where the noise
level o = 0¢ is known and ¥ is unknown but of certain structure. Specifically,
we consider the following parameter space,

(7.1)
80 < b 3 < win (£) < s (£) £ My

@Uo(k75) = (6?2700)

: 1 1
157 e < M, max [[(57), o < s
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for some constants M; > 1 and M > 0. ©4,(k, s) basically assumes known
noise level o and imposes sparsity conditions on the precision matrix of the
random design. This parameter space is similar to those used in the literature
of sparse linear regression with random design [29, 13, 14]. ©,,(k, s) has two
sparsity parameters where k represents the sparsity of 8 and s represents
the maximum row sparsity of the precision matrix ¥~!. Note that O (k) C
Os,(k,s) C ©(k) and O¢(k) is a special case of O, (k,s) with M; = 1.
Under the assumption s < y/n/logp, the minimaxity and adaptivity
lower bounds for the expected length of confidence intervals for || B-8 ||3
with 1 < g < 2 over O, (k,s) are the same as those over O¢(k). That
is, Theorems 5 and 6 hold with ©¢(k1), Og(kz2), and Og(k) replaced by
Os(k1,$), Og,(k2,s), and O, (k, s), respectively. For the case ¢ = 2, the
following theorem establishes the minimaxity and adaptivity lower bounds
for the expected length of confidence intervals for ||3 — 3|3 over O, (k, s).

THEOREM 10. Suppose 0 < o, a9 < 1/4, My > 1, s < y/n/logp and
the sparsity levels k1, ke and ko satisfy Assumption (B/?) with the constant
co replaced by ¢ defined in (9.14). For any estimator [ satisfying

n * x| % 2o p
(7.2) sup Py (Hﬁ _pP =8 uggaz) < a0,
9€®(k0) n

with a constant C* > 0, then there is some constant ¢ > 0 such that
(7.3)

~ 1 1 1
L} (@Uo(kl’5),@00(1/;273),&,62) > cmin {k2 in’max{kl Osp’ \/ﬁ}} Ug

and
* o kl logp 2 .
(7.4) L}, (@Uo(k:i,s),ﬁ,ﬁg) >c———0; and i=12.
n

In particular, if p > n and B is constructed based on the subsample Z() =
(y(l), X(l)) and satisfies Assumption (A) with § > 2, the above lower bounds
can be attained.

In contrast to Theorems 3 and 4, the lower bounds for the case ¢ = 2
change in the absence of the prior knowledge ¥ = I but the possibility of
adaptivity of confidence intervals over O, (k, s) is similar to that over ©¢(k).
Since the Lasso estimator 3L defined in (2.10) with A > 4+/2 satisfies As-
sumption (A) with § > 2, by Theorem 10, the minimax lower bounds (7.3)

and (7.4) can be attained for BL. For BL, only when % <k < ko <
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@7 LZ (@Uo(klvs))gL7€2> = LZ <@Uo(k173)7®Uo(k27s)7/§7€2) = %

and adaptation between O, (k1, s) and O, (ka2, s) is possible. In other regimes,
if k1 < ko, then L* (@Uo(kl,s),EL,@) <L (@go(kl,s), Oy, (K2, 5), B, @)
and adaptation between ©,,(k1,s) and O, (k2, s) is impossible. For reasons
of space, more discussion on O,,(k, s), including the construction of adap-
tive confidence intervals over the regime % <k <k < @, is postponed
to the supplement [6].

8. Minimax lower bounds for estimating ||,8||3 with 1 < ¢ <
2. The lower bounds developed in this paper have broader implications.
In particular, the established results imply the minimax lower bounds for
estimating || Hg and the expected length of confidence intervals for |3 ||3
with 1 < ¢ < 2. To build the connection, it is sufficient to note that the
trivial estimator 3 = 0 satisfies Assumptions (A1) and (A2) with g* = 0.
Then we can apply the lower bounds (2.8), (2.9) and (2.13) to the estimator
B =0 and establish the minimax lower bounds of estimating I ﬁ||g,

. 7 . logp 1 2
(8.1) inf sup Py <|L2 —IB]|3| > c¢min {k; ) } o5 | > 9;
nt s 1813 82 1ot

- 21
(8.2) inf sup Py (Lq —1BI2| > cka nga§> >4, forl<q<2,
Lq 60€00(k) n

~ 2]
(83)  inf sup Py (qu—\|ﬂ\|3|2ck3W)za, forl <g¢<2,
L, 0€0(k) n

for some constants 6 > 0 and ¢ > 0. Similarly, all the lower bounds for the
expected length of confidence intervals for ||3— 3|2 established in Theorem 3
to Theorem 7 imply corresponding lower bounds for ||3]|2. The lower bound

min{klogp, ﬁ}(y% in (8.1) is the same as the detection boundary in the

sparse linear regression for the case ¥ = I and o = 1; See [19] and [1] for
more details. Estimation of ||3||3 in high-dimensional linear regression has
been considered in [17] under the general setting where ¥ and o are unknown
and the lower bound (8.3) with ¢ = 2 leads to one key component of the
lower bound ckb% for estimating ||3]|3.

9. Proofs. This section presents the proofs of the lower bound results.
We first establish the general lower bound result, Theorem 8, in Section 9.1.
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By applying Theorems 8 and 9, we prove Theorems 4 and 6 in Section 9.2.
For reasons of space, the proofs of other main results, Theorems 1, 2, 3, 5,
7,9, 10 as well as Propositions 1, 2, 3, 4, 5, 6 and the proofs of technical
lemmas are postponed to the supplement [6].

We define the x? distance between two density functions f; and fy by

X2(f1,fo) = [ Wdz = J;}z—((gdz — 1, and it is well known that

(9.1) Li(f1, fo) < VX2(f1, fo)-

We follow the same notation used in Section 6. Let Pz, be the joint
probability of Z and 6 with the joint density function f(60,2) = fo (z) 7 (0).
The following lemma, which is proved in the supplement [6], is needed in
the proofs of Theorem 8 and Theorem 9.

LEMMA 1. For any event A, we have

(9.2) Pr(Z € A)=Pzor(Z €A,

(9'3) ‘Pm (ZE-A)_PW (ZE'A)‘SLl (fﬂzvfm)'

We will write Pr(A) and Pz gr(A) for Pr(Z € A) and Pzy..(Z € A)
respectively. Recall that Eq(Z ) denotes a data-dependent loss estimator and
£(0) denotes the corresponding 3 of the parameter 6.

9.1. Proof of Theorem 8. We set ¢y = i and o = 1—10.
Proof of (6.2)
We assume
- . . 1
(9.4 P (|22~ 18(2) - 1] < 1) 21 -
Otherwise, we have
(9.5 P, (|22 - 182) - 12| = 1) = en

and hence (6.2) follows. Define the event

00 A= {51 15 - 5713 < B

~ o~ " 1
Ey(2) - I3:) - 1] < 3.
By (6.1) and (9.4), we have Py, (Ao) > 1 — ag — a1. By (9.3), we obtain

(9.7) Pr (A0) 2 1= a0~ an = [ 1oy (2) = £ (2)] =
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For z € Ay and # € F, by triangle inequality,
98)  11B(z) = BO)lly = [180) = Blls = 1) = B*lo| = (1 = o) .

Forz € Agand 0 € F, then | L, (2) — 1B(=) = 8O 12] = [IB(=) = BO) 12~ 18(2) — 52|~

Eq (2) — ”B(Z) - B*H2‘ > (1 — 2c — 1)d?, where the first inequality follows
from triangle inequality and the last inequality follows from (9.6) and (9.8).
Hence, for z € Agy, we obtain

~ ~ 1
(9.9) int |, (2) = 1B(z) = BO) 2] = (1 — 260 — )
Note that supye  Po (‘L —1B(2) - B (8) ||g‘ > (1 - 2¢ — %)d2> >

supge - Py (mfeef ’Lq( )= 1B(2) — B(9) ||g‘ > (1—2¢) — i)dQ) . Since the
max risk is lower bounded by the Bayesum rlsk we can further lower bound
the last term by P, <inf@€]-‘ ‘E (Z) — Hﬁ 0) |2 ’ (1 —2co— i)d2) .
Combined with (9.9), we establish
1
(9.10) supP ()L ~1B(2) - B®) 2] > (1 - 200 - 4>d2) > Pr(Ao).
€

Combining (9.5), (9.7) and (9.10), we establish (6.2).
Proof of (6.3)

For CI,, (B, lg, Z) €T, (@, 3, eq), we have

©.1) it Py (1B(2) =8O |2 € Cla (B.0y:2)) > 1-a

Define the event A = {z 1B(2) = B%llq < cod, |1B(2) — 87|12 € ClL, (E,L, z)}
By (6.1) and (9.11), we have Py, (A) > 1 —a — ap. (9.2) and (9.3) imply
(9.12) Pzgmn (A) =Pz (A) > 1 —a —ag— L1 (fx, fo,) -

Define the event By = {z 11B(2) — B(6) |2 € Cl, <B, Eq,z)} and M =
UgerBp. By (9.11), we have

Prgon (M) = / < / .y fg(z)dz> 7 (0)do > / ( / Lecs, fg(z)dz> 7 (0)d0 > 1—a.

Combined with (9.12), we have Pz g (ANM) > 1—2a—ag— L1 (fr, fo,) -
For z € M, there exists 6 € F such that ||3(z) — B2 € CI, (B,Eq,z) ;
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For z € A, we have ||3(z) — B2 € Cl, (B,@,z) and HB(Z) — B*lq < cod.
Hence, for z € ANM, we have || B(2) — B(8)||2, |B(z) — 8|2 € Cl, (5 €q,z)
and [|B(z) — B(9)llq = 1B(8) — B*[lg — [IB(2) — B*[lq = (1 — co) d and hence

(9.13) L <CIa (B, l,, z)) > (1 — 2¢0) d2.

Define the event C = {z :L (CIa (E, @,z)) > (1 —2¢) d2} . By (9.13), we

have Pﬂ- (C) = szg,\,ﬂ (C) Z IPZ,QNTr (.A N M) Z 1—2« — o0 — L1 (fﬂ-, fgo) .B
(9.3), we establish Py, (C) > 1 — 2ac — ag — 2L (f, fo,) and hence (6.3).

9.2. Proof of Theorems 4 and 6. We first specify some constants used in

E?(;}))lroof. Let C* be given in (2.6). Define ¢; = % and

e 2 1—2y [1—2v\2 . . VM —1
cozm1n{2,32log(1+ef)73 log(1 + €2), 160*77(166’*7) }7 CO:mln{co’ 1

Theorems 4 and 6 follow from Theorem 11 below.
1
4 @
k1, ko and ko satisfy Assumption (B2). Suppose that 5 satisfies Assumption
(A2) with ||*]|o < ko

1. Ifks <

THEOREM 11. Suppose 0 < a < 1 < q < 2 and the sparsity levels

k\){g;, then there is some constant ¢ > 0 such that

- 2]
(9.15) L, (00 (k1) 00 (k2) . . £ ) > ckef —2Lo3.

2. If 1@ Sk < S Togp: then there is some constant ¢ > 0 such that
(9.16)

L (@0 (k1),©0 (k) , B, fq)

2
2 logp Zlogp ks 2
> a ]_ — 2]{3(1 k ]_ + k ) 2 9
> eme§ (1] = ek EE) K
1 1
* 1.9 *1.9
where ¢1 = Lﬂ; and c3 = ;C,I;O T
(k1—ko) 4 (k2—ko) a2 (k1—ko)2

2_q
In particular, the minimax lower bound (9.15) and the term qun o3 in (9.16)

can be established under the weaker assumption (A1) with ||G*]o < ko.

C*Mi + VM —1
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By Theorem 11, we establish (3.7) in Theorem 4 and (3.18) in Theo-

rem 6. In the regime ko < h\)/ﬁ, the lower bound (3.7) for ¢ = 2 and

(3.18) for 1 < q < 2 follow from (9.15). For the case ¢ = 2, in the regime

lc‘)/g; S k2 S 1ogp- the first term of the right hand side of (9.16) is 0 while

the second term is ﬁao, which leads to (3.7). For 1 < ¢ < 2, let k] =
min{kq, (ok2} for some constant 0 < (p < 1, an application of (9.16) leads

-1

~ 2_ 7
to L, (@0 (k1) €0 (o), 5, £) > cmax by k{82, 5 b 62 By this re-

sult, if kl < (oka, then k} = k1 and the lower bounds (3.18) in the regions

k1S ek Sk S s and Ak Sk < kg S s follows if Coky < Ky < ko,

then k¥ = Coks > Coki. By the fact that L¥ (@0 (k1) , O (kg)ﬁ,eq) >
L}, (@0 (k7), 00 (k2) B, €q>, the lower bounds (3.18) over the regions ki <

k‘)/gﬁp S ke S ep and 1:)/;;; S k1 < ky S 5y follow. The following lemma

shows that (3.7) holds for BL defined in (2.10) with A > /2 by verifying
Assumption (A1) and (3.18) holds for B defined in (2.10) with A > 41/2
by verifying Assumption (A2). Its proof can be found in the supplement [6].

LEMMA 2. IfA > 4@, then we have

2 « 2 logp _
sup Py (HﬂL - H2 >C|p H6102> < cexp (—c’n) +p ¢
{6=(8*,1,0):0<200} n

In particular, the above result holds for ¢ = 2 under the assumption A > /2.
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