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Abstract: Low voltage systems are unbalanced networks where a significant share of the users is single-phase connected, so a
multi-phase system needs to be considered in order to assess the mutual influence of the different phases. The presence of
single-phase unevenly distributed users, leads to unbalances in the power flow on the three phases. This issue is emphasised
considering the presence of local single-phase generators. This study presents a generalised method for transformers modelling
in any multi-conductor grid representation in order to allow the analysis on unbalanced networks such as low-voltage distribution
systems. The method, based on an incidence matrix approach, is proposed to represent any network object involving mutual
connections among the phases, once the impedances for each single-phase equivalent circuit are known. Some application
examples validate the approach and illustrate how to numerically realise the model.

1 Introduction
In the last few years, the intensification of renewable energy
policies has led to a significant growth of distributed generation
(DG) at the medium voltage (MV) and low voltage (LV) levels. In
most of the cases, this has increased the penetration of single-phase
DG units. For example, in the Italian case, LV networks host, at
present, >90% of the photovoltaic (PV) plants: almost 33% are
single phase with a rated power of 1–3 kW, while 58% have a rated
power of 3–20 kW, most of which are single phase [1]. From the
ENTSO-E database on consumption by country [2], it can be seen
that during summer the total load in the Italian grid can decrease up
to about 30 GW in the mid-day hours. This means that in those
hours, assuming the PV units working at 80% of their rated power,
about 10% of the demand is supplied by LV connected generators.

This fast changing scenario has prompted, for instance, a
resolution by the Italian Authority for Electric Energy, Gas and
Water (with the Italian acronym AEEGSI) in 2010 to foster smart
grid projects and later [3] proposed a sort of criteria for the
selection of projects based on different levels of smartness.

Since distribution systems were conceived as passive networks
feeding a mainly balanced load, the presence of single-phase
intermittent generators may increase the power flow unbalances.
This may lead to possible issues not only to the users connected to
the same LV grid, but to the upstream MV network as well. The
provision of ancillary services to the distribution network supplied
by microgrids in a market framework has been investigated in [4],
highlighting the importance of a detailed analysis of the LV
networks in the operation of modern power systems and evaluating
the contribution of small scale generators to the network operation
and safety. A study about the impact of those contributions in the
ancillary services market is currently under way, considering the
latest proposals by the Italian Authority [5]. Coordinated actions of
LV connected active users [6] may improve the overall operating
conditions of the entire distribution system, especially if coupled
with a Distribution Management System at MV level [7–9].

For this reason, several research works were presented lately
discussing the possible benefits coming from the connection of LV
grids through On-Load-Tap-Changing (OLTC) transformers to
mitigate the voltage unbalance. A Smart Transformer has been
introduced in [10] to control the active power exchange between
the main MV network and the LV grid where voltage-controlled
inverters interface the DG units. Other works investigated the
possibility of using specific transformer connections or even

electronic transformers to deal with the voltage unbalance. The use
of phase-decoupled OLTC capability of MV/LV transformers has
been investigated in [11, 12] showing the possible improvement in
the voltage controllability in LV networks. In [13], a balancing
technique was proposed adopting a Scott transformer and a phase-
angle regulating algorithm, while [14] discusses zig-zag
transformers to attenuate the neutral current in three-phase four-
wire distribution systems. In [15–17], a solid state transformer
(SST) is presented as an interface capable of dealing with the
bidirectional power flow typical of a smart grid environment,
adding the Low-Voltage-Ride-Through and current unbalance
management capabilities.

The need for a more reliable computation of the power flows in
the distribution networks leads to the improvement of existing
modelling and analysis methods, by considering multi-phase
circuits in the power flow calculation. A review of existing
methods and their recent developments was presented in [18], with
the backward-forward sweep (BFS), the Newton–Raphson's family
and the current injection methods being the most popular in
distribution systems. Another effective method applied to the
power flow computation in distribution networks is the Zbus Gauss
method [19], even with unbalanced systems using the current-
injection technique [20, 21]. A similar approach has been adopted
by electric power research institute (EPRI) to develop OpenDSS,
an open source multi-phase power flow tool [22].

Aiming to model multiple networks at different voltage levels,
especially when the transformer is a fundamental part of the
control scheme, it becomes necessary to represent in detail the
mutual impedance between the network conductors, in order to
evaluate the effects of regulation strategies over the entire system.
Several works in the literature include the transformers in the
power system by using reference-frame transformations. For
instance, in [23] the αβ0 stationary reference frame is adopted,
while the sequence frame is used in [24]. A methodology to build
the transformer admittance matrix directly in symmetrical
components is proposed in [25], accounting for several connection
schemes and phase shifting.

Although correctly representing the symmetrical system
admittance, a more detailed definition of mutual coupling among
the conductors is obtainable with the transformer model in the
phase frame of reference as proposed in [26]. The concept was also
adopted to develop multi-winding multi-terminal transformer
models in [27–29]. An approach using the modified augmented
nodal analysis is proposed in [30] to handle transformers in the
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BFS algorithm. Other works were presented to model particular
transformer topologies for the connection of traction loads [31, 32].

Some of the works in the literature proposed approaches to
model the transformer with balanced or unbalanced loading
conditions, however, the proposed solutions either refer to specific
cases or their extension to the general case is not clearly
demonstrated. Through the method discussed in this paper, simple
matrix operations are employed to represent any kind of
transformer topology. The main advantage of this approach is the
ease of customisation, since the same methodology can be applied
to represent any branch element, including those with uneven
number of phases, to support the implementation of new designs
for the transformers and related control strategies in the power flow
studies. The objective is to obtain a transformer model consistent
with the multi-conductor power flow method presented in [33]
adopting the concept of current-injection but also applicable to any
other method based on the admittance matrix network
representation. This paper is organised as follows: Section 2
illustrates the general modelling approach; in Section 3, the
modelling methodology is applied to two-winding and three-
winding transformers; Section 4 focuses on specific connection
schemes, whereas Section 5 demonstrates how the proposed
method is coherent with the existing approaches by illustrating a
case study and validating the results obtained with those available
in the literature. An additional validation is performed by applying
the methodology to one of the IEEE test feeders in the Appendix.

2 Modelling methodology
In this section, the modelling approach for a transformer having a
generic number of phases and windings is described. Arrays are
indicated with bold capital letters, whereas dotted symbols stand
for complex variables. Firstly, the circuit topology of a single-
phase multi-winding transformer is defined, then the construction
methodology for the multi-phase model is described by the
following three sequential steps:

1. Definition of the transformer primitive admittance matrix YP.
2. Calculation of the (unconnected) windings admittance matrix

YW.
3. Definition of the transformer admittance matrix YT by

applying the appropriate windings-ports connections to
represent the topology and the group.

In Fig. 1, the aforementioned steps are pictorially shown in a
conceptual scheme: it can be seen that the three admittance
matrices introduced above can be considered as nested. Starting
from the inner stage, where YP is defined, each of the windings
electrical properties are introduced, then second and third stages
link them together to create the desired multi-phase circuit.
Symbols in grey refer to connection stages, in which multi-phase
circuit topologies are applied. The procedure described in the
following makes use of the classical graph theory, commonly
employed in power system modelling (see for instance [34]),
applied to the multi-phase reference frame. 

2.1 Primitive admittance matrix YP

The single-phase multi-winding transformer represents the
elementary building block of any transformer model involving a
generic number of windings and phases. This includes (as shown in
the following sections) any type of standard and not standard
transformer design.

The single-phase equivalent circuit in Fig. 2 is built by
considering for each of the nw windings identified by subscripts
1, …, nw the respective impedance ż1, …, żnw, referred to a common
voltage level here called unitary voltage system. The iron-core
losses are taken into account by connecting the ż0 impedance to the
central node 0. This model allows an exact representation of the
transformer electrical characteristics since no approximations are
required. The windings impedances are typically measured with
short-circuit tests which could change depending on the number of
windings involved. It is worth noting that the elementary building
block is perfectly symmetrical if observed from each of the nw
ports. 

In order to obtain a multi-phase transformer model, nc single-
phase circuits like the one in Fig. 2 need to be coupled. The
admittances, obtained by inverting the impedance terms, can be
collected in sub-matrices as in (1) for each winding and the shunt
term is referred to the iron-core losses and the magnetic leakage.
This leads to the unitary voltage system primitive admittance
matrix YP(0) in (2). Subscript (0) indicates that the matrix explicitly
refers to the central node 0

Yx =

1
żx, a

0 0

0 ⋱ 0

0 0 1
żx, nc

=
ẏx, a 0 0
0 ⋱ 0
0 0 ẏx, nc

, x = (1, …, nw, 0

)

(1)

YP(0) =

Y1 0 0 0
0 ⋱ 0 0
0 0 Ynw 0
0 0 0 Y0

(2)

As it can be seen from (1), the order of each sub-matrix is given by
the number of circuits nc, therefore the primitive admittance matrix
in (2) YP(0) is a square matrix with order nc ⋅ (nw + 1)  since the
number of included sub-matrices refers to each of the windings
plus the shunt terms.

Fig. 1  Conceptual scheme of the construction methodology
 

Fig. 2  Single-phase equivalent circuit of a multi-winding transformer
 

3844 IET Gener. Transm. Distrib., 2017, Vol. 11 Iss. 15, pp. 3843-3852
© The Institution of Engineering and Technology 2017



2.2 Windings admittance matrix YW

In order to properly connect the admittances in each single-phase
circuit, an admittance-winding incidence matrix A(0) can be defined
using identity and zeros matrices as shown in the following
equation:

1(a, …, nC) … nw(a, …, nC) 0(a, …, nC)

A(0) =

1 0 0 − 1
0 1 0 − 1
0 0 1 − 1
0 0 0 1

Y1

…
YnW

Y0

(3)

The column indices in (3) are grouped by winding (here indicated
with 1, …, nw) plus the explicit central node 0 and refer to the
number of single-phase circuits in the model nc (ports indicated as
a, …, nc). With this notation, identity and zeros sub-matrices 1 and
0 in (3) have order equal to the total number of ports nc, therefore
A(0) has order nc ⋅ (nw + 1) .

From (2) and (3), the windings admittance matrix for a multi-
phase transformer YW(0) is given by

YW(0) = A(0)
T YP(0)A(0) (4)

It is worth noting that this approach could be employed to represent
a device connected to any number of busbars, each consisting of a
generic number of phases. In fact, an additional winding could be
included by just inserting the proper admittance terms in the
diagonal of YP(0) and adding blocks to A(0) accordingly, while the
number of the model phases could be changed by just modifying
the number of nc circuits.

Since the central node 0 should not be explicit in the
transformer nodal admittance matrix (in order to include it in a
power system model), a matrix reduction is performed through the
process described by the following steps:

1. Invert YW(0) to obtain an impedance matrix of the order
nc ⋅ (nw + 1)  which includes the explicit common node

ZW(0) = (YW(0))−1 (5)
2. Delete rows and columns relative to the fictitious node,

reducing the impedance matrix to order [nw ⋅ nc]: ZW(0) → ZW.
3. Invert ZW to get the reduced windings admittance matrix YW

YW = ZW
−1 (6)

2.3 Transformer admittance matrix YT

The process described in the previous section allows to define the
electrical characteristics of each single-phase circuit involved in
the model but, in order to introduce the transformer in the power
system model, the voltage rating at each side along with the ports
mutual connections needs to be set, consequently defining the
transformation ratio, topology and group.

Since the admittance terms are defined in a common unitary
voltage system, a link with the external ports of the transformer,
represented as ideal couplings in Fig. 2, is introduced through the
per-unit turns ratio terms ṁwc (with w = 1, …, nw and c = 1, …, nc)
and is defined as

ṁwc = 1/ Ėwc + ΔĖwc /EwcBase = 1/ ėwc + Δėwc (7)

where subscripts c and w identify the circuit and the winding,
respectively, while Ėwc and EwcBase are, for winding w, the circuit
rated voltage and the base voltage, respectively. The Δėwc term
introduces a variation to the turns ratio due to a possible control
action (e.g. tap changer). It is worth noting that the Δėwc, and
consequently the per-unit turns ratio terms, could be either integer

or complex (in case the control action requires either a turns ratio
modulation or a rotation of the voltage phasors).

The terms defined as in (7) are then stored in the matrix M
which allows a straight forward application of the turns ratios to
the windings admittance matrix

M =

ṁ1a 0 0 0 0 0 0
0 ⋱ 0 ⋯ ⋯ ⋯ 0
0 0 ṁ1nc 0 ⋯ ⋯ 0
0 ⋮ 0 ⋱ 0 ⋯ 0
0 ⋮ ⋮ 0 ṁnwa

0 0
0 ⋮ ⋮ ⋮ 0 ⋱ 0
0 0 0 0 0 0 ṁnwnc

(8)

Along with the turns ratio information introduced by M, the
topology of the external connections can be set by defining a
suitable winding-port incidence matrix C as shown in the following
equation:

C =
C1 0 0
0 ⋱ 0
0 0 Cnw

(9)

where C(1, …, nw) sub-matrices contain the ports connection topology
for each winding, having the number of rows equal to the number
of single-phase circuits nc and columns dimension given by the
number of ports in the power system model to which the
transformer is going to be connected. For example, if the external
busbar to which winding 1 is connected is modelled as a three-
phase plus neutral bus, C1 has four columns. Considering the
number of ports of each side defined as p1, . . . , pnw, the dimension
of C becomes [(nw ⋅ nc) × (p1 + ⋯ + pnw)].

The transformer admittance matrix YT for the multi-phase
multi-winding transformer is finally obtained as

YT = CT{MYWM}C (10)

3 Modelling of standard three-phase transformers
In this section, the generalised modelling methodology is applied
to represent standard three-phase constructions such as the two-
winding and three-winding transformers. The aim is to demonstrate
the high flexibility in the topology definition by just modifying the
incidence matrices.

3.1 Three-phase two-winding transformer

This category of transformers is widespread in power systems and
consists of two sides (primary and secondary), each with 3 or 4
ports depending if the neutral node is explicitly represented or not.

In Fig. 3, a delta–wye transformer circuit is depicted and the
three steps illustrated in the previous section can be identified in
the scheme: the unitary voltage system (in which the impedances
are defined) is connected through ideal couplings (setting the turn
ratios) to the ports which are suitably connected to reproduce the
transformer topology. 

The impedances related to each of the windings phases are
generally measured with short-circuit and no-load tests. For a
standard three-phase transformer, the measured impedances are
defined in terms of magnitude as shown in the following equations:

żscx = vsc ⋅ Sbase
Snx

(11)

ż0x = 1
|ẏ0x|

= i0 ⋅ Snx
Sbase

−1

(12)
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where żsc is the short-circuit impedance of phase x, vsc is the
feeding voltage in the short-circuit test in p.u., i0 is the feeding
current in the open-circuit test in p.u., Snx is the rated power of each
single-phase circuit and Sbase is the system base power. Impedances
żsc and ż0 can be represented as complex values according to the
measured active power absorption in the short-circuit test and no-
load test, respectively. In the case of two-winding transformers,
relation (13) highlights how each winding impedance is defined as
a share of the measured value. Generally, ż1x is considered half of
żscx (in p.u.), even if other splitting rules could be considered (e.g.
if winding DC resistance is known). If ż2x is supposed to be equal
to żsc, the frequently used transformer equivalent model is
obtained, allowing a simplified computation of no-load absorption
and transformer voltage drop

żscx = ż1x + ż2x (13)

The primitive admittance matrix is built as shown in Section 2.1
with nw = 2 and nc = 3. It should be noted that if both z1x and z2x
are defined as half of zsc, the terms included in each of the diagonal
sub-matrices Y1 and Y2 are all equal. Each of the winding primitive
sub-matrices is of order 3 so the order of matrices YP(0), A(0) and
YW(0) is 9.

After the process described in Section 2.2, the windings matrix
YW is square with order 6 and the transformer admittance matrix
YT can be obtained using suitably defined matrices M and C which
set the turns ratio and connection topology, respectively.
Considering the example in Fig. 3b (delta–wye transformer) and
having chosen the phase-neutral voltages e1 and e2 as base values
on each side, respectively, according to (7) the turn ratios m1 and m2
result as

ṁ1 = 1/ v̇1 = 1/( 3ė1) = 1/ 3
ṁ2 = 1/ ė2 = 1

(14)

In order to set the connections among the external ports, the
incidence matrix C has to be defined. As it could be noticed from
Fig. 3b, all the ports of a three-phase system are generically
considered (including the neutral on each side) to represent any

possible coupling between each port and the external system (e.g.
the earth potential). Considering the entire network in which the
transformer is inserted, in case one of the ports has no interactions
with the system, it has to be eliminated from the model (by
reducing the number of columns) to avoid matrix inversion issues.
For the three-phase circuit in Fig. 3b, having four external ports on
each side and three elementary circuits, the connection matrix is
built as in (15) defining two sub-matrices C1 and C2, each with
dimensions [3 × 4]. In this case, the neutral port is explicit on the
primary side, even though it has no interaction with the
transformer, resulting in a zeros column, to show how it can be
included in the model to be consistent with the number of phases in
the external system

C =

A B C N a b c n
1 −1 0 0 0 0 0 0
0 1 −1 0 0 0 0 0

−1 0 1 0 0 0 0 0
0 0 0 0 1 0 0 −1
0 0 0 0 0 1 0 −1
0 0 0 0 0 0 0 −1

A − B
B − C
C − A
a − n
b − n
c − n

= C1 0
0 C2

(15)

C1 is the typical incidence sub-matrix representing a delta
connection between windings (the last column, composed by zeros,
has to be deleted in case the port N is not defined in the network
model as in three-wire neutral-isolated distribution networks).
Similarly, C2 is the typical incidence sub-matrix referred to the wye
connection of the windings. It should be noted that the transformer
topology resulting from the application of the C matrix also defines
the transformer group (in this case 11), since it involves a phase
displacement between the primary and secondary phase-voltages as
shown from the vectorial diagram in Fig. 3a.

3.2 Three-phase three-winding transformer

In the following, the case of a three-phase three-winding
transformer is considered as an example of a device connected to
multiple busbars, each consisting of a generic number of phases.
The modelling approach described in Section 2 can be easily
applied once the impedances in the elementary single-phase
circuits are defined with reference to the topology shown in Fig. 4. 

In this case, the short-circuit impedances żsc12, żsc23 and żsc13 can
be obtained from experimental tests for each pair of buses
indicated by the respective subscript. Standing the currently
applied measurement procedure for a three-winding transformer,
the short-circuit impedance between each couple of sides is
calculated supplying the transformer from one side, with another
one short-circuited side and the third left open. For example, żsc12 is
measured supplying bus 1, short-circuiting bus 2 and leaving bus 3
open. In this way, each experimentally measured short-circuit
impedance is equal to the vectorial sum of two of the three terms
ż1, ż2, ż3 in Fig. 4. Putting this concept in matrix form, the three
aforementioned terms are defined as follows:

Fig. 3  Three-phase delta–wye transformer
(a) Vectorial diagram and (b) Connection scheme

 

Fig. 4  Elementary single-phase equivalent circuit of a three-winding
transformer
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ż1

ż2

ż3

= 1
2

1 −1 1
1 1 −1

−1 1 1
⋅

żsc12

żsc23

żsc13

(16)

After inversion, the impedances defined in (16) can be grouped
separately for the three sides along with the shunt terms referred to
the magnetising losses, which leads to the primitive admittance
matrix shown in compact form as follows:

YP(0) =

Y1 0 0 0
0 Y2 0 0
0 0 Y3 0
0 0 0 Y0

(17)

Similar to the previous section, YP(0) is built by diagonal sub-
matrices with order nc = 3, so the result is a square matrix with
order 12. The methodology described in Section 2 for the general
case can be easily applied in this case too, so the order of matrices
A(0) and YW(0) is 12, while YW and M are of order 9. The
assumptions made previously for the transformation ratio and
topology setting, to define matrices M and C, are still valid for
each winding depending on the kind of connection to the external
power system in each bus. For the standard delta and wye
topologies, the same values introduced in (14) and the sub-matrices
used in (15) can be applied to define each of the windings
connection to the external ports.

4 Examples of non-standard transformers
modelling
In the previous sections, the method for modelling transformers
with any number of phases and windings has been presented and
applied to represent standard transformers used in power systems.
In the following, the zig-zag and the Scott connections are
considered as particular application examples of the proposed
generalised method.

4.1 Zig-zag connection

This kind of connection is typically used to create a common
reference for the neutral point in three-phase/three-wire systems or,
in general, to reduce the amount of voltage unbalance on the
primary side while feeding an unbalanced load. Voltage diagrams
of the primary and secondary sides are shown in Fig. 5a which
refer to the circuit depicted in Fig. 5b. 

As in the case of a two-winding transformer discussed in
Section 3.1, the impedance related to each side can be obtained as a
share of the short-circuit impedance (typically half) with the
introduction of the central node 0. Then, the same considerations
for calculating the admittance matrix are valid. Choosing the rated
phase-neutral voltages as base values on each side and considering
the vectorial diagram in Fig. 5a, (7) yields the turn ratios for the
two sides

ṁ1 = 1/ ė1 = 1
ṁ2 = 1/ ė2 = 2/ 3

(18)

Considering the vectorial diagram and the three-phase circuit
shown in Fig. 5, the incidence matrix of a wye–zig-zag transformer
with group 11 can be built as in (15) with the sub-matrices defined
as

C1 =
1 0 0 −1
0 1 0 −1
0 0 1 −1

C2 =
r −(1 − r) 0 0
0 r −(1 − r) 0

−(1 − r) 0 r 0

=
0.5 −0.5 0 0
0 0.5 −0.5 0

−0.5 0 0.5 0

(19)

As could be seen from the vectorial diagram, the secondary voltage
is obtained as a composition of two half-winding voltages on the
different phases. To include this aspect in the incidence matrix
definition, the connections among the phases have been set using
the parameter r as shown in (19) with r = 0.5. According to Section
3.1, the last column of C2 has not to be deleted if the secondary side
of the wye–zig-zag transformer includes the neutral point (e.g. to
connect a Petersen coil).

4.2 Scott transformer

The Scott transformer is employed for the connection of traction
systems (which require two-phases displaced by 90∘) to a three-
phase network, aiming at reducing the amount of unbalance on the
three-phase grid due to the asymmetrical nature of the traction
system. This kind of connection can be represented through the
general approach in Section 2 by simply setting a suitable
incidence matrix defining the interaction between the windings,
based on the voltage vectors composition shown in Fig. 6a. Fig. 6b
reports the internal connection scheme of the Scott transformer
(nc = 2, nw = 2). 

As for the zig-zag connection, one of the windings (here on the
primary side) is divided in two half-windings, so the incidence
matrix involves fractional terms. In this way, the voltage vectors
applied to the primary side ports shown in Fig. 6a are obtained as a
combination of the phase potentials. Furthermore, since the number
of phases on the two sides is different, C1 and C2 sub-matrices have
uneven dimensions, respectively, [2 × 4] and [2 × 3]

Fig. 5  Three-phase wye–zig-zag transformer
(a) Vectorial diagram and (b) Connection scheme. The path for the phase-neutral
voltage in phase a is highlighted on the secondary side
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C =

A B C N a b c n
1 −0.5 −0.5 0 0 0 0
0 1 −1 0 0 0 0
0 0 0 0 1 0 −1
0 0 0 0 0 1 −1

A′ − O
B − C
a − n
b − n

= C1 [0]
[0] C2

(20)

From (20) it can be seen that the number of phases on the primary
side is still kept as four with the explicit neutral node, confirming
that the number of phases can be chosen independently from the
ports actually used in the model. In this case, as discussed in
Section 3.1, the neutral point needs to be connected to earth
through an external impedance (i.e. neutral point earthing) to avoid
inversion problems when including the transformer model in the
system admittance matrix. Alternatively, if the neutral point is not
represented in the network model on the three-phase side, C1
dimension has to be reduced to [2 × 3] by deleting its last column.

Unlike the previous examples, not only the turns ratio change
from one side to the other, but also from one phase-winding to the
other. Following the approach described in Section 2.3, the matrix
M sets the turns ratio for each elementary circuit, by selecting the
base voltages as the rated phase-neutral values:

M =

1.5 0 0 0
0 3 0 0
0 0 1 0
0 0 0 1

(21)

5 Case study application
In this section, an application of the proposed approach for the
transformer modelling is presented to compare different connection
options dealing with the load unbalance. This kind of analysis has
been employed in [31] where the authors applied a different
solution method and thus can be taken as a useful reference for
testing the proposed generalised modelling procedure. An
additional validation of the presented generalised approach is
performed by applying it to the IEEE 4-bus Test Feeder Case [35].

The case study is shown in Fig. 7a the main three-phase
network feeding the transformer has been modelled as a series of
an ideal three-phase voltage source (composed by three ideal wye-
connected voltage generators at Bus 1) in series with the
longitudinal impedances zS. Loads are connected to the secondary

side of the transformer (Bus 3) in a two-phase plus neutral system
as in the case of a traction load. 

In the following, the method described in the previous sections
is applied to model a three-phase/two-phase traction transformer
with three different connection options. Figs. 7b–d show the
topological schemes of the three options considered for connecting
Buses 2 to 3. It should be noted that, since in [31] no interactions
between the neutral and the system are defined, in this application
the transformer model presents three ports on both the primary
(p1 = 3) and secondary (p2 = 3) sides. As it can be seen in Fig. 7a
the transformer is composed by two single-phase circuits (nc = 2).
As a result, the dimension of the corresponding incidence matrix C
is [(2 × 2) × (3 + 3)] = [4 × 6]. Its composition for the three cases,
respectively, is shown in (22). The third column of matrix C1ph has
not to be deleted since phase C is defined in the system, even if it is
not connected to the transformer is this particular scenario

C1ph =

1 −1 0 0 0 0
1 −1 0 0 0 0
0 0 0 1 0 −1
0 0 0 0 1 −1

CV − conn =

1 0 −1 0 0 0
0 1 −1 0 0 0
0 0 0 1 0 −1
0 0 0 0 1 −1

CScott =

1 −0.5 −0.5 0 0 0
0 1 −1 0 0 0
0 0 0 1 0 −1
0 0 0 0 1 −1

(22)

5.1 Test circuit data

The data for the test circuit shown in Fig. 7a are taken from [31]
and are recalled in the following. An ideal three-phase voltage
source is connected to Bus 1, operated as a slack bus with the
phase-voltages as follows:

EA = ELNs ⋅ expj0

EB = ELNs ⋅ expj( − 2π /3)

EC = ELNs ⋅ expj(2π /3)

(23)

Fig. 6  Scott transformer
(a) Vectorial diagram and (b) Connection scheme. The vector composition of phase
voltages is highlighted for the primary side

 

Fig. 7  Main three-phase network feeding the transformer
(a) Equivalent circuit used for the proposed approach validation. Different topology
options are compared for the three-phase/two-phase transformer model to test the
effects of different load unbalances: (b) Single phase, (c) V connection, (d) Scott
connection
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where ELNs is the line-to-neutral nominal voltage magnitude.
Defining the base values for the apparent power and the voltage as
SBase and EBase (phase values), respectively, the magnitude of the
impedance żS for each phase (assumed purely inductive) is
calculated as

zS = | żS | = VLLs
2

SS
⋅ SBase

EBase
2 p . u . (24)

where SS is the source three-phase short-circuit apparent power and
VLLs is the source line-to-line voltage (VLLs = 3ELNs).

The magnitude of the transformer short-circuit impedance zT (in
[31] supposed purely inductive) is calculated as

zT = | żT | = Esc
E1R

⋅ E1R
2

SR
⋅ SBase

EBase
2 p . u . (25)

where Esc is the short-circuit voltage in V, E1R is the rated voltage
at the primary side in V and SR is the rated apparent power for one
phase in VA.

Finally, load impedances are defined as in (26), depending on
the absorbed power:

zLx = ELNl
2

SLx
⋅ SBase

EBase
2 (x = 1, 2), p . u . (26)

where ELNl is the load phase voltage in V and SLx is the xth single-
phase load power in W (since loads are considered to have unitary
power factor).

In this work, assuming SBase as the transformer single-phase
rated power (SR) and EBase as the phase-neutral voltage of the
source (ELNs), the magnitudes of the phase voltages in (23) become
1 p.u. Impedances are calculated considering the following values:
SS = 4000 MVA, SR = 50 MVA, E1R = ELN, Esc = 8%(E1R),
SL = SL1 + SL2 = 50 MW. With this set of data and the mentioned
base values, the impedances in the circuit result: zS = 0.0375 p . u .
and zT = 0.08 p . u .

5.2 Simulation results

The three connection options in Figs. 7b–d have been tested under
different load unbalance conditions, which are obtained by
changing the share of the total power SL on the two phases

SL1 = k ⋅ SL; SL2 = SL − SL1 = (1 − k) ⋅ SL (27)

The phase voltage results are reported in Table 1 for each
connection, considering three cases of load unbalance (k = 0, k = 
0.5, k = 1). The corresponding voltage phasors are depicted in
Fig. 8, where the voltage shifting of the neutral point on the
secondary side can be observed under the considered topologies: its
deviation, in absolute, decreases from about 0.5 p.u. with the
single-phase connection to about 0.35 p.u. with the Scott
transformer. 

Fig. 8  Phase voltage on the load bus with different connection options and isolated neutral under three load unbalance conditions: k = 0 (blue), k = 0.5
(green) and k = 1 (red)
(a) Single-phase connection, (b) V connection, (c) Scott connection

 
Table 1 Phase voltages under three unbalance conditions with each connection option
Conn. k EAB EBC ECA Ean Ebn En

|p.u.| ∠∘ |p.u.| ∠∘ |p.u.| ∠∘ |p.u.| ∠∘ |p.u.| ∠∘ |p.u.| ∠∘

1-ph 0.0 1.728 ∠28.6 1.712 ∠ − 90.3 1.750 ∠149.6 0.998 ∠28.6 0.995 ∠24.0 0.498 ∠ − 153.7
0.5 1.730 ∠28.6 1.713 ∠ − 90.3 1.750 ∠149.6 0.998 ∠26.3 0.998 ∠26.3 0.499 ∠ − 153.7
1.0 1.728 ∠28.6 1.712 ∠ − 90.3 1.750 ∠149.6 0.995 ∠24.0 0.998 ∠28.6 0.498 ∠ − 153.7

V 0.0 1.750 ∠29.6 1.728 ∠ − 91.4 1.712 ∠149.7 0.989 ∠ − 30.3 0.995 ∠ − 96.0 0.417 ∠116.7
0.5 1.732 ∠29.6 1.740 ∠ − 90.9 1.721 ∠149.1 0.993 ∠ − 33.2 1.004 ∠ − 93.2 0.432 ∠116.6
1.0 1.712 ∠29.7 1.750 ∠ − 90.4 1.728 ∠148.6 0.995 ∠ − 36.0 1.010 ∠ − 90.4 0.446 ∠116.6

Scott 0.0 1.750 ∠29.6 1.728 ∠ − 91.4 1.712 ∠149.7 1.000 ∠0.0 0.995 ∠ − 96.0 0.334 ∠132.2
0.5 1.731 ∠29.3 1.731 ∠ − 90.7 1.731 ∠149.3 0.999 ∠ − 3.0 0.999 ∠ − 93.0 0.353 ∠132.0
1.0 1.710 ∠29.0 1.732 ∠ − 90.0 1.748 ∠148.9 0.995 ∠ − 6.0 1.000 ∠ − 90.0 0.371 ∠131.9

 

Fig. 9  Comparison among the three different kinds of connections in
relation to the load unbalance. The ratio between the negative and positive
sequence components is used to report the voltage unbalance on the
primary side
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Finally, the voltage unbalance on the primary side, in terms of
ratio between the negative and positive sequence voltage
components, is shown in Fig. 9 for the three considered topologies
and different values of k. It is confirmed that, as expected, the Scott
connection is the only one which allows to eliminate the voltage
unbalance when the two single phase loads are equal (k = 0.5). The
results shown here are consistent with the ones in [31] which are
achieved with a different methodology and therefore validate the
general applicability of the approach proposed in this work.

The results in terms of voltage unbalance are reported in
Table 2 to show the consistency with those in [31], from which
they are derived by graphical processing. It can be seen that the
maximum error reaches 0.4%, while in average it is 0.01%. 

6 Conclusions
This paper introduces a generalised modelling methodology for
multi-circuit multi-phase transformers in power systems. The aim
of this work is the formalisation of a flexible approach in
modelling the transformer and allowing any kind of topology to be
straightforwardly represented. In particular, the developed method
is readily applicable in solving the power flow problem in a multi-
conductor frame thus allowing a high detail level in the power
system models.

The general approach is initially applied to a three-phase two-
winding transformer and then generalised to consider any number
of windings (three in the example). The zig-zag and Scott
connections are used to describe its applicability to special
topologies by simply adopting an incidence matrix approach. In
this way, the inclusion of models with uneven number of phases on
the respective transformer sides is allowed. As a result, the
developed method could help the investigation about the
interaction among power systems at different voltage levels.
Furthermore, the matrix approach facilitates the scalability,
straightforward implementation in computer simulations and easy
application to big networks.

The developed methodology has been validated by comparing
results with the literature. So power flow solution methods (for
instance current injection solvers) can make use of the proposed
approach to model generic transformers, coupling multiple systems
with different main characteristics in terms of rated voltages, phase
number and phase voltage displacement.
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8 Appendix. Validation with IEEE-4 bus feeder
 
To better validate the model, it has been employed in the IEEE-4
bus feeder, which is designed to test the representation of three-
phase two-winding transformers in the presence of balanced and
unbalanced loads [35]. The test circuit is composed by four buses
with two voltage levels: 12.47 kV for Buses 1 (slack bus) and 2;
4.16 kV for Buses 3 and 4.

In the following, the methodology discussed in this paper is
applied to the open-wye–open-delta transformer. Referring to the
connection scheme shown in [35], only two single-phase circuits
(nc = 2) are needed for this specific case. The primitive matrix YP(0)
in (28) is calculated in p.u. with respect to a base power of 1 MVA
and base line-line voltages 12.47 and 4.16 kV, using the following
data (referred to each single-phase circuit in the step-down case):

• Primary and secondary windings rated voltages: 7.2 and 4.16 
kV.

• Rated power: 2 MVA.
• Short-circuit impedance żnw = 1 + j6 [%].
• Iron core and magnetisation losses are neglected since no

reference is given in [35]: very low value is considered for the
open-circuit current (i.e. i0 = 10−6 p . u. with respect to the
nominal feeding current) (see (28)) 

Following the method discussed in Section 2, the matrices used
in this case are shown in (29)–(32) leading to the transformer
matrix in (33). From (32), it can be seen that the number of ports is
kept to four on both sides for simplicity while using four-wire lines

A(0) =

1 0 0 0 −1 0
0 1 0 0 0 −1
0 0 1 0 −1 0
0 0 0 1 0 −1
0 0 0 0 1 0
0 0 0 0 0 1

(29)

(see (30)) 

M =

1 0 0 0
0 1 0 0
0 0 0.577 0
0 0 0 0.577

(31)

C =

1 0 0 −1 0 0 0 0
0 1 0 −1 0 0 0 0
0 0 0 0 1 −1 0 0
0 0 0 0 0 1 −1 0

(32)

(see (33)) To ease the comparison, node voltage results for the
IEEE-4 bus feeder are reported from [35] in Table 3 considering a
step-down transformer, unbalanced loading and four connection
options. The results obtained with the proposed method for the
transformer modelling are reported in Table 4, where it can be seen
that they are in good agreement with those published in [35]. The
error, in fact, is below 0.5‰ (which is indicated as expected
maximum deviation) with an average of 0.08‰. It is worth noting
that the reported error just refers to the voltage magnitude since the
results in terms of voltage angle are perfectly matching up to the
first decimal place (which is the precision in the reference results). 

YP(0) =

10.811 − j64.865 0 0 0 0 0
0 10.811 − j64.865 0 0 0 0
0 0 10.811 − j64.865 0 0 0
0 0 0 10.811 − j64.865 0 0
0 0 0 0 2 × 10−6 0
0 0 0 0 0 2 × 10−6

(28)

YW =

5.405 − j32.432 0 −5.405 + j32.432 0
0 5.405 − j32.432 0 −5.405 + j32.432

−5.405 + j32.432 0 5.405 − j32.432 0
0 −5.405 + j32.432 0 5.405 − j32.432

(30)
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YT =

5.405 − j32.432 0 0 −5.405 + j32.432 −3.121 + j18.725 3.121 − j18.725 0 0
0 5.405 − j32.432 0 −5.405 + j32.432 0 −3.121 + j18.725 3.121 − j18.725 0
0 0 0 0 0 0 0 0

−5.405 + j32.432 −5.405 + j32.432 0 10.811 − j64.865 3.121 − j18.725 0 −3.121 + j18.725 0
−3.121 + j18.725 0 0 3.121 − j18.725 1.802 − j10.811 −1.802 + j10.811 0 0
3.121 − j18.725 −3.121 + j18.725 0 0 −1.802 + j10.811 3.604 − j21.622 −1.802 + j10.811 0

0 3.121 − j18.725 0 −3.121 + j18.725 0 −1.802 + j10.811 1.802 − j10.811 0
0 0 0 0 0 0 0 0

(33)

Table 3 Reference node voltages for the IEEE-4 bus feeder with step-down transformer and unbalanced loading [35]
Bus phase number Gr. Y−Δ Δ −Gr. Y Δ − Δ Open Gr. Y−Δ

Mag., V Angle, ∠∘ Mag., V Angle, ∠∘ Mag., V Angle, ∠∘ Mag., V Angle, ∠∘

2 1 7113 ∠ − 0.2 12,350 ∠29.6 12,341 ∠29.8 6952 ∠0.7
2 7144 ∠ − 120.4 12,314 ∠ − 90.4 12,370 ∠ − 90.5 7172 ∠ − 122
3 7111 ∠119.5 12,333 ∠149.8 12,302 ∠149.5 7313 ∠120.5

3 1 3896 ∠ − 2.8 2290 ∠ − 32.4 3902 ∠27.2 3632 ∠0.1
2 3972 ∠ − 123.8 2261 ∠ − 153.8 3972 ∠ − 93.9 4121 ∠ − 127.6
3 3875 ∠115.7 2214 ∠85.2 3871 ∠145.7 3450 ∠108.9

4 1 3425 ∠ − 5.8 2157 ∠ − 34.2 3431 ∠24.3 3307 ∠ − 1.5
2 3646 ∠ − 130.3 1936 ∠ − 157 3647 ∠ − 100.4 3907 ∠ − 131.9
3 3298 ∠108.6 1849 ∠73.4 3294 ∠138.6 3073 ∠103.1

 

Table 4 Node voltages for the IEEE-4 bus feeder computed with the proposed method. Relative error δ between the obtained
results and [35] are reported in ‰
Bus phase number Gr.Y−Δ Δ −Gr.Y Δ − Δ Open Gr.Y−Δ

Mag., V Angle ∠∘ δ, ‰ Mag., V Angle, ∠∘ δ, ‰ Mag., V Angle, ∠∘ δ, ‰ Mag., V Angle, ∠∘ δ, ‰
2 1 7113 ∠ − 0.2 0.00 12,350 ∠29.6 0.00 12,341 ∠29.8 0.00 6952 ∠0.7 0.00

2 7143 ∠ − 120.4 −0.14 12,314 ∠ − 90.4 0.00 12,370 ∠ − 90.5 0.00 7172 ∠ − 122 0.00
3 7110 ∠119.5 −0.14 12,333 ∠149.8 0.00 12,302 ∠149.5 0.00 7313 ∠120.5 0.00

3 1 3896 ∠ − 2.8 0.00 2290 ∠ − 32.4 0.00 3902 ∠27.2 0.00 3633 ∠0.1 0.28
2 3972 ∠ − 123.8 0.00 2262 ∠ − 153.8 0.44 3973 ∠ − 93.9 0.25 4121 ∠ − 127.6 0.00
3 3875 ∠115.7 0.00 2214 ∠85.2 0.00 3872 ∠145.7 0.26 3451 ∠108.9 0.29

4 1 3426 ∠ − 5.8 0.29 2157 ∠ − 34.2 0.00 3431 ∠24.3 0.00 3308 ∠ − 1.5 0.30
2 3647 ∠ − 130.3 0.27 1936 ∠ − 157 0.00 3648 ∠ − 100.4 0.27 3907 ∠ − 131.9 0.00
3 3298 ∠108.6 0.00 1849 ∠73.4 0.00 3294 ∠138.6 0.00 3074 ∠103.1 0.33
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