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ABSTRACT. In this paper we study the existence of periodic symmetric
orbits of the 3-body problem when each body possess mass and an elec-
tric charge. The main technique applied in this study is the continuation
method of Poincaré.

1. INTRODUCTION

One of the most relevant objects to study in the theory of dynamical
systems is the n-body problem and many work has been done for under-
standing its dynamics. Thus the study of its periodic orbits is one of the
main objectives. In this paper we focus the attention on the periodic orbits
of the 3-body problem when the three bodies are collinear and charged.

Recently many distinct techniques and methods have been used to prove
the existence of periodic orbits for the n-body problem, for example, averag-
ing theory, numerical analysis, Melnikov functions, normal forms, variational
methods, among others. One of the first analytical studies of the existence
of periodic orbits for the n-body problem was done by Poincaré in [13], and
we apply his method to study the symmetric periodic orbits of the charged
collinear 3-body problem.

There exists a large literature studying the existence of periodic solutions
of the n-body problem, see [10] and [11] for example. More precisely, if
we restrict our attention to the 3-body problem, Hénon in [8] has studied
numerically the existence and stability of a class of symmetric rectilinear
periodic orbits of the general problem of three bodies. In [2] the authors
studied, numerically, families of symmetric periodic orbits for the collinear
3-body problem when the two non-central masses are equal. In [9] the
singularity generated by the triple collision of bodies of the collinear 3-body
problem is studied.

In [5] the authors studied the symmetric periodic orbits by the continu-
ation method of Poincaré of the collinear 3-body problem when the bodies
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do not have electric charges. In the present paper we allow that the bodies
posses electric charges.

The continuation method of Poincaré was originally presented in [13] and
this method consists in given a periodic solution for the system with a pa-
rameter equal to zero and it provides conditions for extending this solution
to small values of the parameter. For more details about this method see
for example [6].

The organization of this paper is as follows. In Section 2 the equations
that model the dynamic of the collinear charged 3-body problem are de-
scribed, in Section 3 we present the main results, and in Section 4 we study
the symmetries of the periodic solutions of this system. The study of sym-
metric periodic orbits for the parameter y = 0 are done in Section 5, and
in Section 6 we apply the continuation method of Poincaré to extend the
periodic solution obtained in previous section for y = 0 to small and positive
values of the parameter p. A brief conclusion and some comments compar-
ing the periodic orbits of the charged with the ones of the uncharged system
are presented in Section 7.

2. EQUATIONS OF MOTION OF THE COLLINEAR CHARGED 3-BODY
PROBLEM

The charged n-body problem studies the dynamics of n particles with
a positive mass and an electrostatic charge of any sign, moving under the
influence of the respective Newtonian and Coulombian forces. There exist
many studies for particular values of n, in [7] it is considered the charged
rhomboidal four-body problem, in [1] the charged isosceles 3-body prob-
lem, in [4] the restricted charged four body problem and in [12] the central
configurations of the charged 3-body problem, among others.

In this paper we study the charged collinear 3-body problem. Taking
conveniently the units of mass and charges we can assume, without loss of
generality, that the gravitational constant and the Coulomb’s constant are
equal to one. The particles posses masses mi, mg and mg with charges q1, o
and ¢3 in the position x1, x2, 3 € R, respectively.

The differential equations that governs the motion are given by
mzmz = Vmi U,
for i = 1,2,3 where

A12 13 23
+ + ,
d(z1,22)  d(z1,23)  d(z2,x3)

U(x1,22,23) =

the symbol VU denotes the gradient of U with respect to x;, A\j; = m;m; —
¢iqj for 1,7 =1,2,3 and ¢ # j, and d(z;,x;) denotes the Euclidean distance
between the points x; and ;.
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We denote the masses and electric charges of the bodies by, b and bg by
my = :U'(]-_V)va =1—p,mg=pvand \; = pa, Ay = ,U“2ﬁv A3 = wy,
respectively, where 0 < p < 1,0 < v < 1 and «, 8,7 € R. We assume that
the three bodies are in position x; such that 0 < x; < x9 < x3, see Figure
1.

my = u(l —v) mo=1—p

m3 = uv
@ @ @

z1 T2 x3

FIGURE 1. Position of the bodies in the collinear case.

Consider the change of coordinates given by z1 = xo—x1 and zo = 13— 9,
that denotes the distance between x9 and x1 and x3 and x5. Then the kinetic
T and the potential U energies of the 3-body problem are given by

T(enz) = (1= )1~ (L= )32+ 2201~ )n2s

+:ul/(1 - ,LU/)Z% + 02)7

A12 13 23
U = (22 2B,
(21722) <Zl +2'1+2'2+ 29 )7

where C' = m1q1 +mago +ma3qs is the linear momentum. With this notation
we have that if A\;; > 0 then the resultant force between the particles ¢ and
Jj is attractive, and if \;; < 0 then its repulsive. Without loss of generality
we suppose that C' = 0, i.e. the center mass is in rest. Writing L =T — U
and denoting the new variables by

0L i O
pl—azla p2—82.2,

we obtain the Hamiltonian H of the system given by

pi(=21)z2(pr — 1)(21 + 22)
2(p — Dp(v — 1)z122(21 + 22)
() —2(p — Dp*(v = 1)((21 + 22) (v21 + @z2) + Buziza)
2(p — Dp(v — 1)z122(21 + 22)
pipz pa(p(v —1)+1)
p—1 2p—Dpv -

H:

_|_
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Associated to the Hamiltonian (1) we have the system

da 1 p2—m
dt w—py  p—1"
dzz _p1—p2_ P2
dt w—1 v

O
dt K 22 (z1+22)%)]

a2 _ (P
dt K (z1+22)2 22)°

By the rescaling of the variables z; = p?2), 20 = p’Zs,t = p’t system (2)
becomes

dzy P1 P2 — D1
) =M + )
dt W= v w—1

dz —
az _ p(p p2)+g2

dt pw—1 v’
3)

d o Bp

dt 22 (214 22)%

I

dt (21 +22)2 22

where we omit the tilde in the variables. The Hamiltonian associated to
system (3) is given by

gL (_ P o) 3 20 28 2y
2 v—1 w—1 v oz stz zm)

Similarly to the case of the uncharged particles system (3) possess one sin-
gularity at z; = 0, that corresponds to a binary collision between m; and
me, another at zo = 0 which corresponds to the collision between mo and
mg, and finally one at z; + zo = 0 which represents a triple collision. Doing
a Levi-Civita transformation, see [9], given by

1 2
a =62 =8 p=- pp=-2 and dt = 462¢2ds,

&1 &
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the trajectories of the collinear charged 3-body problem (3) in the new co-
ordinates are the solution of the system

d&i  La(mé(l —pv) +mp(v —1)61)

ds (k=1(v—-1) 7

A& &G(mpr§e + mbi(p(—v) +p—1))

ds (p— 1w ’

dm _ —mmpre (E+8) +nar-1)+1)(E+8)°
ds (=1 (& +e)*

(4)
S(u— Dvér (Bugd + (€2 + )" + g (2 +&3)°)

(n—1)v (& +€)*
dpp (u(v—1)+u—1>_mnw€1
= 77152

_|_

)

ds -Dw—-1 ) -1
ﬁ#ff h 2
+8£2 (Oé + (€%+§%)2 + €1> )

on the energy level H = h for some constant h. System (4) is a Hamiltonian
system with a Hamiltonian G given by

_ Lo 8a 88p 8y mi
¢= 88(-g -z e @ ooiE
pw(naér —mé)? i
_HNRSL T NS T ),
TENEEERET )

with G = 0 if and only if H = h. Note that system (4) is analytic except
when &2 + £2 = 0, that corresponds to the triple collision.

We study the periodic orbits of the collinear charged 3-body problem with
binary collisions between mi, me and meo, mg. Considering these periodic
solutions, our objective is study the periodic solutions of system (4) for
> 0 sufficiently small, satisfying the energy relation G = 0, more precisely
we are interested in the symmetric periodic orbits of system (4). In this way
will be necessary to study the symmetries involving this system.

3. STATEMENTS OF THE MAIN RESULTS

Consider the involutions

51(51’527771’77258) = (_517§2a7717_772a_8)a
82(517527771777275) = (517_527_77177727_8)7
53(51’527771)772’3) = (517627_771’_772’_8)‘

A solution ¢(s) = (£1(s),&2(8),m(s), n2(s)) of the differential equation is
invariant under the symmetry S; if S;(p(s)) is also a solution of differential
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equation for i = 1,2,3. We say that ¢(s) is S; symmetric if S;(¢(s)) = ¢(s).
For more details, see Section 4.

The periodic solutions of the differential equation that governs the dy-
namic of the collinear charged 3-body can be simultaneously S; and So
symmetric, see Section 4. These kind of periodic solutions will be called
S1o-symmetric periodic solutions. In analogous way, we have S13- and Sa3-
periodic solutions.

Our results on the Sio-symmetric periodic solutions for small and positive
values of u are given in the next theorem.

Theorem 1. Consider v € (0,1), « > 0,7 > 0, h = hy + ho < 0 and p
and q odd positive integers. Then the Sia-symmetric periodic solutions of
the charged 3-body problem (4) for p =0 and with the initial conditions

(a) &(0) = 0 £2(0) = v/ —7/h2, m(0) = /8a(1 — v), n2(0) = 0,
(b) or & (0) = \/—a/h1, &(0) =0, 7:(0) = 0, 72(0) = /8y,

pa 3 1—v 3 . .
where hy = | — | ho , can be continued to a p-parameter family
qy v

of S12-symmetric periodic orbits of the charged 3-body problem (4) for u > 0
and small.

For the periodic solutions having S13-symmetry we obtain the next result.

Theorem 2. Consider v € (0,1), a >0,y >0, h=hy+ hy <0, p is odd,
q is even positive integers, and either (p+q—1)/2 is even or (p+q—1)/2
is odd and ay # —8(1 —v)h3. Then the Sy3-symmetric periodic solutions of
the charged 3-body problem (4) for p = 0 with initial conditions

(a) £1(0) =0, &(0) = —7/h2, m(0) = v/8a(l —v), n2(0) = 0,
(b) or £1(0) = /—a/h1, £&2(0 —v/h2, m(0) = 0, n2(0) = 0,

1

pa 5 1—v)\3 . .

where hy = | — | ho , can be continued to a p-parameter family
qy v

of Si3-symmetric periodic orbits of the charged 3-body problem (4) for u > 0
and small.

Finally for the Ss3-symmetric periodic solutions, we get:

Theorem 3. Consider v € (0,1), « >0, >0, h=h; + he <0, p is even
and q is odd positive integers. Then the Sa3-symmetric periodic solutions of
the charged 3-body problem (4) for p = 0 with initial conditions

(@) 4(0) = /== £(0) = 0, m(0) = \Ba{T = v), m(0) = VW,
) 0r&i0) = /5 0 = /T m©) =0, 3(0) =0
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pa 5 1—v 3 ) .
where hy = [ — | ho | —— ] , can be continued to a p-parameter family
qy v
of Saz-symmetric periodic orbits of the charged 3-body problem (4) for u > 0

and small.
4. SYMMETRIES OF SYSTEM (4)

The results obtained in this section are similar to the ones given in [5] for
the collinear uncharged three-body system. Consider the involutions

Id: (51 527771777275) = (517527771777273)7

St (&,&,mumes) (=&, &em, —12, =),
Syt (&1,&2,m,m2,8) > (§1, —&2, =M1, M2, —5),
Szt (&,&,m,m28) = (§1.62, —m, —12, =),
Syt (&1,82,m,m2,8) = (&1, =&, —n1, =12, 5),
S5t (&,&,m,m2,8) (=&, & —m,m2,8),
S+ (&1,82,m,m2,8) = (&1, —E2,m, —12, 8),
St (&,&.mum2,8) (=&, =&, m,m2, ).

A solution ¢(s) = (£1(s),&2(s),m1(s),m2(s)) of system (4) is invariant un-
der the symmetry S; if Si(¢(s)) is also a solution of system (4) with i €
{1,...,7}. We say that ¢(s) is S;-symmetric if S;(¢(s)) = ¢(s).

Note that the set {Id,Si,...,S7} with the usual composition forms an
abelian group isomorphic to Zg X Zg X Zo. This kind of symmetries usually
appear in Hamiltonian systems, see for example [3] and [14]. Note that the
symmetries 51, S2 and S3 generate the other ones. In fact,

S42510S2, 55251053, 56232083, 57251052053.

Here we only consider the symmetric periodic orbits with respect to the
symmetries S7,S2 and S3. The periodic solutions of system (4) can be
simultaneously 57 and Sy symmetric. These kind of periodic solutions will
be called Si2-symmetric periodic solutions. In analogous way we have the
S13- and the Ses-periodic solutions. Using similar arguments to the ones
presented in [3] we can prove the following propositions.

Proposition 1. Consider ¢(s) a solution of system (4). The following
statements hold.

(a) A solution ¢(s) is a Sia-symmetric periodic solution of period S if
and only if either £1(so) = n2(s0) = 0 and & (sg + S/4) = mi(so +
S/4) = 0 and there is no s € (s, so+5/4) such that {2(s) = m(s) =
0, or &(so) = m(so) = 0 and &1 (so + S/4) = na(so + S/4) = 0 and
there is no s € (so, so + S/4) such that £1(s) = n2(s) = 0.
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(b) A solution p(s) is a Si3-symmetric periodic solution of period S if
and only if either £&1(s0) = 1n2(s0) = 0 and ni(so + S/4) = n2(so +
S/4) =0 and there is no s € (so, so+S/4) such that n1(s) = na2(s) =
0, or m(so) = n2(s0) = 0 and & (s + S/4) = n2(s0 +5/4) =0 and
there is no s € (so, so + S/4) such that §1(s) = n2(s) = 0.

(¢) A solution (s) is a Saz-symmetric periodic solution of period S if
and only if either &(so) = m1(so) = 0 and n1(so + S/4) = n2(so +
S/4) = 0 and there is no s € (sg, so+.S/4) such that n1(s) = na2(s) =
0 or, n1(s0) = n2(s0) = 0 and &a(so + S/4) = m(so + S/4) =0 and
there is no s € (so, so + S/4) such that £3(s) = m(s) = 0.

Furthermore the next result, proved in [5], shows that there are no sym-
metric periodic solutions having more than two symmetries.

Proposition 2. There are no periodic solutions of system (4) which are
simultaneously S;-symmetric fori=1,2,3.

5. SYMMETRIC PERIODIC ORBITS OF SYSTEM (4) FOR p =0

System (4) with g =0 is

a6 m&
ds 1-v’
& md

©) 57781 ) "72
RS (8’7 + 8hf2>
dnz 77152

T o +8§ (o + héF)

with Hamiltonian G given by

1 2
zigg <—8 Ui >+ —6163 <—2+ V2 8h>

In coordinates (z1, 22, p1, p2) the Hamiltonian H, for u = 0, is given by

H = Hi(z1,p1) + Ha2(22,p2)

1/ pl 20 1(p3 2y
here H == - — d H =—(=—-—1]. Ob-
where Hi(21,p1) o\1-y Z1> an 2(22, p2) 9 (u 7 O
serve that the flow of system (5) on the energy level H = h is given by the
flow of the Hamiltonian Hj(z1,p1) on the energy level H; = hy, and by the

flow of the Hamiltonian Ha(z2,p2) on the energy Hy = hy with h = hy + ho.
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In the Levi-Civita coordinates the Hamiltonians H; and H, are given by
2

Hi(&,m) :_%_8(%11)@ = h,
6
o H _m _
2(527”2) - 8V§§ é.% = hg.

Consider the solution ¢(s) = (£1(s),&2(s),m1(s),n2(s)) of system (5) sat-
isfying the energy condition G = 0 (or equivalently H = h) and we define
the new times o and 7 as follows

do dt

& €3,  or equivalently o = 4¢3,
Q dr 9 } dt 9
T = &7,  or equivalently i 4¢5.
Note that (£1,71) satisfies the system of differential equations
a6 _ m
do 1-v’
®) dm
— =8h
do lgl)
and (&2,72) satisfies the system of differential equations
s _m
©) o
df == 8h2§2.
=

Therefore considering the new times o and 7 the functions G = G /&5 and

Gy = G/&} are

o - 8a(v — 1) +n? +8hy (v — 1)&}
b 2(1—v) ’

q, B8 (4 hag)
2 = :

2v
These two functions are the Hamiltonians of system (8) and (9) respectively.
Our objective now is to study the periodic solutions of systems (8) and (9).
Thus, fixing h; < 0 we can integrate system (8) directly with the initial
conditions &1 (0) = &19 and 71 (0) = 110, obtaining the solution (&;(c),n1(0))
given by

_ 110
(10) 61(0’) = 510 COS (w10’) + m

m(o) = mnocos(wio) —&owi(l — v)sin (wio),

sin (wy0)
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—8h
where wy = L Note that solution (10) is a periodic solution of system
—v
(8) with period @ = 27 /w;. Assuming that solution (10) satisfies the energy
relation G; = 0 we obtain the following relationship between the initial

conditions &1 and niq:

2
(11) ~da+ 5 771021/ — A%, = 0.

Moreover by the parametrization of the time given in (7) we obtain the
period of this solution in terms of the time ¢, i.e.

4 2(1 —
Tu(h, 0, v) = / 1€ (0)do = Y2 Z V)T
0 hiv—hy
Similarly fixing hy < 0 we can integrate system (9) with the initial conditions
&2(0) = &0 and 72(0) = n20, getting the solution (&2(7),n2(7)) given by

§2(7) = —&20 cos (waT) + 20 iy (waT),
(12) waV
n2(T) = n20 cos (waT) + Eaowor sin (waT) ,
—8hs : : Co L=
where wy = . Solution (12) is periodic with period 7 = 27 /ws.
v

Assuming that solution (12) satisfies the energy relation Go = 0, the initial
conditions &99 and 19 satisfy the equation

130 — 8V (’Y + h2§§0)

1 =
(13) o 0
and by (7) the period of solution (12) in time ¢ is given by
T Ty —2vh
Ta(h2,v,v) =/ 4¢3 (r)dr = %
0 2

In the following we summarize the relationship between the times o, 7, ¢t and
s:

Time o T t s
Period |o* =pc |7 =q7 | T = pTi(h1,,v) = ¢Ta(he,v,v) | S* = s(T)
Period/4 | o*/4 | /4 T/4 S*/4

TABLE 1. Period of the solution ¢(s) of (5).

Proposition 3. Consider the periodic solutions (&1(o), (o)) the (&2(7),n2(7))
of systems (8) and (9) with periods & and T, satisfying the energy conditions
G1 =0 and Gy = 0, respectively. Assume that the functions o(s) and 7(s)
given in (7) satisfy 0(0) = 7(0) = 0 and there is no s € R such that
&1(o(s)) = &(1(s)) = 0. Then the following statements holds.
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(a) The solution ¢(s) = (&1(o(s)),&(T(s),m(o(s),m2(7(s)) of system
(5) with initial condition §1(0) = &10, §2(0) = &20, 71(0) = 110, 72(0) =
n20 satisfies the energy relation G(&10,&20,M10,M20) = 0.
2
pa\ 3 1—-v)\3 .
(b) If hy = <) ho < ) for some p,q € N coprime, then ¢(s)
qy v
is a periodic solution of system (5).

(c) Let s(t) be the inverse function of

i(s) = /0 C4g2(0)3(6)do.

For the hy given in (b) the period and the quarter of period in times
o,T,t and s are given in Table 1.

Proof. The proof of the statement (a) follows by the definition of (&1 (o), n1(0)),
(&2(7),m2(7)) together with the fact that the initial conditions satisfy the
equations (11) and (13).

Note that when we consider the time ¢ the periodic solutions (&1 (o), n1(0))
and (£2(7),m2(7)) possess periods T (h1, a,v) and T (hg,, V), respectively.
Therefore, there exist a periodic solution of system (5) because

(14) pT1(h1, a,v) = qTz(he,v,v),

for some p,q € N coprime. Solving equation (14) we obtain the expression
given in statement (b). Note that the time ¢ = T'/4 corresponds to the time
o = 0*/4, and similarly for the times 7 = 7%/4 and s = S*/4. Furthermore
system (8) is invariant under the symmetry

(§1,m,0) = (=&1,m, —0).

Therefore the function & satisfies &1(0) = —&1(—0), i.e., 2(0) is an even
function. Therefore the period of &2 is given by /2 and we get

T /2 /4
T = /0 4% (0)do = 2 /0 4% (0)do = 4 /0 483 (o) do.

On the other hand we have

/4 T, T

po /4 o
t(c*/4) = /0 4€3(o)do zp/o 4¢3 (0)do = Py =T

Therefore the time ¢ = T'/4 corresponds to the time o = ¢*/4. Analogously
we get that t = T'/4 corresponds to the time 7 = 7*/4 and statement (c) is
proved. O

Observe that by statement (c¢) of Proposition 3 we have that dt/ds > 0
when there are no collisions, and zero in the binary collisions. Therefore the
inverse function s = s(t) exists always that the system has no triple collision,
and it is differentiable if there is no binary collisions. As in the uncharged
case studied in [5], page 128, the number p in Proposition 3 represents the
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number of binary collisions between m; and mo, and the number ¢ the
binary collisions between the particles mo and ms.

We stress that the main objective of this paper is to analyse the peri-
odic orbits of system (4) satisfying the energy relation G = 0. So the next
proposition provides the initial conditions in order to prove that the solu-
tions of system (4) are symmetric. Consider the initial conditions given in
Proposition 3.

Proposition 4. The following statements hold.

(a) If p and q are odd then the solution ¢(s) given in Proposition 8 with
iniatial conditions

either &0 =0, &4 = | /—th’ N0 = V8a(l —v), ny =0,

(6%
or ff():\/_i]“,&o:(), nmo =0, 59 = /87,

s a S1o-symmetric periodic solution.
(b) If p is odd and q is even then the solution ¢(s) given in Proposition
3 with initial conditions

eith@r fTO - O, ggo - 7710 \/ 7720 — 0

or 510:\/_7hl)§20:\/_7h2a’710:077720:()’

is a S13-symmetric periodic solution.
(¢) If p is even and q is odd then the solution ¢(s) given in Proposition
& with initial conditions

. * / «Q * * * /
either 510 = ju 520 = 07 ?710 = Oa 7720 = 87”7

or &0 = \/ 520 \/ 7710_0 N30 = 0,

18 a Saz-symmetric periodic solution.

Proof. Consider the solution ¢(s) = (£1(0(s)), &2(7(s)), m(o(s)), n2(7(s))) of
system (4). The proof follows evaluating ¢(s) at times s = 0 and s = S*/4,
as given in Table 1. O

Remark 1. Note that the Levi-Civita transformation duplicates the number
of orbits. Hence it is sufficient to consider the positive square roots of the
atial conditions given in Proposition 4.
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6. THE CONTINUATION METHOD AND THE SYMMETRIC PERIODIC
SOLUTIONS

For the initial conditions provided in Proposition 4 we have Si2-, Si3-,
Sas-symmetric periodic orbits for system (4) when p = 0. To provide sym-
metric periodic orbits for small positive values of ;1 we apply the continuation
method of Poincaré.

6.1. Sio-symmetric periodic solutions. By Proposition 4 the solution

90(87 5107 5207 1105 7720, (a7 B? YV, ,LL)) of SyStem (4) for n= Oisa SlQ_SymmetriC
if the initial conditions satisfies

(a) either &(0) = 0, &(0) = &3, 11(0) = n7g, 12(0) = 0;
(b) or £1(0) = &, &2(0) = 0, m1(0) = 0, n2(0) = 13¢;

for fixed values of «, 3,~,v and h.

6.1.1. Case (a). By statement (a) of Proposition 1 we have that the solu-
tion ¢ is a Sie-symmetric periodic solution of the charged collinear 3-body
problem with period S satisfying the energy condition G = 0 if and only if

&2(5/4; &20,mo, (a, 8,7, 1)) =0,
m(S/4; &0, mo, (o, B, 7, 1)) =0,
G(&20,m0, (o, 8,7, 1)) =0.

The solution of the last equation in terms of 79 is given by

o = \/8a(1 — (1 - V)'

1—pv

Thus the solution ¢(s; 0, £20, M10, 0, (o, 8,7, v, @) is a S1a-symmetric periodic
solution of system (4) that satisfies G = 0 if and only if

52(5/4;520,(a,5,%ﬂ)) = 07
771(5/4§5207(04757%.U)) =0.
Statement (a) of Proposition 4 provides additional information on the initial

conditions and on the numbers p and ¢, see Table 1, for these symmetric
periodic solutions. Thusif p = 2m+1, ¢ = 2k+1, S = S* = s(pT1(h1,@)) =

s(qT2(h2,7)), &20 = 1/ih and 119 = /8a(l — v), with m and k positive
—ha
integers, then ¢(s;0, &0, M10,0, (o, 8,7, 1,0)) is a Sie-symmetric solution of
system (4) for p = 0 and the energy level H = h = h; + hg satisfies the
2 1

. pa\? T—wv\3 . . .
condition hy = [ =— | hg | —— | given in statement (b) of Proposition
ay v

3. Our objective now is to extend this solution to ;1 > 0 and small. Applying

(15)



14 LLIBRE J. AND TONON D.J.

the Implicit Function Theorem to system (15) in a neighbourhood of a known
solution we have that if

06 06

O0s 0%

1

16) Om - Om || g4 70

Os 00 || g9 =¢3

o =0

then there exist unique analytic functions €29 = &20(p) and S = S(u) defined
for p > 0 sufficiently small that satisfy

(1) &0(0) = &, and S(0) = S*,
(73) and ¢(s;0,&20, 70,0, i) is a Sie-symmetric periodic solution of (4)
with period S = S(u) satisfying the energy condition G' = 0.

Note that the derivatives 0§2/0s and 0n;1/0s are obtained evaluating the
right hand of system (4) for p = 0, s = S*/4 and with the initial conditions

(0,509,110, 0). So

9& 1 9 o [8y
s =57/4 = -m&i| s = s*/4 = (=)= — #0,
ds 20 =&5 v &0 =&5 hT v
n =0 o =0
and
om
P s =S5*/4 = 8h2§2| s =8*/4 = 0.
Sl &0 =63 &0 =£&5
I =0 o =0

Therefore it remains to calculate dn; /082 evaluated at s = S*/4, {a0 = &5
and p = 0. We obtain this value derivating the solution of system (5)

771(0—(3); 07 5205 o, O)a

with respect to the variable &0, where the initial conditions &;(0) = 0, &(0) =
€20, m(0) = n10, m2(0) = 0 satisfy the energy relation G = 0. So

87]1(0(8);07520777107070) i _ (87]180(5) n 87’]1)
920 o do 0&o 00

s
£
0

-
&20 =&
M =0

S
&20
m

By (7) we get the relationship between &0, 7 and o

& (o)do = &(r)dr.

Integrating this equation and assuming that ¢(0) = 0 and 7(0) = 0 we
obtain the relation between o(s) and 7(s), i.e.

}M (\/72h1(1 —v)sin(2wyo(s)) — 8h10(3))

(17) 9 V2v sin(2waT(5))
_520 - \/—7h2

+ 87(3)) =0,
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| —8h [ —8h
where wy = 1 8 ot , Wy = 8 2 , ho = ———and h; = h— ho. Derivating
—v’

implicitly equation (17) with respect to the Varlable &0 we obtain

(om0 _ mgyTw
920 )| & = §;0/4 420 (—hg)3?
A
From (8) and (10) we get
om
(80’) s =5*/4 — (_1)m+18\/7}117
€20 =&39
I =0
and
(am ) _ Lyt Ty =2k
O )| & 28/ hav/o
2 =0
So
<8771(U(5);0,§2077710,070)> _ (—1ymt 21h1gy/—2yvhy
920 o = %U/ ! hav/a '
w =0
Finally the determinant (16) is given by
(—1)ktm(2h 4+ 1)2 TV =M M _
2

Therefore we conclude that the determinant is zero if and only if ay = 0.

6.1.2. Case (b). As in the previous case, from the second part of statement
(a) of Proposition 1 we have that the solution ¢ is a S2-symmetric periodic
solution with period S satisfying the energy condition G = 0 if and only if

&1(5/4; &0, m20, (. 8,7, 1)) =0,
n2(5/4; §10, m20, (v, B, v, 1)) =0,
G(&10, 720, (@0, B, v, 1)) =0.
The solution of G = 0 in terms of 79 is given by
1o = $yv(l —p)
NTETED

So the solution ¢(s;&10,0,0, 720, (e, 8,7, v, 1)) is a Sie-symmetric periodic
solution of system (4) that satisfies G = 0 if and only if

51(5/4;5107«175777“’)) = 07
772(5/495107(@,/6,%,11)) =0.

Again by statement (a) of Proposition 4 we obtain the initial conditions and
the numbers p and ¢ to have symmetric periodic solutions (see Table 1),
ie.p=2m+1,¢=2k+1,5 =5 = s(pTi(h1,a)) = s(¢T2(h2,7)), & =

(18)
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ih’ M50 = /8w, for p = 0 and the energy level H = h = hy + ho
' 2 1 1
3 — 3
satisfies the condition h; = <pa) ha (V given in statement (b)
v
of Proposition 3. As in the previous case applying the Implicit Function
Theorem to system (22) in a neighborhood of a known solution we have
that if

o6 o8
Jds 0O
(19) o2 3%20 # 0,
ds 910 Zlo — ?;0/4
% =0

then there exist unique analytic functions £19 = &10(p) and S = S(p) defined
for p > 0 sufficiently small that satisfies

(1) €10(0) = &7 and 5(0) = 57,
(73) and ¢(s;&10,0,0,1m20, 1) is a S1a-symmetric periodic solution of sys-
tem (4) with period S = S(u) satisfying the energy condition G = 0.

In the same way as we work in the previous case we obtain

851 2k+m 8av
| s =S8*/4 = (_1) T # 0,
Os | ¢o ¢ hoV1—v
Iz =0
and 5
12
== _su =0,
s =S"/4
s 10 =&5,
I =0

So it remains to calculate On2 /01 evaluated at s = S*/4, &9 = &y and p =
0. This derivative is obtained derivating the solution 72(7(s); &10, 0, 0, 1720, 0)
of system (5) evaluated in &19 = &, £2(0) = 0, 71(0) = 0, 12(0) = 1720, s =
S*/4 and satisfying the energy relation G = 0. Then

In2(7(s); €10, 0,0, 120, 0) _ (am or(s) am)
910 /! or 00 9o
0

s * s —
‘Sl[l T() ‘Sl() = 5{()
n =0

”w

As in the previous case we obtain

(5772(7(5); &10, 0, Om20, 0))
910

i hopm | —8aha(1 —v)
h1 Y ’

S*/4 = (—1)
3
0

210
I
and the determinant (19) is given by

SpTra
(_1)k+m+1T1 /—’yhg )

Therefore we conclude that this determinant is zero if and only if ay = 0
and Theorem 1 is proved.
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6.2. Si3-symmetric periodic orbits. By Proposition 4 the solution ¢(s; 10,
€20, 110, 120, (@, 8,7y, v, 1)) of system (4) for p = 0 is a Siz-symmetric if the
initial conditions satisfies

(a) either £1(0) = 0, &(0) = &34, 11(0) = 17y, 72(0) = 0;
(b) or £1(0) = &3y, §2(0) = &3, m(0) = 0, 12(0) = 0;

for fixed values of o, 8,7, v and h.

6.2.1. Case (a). By statement (b) of Proposition 1 we have that the solu-
tion ¢ is a Siz-symmetric periodic solution of the charged collinear 3-body
problem with period S satisfying the energy condition G = 0 if and only if

771(3/45520777107(Oéa/B;%,u)) = 07
772(5/4;520,7710,(OZ,IB,")/,[L)) = 03
G(§2077]107(0757%M)) =0.

Solving the last equation in terms of 779 we obtain

o — \/8a(1—u)(1—V).

1—pv
Then the solution ¢(s; 0, £20, 110, 0, (e, 3,7, v, 1)) is a S1a-symmetric periodic
solution of system (4) that satisfies G = 0 if and only if

771(3/455207(04;ﬁ77aﬂ)) :07

772(5/4;520,(04,/8,%/1)) = 0.

Statement (b) of Proposition 4 provides the initial conditions and numbers p
and ¢, see Table 1 in order that these periodic orbits are symmetric, i.e. p =

2m+ 1, ¢ = 2k, S = §* = s(pTi(h1, ) = s(qTa(ha, 7)), E20 = \/_ThQ and

mo = /8a(l — v), with m and k positive integers, then ¢(s; 0, {20, 710, 0, (o, 5,
v,1v,0)) is a Sy3-symmetric solution for system (4) for u = 0. Moreover, the

(20)

2 1
. " pa\ 3 1—v)\3
energy level H = h = hi+ho satisfies the condition hy = | =— | ho
qy v
given in statement (b) of Proposition 3. Our objective now is to extend this

solution for g > 0 and small. Applying the Implicit Function Theorem in
system (20) in a neighborhood of a known solution we have that if

Om  Om
ds 080
0s 09y 220 - 550/4
n =0

then there exist unique analytic functions 729 = 120(¢t) and S = S () defined
for p > 0 sufficiently small that satisfies
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(1) 1720(0) = 0 and 5(0) = 5%,
(73) and ¢(s;0,&20,M10,0, 1) is a Si3-symmetric periodic solution of sys-
tem (4) with period S = S(u) satisfying the energy condition G = 0.

As in the previous case we get that

om 8y
8n o msa = (DT —ad £ 0,
S| g0 = &30 ha
Iz =0
and
0 2 8«
8i s =S87/4 = (_1)k+2m+1* vV —7h2 # 0.
S| g0 = &30 ha
Iz =0

Now we have to calculate the other two derivatives 0n; /0820 and 0na/9E20
evaluated at s = S*/4,&0 = &, and p = 0. We obtain these values
derivating the solutions 71 (o(s);0,&20, M10,0) and 72(7(s); 0, €20, 110,0) of
system (5) with respect to the variable £s9, where the initial conditions
£1(0) = 0, &(0) = &20, m(0) = m10, 712(0) = 0 satisfy the energy relation

G=0. So
Im (a(s); 0,20, M10,0) _ (Om do(s) = Om
o s =5 T\ Do 06w | O )|z, 25N
20 £20 =65, 20 20 &20 =&5
123 =0 " =0
s Flyp2
_1)mHlgp or
()h21<1 —v)\/ —ahi[mgy\/2yv + 47%(«/77/]12)]7
and
In2(7(); 0, €20, 7110, 0) o (8772 or(s) Oy > *
920 e ol or 90  0&0/| ¢, if;o/ ‘
Iz =0 M =0

is

or
(=1 16/ —yha - (v/=7/h2).
Therefore determinant (21) is given by

2cvhq
ha
Hence we conclude that the determinant is zero if and only if ay = 0.

(—1)k+m167rq’y

6.2.2. Case (b). From the second part of statement (b) of Proposition 1 the
solution ¢ is a Si3-symmetric periodic solution with period S satisfying the
energy condition G = 0 if and only if

51(5/4;61075207(aaﬁa/y;:u)) :07
772(5’/4;5105620) (avﬁvvvﬂ)) = 07
G(§107£207 ((X?ﬁ?%li)) =0.
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Therefore the solution of the equation G = 0 in terms of £ is given by

t ahy — hi(y + Bp) + /(aha)? + 2hihea(y — Bu) + h3(y + Bu)?
0 = 2h1ho '

So the solution ¢(s;&10,0,0, 720, (e, 8,7, v, 1)) is a Sig-symmetric periodic
solution of system (4) that satisfies G = 0 if and only if

51(5/4;510,(04,5,%M)) = 0,
772(3/4;5107(0575777:“)) = 0.

Again by statement (b) of Proposition 4 we have the initial conditions and
the numbers p and ¢ (see Table 1) in order to the solutions are symmetric,
ie. p=2m+1,q =2k 5 =5 = s(pTi(hi,a)) = s(qlr(h2,7)), &y =

%77750 = /8vv, for p = 0. Furthermore the energy level H = h =
—h1

(22)

2 1
. _ pa)3 1—v\3 . .
h1+ ho satisfies the condition hy = | — | ho | —— given in statement
qvy v

(b) of Proposition 3. As in the previous case applying the Implicit Function
Theorem to system (22) in a neighbourhood of a known solution we have
that if

SIS
0s 0¢
. o O 0
s 8510 210 i §f0/4
m =0

then there exist unique analytic functions &9 = &10(p) and S = S(p) defined
for p > 0 sufficiently small that satisfy

(2) &10(0) = & and S(0) = S¥,
(73) and ¢(s;&10,0,0, 120, 1) is a S13-symmetric periodic solution of sys-
tem (4) with period S = S(u) satisfying the energy condition G = 0.

Analogously to the previous case we obtain

91 oktm V| S«
g6l Cgey, = (=1 L [ L,
0s 210 ;?IM ( ) ho 1—1/#
Iz :00
and
oz
— _oryy =0.
s =5%/4
95| ¢y —giy
" =0

So it remains to calculate 0 /0&1¢ evaluated at s = S*/4,&10 = &y and p =
0. This derivative is obtained by derivating the solution n2(7(s); €10, £20, 0,0, 0)
of system (5) evaluated in &9 = &, and s = S*/4 with initial conditions

10 = &10, £2(0) = &20, m(0) = 0, 72(0) =0
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satisfying the energy relation G = 0. Then

Ona(7(8); §105 €20, 0,0,0) _ <6172 or(s) N 8172>
910 s =574 or 010 010 2 =s*/4

&0 =&5 10 =&

As in the previous case we obtain that

8772(7-(8); 5107 5207 07 07 O)
d¢10

s =5"/4
10 =¢&5,

_1\k T
(2%9“—1)’“*’”&7— V01— ),

and determinant (23) is given by

<—1>’f+m+1ﬁg“<<—1>’“+mw /(L= 1) + /8713 ).

Therefore we conclude that this determinant is zero if and only if either
ay =0, or k+m is odd and ay = —8(1 — v)h3. So, Theorem 2 is proved.

is

6.3. Saz-symmetric periodic solutions. By Proposition 4 the solution

©(8; €10, €20, M0, 120, (v, B, ¥, v, 1)) of system (4) for = 0 is a Szz-symmetric
if the initial conditions satisfy

(a) either & (0) = &7g, £2(0) = 0,71(0) = 0,72(0) = 13¢;
(b) or £1(0) = &p,§2(0) = &30, m1(0) = 0,72(0) = 0;

for fixed values of a, 3,7, v and h.

6.3.1. Case (a). By the statement (c) of Proposition 1 we have that the
solution ¢ is a Sy3-symmetric periodic solution of the charged collinear 3-
body problem with period S satisfying the energy condition G = 0 if and
only if
51(5/4;510,7]20,(Oéaﬁ,%ﬂ)) = 07
7]2(5/4;&10,7720,(Oé,,B,"}/,,U)) - 03
G(£207n107(a75777u)) =0.

Solving the last equation in terms of 719 we obtain

8yv(l —p)

20 = -+

So the solution ¢(s;&10,0,0, 720, (e, B,7,v, 1)) is a Seg-symmetric periodic
solution of system (4) satisfying G = 0 if and only if

51(5/4;5107(a7ﬁ777u)) = 07

772(3/4;5107(0575777:“)) = 0.

(24)
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Statement (¢) of Proposition 4 provides the initial conditions and the num-
bers p and ¢, see Table 1 in order to the periodic orbits be symmetric. More
precisely, if p = 2m, ¢ = 2k + 1, S = S* = s(pTi(h1,a)) = s(qT2(h2,7)),
. @
o = Th
©(s5;€70,0, 0,150, (o, 5,7, 1,0)) is a Saz-symmetric solution for system (4)
for g = 0. Moreover the energy level H = h = hj + ho satisfies the condition

and 73, = /8yv, with m and k positive integers, then

pa) 3 1-v\3 | . "

hi = (— | hs given in statement (c) of Proposition 3. Our
qy v

objective now is extend this solution for ¢ > 0 and small. Applying the

Implicit Function Theorem in system (24) in a neighbourhood of a known
solution we have that if

9% 96

ds  9&10

Ony Oy LT
ds 0o || ¢, za/

then there exist unique analytic functions 1719 = m10(¢) and S = S(u) defined
for p > 0 sufficiently small that satisfy

(Z) ?710(0) =0 and S(O) = S*,
(73) and ¢(s;&10,0,0, 7920, 1) is a Saz-symmetric periodic solution of sys-
tem (4) with period S = S(u) satisfying the energy condition G = 0.

We have
0&1
bt} e, =0
Os| &, Zg/t
N :010
and
92 k18,
Js | ® = S*/4 = (-1) e —7vha # 0.
10 =&, 1
o =0

So we have to calculate the derivative 0&1 /010 evaluated at s = S*/4, &9 =
&lo and o = 0. As in the previous cases we obtain that

861(0(3);510707077720) ) _ (8&180(8) +8€1>
910 o/ do 90 O&io

3
0

s =5"/4
&0 =&7o
M =0

n

is (—1)™*!. Now determinant (23) is

(_1)m+ki£ /_,th.
1

Therefore we conclude that the determinant is zero if and only if ay = 0.
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6.3.2. Case (b). From the second part of statement (c) of Proposition 1 the
solution ¢ is a Sez-symmetric periodic solution with period S satisfying the
energy condition G = 0 if and only if

51(3/4;51075207(a7ﬁ777u’)) :07
52(5/4§5107520a(04757’77#)) :07

G(£107€207(a75777u)) =0.

The solution of the equation G = 0 in terms of &y is given by

e =) M2t Bu) & V (@hg)? + 2hihsa(y = Bp) + hi(y + Bp)?
0 2h1hy '

So the solution ¢(s;&10,£20,0,0, (o, B,7,v, 1)) is a Seg-symmetric periodic
solution of system (4) that satisfies G = 0 if and only if

£1(S/4; €10, (o, 8,7, 1)) =0,
52(5/45510,((1»57%11)) =0.

Again by statement (c¢) of Proposition 4 we have the initial conditions and
the numbers p and ¢ (see Table 1) to have symmetric periodic solutions.
That iS, b= 2m7 q= 2k + 17 S=5"= S(pT1(h1,Od)) = S(qTQ(h27’Y))7 gikO -

s /ih,f’go =, /ih, for 4 = 0. Furthermore the energy level H = h =
—h —ha

2 1
. . pa) 3 1—-v\3 | .
hi1+ ho satisfies the condition hy = | — | ho given in statement
q v

(25)

(c) of Proposition 3. As in the previous case applying the Implicit Function
Theorem to system (25) in a neighborhood of a known solution we have that
if

9% 04
Ds D¢
(26) 3 35120 # 0,
s 0o | &, = 20/4
" =0

then there exist unique analytic functions £19 = &10(p) and S = S(u) defined
for p > 0 sufficiently small that satisfies

(7) &10(0) = & and S(0) = S¥,
(73) and ¢(s;&10,£20,0,0, 1) is a Sasz-symmetric periodic solution of sys-
tem (4) with period S = S(u) satisfying the energy condition G = 0.

Working as in the previous cases we get

o6
832

10 =&
=0
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98 = (~1)* V8o [y
Os | ¢ 555/4 a hy v
0

&10 0
M

and

So it remains to calculate 0&1/0&1o evaluated at s = S*/4, &9 = &y and p =
0. This derivative is obtained derivating the solution &;(o(s); €10, €20, 0,0, 0)
of system (5) evaluated at &19 = &} and s = S*/4 with initial conditions

€10 = €10, £2(0) = 20, m(0) = 0, 172(0) =0
satisfying the energy relation G = 0. Then

961(0(s); §105€20,0,0,0) _ <6£180(s) N (%1)
9§10 s =54 do 0&1p €10 z =s* /4

10 =¢&5 10 =&

As the previous case, we obtain

0&1(0(5);&10,&20,0,0,0)
010

s =S5%/4
§10 =&

is (—1)™, and determinant (26) is given by

8y
-1 k+mg -
(L

Therefore we conclude that this determinant is zero if and only if ay = 0.
This completes the proof of Theorem 3.

7. CONCLUDING REMARKS

In this paper we study the periodic solutions of the collinear charged
3-body problem which are Sjo-, Si3- and Sa3- symmetric. Applying the
continuation method of Poincaré we obtain that six families of symmetric
periodic orbits can be extend from p = 0 to small positive values of p. In [5]
it was studied a similar problem, but in that paper the bodies are uncharged
and applying the continuation method of Poincaré only three families of
periodic orbits can be extended from g = 0 to p small and positive.

If we consider that families the values of the charges g1, g2, g3 tends to zero
then, for each symmetry S;; considered, we observe that one of the families
of periodic orbits converge continuously to one of the families of periodic
orbits given in [5], and the other one the continuation method cannot be
applied because the determinant of the partial derivatives of the system is
zero. In fact, the expression of the charges ¢; in terms of the parameters
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«, 3,7, i, v are given by

—B+0-v)
p((p =1 —1) —a)
Q1(Oz,5,%,u,u) = \/aﬂy+u+y1
v+ (uw—1)v
_ (a—pv+p+v—1)((H+ (p—1)p)
q2(a’6’/}/"u, V) _\/ _B+(1 —V)V ’

Q3(aaﬂ57;ﬂ,V) ——M\/pH—\/ B+ l/—].)l/

a—puw+p+v—1

The charges ¢1,q2 and g3 are zero for the value of parameters a = o* =
(n—1)(w—-1),8=p"=(1-v)vand vy =~* = v(1 — p). Considering these
values of parameters, we have that determinant (16) is

(= 1)+l 8rv(2k +1)\/—h1(1 —v)

ho ’

which is distinct of zero and therefore it is possible to perform the continu-
ation method of Poincaré. With the values of parameters o, 8* and v* the
initial conditions given in statement (a) of Theorem 1 are £3(0) = \/—v/h2

and 71(0) = v8(v — 1) that coincide with the initial conditions of the Sjo-
symmetric periodic solution given in Theorem 5.1 of [5].

However for statement (b) of Theorem 1 the determinant (19) with the
parameters o, 8* and v* is zero. The same happens for the others periodic
symmetric orbits with symmetries Si3- and Sos-.
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