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PERSISTENCE OF PERIODIC SOLUTIONS FOR HIGHER
ORDER PERTURBED DIFFERENTIAL SYSTEMS VIA
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ABSTRACT. In this work we first provide sufficient conditions to assure the
persistence of some zeros of functions having the form

k
g(Z, 5) = gO(Z) + Zglgl(z) + O(Ek+1)7
i=1
for |e| # 0 sufficiently small. Here g; : D — R", for ¢ =0, 1,...,k, are smooth
functions being D C R™ an open bounded set. Then we use this result to
compute the bifurcation functions which controls the periodic solutions of the
following T—periodic smooth differential system

k
o' = Fy(t,z) + Y e'Fit,x) + O("), (t,2) €S' x D.
i=1
It is assumed that the unperturbed differential system has a sub-manifold of
periodic solutions Z, dim(Z) < n. We also study the case when the bifurcation
functions have a continuum of zeros. Finally we provide the explicit expressions
of the bifurcation functions up to order 5.

1. INTRODUCTION

This work contains two main results. The first one (see Theorem A) provides
sufficient conditions to assure the persistence of some zeros of smooth functions
g : R" x R — R" having the form

(1) 9(2,€) = go(2) +Z€ig¢(2) +O(").

The second one (see Theorem B) provides sufficient conditions to assure the
existence of periodic solutions of the following differential system

k
(2) ' =F(t,ze)=Fyt,x)+ Zsiﬂ(t,x) + 0", (t,2) eS'x D.

i=1
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Here S' =R /T, for some T' > 0, and the assumption ¢ € S means that the system
is T-periodic in the variable t. As usual d;(¢) = O (d2(g)) means that there exists
a constant ¢y > 0, which does not depends on €, such that |;(g)| < ¢ |02(¢)]| for
e sufficiently small (see [16]).

It is assumed that either g(z,0) vanishes in a submanifold of Z C D, or that
the unperturbed differential system 2’ = Fy(¢,z) has a submanifold Z C D of
T-periodic solutions. In both cases dim(Z) < n. The second problem can be
often reduced to the first problem, standing as its main motivation.

Regarding the first problem, assume that for some z* € Z, g(z*,0) = 0. We
shall study the persistence of this zero for the function (1), g(z,€), assuming that
le| # 0 is sufficiently small. By persistence we mean the existence of continuous
branches x(e) of simple zeros of g(z, €) (that is g(x(¢), ) = 0) such that x(0) = 2"
It is well known that if the n x n matrix 0,¢(z%,0) (the Jacobian matrix of the
function g with respect to the variable = evaluated at x = 2¥) is nonsingular
then, as a direct consequence of the Implicit Function Theorem, there exists a
unique smooth branch y(g) of zeros of g(x, €) such that x(0) = z*. However if the
matrix d,¢(z", 0) is singular (has non trivial kernel) we have to use the Lyapunov—
Schmidt reduction method to find branches of zeros of g (see, for instance, [8]).
Here we generalize some results from [4, 5, 14], providing a collection of functions
fi,i=1,...,k, each one called bifurcation function of order i, which control the
persistence of zeros contained in Z.

The second problem goes back to the works of Malkin [17] and Roseau [18],
whose have studied the persistence of periodic solutions for the differential system
(2) with & = 1. Let z(t, z, ) denote its solution such that x(0, z,&) = 2. In order
to find initial conditions z € D such that the solution x(t, z, ) is T-periodic we
may consider the function g(z,e) = z — (T}, z, €), and then try to use the results
previously obtained from the first problem. Indeed, if Z C D is a submanifold of
T-periodic solutions of the unperturbed system ' = Fy(t, z) then g(z,0) vanishes
on Z. When dim(Z) = n this problem is studied at an arbitrary order of ¢, see
[9, 11], even for nonsmooth systems. When dim(Z) < n, this approach has
already been used in [4], up to order 1, and in [5, 6], up to order 2. In [14]
this approach was used up to order 3 relaxing some hypotheses assumed in those
previous 3 works. In [10], assuming the same hypotheses of [4, 5, 6], the authors
studied this problem at an arbitrary order of €. Here, following the ideas from
[11, 14], we improve the results of [10] relaxing some hypotheses and developing
the method in a more general way.

This paper is organized as follows. In section 2 we state our main results:
Theorem A, in subsection 2.1, dealing with bifurcation of simple zeros of the
equation ¢(z,¢) = 0; and Theorem B, in subsection 2.2, dealing with bifurcation
of limit cycles of the differential equation =’ = F(t,z,¢). In sections 3 and 4 we
prove Theorems A and B, respectively. In section 5, as an application of Theorem
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B, we study the birth of limit cycles in a 3D polynomial system. Finally, in section
6, we study the case when the averaged functions have a continuum of zeros. In
this last situation we also provide some results about the stability of the limit
cycles.

2. STATEMENTS OF THE MAIN RESULTS

Before we state our main results we need some preliminary concepts and
definitions. Given p, ¢ and L positive integers, v; = (y1,...,%p) € RF for
j=1,...,L and Z € R, Let G : R” — RY be a sufficiently smooth function,
then the L-th Frechet derivative of G at Z is denoted by 0*G(%Z), a symmet-

ric L-multilinear map, which applied to a “product” of L p-dimensional vectors
L

denoted as @ v; € RPE gives
j=1
L P -
orG(z)
L= —
0"G(z) 9%— - By -ob, T

The above expression is indeed the Gateaux derivative

i1,ein=1

T1="=71=0

L
_ 0 _
o"G(z) 9%‘ = mG EZ+nn+my++1L)

= 8( L O(0GE) )7z - - )fyL.

We take 0° as the identity operator.
2.1. The Lyapunov—Schmidt reduction method. We consider the function

) oz2) = Y lgi(z) + O,

where g; : D — R" is a C*™ function, k > 1, for i = 0,1, ..., k, being D an open
bounded subset of R". For m < n, let V' be an open bounded subset of R™ and
B:Cl(V) = R™™ a C* function, such that

(4) Z={zy=(o,B(a)) : € Cl(V)} CD.
As usual CI(V') denotes the closure of the set V.
As the main hypothesis we assume that
(H,) the function go vanishes on the m-dimensional submanifold Z of D.
Using the Lyapunov—Schmidt reduction method we shall develop the bifurca-
tion functions of order i, for ¢ = 1,2,...,k, which control, for |¢| # 0 small

enough, the existence of branches of zeros z(g) of (3) bifurcating from Z, that is
from z(0) € Z. With this purpose we introduce some notation. The functions
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7:R™xR*™™ — R™ and 7+ : R™ x R"™™ — R"™™ denote the projections onto
the first m coordinates and onto the last n — m coordinates, respectively. For a
point z € D we also consider z = (a,b) € R™ x R"™™.
For i = 1,2,...,k, we define the bifurcation functions f; : CI(V) — R™ of
order 7 as
!

: 1
(5) file) =7mgi(za) + 3D om0 () (D ()

k
(6) Fia,e) =) &' fila)
i=1
where v; : V — R"™™ fori=1,2,...,k, are defined recurrently as

(a) = A7 gi(za)  and

-1
1
) — _iA"L I
7@(0&) = l.Aa (Z ol cgl2ler - Cifl!(i — 1)'01 16 ™ 90 Za @
st =1

i

+ZZCIIC212162. e\l bﬂ gi-1(7a QVJ )
l

Here S; is the set of all [-tuples of non—negative mtegers (c1,co,- -, ) satisfying
14204+l =1, L=ci+cy+---+¢, and S; is the set of all (i —1)-tuples of
non-negative integers satisfying ¢, +2co+- - -+ (i—1)c;_y =i, I' = ¢ +co+- -+
aTFng

d Ay = —(z4).
an 0 (za)
We clarify that Sp = Sj = 0, and when ¢; = 0, for some j, then the term ~;

!

does not appear in the “product” @”yj(a) J

(7)

j=1

Recently in [15] the Bell polynomials were used to provide an alternative for-
mula for recurrences of kind (5) and (7). This new formula can make easier the
computational implementation of the bifurcation functions (6).

The next theorem is the first main result of this paper. For sake of simplicity
we take fo = 0.

Theorem A. Let A, denote the lower right corner (n —m) X (n —m) matriz of
the Jacobian matriz D go(za). In additional to hypothesis (H,) we assume that
(7) for each o € CL(V'), det(A,) # 0,
(17) for somer € {1,...,k}, fi=fo=---= fr—1 =0 and f, is not identically
zero;
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(1ii) there exists a small parameter eg > 0 such that for each e € [—¢,€o] there
exists a. € V' satisfying F*(a.,€) = 0;
(iv) there exist a constant Py > 0 and a positive integer | < (k+r+1)/2 such
that
0o F*(az,€) - a| > Bylel'|al, for a€eV.
Then, for |e| # 0 sufficiently small, there exists z(€) such that g(z(g),e) = 0 with
Tt 2(e) — mhz,| = O(e) and |7 2() — 7 24| = O(eFT7).

Theorem A is proved in section 3.

In the next corollary we present a classical result in the literature, which is a
direct consequence of Theorem A.

Corollary 1. In addiction to hypothesis (H,) we assume that fi = fo = -+ =
fr—1 =0, that is r = k, and that for each o € CI(V'), det(A,) # 0. If there exists
a* € V such that fr(a*) = 0 and det (D fr(a™)) # 0, then there exists a branch
of zeros z(e) with g(z(e),e) =0 and |z(g) — zox| = O(e).

Corollary 1 is proved in section 3

2.2. Continuation of periodic solutions. As an application of Theorem A we
study higher order bifurcation of periodic solutions of the following T—periodic
CH1 k> 1, differential system

k
(8) 2’ =F(txe)=Fy(t,x)+ Y eFtz)+0@E), (t2)eS xD.

i=1
Here S' = R/(T'Z) with TZ = {T,2T,...} and the prime denotes derivative
with respect to time ¢. Now the manifold Z, defined in (4), is seen as a set of
initial conditions of the unperturbed system

(9) Z'(t) = Fo(t, x).

In fact we shall assume that all solutions of the unperturbed system starting
at points of Z are T-periodic, recall that the dimension of Z is m < n. Formally,
let z(-,2,0) : [0,t,) — R™ denote the solution of (9) such that x(0, z,0) = z, we
assume that

(Hy) Z C D, for each o € CI(V) the unique solution z(¢, z4,0) of (9) is T-

periodic.

As usual z(-, z,¢€) : [0,%(..) — R" denotes a solution of system (8) such that
x(0, z,¢) = z. Moreover, let Y (¢, z) be a fundamental matrix solution of the linear
differential system

, 0
(10) Yy = %Fo(t,x(t,z,O))y.
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For sake of simplicity when z = z, € Z we denote Y, (t) = Y (¢, z4).
Given fundamental matrix solution Y'(¢, z), the averaged functions of order i,
gi - Cl(V) = R", i=1,2,...,k, of system (8) is defined as

(1) gi(=) = v(1, 2 L2,

7!
where

(12) t

yi(t,z) = Y(t,z)/OY(s,z)lFl(s,x(s,z,O))ds,

t

yi(t, z) = z'!Y(t,z)/Y(s,z)_1 <Fi(s,m(s,z,0))

0

i—1
+%: ATREICr 1)!171__18 Fo(s, z(s, z,0)) Qyj(s, 2)

1—1 l
1 L b;
S o 0) O ) "
=1 5 j=

Using now the functions g; as stated in (11) we define the functions f;, F*, and
v given by (5), (6), and (7), respectively.

Recently in [15] the Bell polynomials were used to provide an alternative for-
mula for the recurrence (12). This new formula can also make easier the compu-
tational implementation of the bifurcation functions (11).

The next theorem is the second main result of this paper. Again, for sake of
simplicity, we assume that fy = 0.

Theorem B. Let A, denote the lower right corner (n —m) X (n —m) matriz
of the matriz Y (0,2)"' — Y (T, 2)"". In additional to hypothesis (H,) we assume
that

(1) for each o € CI(V), det(A,) # 0;

(17) for somer € {1,...,k}, fi=fo=--= fr_1 =0 and [, is not identically
zero;

(i13) there exists a small parameter e > 0 such that for each € € [—&, o] there
exists a. € V' satisfying fk(ag,s) =0;

(1v) there exist a constant Py > 0 and a positive integer | < (k+r-+1)/2 such
that

0o F*(az,€) - a| > Bylé'||al, for a€eV.

Then, for |e| # 0 sufficiently small, there exists a T-periodic solution p(t,e) of
system (8) such that |1 ¢(0,€) — 7 24| = O, and |79(0,¢) — mtz,.| =
O(e).




Theorem B is proved in section 4.

In the next corollary we present a classical result in the literature, which is a
direct consequence of Theorem B.

Corollary 2. In addiction to hypothesis (Hy,) we assume that fi = fo = -+ =
fr_1 = 0, 7 = k and that for each o € CIV), det(A,) # 0. If there exists
o € V such that fr(a®) = 0 and det (Dfp(a™)) # 0, then there exists a T-
periodic solution o(t,e) of (8) such that |p(0,€) — zo| = O(e).

Corollary 2 is proved in section 4. An application of Theorem B is performed
in Section 5.

It is worth to emphasize that Theorem B is still true when m = n. In fact,
assuming that V' is an open subset of R" then Z = CI(V') C D and the projections
7 and 7+ become the identity and the null operator respectively. Moreover, in this
case the bifurcation functions f; : V. — R", for i = 1,2,...,k, are the averaged
functions f;(a) = g¢;(a) defined in (11). Thus we have the following corollary,
which recover the main result from [11].

Corollary 3. Consider m = n, z, = a € Z and the hypothesis (Hy). Thus the
result of Theorem B holds without any assumption about A,.

3. ProoF oF THEOREM A AND COROLLARY 1

A wuseful tool to study the zeros of a function is the Browder degree (see the
Appendix 6.2 for some of their properties). Let ¢ € C'(D), CI(V) C D and
Z,={z €V :g(z) =0}. We also assume that J,(z) # 0 for all z € Z,, where
Jy(2) is the Jacobian determinant of g at z. This assures that the set Z, is formed
by a finite number of isolated points. Then the Brouwer degree of g at 0 is

(13) d5(g,V,0) = 3 sign (J,(2)).

As one of the main properties of the Brouwer degree we have that: “if d(f,V,0) #
0 then there exists xg € V' such that f(z) = 07 (see item (i) of Theorem 8 from
Appendix 6.2).

The next result is a key lemma for proving Theorem A.
Lemma 4. Let V be an open bounded subset of R™. Consider the continuous
functions f; : Cl(V) - R", i =0,1,--- ,k, and f,g,7 : Cl(V) X [—&p,e0] = R"
given by

g(z,8) = fo(z) +efi(x) + -+ fo(x) and f(x,e) = g(z,e) + " r(x, e).
Let V. C V, R = max{|r(z,¢)| : (z,e) € CI(V) X [—¢q,e0]} and assume that
lg(z,¢)| > Rle|*** for all x € OV. and € € [—eq,&0] \ {0}. Then for each ¢ €
[_50750] \ {0} we have dB (f('v’s)v ‘/57 O) = dB (g('ag)a ‘/av O)
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Proof. For a fixed € € [—¢¢, 0] \ {0}, consider a continuous homotopy between
9(-,€) and f(~,€) given by g(z,e) = g(x,g) + t(f(x,s) —g(z,¢)) = g(z,e) +
te"r(x,e). We claim that 0 ¢ g,(9V.,e) for every t € [0,1]. As usual 9V,
denotes the boundary of the set V.. Indeed, assuming that 0 € g, (OV;,¢),
for some t. € [0,1], we may find z. € 9V, such that ¢, (z.,¢) = 0 and, con-
sequently, g(z.,e) = —t.e"'r(z.,e). Thus |g(z.,¢)] < Rle[*™, which con-
tradicts the hypothesis |g(z.,e)| > Rle[*"'. From Theorem (8) (iii) we con-
clude that dg(g:(+,¢), Vz,0) is constant for t € [0,1] and then dp (f(-,¢), V-, 0) =
dB (g('78)?‘/€a0)' u

The above lemma provides a stratagem to track zeros of the perturbed function
f(z,e) using a shrinking neighborhood around the zeros of g(z, ) that preserves
its Brouwer degree. The way how it works can be blurry at the first moment, so
to make it clear we present the following example:

Example 1. Consider the real function f(z,) = g(z,€) +&*r(z,€) with (z,€) €
[—1, 1] x [~€0,20], 9(z,€) = 2° — ez, and |r(zx,€)| < 1/5. The function g(z,e)
has two zeros a = 0 and a. = . Taking V. = (¢/2, 3¢/2) we have that, for
le| # 0 sufficiently small, a. € V. and dp (g(-,€),Vz,0) =1 (see Definition (13)).
Furthermore OV, = {e/2, 3¢/2}, |g(c/2,¢)| = €*/4, and |g(3¢/2,¢)| = 3¢?/4.
Thus |g(z,€)| > €*/5 > e max{|r(x,¢)| : (x,¢) € [0,1] x [~eo,20]}. Therefore
from the previous lemma we know that dg (f(-,€),V.,0) = 1. From the above
property of the Brouwer degree we conclude that there exists a. € V. such that

flae,€) =0.
Now we recall the Fad di Bruno’s Formula (see [12]) about the I derivative of
a composite function.

Faa di Bruno’s Formula If u and v are functions with a sufficient number of
derivatives, then

! Il ; N
UG B e e G OU O L ORF
Sy 7j=1
where S; is the set of all l-tuples of non-negative integers (by,bs,--- b)) which

are solutions of the equation by + 2by + -+ +1b; =1 and L = by + by + - - - + b;.
The remainder of this section consists in the proof of Theorem A, which is split
in several claims, and the proof Corollary 1

Proof of Theorem A. We consider g = (7g,7g), gi = (7g;, 7n+g;) fori = 0,1,2, ...k,
and z = (a,b) € R™ x R"™™ for z € D. So

%( ) %( )
%)= Danle) = | B
0z ola ot go omtgo

ga ) gy (%)



87%90(
0b

det (87(;29 (o, B(a), 0)) = det (8”8—;90(%0 — det (Ay) # 0.

Thus applying the Implicit Function Theorem it follows that there exists an open
neighborhood U x (—e&1,&1) of CI(V) x {0} with g, < g9, and a C**! function
B : U x (—e1,61) — R™™ such that 7*g(a, B(a,¢),e) = 0 for each (a,e) €
U x (—¢e1,¢1) and B(a,0) = B(a) for every o € CL(V).

From here, this proof will be split in several claims.

Claim 1. The equality (9'3/0s")(a,0) = vi(a) holds fori=1,2,... k.

We write A, =

and

Z). From hypotheses, m4g(a, B(a),0) = 7 go(2s) = 0

Firstly, it is easy to check that (03/0¢)(a,0) = v1(). Now, for some fixed
i€{1,2,...,k}, we assume by induction hypothesis that (0°8/0¢%)(«, 0) = vs(«)
for s=1,...,i — 1. In what follows we prove the claim for s = i. Consider

mg(a, B(a,e), e 2677' gi(a, B(a, €)) + O(e*) = 0.

Expanding each function € — 7 gi(oz, Ba, 5)) in Taylor series we obtain

(14) Wig(a73(oz,€),5) :Z <€i ;%WLQZ'—I (O[,B(O[,E)) 520)

=0

+ O = 0.
Applying the the Faa di Bruno’s formula we obtain

l! L1 ¥l
=0 :Z (bl!b2!2!b2 O ™ 91 (050, 0))

ﬁﬁ(oc 0)" )

!

g (a, B(a, 8))

Substituting (15) in (14) we get

o T =34 (ZZWW b . F0.0)
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Since the previous equation is equal to zero for |¢| sufficiently small, the coeffi-
cients of each power of € vanish. Then for 0 < i < k and («o,¢) € U X (—&1,1)
we have

7 l

1 L &
Z; byl bpl2lie -yl O i (e, Bex,0)) Qa_ =0
1=0 S =1

This equation can be rewritten as

i—1 l
O_Z;bl!b2!2!b2-~-bl!l!blab7r gi-t (@ B(e 0) Oa_
=0 I j=1

1 oL -
(16) +Zb1,b2,2,b2” I (a,ﬁ(a,o))

aa—ﬁ(a, 0)"

wQH

o —

B(a,0).
& B(o,0)
Here S! is the set of all (i — 1)-tuples of non-negative integers satisfying b; +
200+ -+ (i —1)bj_y =4, I' = by + by + - -+ + b;_;. Finally, using the induction
hypothesis, equation (16) becomes

+ ﬂabWLgo (Oé, Bla, 0))

03 , 1 ,
0) = —ilA~! O g0 (2 (o
a ) (Oé ) [RYA W ; b1| b2!2!b2 . b(z—l)‘(z _ 1)!bi—1 p T gO(Z ) 7](00

Jj=1

i—1 !
1
+Zzblvz32|21b2. 110 Oy giz1(%a) @ ) = 7i().

This concludes the proof of Claim 1.

Claim 2. Let § : U x (—e1,e1) — R"™ be the C* function defined as 6(a,e) =
7g(a, B(a,€),€). Then the equality (0'5/9e")(a, 0) = i fi(ax) holds fori =1,2,... k.

From (3) the function J reads

Zsﬂwg] @,2)) + O(+).

So computing its ith-derivative, 0 < ¢ < k, in the variable e, we get

9=33 (D@0 %0, jw ) + 00

j=0 ¢=0
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Taking e = 0 and [ = ¢ — j we obtain

) il drgi, - ,

@(O&, O) = L ﬁ Oel (Oé, 5(0&, 6)) . + /L!Tng(Za).
Finally using the Faa di Brunno’s formula and Claim 1 we have

0" 5
Cs '
et ‘ 0 Z Z 01'02'2|C2._ mqa TGi-1(Za @% +ilmgi(za)

s=1
This concludes the proof of Claim 2.

Using Claim 2 the function 6(«, €) can be expanded in power series of ¢ as

Sae) = }jjgﬁam+0<“5:fﬂma+0@“m

and, from hypothesis (ii), we have
d

(j 5) gk( )+ O(gk—r-i-l)’
where G*(a,e) = fo(@) 4+ efrs1(@) + ... + 7 fi(a). Obviously the equations
d(a,e) =0 and d(a, e) = 0 are equivalent for e # 0.

Denote R(gy) = max{[d(c, ) — G¥(a,e)| : (e, &) € CUV) x [—£0,0]}. From
the continuity of the functions $ and G* and from the compactness of the set
CL(V)) x [—€9, 0] we know that R(eg) < oo and R(0) = 0. In order to study the

zeros of 6(a, £) we use Lemma 4, for proving the following claim.

(17) 5(a,e) =

Claim 3. Consider a. € V' as given in hypothesis (iii) and € € [—&g,e0|. Then,
there exist g > 0 sufficiently small and, for each ¢ € [—&y,&g], a neighborhood
V. € V of a. such that |G*(@, )| > R(eo)|e* | for all @ € 9V.. Moreover
V. = Bla., Q|71 for some Q > 0.

The parameter ¢y > 0 will be chosen later on. Given £ € [—&g, ], since
G*(a,¢) is a C*! function, k > 1, we have that
(18) G (ac + h,e) = 8aG*(ac, )l + p(h),  p(h) = O(|h]),

for every h € R™ such that [a., a. + h] C V. Moreover, hypotheses (i7) and (iv)
imply that

(19) 10aG"(ac,€) - a| = Pole|""|a| for a€eV.

Combining expressions (18) and (19) we obtain the following inequality:

(20) w%%+hﬁnz(ﬂr+w”@%ﬂ)w”ww
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Take V. = Bl(a., Qle[*™*™!) € V. A point @. € V. reads @. = a. + h., where
he = uQ|e|***7" € R™ and |u| = 1. Moreover, since p(h) = O(|h|?) we get

— ha r— — r+1—
B z|i0|<h |)| = |e] l@(Q!dkﬂ l) _ O(Q|€|k+ +1 21).
From hypothesis (iii), k+r + 1 — 20 > 0. So, in particular, O(Q\e\“”lf?l) =
O(Q). Thus, from definition of the symbol O, there exists ¢ > 0, which does
not depend on ¢ and Q, such that |¢|"|p(h.)|/|he| < co@Q. So the inequality (20)
reads
‘gkws + he,e)| = (P — Qco) Q"g’kirﬂ‘

Note that the polynomial P(Q) = (P, — Qco) @ is positive for 0 < Q < Py/co
and reach its maximum at Q* = Py/(2co). Moreover P(Q*) = Pg/(4cp). Since
R(0) = 0, there exists 5 > 0 small enough in order that R(sy) < Pj/(4co) =
P(Q*). Accordingly, taking Q = Q* it follows that |G"(@, )| > R(go)|e* | for
all @ € 0V, and ¢ € [—¢g, g9]. This concludes the proof of Claim.

Applying Lemma 4 for ¢ = 5, as defined in (17), k = k —r, and V. =
B(a., Qle|**7") we conclude that dB(g(-,s),VE,O) = dB(gk(-,E),VE,O) # 0. Fi-
nally, denoting 2(g) = (a(e), B(a(e), €)) it follows that g(z(g),£) = 0.

Morcover, let 2, = (ac, §(az)), then |r2(c) — 7z, = |a(e) — a. = O (++7)

and, since 3 is Lipschtiz,

= [Bla(e),e) = B(ac,0)| < Li(a(e),€) — (az, 0)] = O(e).
This concludes the proof of Theorem A. O

mtz(e) — w2,

Proof of Corollary 1. The basic idea of the proof is to show that F*(«) satisfies
all the hypotheses of Theorem A. From hypotheses, F*(a,¢) = £"fi(a) and
Dfip(a*) = e %9, F*(a*, ¢) is a homeomorphism on R™. Thus there exist constants
b,c > 0 such that

1
bla| < |Jfr(a™).af = gaa}"k(a*,g).a

< dal,

for all a € R™. Therefore b |"| |a| < |0,F"(a* €).a| < ¢|e¥||al, which implies
that F*(a*) satisfies hypothesis (#ii) of Theorem A, with [ = r = k. Indeed
(k+r+1)/2=Fk+1/2 >k = 1. Hence the proof follows directly from Theorem
A. O

4. PROOF OF THEOREM B AND COLLORARY 2

The next result is needed in the proof of Theorem B.
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Lemma 5 (Fundamental Lemma). Let x(t, z,€) be the solution of the T-periodic
CFY differential system (8) such that (0, z,€) = z. Then the equality

K
z(t, z,e) = x(t, 2,0) + Ze’%(:; 2) + O(eF)

holds for (t,z) € S' x D.

Proof. The solution x(t, z, &) can be written as

k t
z(t,z,e) = 2z + Zel/ Fi(s,x(s,z,¢))ds + O(e"™), and
(21) =0 0

t
x(t,2,0) = z+/ Fo(s,z(s,2,0))ds.
0

Moreover the result about differentiable dependence on parameters implies that
e+ x(t, 2z,¢) is a C*™ map. So, for i = 0,1,...,k — 1, we compute the Taylor
expansion of Fj(t,x(t,z,¢)) around € = 0 as
22)

k=i g ol
Fi(t,z(t,z,¢)) = F; (t,z(t,2,0)) + lz:; T (@Fi(t,x(t, z,s)))

+ O(gkfiJrl)'

e=0

Using the Faa di Bruno’s formula to compute the I-derivatives of F;(t, z(t, z,¢))

in the variable ¢ we get

(23)
o

el Fi(t,z(t, z,¢€))

l! g !
:;b1!b2!2!b2---bl!l|ba i(t,x(t, 2,0)) @
l =

e=0
where

(24) it,2) = (ett.0))

e=0
Substituting (23) in (22) the Taylor expansion of Fj(s,z(t,z,¢)) becomes

Fi(s,z(s,z,¢)) = F (f,‘x(s,z,O))

k—1i 1
€ L
+ZZ; b0 F (s 2(5,2,0))
-1 S

l
Qyj(& Z)b]‘ + O<€k7i+1>7
j=1

for i =0,1,...,k — 1. Furthermore, for i = k,
(26) Fr(s,z(s,2,€)) = Fy (s,2(s,2,0)) + O(e).

(25)
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From (21), (25), and (26), we get the following equation:

k t
(27) x(t, z,e) =2+ Q(t, z,¢) + Zai / Fi(s,2(s,2,0))ds + O(e"),
i=0 V0

where
k-1 i
1

l
Q(t, z,¢) 8ZZ / b ba2 BT 0 Fl,l(s,x(&z,O))@yj(s,z)bjds.
7j=1

i=1  I=1 &

Finally, from (27

t k—1 t
x(t,z,e) = z+/ Fg(t,x(s,z,O))ds—FZai(/ Fi(s,z(s,z,0))
0 = 0
i l
1
l -

t
+5k/ Fy (s,2(s, 2,0)) + R(s,x(s,z,s),a)ds+O(e“l).
0 0

Now using this last expression of x(t, z,e) we conclude that functions v;(t, 2),
defined in (24) for i« = 1,2,...,k — 1, can be computed recurrently from the
following integral equation

yilt, z) = <(8‘9 -(t, 2 5))
e=0 .
t ¢ 1
=l E 3 3 70 +
! /0 < (,2(s,2,0) Zzl by by!2102 -y ithi

!
GEZSJ:SZO @

(28)

_ /O (A(s)yi(s, 2) + Bil(s)) ds,

where

A(s) = 0Fy(s,z(s,z,0)),
. 1 /
Bi(s) = z!<E(s,x(s, 2,0)) + Z D02 Dy = 1)'bi_18[ Fo(s,x(s,2,0))
5 1! !

1—1 1—1
1

bj L
@yj<3,2’) T+ ZZ b1| b2!2!b2 . bl!l!bla _FZ_Z(S,(E(S,Z,(D)
7=1 =1 S
l
@yj(s’z)bj)
j=1
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The integral equation (28) is equivalent to the Cauchy problem
0
ayi(t, z) = A(t)y;(t, z) + Bi(t), with ;(0,2) =0,

which has a unique solution given by
t
wlt2) = Vi) [ V(5.2 Bis)is
0
t
= 1 Y(¢, z)/ Y(s,2)"" (E(s,x(s, z,0))
0

i—1

1 I’
+25115212|b2. bmba Fo(s, 2(s,2,0) (D ws(s, 2)"

J=1

!
+12:%:b1!b2!2!b2...bl!l!blaFZlSﬂCSzO @ >
=1 S et

Since
t
x(t, z,0) =z +/ Fo(t,x(s, 2,0))ds,
0
we obtain
=it 2)
ot z,) = x(t,2,0) + Y ' T+ O,

i=1

This concludes the proof of the lemma O

Proof of Theorem B. Let x(-, z,€) : [0,t(.)) — R" denote the solution of system
(8) such that (0, z,e) = z. By Theorem 8.3 of [1] there exists a neighborhood
U of z and &, sufficiently small such that t. .y > T for all (2,¢) € U x (—&1,¢€1).
Let h(z,e) : U x (—¢e1,e1) — R" be the displacement function defined as

(29) Wz e)=x(T, z,e) —

Clearly z(+, z,€), for some (z,2) € U x (—e1,€1), is a T-periodic solution of system
(8) if and only if h(Z,8) = 0. Studying the zeros of (29) is equivalent to study
the zeros of

(30) g(z,e) =Y (T,2) " h(z,e).

From Lemma 5 we have

(31) o(t,z,¢) = a(t, 2,0) + Zeiy"(t’ 2 | o),

=1
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for all (t,z) € S' x D, where y; is defined in (12). Hence substituting (31) into
(30) it follows that

(52) oz:2) = D0 2li(z) + O,

where go(z) = Y U(t, 2) (z(t,2,0) — 2) and, for i = 1,2,...,k, the function g, is
defined in (11).

From hypothesis (H,) we know that go(z) vanishes on the manifold Z, therefore
hypothesis (H,) holds for the function (32). Moreover

%(z) = Y(T,2)* (%(T,z,O) - Id)
=Y(T,2)"" (Y(T,2)Y(0,2)"" — Id)
=Y (0,2)' = Y(T,2)" %,
which from hypothesis has its lower right corner (n — m) x (n — m) matrix as

being a nonsingular matrix A,. Hence the result follows directly by applying
Theorem A. O

5. BIRTH OF A LIMIT CYCLE IN A 3D POLYNOMIAL SYSTEM

Consider the following 3D autonomous polynomial differential system

u:—v+€(u3—u2—uv2—m}3),
(33) b=u+e(mu’—1),
W =w — EU.

In the next proposition, as an application of Theorem B, we provide sufficient
conditions for the existence of an isolated periodic solution for the differential
system (33).

Proposition 6. For|e| > 0 sufficiently small system (33) has an isolated periodic
solution ¢(t,e) = (u(t,e), v(t,e), w(t,€)), such that

u(t,e) =V8e cost + O(e),

(34) v(t,e) =8¢ sint + O(e), and
w(t,e) =0(e).

We emphasize that the expression (34) is not saying that the period of the
solution (¢, ) is 2m. That is because we cannot assure the period of the order ¢
functions.
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Proof. Writing the differential system (33) in the cylindrical coordinates (u, v, w) =
(rcosf,rsinf, w) we get

T :Z (r® + 7 (r(msin(46) + 2 cos(26) + cos(46)) — 3 cosf — cos(30)) — 4sin ),
6 =1+ 4i (r*(sin 6 + sin(36) — rsin(46) + 7r cos(46) + 3mr) — 4 cos )
T

wW =w — er cosb.

Since 6 £ 0 for le| # 0 sufficiently small, we can take 6 as the new independent
variable. So

d

d_g = eFu(0,2) + 2 Fy(0,2) + O1(e?),
(3)

% = z+4 €F12(9, Z) + 52F22(97 Z) + 02(83)’

where 2 = (r,w) € R* and
Fi1(0, 2) :i (r® + r*(r(m sin(46) + 2 cos(26) + cos(46)) — 3 cosf — cos(36))
— 4sin 9),
Fi2(0, 2) :%1(4 cosf (r* — z) + r?z(sin 6 + sin(30) — rsin(46) + 7r cos(46)
+ 37r7“)),
Fy. (0, 2) :_—1( —4sinf + 1 + 1r*(—=3 cos 0 — cos(36) + r(m sin(46)

16r
+ 2 cos(26) + cos(49)))) (r*(sin 6 + sin(360) — r sin(46) + 77 cos(46)

+ 377r) — 4 cosb),

Fy(0,2) = (r*(sin 6 + sin(36) — rsin(40) + 77 cos(46) + 3mr) — 4 cos b)

612
(4cosf (r* — z) + r*z(sin 6 + sin(360) — rsin(46) + 7r cos(46)
+ 37Tr).
The differential system (35) is 27-periodic in the variable 6 and it is written in
the standard form form (8) with Fy(6, 2) = (0,2), Fi(0,2) = (Fui(0, 2), F12(, 2))

and Fy(0,z) = (F21(0,2), F22(6, 2)). Moreover the solution of the unperturbed
differential system (9) for a initial condition zy = (rg, wp) is given by

‘1)(9: Zo) = (7"0, woee)-

Consider the set Z C R? such that Z = {(a,0) : @ > 0}. Clearly for each
Zo € Z, the solution ®(0, z,,) is 2m—periodic, and therefore the differential system
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(35) satisfies hypothesis (H,). Furthermore the linear differential system (10)
corresponding to (35) has the following fundamental matrix solution

0P 1 0
Y. =G0 = o)

which satifies Y(0, z) = Id. Now in order to compute the bifurcation functions
(5) for the differential system (35) we first obtain the functions (12) corresponding
to this system,
yO(ea Z) = Y(ev Z>71(07 (69 o 1)10),
2

y1(0,2) =Y (0,2)7" (2—8 (—36sin 0 — 4sin(36) + 67r sin®(26) + 3r sin(46))

2
% (12 (6r® — 4) + 24 cosf (r’sinf + 2)), %(cos@ —sind)

0 0

a %(w((%w& —3)r +16) +24) + %(48 sin @ + r%(12 cos 0

+ 4 cos(360) — 3r(mwsin(40) + cos(49)))) ;

—mr(3r +4) e "
4 " 40

Yo (2m,2) = Y (27, 2) 7" ( (((3 =2m)r — 6)r* + 10)

+ %(ﬁ((ﬂ(? +157) — 3)r +6) — 10))7

and from (11)

yi (27, 2)

(30) 5i(2) = Y om, ) IS

for i=0,1,2.

So the bifurcation functions (5) corresponding to the functions (36) become

7T043

(37) filo) =" o) =m0@Ba+4), and Fae) = cfila) + < fola).
Now we must check that the function (37) satisfies the hypotheses for ap-
plying Theorem B. So det(A,) = |Dw7rLgo(za)‘ =1-¢e?" # 0, and for

a. = V9e2 + 8¢ + 3¢ we have that
Faz,e) =0 and |0,F%(ae,e)| > & (8 - ’9€+3\/5(8+95)’> .

Thus it is easy to find Py > 0 satisfying |0,F>(ac, )| > €*P,. Hence, in terms of
Theorem B, we have r =1, k =2, 1 =2, and (k+r+1)/2=2=1. So we can
apply Theorem B in order to prove the existence of an isolated periodic solution
(r(6,¢€),2(0,€)) of the differential system (35) such that

7(0,6) = V9e2 4+ 8 +3c + O(e) = V8 + O(e) and w(0,¢) = O(e).
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Since 0(t) = t + O(e), this proofs ends by going back through the cylindrical
coordinate change of variables. 0

6. AVERAGED FUNCTIONS WITH A CONTINUUM OF ZEROS

One of the main difficulties in applying the averaging method for finding peri-
odic solutions is to compute the zeros of the averaged function associated to the
differential system. In this section we are going to show how Theorems A and B
can be combined in order to deal with this problem. To be precise, consider the
T-periodic differential system z’ = F(t, z,¢) as defined in (8), with F = 0. Note
that Y (¢,2) = Id for every t € S' and z € D.

As shown in the proof of Theorem B, z(¢, z,¢) is a T-periodic solution of (8)
if and only if z is a zero of the displacement function h, defined in (29). In this
case h(z,e) = g(z,¢), which reads

k
(38) h(ze)=a(T,ze) —z =Y _£'gi(z) + O("),

i=1
where the averaged functions g;(z), for i = 1,2,... k, are defined in (11). In
order to apply Theorem B we first compute

(39) Fra,e) = Z elgi(a),

as defined in (6), and then we try to find a. € V such that F*(a.,e) = 0. After
that, if all the hypotheses of Theorem B are fulfilled we obtain, from its proof,
the existence of a branch of zeros z(«a) of the displacement function (38).

This task can be very complicate because there is no general method to find
a.. Although if there exist r € {1,...,k}, an open subset V' C D, and a smooth
function 3 : Cl(‘7) — Dsuchthatg; =...=¢,_1 =0, g, # 0, and g, (&,B(&)) =
0 for all & C V then Theorem A may be used to reduce the dimension of system
(39), helping then to find the solution a.. This strategy is a general method which
generalizes the results obtained in [7]. This procedure will be illustrated in the
next subsection.

6.1. Maxwell-Bloch system. In nonlinear optics, the Maxwell-Bloch equa-
tions are used to describe laser systems. For instance, in [2], these equations
were obtained by coupling the Maxwell equations with the Bloch equation (a lin-
ear Schrodinger like equation which describes the evolution of atoms resonantly
coupled to the laser field). Recently in [13], it was identified weak foci and centers
in the Maxwell-Bloch system, which can be written as

U =—au+ v,
(40) U = — bv+ uw,
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w=—c(w—9) — 4uv.

For ¢ = 0 the differential system (40) has a singular line {(u,v,w)|u = 0,v = 0};
for ¢ # 0 and ac(§d — ab) < 0 the differential system (40) has one equilibrium
po = (0,0,9); and for ¢ # 0 and ac(0 — ab) > 0 the differential system (40) has
three equilibria p4+ = j: u®, v, w ) and pg where

Using the above strategy we shall prove the following result:

Proposition 7. Let w € (0, o), (a,b,c) = (ao—b1€+a2€2, —ag+bie+boe?, cre+
0252) and 0 = —aj — w? with ag(ay + by) > 0, ¢; # 0 and £ a small parameter.
Then for |e| # 0 sufficiently small the Mazwell-Bloch differential system (40) has
an isolated periodic solution p(t,€) = (u(t,e), v(t,€), w(t,e)) such that

u(t,e) =ew M sint + O(e?),
0
(41) v(t,e) =ew M(ao sint +wcost) + O(e?), and
Qo
4 2
w(t,e) =6 —¢ dw{az £ by) + O(&?).

C1

We emphasize again that the expression (41) does not imply that the period
of the solution ¢(t,¢) is 2. That is because we cannot assure the period of the
order £? functions.

Proof. Applying the change of variables (u,v,w) = (eV,e(agV + wU),d + eW),
the differential system (40) reads

52 <CLO<QQ — bz)v

w

U= =V +=(VIV = 2,V = byl) + ~bU),

(42) V =wU + €b1V — €2CL2V,
W=c(—aW —4V(aV +wl)) — 2.

In order to apply the strategy described above we must write the differential
system (42) in the standard form (8). To this end we proceed as usual: first we
consider the cylindrical change of variables (U, V, W) = (r cos 6, 7 sin 0, w), where
r > 0; after checking that 6§ = w + O(g) # 0, for |e| # 0 sufficiently small, we
take 6 as the new independent variable. Therefore the differential system (42)
becomes equivalent to the non-autonomous differential system

. o
(43) d—; - (g %) = cF1(0,2) + 2F5(6, 2) + O(1),
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where 2z = (r,w) € R" x R and # € S'. Moreover

(44)
Fi(8,2) = #((w — 2aqby) sin(20) — 2byw cos(26)),
(crw + 4 sinf(w cos 0 + apsin b)) )
w
Fy(0,2) = 2%)4 (2byw cos 0 + (2agby — w) sin ) (2byw cos(26) + (2aeby

—w) sin(26)) + rw? ((as — bo)(w cos(260) + apsin(20)) — (as + b)),
(2byw cos 0 + (2agby — w) sin 6)

w?

(crw + 47 sin (w cos 6 + ag sin 6’))) :

Now the prime denotes the derivative with respect to the variable 6.

For the differential system (43) we have that Fy(0,z) = 0. Then z(6, z,0) =
(r,w) is the solution to the unperturbed system and Y (¢,z) = Id is its corre-

sponding fundamental matrix. In this case the averaged functions reads
(45)

27 (2a91? + cyw
g(z) = |0,— Lo 1 )>7
w
7r(3aor? + cow — 2(ag + by)w?) 7w
92(2) = ( 0 ! 3 2 2 ),E((2a0b1 — U}) (6@07’2 + CﬂU)

+2¢17(2a0r? + cyw)w + 2((21)1 +c)r? — CQUJ)CLJQ)) .

From here instead of following the steps of Theorem B we are going to use
Theorem A to find directly a branch of zeros of the displacement function (38).
To do this we define the function g(z,e) = h(z,¢)/e, where now g(z,¢) = go(z) +
£g1(2) + O(?) with go(2) = ¢1(2) and §1(2) = g2(z). Note that the averaged
function go(z) = ¢1(z) vanishes on the manifold

_ 2
Z = {za: <a’_2a0a > : a>0}.
C1

Furthermore, A, = —(27¢;)/w is the lower right corner of the Jacobian matrix

Dgo(z,) for all z, € Z. Computing then the bifurcation function (5) correspond-
ing to g(z,¢) we get

~ Ta(aga? — 2(as + bo)w?)

f1<a) = ]

2w3
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and F'(a,e) = efi(a). Solving the equation F'(a,¢) = 0 we find

2(0,2 +b2)
e = Qg = WY | ——m.
ap

Moreover, ’ajl(ao, 8)’ = 2em(as + by)/w so it is clear that hypotheses (iii) and

(iv) of Theorem A are fulfilled with [ = 1, » = 1 and k& = 1. Thus, for |¢| # 0
sufficiently small, it follows that there exists

(46) 2(e) = |w 2(az + by) , _4w2(a2 + bo) + O(e)

Qo C1

such that g(z(g),e) = h(z(e),e)/e = 0 for every |e| # 0 sufficiently small. There-
fore we conclude that there exists a 2m-periodic solution periodic (r(6,¢), w(6, €))
of the non-autonomous differential system (43) satisfying (r(0,0),w(6,0)) = z(0).
Since 0(t) = wt + O(e), this proofs ends by going back through the cylindrical
coordinate change of variables and then doing (u,v,z) = e(V,aoV +wU, W) . O

6.2. Stability. We have seen that the averaged functions (45) up to order 2
were sufficient for detecting the existence of a periodic solution of the differential
system (40). Now we show that the higher order averaged functions may play an
important role for studying the stability of the periodic solution (¢, e) provided
by Theorem B.

Clearly the stability of the periodic solution ¢(t,e) can be derived from the
eigenvalues of the Jacobian matrix of the displacement function D,h(z(¢g),e) eval-
uated at z(¢) = ¢(0,¢) . From equation (46) we can write z(c) = 2o + O(e?).
Moreover, since in this case Y (¢,2) = Id then D,h(z(¢),e) = eDgi(z0) + O(e),
where

0 0
— 2 .
Dgi(z0) (—87? 2ag(as + by) — WCl)
w

So a first approximation of the eigenvalues A1 of the Jacobian matrix D,h(z(¢g), )
is given by

27T01

(47) Ay =0(?), A =—¢ + O(e%).

w

Clearly the stability of the periodic solution ¢(¢,&) cannot be completely de-
scribed by these expressions. Now we show how the higher order bifurcation
functions and averaging functions can be used to better analyses the stability of
the periodic solution.

We recall that, after some changes of coordinates, the differential system (40)
can be transformed into the standard form (43). Expanding it in power series of



23
e up to order 3, the differential system (43) becomes

dz

@ = 8F1(¢9, Z) + €2F2(0, Z) + 53F3(9, Z) + 0(84),

where F} and Fy are given in (44) and

Fy(6, 2) :( il

F< — 3(agh; — w) (5a07"2 + clw) — 2¢17(2a07* + cyw)w + (4a0b1 (as
w

+ bz) — 3<2b1 + Cl>7’2 — 2(&2 + b2 — CQ)’LU)W2>,

127;5 (127rw (ag (67"4 — 16b1017“2) + 2apcqw (77“2 — 2b101) + 3c%w2)

— 2w? (w (6a0(a201 — 2b1cy — bycy) + 6b3cy — 9r?(4by + 3¢y) + 871'26?)
+agr? (36ag(as — by) + 108b7 + 36bicy + 2 (87 — 3) ¢f — 45r%) + 6cyw?)
+ 247w® (r*(2a0(as + by + c2) — €1(2b1 + 1)) + 2c1cow)

— 9(w — 2agb1)* (10aor® + ciw) + 24r°w*(c; — 2a2)> :

From (12) and (5) we compute the third averaged function and the second bifur-
cation function, respectively, as

93(2)

<47T—L; (wZ (4a0b1(a2 + by) — 22(ag + by — ¢3) — 3r%(2by + cl))

—3(2apb; — 2) (5a0r2 + clz) — 2Tcw (2&07“2 + clz)) ,

T

1275 (127rw (a% (67‘4 — 16b1017’2) + 2a9c1 2 (77’2 — lecl) + 30%22)
—2uw? (z (6a0(agcl — 2b1cy — bycy) + 6b3c; — 9r?(4by + 3¢y) + 87T20i’)
+agr? (36ag(as — by) + 108b7 + 36bic; + 2 (87> — 3) ¢f — 45r%)
—1—60222) + 247w? (7’2(2a0(a2 +by+ o) — (201 + 1)) + 201022)
—9(z — 2apb;)? (10@07’2 + clz) + 2472wt (cy — 2a2)) )

and

~( ) mr (10@%7“2 (b101 + 7“2) + w2 (017'2(2[)1 + Cl) — 4@0(@2 + bg) (b101 + T2>))
f2 a) = —
4eywd

So F2(a,€) = efi(a) + e2fa(e). As shown in the previous subsection a. = ay

is a simple root of the function fi(a). Using the Implicit Function Theorem we
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find a branch of zeros of the equation F?(a,e) = 0 having the form o = @, =
ag + eay + O(e?), where

o — ao + b2 80%[)161 + w2(16a0(a2 + bz) + 61(2()1 + 01>)
L= \/ 2a, 2|ag|ciw '

Note that a. satisfies the hypotheses (ii7) and (iv) of Theorem A for r =1,1 =1
and k = 2. Using the relation |7z(¢) — 72z, | = |a(e) — @.| = O(e?), provided by
Theorem A, we write a(c) = ag + ea; + O(e?). From Claim 1 of the proof of
Theorem A we get

Blale), ) =B(ale)) +em(ale)) + O
=B(ao +eas + O(e?)) + emi(ao + ean + O(e?)) + O(e?).

Expanding ((a(g), €) in powers series of ¢ we have f(a(e),g) = By + £f1 + O(£?)
where

BO = (a2 i bQ)W27
1
5 4((12 + bg) (6&%[)161 + (16&0((12 + bg) -+ C1 (2b1 + cl))wQ)
1= B .

apCy

Finally we obtain z(¢) = (a(e), B(a(e),€)) = 20+ 21 + O(e%), with zo = (o, o)
and z; = (041, ﬁl). Then we compute the Jacobian matrix of the displacement
function (29) evaluated at z(¢) as

D.h(z(g),e) = eD.gi(2()) + €2 D.ga(2(¢)) + O(£%)
=eD.gi(20 + e21 + O(e%)) + °D.ga (20 + €21 + O(e?)) + O(£%)
=eD.g1(z) + & (Dggl(zo)zl + D292<Zo)) + O(e?)

Let D.g1(z0) = (pij)ng and D,go(z0) = (q,-j)2X2 then expanding D,h(z(g),¢)
in Taylor series around ¢ = 0 we have D.h(z(¢),e) = eA; + Ay + O(e*) with
Ay = D,g1(z0) and Ay = (szij(zo).zl + Qij(ZO))2X2~ Therefore we may improve
the approximation (47) of the eigenvalues A+ of D, h(z(¢),¢) as
2 b
Ay :82—7r(a2 +b2) + O(e%),
w

20,7 L2 27r(a0b161 + w(cfw = czw))

A=—¢ + O(e%).

w w3
Hence we can deduce the following statements about the stability of the periodic
solution ¢(t,e) = z(t,z(e),e). Recall that from, hypotheses of Proposition 7,
ao(a2 -+ bg) > 0. So:

(a) If ec; < 0 the solution ¢(t, ) has at least one unstable direction,
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(b) If ag+by > 0 and ap > 0 then the solution ¢(¢, €) has at least one unstable
direction,

(c) If ag+by < 0,ec; > 0 and ag < 0 then the solution ¢(t, ) is asymptotically
stable.

The following figures illustrate the behavior of the Maxwell-Block system (40)
satisfying the hypotheses of Proposition 7 with ay = —1, as = =2, by = 1,
bp=—-2,¢1=2,¢c0=1,w=1and e=1/25.

-1.74
-1.76
-1.78
. ]
.
-1.80 R .
.
-1.82

-1.84

-1.86

(a) @

FIGURE 1. (A) Transversal section with u = 0 and v > 0. (B) Solution
starting at (0, ew?(2(ag + by)/ao)'/?,8 — 4ew?(ag + by)/c1) being attracted by
the limit cycle (41).

APPENDIX: BIFURCATION FUNCTIONS UP TO ORDER 5.

In this appendix we develop the recurrences given by Theorems A and B to
compute explicitly the expressions of the bifurcation functions and the averaged
functions up to order 5. As far as we know we are the first to provide these
expressions.

From the recurrences (5) and (7), we explicitly develop the expressions of the
bifurcation functions f; : V. — R™, for ¢ = 1,2,..,5, as stated in Theorem A.
Recall that 'y, = (01go/0b)(z4). So

fi(a) :Fa’h(@ + ng(za)a
() == A 7 g1(za),
1 1 0%*m g

fa(a) :§Fo/¥2(a) oo

Corn@)? + T () + mon(za),
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82 1 a 1
Yo(ar) = — A ( ngQU (za)71 () 42 7:%91 (2za)71 (@) + 27%92(04)) :

1 827rgg
— 7 (za)m(@)® + 3 on2

3
fg(CY) :%Fa’)/g((l/) + %a 7;390
1 827Tgl
2 o
+ 7g5(2a),

(za)71 () © 72()

187’(91

(e () + 5 22 (za)s(0) + “5 2 o) ()

[ PPt 02t
73<a>——Aa1< o (@) + 3725 (20)7 (@) © 7a(0)

Pt
ob?

+ 67rng(oz)>,

1 1 *ng

fi(@) =5;Taml0) + 5; 2 (za)u(a) + 4

4 0b3
18271'90 2 1827{'90
+ R ) la) + 2 () () © ()

1037q, 5 10*mg
EW(ZO‘)%@“) +5

2 0b?
18271'92 1 0mgs
2 0b2

(Za)’Yl(a)Q + 3z
w(a) = — AZ (“” 9 oim(a) + 35T 90 (a)? + 4

Imtgs

+3 (za)m(a)® + 2%(%)%(@) + GW(Z“)% (@)

1 03mqo

(2a)71(@)? © 9()

10mrgy

(a)71(0) © 72(0) + £ 52 (za)6(0)

Ot

2 () () © 70()

on
3 g Fa)na() + = (za) () + g (za).
ovt ob?

Prtgo
ob3
Prtg
ob3

It gs
+ 24W(Za)% (04)> ;

1 1 9*ng,
R, 275
120021+ 552
18371'90
8 b3
104
L =979
12 Obt

Gas(a) + 13572 )3 (0) ©12(a)

37#91

ob

(za)11(@)* ©72(a) 4+ 4

ot gs

0b

+6

(za)ra(@) + 1277 22 () ()2

+4 BTe

(za)m(a)® + 12

(e (@) © (@) + 37 2T (0} (0) © ()
(za)71 () © Y2()® + 1—12 aazggo (za)71()? © y3()

Calma(@) @ 7a(a) + —= 27901 ()

120 0b°

fs()
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L0 u(0) + 2T () + 2T )30 (0) 0 2(0)
20T (@) © () + oy o () + ST (2 (o)
42T (0 O )+ 70) + 5 o )’
20t + 52T () + L0 o
+ mg5(2a),

) = - A7 (1082§;g° (Calato) ©3(e) + 5700z, () © (o)
1577030 (0) © ) + 1002 () © 7o)
102000 © 7nt0) + LI oy o)
+52 () + 1570 () + 20T s (0) © 750
#3070 e (007 0 af) + 57T )’

+ 20070 o) + 607 T s (0) 0 )
2027 () + 607 i)

0? L o 1
+ 60%(%)%(@)2 + 120%(%)% (a))

The averaged functions, as stated in Theorem B, are computed as follows:

i1, 2
9i(2) =Y (T, 2) %

So, from the recurrence (12), we explicitly develop the expressions of y;, for
i=0,1,...,5.

yo(t, z) =x(t, 2,0)

Y1 ( Y )R (T, 2(7, 2,0))dT,

Yir o 2B 2 2.0) + 225 (2, 0) s (7. 2)

ox

C\c\

Ya(
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0°F,
+ 8720(7, z(7,2,0))y. (T, 2)2] dr,
t
ys(t, 2) =Y (¢, z)/ Y (7,2) | 6F5(T, 2(T, 2,0)) + 688—2(7' (7, 2,0))y1 (7, 2)
0
02, , .OF
+ SW(T, x(7,2,0))y1(1,2)* + 3%(7, x(7, 2,0))ys(T, 2)
0*F, P F
+ 3—20(7-7 .I'(T, Z, O))yl(Tv Z) O] yQ(Ta Z) + _30<T7 .’L’(T, Z, O))y1<7—7 2)3 dT?
ox ox
t
ya(t, z) =Y (¢, z)/ Y (7,2) " | 24Fy (7, 2(T, 2,0)) —1—24%(7',33(7',36,0))];1(7, 2)
0
2
+ 12%(7’, 2(7, 2,0y (1, 2)* + 12%(7’, x(7, 2,0))y2(T, 2)
0*F, OF, 3
+ 12— 52 (7' x(7,2,0))y1 (7, 2) © Yo7, 2) + 4 53 (T,l’(T,Z,O))yl(T, z)
OF, 0*F,
+4a—;(7' x(7,2,0))ys(1,2) + 3 o2 (T,w(T,z,O))yg(T, z)?
0*F,
+ 4W20(7', x(7,2,0)y1 (T, 2) © y3(T, 2)
PE, *E,
+ GW(T, 2(7, 2,0)y1(7, 2)* © yao(T, 2) + 9l (7, 2(7, 2,0))y1 (1, 2)* | dr

120F5 (7, z(7, 2,0)) + 120%(7, z(7,2,0))y1 (7, 2)

ys(t, 2) :Y(t,z)/o Y(7,2)7!

2
+ 60%(7’; $(Tv Z, 0>)y1(7-’ 2)2 + 60%(7—7 1’(7’, 2, 0))y2(7’ Z)
82 83F 3
6052 (1.2(7. 2,001 (7, 2) © (7, 2) + 2052 (7. 2(7, 2,0))ya (7. 2)
OF, 0*F,
+ 202 (7, 2(7, 2,0))s(7, 2) + 205 (7, 2(7, 2, 0))y (7, 2) © ys(7 2)
O*F 0°Fy
. 15@;@_7 (7, 2,0))a (7, 2)2 + 30 5 (7-, x(7,2,0))y; (7, 2)2 © yo(T, 2)
84F1 4 6F1
#5520 2) + 55 a(r, 2, 0)a(r,2)
0*F,

+ 10%;(7—7 1’(7’, 2 0>)y1(7-7 Z) © y3(7—7 Z)
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0?Fy

+ 5W(T’ 2(7,2,0)y1(7, 2) © ya(T, 2)
PF,
+ 158730(7, 2(7,2,0))y1(7, 2) © ya (T, 2)?
0P F
+ 108730(7—7 1’(7’, Z, O))yl (7-7 Z>2 © yg(T, Z)
84F0 3 85 b .
+ 10—(%4 (1,2(7,2,0))y1 (7, 2)° © yo(T, 2) + 92 (1,2(7, 2,0))y1 (7, 2)° | dT.

APPENDIX: BASIC RESULTS ON THE BROUWER DEGREE

In this appendix we present the existence and uniqueness result from the degree
theory in finite dimensional spaces. We follow the Browder’s paper [3], where are
formalized the properties of the classical Brouwer degree. We also present some
results that we shall need for proving the main results of this paper.

Theorem 8. Let X =R" =Y for a given positive integer n. For bounded open
subsets V' of X, consider continuous mappings f : C(V) = Y, and points yo in
Y such that yo does not lie in f(OV') (as usual OV denotes the boundary of V).
Then to each such triple (f,V,yo), there corresponds an integer d(f,V,yo) having
the following three properties.
(i) If d(f,V,y0) £ 0, then yo € f(V). If fo is the identity map of X onto Y,
then for every bounded open set V and yo € V', we have

d (fo}v, MyO) = +1.
(i) (Additivity) If f : CI(V) = Y is a continuous map with V' a bounded open
set in X, and Vi and V5 are a pair of disjoint open subsets of V' such that
yo & FICUV (VLU V2)),
then,
d (fo, Viyo) = d (fo, Vi, 90) + d (fo, Vi, %0) -

(ili) (Invariance under homotopy) Let V' be a bounded open set in X, and
consider a continuous homotopy {f; : 0 <t < 1} of maps of CI(V') in to
Y. Let {yy : 0 <t < 1} be a continuous curve in'Y such that y; ¢ f(OV)
for any t € [0,1]. Then d(f;, V,y:) is constant in t on [0, 1].

Theorem 9. The degree function d(f,V,yo) is uniquely determined by the three
conditions of Theorem 8.

For the proofs of Theorems 8 and 9 see [3].
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