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We study the effect of the electromagnetic environment on the resonance frequency of plasmonic excitations
in dimers of interacting metallic nanoparticles. The coupling between plasmons and vacuum electromagnetic
fluctuations induces a shift in the resonance frequencies — analogous to the Lamb shift in atomic physics —
which is usually not measurable in an isolated nanoparticle. In contrast, we show that this shift leads to sizeable
corrections to the level splitting induced by dipolar interactions in nanoparticle dimers. For the system param-
eters which we consider in this work, the ratio between the level splitting for the longitudinal and transverse
hybridized modes takes a universal form dependent only on the interparticle distance and thus is highly insensi-
tive to the precise fabrication details of the two nanoparticles. We discuss the possibility to successfully perform
the proposed measurement using state-of-the-art nanoplasmonic architectures.

I. INTRODUCTION

The classical damped harmonic oscillator offers a paradig-
matic example of the effect of the environment on the dynam-
ics of a system. In the standard textbook case of a linear oscil-
lator, the presence of damping forces proportional to its veloc-
ity yields a broadening of the resonance spectrum as well as a
shift of its resonance frequency [1]. The quantum-mechanical
analogue of this phenomenon has been studied in the context
of atomic physics by analyzing the effects of the electromag-
netic environment (i.e., photons) onto the atomic energy lev-
els [2]. The spontaneous emission of photons by electrons
in an atom results in a finite broadening of their energy lev-
els. In parallel, the quantum fluctuations of the electromag-
netic vacuum lead to a renormalization of the atomic energy
levels [3]. This Lamb shift [4, 5] is crucial for addressing
the experimentally-observed atomic spectra, and represents a
milestone result in early quantum electrodynamics.

Several key concepts of atomic physics have been observed
in “artifical atoms” consisting of metallic clusters [6, 7].
The collective oscillation of valence electrons in a metallic
nanoparticle — called a localized surface plasmon (LSP) —
has been successfully modelled as a dipolar oscillator whose
harmonic response is highly sensitive to the local environ-
ment [8]. This sensitivity is exploited in a variety of devices,
such as biological [9] and chemical sensors [10], as well as
in plasmon-enhanced Raman scattering, where spatial reso-
lution down to the single-molecule level has been recently
achieved [11]. LSP resonances are well-known to exhibit a
linewidth (which gives access to the lifetime of the collec-
tive modes) that is crucially affected by different mechanisms
involving the coupling between the electronic degrees of free-
dom and their environment [12]. Among these effects, radi-
ation damping due to the emission of photons from individ-
ual nanoparticles leads to a line broadening proportional to
their volume, which has been extensively studied in the lit-
erature [8]. The corresponding small shift in the resonance
frequency of individual LSPs, analogous to the Lamb shift in
atomic physics, is however an elusive quantity to detect as it
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FIG. 1. Qualitative sketch of the effect of the photonic environment
on the resonance frequencies of hybridized bright (red arrows) and
dark (black arrows) modes in metallic nanoparticle dimers. While
the bright modes are blueshifted due to their interaction with the
photonic environment, the dark modes, which are weakly coupled to
light, are slightly redshifted. This results in an increase (decrease) of
the splitting between hybridized plasmonic modes for the transverse
(longitudinal) polarization.

usually competes with other effects including, e.g., the spill-
out of the electrons outside of the nanoparticle [7] and retar-
dation effects associated with multipolar excitations [8].

In this work we show that the radiative frequency shift in-
duced by the photonic environment can be unambiguously de-
tected in a metallic nanoparticle dimer. Such a system hosts
bright and dark hybridized collective modes (see Fig. 1) re-
sulting from the dipolar interaction between the LSPs in indi-
vidual nanoparticles [13]. These modes have been extensively
studied both theoretically [14–22] and experimentally [23–
29]. In particular, the dark plasmonic modes in a dimer have
been detected by means of electron energy loss spectroscopy
(EELS) [27–29]. Here we demonstrate that the energy split-
ting between the bright and dark hybridized modes is highly
sensitive to the photonic environment, while being essentially
unaffected by fluctuations in the individual LSP resonance fre-
quency. More specifically, by analyzing the ratio between the
splitting in the longitudinal and transverse modes, we unveil a
deviation from the result obtained in the absence of the elec-
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tromagnetic environment, which essentially only depends on
the interparticle distance in the dimer. We propose an experi-
mental methodology to detect this frequency shift and analyze
its feasibility with current state-of-the-art techniques.

Our paper is organized as follows: in Sec. II we start by an-
alyzing the radiative frequency shift in a single nanoparticle.
In Sec. III we consider the case of a nanoplasmonic dimer,
which constitutes the central focus of this work. We discuss
the experimental observability of the effect that we predict in
Sec. IV and conclude in Sec. V. Details of our calculations are
relegated to appendices.

II. RADIATIVE FREQUENCY SHIFT IN A SINGLE
PLASMONIC NANOPARTICLE

Before analyzing the nanoparticle dimer, we start by briefly
discussing the radiative frequency shift in a single plasmonic
nanoparticle. Specifically, we consider a spherical metal-
lic nanoparticle with radius a containing Ne valence elec-
trons. The nanoparticle supports three degenerate orthog-
onal LSPs with resonance frequency ω0 and polarizations
σ = x, y, z. For alkaline nanoparticles, and ignoring the spill-
out effect which is only relevant for very small nanoparticles
(with a . 5 nm) [8], ω0 is equivalent to the Mie frequency
(Nee

2/mea
3)1/2, with e and me denoting the electron charge

and mass, respectively.
The total Hamiltonian of the system is H = Hpl + Hph +

Hpl-ph. Here, the Hamiltonian

Hpl = ~ω0

∑
σ=x,y,z

bσ†bσ (1)

describes the three LSP modes, where the bosonic operator bσ

acts on an eigenstate |nσ〉 by annihilating an LSP with polar-
ization σ as bσ|nσ〉 =

√
nσ|nσ−1〉 (here, nσ is a non-negative

integer). The term

Hph =
∑
k,λ̂k

~ωka
λ̂k

k

†
aλ̂k

k (2)

corresponds to vacuum photonic modes in a volume V with
dispersion ωk = c|k| (c is the speed of light in vacuum),

where aλ̂k

k (aλ̂k

k

†
) annihilates (creates) a photon with wavevec-

tor k and transverse polarization λ̂k (with k · λ̂k = 0). Here
and in what follows, hats designate unit vectors. In the long-
wavelength limit (k0a � 1, with k0 = ω0/c), the plasmon-
photon minimal coupling Hamiltonian in the Coulomb gauge
reads [3, 30]

Hpl-ph =
e

me
Π ·A(R) +

Nee
2

2me
A2(R), (3)

where

Π = i

√
Neme~ω0

2

∑
σ=x,y,z

(
bσ† − bσ

)
σ̂ (4)

is the LSP momentum,

A(r) =
∑
k,λ̂k

λ̂k

√
2π~
Vωk

(
aλ̂k

k eik·r + aλ̂k

k

†
e−ik·r

)
(5)

is the vector potential, and R is the location of the center
of the nanoparticle. In what follows, we disregard the cou-
pling of the LSPs to electron-hole pairs (which leads to Lan-
dau damping [8, 31–33] as well as to a small renormalization
of the resonance frequency [34]) which is only relevant for
tiny nanoparticles (a . 5 nm).

Treating the coupling Hamiltonian (3) up to second order in
perturbation theory, we calculate the corrections to the plas-
monic energy levels Enσ = E

(0)
nσ + E

(1)
nσ + E

(2)
nσ , where the

unperturbed contribution is E(0)
nσ = nσ~ω0. The first-order

correction

E
(1)
nσ = 2π~ω2

0

a3

V
∑
k

1

ωk
(6)

stems from the second term in the right-hand side of Eq. (3)
and corresponds to a global energy shift that does not de-
pend on the quantum number nσ and therefore does not con-
tribute to a modification of the LSP resonance frequency. The
second-order correction

E
(2)
nσ = π~ω3

0

a3

V
∑
k,λ̂k

|σ̂ · λ̂k|2
ωk

(2nσ + 1)ωk − ω0

ω2
0 − ω2

k

(7)

is associated with the first term in the right-hand side of Eq. (3)
and arises due to the emission and reabsorption of virtual pho-
tons by the plasmonic state |nσ〉. In the expression above, the
summation excludes the term for which ωk = ω0.

The second-order correction (7) appears to be linearly di-
vergent. Such a divergence can be regularized by follow-
ing a renormalization procedure analogous to that originally
used by Bethe in his analysis of the Lamb shift in atomic
physics [3, 5]. To second order in perturbation theory, the
renormalized frequency difference between successive plas-
monic energy levels ω̃0 = (Enσ+1−Enσ )/~ is then indepen-
dent of the quantum number nσ and reads ω̃0 = ω0+δ0, where
the radiative frequency shift is given by (see Appendix A for
details)

δ0 =
ω0

3π
(k0a)

3
ln

(
ωc/ω0 + 1

ωc/ω0 − 1

)
. (8)

Here, ωc is an ultraviolet cutoff of the order of c/a, which
corresponds to the wavelength below which the dipolar ap-
proximation used in Eq. (3) breaks down. With this choice
of cutoff we have ωc/ω0 = 1/k0a > 1, such that Eq. (8)
corresponds to a blueshift (δ0 > 0) of the LSP resonance fre-
quency, in qualitative agreement with the result for the Lamb
shift in atomic physics [3, 5, 35]. Furthermore, this radiative
frequency shift increases for increasing nanoparticle size, as
shown by the thin gray line in Fig. 2. In the limit k0a � 1,
the single-particle radiative shift is approximately given by
δ0 ' 2ω0(k0a)4/3π. We point out that the shift δ0 is chal-
lenging to measure experimentally as it may be masked by
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FIG. 2. Radiative frequency shifts (in units of the bare LSP reso-
nance frequency ω0) as a function of the (reduced) nanoparticle size
k0a. Thin gray line: δ0 for an isolated nanoparticle [cf. Eq. (8)].
Colored lines: δστ for a dimer with interparticle distance d = 3a [cf.
Eq. (11)]. In the figure, ωc = c/a.

other mechanisms leading to a renormalization of the Mie fre-
quency ω0, such as retardation effects which become promi-
nent for larger nanoparticles [8]. In stark contrast, the radia-
tive frequency shift can be detected by analyzing the spectrum
of a nanoparticle dimer, as we show below.

III. RADIATIVE FREQUENCY SHIFTS IN
NANOPARTICLE DIMERS

We now consider a dimer formed by two identical spheri-
cal metallic nanoparticles of radius a with a center-to-center
distance d along the z direction (see Fig. 3). In the regime
3a . d � k−10 [36], the near-field quasistatic dipole-dipole
interaction between the LSPs in each nanoparticle (with res-
onance frequency ω0) results in hybridized plasmonic modes
governed by the Hamiltonian

Hpl =
∑

σ=x,y,z

∑
τ=±

~ωστBστ
†Bστ . (9)

Here the bosonic Bogoliubov operator Bστ (Bστ
†) annihilates

(creates) a coupled plasmonic mode with polarization σ (for
the transverse modes σ = x, y, for the longitudinal ones
σ = z). The eigenfrequencies read (see Refs. [22, 37] and
Appendix B for details)

ωστ = ω0

√
1 + 2τ |ησ|

Ω

ω0
. (10)

In the expression above, Ω = ω0(a/d)3/2� ω0, ηx,y = 1 for
the transverse modes, and ηz = −2 for the longitudinal ones.
The label τ distinguishes the high- (τ = +) and low-energy
(τ = −) coupled plasmonic modes (see Fig. 1). Importantly,
the high-energy transverse and low-energy longitudinal exci-
tations correspond to symmetric bright modes coupled to the
photonic environment. Conversely, the low-energy transverse
and high-energy longitudinal modes are dark antisymmetric
modes weakly coupled to light. As we will demonstrate in

a a

d

z

x

y
R1 R2

FIG. 3. Sketch of a plasmonic dimer composed of two identical
spherical metallic nanoparticles of radius a, separated by a center-
to-center distance d. The location of the nanoparticle centers are
denoted by R1 and R2, respectively.

what follows, the bright modes experience a blueshift due to
the interaction with the photonic environment, while the dark
modes are slightly redshifted, as sketched in Fig. 1.

The total Hamiltonian H = Hpl + Hph + Hpl-ph of the
dimer now includes the plasmonic term (9), the photonic
one (2), and the coupling Hamiltonian Hpl-ph, which is easily
generalized from Eq. (3) to two nanoparticles located at R1

and R2 = R1 + d ẑ [see Eq. (B5)].
The perturbative calculation of the radiative shifts proceeds

along the line as that of a single nanoparticle (cf. Sec. II). As a
result the renormalized frequency spectrum of the dimer reads
ω̃στ = ωστ + δστ , where the radiative frequency shift is given by
(see Appendix B for details)

δστ =
ωστ

2

3πω0
(k0a)

3
ln

(
ωc/ω

σ
τ + 1

ωc/ωστ − 1

)
+ τ
|ησ|ω0Ω

πωστ
gστ , (11)

where

gστ =

(
kστ
kc

)2

[sin (kcd)− kcd cos (kcd)]

−
[
2fστ + (kστ d)

2
]

Si (kcd)

+
∑
ζ=±
{rστ Si ([kc + ζkστ ]d)− ζsστCi ([kc + ζkστ ]d)} .

(12)

In Eq. (12), Si(z) and Ci(z) denote the sine and cosine inte-
grals, while

fστ = 1− 1

2
(1 + sgn{ησ}) (kστ d)2, (13)

rστ = fστ cos (kστ d) + kστ d sin (kστ d) , (14)

and

sστ = fστ sin (kστ d)− kστ d cos (kστ d) , (15)

with kστ = ωστ /c and kc = ωc/c.
The radiative shifts δστ from Eq. (11) are plotted in Fig. 2

as a function of the nanoparticle size for an interparticle dis-
tance d = 3a. As can be seen from the figure, both the bright
transverse (red dashed line) and longitudinal (solid light blue
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line) hybridized modes experience a blueshift due to the cou-
pling to the photonic environment, whereas the dark modes
are slightly redshifted (solid dark blue and dashed brown lines
in Fig. 2). The bright modes experience an enhanced fre-
quency shift compared to the single nanoparticle result (solid
gray line), similarly to the cooperative Lamb shift in many-
atom systems [38, 39]. We have verified that in the limit of
large interparticle distance (d � a), all radiative shifts (11)
asymptotically tend to the single-particle result (8).

The radiative shifts (11) produce a renormalization of the
plasmonic resonances in analogy with the single-particle case.
These shifts are however difficult to detect in experiments as
they are masked by additional size-dependent fluctuations in
the LSP resonance frequencies. The presence of hybridized
states in a dimer offers a way out of this problem by look-
ing at the effect of the environment on the frequency splitting
∆ω̃σ = ω̃σ+ − ω̃σ− between bright and dark modes. The most
informative quantity revealing this effect is the dimensionless
ratio ∆ω̃z/∆ω̃x,y . In the absence of the electromagnetic en-
vironment, ∆ωz/∆ωx,y = 2 (with ∆ωσ = ωσ+ − ωσ−) is in-
dependent of the interparticle separation, up to quadratic cor-
rections in Ω/ω0 � 1. As sketched in Fig. 1, the electromag-
netic environment has opposite effects on the transverse and
longitudinal modes, leading to an increase/decrease of the fre-
quency splitting, respectively. This induces a pronounced de-
viation of ∆ω̃z/∆ω̃x,y with respect to ∆ωz/∆ωx,y , as shown
in Fig. 4 where such a ratio is plotted as a function of the in-
terparticle distance d for different nanoparticle radii a (solid
colored lines in the figure). To be consistent with our dipolar
approximation [36], each colored line starts at d = 3a.

It is apparent from Fig. 4 that our results for ∆ω̃z/∆ω̃x,y

are essentially independent of the nanoparticle radius a, de-
spite the clear size dependence of the radiative frequency
shifts for individual dimer levels [cf. Eq. (11) and Fig. 2],
and sensitive to the interparticle separation d only. This un-
expected result can be understood by performing a system-

atic expansion of Eq. (11) in Ω/ω0 � 1 with k0a � 1 and
k0d � 1, leading to the remarkably simple approximate ex-
pression (see Appendix C for details)

∆ω̃z

∆ω̃x,y
' 2− (k0d)

4
. (16)

As can be seen from the dashed line in Fig. 4, such a result is
in excellent agreement with the exact expression, even when
k0d is a significant fraction of unity.

A legitimate question to address here is the robustness of
the universal scaling found in the expression above against
multipolar interactions of the LSPs with vacuum electromag-
netic modes beyond the dipolar approximation in Eq. (3).
Since, to leading order in k0a � 1, the radiative shifts in
Eqs. (8) and (11) scale as (k0a)4, it is to be expected that the
next leading-order correction to these results goes, at least,
as (k0a)5. This would yield an additional nonuniversal, a-
dependent contribution of the order of (k0a)2(k0d)3 to the
ratio ∆ω̃z/∆ω̃x,y given in Eq. (16) (see Appendix C). Thus,
such nonuniversal corrections can be safely neglected as long
as (k0a)2 � k0d, which is the case for the parameters used
in Fig. 4. We have further checked that Eq. (16) remains valid
for a heterogeneous dimer where the two LSP resonance fre-
quencies differ by δω, as long as δω . Ω (see Appendix D).
This may be key for the experimental detection of our pre-
dicted effect, as it is essentially insensitive to the precise size
of the nanoparticles in the dimer and their respective reso-
nance frequencies, and hence to the challenges involved in the
nanofabrication of the sample.

IV. EXPERIMENTAL DETECTION

Our proposal first requires both the excitation and detection
of the dark and bright plasmonic modes. While the latter can
be readily accessed optically, the former requires the use of
the EELS technique, which has recently achieved a remark-
able resolution of the order of 10 meV [40]. Dark plasmonic
modes in nanoparticle dimers [27–29] have already been suc-
cessfully resolved using EELS. Alternatively, one may excite
both bright and dark modes by optically driving one of the
nanoparticles of the dimer only, or by using twisted light [41].

The frequency splitting between bright and dark modes
∆ω̃σ can then be resolved as long as it is not significantly
smaller than the linewidth γστ = γO + γσ,rτ of the respective
resonances. The latter quantity involves both the nonradia-
tive Ohmic damping characterized by the decay rate γO, and
the size-dependent radiative damping (which results from the
decay of a collective plasmon into photons) with rate γσ,rτ .
An explicit expression for γσ,rτ can be found in Eq. (B12) of
Ref. [37] and presents an a3 dependence. The Landau damp-
ing (i.e., the decay of the collective modes into electron-hole
pairs [7, 8, 32]) has been evaluated for the case of a nanoparti-
cle dimer in Refs. [22, 37] and scales as 1/a. This contribution
can be neglected for the nanoparticle sizes we consider in this
work.

In Fig. 5 we show the absorption spectrum A(ω) of the
dimer system as a function of frequency ω and for increas-
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FIG. 5. (a),(b) Absorption spectrum of the dimerA(ω) as a function of frequency ω and interparticle separation d for the (a) transverse and (b)
longitudinal polarizations. The dashed lines indicate the location of the resonance frequencies ω̃στ of the hybridized plasmonic modes. (c),(d)
Cuts of the absorption spectrum at k0d = 0.6 (dotted lines) and k0d = 0.8 (solid lines) for the (c) transverse and (d) longitudinal polarizations,
corresponding to the dotted and solid lines in panels (a) and (b), respectively. In the figure, k0a = 0.2 and γO = 0.027ω0, corresponding to a
dimer of Ag nanoparticles with a = 15 nm and ω0 = 2.6 eV/~.

ing nanoparticle separation d for the transverse [panel (a)]
and longitudinal modes [panel (b)]. Panels (c) and (d) respec-
tively correspond to cuts of Figs. 5(a) and 5(b), at k0d = 0.6
(dotted lines) and 0.8 (solid lines). The absorption spectrum
A(ω) =

∑
τ=±(γστ /2)/[(ω − ω̃στ )2 + (γστ /2)2] is assumed

to be proportional, for a given polarization σ, to the sum of
two Lorentzians centered at ω̃σ± and with full width at half
maximum γσ±. In the figure, k0a = 0.2, which corresponds
to Ag nanoparticles with Mie frequency ω0 = 2.6 eV/~, ra-
dius a = 15 nm, and interparticle separation ranging from
d = 45 nm to 75 nm. The value of the Ohmic decay rate is
taken from experiments [42]. As can be seen from Fig. 5, the
bright and dark modes can be well distinguished up to separa-
tions of the order of k0d ' 0.8 (0.95) for the transverse (lon-
gitudinal) polarization. Therefore, our proposal of detecting
radiative shifts in a nanoparticle dimer, which relies on the ra-
tio ∆ω̃z/∆ω̃x,y of the frequency splittings between bright and
dark modes (see Fig. 4), is within experimental accessibility.
Moreover, there is scope for observing the approximate quar-
tic d-dependence of ∆ω̃z/∆ω̃x,y predicted by Eq. (16). Con-
trol over the interparticle separation d can be achieved with a
variety of experimental setups, including the nanofabrication
of different samples [13], the deposition of dimers on stretch-
able substrates [43–45], or the use of a moveable tip carrying
one of the nanoparticles of the dimer [25, 26].

V. CONCLUSION

We have proposed a dimer of metallic nanoparticles as an
ideal testbed to observe the nanoplasmonic analogue of the
well-known Lamb shift in atomic physics. While a single
nanoparticle has a radiative frequency shift that may be too
difficult to measure experimentally at present, the same effect
in a dimer, which is characterized by having both bright and

dark modes, is within current experimental reach. For a dimer,
we have shown that the resonance frequencies of the bright
modes experience a blueshift due to the coupling to the pho-
tonic environment, while the dark modes are redshifted. As a
result, the frequency splitting between bright and dark modes
is larger (smaller) for the transverse (longitudinal) modes as
compared to those without coupling to the photonic environ-
ment. Remarkably, the ratio of splittings between the lon-
gitudinal and transverse polarizations has a universal quartic
dependence on the interparticle separation alone that would
otherwise be absent if the plasmon-photon coupling was ig-
nored. This prediction offers the tantalizing prospect to be
measured in cutting-edge nanoplasmonic experiments.
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Appendix A: Details of the calculation of the radiative shift in a
single nanoparticle

In this appendix, we comment on the renormalization pro-
cedure for the second-order correction (7) to the plasmon en-
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ergy levels in a single plasmonic nanoparticle, and provide
details of the calculation of the resulting radiative frequency
shift.

In the continuum limit where
∑

k → VP
∫

d3k/(2π)3

(here, P denotes the Cauchy principal value), the second-
order correction (7) is linearly divergent. In order to regularize
such a divergency, we follow Bethe’s renormalization proce-
dure in his analysis of the Lamb shift in atomic physics [3, 5].
Firstly, we introduces an ultraviolet cutoff kc of the order of
1/a, which corresponds to the wavelength below which the
dipolar approximation used in Eq. (3) breaks down. Secondly,
one subtracts from Eq. (7) the energy shift corresponding to
free electrons with the same energy. This quantity is found by
taking the limit of vanishing transition frequency in Eq. (7),
or equivalently ω0 → 0 inside the summation only [3]. Thus,
we arrive at the renormalized energy shift

Ē
(2)
nσ = π~ω4

0

a3

V
∑
k,λ̂k

|σ̂ · λ̂k|2
ω2
k

(2nσ + 1)ω0 − ωk

ω2
0 − ω2

k

, (A1)

which is only logarithmically-divergent with the cutoff kc,
in analogy with the expression for the Lamb shift in atomic
physics [3, 5]. To second order in perturbation theory, the
renormalized frequency difference between successive plas-
monic energy levels then reads ω̃0 = ω0 + δ0, where the ra-
diative frequency shift is given by

δ0 = 2πω5
0

a3

V
∑
k,λ̂k

|σ̂ · λ̂k|2
ω2
k

1

ω2
0 − ω2

k

. (A2)

Carrying out the summation over photon polarization in
Eq. (A2) via the relation∑

λ̂k

|σ̂ · λ̂k|
2

= 1− (σ̂ · k̂)
2

(A3)

and transforming the wavevector summation into a principal-
value integral yields

δ0 =
ω5
0a

3

(2πc)2
P
∫ kc

0

dk

ω2
0 − (ck)2

∫ π

0

dθ sin θ

×
∫ 2π

0

dϕ[1− (k̂ · σ̂)2]. (A4)

The integral over ϕ is easily evaluated,∫ 2π

0

dϕ[1− (k̂ · σ̂)2] = π|ησ|
(
1 + sgn{ησ} cos2 θ

)
, (A5)

yielding for Eq. (A4)

δ0 =
2ω5

0a
3

3πc3
P
∫ ωc

0

dω

ω2
0 − ω2

, (A6)

with ωc = ckc, where ωc > ω0. The remaining integral over
ω then gives the result of Eq. (8).

Appendix B: Radiative frequency shifts in homogeneous
nanoparticle dimers

Here we provide details of the calculation of the radia-
tive frequency shifts in a homogeneous metallic nanoparticle
dimer (see Fig. 3), where the LSPs on each nanoparticle with
(bare) resonance frequency ω0 are coupled through the near-
field dipole-dipole interaction.

1. Hamiltonian of the system

The total Hamiltonian of the plasmonic dimer coupled to
vacuum electromagnetic field modes reads as

H = Hpl +Hph +Hpl-ph. (B1)

The plasmonic Hamiltonian describing near-field coupled
LSPs is defined in the Coulomb gauge [2, 30] as (for details,
see Refs. [22, 37])

Hpl = ~ω0

2∑
n=1

∑
σ=x,y,z

bσn
†bσn

+ ~Ω
∑

σ=x,y,z

ησ

(
bσ1 + bσ1

†
)(

bσ2 + bσ2
†
)
, (B2)

where Ω = (ω0/2)(a/d)3 (a is the nanoparticle radius, d
is the center-to-center interparticle distance, see Fig. 3) and
ηx,y = 1 (ηz = −2) for the transverse (longitudinal) modes.
The bosonic operator bσn (bσn

†) annihilates (creates) an LSP
with polarization σ on nanoparticle n. The quadratic Hamil-
tonian (B2) is diagonalized by a Bogoliubov transformation,
yielding Eq. (9). The bosonic operators in the latter equation
are defined by

Bστ =

2∑
n=1

(
uσnτ b

σ
n + ūσnτ b

σ
n
†
)
, (B3)

where

uσ1τ =
ωστ + ω0

2
√

2ω0ωστ
, (B4a)

ūσ1τ =
ωστ − ω0

2
√

2ω0ωστ
, (B4b)

uσ2τ = τ sgn{ησ}
ωστ + ω0

2
√

2ω0ωστ
, (B4c)

ūσ2τ = τ sgn{ησ}
ωστ − ω0

2
√

2ω0ωστ
, (B4d)

while the inverse transformation reads as bσn =∑
τ=±(uσnτB

σ
τ − ūσnτB

σ
τ
†). The operator Bστ (Bστ

†) acts
on an eigenstate |nστ 〉 of the Hamiltonian (9) representing a
hybridized plasmon with polarization σ and eigenenergy ~ωστ
as Bστ |nστ 〉 =

√
nστ |nστ − 1〉 (Bστ

†|nστ 〉 =
√
nστ + 1|nστ + 1〉),

with nστ a non-negative integer.
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The photonic environment in Eq. (B1) is described by the
Hamiltonian (2), while the plasmon-photon coupling Hamil-
tonian is given in the long-wavelength limit (k0a� 1) by

Hpl-ph =
e

me

2∑
n=1

Πn ·A(Rn) +
Nee

2

2me

2∑
n=1

A2(Rn), (B5)

where Rn corresponds to the location of the center of
nanoparticle n, with R2−R1 = d ẑ (see Fig. 3). In Eq. (B5),

Πn = i

√
Neme~ω0

2

∑
σ=x,y,z

(bσn
† − bσn)σ̂ (B6)

corresponds to the momentum associated with the LSPs in
nanoparticle n, while the vector potential A is given by
Eq. (5). In terms of the Bogoliubov operators (B3), the
plasmon-photon coupling (B5) hence reads

Hpl-ph = i~
2∑

n=1

∑
σ,τ

∑
k,λ̂k

√
πω3

0a
3

Vωk
σ̂ · λk (uσnτ + ūσnτ )

×
(
Bστ
† −Bστ

)(
aλ̂k

k eik·Rn + aλ̂k

k

†
e−ik·Rn

)
+ π~ω2

0

a3

V
2∑

n=1

∑
k,λ̂k

k′,λ̂′
k′

λk · λk′√
ωkωk′

×
(
aλ̂k

k eik·Rn + aλ̂k

k

†
e−ik·Rn

)
×
(
a
λ̂k′
k′ eik

′·Rn + a
λ̂k′
k′

†
e−ik

′·Rn

)
. (B7)

2. Nondegenerate perturbation theory

Carrying out a perturbative calculation up to second order
in the coupling Hamiltonian (B7), the plasmonic energy levels
readEnστ = E

(0)
nστ

+E
(1)
nστ

+E
(2)
nστ

, where the zeroth-order result

is E(0)
nστ

= nστ ~ωστ . The first-order correction

E
(1)
nστ

= 4π~ω2
0

a3

V
∑
k

1

ωk
(B8)

is twice as much as the single-nanoparticle result [see Eq. (6)].
It also represents a global energy shift experienced by all the
hybridized-mode levels and hence does not contribute to a
renormalization of the resonance frequencies. The second-
order correction is

E
(2)
nστ

= π~ω2
0ω

σ
τ

a3

V
∑
k,λ̂k

|σ̂ · λ̂k|2
ωk

(2nστ + 1)ωk − ωστ
ωστ

2 − ω2
k

× [1 + τsgn{ησ} cos(kzd)] , (B9)

where kz = k · ẑ, and where the summation excludes the term
for which ωk = ωστ . The same renormalization procedure

[3, 5] as in the case of a single nanoparticle (see Appendix A)
yields

Ē
(2)
nστ

= π~ω2
0ω

σ
τ
2 a

3

V
∑
k,λ̂k

|σ̂ · λ̂k|2
ω2
k

(2nστ + 1)ωστ − ωk

ωστ
2 − ω2

k

× [1 + τsgn{ησ} cos(kzd)] . (B10)

The renormalized frequency difference between successive
hybridized plasmonic levels is then ω̃στ = ωστ + δστ , where
the radiative shift reads

δστ = 2πω2
0ω

σ
τ
3 a

3

V
∑
k,λ̂k

|σ̂ · λ̂k|2
ω2
k

1 + τsgn{ησ} cos(kzd)

ωστ
2 − ω2

k

.

(B11)

3. Explicit evaluation of δστ

Replacing the summation over photon momenta in
Eq. (B11) by a three-dimensional principal-value integral (up
to the ultraviolet cutoff kc which is of order 1/a) and using
Eq. (A3) yields

δστ =
ω2
0ω

σ
τ
2a3

(2πc)2
P
∫ kc

0

dk

ωστ
2 − (ck)2

×
∫ π

0

dθ sin θ [1 + τ sgn{ησ} cos (kd cos θ)]

×
∫ 2π

0

dϕ[1− (k̂ · σ̂)2]. (B12)

The integral over ϕ is given in Eq. (A5) so that the integral
over θ in Eq. (B12) yields

δστ =
2ω2

0ω
σ
τ
3a3

3πc3
P
∫ ωc

0

dω

ωστ
2 − ω2

+ τ
|ησ|ω2

0ω
σ
τ
3a3

2πc2d
P
∫ ωc

0

dω

ω (ωστ
2 − ω2)

×
{[

1 + sgn{ησ} − 2
( c

ωd

)2]
sin

(
ωd

c

)
+

2c

ωd
cos

(
ωd

c

)}
. (B13)

A lengthy, but straightforward calculation then gives the result
of Eq. (11).

Appendix C: Derivation of Eq. (16)

In this appendix, we provide details of the calculation for
the ratio

∆ω̃z

∆ω̃x,y
=

ωz+ − ωz− + δz+ − δz−
ωx,y+ − ωx,y− + δx,y+ − δx,y−

, (C1)

leading to Eq. (16). Here, the bare resonance frequencies of
the hybridized plasmonic modes ωστ and their associated ra-
diative frequency shifts δστ are given by Eqs. (10) and (11),
respectively.
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With the cutoff ωc = c/a, in the limit where Ω/ω0 � 1,
k0a� 1, and k0d� 1, Eq. (11) reduces to

δστ ' δ0 + τ
3|ησ|

8
δ0

{
4
(a
d

)3
+

[(a
d

)2
+

1

2
+ sgn{ησ}

]
cos

(
d

a

)
+
a

d

[
−
(a
d

)2
+

1

2
+ sgn{ησ}

]
sin

(
d

a

)
+
d

a

(
1

2
+ sgn{ησ}

)
Si

(
d

a

)}
, (C2)

where δ0 ' 2ω0(k0a)4/3π corresponds to the single-particle
radiative shift derived in Sec. II. Using the expression (C2),
we then obtain to leading order in a/d

δz+ − δz− ' −
ω0

4
(k0a)4

d

a
, (C3a)

δx,y+ − δx,y− ' 3ω0

8
(k0a)4

d

a
, (C3b)

so that the ratio ∆ω̃z/∆ω̃x,y reduces to Eq. (16).
As discussed in the main text, it is important to check the

robustness of the result (16) against multipolar interactions of
the LSPs with the photonic environment beyond the dipolar
approximation in Eq. (3). To leading order in k0a � 1, the
radiative shifts in Eqs. (8) and (11) scale as (k0a)4. One can
then expect that the next leading-order correction to these re-
sults goes, at least, as (k0a)5. Taking into account such cor-
rections would lead to a modification of Eq. (C3) that reads

δz+ − δz− ' −
ω0

4
(k0a)4

d

a
+ αzω0(k0a)5, (C4a)

δx,y+ − δx,y− ' 3ω0

8
(k0a)4

d

a
+ αx,yω0(k0a)5, (C4b)

where αz and αx,y are some constants of the order of unity.
Incorporating the above expressions in Eq. (C1) yields

∆ω̃z

∆ω̃x,y
' 2− (k0d)4 + (αz − 2αx,y) (k0a)2(k0d)3. (C5)

The last term of Eq. (C5) represents an a-dependent, nonuni-
versal correction to the result (16). However, such a term is
negligible for the parameter regime which we consider in the
present work, as (k0a)2 � k0d.

Appendix D: Radiative frequency shifts in heterogeneous
nanoparticle dimers

In this appendix, we consider a heterogeneous dimer where
the two nanoparticles have different resonance frequencies ω1

and ω2, which may be due to small variations in their size
and/or shape. We present the effective model describing such
a situation and the explicit form of the frequency shifts δστ .
We also provide approximate expressions for the crucial di-
mensionless ratios ∆ωz/∆ωx,y (without the photonic envi-
ronment) and ∆ω̃z/∆ω̃x,y (with the photonic environment)
for this heterogeneous case.

The effective plasmonic Hamiltonian for a heterogeneous
nanoparticle dimer reads as

Hpl =

2∑
n=1

∑
σ=x,y,z

~ωnbσn
†bσn

+ ~Ω
∑

σ=x,y,z

ησ

(
bσ1 + bσ1

†
)(

bσ2 + bσ2
†
)
, (D1)

where the coupling constant is Ω = (
√
ω1ω2/2)(ā/d)3, the

average nanoparticle radius is ā and the center-to-center in-
terparticle distance is d. The Hamiltonian (D1) can be di-
agonalized exactly, yielding the coupled mode eigenfrequen-
cies [22, 37]

ωστ =

√√√√ω2
1 + ω2

2

2
+ τ

√
4η2σΩ2ω1ω2 +

(
ω2
1 − ω2

2

2

)2

.

(D2)
Introducing the frequency difference δω = ω1 − ω2 and
the average resonance frequency ω̄ = (ω1 + ω2) /2, the ra-
tio ∆ωz/∆ωx,y (neglecting coupling to the photonic modes)
reads

∆ωz

∆ωx,y
' 2

√
Ω2 + δω2/16

Ω2 + δω2/4
(D3)

in the limit δω/ω̄ � 1 and Ω/ω̄ � 1, with Ω '
(ω̄/2) (ā/d)

3. In the small detuning regime where δω � Ω,
the expression above reduces to

∆ωz

∆ωx,y
' 2− 3

16

(
δω

Ω

)2

, (D4)

which recovers the result given in Sec. III for a homogeneous
dimer up to the quadratic correction in δω/Ω.

The expression for the radiative frequency shifts for hetero-
geneous dimers, which is obtained analogously to the case of
homogeneous dimers (see Appendix B), reads

δστ =
ā3

3πc3
ωστ

2

2ωστ
2 − ω2

1 − ω2
2

×
[
ω2
1

(
ωστ

2 − ω2
2

)
+ ω2

2

(
ωστ

2 − ω2
1

)]
× ln

(
ωc/ω

σ
τ + 1

ωc/ωστ − 1

)
+ τ
|ησ|ω1ω2

πωστ

( ā
d

)3 √ωστ 2 − ω2
1

√
ωστ

2 − ω2
2

2ωστ
2 − ω2

1 − ω2
2

gστ ,

(D5)

where gστ is defined in Eq. (12). Expanding the above exact
result in the limit δω/ω̄ � 1, Ω/ω̄ � 1, k̄ā� 1 and k̄d� 1
(with k̄ = ω̄/c), leads to the following compact, approximate
expression for the ratio ∆ω̃z/∆ω̃x,y (including coupling to
the photonic modes) in the regime δω/Ω� 1,

∆ω̃z

∆ω̃x,y
' 2−

(
k̄d
)4 − 3

16

(
δω

Ω

)2

. (D6)
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This expression recovers the corresponding result (16) for a
homogeneous dimer, up to the quadratic correction in δω/Ω.
Thus, small differences in the LSP resonance frequencies of

the nanoparticles comprising the dimer do not rule out our
proposed experiment to unambiguously detect radiative fre-
quency shifts.
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