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MULTICOMPONENT MIXTURE MODEL:
THE ISSUE OF EXISTENCE VIA TIME DISCRETIZATION*

EWELINA ZATORSKAT AND PIOTR BOGUSIAW MUCHA?

Abstract. We prove the existence of global-in-time weak solutions to a model of chemically
reacting mixture. We consider a coupling between the compressible Navier—Stokes system and the
reaction diffusion equations for chemical species when the thermal effects are neglected. We first prove
the existence of weak solutions to the semi-discretization in time. Based on this, the existence of
solutions to the evolutionary system is proven.
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1. Introduction

We consider the model of motion for the n-component gaseous mixture undergoing
an isothermal chemical reaction. We focus on the Fick approximation of diffusion fluxes
which is often used to model the lean one-reaction flow [13],

vpF4+vo0 —vpP,

where F' denotes the fuel, O denotes the oxidant, P denotes the products, and vp,
vo, and vp denote stoichiometric coefficients. When the reaction takes place in the
presence of dilutant denoted by N, and when the oxidant and dilutant are in excess,
one may ignore the cross-effects in the diffusion fluxes and simply assume that they are
proportional to the gradients of species concentrations. Such a model was investigated
e.g. by Feireisl, Petzeltovd, and Trivisa in [12]. They proved the existence of weak
variational entropy solutions to a system with an arbitrary large number of reversible
reactions and diffusion flux Fj, determined by the Fick law

Fi.=—-DVY, ke{l,...,n},

where Y}, denotes the species k mass fraction, termed also the concentration of species
k.

The analysis performed in this paper was motivated by previous studies of Klein et al.
[16] in which the authors assumed that the pressure does not depend on the chemical
composition of the mixture. Another application of such a result is to model the mix-
tures of isotopes. Then the molar masses of species my are almost the same, and so the
mean molar mass m is close to a constant
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In the present work, we aim to extend this result to a more general equation of state
like, for example, the Boyl law describing the pressure p of a mixture of ideal gases

= RQYk
p= , (1.1)
my
k=1

where R is the ideal gas constant and p denotes the density of the mixture. This leads
to a stronger coupling between the fluid equations and the mass balances of the species.
However, as mentioned in [36], the consistency of this model with the second law of
thermodynamics requires a more general form of diffusion, the so called multicomponent
diffusion.

The properties of the reaction-diffusion systems with this form of diffusion were
investigated first by Giovangigli (see [13] and the references therein) in the case of data
sufficiently close to an equilibrium. The extension to the framework of global-in-time
weak solutions under some regularity assumptions on total density and the velocity vec-
tor field is due to Mucha, Pokorny, and Zatorska [24]. For the incompressible, isobaric,
isothermal case, the so called Mazwell-Stefan system was investigated by Bothe [2], and
by Jiingel and Stelzer [15] for the molar-based approach (when the sum of the molar
concentrations of species is assumed to be constant). For the mass-based case approach,
we refer to the work of Herberg, Meyries, Priiss, and Wilke [14]. The coupling of such
systems with compressible Navier—Stokes-type systems was studied by Zatorska and by
Mucha, Pokorny, and Zatorska in [36, 23] and in the incompressible case by Marion
and Temam [19] and Chen and Jiingel [3]. The one-dimensional model for a model of
combustion was studied, for example, in [17, 37].

Our goal is to investigate a system with fluxes of a simplified form in comparison
to [36, 23] by assuming the Fick approximation. At the same time, we want to extend
the result from [12] to a more general form of the pressure including the dependence of
the species concentrations, as in (1.1). We prove the global-in-time existence of weak
solutions by semi-discretization in time using similar methods as in [35, 25] devoted to
single-component flow. Our approach relies on an existence result for the stationary
Navier—Stokes-like model of the 4-component reactive mixture, due to Zatorska [34].

As far as the weak solutions with large data are concerned, the first existence result
for the steady as well as the non-steady barotropic Navier-Stokes system is due to
Lions [18]. He essentially used the properties of the so-called effective viscous fluz.
A compactness of this quantity has already been studied by Novotny [27] using the
method of decomposition from [28]. Later on, this approach was extended by Feireisl
[7]. He established a tool for studying density oscillations which allowed him to treat
the case when density is not a-priori bounded in L2. This technique was later on
adopted by Novo and Novotny [26] to treat the steady case. The comparison of these
methods together with complete approximation scheme can be found in the book of
Novotny and Straskraba [31], mostly for the Dirichlet boundary conditions. For the
steady problem with slip boundary conditions, we refer to the papers of Mucha and
Pokorny [20, 32], where a new idea of construction of approximate solutions has also
been introduced. For completeness, let us also mention the recent generalization of
these results to the full Navier-Stokes—Fourier system in the evolutionary [8, 10, 11],
the stationary [21, 22, 29, 30], and the time periodic case [9].

The paper is organized as follows. In Section 2, we formulate the model. We specify
the constitutive relations and the assumptions on the transport coefficients. Further,
we introduce the notion of a weak solution and we state the first main result of the
paper, given in Theorem 2.2. In Section 3, we introduce the discretized system, and at
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the end, in Theorem 3.3, we give the second main result of this paper—the existence
result for the fixed time step At. Then, in Section 4, we present the proof of this result
by several regularizations and subsequent limit passages. Finally, in Section 5, we show
a convergence to the continuous system when At — 0.

2. Presentation of the continuous model The continuous model is given by
Oro+div(ou) =0
9 (ou)+div(eu@u) —divS+Vr=of L iy (0,7)x Q. (2.1)
Oror +div(opu) +divF, =owi, ke{l,...,n}
This model is characterized by the state variables: the density of the mixture o= o(¢,x),
the velocity vector field u=u(t,x), and the species mass fractions Y}, for k€ {1,...,n}.
In system (2.1), the quantity S stands for the viscous stress tensor, m denotes the
internal pressure of the fluid, f denotes the external force, wy stands for the production

rate of the k-th species, and by Fy, we denote the diffusion flux.
The mass fractions Yy, k€ {1,...,n} are defined by

Ykzglv
0

where my, is the molar mass of species k.
The diffusion fluxes and the species production rates satisfy

n

> Fi=0, zn:wkzo. (2.2)
k=1

k=1

The system is supplemented by the following initial conditions:
o(@)|i=0=20"(2), Yi(@)lizo=Y{(2), u(@)li=o=0’(2). (2.3)

We assume that

and that the total mass is given by
/ 0% dz=M >0.
Q

We consider 2, a bounded sufficiently smooth subset of R?, and we impose the following
boundary conditions:

ulpo=0 and Fj-n|pn=0. (2.4)

The internal pressure is of the form

n
Yy
m(0.Y)=0"+0) o v>1. (2.5)
k=1
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The first term describes the barotropic pressure, and the latter summand represents the
thermodynamic pressure for the mixture of n species given by the Boyle law (1.1) (with
R=1).

The fluxes F; are given by

F;=-DVY;, D>0. (2.6)

The form of the viscous stress tensor S is determined by the Newton rheological
law

S=2uD(u)+vdivul, (2.7)
where D(u) =1 (Vu+(Vu)?) and p and v are constant viscosity coefficients satisfying
1w>0, 2u+3v>0. (2.8)

The production rates wy, are defined as
we=wi(Y1,...,Y,) =wi (Y1,...,Y,) = Yiw (Y1,....Yy), (2.9)

where w}, and Y;wj, denote the rate of production and reduction of species k, respectively.
We assume that wj and wj, are bounded on [0,1]™ and that

Wh(Y1,...,Y,) >0, wi(Yr,...,Y,)>0 forall 0<Y;<1. (2.10)
Thus, in particular
wr(Y7,...,Y,) >0 whenever Y =0.

For the above system, we will look for a global in time weak solution in the following
sense.

DEFINITION 2.1. We say that (o,u,Y1,...,n) is a weak solution to the prob-
lem (2.1)-(2.5), (2.6)-(2.10) provided o€ L*(0,T;L7(Q)), ueL>®(0,T;L*(Q))N
L0, T,WEAQ), Y €L¥((0,7) x Q)N L2(0,T;W2(9)),  Fronlon=0, ¥i,020,
Joolz,t)yde=M, and Y} Yi=1 a.e. in Q, and the system (2.1) is fulfilled in the
distributional sense in (0,1) x Q2.

The main theorem of this work reads as follows.

THEOREM 2.2. Let Q€ C? be a bounded domain in R3, >0, v+ %u >0,v>2, M >0,
p0>0, ug€ L*(Q), po € L7(Q), and 0<Y, <1. Then there exists a weak solution to
(2.1)-(2.5), (2.6)-(2.10) in the sense of Definition 2.1.

The main idea of the proof of Theorem 2.2 is to use time-discretization, which will
be introduced in Section 3. In this section, we also introduce further approximation
involving elliptic regularization in the continuity equation —eAp and artificial pressure
do'. Existence of regular solutions for all parameters being fixed is proven by the
Galerkin approximation for the momentum equation combined with the fixed point
argument. The continuous system is recovered in Section 5, still with ¢ fixed and
I' large enough, which plays an important role in the derivation of the effective flux
equality. At the end of this section, we perform the last limit passage 6 —0. Since
this is done for the continuous system, the proof is an easy combination of reasoning
from previous sections and the techniques from [12]. The only substantial difference is
the energy estimate, which arises due to a more general form of the pressure (2.5) and
asks for v>2. For the reader’s convenience, we also recall some classical facts about
the Riesz transform that are used in the course of the proof. They are collected in the
appendix in Section A.
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3. The time-discretized model

We will prove the existence of solutions to system (2.1) by a relevant time dis-
cretization and by letting the length of the time step go to 0. We also introduce the
first approximation parameter § >0 in front of the artificial pressure o' .

Below, we define uniform partitions of the time interval [0,7], 0=to<t1 <--- <tz =
T, such that (At)=t; —t;_1 =const. Then the discretized system reads

(A" (o =) +div(e’u!) =0
(At (P! — /M) +div(e/w! @ u!) — divS(u!) + Vi (o? Y7 ) + V(o)
=o't (07 (V] = /1Y) +div(0 VW) + divF ()
=dw(Y?), ke{l,...,n} (3.1)
with boundary conditions
w90 =F(Y7) n|sq =0, (3.2)

where, for brevity, we denote Y7 ={Y{,...,Y/7}.
For the purposes of this part of the paper, we introduce the following definition of
a weak solution.

DEFINITION 3.1. We say ggj,uj,Yj) is a weak solution to the problem (3.1)-(5.2)
provided ¢ € L7(Q), w e W, (Q), Y7 e Wh2(Q), Fr(¢/,Y7) n|oq =0, Y?, 0" >0, and
Sor_ Y! =1 ae. inQ, and the following integral equalities hold:

(At)fl/ﬂ(gﬂgﬂ”)g dxf/ﬂgjuj«vg dz=0, (3.3)
for all £€C>=(Q),

(At)‘l/(ejuj—gf‘luj D dz— / (W oul): Vo) dm—/S(u-j):ch dz
Q Q

Q
/ (&7, Y7)+6(0)" ) dive dx:/ ot da,
Q Q
for o e C§°(QY), and
007! [(@Y{ =01 0 do- [ 9w o da
- [ Fuv) V6 do= [ Gea(y)o do.
Q Q
for all g€ C>=(Q) and for ke {l,...,n}.
We will also use the notion of a renormalized solution to the continuity equation.
DEFINITION 3.2.  Let w/ € W2 (R3) and ¢/, ¢/ € L?O/E’(R?’) solve
(At~ (o =o' +div(e’w) =0

in the sense of distributions on R3. Then the pair (¢/,u?) is called a renormalized
solution to the continuity equation if

(A7 (! =MV (07) +div (b(o?)u?) + (b (¢7) —b(0)j) divu? dz=0, (3.4)



1980 MULTICOMPONENT MIXTURE MODEL

in the sense of distributions on R3, for all be W1°°(0,00)NC*(]0,00)), such that
st/ (s) € L (0,00).

Our main result for this system is as follows.

THEOREM 3.3. Let Q€ C? be a bounded domain in R3, 11> 0, 1/—|—%u>0, v>2, M >0,

and let (At)~1 be constant, and let >0 and I'>3 be fized. Let (gj’l,ujfl,Y,gfl)e
LY() x WE2(Q) x WH2(Q) be given functions such that

, ) L _ ) 2 _
VI =0, Y Y =1laeinQ, o7 (Y,g‘l) O T 2 e LY (Q),
k=1

Fk(Yj_l) -1’1‘89 :uj_l‘@Q =0.

Then there exists a weak solution to (3.1)—(3.2) in the sense of Definition 3.1. Ad-
ditionally, the pair (¢,u’), extended by 0 outside ) is a renormalized solution to the
continuity equation in the sense of Definition 3.2.

4. Approximation

The purpose of this section is to prove Theorem 3.3. For this purpose we intro-
duce a suitable regularization of system (3.1)—(3.2), indicated by the presence of three
parameters € >0 responsible for smoothing the solution to the continuity equation and
the parameter of the Galerkin approximation N € N. The artificial pressure parameter
6 >0 was introduced in the previous section. _ 4 _

For fixed e, N, and §, we will look for (o} _ y,uj. n,Y3. y) (we will skip the
subindexes when no confusion can arise) satisfying:

e the approximate continuity equation

(AL (07 — ) +div(o’u) —eAo =0,

. (4.1)
Vo’ -nlpq =0,
e the approximate momentum equation
(At)_l/(gjuj—gj_luj_l)-<p dx—/(gjuj®uj):V¢p dm—i—/S(uj):(p dx
“ ° o (4.2)

—/ (w(gj,f/j)—i—é(gj)r) divep d:c—i—s/ Vo -vul - dx:/ ot dx,
Q Q Q
is satisfied for each

@ €Wy =span{p',....p"} CW;?(Q);

i.e. the first IV eigenfunctions of the Laplace operator with Dirichlet boundary condi-
tions,
e the approximate species balance equations
(A MOV =0V div(@ VW) divEk (1)) —2A (Vo) = (V7),
FZ'H|QQ:0, kE{l,...,n}.

(4.3)

The aim of this section is to prove the following theorem.



E. ZATORSKA AND P.B. MUCHA 1981

THEOREM 4.1. Lete, §, At>0, NN, and ' > 2 be fived. Let (w1 Y)Y satisfy
the assumptions of Theorem 3.3. Then, there exists (¢’,u?,Y7), a regular solution to
(4.1)=(4.3), such that o eW?P(Q), w e Wy, YI e WP(Q), and ke {1,...,n}, for all
p<oo. Moreover, o' >0 in Q, [0 de= [0/~ de=M, Y! >0, and Y ;_ Y/ =1.

The proof of this theorem is based on several auxiliary lemmas, and it is presented
in the next subsection.

4.1. Existence for fixed parameters.
Step 1: We define the operator

S Wy —=W?P(Q),

1<p<oo, S(w)=g’, where ¢’ solves the approximate continuity equation (4.1) with
the Neumann boundary condition. We then claim that the following result holds true.

LEMMA 4.2. Let the assumptions of Theorem 4.1 be satisfied. Then the operator S
is well defined for all p<oco. Moreover, if S(u/)=o’, then ¢/ >0 in Q and ng7 de=
Jo o'~ dx. Additionally, if ||u?||wy <L and L>0, then

7]l < Cle.p, ) (A+ L)l lp,  1<p<oo. (4.4)

The above lemma is an analogue of Proposition 4.29 from [31], so we omit the
proof.

Step 2: Our next aim is to show the non-negativity of the species concentrations
under the assumption that the solution to (4.1)—(4.3) is sufficiently smooth; i.e. ¢/, u?,
and Y} e WP(Q), for any p<oo, k€ {l,...,n}, and ¢’ >0.

For the first n—1 species, it will follow directly from the features of the species
production terms. We test Equation (4.3) by ¥/ =min{Y};’,0}. Note that this is a
continuous function and that Y,‘j Y,‘j _ :(ij _)? and Y,‘j Vij :ij _Vij _. Thus inte-
grating by parts, we obtain

(At)—l/gf(ygf dx—/ng,jujVY137 dx+/(D+€gj)|VY,gf|2 dx

Q Q Q

+5/Y,g;vgj.vy,g; dx:/gjwk(Yj) dx—i—(At)_l/gj_lYg_lY,gf dz.
Q Q Q

Note, that the first integral on the r.h.s. is non-positive due to assumptions imposed on
wg (2.10). The second integral is non-positive due to assumptions on Y} -

Next, we multiply (4.1) by %(ij _)?, and we add the resulting expression to the
above equality to get

SO0 [ P07 P ot [ (D42 9V deso
2 Q Q

By the fact that fQ o’ dz =M >0, we can hence conclude that ij_ =0, and thus ij >0.

Thus ij >0 for ke{l,...,n—1}, however, so far we do not know if ij <1.

To show this, we define Y,/ =1— Z;ll ij , derive the equation for Y from the
approximate continuity equation (4.1) and the first n—1 species Equation (4.3), and
repeat the above procedure to deduce that Y7 >0 in Q. Note, however, that this is
possible only under the assumption that all the diffusion coefficients in (2.6) are equal
to the same constant D.
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REMARK 4.3. Note that the lower and upper bounds for Y;, i€ {1,...,n}, do not de-
pend on the approximation parameters. Thus in the course of subsequent limit passages,
we will get that

0<Y, <1 a.e. in . (4.5)

Step 3: We now prove the existence of solutions to the momentum and the species
mass balance equations for a given u and p. The main idea consists of applying the
Leray—Schauder fixed point theorem to the mapping

T Wi x [WP" 5 Wy x WP T(0?,Y]) — (w, Xp),

where (w,X}) is a solution to the boundary-value problem
/ S(w): Ve dz
Q
:(At)_l/ (ot = plud ) dx—i—/ (v @u!)- Ve dz
Q Q

+/ (W(QJ,YJ’)M(Qj)F)diwp dx—a/ Vol Vg dm—i—/ ofipdz,  (4.6)
Q Q Q

—div((D+e0)VX})
=l W (YT) + (A Y — (AL~ Y —div (ng,juf) +ediv(Y] V),
Vij ‘n|pq =0,
satisfied for ¢ € Wy and k€ {1,...,n} and with y/? :ij for ij <1, or 1, elsewhere.
We prove the following lemma.

LEMMA 4.4. Let the assumptions of Theorem 4.1 be fulfilled, and let ¢’ be given by
Lemma 4.2. Then, the operator T is continuous and compact from Wy x [W2P(Q)]?
into itself.

Proof. The existence and uniqueness of a solution to the system (4.6) is a conse-
quence of the Lax—Milgram Theorem. Evidently, the mapping 7 is compact. Since the
r.h.s. of (4.6) is sufficiently smooth and of lower order, it is also continuous. d

To conclude, we should show boundedness of possible fixed points to
AT (W, V)= (), Y{), Ae0,1]. (4.7)

We first prove the following lemma.

LEMMA 4.5.  Let the assumptions of Theorem 4.1 be satisfied. Then there exists ¢ >0
such that the solutions of (4.7) in the class Wx x [W2P(Q)]™ fulfill

[ [l + ”Y}gHW?vP(Q) <c,
independently of t.
The second equality in (4.6) rewrites as
—div((D +¢¢")VY})

. ) . o o o 4.8
:,\(gfwk—i—(At)_lg]_lYk]_l—(At)_ngYk]—div(Qij]uJ)—l—ediv(Yk]VgJ)). (4.8)
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Multiplying it by ij , integrating by parts, and using the boundary conditions, we get
/(D+sgﬂ')|vyg|2 dz
Q
1 i—tyi-lyi_ i (yi) A j i\
SO B U (R e (7)) =5 Vo (7))
A o N 2 . .
—f/div(gjuj)(Y,O dx—i—)\/ o wpY; du.

2 Ja ' Q '

From the approximate continuity equation, we obtain

. . . Y] 2 ) Yj 2
/(D+59J)|VY;3|2 dar+>\(At)*1/ <Q11(1<)+Qg( i) ) de
@ Q 2 2

Using o =1/ in the first equality of (4.6), we obtain
S(uj ): Vo dx

_/\/ oY) +6(07) )divuj dm+/\(At)’1/ (' —plud) -l dz
Q

—/\/ div(g/u/ @u’)-u’ d$—€/\/ Vo -vul.u dx+/\/ ol -w! de.  (4.10)
Q Q Q

The first term on the Lh.s. can be used to control the norm of u in W01’2(Q). This is
due to a simple generalization of the Korn inequality. We will prove that there exists a
constant ¢ depending on 2 and p such that

CHujH%)VI,Q(Q)S/ S(w/): vV’ da.
Q
Rewriting the viscous part of the stress tensor in the form
. A o
S(u’)=2u| D(u’)— 3 dive’T | +&divu’l,
we can estimate

/S(uj):Vuj deu/ <|Vu]2+(VuJ)T:Vu—3(divuJ)2> dx
Q o)

/<|Vu]2 —(divu’) ) dz,

and we conclude by application of the Poincaré inequality.

Next, we use (4.1) with p=S5(u) to express

/V(gj)v-uj dz
Q

zgy/sz(gj)'y_2|ng|2 dac—i—(At)_l%/Q(gi)” do /97 Y-t da,



1984 MULTICOMPONENT MIXTURE MODEL

and the same for the artificial pressure 6(¢’)'. Then, integrating (4.10) by parts, we
derive

-1
/S(uj):Vuj dx+%/ (' +07) W dx+t€7/(gj)7_2|ng|2 dz
Q Q Q
, . , r ,
+t€5F/(Q])F_2|VQ3|2 dgc+t(At)—1i/(gJ)7 dm+t(At)—1a—/(gJ)F dz
Q v—=1Ja I'-1Jq
or

:tw)*% Lot deruan T 5 [ o) s

+t Z—gfdlvuj dz+t(At)~ /ijlujfyuj dert/ ot u! d. (4.11)
Q. Q Q

Summing up equations (4.9) and (4.11), using the Cauchy inequality, boundedness of
wg, and the equivalency of norms on Wy, we show

o [lwy + 1Y [lwi20) <c, (4.12)

with ¢ a constant independent of ¢. Finally, we may estimate the norm of the second
gradient of Y}, directly from (4.8):

—(D+ed)AY]
:_t(gfwk+(m)—1gj—1y,g’—l—(At)—lgjyg—div (gfy,juf)Jrgdiv(ngQj))
—eVyo/ ~Vij.
Due to the regularity of ¢/ and u/ and the estimate (4.12), we first justify that

V] € W22(Q) — WhH5(Q) < L=(Q). Then, by the bootstrap procedure, we arrive at
Y& [[w2.» () < c which finishes the proof of Lemma 4.5.

To conclude, we observe that (4.5) is valid. In particular, ij = ij in (4.6), and the
proof of Theorem 4.1 is complete.

4.2. Limit passage in the Galerkin approximation. First, we need esti-
mates which are uniform with respect to N. They can be deduced easily from (4.9) and
(4.11) taking t=1. We have

) n ) . \T/2
Hug\rnwlﬂ(ﬁ)+Z‘|Y15,N||W1=2(Q)+||Q§VHLF(Q)+HV<93V> 220 <c. (4.13)
k=1

Moreover, using standard elliptic theory, we can deduce that Q{v satisfies

HQ;VHWZQ(Q) <c (4.14)

Using (4.13) and (4.14) and the imbedding theorems, we may justify the existence of a
subsequence (denoted by N) such that

9{\/ — ¢/, weakly in W22(Q) and strongly in W14(Q2), ¢ <6,

o — ¢, weakly* in L®(Q)

uy, =/, weakly in WH2(Q) and strongly in L9(Q), ¢ <6,

V! y = Y], weakly in WH2(Q) and strongly in LI(Q2), ¢ <6,

Y/ v = Y{, weakly® in L(Q).
Having this, justification of the limit in (4.1), (4.2), and (4.3) is an easy exercise, so we
skip the details.
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4.3. Uniform estimate of the pressure. We again start by deriving some
uniform estimates. The uniform estimates resulting from (4.9) and (4.11) are the fol-
lowing:

”ue”Wl2(Q)+Z”Yka”W12(9)+5(At) o2l e @ H(AH)” 1||Q5||L'Y(Q
k=1

+e81V (02)" " 220y +2lIV (02) 2 ooy <. (4.15)

However, we still need a better estimate of the pressure which can be obtained by
application of the Bogovskii operator. We will show that when I' >3, the barotropic
component of the pressure is bounded in a space slightly better than L(£2) which
becomes important in the course of all subsequent limit passages.

We test the approximate momentum equation (4.2) by a function

1

0=5((0) i [ (&) az).

where 8 € (0,1] and B is the Bogovskii operator defined by the following lemma.

LEMMA 4.6 ([31], Lemma 3.17).  Let Q be a bounded Lipschitz domain in R3. Then
there exits a linear operator Bo = (B}Z,Bé,Bé) with the following properties:

Bo :LP(Q) — (W, P(Q))?, 1<p<oo,
div(Bo(f))=f a.e. inQ,fecLP(Q),

IVBa(f)llLr@) <c@, D fllzr ), 1<p<oo.
If

f=div(g), with g€ L*(Q),div(g) € LI(Q2), 1<g< oo,
then
1Ba(f)ll L) <clg, D9l Lo,

where LP(Q)={f € LP(Q fQ y)dy=0}.
More recent results on this issue can be found, for example, in [5].
We know, in particular, that

IVell, <cm.2) ()’ I,

and due to the Sobolev imbedding,

3317 if p<3,
12, <c(p, )] (&) I, 1<p<oo, p={ €lLoo)if p=3,
00 if p>3.

For more details concerning the Bogovskii operato,r we refer to [31]. This testing results
in the following identity:
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/Q((@j)”ﬁé(gj)”ﬂ) dz
:(At)*l/ﬂ(gjujfgjflujfl),q) dzf/gj(uj®uj):vq> dax

Q

JF/S u’ IV@dz+€/VQJ-VuJ~<I>dx+/ — (o’ dz

k=1

—|—‘ﬁl|/ﬂ<ﬂ'(gj,Yj)+6(gj)F> dx/g(gj)ﬁ da:—/gjfj-fb dx

Q
=) I. (4.16)

We will only estimate the most restrictive terms. The first is the convective term. We
have

L <& 10 PlIsl (&) la < tlle Ipllw? 13 211071175 < cll’ el (4.17)

where %4—%: 2. In the last inequality, we used (4.15) to estimate the norm of u/.

3
Now we choose p=¢q= w, and we apply the interpolation inequality of the type

o7, <l 1Y 07| ,lyjr”; which leads to the restriction

f<2y-3.

Next, we handle I,. Employing the Holder inequality, we get for % + % = %,
I4=€/ Vo -V - ® dz < ce| Vo |l [lull1 2| @15 < cel| Ve’ ||z 0715,
Q

for some p>3. We choose p such that fp=+T", so I' >2p.
To get the estimate for ||Vp|l2, we need to interpret the approximate continuity
equation as a Neumann-boundary problem

—eAp=divb in Q
%:b-n at 092, (4.18)
with the right hand side
b= (At)"'B(h— o) —ou.

From the classical theory, we know that if 9 is smooth enough and if b€ L(Q2), then
there exists a unique o € W4(Q) satisfying (4.18) in the weak sense, such that Joodz=
const. Moreover,

IVollq < [Ibllg- (4.19)

(g, )
€
In our case, it is enough to see that the g-norm of b may be estimated as
bll2 < (A (llelly + I17ll) +llellslulle. (4.20)

Thus, observation (4.19) together with (4.15) and assumption I" >3 yields the following
estimate of I4:

Ii<e®)elfsr-
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Therefore, from (4.16), we deduce that independently of € we have

lolli+)y +ollella+pr <c(d), (4.21)
fory>2, I'>3.

4.4. Limit passage ¢—0. The estimates from the previous sections, (4.12),
(4.15), and (4.21), can be used to deduce that, at least for suitable subsequences, we
have

w —u  weakly in Wh2(Q), ( )

ol — o weakly in LOTAY(Q)NLEFAOT(Q), (4.23)
ngg —0 strongly in L? (Q), (4.24)
ij’E —Y;, weakly in Wh?(Q), strongly in LP(Q), p<6, (4.25)
ij,s =Y, weakly® in L*°(Q). (4.26)

We are, hence, in a position to conclude that there exists (¢?,u’,Y7) which satisfies
the integral equalities:

(At)fl/g(gj—gjfl)f dx—/ﬁgjuj-vg dr=0, VE€C™(Q),

(At)—l/ (giuj_gj—luj—l)sodx_/gj (W @) : Vo dz
Q Q
+ [ sw):vi do- [ T@ V)T dive do
Q Q

— [0 ds, VoeCE®.
Q

(At)_l/ (g-fy,j—gf—ly,g‘*l)¢dx—/ PYIi Vo dx—/DVY,j-ws de
Q Q Q
:/ duwp(Yp dz VoeC™(Q),

Q

for ke€{1,...,n}. Here and in the sequel, g(o7,u?,Y7) denotes the weak limit of a
sequence g(o?,ul,Y7).

To conclude, one needs to verify if 7(o,Y)+do" =7(0,Y)+350". In view of the
strong convergence of Yy, for k € K, the positive answer to this question is in fact equiv-
alent to the strong convergence of the density.

Since the strong convergence of the sequence approximating the density cannot be
deduced from the system directly, we will apply the technique introduced by Lions [18].
It is based on an observation that the missing compactness can be replaced by the
compactness of a quantity called the effective viscous flux or the effective pressure.

In order to proceed, we first observe that, since g.u. and V. possess zero normal
traces, it is possible to extend the approximate continuity equation to all of R3:

(M) Mgl +div(lgolul) =ediv(1qVel) + (At) tgel L. (4.27)

To derive a key equality for this reasoning, we introduce the inverse divergence operator
A=VA~! and the double Riesz transform R=V®VA~!, whose definition and main
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properties are recalled in the appendix.
We test the approximate momentum equation by the function

p(r)=C(2)¢, d=(VAT[lael], CECF(Q).

Note that this operation “gains” one derivative. Thus using only the L' (£2)
integrability of o., we justify that this is an admissible test function. FEvidently,
Ef’:l’Ri,i[v] =wv. Thus integrating by parts, we obtain the following equivalence:

/Q C((r(h Y7) +-3() )l —S(ud): R{1ged]) de
—(a7 [ ¢t =2 ut) Allog!) do
\/C Eus zus le k[]-QQg] do— /QE We i skakC'A [1QQ€] dz

+ / SikOkCAi[1ool] dz— / (m(0l,Y?)+6(0))") 0:CAi[lael] da
Q

Q
/CVQJ V! AL ad’] dx—/(gjfiin[ngg} dz, (4.28)
Q
where we used the Einstein summation convention. Adding and subtracting

fQCqus & R, k[lggguiz] dx, we may rewrite the r.h.s. in a form which lets the com-
mutator appear. Then, using the fact that R; ;[v] =0;.A;[v], the basic properties of the
Riesz operator,

Ro[o]=Ryalol, /RSRi,j[v]u dxz/RSRj,i[v]u dz, velP(R®), ue LV (RY),
and the approximate continuity equation, we transform (4.28) into
/ C((~(0lY2)+5(e) )l — S(ud) : R[laell) da
= [ ¢lein Rl1agul) gl o) :R{1ngl]) do
—/Qgggug-VA [divigelul] dz+ (At)~ /g (olul — ol 'ul™") - VA  1gol] dz
—/an<u£;®u£):V<®VA—1[1Q@£] dx+/QS(u£):V<®VA—1[IQQ£] dz
/( (o1, YI)+6(ol)") VC® VA 1gpl] da

—|—€/CV@’ vul - VA 1ge!] do— /ngfj VA Hlqe!] dz

=) I. (4.29)

Finally, I may be expressed by means of an approximate (extended) continuity
Equation (4.27) in the following way:



E. ZATORSKA AND P.B. MUCHA 1989

12:—5/ Coul VA divlgVel] dz
Q
+(At)—1/gggug-VA—luﬂ(gg—gg—l)] d. (4.30)
Q

We will compare (4.29) with a similar expression obtained by testing the limit momen-
tum equation with the function

p(2)=C(2)¢, ¢=(VAT[lad], C€CF(Q).

Note that this is still an admissible test function since I' > 3. We have

/C(W(Qjayj)""é(gj)FQj—S(uj)IR[lggj]) dx

Q

~ [ ¢l Ritagw] - ¢/ (w ow) Rilagl)) do- [ o/l TA [1ag ™) ds
@ Q
+(At)‘1/gc(gjuj—gf‘1uj—1)-VA—1[1QQJ'] da

—/Qj(uj®uj):VC®VA_1[1QQj] dx—i—/S(uj):VCVA_l[ngi] dz
Q Q

—/W(gj,Yj)+5(,Qj)FVC®VA_1[1QQj] dx—/(gjfj-VA_l[ngj] dz
Q Q

=Y I. (4.31)
Then, we see that
(VA ) [1gel] = (VA )1ae!] in C(@), (4.32)

which is the consequence of Lemma A.1. Recalling (4.22)-(4.25) we show that the e-
dependent integral on the r.h.s. of (4.29) vanishes, whence Is,...,Is converge to their
counterparts in (4.31).

In what follows, we give some more details of these limit passages. Firstly, due to
the compact imbedding W2(Q) < LP(Q) for 1 <p<6, we have

w —u’  strongly in LP(Q), 1<p<6. (4.33)
Also taking into account (4.23), we therefore get

6(1+8)y

Tl —ul o kly in LP(§ —_
ulol »u’’ weakly in LP(Q), 1<p 6+ 110)

(4.34)

Since % > 2 for v>2, and by virtue of (4.24) and Lemma A.1, we check that

the e-dependent component in (4.30) tends to 0; i.e. SfQCquE-VA_l[div 10Vo.] dz—
0. Next, due to (4.22) and (4.24), (V.-V)u. —0 weakly in L'(Q), which coupled
with (4.32), implies the zero limit of I7.

Therefore, by letting € go to 0 in (4.29) and comparing the limit with (4.31), we
verify that
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C((W(QQYJ)M(QZ)F)QZ—S(UZ):R[lnaii]) dz

/C olul - Rllgelul] ol (ul®ul): R[lqol]) do

- / (. Y7) 000~ S(w): Rllag']) dr
f/QC(gjuj-R[lggjuj]fgj(uj@)uj):R[lggj]) dx. (4.35)

Our next aim is to show that the last terms on both sides cancel.
For this purpose, we take VI =plul and rJ=pl and check that they fulfill the

assumptions of Lemma A.2 with p= %

u’, we mean the functions extended by 0 outside 2. Thus, there is enough room to
choose s> 2 such that %—&— % = %, and so Lemma A.2 yields

and g= (1+ ), where by ¢! ul, ¢/, and

dul R[lgolu!]— o (vl @ul): R[lgel] = duw/ - R[lgdv/] — ¢/ (v @u?) : R[1qe’],

weakly in L*(£2). Substituting this result into (4.35), we obtain

1im/(((7r(g5,Y5)—|—5QF) QE—S(ug)IR[IQQE]) dx

e—0 Q

- /Q (T YT 3 0~ S(w):Rllng]) dr. (4.36)

We express S(ul): R[1q0?] and S(u’): R[lge’] in terms of the divergence of ul and u/,
respectively. For the second part of (2.7), we have
. . 3 . . . .
vdivull: R[1qol]= VZdivugRi,i[lggg] =vlgdivulel.

i=1

To handle the first part, we integrate by parts and we check that
/ ¢ (Vul+(Vul)") : R[1gol] da= /R [Cp(Val+(Vul)")]ol da. (4.37)
Q

Observe that R: [Vue + (VuE)T} = 22?,]’:1 0;A;0ju. ; = 223’ 0; 2321 Rjju; =2divu..
Thus, the r.h.s. of (4.37) can be rewritten as

| R:lcuDulo. da
:/ C2pdivu,pe dx—i—/ (R:[¢2pD(u.)] — (R : [2uD(u.)]) 0= dz.
Q Q

Repeating the same procedure for the limit stress tensor S(u), we obtain from (4.36)
the following expression:
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/{lC((W(Qj,Yj)-I—(S(Qj)F)Qj—(2,u+u)divujgj) dz

— [ (RN TS - (2t v)dived ) da
Q

+lim (R:[¢2uD(ud)] - ¢R: [2uD(ul)]) of da

—/Q(R:[CQMD(uj)]—CR:[Z,uD(uj)])gj dz. (4.38)

In order to show that the two last integrals cancel, we will apply Lemma A.3 to each
row of the matrix D(ul). Le., we take

w=(, V=0l +0pul,;, j=1,23.
By virtue of (4.15), V7 € L?(IR?). Since ¢ extended by 0 outside € belongs, in particular,

to W2 (R?), we can take any s€ (1,6) and o= °Z* for which

IR: [c2uD (ud)] — CR: (20D ()] s i) <

Next, we may use the fact that W #(IR3) is continuously embedded into L¢(R?) for any
1<a <6 and that the embedding is compact for a < 6. Moreover, since é = % + (Hﬁ <
1, we have that

(R:[¢2pD(ul)] = (R [2uD(ul)]) o — (R: [(2uD ()] — (R : [2uD(u’)]) ¢’

weakly in L9(R3). Therefore (4.38) reduces to the following remarkable identity:

/Q(W(Qj7Yj)Qj+§(Q,j)F+1_(2M+V)W) da
Q

~ [ (R T+ o= Cp+r)divw ) da. (4.39)

In what follows, we will exploit (4.39) by use of the renormalized continuity equa-
tion. The following result is a consequence of a technique introduced and developed by
DiPerna and Lions [6]. Applying it to the continuity equation (extended by 0 outside
Q), we obtain.

LEMMA 4.7. Let o1, ¢ € LP(R3), p>2, 0>0, a.e. in Q, and ue W(}’Z(R‘S) satisfy the
continuity equation

(M) Lo +div(g?u?) = (At) Lo

in the sense of distributions on R3.
Then the pair (¢7,u’) solves the renormalized continuity equation (3.4) in the sense
of distributions on R® where b(-) is specified as follows:

be C([0,00)NC((0,00)),
lim, o+ (sb'(s) —b(s)) €R,
b'(s)|<Cs*, se(l,00), A<E—1.

The best general reference here is [10], Section 10.18; see also [31].
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Applying Lemma 4.7 to the limit continuity equation, we can verify that the pair
of functions (p,u) extended by zero outside of Q is a solution to the renormalized

continuity equation, as specified in Definition 3.2. Moreover, taking b(¢’) = ¢’log ¢/, it
can be deduced from (3.4) and from (3.3) with £=1 that

(An)! / (¢ =o' )logo da+ / o diva? de—0.
Q Q

We now test the approximate continuity equation (4.1) with log(o +7), n>0. Note
that due to Lemma 4.2 this is an admissible test function:

(At)‘l/g(gi—QZ‘l)log(giJrn) dz — /quj dw—s/AQ log(o? +1) dz=0.

Integrating by parts in the last integral and using the boundary conditions, we obtain
the following expression:

. . ) Vo j|2
07 [ (= sttty ao— [ ot YE aie [ VED g
Q Q o= +n Q Qﬁ—n
But the last term is nonnegative, so we have
-1 j j—1 j 5 Vol
(AY) (ol — 0l )log(ol +n) de— [ olul - —= da<0. (4.40)
Q Q ol+n

Next, let n—0. Due to the regularity of ¢/ and ul, the only problematic term is
—fQ ol Hog(ol +n) dx for o <1—mn, but from the above inequality, we may deduce
that

—/@Z‘llog(giﬂ) dxé—/gilog(QZH?) dx+/@£u§- Ve dz <c(e).
Q Q Q Q§+n

We thus use the Lebesgue Monotone Convergence Theorem to show that when n—0
we have

f/ﬂggfllog(gngn) dx%f/glggflloggg dax.
Integrating the second term in (4.40) by parts once more, we end up with
(At)_l/ﬂ(g8 o’ 1) logo! dx+/ divul ¢? dz <0, (4.41)
so, after letting € — 0 we finally arrive at
(At)*l/gm dx+/gm dz <0.

As a consequence, identity (4.39) may be transformed into:

/ (@, Y) 0l +8(@))TT da+ (2t v) () / (@ Dlogg da
Q Q

S/W(W,Yj)+5(9j)rgj dw+(2u+V)(At)_1/ (¢’ =0~ 1)loge’ du. (4.42)
Q Q
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The convexity of ¢/ In(¢’) and —¢’ " In(¢”) as functions of ¢7 ensure lower semicontinuity
of the functional [, (¢’ —¢’~")loge’ dx. In other words,

/(ijgjfl)log@j dxé/ (07 — '~ 1)log e’ dx.
Q Q
Therefore, due to the definition of 7, we have from (4.42)

j7+1+5 ]F+1+ 7k‘ d</ )Y 4+ 609\ o7 + Zk o | de.
/Q<<g> @Iy e ) : Q((g) (@0 gf;_ljmkga> .

(4.43)

This inequality can be used to show strong convergence of density as soon as one justifies

(@) <(@)*+, ()T <()F, Yol <Y ()2 (4.44)

To do this, we will use a well known result about weak convergence of monotone func-
tions composed with weakly converging sequences, whose proof can be found e.g. in [10],
Theorem 10.19.

LEMMA 4.8 (Weak convergence of monotone functions). Let Q be a domain in RY
and (P,G) € C(R) x C(R) be a couple of non-decreasing functions. Assume that u, is a
sequence of functions from L'(Q)) with values in R such that

weakly in L'(Q).

(i) Then

(i) If, in addition

G(z)=z, PeC(R), P is non-decreasing

and

then

Applying this lemma to (4.44), we see that the first inequality is evidently true since
P(02)=(0!)" and G(o) = 0! are increasing. Regarding the second inequality, by (4.25)
we know that Y,fgj =ijgj. Thus Qijij :ij(Qj)Q7 and the r.h.s. satisfies ngkj 0=
Y (07)?>Y/(0)?. Here we applied Lemma 4.8 with P(¢?)=G(o)=pl. Hence, by
comparing (4.43) with (4.44) we obtain, using statement (ii) of Lemma 4.8, that

(0)7=(¢") ae. in Q.

This in turn implies the strong convergence of the density as L7 (2) is a uniformly convex
Banach space. This completes the proof of Theorem 3.3.
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5. Back to the continuous system

The aim of this section is to prove Theorem 2.2. The first part is devoted to the
derivation of estimates uniform with respect to At. Some of them can be deduced
from the previous section after letting € go to 0. Then we let the time-discretization
parameter At go to zero. Finally, we discuss the limit passage with the last parameter

J.

5.1. Limit passage to a continuous system with artificial pressure.
Before we let At—0, we turn back to (4.11) and rewrite it in a slightly changed

form. First, we add and subtract %fg @~ Huw 1 dr and (At) fQ ) da+
%fg(gj_l)F dz to (4.11), to get

At)~! . ) ) A1 _ _ 4
&/ (QJ|uJ|2_Q]—1|uJ—1|2) dl‘+%/ Qj—1|u]_uj_1|2 da
@ Q

2
; (AL N (-1 da
+ [ stw)ivar do U ()= (@ 7)) @

-1
S0 [ (@ @) @

+ey/ﬁ(gﬂ’)7*2|vgj\2 dx+55r/ﬂ(gJ’)F*2|vgj|2 dz

(At)il ol v _ Ny—1 7—1 T
20 [ (0@ +@ ™) =@y o)
0 [0 @)+ T )

/dfﬂ -’ dx—&-Z/ —delvuj dz. (5.1)

Note that since o/, ¢?=1>0, 7, and I'>1, the two last integrals from the Lh.s. are
nonnegative. Let us introduce the following notation:

(RS
—
&

at):(bk(m) . ~
¢(x,t>:¢k(m)—|—(t—tk) (¢k+A1;¢k> (.23)} if 1y <t <tlg+1, kG{O,...,N}7 (52)

and let us define the shift operator

opF=¢F1 ke{l,...,N}.

We can then rewrite the system as

00+ div(pa) =
drou+div(pa®a) —divS(a)+V (, V) +6Vh =0, (5.3)
040V, +div(oV3,) + divE; (5,Y) = pwi(V), ke{l,....n},

and keeping in mind (5.2), we can use (5.1) to deduce that

0, 0 are bounded in L*(0,T;L7(Q)), (5.4)
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6YT5, 61/75 are bounded in L>(0,T;L"(Q)) (
olal? ,g|u\2 are bounded in L>(0,T;L'(Q2)) (
1, @ are bounded in L?(0,7;W'2(Q)) (
61, g1 are bounded in L (0,T;L3%1)UL*(0,T;L7(2)) (
for 1<r< 63_7 , where the last one holds since

1/2 21/2

1681 2/ c00 () < N10I15 o l21GPI Y ) and ([0t < [0l v oy 1allw2(0)-

Furthermore, (5.1) gives rise to two more estimates which are of crucial importance
for the limit passage. Namely,

H@*U@H%(O,T;m(m) +5||@*U@HEF(0,T;LF(Q)) <cAt, (5.9)
and

1610 — o0l 10,7301 () < AL (5.10)

The first one is due to the fact that, for v, I' > 1, there exists a positive constant ¢ such
that

(V=1 () + (@) =) T T =l =T,
S((C=1) (&) + (D =T () ™) Z el =o'

Repeating the steps leading to (4.12), one can verify that @YkQ and QA/Y;C2 are bounded
in L>®(0,T;L()), and Y}, and Y} are bounded in L2(0,7;W'2(£2)), and

H@(Yk_aykf

And by (4.5) we deduce that Y, and Y} are bounded in L>((0,7) x Q). Finally, an
estimate similar to (4.16) can be performed to get

<cAt. (5.11)
LY(0,T;11(9))

A +8

HQ||L7+5((07T)><Q)+5||Q||LF+B (0,T)xQ) = <c(T,Q). (5.12)

This is the last estimate needed to perform the limit passage At — 0 in all the terms
except the pressure. Indeed, passing to a subsequence, it can be shown, combining
(5.4)—(5.11), that the following convergences hold:

[0—o@],[o—0] =0 in LU(0,T;L7(Q2)) (5.13)
for g€ [1,00),
[oa—opu], [pa—ou]—0 in LI(0,T;L"(Q)), (5.14)
for {ge[1,00), re[l,#51 U{qe(1,2), re[l, &5},
[u®@b—ou®al—0 in L'(0,T;L"(Q))ULY(0,T;L (Q)), (5.15)
for g€ [1,00) re[l, 2],

[0Y), — 00V, [0k —0Yi] =0 in L9(0,T;L7(R)), (5.16)
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for {ge[1,00), re[l,%}}u{qe[lﬁ), re[l,%}}.

From what has already been written, we deduce that

0, 0—0 weakly” in L>(0,T;L"(Q2)), weakly in L"2((0,T)xQ),  (5.17)
a—u weakly in L*(0,T7;W?(Q2)), (5.18)
Vi =Y, weakly® in L((0,T) x Q), weakly in L2(0,T;W2(Q)).  (5.19)

REMARK 5.1. Since 0, 9, and u satisfy the continuity equation 9;0+div(ga)=0
in the sense of distributions, the sequence of functions f(t)= ([, 0¢ dz)(¢) is bounded

and equicontinuous in C([0,T]) for all € C°°(£2), and g—ﬁ =0 at 09. Therefore, the
Arzeld—Ascoli theorem, the density argument, and the convergence established in (5.13)
yield

§_>Q in Cweak(ovT;LF(Q))'

We now focus on the corresponding convergence of the products gu, pu®u, oY,
and gYiu. This can be done by repeated application of the following lemma.

LEMMA 5.2.  Let g™ and h™ converge weakly to g and h respectively in LP*(0,T; LP>())
and L%(0,T;L%(Q)) where 1<p1,ps < oo, and

1 1 1 1
—+—=—+—=1
Pr @1 P2 Q2

Let us assume, in addition, that
Org™ is bounded in L*(0,T;W~"™) for some m >0 independent of n and  (5.20)
R —=h™(-4+&,t)|| a1 0,75092 (2)) — 0 as |§| =0, uniformly in n. (5.21)

Then g™h™ converges to gh in the sense of distributions on Q2 x (0,T).

For the proof, we refer the reader to [18].

Since ;¢ is bounded in L>(0,T;W~H2/T+(Q)) dou is bounded in
L2(0,T;W—11+8) - and d,0Yx is bounded in L2(0,T;W=11) condition (5.20) is sat-
isfied for ¢g" =9, ou, gAY/k, and m =1, respectively. Additionally, h™ =1 and Yk, which
is bounded in L?(0,T;W12((Q2)), satisfies condition (5.21).

Therefore, gt converges weakly* in L°(0,7;L*/T+D(Q)) and weakly in
L2(0,T; LSY/("+6)(Q)) to pu, and Y, converges weakly* in L°(0,T;LF(Q)) to oY.
So, in view of (5.13), (5.14), and (5.16)

ou, pu—pu weakly in L4(0,75L"(2)) (5.22)
and

oYy, 0V, — oYy weakly in L9(0,T;L"(Q)) (5.23)

for {ge[l,00), re [1,%]}U{qe [1,2), and re [1,%]}.

Moreover, gu®t converges weakly in LY(0,T;L3"/T+3)(Q)) weakly* in
L>=(0,T;L}(R)) to pu®@u, and oY1t converges weakly in L1(0,T; L3/ T+3)(Q)) weakly*
in L°°(0,T;L(Q)) to oYru. Thus again, (5.15) and (5.16) can be used to show that

ou®u—pu®u weakly in L'(0,T;L"(Q))ULY(0,T; L' (Q)), (5.24)
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and
oYei— oYpu  weakly in L1(0,T;L7(Q))ULY(0,T; L' (Q)), (5.25)

for g€[1,00) and re€|l, 3?fr]

All these considerations allow us to let At— 0 in the system (5.3), and we obtain

Oro+div(ou) =0,
9y (ou) +div(pu®@u) —divS(u)+ Vr(0,Y) + Vol = (5.26)
O (0Yy) +div(eYyu) +divFy(o,Ys) = 0wk (Y), ke{l,... ﬂ},
which is now satisfied in the sense of distributions on (0,7) x 2, together with boundary
conditions (2.4). Regarding the initial conditions, we can repeat the argument from
Remark 5.1 to verify that
0u—0u i Cuear(0,T;L751(Q), 0V — 0V i Cear(0,T;L7(R)). (5.27)
The last part of the proof is devoted to the issue of strong convergence of the density,
which is necessary to identify the limits in the nonlinear terms. As previously, we seek
to derive the effective viscous flux equality.

Note that the functions ¢ and gu extended by 0 outside €2 satisfy the continuity
equation in all of R3. Next, one can check that

G(t,x)=p(t)¢(x)d, d=(VA )[1ad], ©»eCX((0,T)), and ¢ €CX(Q),

is an admissible test function for the momentum equation. After straightforward ma-
nipulations, we obtain

/ v¢ ((r(2.9) 408" o~ S(8): Rl1ag]) dr
*—/1/)(@&@&:72[19@} dx+/¢<g)ﬁ.7z[19@ﬁ] dz
- [ g VA~ 1ag] do- [ vitaea): Vs vA 1ag] dr
+/Qz/JS(ﬁ):VC®VA‘ [log] dx

—/z/J<7T(@,Y)+§@F)VC@VA_I[lgé] dx—/ggf-VA—l[lg@] dz
Q Q

=Y I, (5.28)

where we have used the approximate continuity equation to write
HAVA Hlgo = —-VA~ div(1gen)).
Since I' >3, we can use the analogous function to test the limit momentum equation

p(tx)=0()C(x)d, ¢=(VA [lagl, »e€CZ((0,1)), C€CZ(). (5.29)
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We obtain
/df( (W(97Y)+5QFQ—S(U)5R[IQQ]) dz
Q
*f/zbggu@u:R[ng] d1'+/1/)CQU'R[1QQu] dz
Q Q
—/8,5 d$¢<QU'VA71[1QQ]7/¢Q(u®u)ZVC®VA71[1QQ] dx
Q Q

+/¢S(u);v<®v&1[1ﬂg] dxf/z/m(g,Y)JrégFVC@VA’l[ng] dz
Q Q
6
f/CQf-VA’l[lné] dz=> I, (5.30)
Q =1

Again, it is not difficult to check that comparison of (5.30) with the limit of (5.28) gives
rise to the following equality:

/ 1/)C<( (e, A)+5@F)@_S(ﬁ)3R[1Q§}) dz dt
//W R[lao] —ou-R[loow]) dz dt
%/ /1/’C m(0,Y)+00 0~ S(u): [1gg}) dz dt

/ /1/)( ouu:R[lge]—ou-R[lgeu]) dx dt. (5.31)

To show that the terms involving commutators cancel, we will again use Lemma A.2
with V.= 01, r. =0, and we first check that

ouR[1q0] — 0R[laou] — puR[loo] — 0R[1geu]

in the sense of distributions on € ,but for all ¢ € [0,7]. The second property follows from
Remark 5.1.

Next, by (5.18) and (5.22) and the density argument, we check that this convergence
can be extended to a weak convergence in L2/ (I'+3) (©2). However, we see that this space
is compactly embedded into W ~12(Q) only if ' > %. This, together with (5.18), implies
that

T

lim /0 /Q i (@R [10g] - 3R[1oga)) dz dt
T

—>/0 /Qwa(QuR[ng]—g’R[ngu]) dz dt. (5.32)

Equality (5.32) is then almost what we need. To prove that
T
lim/ /@ZJC(@ﬁ@ﬁ:R[lg@]—Zfﬁ-R[lQ@ﬁ]) da dt
0 Jo

T
~im [ /Q G- (GaR[100) - 6R[1oga]) dz dt,

A0 Jo
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we use properties (5.13) and (5.14). Then, repeating the steps leading from (4.36) to
(4.39), we can transform (5.31) into

(m(0,Y) +6¢") 0~ (2u+v)divug

- (5.33)

=7(0,Y)+d0"0— (2u+v)divug, a.e.in Q.

Next, we take >0 and multiply the discrete version of the continuity equation by
log(¢’ +m). After integrating by parts over {2, one gets

VQJ dr=0.
o' +n

(At)~? /Q (& — " )log(d +1) da— /Q P

By the Lebesgue monotone convergence theorem, we can pass with n— 0% and then
integrate by parts once more to find

(At)fl/ﬂ(gj—gjfl)loggj d$+/ﬂdivujgj dz=0.

Recall that [, ¢’ dz= [,0’~' dz. Thus since xlog(x) is a convex function, the above
equality may be changed into

(At)’l/ (0’logo’ — o' 'logo’ ) dx+/divujgj dz <0. (5.34)
Q Q

Now, we sum (5.34) from j=1 to j=N, multiply by A, and pass to the limit to get

/QQTgQ(T) d“/OT/QQdivu do dtg/ﬂ(glogg)(O) de. (5.35)

For the limit continuity equation, we take advantage of the fact that it is satisfied
in the whole space in the sense of distributions. Thus the solution is automatically a
renormalized solution; see for instance [10]. L.e. by an appropriate renormalization, we
may get

T
/Qlogg(T) dz—!—/ /Qdivu dz dt:/ ologo(0) dx. (5.36)
Q 0 Jo Q

Consequently, the two results (5.35) and (5.36) give rise to

T T
/glogg(T) dx—|—/ /Qdivu dx dtS/ ologo(T) dx+/ /Qdivu dx dt,
Q 0o Ja Q 0 Ja

which joined with (5.33) leads to the desired conclusion

T —— T -~
//(@”“+59F+1+gzk9> dx dtS/ / <97+5QFQ+QZICQ> da dt.
0 Ja mg 0o Ja mg

keK keK
(5.37)

As in the stationary case, using Lemma 4.8, we easily verify that

07o< @t and lp< oMt (5.38)
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so to deduce the strong convergence of the density one should only check that Yj 00 <
Yi0?. Tt is easy to identify the Lh.s. due to (5.19), Remark 5.1, and the compact
embedding of L' (Q) into W~12(Q). Identifying the limit from the r.h.s. is now a little
more involved. However, we can show that

Vi =Y ae. on {(x,t):o(x,t) >0} (5.39)

Indeed, it is a consequence of the weak convergence of Y}, and a following convergence

of norms:
T . T
/ /ngQ dx dt—)/ /ngQ dx dt, (5.40)
0 JQ 0 JQ

where ¢ is a positive density. On account of (5.19) and (5.27), we can repeat the
argument from Remark 5.1 to verify that

oYYy, — Y2 weakly® in L°(0,T;L"). (5.41)
Note that VY}? is also uniformly bounded in L?(0,7;W"2). Therefore,
(6—0)Y2?—0 weakly™ in L=(0,T;L"). (5.42)

Thus, the convergence of (5.40) follows from (5.16) combined with (5.41), (5.42), and
the triangle inequality.

Having proven (5.39), we justify that Y 00= Y0 <Yi0?=Yr0? on a set {0>0}.
This is obvious on account of the weak lower semicontinuity of convex functions. For
the set {9 =0}, the Lh.s. becomes equal to 0 while the r.h.s. is always nonnegative, so
the inequality is valid.

Recapitulating, the above considerations leads to the equality

0To=0"t1 a.e. on (0,T)xQ.

Hence strong convergence follows.
The strong convergence of the density implies, together with (5.19), that

5.2. Limit passage § —0. At this level, we lose the uniform estimate for
05 in L°°(0,T; LY (Q)) following from the energy balance (5.1). Instead, we can show
that s is uniformly bounded in L>°(0,7; L7(Q2)) provided that the last term in (5.1) is
bounded. This requires the assumption that v >2. This restriction follows from the fact
that the variable in the elliptic operator appearing in the reaction-diffusion equations
is concentration Y;, not the species density g;.

Having this estimate, passage to limit with the last approximation parameter differs
only in one step in comparison to the analysis performed in the previous subsection.
Namely, at this level we cannot derive the effective viscous flux equality in the same
way. Instead of testing the momentum equation with the function ¢ specified in (5.29),
we have to use

p(t.x)=v(t)¢(2)g, ¢=(VA)[lae"], veCXZ((0.1)), e CX(Q),

with ¥ < %. Since we already know how to identify the limit in the molecular pressure
term for the time-dependent case, the proof of strong convergence of the density would
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be just a repetition of the standard proof for the case of barotropic Navier—Stokes
equations. Details of this procedure can be found e.g. in [10], Chapter 3 or in [31]. The
proof of Theorem 2.2 is complete.

Appendix A. The Riesz transform. The inverse divergence operator A=VA~!
and the double Riesz transform R=V ®VA~! are defined as

Ajlv]= (VA_l)jv: ~F (@]2]:(11)) , (A.1)
Rijlv]=0;A;v] = (V®VA_1)M.U=]:_1 (fé%f(v)) . (A.2)

Here, the inverse Laplacian is identified through the Fourier transform F and the inverse
Fourier transform F~! as

(-8 0)=F (ger ).

In what follows, we recall some of basic properties of these operators.

LEMMA A.1. The operator R is a continuous linear operator from LP(R3) into LP(R3)
for any 1 <p<oo. In particular, the following estimate holds true:

R[]l Lr ey < c(p)|[vllLomsy  for all ve LP(R?).

The operator A is a continuous linear operator from L'(R?*)N L%*(R3) into L*(R3)+
3
L>(R3), and from LP(R3) into L35 (R3) for any 1<p<3.
Moreover,

VA Lr®sy) < C(D)|[v]Lr@s), 1<p<oo.

The proof of this lemma can be found e.g. in [10], Section 10.16. In what follows,
we present two important properties of commutators involving the Riesz operator. The
first result is a straightforward consequence of the Div-Curl lemma. Its proof can be
found in [7], Lemma 5.1.

LEMMA A.2.  Let
V.=V weakly in LP(R®), r.—7r weakly in LI(R?),

where

Then
V.R(r.) —r:R(V.) = VR(r) —rR(V) weakly in L*(R?).

The next lemma can be deduced from the general results of Bajsanski and Coifman
[1] and Coifman and Meyer [4].
LEMMA A.3. Let we WE"(R3) and V € LP(R3) be given, where 1 <r<3, 1<p<oo,
and %—i— % - § < % < 1. Then for all such s, we have

[R[wV] = wR[V]|[wasmgs) <c(s,p,7) [ wllwir s [V Lr@s)
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where « is given by %z%—kg—;—;.

Here, W<*(R3) for a € (0,00) \ N denotes the Sobolev—Slobodeckii space (see [33]).
The proof can be found in [10], Section 10.17.
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