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New variational principles are given for the two-dimensional interactions between gravity
driven water-waves and a rotating and translating rectangular vessel dynamically coupled
to its interior potential flow with uniform vorticity. The complete set of equations of
motion for the exterior water waves, and the exact nonlinear hydrodynamic equations of
motion for the vessel in the roll/pitch, sway/surge, and heave directions, and also the full
set of equations of motion for the vessel’s interior fluid, relative to the body coordinate
system attached to the rotating-translating vessel, are derived from two Lagrangian
functionals.

1. Introduction

LUKE (1967) presented a variational principle for the classical water-wave problem
described by equations

AP :=Pxx +Pyy =0 for —H(X)<Y <I(X,t),
&+ 3VP - VO+gY =0 on Y=I(X1),

Py =I+PxIxy on Y =I(X,1),

by +PxHx =0 on Y =-H(X),

(1.1)

where (X,Y) is the spatial coordinate system, @ (X,Y,¢) is the velocity potential of
an irrotational fluid lying between ¥ = —H (X) and Y = I'(X,t) with the gravity
acceleration g acting in the negative Y direction. In the horizontal direction X, the fluid
domain is cut off by a vertical surface X which extends from the bottom to the free
surface. Then Luke’s variational principle reads

ta Xo F(X,t)
SL(P, ) = 5/ / / —p (P +4VP- VP + gY)dYdXdt =0, (1.2)
t1 X1 7H(X)

with variations in @ (X,Y,t) and I' (X,t) subject to the restrictions ¢ = 0 at the end
points of the time interval, ¢; and t5. In (1.2) the gradient vector field is denoted by V,
and p is the water density.

MILOH (1984) presented an extension of Luke’s variational principle for water waves
interacting with several bodies on or below a free surface which oscillate at a common
frequency. VAN DAALEN (1993) and VAN DAALEN AND VAN GROESEN AND ZANDBERGEN
(1993), hereafter DGZ, extended the Hamiltonian formulation of surface waves due to
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ZAKHAROV (1968), BROER (1974), and MILES (1977) to water waves in hydrodynamic
interaction with freely floating bodies starting from a variational principle of the form

t2 ta
oL = 5/ / —p (@ + 1VS VP + gY) d2dt + 5/ (KEesse! — pEves=el) at o),
t1 Q(t)

t1

(1.3)
where KE"**¢! is the kinetic energy of the vessel and PE"®**®’ is the potential energy
of the vessel. In this action integral the system under consideration, {2 (t), consists of a
fluid, bounded by the impermeable bottom Y = —H (X), the free surface Y = I' (X, ¢),
and the wetted surface S of a rigid-body. In the horizontal direction X, the fluid domain
is cut off by a vertical surface X at X = X, X5 which extends from the bottom to the
free surface. DGZ used this Lagrangian action to derive the complete set of equations of
motion- i.e. equations (1.1) and the hydrodynamic equations of motion for the rigid-body.
But they did not present the exact nonlinear equations for the rigid-body motion, due to
the approximation in their definition for the body angular velocity in KE****!. Compare
the second term in equation (3) of DGZ with the third term in the last line of equation
(1.4). Also the second term in the last line of equation (1.4) is absent in equation (3) of
DGZ. vAN GROESEN AND ANDONOWATI (2017) presented a Boussinesqg-type Hamiltonian
formulation for wave-ship interactions.

The variational principle presented by DGZ was for an empty rigid-body in hydrody-
namic interaction with exterior water-waves. But in the present article, in order to take
into account the coupled dynamics between fluid sloshing in a vessel while in an ambient
wave field, with coupling to the vessel motion, the second part of the variational principle
(1.3) should be modified to include the kinetic and potential energies of the interior fluid.
To do this, we first present the general form of a three-dimensional Lagrangian action for
a rigid-body with interior fluid motion, and then in §3 we show that how a reduced two-
dimensional version of this functional can be derived for the purposes of this paper. ALEMI
ARDAKANI (2010) derived the exact form of a three-dimensional Lagrangian action for
a rigid-body containing fluid which undergoes 3D rotational and translational motions.
The action integral takes the form

L(w,q) = /:2/, (KEfluid _ PEfluid) A dt + /t2 (KEvessel _ PEUessel) dt

ty
to
:/t /Q (% ||5<||2+>'<~(wx(x+d)+QTq)+QTq.(wx(X+d))+%||q”2

o (I +dPT= (x+d) @ (x+d))w—g(Q(x+d) +a) - By) pdedt

to
[ (Bmllal + @ xom,) - QTa+ L~ mg (QK, + ) Ba) .
ty

(1.4)
where the body frame which is attached to the moving rigid-body has coordinates x =
(z,y, 2), the distance between the centre of rotation and the origin of the body frame
is d = (dy,d2,ds), the fluid-tank system has a uniform translation q (t) = (q1, g2, q3)
relative to the spatial frame X = (XY, Z), integral is over the volume (2’ of the interior
fluid, ® denotes the tensor product, I is the 3 x 3 identity matrix, I, is the dry vessel
mass moment of inertia relative to the point of rotation, m,, is the mass of the dry vessel,
and X, = (Ty, T, Zv) 18 the centre of mass of the dry vessel relative to the body frame,
E; is the unit vector in the Y direction, and w (t) = (w1 (t), w2 (t),ws (t)) is the body
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angular velocity vector with entries determined from the rotation tensor Q (¢) by

. 0 —Ws wo
QTQ = w3 0 —Wi| = .
—Wy w1 0

The convention for the entries of the skew-symmetric matrix @ is such that @r = w x r for
any r € R3. The relation between the spatial displacement and the body displacement,
and the relation between the body velocity and the space velocity are, respectively

X=Q(x+d)+q and X:Q(X—i—wx(x—i—d)—l—QTQ). (1.5)

This formulation is consistent with the theory of rigid-body motion, where an arbitrary
motion can be described by the pair (Q (t),q (¢)). The exact equations of motion for the
rigid-body can be derived from the Lagrangian action (1.4).

The interest in this paper is to derive a coupled variational principle for two-
dimensional interactions between water-waves and a floating rectangular vessel with
interior fluid motion which gives the exact nonlinear Euler-Lagrange equations for
the coupled dynamics. The vessel is free to undergo roll/pitch motion (), sway/surge
motion (q1), and heave motion (g2) which are rotation about the centre of rotation in
the Z—direction relative to rest keel, horizontal displacement along the X —axis, and
vertical displacement along the Y —axis, respectively. It is shown in §3 that adding
Luke’s Lagrangian action (1.2) to a two-dimensional variant of the Lagrangian action
(1.4) gives

ta
SL(D,T,0,q1,q2) = 5/ / —p (B + 1VS - VP + gY) d2dt
t1 .Q(t)

to L pn(x,t)
+6 (/ / [2 (62 + 62) + bu (1 cos O+ Gosin @) + L (¢F + ¢3)
t o Jo
+¢y (—¢15in6 + ga cos ) — g (sin @ (z + d1) + cos 0 (y + d2) + ¢2)] pdydzx
+4my (47 + 3) — muy,0 (41 cos O + ga sin 0) + m,T,6 (—qa sin 6 + gy cos 0)

+imy (T2 +72) 02 — myg (T, sinf + 7, cos  + qz)) dt =0,

(1.6)
where (2 (t) is defined as in (1.3), L is the length of the vessel, n (x,t) is the fluid height
relative to the body coordinate system (x,y) which is attached to the moving vessel,
(Tv,7,) is the centre of mass of the dry vessel relative to the body frame, m, is the mass
of the dry vessel, (dy,ds) is the distance between the centre of rotation and the origin
of the body frame, and ¢ (x,y,t) is the velocity potential for the interior fluid motion,
yet to be determined. See Figure 1 for a sketch of the coordinate systems. The second
part of (1.6) is kinetic and potential energy of all domain, for the fluid in the vessel in
moving coordinates such that the extra fictitious forces emerge. The Lagrangian action
(1.6) can be used for derivation of the set of equations of motion for the classical water-
wave problem (1.1) and also the hydrodynamic equations of motion for the rigid-body
in the roll/pitch, sway/surge, and heave directions.

The second variational principle is a variant of Luke’s variational principle (1.2) for
the vessel’s interior rotating-translating fluid motion. It is shown in §2 that the complete
set of equations for the interior fluid motion relative to the body coordinate system can
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FIGURE 1. Diagram showing coordinate systems for rotating-translating vessel. The coordinate
system (X’,Y”’) is the translation by q = (q1,q2) of the fixed coordinate system (X,Y). The
distance from the centre of rotation to the origin of the body coordinate system (z,y) is

d = (d,ds).
be obtained from the Lagrangian action

n(z,t) . .
e = 5[ / / Gt AV0- Vo4 (y+dr) 0 — (e + i) 6,
3:+d1)( gsmﬁfqlcosﬂfqgsm&)

+§ (y +d2) (—gcos O + Gy sin @ — g, cos 9)] pdydxdt = 0.
(1.7)

The paper starts with derivation of a variational principle for the fluid motion in a
rotating-translating rectangular vessel in §2. In §3 a variational principle is presented
for interactions between the exterior water-waves and the rigid-body containing fluid.
The exact nonlinear hydrodynamic equations for the rigid-body motion are derived. The
paper ends with concluding remarks in §4.

2. A variational principle for the interior fluid motion

The configuration of the fluid in a rotating-translating vessel is shown in Figure 1. The
fluid occupies the region 0 < y < n(x,t) with 0 < < L. The two-dimensional Euler
equations relative to a rotating-translating coordinate system (x,y) given by ALEMI
ARDAKANI AND BRIDGES (2012) are

D 1 . .. .

?:: ;% = —gsin®+20v+0(y+dy) + 62 (x4 dy) — §1cosh — Gasinf,

D 1 . .. .

F: pgz = —gcosh—20u— 6 (x+di) + 0% (y+ds) +Grsind — Gacosd, (2.1)
ou o _
oxr oy

where Du/Dt = w;, + uu, + vu,. The velocity field (u,v) is relative to the body frame
and p is the pressure field. Relative to the body frame, the boundary conditions are

u=0 at z=0 and z=L, v=0 at y=0, (2.2)
and
p=0 and m+un,=v, at y=n(zt), (2.3)

where the surface tension is neglected in the boundary condition for the pressure. The
vorticity V = v, — u, satisfies the equation DV/Dt = —26.
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Now we introduce a velocity potential ¢ (x,y,t) such that
u(x,y,t) :¢E+0(y+d2) and ’U(.’L‘,y,t) :¢y_9(x+d1) . (24)

The velocity field in (2.4) satisfies the vorticity equation. The vorticity is constant in
space and satisfies V = —26. Substitution of (2.4) into the continuity equation in (2.1)
leads to Laplace’s equation for ¢ (x,y,t)

Gzz+Oyy =0 in 0<y<n(z,t), 0<z<L, (2.5)
and substitution of (2.4) into the momentum equations in (2.1) leads to Bernoulli’s
equation for the pressure field

% + ¢y + % ((;Si + (bi) - % (x+dy)(—gsinf — ¢ cos @ — G2 sin 0)

f% (y + d2) (—gcosO + Gy sinf — go cos6) +9(y+ ds) bu 79(x +di) ¢, = Be(t) ,
(2.6)
where Be (t) is the Bernoulli function which can be absorbed into ¢ (z,y,t). Therefore

the dynamic free surface boundary condition in (2.3) at y = 7 (z,¢) becomes
o + % (d)i + qbz) +9(77 +da) ¢y — % (x+dy)(—gsinf — ¢y cosl — o sin ) @7)
—2(n+ds) (—gcos b + i sinf — G cos ) — 0 (x+d)p, =0. '

In terms of the velocity potential ¢ (x,y, t), the kinematic free surface boundary condition
in (2.3) becomes

ot (6 + 00+ d))me =0y 0w+ d) at y=n(at), (2.8)
and the rigid-wall boundary conditions in (2.2) become
bo=—0(y+dy) at z=0L, ¢,=0(x+d) at y=0. (2.9)

Following Luke, the variational principle for the interior rotating-translating fluid is

to L U(I»t)
0L (p,m) = 5/ / / p(x,y,t)dydedt = 0. (2.10)
t1 0 0

Now substituting for p (z,y,t) from (2.6) into (2.10) gives (1.7). Taking the variations in
(1.7) gives

to L . . e
6L (¢,m) =/ / ("7t + Nz — Gy + 120 (1 + d2) +9(x+d1)) 5¢|"™" pdwdt
t1 0
to L n(xz,t) to L .
+/ / / (¢zz+¢yy)5¢pdydxdt—/ / (V¢~n+9(az+d1)) 50|, _ pdudt
 Jo Jo . Jo v=
to 7 .
+/ / (—v¢-n+0(y+d2)) 59| _,pdydt
t1 0

to n ) to L
+/ / (—V¢~n—9(y+d2)) §¢’£:Lpdydt+/ / p(z,n,t)dndzdt =0.
t1 0 t1 0

(2.11)
A detailed derivation of (2.11) is given in Appendix A. From (2.11) it is obvious that
invariance of £ with respect to a variation in the free surface elevation 7 yields the
dynamic free surface boundary condition (2.7). Similarly, the invariance of £ with respect
to a variation in the velocity potential ¢ yields the field equation (2.5). Also the invariance
of £ with respect to a variation in the velocity potential ¢ at y =0, z =0, and x = L



6 H. Alemi Ardakani

recovers the rigid wall boundary conditions in (2.9). And the invariance of £ with respect
to a variation in the velocity potential ¢ at y = n recovers the kinematic free surface
boundary condition (2.8).

3. A variational principle for the exterior water-waves and the
rigid-body motion containing fluid
The complete set of differential equations for the exterior water-waves interacting with

the rigid-body in the plane can be obtained from a variant of the Lagrangian action (1.3)
which takes the form

12
5L = ¢ / —p (D4 + 3V - VP + gY) df2dt
t1 J ()

t t
+5/ 2/ (KEfluid B PEfluid) Ay dt + 5/ 2 (KEUessel o PEvessel) dt=0,
t1 4

ty
(3.1)
where the second line in (3.1) is a 2D variant of the Lagrangian action (1.4), which

can be obtained by substituting x = (u,v,0) = (qﬁgﬂ +0(y+dy), ¢y —0(x+ dl),0>,
q= (qlanaO)a W = (070a0.>a d = (d17d230)7 iv = (Evvyvvo)a and

cosf —sinf 0
Q= |sinf cosf O],
0 0 1

into (1.4). Then the variational principle (3.1) reduces to (1.6).

In order to take the variations in (1.6), variational Reynold’s transport theorem should
be used, since the domain of integration (2 is time-dependent. See FLANDERS (1973),
DANILIUK (1976), and GAGARINA AND VAN DER VEGT AND BOKHOVE (2013) for the
background mathematics on variational analogue of Reynold’s transport theorem. Then
according to the usual procedure in the calculus of variations, (1.6) for all variations in
the free surface elevation I', the velocity potential @, the vessel position q = (¢1, ¢2) and
the vessel orientation # becomes

to Xo _
5L (qs,ne,ql,q2)=/ / — (B, + VD - Vo + gY) | psrdxadt
t1 X1
to ta
+ / / P (X,Y,t) (06X, - n) dsdt — / / (0B, + V& - V6d) pdf2dt
t; JS t1 J0()

to L n(x,t)
+/ / / [dz (6¢1 cos O — ¢ 8in 650 + G2 sin 6 + o cos 650)
t; Jo Jo
+¢y (—0¢1 sin @ — ¢y cos 660 + 52 cos § — ¢2 sin 650)
+(¢16¢1 + G2042) — g (cos @ (x + d1) 00 — sin @ (y + d2) 60 + dg2)] pdydxdt

to .
+/ (mv (¢16¢1 + G2042) — My 7,00 (41 cos O + G2 sin b)

ty1

=My T, 0 (0g1 cos @ — ¢1 sin 006 + dga sin O + ¢2 cos H56)

+MyTypd0 (—G18in 6 + g2 cos0) + MyTol (—d¢1 sin @ — ¢y cos 060 + o cos O — ¢ sin 656)

+m, (T2 +72) 056 — m.g (T, cos 30 — 7, sin 50 + 5q2)) dt =0,
(3.2)
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where
P(X,Y,t):—p(@—i—%V@-V@—&—gY) on S, (3.3)

and noting that these variations are subject to the restrictions that they vanish at the
end points of the time interval and on the vertical boundary at infinity X. In (3.2) X,
denotes the position of a point on the wetted vessel surface S relative to the spatial
frame (X,Y’), and n is the unit normal vector along 92 O S. The change in X, due to
variations in q and 6 is given by

—sinf —cosf 0
0Xs = Q'x,00 +6q with Q' = | cosf —sinf 0], (3.4)
0 0 0

where x; is the position of a point on the wetted vessel surface relative to the body frame
(z,y). Taking into account the motion of {2 () we may write

d to ta Xo Y=r to .
e / / SOpdQdt = — / / noa|" =" pdxdt - / / (Xs~n) 5@ pdsdt
dt Ji, Jo t Jx t Js
- / / 850, pd 2dt .
t1 (9]

This is the same as the variational Reynold’s transport theorem but with variational
derivatives replaced by time derivatives. Noting that the left-hand side vanishes due to
the restriction 0¢ = 0 at times t = t; and ¢ = t5 this expression simplifies to

to ta Xo Y=r ta .
- / / §BipdQdt = / / noo|" =" pdxdt + / / (Xs-n) 5@ pdsdt .
t1 2 t1 X1 t1 S

(3.5)
With Green’s first identity we may write

to to to
/ / V& - VobpdQdt = / / ABSDpd2dt + / (V& - 1) 6Dpdsdt
o902

/ / ADSPpd2dt + / / —I'x®Px + dy) 5q'>| L odXdt

oD
+ / / (Ox Hy + y) 60|, pdXdt+ / / O sdbpdsdt
t1 X1 - t1 S 6774

(3.6)
Now using the expressions (3.4), (3.5), and (3.6), and integrating by parts and noting
that dq and d6 vanish at the end points of the time interval, the variational principle
(3.2) simplifies to

I,
to Xo to OP

+ / / (Ft+FXq5X — dy) 5¢| T pdXxdt + / / (X -5 >5¢pdsdt
t mn

2
- / / (PxHx + Py) 6P|, _ _,, pdXdt+ / / ADSPpd2dt
ty JX3

tz t2
+/ /P(X Y, t) (Q'xs - )59pdsdt—|—/ /P X, Y, t)n- dqpdsdt
t1 S
(3.7)
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to L n . .
+/ </ / <,¢It cos 0 + ¢,0sin 6 + ¢y sin 0 + ¢, 0 cos 0 — Gy
t1 0 0
+ (gzﬁm +0(y+ dg)) (Pya sin@ — ¢py cosb)
+ (gby —0(z+ dl)) (dyy Sin @ — ¢y, cos 9)) pdydx
—myG1 + My, (9 cosf — 6% sin 0) + My Ty (9 sin 6 + 62 cos 9)) Sqidt

to L n . .
+/ </ / (—(bwtsin@—¢1900s9—¢ytcosﬁ+¢y9sin9—(j2—g
t1 0 0
— (0 SO + by cOs ) ((;Sm YOy + dz))

— (Puy sin b + ¢y, cos ) (¢y —0(z+ dl))> pdydz
—MyGo + My, (9 sin 6 + 62 cos 9) — My Ty (9 cos ) — 6% sin 9) — mvg> dqodt

to L n
+f < | [ 60 (using + dacost) + 6, (s cost — o sine)
th 0o Jo
—g(cosf (x4 dy) —sinf (y + da))] pdydx + m, 7, (G1 cos @ + §o sin 9)

—M Ty (—G1 8N 0 + G cos0) — my, (T2 +72) 0 — myg (T, cosf — 7, sin 0)) 06dt =0.
From (3.7) we conclude that invariance of £ with respect to a variation in the free surface
elevation I" yields the dynamic free surface boundary condition in (1.1), invariance of £
with respect to a variation in the velocity potential @ yields the field equation in 2 (),
invariance of £ with respect to a variation in the velocity potential @ at Y = —H (X)) gives
the bottom boundary condition in (1.1), invariance of £ with respect to a variation in the
velocity potential @ at Y = I' (X, t) gives the kinematic free surface boundary condition

in (1.1), and invariance of £ with respect to a variation in the velocity potential & on S
gives the contact condition on the vessel wetted surface

%f:xs.n on S. (3.8)

Finally, invariance of £ with respect to variations in g1, g2 and 6 gives the hydrodynamic
equations of motion for the rigid-body in the sway /surge (q1), heave (¢z2), and roll/pitch
(0) directions, respectively, which are

L
. (my +my) Gi — /0 /077 (*éf)mt cos + ¢y sin 6 + 0 (¢g sinb + ¢, cos )
+ ((by —0(z+ dl)) (¢yy sin O — ¢gy cos 9)) pdydz

—MyT, (écos@ — 62 sin@) — My Ty (ésin&—i—éQ cos@) — / P(X,Y,t)nids =0,
s

L n .
. (my +my) (g + o) +/ / (gbxt sin @ + ¢, cos 0 + 60 (¢, cos @ — ¢, sin 6)
o Jo )
+ (¢pg SIn O + @y cos ) (qbw +0(y+ dg))
+ (¢zy Sin 0 + ¢y cosb) (qSy —0(z+ dl))) pdydx

—my T, (ésin&—i—é‘z cos@) + My Ty (écos@ —92sin9) — / P(X,Y,t)nods =0,
s
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. Lo
° My (Ei +y§)9—/ / (62 (—q1 8in 6 + g cos ) + ¢y, (—q1 cos € — g sin )

o Jo
—g(cosO(x+dy) —sinb (y + dz2))] pdydx — m,g,, (§1 cos + ¢a sin 9)
+mMy Ty (—G1 8in 0 + G2 cos 0) + my,g (T, cos b — 7, sin §)

—/ P(X,Y,t)(Q'xs-n)ds =0,
s
(3.9)
L
where P (X,Y,t) is defined in (3.3), and my = / / pdydz is independent of time.
o Jo

In summary, the equations of motion for the exterior water-waves in {2 (¢) are (1.1)
with the contact boundary condition (3.8). The equations of motion for the interior fluid
motion are the field equation (2.5) with the boundary conditions (2.7), (2.8), and (2.9)
which are dynamically coupled to the hydrodynamic equations of motion for the rigid-
body (3.9). The terms including the pressure field P (X,Y,t) in the g1, g2 equations,
and also in the 6 equation in (3.9) are the forces and moment, respectively, acting on
the rigid-body due to the exterior water-waves. Similarly the integral terms including
derivatives of ¢ (x,y,t) are the forces and moment acting on the rigid-body due to the
interior fluid motion.

4. Concluding remarks

The paper is devoted to the derivation of new variational principles for 2D interactions
between water-waves and a rigid-body with interior fluid sloshing. The complete set
of equations of motion and boundary conditions for the exterior water-waves, and for
the vessel’s interior fluid motion relative to the rotating-translating coordinate system
attached to the moving vessel, and also the exact nonlinear Euler-Lagrange equations
for the rigid-body motion in the sway/surge, heave, and roll/pitch directions, are derived
from the presented variational principles. The proposed variational principles are appli-
cable to ocean engineering problems. The exact differential equations can be used for the
coupled dynamical analysis of a freely floating ship with water on deck or with interior
fluid sloshing in the tanks which interacts with exterior water-waves.

Another interesting application of the presented coupled variational principles is for
the dynamical response analysis of floating ocean wave energy converters (WEC) such as
the OWEL wave energy converter proposed by Offshore Wave Energy Ltd, a schematic
of which can be found on the website http://www.owel.co.uk/. OWEL is a floating
vessel with variable topography and cross-section, open at one end to capture ocean
waves. Once they are trapped, the waves undergo interior fluid sloshing while the vessel
is interacting with exterior waves. A rise in the wave height is induced within the duct,
mainly due to the internal geometry of the WEC. The wave then creates a seal with the
rigid-lid resulting in a moving trapped pocket of air ahead of the wave front which drives
the power take off.

The proposed variational principles can be used for mathematical modelling of the
pendulum-slosh problem. The rigid-body equation for the pendular motion of a suspended
rectangular vessel from a single rigid pivoting rod, partially filled with an inviscid fluid
can be derived from a simplified version of the variational principle (1.6). Consider the
second part of (1.6) with g1 = g2 = 0 and take the variation with respect to 6 to obtain
the rigid-body equation. The complete set of equations of motion for the pendulum’s
interior fluid can be obtained by setting g1 = g2 = 0 in (1.7) and taking the variations
with respect to ¢ and 7.
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A direction of great interest is to use variational symplectic methods of GAGARINA
ET AL. (2014, 2016), KALOGIROU AND BOKHOVE (2016), and BOKHOVE AND KALO-
GIROU (2016) to develop energy preserving numerical solvers for the proposed variational
principles (1.6) and (1.7) for interactions between ocean waves and floating structures
dynamically coupled to interior fluid sloshing, and also for the variational principle (1.7)
for the problem of fluid sloshing in vessels undergoing prescribed rigid-body motion in
two-dimensions.
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Appendix A. Proof of the variational principle (2.11)

According to the usual procedure in the calculus of variations, (1.7) becomes

to L (:D,t) .
scom = [ [ [ = (6004 Vo Vo4 0+ ) 50,
t1 0 0 (A 1)

t2 L
—0 (x + dy) 5¢)y> pdydxdt + / / p(z,n,t)ondzdt,
t1 0

to L n(z,t) to L B
/ / / —8¢y pdydadt = / / noo|’ " pdudt,
t1 0 0 t1 0

noting that d¢ = 0 at t = t; and t = t5. Also

to L n(z,t) . to n .
—/ / / 0 (y + dz) ¢, pdydadt = —/ / 9(y+d2)5¢|w:Lpdydt
t; Jo Jo t, Jo

ta t2 L -
b [ 0+l _gptvar+ [ [ b+ da) ol pasa,
tl 0 tl 0

but

and

to L n(z,t) . to L _
/ / / 0 (z + d1) S, pdydadt = / / 0 (z+di)d¢|"" pdzdt
t1 0 0 t1 0

ts L
_/ / 0 (x +d) 60| _pdrdt
t1 0

and using Green’s first identity

to L pn(z,t) ta L pn(w,t)
[ Ve Vespdydsde = [ [T [T (6 + 64) Sépdydai
t1 0 0 t1 0 0

ta L B ta L
[ e o) ol psde— [ [ 06, psa
tl 0 tl 0

ta  pm ta rm
— / / Vo - n6¢|x:0pdydt — / / V- n5¢|I:Lpdydt,
t1 0 t1 0

where n is the unit outward normal vector along the rigid walls. Hence (A 1) converts to
(2.11).



Variational principles for wave-vessel-slosh interactions 11

REFERENCES

ALEMI ARDAKANI, H. 2010 Rigid-Body Motion with Interior Shallow-Water Sloshing. Ph.D.
Thesis, University of Surrey, UK.

ALEMI ARDAKANI, H. & BRIDGEs, T.J. 2012 Shallow-water sloshing in vessels undergoing
prescribed rigid-body motion in two dimensions. European Journal of Mechanics B/Fluids
31, 30-43.

BokHOVE, O. & KALOGIROU, A. 2016 Variational Water Wave Modelling: from Continuum to
Experiment. Lecture Notes on the Theory of Water Waves, Edited by: T.J. Bridges, M.D.
Groves, D.P. Nicholls, LMS Lecture Notes 426, 226—259.

BROER, L.J.F. 1974 On the Hamiltonian theory for surface waves. Applied Scientific Research
29, 430-446.

VAN DAALEN, E.F.G. 1993 Numerical and Theoretical Studies of Water Waves and Floating
Bodies. Ph.D. Thesis, University of Twente, Netherlands.

VAN DAALEN, E.F.G., VAN GROESEN, E. & ZANDBERGEN, P.J. 1993 A Hamiltonian formulation
for nonlinear wave-body interactions. In Proceedings of the Eight International Workshop
on Water Waves and Floating Bodies, Canada 159-163.

DANILIUK, I.I. 1976 On Integral Functionals with a Variable Domain of Integration. Proceedings
of the Steklov Institute of Mathematics, American Mathematical Society 118, 1-144.

FLANDERS, H. 1973 Differentiation under the integral sign. The American Mathematical Monthly
80, 615-627.

GACARINA, E., AMBATI, V.R., NURIJANYAN, S., VAN DER VEGT, J.J.W. & BOKHOVE, O.
2016 On variational and symplectic time integrators for Hamiltonian systems. Journal of
Computational Physics 306, 370-389.

GACGARINA, E.; AMBATI, V.R., VAN DER VEGT, J.J.W. & BOKHOVE, O. 2014 Variational space-
time (dis)continuous Galerkin method for nonlinear free surface water waves. Journal of
Computational Physics 275, 459-483.

GAGARINA, E.; VAN DER VEGT, J. & BOKHOVE, O. 2013 Horizontal circulation and jumps in
Hamiltonian wave models. Nonlinear Processes in Geophysics 20, 483-500.

VAN GROESEN, E. & ANDONOWATI. 2017 Hamiltonian Boussinesq formulation of wave-ship
interactions. Applied Mathematical Modelling 42, 133-144.

KaLocGiroUu, A. & BOKHOVE, O. 2016 Mathematical and numerical modelling of wave impact
on wave-energy buoys. Proceedings of the International Conference on Offshore Mechanics
and Arctic Engineering DOI1:10.1115/OMAE2016-54937.

LUKE, J.C. 1967 A variational principle for a fluid with a free surface. Journal of Fluid Mechanics
27, 395-397.

MiLes, J.W. 1977 On Hamilton’s principle for surface waves. Journal of Fluid Mechanics 83,
153-158.

MirLon, T. 1984 Hamilton’s principle, Lagrange’s method, and ship motion theory. Journal of
Ship Research 28, 229-237.

ZAKHAROV, V.E. 1968 Stability of periodic waves of finite-amplitude on the surface of a deep
fluid. Journal of Applied Mechanics and Technical Physics 9, 190-194.



