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Abstract

Mantel’s theorem says that among all triangle-free graphs of a given order
the balanced complete bipartite graph is the unique graph of maximum size.
In Chapter 2, we prove an analogue of this result for 3-graphs (3-uniform hy-
pergraphs) together with an associated stability result. Let K, F5 and Fg
be 3-graphs with vertex sets {1,2,3,4}, {1,2,3,4,5} and {1,2,3,4,5,6} re-
spectively and edge sets F(K, ) = {123,124, 134}, E(F5) = {123,124, 345},
E(Fs) = {123,124,345,156} and F = {K4, Fs}. For n # 5 the unique
F-free 3-graph of order n and maximum size is the balanced complete tri-
partite 3-graph S3(n). This extends an old result of Bollobas that Ss(n) is
the unique 3-graph of maximum size with no copy of K, or Fs.

In 1941, Turdn generalised Mantel’s theorem to cliques of arbitrary size and
then asked whether similar results could be obtained for cliques on hyper-
graphs. This has become one of the central unsolved problems in the field
of extremal combinatorics. In Chapter 3, we prove that the Turan density
of K 5()3) together with six other induced subgraphs is 3/4. This is analogous
)

to a similar result obtained for K f’ by Razborov.

In Chapter 4, we consider various generalisations of the Turdn density. For
example, we prove that, if the density in G of P is z and G is K3-free, then
|E(G)|/(3) < 1/4+(1/4)y/1 — (8/3)x. This is motivated by the observation
that the extremal graph for K3 is Ps3-free, so that the upper bound is a natural
extension of a stability result for Ks.

The question how many edges can be deleted from a blow-up of H before it is
H-free subject to the constraint that the same proportion of edges are deleted
from each connected pair of vertex sets has become known as the Turdn
density problem. In Chapter 5, using entropy compression supplemented with
some analytic methods, we derive an upper bound of 1 — 1/(y(A(H) — 3)),
where A(H) is the maximum degree of H, 3 < v < 4 and f < 1. The
new bound asymptotically approaches the existing best upper bound despite

being derived in a completely different way.

The techniques used in these results, illustrating their breadth and connec-

tions between them, are set out in Chapter 1.
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Chapter 1

Techniques

1.1. Introduction

Extremal graph theory seeks to determine the extremal values of certain
invariants in graphs (or related entities such as hypergraphs) that have a
particular property. The most commonly studied invariant is the number of
edges in a graph, although we will also consider similar invariants such as the
number of copies of a given small sub-graph. The most commonly studied
property is the absence of a particular graph as a sub-graph or induced
sub-graph. In general, the property is a local feature of the graph whereas
the invariant depends on the graph as a whole. Therefore, extremal graph
theory often involves reasoning from local properties to infer features that
apply globally.

In this thesis, we show how a variety of different techniques may be employed
to answer questions in a particular branch of extremal graph theory: Turin
problems. Using a wide variety of methods enables progress in areas that
are difficult to tackle directly. The methods employed in this thesis include:

e combinatorial arguments, including induction, link graphs and use

of Cauchy-Schwartz Theorem:;
e stability methods;

e flag algebra;



e Ramsey theory;

e analytic arguments;

e the probabilistic method; and
e entropy compression.

In this introductory chapter, we first set out some standard background and
definitions and then give further details of the variety of techniques to be
used. The dependency graph on the preceding page shows the principal
connections between the various sections of this chapter and the remainder
of the thesis.

The methods set out here are not of merely abstract interest. They may be

applied to produce results such as those set out in the following chapters.

So, in Chapter 2, we use Induction, Link Graphs and Stability to prove
the Turan density and an associated stability result for a much studied hy-
pergraph. Specifically, Mantel’s theorem says that among all triangle-free
graphs of a given order the balanced complete bipartite graph is the unique
graph of maximum size. In Chapter 2, we prove an analogue of this result for
3-graphs (3-uniform hypergraphs) together with an associated stability re-
sult. Let K, F5 and Fp be 3-graphs with vertex sets {1, 2,3,4}, {1,2,3,4,5}
and {1,2,3,4,5,6} respectively and edge sets E(K,) = {123,124,134},
E(F5) = {123,124,345}, E(Fs) = {123,124,345,156} and F = {Ky4, Fs}.
For n # 5 the unique F-free 3-graph of order n and maximum size is the
balanced complete tripartite 3-graph S3(n). This extends an old result of
Bollobas that S3(n) is the unique 3-graph of maximum size with no copy of
K 4_ or F5.

In Chapter 3, we use elements of Ramsey Theory and Flag Algebra to sup-
plement Induction with an analytic presentation to prove the Turan density
for a family of hypergraphs including Ké?’). So, in 1941, Turan generalised
Mantel’s theorem to cliques of arbitrary size and then asked whether similar
results could be obtained for cliques on hypergraphs. This has become one
of the central unsolved problems in the field of extremal combinatorics. In
Chapter 3, we prove that the Turan density of K 5()3) together with six other
induced subgraphs is 3/4. This is analogous to a similar result obtained for
Kf’) by Razborov.



In Chapter 4, we use Flag Algebra and analytic techniques to consider
various generalisations of the Turadn density. For example, we prove that,
if the density in G of P3 is z and G is Ks-free, then [E(G)|/(5) <
1/4 + (1/4)y/1 — (8/3)x. This is motivated by the observation that the
extremal graph for K3 is P3-free, so that the upper bound is a natural ex-

tension of a stability result for Kj.

The question how many edges can be deleted from a blow-up of H before
it is H-free subject to the constraint that the same proportion of edges
are deleted from each connected pair of vertex sets has become known as
the Turdn density problem. In Chapter 5, using Entropy Compression and
Analytic Combinatorics, we derive an upper bound of 1 — 1/(y(A(H) — 3)),
where A(H) is the maximum degree of H, 3 < v < 4 and § < 1. The
new bound asymptotically approaches the existing best upper bound despite
being derived in a completely different way.

1.2. Background and Definitions

A uniform r-graph H is a set of r-tuples, E(H) (known as edges if r = 2
or hyperedges otherwise), defined on a base set, V(H) (known as vertices).
A 2-graph is simply a graph, although we also use graph as an abbreviation
for all r-graphs, not just 2-graphs. The number of vertices in a graph is the
order of the graph. The number of edges in a graph is the size of the graph.
Let [n] = {1,2...n}.

Given an r-graph H and W C V(H), we use the lower case w to denote
the proportion of vertices of H in W; that is, |W| = w |V (H)|. For subsets
of vertices A,B C V(H), H[A] refers to the subgraph of H restricted to
the vertices of A and H[A, B] refers to the subgraph of H on the vertices
of AU B cousisting of all edges with vertices in both A and B; that is,
E(H[A,B]) ={e€ E(H) : z,y € e&kx € A&y € B}. The subset of
vertices that are neighbours of u in H is referred to as I'y(u), where the
subscript may be dropped if no ambiguity would result. The degree of a
vertex v € H is d(v) = [Ty (v)].

The field of extremal combinatorics starts with Mantel’s Theorem.

THEOREM 1.1 (Mantel’s Theorem). A graph of order n that contains no

triangles contains at most Ln2/4J edges.
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In terms of the scheme set out above, the invariant in Mantel’s Theorem is
the number of edges in the graph and the graph property is the absence of
any triangles. Another way to approach this is to define .7 as the class of
all graphs that do not contain a triangle. Then Mantel’s Theorem states
that any graph T' € .7 of order n has at most n?/4 edges. We will illustrate
the techniques used in this thesis by giving a number of different proofs of
Mantel’s Theorem.

Given a family of hypergraphs F, a hypergraph is F-free if it does not contain
a (not necessarily induced) subgraph that is isomorphic to any member of

F. For any integer n > r, the Turdn number of F is
ex(n,F) = max{|E(H)| : H is an F-free, r-graph, |V(H)| =n}

and the related asymptotic Turdn density is the following limit (an averaging
argument due to Katona, Nemetz and Simonovits |17] shows that it always

exists)

m(F) = lim M.

P

The problem of determining the Turdn density is essentially solved for all

2-graphs by the Erdds-Stone-Simonovits Theorem:

THEOREM 1.2 (Erdés and Stone [9], Erdos and Simonovits [8]). Let F be a
family of 2-graphs. If t = min{x(F) : F € F} > 2, then

t—2

It follows that the set of all Turan densities for 2-graphs is {0, 1/2,2/3,3/4...}.

There are two directions in which Turan-type problems can be extended. The
first is from graphs to hypergraphs. There is no analogous result for r» > 3
and most progress has been made through determining the Turan densities
of individual graphs or families of graphs. The second still considers graphs,
but replaces edge densities with densities of other subgraphs and replaces the

property of absence of a particular subgraph with more complex properties.

11



1.3. Techniques

1.3.1. Induction

This is the fundamental technique of combinatorics, as a generalisation of

the process of counting.

The power of this technique comes from the fact that the inductive step
focuses on only a small part of the graph but enables conclusions to be made
about the graph as a whole. Its limitation is that, in the inductive step, no
assumptions can be made about the structure of the remainder of the graph.
That is, it is necessary to assume both that the remainder of the graph is
maximal with respect to the invariant and that it is structured in a way

independent from maximising that invariant.

We illustrate induction by our first proof of Mantel’s theorem:

FIrRST PROOF OF MANTEL'S THEOREM. A graph consisting of two ver-
tices has at most one edge. Assume that the theorem is true for any graph
of order k. We aim to show that the theorem is then true for a graph G of
order k 4+ 2. The result will then follow by mathematical induction. Take
any pair of vertices, x and y, in G, connected by an edge. Then (noting that

there can be only one edge between x and y and any other vertex in G):

EG)| = |E(G\{z,y})| + |E(Glzy, G\{z, y}])| + 1
k,2
< Z+k+1
(k +2)

4
]

Induction is used throughout Chapter 2 — for simple examples very similar

to the proof above, see Proposition 2.26 and Proposition 2.27.

Induction generally requires a base case, but an asymptotic version can be
used even in the absence of a base case, where the relevant functions are pos-

itive and increasing, as is generally the case for combinatorial applications.

Take a positive increasing function f(x). If there is another function g(x)
and xg such that for all x > zg, % < g—g, then g(x) is eventually an upper

12



bound for f(z), in the sense that % < 1+ o(1). We refer to this as
progressive induction and it is the basis of the stability argument in Chapter
2 — see, specifically, Lemma 2.16 — and also forms part of the basic argument

justifying entropy compression in Chapter 5.

In a proof by induction, the inductive step allows a specific conclusion about
any strict subgraph - namely, that it satisfies the inductive hypothesis. This
applies to every subgraph, so that there is a free choice of the additional
element to be used to complete the induction. However, it limits the infor-
mation that can be used about the rest of the graph - only that it satisfies the
inductive hypothesis, without any further knowledge of its structure, even
though it must in fact have a certain structure in order to achieve the max-
imum implied by the inductive hypothesis. So, for instance, the maximal
graph for Mantel’s theorem is the complete bipartite graph, but we cannot
use this information in the proof by induction above.

One method to overcome this limitation is to incorporate additional infor-
mation into the inductive hypothesis. For instance, if the extremal example
is essentially unique then the hypothesis may state not only the relevant
maximum but also the structure of the extremal example. This structure is
then available to be used to complete the induction. This method can be

seen in the proof of the Turdn number for Fg in the first part of Chapter 2.

Where further information about both parts of the graph is required to
complete the argument, the technique of induction can be extended. The
graph is still split into two sections and the aim is still to count the edges
in both sections and between the two sections. But additional structure
is available in both sections that may be more useful than the inductive
hypothesis. We illustrate this with another proof of Mantel’s theorem.

SECOND PROOF OF MANTEL'S THEOREM. Given any graph G of order
n consider any vertex z of maximal degree in G and split G into A = I'(x)

and B = G\ A. Then (noting that G[A] is the empty graph):

E@Q) = %Zd(z)

zeG
= % (Z d(z) + Z d(z))
2€A z2€B

13



< % <Z|B|+Z|A|)

z€EA z€EB

= [Al(n—14))

which is maximised when |A| = n/2, giving the statement of the theorem. [

This is the strategy used to count the edges in both the exact and stablity
parts of the proof in Chapter 2.

Note that, in the last step of this proof, it was necessary to maximise the
function a(n — a) subject to a < n and where a and n are both integers.
Although this is of course trivial, it is worth drawing attention to the rea-
soning in more detail as it is demonstrates a widely-used approach. So, let
a = kn where k € R. The aim is to maximise kn(n — kn) = n?k(1 — k).
Differentiating with respect to k reveals a maximum at k = 1/2. By trans-
lating the problem into the realm of real variables, it is possible to apply
analytical techniques. Of course, here, this is all done implicitly, but, in
more complex cases, this is often accomplished by expressing the problem
in terms of weighted graphs with real vertex and/or edge weightings. The
results can usually be converted back into statements about large discrete
graphs, although care is needed when irrational weights are used. An ana-
lytic approach is used in Subsection 4.3.2.

1.3.2. Link Graphs

A variant of induction that applies specifically to hypergraphs uses link
graphs. For any 3-graph H containing an edge zyz, we define a number
of link graphs. The link graph L, is defined as follows:

V(L) = V(H) - {z}
E(L;) = {ab: abx € E(H)}

The link graph L,,. is the multigraph that is the subgraph of the union
L,UL,UL, on V(H) — {z,y,2}. The label of an edge ab € E(Lg,.) is
l(ab) = {q € {z,y,2} : abg € E(G)}. The weight of an edge ab € Ly, is
|[(ab)| and the weight of Lay. is w(Lay:) = XY qer,,. [1(ab)].

For instance, here is the 3-graph {xyz, zab, ycd, zcd} and the associated link
graph Lg,.:
14



The link graph construction can be used for 3-graph proofs. The standard
method is by a double induction. First, there is an induction on a single ver-
tex or a single edge of the hypergraph. The inductive step is accomplished
by considering the link graph of the relevant vertex or edge. This trans-
forms a statement about hypergraphs into a statement about graphs. This

statement may then in turn be solved by an induction on the link graph.

This technique is used extensively in Chapter 2 - see, for example, Subsection
2.2.1.

1.3.3. Cauchy-Schwarz Inequality

The second proof of Mantel’s theorem used the convexity of 2. This can be
extended to proofs that count edges or vertex-degrees in different ways and
then use the Cauchy-Schwarz Inequality to derive a helpful inequality. We

generally use the following simple form of the Inequality:

PROPOSITION (Cauchy-Schwarz Inequality). For any positive sequence ay,:
2
A (z )
i=1 =1

Use of the Cauchy-Schwarz Inequality is demonstrated by another proof of

Mantel’s theorem.

15



THIRD PROOF OF MANTEL’S THEOREM. First note that
Y d@)+dly) < |E@G)|n
zy€E(G)

because x and y are not both incident with any other vertex. Then note
that

Yo d@)+dly) = Y d)?

ryeB(G) zeV(G)

because the sum d(z) is computed for each vertex d(z) times.

As %erv(c) d(x) = E(G), the Cauchy-Schwarz Inequality gives

S d)? > (Seevia )

zeV(G)
_ 4EQ)P
- .
Putting these together gives
4|1B(G))?
HEGE - g@)n
n
2
n
E < —.
BG) < &

O

Cauchy-Schwarz is used extensively throughout the thesis whenever a convex
function is to be maximised. For a specific example, see the end of Subsection
2.3.1.

1.3.4. Flag Algebras

The flag algebra method developed by Razborov allows Cauchy-Schwarz In-
equality arguments to be vastly extended. Firstly, it enables a systematic
treatment that permits problems to be expressed in the form of optimisation
problems involving semi-definite matrices that may be solved computation-
ally. Secondly, it allows algebraic reasoning about extremal problems at a
high level of generality. We set out here a simplified annotated usage that
demonstrates how it is applied in practice and then sufficient definitions to

16



motivate the use of flag algebras in Chapter 4 (and for one specific use in
Chapter 3). For a fuller description, see |24|.

We build up to a definition of Mantel’s Theorem using a slight simplification
of the original algebra. Assume that we are given a large arbitrary graph
G of order n and let G* be a copy of G where one vertex is labelled 1. We
make the following definitions:

I = the probability that a pair of vertices in G

chosen uniformly at random comprise an edge
= the average degree of a vertex in G
(expressed as a proportion)

1 d(v
-y

veG

I = the probability that vertex 1 in G* and another vertex
1

chosen uniformly at random comprise an edge.

We will use the partially labelled graph to derive statements about the un-
labelled graph, so we need some way of relating the two. This is given
by the downward or averaging operator which, broadly speaking, expresses
the probability of finding the relevant labelled subgraph starting with the
unlabelled graph and labelling it uniformly at random:

I = the probability that a vertex chosen uniformly
1

at random in G and labelled 1 together with another
vertex chosen uniformly at random comprise an edge
= the average degree of a vertex in GG

(expressed as a proportion)

1 d(v
- nzn(—)l

17



This immediately gives the equality

I Il 1I__
2 T I

(I) |1

41

Next, it follows from the existing definitions that

2 2
1 d(v
1 vEG

1
2
1 d(v
()

veG

and

2
I = the probability that, taking a vertex chosen
1

uniformly at random and labelled G,
the following event occurs twice: another vertex
chosen uniformly at random comprises an edge

with vertex 1
- Iy < d(v) >2
n veG n—1
An application of Cauchy’s theorem then gives
2 2
18], 1 1

Also, compare these two events in the labelled graph G*:

2
I = the probability that the following event occurs twice:
1

a vertex chosen uniformly at random

comprises an edge with vertex 1

18



i = the probability that two vertices
1

chosen uniformly at random are both

adjacent to vertex 1 (but not each other) .

In a triangle-free graph, these events are equivalent except for sampling with
and without replacement, so that they differ only by O(1). The flag algebra
allows these two two be treated as asymptotically equivalent, so that the
following formal statement is permitted:

)] -1

1 1

Finally, we apply the averaging definition to this graph:

i = the probability that a vertex chosen uniformly
1

1
at random in G and labelled 1 together with

two other vertices chosen uniformly at random form
a graph consisting of two edges connected to vertex 1
= the probability that three vertices chosen uniformly
at random in G form a graph consisting of two edges
and that a vertex from that triple chosen uniformly

at random is connected to both edges

:;/_.

Putting all these elements together, a proof of Mantel’s theorem using the
flag algebra is as follows.

FourRTH PROOF OF MANTEL'S THEOREM . We work in the class of
graphs missing K3 as a subgraph:

0 -1

1
19
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[\¥)

Also,
o1 e
3 3
*—0
and so
2
which implies that the density is less than half. O

A flag algebra is defined in the context of a particular class of objects, gen-
erally a class of graphs .7 where each graph T € .7 does not contain a copy
of any of a set of forbidden graphs .% as a graph (or alternatively an induced
suubgraph). This corresponds to our example above where the objects are
the class of triangle-free graphs. Within a particular flag algebra, a type is a
graph o € .7 of order s with vertices labelled 1...s. A o-flag is a pair (F,0)
where F' € .7 and 0 is a function 6 : [s] — V(F) such that o is isomorphic
to the labelled subgraph of F induced by Im(f). So a flag is a partially
labelled graph; an unlabelled graph may be seen as a o-flag where o is the
empty type; a type may be seen as a flag with no unlabelled vertices. So,
in our example, we dealt with the type consisting of a single labelled vertex
and the flags were the graphs on three vertices containing a single labelled

vertex.

To consider another example, let ¢ be a labelled edge. Then the o-flags on
three vertices are the following four graphs:

20
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Let F7, be the set of o-flags on m vertices and let 77 = U, F},. Define the
following probabilities:

e For F' € F3,,G € FZ, p(F,G) is the probability that an m — s-
set V € G\O(o) chosen uniformly at random together with 6(o)
induces a subgraph that is isomorphic to F' via an isomorphism
that preserves the embedding of . Note that p(F,G) = 0if m > n.

e For I\ € 7, Iy € F7,G € F], p(F1, F2, G) is the probability that
two m — s-sets V1, Vo € G\0(o) chosen uniformly at random subject
to V1NV, = @ (that is, V; is an m—s set chosen uniformly at random
from G\f(o) and then V3 is an m—s set chosen uniformly at random
from G\(0(c) U V1)) together with (o) induce subgraphs that are
isomorphic to Fi, Fy respectively via isomorphisms that preserve
the embedding of 0. Note that p(F1, Fo,G) =0if m+n —s > p.

A key result is that asymptotically p(F1, G)p(Fa, G) approaches p(Fi, Fa, G).
Formally:

THEOREM 1.3 (Razborov). For Fi,F»,G € F°, p(F1,G)p(F2,G) =
p(F1, Fa, G)+0(1), where the o(1) term tends to 0 as |V (G)| tends to infinity

21



Another key tool is the chain rule. For m <n <p, given F' € F7, G € F:

p(F,G) - Z p(F,H),p(H,G).
HeFg

Let RF? be the set of formal linear combinations of elements of F7, let K%

be the linear subspace generated by

H- Y p(H GG

G eFg,

and let A7 = RF?/K?. The zero element of A? is K?. The product of
elements in A“ is defined as follows. For F' € F?.G € F7, choose an

arbitrary p > m +n — s, then

FG= Y p(F,G HH
HEFg

This is then extended to all of A% by linearity. The product is well-defined
with unit 1, - in particular, it does not depend on the choice of p (see |24]
for details). This construction can be extended to the asymptotic case using
Theorem 1.3. Intuitively, elements of the flag algebra represent the densities
of the corresponding subgraphs in large arbitrary graphs of the relevant
class. In our triangle-free example, we adopted the formalism by appealing
to a large arbitrary graph G and treating the subgraphs as densities within
that graph. The flag algebra allows these calculations to be treated as exact

without having to consider the lower order terms separately.

The final construction used in the triangle-free example was the averaging
operator. This may be formally defined as follows. For F' € A7, let G € A®
be the graph obtained by unlabelling the vertices of o in F'. Let p% be
the probability that a random injective mapping from [s] to V(G) is an
embedding of o in G that yields a o-flag isomorphic to F'. Then

IFl, = »rG

Various forms of the Cauchy-Schwarz inequality may be developed in relation
to the averaging operator. For instance, for every linear combination A% €
A7
[ay] = o
g
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This formalism may be developed further using the semi-definite method:
constructing optimisation problems involving positive semi-definite matrices
that are amenable to solving by computational means. Here, we use it as
a convenient abstraction mechanism to allow reasoning that could in theory

be expressed without it but would be vastly more complex in its absence.

1.3.5. Stability

Where an extremal solution has been found, a stability result seeks to show
that any graph that is close to the extremal limit is somehow close in struc-
ture to the extremal graph - that is, the graph that constitutes a lower or
upper bound to the extremal solution. A stability result is often harder to
prove than the corresponding exact result and there are few examples in the
field of extremal hypergraphs. In part, this is because it often presupposes
that there is a single extremal graph whereas, in many cases, there is a family
of non-isomorphic extremal graphs.

A stability result will typically be of the following form. Let 7 be a class
of graphs with some desired property. Assume that, for all n, there exists
T, € J, which is the unique extremal graph of order n - that is, the graph
of maximal density of order n in .7 - and that T}, is of density kn?. Then a
typical stability result would assert that, for all e there exists a § such that
for any graph G € .7 with density (1 — €)kn? there exists a set of vertices
W € V(G) with [W| > (1 —-6)|V(G)| such that G[W] is isomorphic to Tjyy|
or has some other similar structural property to Tjy|. Variants may exclude
a set of '’bad’ edges rather than a set of bad vertices.

Proof of a stability result also typically employs the exact result. In partic-
ular, assume that G has density (1 — €)kn?. Then, because the density of
G has the upper bound kn?, there exists a large subgraph of G' with some
desirable property - such as a minimum degree - and the remainder of the
graph may be placed into the ’bad’ category. This process is repeated until
the required exact structure is obtained.

There exist few stability results for hypergraphs. A stability result for Fg is
set out in Section 2.3. The functions obtained by generalisation of the Turan
function set out in Chapter 4 also embody much of the same information as
may be obtained by a stability result.
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1.3.6. Ramsey Theory

Ramsey Theory is concerned with the appearance of ordered substructures
given a structure of sufficient size. It may be used in extremal combinatorics
to obtain subgraphs with guarantees as to structure - local reasoning about
these structures must then be translated into global reasoning about the
graph as a whole to obtain an extremal result We will only use Ramsey
Theory in one place: a version of Ramsey’s Theorem is used in Lemma 3.10
below. The necessary statements are as follows:

PROPOSITION 1.4 (Razborov [26]). For any | > 0 there exists N > 0
such that the following holds. Let a hypergraph B be such that V(B) =
B1U...UBy, where |B;| = N. Then there exist A; C B; with |A;| = 2 such
that for any B € [Ay1U...U A, whether or not E € E(B) depends only on
the tuple of cardinalities (|[E N Ayl,...,|ENA4]).

PROPOSITION 1.5 (Razborov [26]). For all [,n,e > 0 there exists Ny > 0
such that if |B;| = N (1 <i <1) with N > Ng and S C By X --- X By has
|S| > €N, then there ewist A; C B; (A; = n) such that Ay x ---x A; C S.

1.3.7. Analytic Combinatorics

Analytic combinatorics is a technique for counting mathematical objects. It
is not immediately applicable to extremal questions but is used in Chapter
5 to count certain classes of trees that form part of the proof. As it is
peripheral to the main ideas of this thesis and a large area of study in itself,
we undertake here only a brief excursion to set out the main ideas that lead
to the particular results that are used in Chapter 5. For a comprehensive
treatment, see [13].

The central idea of analytic combinatorics is to use generating functions as
formal structures to encode information about the enumeration of a certain
class of objects and then to employ analytic methods on those functions in
order to obtain insight into their asymptotic behaviour.

The ordinary generating function of a sequence {ay }n>0 is the formal power
series
da(x) = Z anz™.
n>0
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Consider, for instance, the sequence t,, enumerating the number of planar
trees of order n. A planar tree consists of a node attached to a sequence of
one or more subtrees. This is represented by a generating function as

() = 2(1+ ¢du(a) + (de(z))*+...)

x

]. — ¢t($)

The notation [z"]¢q(z) = a, is used to extract the coefficient of ™ from
ba. So, for instance, [71°]¢:(z) means the number of planar trees of order
10. For recursive definitions of generating functions the coefficients may be

extracted using Lagrange Inversion:

THEOREM 1.6 (Lagrange Inversion). Let y(z) be a generating function such
that y(z) = zo(y(2)) for an analytic function ¢(w) with ¢(0) # 0. Then
n 1 n— n
["y(z) = — " p(w)".

n

The definition can be extended to properties of objects by introducing further
variables. The ordinary generating function of a sequence {a, i }n>0k>0 is
the formal power series

Ga(x,u) = Z anmx"u™.

n>0,m>0

Consider, for instance, the sequence t,, ,, enumerating the number of planar
trees of order n with m nodes of out-degree 1. This is represented by a

generating function as

Ge(z,u) = w(l+uy(z,u) + (¢n(z,u)’+...)
x
= ———+ (u—1)d(x, u).
Ty 0 Do)
Constructions of combinatorial objects correspond to manipulations of the

power series in a systematic way - for further details, see the exploration in
[13].

The behaviour of a generating function in the complex plane gives infor-
mation about its coefficients. In particular, the rate of exponential growth
of the coefficients is determined by the location of the singularities of the
function. The generating functions of combinatorial interest are analytic at
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0 and the asymptotic behaviour is determined by the singularity of smallest

modulus. The basic property is given by the Transfer Lemma:

LeEMMA 1.7 (Flajolet, Odlyzko, [12]). Let
o(z) = Zanx”

be analytic in a region
A(x()vn?(s) = {$ : ’1" <Zxop+n, \arg(w/:co - 1)’ > 6}

in which xy and n are positive real numbers and 0 < 6 < 7/2. If there exists

a real number o such that

¢(x) = O((1—=/xo)"")
then

an = O(zg"n*1).

The proof uses Cauchy’s formula with a carefully chosen path of integration
around the origin. The Transfer Lemma can be used to characterise the
asymptotic behaviour of many combinatorial objects. It can also be extended
to multivariate generating functions to derive a combinatorial central limit

theorem.

THEOREM 1.8 (Combinatorial Central Limit Theorem, (Drmota, [7])). Sup-
pose that X, is a sequence of random variables such that

"]y (z, u)

[z"]y(z, 1)

where y(x,u) is a power series, that is the (analytic) solution of the functional

EuXr =

equation y = F(x,y,u), where F(x,y,u) is an analytic function in x,y,u
around 0 such that F(0,y,u) = 0, that F(z,0,u) # 0, and that all coefficients
of F(z,y,1) are real and non-negative. Then the unique solution of the
functional equation y = F(x,y,u) with y(0,u) = 0 is analytic around 0. If
the region of convergence of F(x,y,u) is large enough such that there exist

non-negative solutions x = xg and y = yo of the system of equations

y = F(z,y,1)
= Fy(xvyvl)
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and setting

— Fu
o= o by
1
2 2 2 2
= — | F2(F,,Fyu — F2)) —

2F,.F, (Fnyxu — Fy:pru) + Fg (Fny:p:v - F;x))

where all partial derivatives are evaluated at the point (xg,yo,1), then
E(X,) = pun+0(1)
Var(X,) = o’n+0(1)
and if 0> > 0 then
X”V_ai(;i’;) 4 N(0,1)

The theorem is proved using the Transfer Lemma and the Quasi Power The-
orem by H.K. Hwang (as set out in |7]), which provides a general setting to
prove central limit theorems for sequences of random variables. It is readily
extended to the multivariate case:

REMARK 1.9. If we have several variables u = (u1,...u) and a sequence of
random vectors X, with

[z"]y(z, u)

[z y(x, 1)

where y(x,u) is a power series, which is the solution of the functional equa-

Eu®» =

tion y = F(x,y,u) then

E(Xn) = pn+O0(1)
Cov(Xn) = Zn+0(1)

where = (1, ..., ux) and 3 = (045)1<i,j<k can be calculated as follows

i = xOF$

Oij = ily + pi0ij + Fa? (Fnyuiuj - FyuiFyuj)

1
$0F9§Fyy (
—FyFy, (Fnyxuj - Fnyyuj) - FxFuj (Fnyxui - waFyui)
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+F1uiuj- (EJyme - ij))

and there is a central limit theorem of the form

\}H(XH—E(Xn)) 4 N, D).

1.3.8. The Probabilistic Method

The probabilistic method is the name given to the use of techniques from
probability theory to prove the existence of combinatorial structures. The
probability distributions are often over finite structures and so could be re-
cast as counting questions, but the ability to use concepts such as linearity of
expectation and concentration inequalities allows greater expressive power.
The method includes a wide range of tools and a full reference is [1] - we men-
tion it briefly here as it is used in conjunction with analytic combinatorics

as part of the argument to Chapter 5.

A typical example of the method is provided by our final proof of Mantel’s

theorem.

FIFTH PROOF OF MANTEL’'S THEOREM. Given a graph of order n, de-
fine a probability distribution over the vertices of G, such that the random
variable X takes the value ij with probability p;p;. Start with a uniform
distribution such that p; = 1/n for all i. The probability that X samples an
edge of G is

PXeB@)] = S by
i, ijEE(G)
which, with the uniform distribution, is equal to % |E(G)|. We then modify
the distribution to maximise this probability. In particular, take any two

non-adjacent vertices i, j with p;,p; > 0. Let

Si = Zpk

kel (7)

Sj = Z Pk

keT (i)

If s; > s; then set p; to p; + p; and set p; to 0. Otherwise, set p; to 0 and
pj to p; + p;. This operation reduces the number of non-adjacent vertices
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allocated a positive probability and does not decrease the probability that
X samples an edge. Repeating this operation leads to a situation where the
probability is concentrated on a set of adjacent vertices. As G is triangle-
free, it follows that there are precisely two vertices, ¢ and j, with positive
probability and that P[X € E(G)] = pip; + pjpi < 1/2 as p;+p;j = 1. As

these operations have not decreased the probability, it follows that

2
SIE@)| <

.&‘3[0[\')\}—‘

|E(G)] <

1.3.9. Entropy Compression

The previous proof was essentially algorithmic. It set out an algorithm that
was guaranteed to terminate as each iteration increased a particular quantity
(the number of non-adjacent vertices) that was bounded. A more involved
technique that has become known as entropy compression employs a simi-
lar idea. It works with probabilistic algorithms that, at each stage, make
a change to a combinatorial object G within a class G to produce another
object G’ that is also within G and locally satisfies some set property (al-
though, overall, the property may not be better satisfied by the new graph).
For instance, if the criterion is to construct a certain path within the graph,
the algorithm might add a new edge xy but simultaneously remove a num-
ber of other edges. Accordingly, the algorithm will only terminate if no
improvement is possible with respect to the set property — that is, it has
been satisfied throughout the whole graph.

The object, then, is to show that the algorithm always terminates and so
the relevant property has been satisfied. This is accomplished as follows.
The algorithm makes a random choice at each stage, so requires a random
number as input — it can be seen as effectively ‘consuming’ a string of random
numbers that gets longer as the algorithm continues. At each stage, the
algorithm also creates a ‘log’, a separate history of the algorithm, recording
the action it took. The string of random numbers can be reconstituted from
the object G' and from the log. The key is that the algorithm is designed to
take advantage of the particular structure of the problem so that the log can

be stored efficiently. If the information content of the log grows at a slower
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rate than that of the random input, then the algorithm must eventually
terminate, or otherwise it would compress the information content of the

random string, which gives a contradiction.

The final stage to this argument is similar to progressive induction, as set
out above, in that the relevant statement is not true initially - because the
information content of G’ is some large but essentially fixed number - but it
must become true eventually because the rate of growth is lower than the
rate of growth of the quantity it is being measured against.

Entropy compression is used to prove the main result in Chapter 5.

1.4. Conclusion

Many problems in extremal combinatorics can be expressed using elemen-
tary concepts. However, solving these problems can require a wide variety
of techniques taken from different branches of mathematics. In this intro-
ductory chapter, we have set out the principal ones used in the remainder of
this thesis. The list is not comprehensive — there are various important areas
mentioned only in passing, such as Ramsey Theory in Chapter 3 — but we
have attempted to give an overview of the variety of mathematical subjects
incorporated into the study of combinatorics.
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Chapter 2

A Hypergraph Stability

Theorem'

2.1. Introduction

A r-uniform hypergraph, or r-graph, is a pair H = (V(H), E(H)) where
E(H) C V(H)™. The elements of V/(H) are referred to as vertices and the
elements of E(H) are referred to as edges. A 2-graph is a simple graph. For
any vertex subset X, we use the lower case x to denote the proportion of
vertices in X; that is, | X| =z |V (H)|.

Given a family of hypergraphs F, a hypergraph is F-free if it does not contain
a (not necessarily induced) subgraph that is isomorphic to any member of
F. For any integer n > r, the Turdn number of F is

ex(n,F) = max{|E(H)| : H is an F-free, r-graph, |V (H)| = n}

and the related asymptotic Turdn density is the following limit (an averaging
argument due to Katona, Nemetz and Simonovits [17] shows that it always
exists)

IThis chapter has been published in slightly amended form as [28]
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The problem of determining the Turdn density is essentially solved for all
2-graphs by the Erdos-Stone-Simonovits Theorem:

THEOREM 2.1 (Erdés and Stone [9], Erdos and Simonovits [8]). Let F be a
family of 2-graphs. If t = min{x(F) : F € F} > 2, then

o t=2

7 (F) o

It follows that the set of all Turdn densities for 2-graphs is
{0,1/2,2/3,3/4...}.

There is no analogous result for » > 3 and most progress has been made
through determining the Turédn densities of individual graphs or families
of graphs. A central problem, originally posed by Turan, is to determine
T (Kff”), where Kf) = {123,124,134,234}, the complete 3-graph on 4
vertices. This is a natural extension of determining the Turédn density of
the triangle for 2-graphs, a question answered by Mantel’s Theorem. Turan
conjectured that the density is 5/9 but this question remains unanswered
despite a great deal of work, with the current best upper bound of 0.561666

given by Razborov [25].

A related problem due to Katona is given by extending the triangle to
the family of cancellative hypergraphs. A cancellative hypergraph H has
the property that, for any edges a,b € H, there is no edge ¢ € H such
that aAb C ¢ (where A is the symmetric difference). For 2-graphs, this
amounts to forbidding all triangles. For a 3-graph, it is equivalent to for-
bidding the two non-isomorphic configurations K, = {123,124,134} and
F5 = {123,124, 345}.

Let S(n) be the complete balanced tripartite 3-graph on n vertices, that is,
the 3-graph on n vertices divided into 3 sets of size as equal as possible and
with edges consisting of all triples with one vertex from each set. Let s(n)

be the number of edges in S(n).

THEOREM 2.2 (Bollobés [4]). For n > 3, S(n) is the unique cancellative

3-graph of order n and maximum size.

This result was refined by Frankl and Fiiredi [14] and Keevash and Mubayi
[19], who proved that S(n) was the extremal configuration for the single
forbidden graph Fs for n > 33; that is, ex (n, F5) = s(n) for n > 33.
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The blow up of a k-graph H is the graph H(t) obtained by replacing each
vertex a € V(H) with a set of ¢ vertices V;, € V(H(t)) such that for any k
vertices {p1,...,pr} € (V(kH)) and all sets of k vertices {q1,...qx} € (V(Hk(t)))
with g; in V,, q1...qx is an edge in H(t) iff p;...py is an edge in H. The
following result is an invaluable tool in determining the Turan density of a
graph that can be shown to be contained in the blow ups of other graphs:

THEOREM 2.3 (Brown and Simonovits [5],[2]). If F' is an r-graph that is
contained in a blow up of every member of a family of r-graphs G, then
m(F)=n(FUG).

Baber and Talbot considered the 3-graph Fg = {123,124, 345,156}, which is
not contained in any blow up of Fj (so that Theorem 2.3 does not guarantee
that w(Fs) < 2/9 and so, by analogy with the case for 2-graphs, it might
be expected that the Turan density was not 2/9). Using Razborov’s flag
algebra framework|24], they gave a computational proof that in fact 7 (Fg) =
2/9. In this paper, we give two proofs of 7 (Fg) = 2/9 that do not rely on

computational analysis, together with an associated stability result.

Note first that Fg is contained in a blow up of K. Indeed, taking K, (2)
as the blow up of {abc,abd,acd}, then {a1bic1,a1bidy, cidias, biasca} is a
copy of Fg. Theorem 2.3 implies that m (Fg) = m(F), where F = {KZ,FG}.
Accordingly, we work throughout with the family F.

Our main result in this chapter is the following theorem which determines the
exact Turdn number for F. Let C’é3) be the tight cycle graph on 5 vertices;

that is, C%) = {123,234, 345,451,512}

THEOREM 2.4. If n > 3 then the unique F-free 3-graph with ex(n,F) edges

and n vertices is S3(n) unless n =5 in which case it is Cég).

As noted above, Fg is contained in K (2), so that this Turan density result
follows.

THEOREM 2.5. 7 (Fg) = 2.

In the second part of this chapter we provide associated stability results as

well as an alternative proof of the Turén density.
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2.2. Turdn Number

THEOREM 2.4. If n > 3 then the unique F-free 3-graph with ex(n,F) edges
(3)

Lo . : L (3
and n vertices is S3(n) unless n =5 in which case it is C5"’.

ProOOF. We use induction on n. Note that the result holds trivially for
n = 3,4. For n = 5 it is straightforward to check that the only F-free 3-
graphs with 4 edges are S3(5), {123, 124,125,345} and {123,234, 345,451}.
Of these the first two are edge maximal while the third can be extended by a
single edge to give Cé?’). Thus we may suppose that n > 6 and the theorem

is true for n — 3.

Let G be F-free with n > 6 vertices and ex(n, F) edges. Since S3(n) is
F-free we have e(G) > s3(n).

The inductive step proceeds as follows: select a special edge abc € E(G)
(precisely how we choose this edge will be explained in Lemma 2.6 below).
For 0 < ¢ < 3 let f; be the number of edges in G meeting abc in exactly ¢
vertices. Thus by our inductive hypothesis we have

221 e(G) = fo+ fi+ o+ fs
<ex(n—3,F)+ fi+ fa+1.

Note that unless n —3 = 5 our inductive hypothesis says that ex(n—3,F) =
sg(n —3) with equality iff G — {a, b, c} = S3(n —3). For the moment we will
assume that n # 8 and so we have the following bound

(222) G(G) < 53(n — 3) + fl + f2 + 1,

with equality iff G — {a,b,c} = S3(n — 3).

Let V™ = V(G) —{a,b, c}. For each pair zy € {ab, ac, b} define I'y, = {2 €
V™= :iayz € E(G)} and let Tygpe = Tgp U Ty U Ty be the link-neighbourhood
of abc. Note that since G is K, -free and abc is an edge this is a disjoint

union, so
f2 = ’Fab’+’Fac’+’Fbc‘: |Fabc‘-
For z € {a,b, c} define L(z) to be the link-graph of x, so V(L(x)) =V~ and

E(L(z)) ={yz C V™ :zyz € E(G)}. The link-graph of the edge abc is the
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edge labelled graph L. with vertex set V'~ and edge set L(a)U L(b) U L(c).
The label of an edge yz € E(Lgpc) is I(yz) = {z € {a,b,c} : zyz € E(G)}.
The weight of an edge yz € Ly 18 |I(yz)| and the weight of Ly 18 w(Lgpe) =
> yrern, |l (yz)|- Note that fi = w(Lape)-

The following lemma provides our choice of edge abc.

LEMMA 2.6. If G is F-free with n > 6 vertices and ex(n, F) edges then there
is an edge abc € E(G) such that

w(Labc) + |Fabc|§ t3(n — 3) +n—3,
with equality iff Lype = T3(n — 3) and Tgpe = V™.

Let abc € E(G) be a fixed edge given by Lemma 2.6.

By assumption e(G) > s3(n) so Lemma 2.11(i) and Lemma 2.6 together
with the bound on e(G) given by (2.2.2) imply that e(G) = s3(n) and hence
G —{a,b,c} = S3(n—3), Lape = T3(n —3) and I'ype = V. To complete the
proof we need to show that G = S3(n). First note that since Lgp. = T5(n—3)
and I'ype = V7, Lemma 2.8(i) and Lemma 2.7(Fs-3) imply that no vertex
in ['yp is in an edge with label ¢ and similarly for I'ye, I'pe. Hence Lgp. is
the complete tripartite graph with vertex classes 'y, I'qe and I'p. and the
edges between any two parts are labelled with the common label of the parts

(e.g. all edges from 'y, to Ty receive label a).

Finally we need to show that G — {a,b,c} = S3(n — 3) has the same tri-
partition as Lgp.. This is straightforward: any edge zyz € E(G — {a, b, c})
not respecting the tripartition of L. meets one of the parts at least twice.
But if x,y,z € I'yp then [Tge|> 2 s0 let u € Tye. Setting a = 1,b = 2,z =
3,y =4,z = 5,u = 6 gives a copy of Fg. If x,y € ['yp and z € 'y then
a=1,2=3,y=4,2=2gives a copy of K .

Hence G = S3(n) and the proof is complete in the case n # 8.

For n = 8 we note that if G — {a,b, c} is F5 -free then Theorem 2.2 implies
that the result follows as above, so we may assume that G —{a, b, ¢} contains
a copy of F5. In this case it is sufficient to show that e(G) < 17 < 18 = s3(8).

If V(G — {a,b,c}) = {s,t,u,v,w} then we may suppose that
stu, stv,uvw, abc € G. Since G is K, -free it does not contain suv or tuv.
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Moreover it contains at most 3 edges from {u, v, w}® x {a,b, c} and at most
5 edges from {s,t,u,v,w} x {a,b,¢}?. Since G is Fy-free it contains no
edges from {s,t} x {w} x {a,b,c} .

The only potential edges we have yet to consider are those in
{st, su,tu, sv,tv} x {w,a,b,c}. Since G is K, -free it contains at most 2
edges from std, sud, tud, svd, tvd for any d € {w,a,b,c}. Moreover, since G
is Fg-free, if it contains 2 such edges for a fixed d then it can contain at most
3 such edges in total for the other choices of d. Hence at most 5 such edges

are present.

Thus in total e(G) <4+ 3+ 5+ 5 = 17 as required. O

2.2.1. Structure of Link Graphs

Our analysis of link graphs relies fundamentally on the following basic facts.

LEMMA 2.7. For any 3-graph H containing an edge abe (and at least 3 other
vertices), let L and L* be respectively the link graph and weighted link graph
of abc in H. If H is F-free then the following configurations cannot appear
as subgraphs of L*. Moreover any configuration that can be obtained from
one described below by applying a permutation to the labels {a,b,c} must also

be absent.
e (Fg-1) The triangle zy, xz,yz with [(zy) = l(z2) = a and [(yz) = b.
e (Fg-2) The pair of edges zy, zz with [(zy) = ab and l(x2) = c.

o (Fs-3) A vertex x € T'y, and edges zy, yz with labels [(zy) = ¢ and
l(yz) = a.

o (Fg-4) A vertex x € Ty, and edges xy,yz, zw with labels I(zy) =
l(zw) = a and I(yz) = b.

o (Fg-5) Vertices x € T'ge,y € Tpe, 2 € Ty and the edge xy with label
l(xy) =b.

e (K, -1) The triangle xy, zz,yz with l(zy) = l(z2) = I(yz) = a.
e (K, -2) The vertex x € I'y, and edge zy with label I(zy) = ab.

e (K, -3) The vertices z,y € I'yy and edge xy with label l(zy) = a.
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In each case we describe a labelling of the vertices of the given configuration
to show that if it is present then G is not F-free.

e (Fg-1)a=1,b=5,c=6,z=2,y=3, z=4.

o (Fg-2)a=3,b=4,c=5,z=1,y=2,2=6.

o (Fg-3)a=1,b=2,¢c=3,2=4,y=05,2=06.

o (Fg-d)a=1,b=3,2=2,y=4,z2=5, w=06.

o (Fg-b)a=5,b=1,c=3,x=4,y=2,2=06.

e (K;-1)a=1,2=2,y=3,z=4.

e (K;-2)a=3,b=4,2z=1y=2.

e (K;-3)a=1,b=2,2=3,y=4. O

LEMMA 2.8. For any 3-graph H containing an edge abe (and at least 3 other
vertices), let Lqpe be the link graph of abc in H. If H is F-free then:

(1) The only Kyus in Laye are rainbow (that is, each vertex is incident

with all 3 colours).
(2) Lape is Ks-free.

(3) If xy € E(Lape) has l(xy) = abc then x,y meet no other edges in
Lape and T,y ¢ Lape-

(4) If Va‘%)c ={x € V™ : there is a K4 containing x} then FabC(Va%)C) =
a.

(5) There are no edges in Lape between T gpe and Vfbc.

(6) If x € VA then |l(zy)| <1 for ally € V™.

a

(7) If © € Ty, y € Ty and l(xy) = ab, then Ty, = O. Moreover, if
xz € E(Lape) with z # y then z ¢ Ty and l(xzz) = a, while if
yz € E(Lgpe) with z # x then z ¢ Tgpe and l(yz) = 0.

(8) If vy, xz € E(Lgpe), l(xy) = ab and z € Ty then |l(zz)| < 1.

Proor. We will make repeated use of Lemma 2.7.
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(1) This follows immediately from (Fg-1) and (K -1): if uvwz is a copy
of K4 then we may suppose l[(uwv) = a,l(uw) = b,l(vw) = ¢, thus

l(uz) = ¢, continuing we see that uvwz must be rainbow.

(2) This follows immediately from (1): if xyzuw is a copy of K5 then by
(Fs-1) we may suppose that [(zy), (z2), [(zu),[(zv) are all distinct
single colours but this is impossible since there are only 3 labels in
total.

(3) This follows immediately from (Fg-2) and (K, -2).

(4) If x is in a K4 then by (1) it lies in edges with labels a,b, ¢, and
(Fs-3) implies that z & Tgpe.

(5) If 2 € Tupe, say @ € Typ, and y € VA with 2y € E(Lgpe) then
(F-3) implies that [(xy) # ¢, while (Fg-4) implies that I(zy) # a, b
(since there are t,u,v,w such that [(yt) = b,l(tu) = a and [(yv) =
a,l(vw) = b).

(6) This follows immediately from the fact that all v € V. meet edges
with labels a, b, ¢ and (Fg-2).

(7) (Fs-5) implies that Tpe = 0. If 22 € E(Lgpe) then (Fs-3) implies
that I(xz) = a. Now (K4-3) implies that z ¢ T'y. while (Fg-3)
implies that z & T'p.. Hence z & ['ype. Similarly if yz € E(Lgpe)
then I(yz) = b and z & T gpe.

(8) If x or y belong to Iy then this follows directly from (Fg-3) so
suppose that x,y & Tupe, [(xy) = ab and |{(zz)|= 2. Now (Fs-2)
implies that [(xz) = ab so (K4-2) implies that z € Ty UT.. But
then (Fs-3) is violated. Hence |I(z2)|< 1.

O
Lemma 2.8(5) allows us to partition the vertices of Lgp. as V7 = Tgpe U
Vfbc U Rgpe, where Vﬁw = {x € V : there is a K4 containing x} and Rgp. =
V =T UVA
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2.2.2. Lemmas for Turan Number

LEMMA 2.6. If G is F-free with n > 6 vertices and ex(n, F) edges then there
is an edge abc € E(G) such that

w(Labc) + |Fabc|§ t3(n - 3) +n— 37
with equality iff Lyp. = T3(n —3) and Tgpe = V.

PRrROOF. Let G be F-free with n > 6 vertices and ex(n, F) edges. By
Lemma 2.33 we can choose an edge abc € E(G) such that |T'ype|> n—|n/3]—
3. Let V™ = FachRachVﬁ)C be the partition of V'~ given by Lemma 2.8(5).
If s=|V7|, 5= Capel, k = |Rape| and I = [V3 | then n —3=s=j +k +1
and j >s—1|s/3| —1>j+k—|(j+k)/3] —1. We can apply Lemma 2.9
to H = Lape[lape U Rape], to deduce that

w(Labc[Fabc ) Rabc]) + |Fabc|§ t3(j + k) +Jj+k,

with equality iff Rupe = 0 and Lape|[Tape] = T5(5 + k). Now if Ly is Ky-free
then Vﬁm = () and the proof is complete, so suppose there is a K4 in Lgp..

In this case 4 < [V4 |[<n—3 — |Tape|< /3], s0 n > 12.

We now need to consider the edges in Lgp. meeting Va‘éc. By Lemma 2.8(2)
we know that L. is Ks-free, while Lemma 2.8(6) says that V4

abe Meets no

edges of weight 2 or 3, so by Turan’s theorem w(Lgp[V,4.]) < ta(l).

Lemma 2.8(5) implies that there are no edges from Iy to Va4bc so the total
weight of edges between I'gp. U Rape and V4 is at most kl. Thus

abc

w(Labc) + |Fabc‘§ t3(j + k) +j +k+ t4(l) + kl.

Finally Lemma 2.10 with s = n — 3 implies that

w(LabC) + |Fabc|§ t3(n - 3) +n— 37

with equality iff Rgpe = V4

abc

=0 and Lgp. = T3(n — 3) as required. O

LeEMMA 2.9. Let H be a subgraph of Lap. with s > 3 wvertices satisfying
V(H)NVA. =0. If Hr = V(H) N Ty and |Hp|> s — |s/3] — 1 then

w(H) + [Hr|< t3(s) + s,
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with equality iff Hr = V(H) and H = T3(s).

PrROOF. We prove this by induction on s > 3. The result holds for
s = 3,4 (see the end of this proof for the tedious details) so suppose that
s > 5 and the result holds for s — 2.

Let H be a subgraph of Lgy. with s > 5 vertices satisfying V(H)N V3, = 0.
Let Hr = V(H) NT 4. and suppose that |Hp|> s — |s/3] — 1.

Note that if H contains no edges of weight 2 or 3 then the result follows
directly from Turan’s theorem, so we may suppose there are edges of weight
2 or 3. With this assumption it is sufficient to show that

w(H) + |Hrp|< ta(s) +s — 1.
By Lemma 2.11 (iii) this is equivalent to showing that the following inequality
holds:

(2.2.3) w(H) + |Hr|< t3(s — 2) + 25 — 2+ | s/3]

Case (i): There exists an edge of weight 3, [(xy) = abc.

Lemma 2.8 (3) implies that z,y ¢ Hr and z,y meet no other edges in H, so
we can apply the inductive hypothesis to H' = H — {x, y} to obtain

w(H) + |Hr|< w(H') + [Hp|+3 < t3(s — 2) + s — 2+ 3.

Hence (2.2.3) holds as required. So we may suppose that H contains no
edges of weight 3.

Case (ii): The only edges of weight 2 are contained in Hp

Let zy € E(H) have weight 2, say [(xy) = ab. Now Lemma 2.7 (K -2)
implies that x,y ¢ Iy, while Lemma 2.7 (K -3) implies that z,y cannot
both belong to I'ye or 'y, so we may suppose that x € 'y and y € T'p..
Lemma 2.8 (8) implies that x,y have no more neighbours in Hp. If Hp =
V(H) then we can apply the inductive hypothesis to H = H — {x,y} to

obtain

w(H) + |Hp|<t3(s —2)+ s —2+2+2,

in which case (2.2.3) holds, so suppose V(H) # Hr.
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Let z € V(H) — Hr be a neighbour of z in H if one exists otherwise let z be
any vertex in V(H) — Hp. By our assumption that all edges of weight 2 are
contained in Hy, z meets no edges of weight 2. Moreover, by Lemma 2.8 (7),
all edges containing = (except xy) have label b, so x is not in any triangles in
H. Hence z and z have no common neighbours in H and so the total weight
of edges meeting {x, z} is at most 2+ 14 s—3 (if 2z is an edge) and at most
2 4+ s — 2 otherwise. Applying our inductive hypothesis to H' = H — {z, z}

we have

w(H)+ |Hr|<t3(s —2)+s—2+1+s,

and (2.2.3) holds.
Case (iii): There is an edge of weight 2 meeting V(H) — Hr.

So suppose that xy € E(H), l(xy) = ab and y ¢ Hp. Lemma 2.8 (8) implies
that for any z € Hr we have |[(zz)], |[(yz)|< 1. Let vz = [{z,y} N Hp|< 1.
Thus, since xy is not in any triangles, the total weight of edges meeting

{z,y} is at most

245 — 24 |V(H) — Hrl~(2 - 7ay).

Applying the inductive hypothesis to H' = H — {x,y} we have

w(H) 4+ |Hr|<t3(s —2) + s —2+ s+ 5 — |[Hp|—2 4 27y,

with equality holding only if |Hf.|= s — 2. Now |Hp|> s — |s/3] — 1 implies
that

(2.2.4) w(H) + |Hr|< t3(s —2) + 2s — 3+ |5/3] + 274y,

with equality only if [H[|= s — 2 and |Hp|= s — [s/3] — 1. If 75y = 0
then (2.2.3) holds as required, so suppose 7, = 1. In this case (2.2.3)
holds, unless (2.2.4) holds with equality. But if (2.2.4) is an equality then
|Hr|= |H{-|+1 = s — 1, while |Hp|= s — |s/3] — 1, which is impossible for
s> 3.

We finally need to verify the cases s = 3,4. It is again sufficient to prove
that if H contains edges of weight 2 or 3 then w(H) + |Hr|< t3(s) +s — 1,
thus we need to show that w(H) + |Hr| is at most 5 if s = 3 and at most 8
if s =4.
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We note that argument in Case (i) above implies that if H contains an edge
of weight 3 then |Hp|< s —2 and w(H) < 3+ 3(8;2), so if s = 3 then
w(H) + |Hr|< 4 and if s = 4 then w(H) + |Hr|< 8 so the result holds. So
we may suppose there are no edges of weight 3.

Now let zy be an edge of weight 2. Using the fact that xy is not in any
triangles and Lemma 2.8 (7) and (8) we find that for s = 3 we have w(H) +
|Hp|< 2+ 3 — |Hy|, while for s = 4 we have w(H) + |Hp|< 2+ 6 — |Hr|, so
the result holds. O

LeMMA 2.10. If j,k,1 > 0 are integers satisfying j + k+1 = s > 5 and
j>s—1|s/3] —1 then

(2.2.5) ta(j+ k) +ta(l) + 7+ k 4+ kl < t3(s) + s,
with equality iff | = 0.

ProoOF. If | = 0 then the result clearly holds, so suppose that [ > 1,
j+k+l=s>5and j >s—[s/3] —1. Let f(j,k,1) be the LHS of (2.2.5)
we need to check that A(j,k,1) = f(j,k+ 1,1 — 1) — f(4,k,1) > 0. Using
Lemma 2.11 (4) we have

AG kD = J-T0+k+1)/3]+[1/4] +1
= J+ /A= +k)/3].
So it is sufficient to check that j +1/4 > (j + k)/3. This follows easily from

j>s—|s/3] -1, k<|[s/3]+1,1>1and s >5. O
The following identities are easy to verify.
LEMMA 2.11. If n > k > 3 then

(1) s3(n) =s3(n—3) +tz(n—3)+n—2.

(2) t3(n) = ts(n —3) 4+ 2n — 3.

(8) ts(n) =ts(n—2)+n—1+ |n/3].

(4) te(n) = ty(n = 1) +n —[n/k].
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2.3. Turan Density and Stability

We now move on to the stability version of the Turan density and also provide
an alternative proof of the Turdn density using similar methods to those used

in the stability result. The stability version is as follows:

THEOREM 2.12. For any € > 0 there exists § > 0 and ng such that the
following holds: if H is an F-free 3-graph of order n > ng with at least
(1 —=9)s(n) edges, then there is a partition of the vertex set of H as V(H) =
Uy UUy UUs so that all but at most en® edges of H have one point in each
U;.

The second proof of Theorem 2.5 given below uses the techniques similar to
those needed for the stability result. It is essentially an induction argument
based on the degrees of each vertex in the 3-graph. The induction itself
provides a lower bound for the degree of each vertex. Using this lower bound
we derive an upper bound on the degree of each vertex by examining the link
(multi-)graph of a vertex. We show that the link graph of an edge in an F-
free 3-graph with vertices satisfying this lower bound does not contain a copy
of K4 and has no more edges than a simple graph: this bounds the number
of edges in this link graph.

The necessary properties will follow from these lemmas:

LEMMA 2.13. Let H be a F-free 3-graph of order n+7 such that each vertex
in H has degree at least (1 —10v) (n?/9), where v < 107%. Let E = {abc}
be any edge in H. Then the link graph of E does not contain a copy of Kjy.

LEMMA 2.14. Let H be a F-free 3-graph of order n+ 3 such that each vertex
in H has degree at least (n+3)%/9. Let E = {abc} be any edge in H. If the
link graph of E is Ky-free, then it has a maximum of n?/3 edges.

The stability version starts with a similar argument, except that the link
graph may include a small number of vertices incident with edges of weight
2. This requires a different version of Lemma 2.14:

LEMMA 2.15. Let H be an F-free 3-graph of order n+ 3 such that every ver-
tex in H has degree (1 —107) ((n+ 3)?/9), where v < 1/619520, that con-
tains an edge abc with total double neighbourhoods at least (1 — §) (2n/3) —
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[% + %5] Then the link graph of abc has at most 31yn vertices incident with
an edge of weight 2.

To prove the Turdn density of F we use the following lemma.

LEMMA 2.16. There is a constant N such that, of H is an F-free 3-graph of

order n, H has no more than F(n) edges, where:

F(n) = ) f(2)
=1

and

flz) =

PROOF. Forn < N, F(n) is the number of edges in the complete 3-graph,
so the statement is trivially true. For n > N, we proceed by induction. First,
take the case where there is a vertex ¢ in H that is incident with fewer than
%nQ edges. Then, by induction, the 3-graph H — {q} has no more than
F(n—1) edges and so e(H) < F(n—1) + #n®> = F(n — 1) + f(n) = F(n).
Next, take the case where every vertex in H is incident with at least %nQ
edges. Take any edge {abc} in H. Lemma 2.13 implies that the link graph of
{abc} is Ky-free (take v = 0 in the statement of the Lemma). It follows that
the preconditions of Lemma 2.14 are satisfied so that {abc} is incident with
at most 3(n—3)%+n+1 edges. Then, by induction, the 3-graph H — {abc}
has no more than F(n—3) edges and so e(H) < F(n—3)+3(n—3)?4+n+1 <

F(n=3)+ fn=2)+ f(n—1)+ f(n) = F(n). O

The main theorem then follows immediately:

THEOREM 2.5. 7 (Fg) = 2.

ProOOF. The graph S(n) demonstrates that 7 (Fs) > 2/9. Let N and
F(n) be as defined in Lemma 2.16 and define K = F(N)— N?3/27. Then, for
alln > N, F(n) = n3/27 + K. Accordingly, by the definition of the Turan
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density

ex (n, F)
7 (F) = lim -~
7’L3
< lim ﬁjK
n—00 ( )
_2
9

2.3.1. Lemmas for Turan Density

We are now able to prove Lemma 2.14 regarding edges of weight 2 in the
link graph used in the proof of the exact Turan density. Hereafter, we make
liberal use of the convention set out in Section 1.2 that lower case is used to
denote the proportion of vertices in the upper class vertex set (so that there
are gn vertices in Q C V(H)).

PROOF OF LEMMA 2.14. Let Lgp. be the link graph of E. Note that at
least 2/3 of the vertices of Ly are incident with each colour (so that each
particular type of edge of weight 2 is only incident with at most 1/3 of the
vertices of Lgpy.). For instance, by Lemma 2.7(K -1), L, the link graph of
Lape restricted to colour z, is triangle-free, so that if L, has at least n?/9

edges it has at least 2n/3 vertices.

Let C, be the set of vertices incident with colour x and D, = L — C,. We
construct a series of disjoint vertex sets that together comprise V(L). First,
let M, be a set of vertices consisting of a maximal matching of edges of
weight 2 and colours « and y; that is, choose an edge coloured xy contained
in L — M, and add the endpoints of that edge to M, then repeat until
there is no edge coloured zy contained in L — M,. Then let M. be a set of
vertices incident with a maximal matching of edges of weight 3 constructed
in the same way. Finally, let R = L — |J My, — Mape. The M,, are disjoint,
e(Mape) < (3/2)mgpen, there are no edges between Mg, and any other set
and, by Turan’s Theorem, e(R) < (1/3) (rn)?. The following lemmas provide
all the remaining densities in and between sets.
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PROPOSITION 2.17. The mazimum number of edges in My, is + (mgyn)? +

2

axynQ, where there are ozgcyn2 edges of weight 2 in My, so that oz, < imxy

Proor. Ignoring the mulitiplicity of edges in M,, gives a simple graph
that is triangle-free, as Mg, is incident only with edges of colour z and y
and there are no monochromatic or two-colour triangles. If there are no
edges of weight 2 in M, then the maximum number of edges is % (mxyn)2.
Accordingly, any edges above this number must consist of edges of weight 2.
Given a total of i (mmyn)2 + azyn? edges, it follows immediately that there

must be at least a,n? edges of weight 2 and that ay, < imgy. (]

COROLLARY 2.18. The mazimum number of edges in My, is (mzyn)2.
PROPOSITION 2.19. Let xy be an edge of weight 2 with {x,y} C D,. Then:
(1) there is at most one edge between xy and any verter in Cp;
(2) there are at most two edges between xy and any vertex in Dp;

(8) the mazimum number of edges between xy and any set of vertices
Q C D, is qn + agn, where agn is the number of edges of weight 2
between xy and Q.

PrOOF. Assume, without loss of generality, that the colour of xy is ab
and let the third vertex be z. Then z and y are only incident with edges
of colour a and b. If z is incident with c it cannot be incident with an edge
coloured ab and so there can only be edges of weight 1 between x or y and
z. As xyz is triangle-free, this gives a maximum of 2 edges where z is not
incident with c and 1 edge where z is incident with c. Given a total of gn+a4n
edges and a maximum of ¢n edges of weight 1, it follows immediately that

there must be at least ayn edges of weight 2. ([

We form the partition of L consisting of My, Mpe, Mye, Mape and R. Note
that these sets are pairwise disjoint and that the maximum size of each M,
is n/3. Let P = {ab,ac,bc}. For x € {a,b,c}, let D, be the set of vertices
disjoint from colour z. Let |Cy| = (% + 0;) nand so |Dy| = (3 — 6,) n, where
0z is a non-negative number. Note that M., C D,. We derive expressions
for the upper bound of the total number of edges in L and ultimately show
that this upper bound is no more than the lower bound of n?/3. We form
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the upper bound for the number of edges in L by calculating an upper bound
for the number of edges within each subset in L and for the number of edges
between each pair of subsets in L.

For R, the maximum density is 1/3 as it is K4-free and contains only edges
of weight 1. For each Mg, Proposition 2.17 states that e(M,,) < %mgynQ.
We then calculate the maximum number of edges between each M,, and
the other subsets of L. First, take the subset of C, excluding vertices
incident with a matching, which is of size (% + 0, — ZTGP’T%W mT> n.
By Proposition 2.19 each matched pair in M, sends at most one
edge of weight 1 to each vertex in this subset, giving a maximum of
%mxy (% + 46, — ZTep,ngy mT) n? edges. By similar reasoning, consider-
ing the subset of D, excluding M,,, which is of size (% — 0, — mxy), each
matched pair in M,, sends at most one edge of weight at most 2 to each
vertex in this subset, giving a maximum of my, (% — 0, — mxy) n? edges.
Finally, each matched pair in M, sends at most one edge to each vertex in
M,.,, for a total of %mwymmn2 edges: note that, as we sum over every My,

an additional factor 1/2 is inserted to avoid double-counting.

The total number of edges in L is at most:

1
(1 — Mgap — Mac — mbc)2 + 5 (mgb + ch + mga)

1(2 1
+ Z ms 5 g + 5ab07$ - Z mr | + <3 - 5(16075 - mS)

Sep TePT#S
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and, using the same partition of L, we can express n?/3 as:

W=

+st g

SepP

(1 —mgp —

1
Mac — mbc)2 + g (mgb + mzc + mgc)
2 2 /1
3 T abe—s — Yoo omp |+ 3 <3 — Oabe—S — ms)
TEPT#S

Taking the difference between the two gives

1 1 1 1
= n2lz6m%+ms{—9—65abc_s+6

SepP

1
6 (mgb + mic =+ ml%c)
1 (2
+ Z mgs _6 g + dgbe—s — Z mr
Sep TeP,T#S
1/1 1
+§ (3—5abc5—ms) BT Z mr
TeP,T#S

Z mr +

TEPT#S

1 1 1 1
o = 30abe—s — 3Ms — — Z mT}]
9 3 3 12 TeP TS
1 1 1 1
= n2 Z ém?g +mg —§5abc_s + E Z mr — gms
| seP TePT#S
1 1 1
_ 2 - _Z -
= n? | ms —g™Ms ~ 50abe—s + 15 > mr
Sep TePT#S
1 1
< 1| msdl ¥ g
Sep SEPT#S

1 1 3
= 6712 |:2 (mab + Mpe + mac)2 - 5 (m(21b + mgc + mgc):|
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which for mg, € [0,1/3] reaches its maximum when all mg, are equal, by
Cauchy-Schwarz, and this maximum is 0. This shows that the upper bound
for the number of edges in L is n?/3. O

2.3.2. Stability Lemmas

Now we prove the remaining lemmas concerning the structure of link graphs.
These lemmas are presented in their stability versions. The version of Lemma
2.13 used to prove the exact Turan density follows immediately from the
stability result presented here. The version of Lemma 2.15 used to prove the

exact Turdn density is proved separately above as Lemma 2.14.

LEMMA 2.13. Let H be a F-free 3-graph of order n+7 such that each vertex
in H has degree at least (1 —10v) (n?/9), where v < 10~%. Let E = {abc}
be any edge in H. Then the link graph of E does not contain a copy of Kjy.

PrOOF. Assume that the link graph of F does contain a copy of Ky
with vertices p, ¢, r and s and edges {apq,ars,bpr,bqs, cps,cqr}. Let L
be the link graph of {a,b,c,p,q,7, s} = Q; that is, V(L) = V(G) — Q and
E(L)={zy : 32 € V(G) — Q and zyz € E(G)}. By the given assumptions,
L contains at least (1 — 107) 7%"2—2 - (;)n — (?7)) = (1-10v) % —21n—35
edges and is a multigraph containing edges of multiplicity up to 7.

We note the following facts about the subgraph Q:
(1) Every vertex is incident with exactly three edges.
(2) Every pair of vertices is included in exactly one edge.
(3) No two edges are entirely disjoint.
We note the following facts about L:

(4) L contains no monochromatic or two-colour triangles (because every

pair of colours is part of an edge).

(5) To every pair of colours, there corresponds a third colour, such that
a pair of vertices connected by edges with that pair of colours is not
incident with the third colour — again, this follows from every pair

of colours being part of an edge.
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(6) There are exactly three pairs of colours corresponding to each
colour, which satisfy the conditions of 2 above: this follows from
each vertex being incident with three different edges within Q.

Next, we are able to characterise edges of weight 3:

PROPOSITION 2.20. Let af be an edge in L containing colours xyz. If xyz is
an edge in H then o and 8 are incident only with edges of weight 1 (excluding
the edge af3). If xyz is not an edge then « and 8 are incident only with
colours xyz and exactly one other, that together form the complement to an

edge in X.

PROOF. For zyz € E(H), each pair from xyz excludes the third of those
colours, so o and (3 are not incident with any of zyz, other than in the edge
af. But each pair outside zyz excludes one of these colours, or else there
would be two disjoint edges in X, so o and § are not incident with any edges
of weight 2 outside xyz. For xyz ¢ E(H), each pair from zyz excludes a
different colour, or else there would be two edges that overlap in two colours,
and none of these colours are x, y or z, as xyz is not an edge, so this leaves
only one available colour outside zyz. This fourth colour together with xyz
cannot contain an edge, or else one of zyz would be excluded, so it must
consist of the complement to an edge. ([

These properties enable us to classify certain small structures that appear
in L:

PROPOSITION 2.21. L does not contain any triangles of total weight 7 or
greater and the only triangles of weight 6 contain 3 edges of weight 2 and are

disjoint from a particular colour.

ProOOF. In any triangle, all edges are different colours, or else there
would be a two-colour triangle. Accordingly, there can be no triangle of
weight more than 7. Also, any edge of weight two is not incident with at
least one other colour, so at least one colour must be excluded from any
triangle with edges of multiple weight, which contradicts any triangle of
weight 7. Next, considering triangles of weight 6, there are two possibilities:
2-2-2 and 3-2-1. But any edge of weight 3 is either an edge, in which case it
is incident only with edges of weight 1, or it is not an edge, in which case it

is not incident with edges of weight 2 consisting wholly of colours different
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from those in the edge; in both cases this follows from Lemma 2.20. This
leaves triangles of the form 2-2-2, where each pair excludes the same colour.
There are seven possibilities, one corresponding to each colour (for instance,
ab — ps — qr for ¢), and that colour is not incident with any vertex of the
triangle. O

COROLLARY 2.22. The sets of vertices incident with a particular triangle of

weight 6 are disjoint.

DEFINITION 2.23. An edge is degenerate if it contains colours that form an
edge in @ (that is, it is of weight greater than 4 or if it is of weight 4 but
is not one of the following colours: abps, abqr, acpr, acqs, bepg or bers);
and non-degenerate is defined correspondingly, so a non-degenerate edge of
weight 4 contains colours that are the complement of an edge in X.

PROPOSITION 2.24. A wvertex incident with o non-degenerate edge of weight /
1s not incident with any colours other than those forming part of that edge and
a verter incident with a degenerate edge is incident only with edges of weight
1 (excluding the degenerate edge), so that there are at most n/2 degenerate

edges in L.

PrOOF. A degenerate edge contains colours that constitute an edge in
@, so by Lemma 2.20 is incident only with edges of weight 1. Also by Lemma
2.20 any 4 colours that do not contain an edge form the complement to an
edge and are incident exactly with those colours.

To calculate the total density of degenerate edges in L, take a maximal
matching of degenerate edges in L. As degenerate edges are only incident
with edges of weight 1, no two degenerate edges are incident, and so this
matching includes all degenerate edges. Accordingly, there are a maximum
of n/2 degenerate edges. ([

COROLLARY 2.25. The sets of vertices incident with a particular type of

non-degenerate edge of weight 4 are disjoint.

Let dn be the number of degenerate edges in L of maximum size 7n/2. We
temporarily remove these edges from L. We now set out certain densities
that apply to different sets of vertices within L.

PROPOSITION 2.26. The maximum density of any set K of vertices of order
kin L is k2.
51



Proor. If k = 2, the maximum number of edges is 22 = 4. We proceed
by induction. Let m(z) be the maximum number of edges in K, where K
is of order z. Take an edge in K of maximum multiplicity. There are a
maximum of four edges between the pair of vertices forming this edge and
any other vertex (one edge of weight four or two edges of weight two). So,
given that m(k — 2) < (k — 2)?,

m(k) < 4(k—2)+4+ (k—2)>
= k.
O

PROPOSITION 2.27. The maximum density of any set K of vertices of order

k in L that does not contain an edge of weight 4 or more or a triangle of
weight 6 is (3/4)k?

PROOF. If k = 2, the maximum number of edges is 3 = (3/4)22. We
proceed by induction. Let m(xz) be the maximum number of edges in K,
where K is of order x. Take an edge in K of maximum multiplicity. There
are a maximum of three edges between the pair of vertices forming this edge
and any other vertex (one edge of weight three or two edges of weight one
and two). So, given that m(k —2) < 3(k — 2)2,

3
m(k) < 3(k—2)+3+1(k—2)2
3
= “k
4
O

PROPOSITION 2.28. The mazimum number of edges between any 2-2-2 tri-
angle and any other vertex is 6; the mazximum number of edges between any
2-2-2 triangle and any other vertex incident with the colour not part of that

triangle is 3.

PROOF. Let zyz be a triangle with edges coloured ab - ps - gr (the other
cases are similar) and consider the edges between xyz and another vertex
w. We have already seen that a degenerate edge cannot be incident with an
edge of weight 2. We have also seen that there are no 3-2-1 triangles, so if
there is an edge of weight 3 (or a non-degenerate edge of weight 4) between
w and xyz, there are no other edges between w and xyz. Therefore, the

maximum that can be achieved is three edges of weight 2.
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Consider now the case where w is incident with an edge coloured c. Any
edge of weight 4 between w and xyz must include ¢, as w is incident with
¢, but this is impossible as xyz is not incident with c. Similarly, any edge
of weight 3 between w and xyz cannot include any of the pairs ab, ps or gr,
so it must consist of one colour from each edge: say, for instance apr, but
this then excludes ¢, s and b, so that it cannot be incident with the triangle.
Finally, consider an edge of weight 2. It cannot contain any of the pairs
forming edges of xyz, as these are not incident with ¢. Assume, for instance,
there is an edge of weight 2 between w and x, where z is incident with edges
coloured ab and ps. There are then two cases. The edge zw could take one
colour from each of these pairs. But then there would be no edge between
w and either of y and z, or else there would be a two-colour triangle, giving
a total of two edges between zyz and w. Or the edge xw could consist of
one colour from the edge yz and one colour from the edges incident with x:
say ¢s. But each of these pairs excludes one of the colours incident with =z,
and so is not allowed. The maximum is achieved if we allow edges of weight
1 between zyz and w. ([

PROPOSITION 2.29. Let xy be a non-degenerate edge of weight 4. The maz-
imum number of edges between xy and any other vertex is 4. The maximum
number of edges between xy and any vertexr incident with at least one colour
not in that edge is 2.

PROOF. Let xy be a non-degenerate edge of weight 4 coloured abps (the
other cases are similar) and let z be any other vertex. As zyz only contains
these four colours and as zy contains all four colours, xyz is triangle free,
so the greatest number of edges between zy and z is achieved by an edge of
weight 4 from x or y to z.

Now take the case where z is incident with a colour other than abps. Note
that by Lemma 2.20 any triple of these colours excludes all other colours.
Therefore, the maximum multiplicity of an edge between xy and z is 2.
As xyz is triangle free, the greatest number of edges between xy and z is
achieved by an edge of weight 2 from x or y to z. (]

PROPOSITION 2.30. Each colour is incident with at least (2/3) (1 —5v) of
the vertices of L.
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Proor. Let C, be defined as the set of vertices incident with colour x
in L. Note that the subgraph of colour x is triangle-free. So, by Mantel’s

Theorem,

(cam)? n?
> (1-1 —

7 2 (1-10m) 5
12
& 2 (1-109)F2

2

> (1-=5v)-.

> (1-57)3

O

DEFINITION 2.31. Let M, be a subset of the vertices of L defined as follows:
M, is the union of a maximal matching of edges of weight 4 that are not
incident with colour z and a maximal matching of 2-2-2 triangles that are

not incident with colour z.

We form the partition of L consisting of My, My ... Mg and R: all the re-
maining vertices. More precisely, choose a maximal matching of edges of
weight 4 and 2-2-2 triangles that are not incident with colour a. Then, from
the remaining vertices, choose a maximal matching of edges of weight 4 and
2-2-2 triangles that are not incident with colour b, and so on. So, for instance,
a matching of edges pqrs would be inside M,.

For z € @, let D, be the set of vertices disjoint from colour x. Let |C,| =
(2/3 —0z)n and so |Dy| = (1/3 + d;) n, where 0, is less than (2/3)5y =
(10/3)7, as guaranteed by Proposition 2.30 (note that J, is also permitted
to be negative). Let |D, N M,| = dy, and |Cy N My| = czy. We derive an
upper bound for the total number of edges in L and show that this upper
bound is always less than our lower bound of (7/9) (1 — 107).

We form the upper bound of the number of edges in L by calculating an
upper bound for the number of edges in each subset of L and between each
pair of subsets in L. The maximum density of R is %, by Proposition 2.27,
and the maximum density of each M, is 1, by Proposition 2.26, so this
gives terms of % [(1 = re0 mm> n} 2 and (mgn)? for each = € Q for all the
densities of subsets of L. We then calculate the density of edges between
each M, and the rest of L.

For each M,, consider first the set of vertices incident with colour x, other
than those forming part of any M,. We label this subset temporarily C
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and note that it contains ((2/3) — 00 = Dyt Cz,y) n vertices. Let the
subset of M, consisting of matched pairs of edges of weight 4 be labelled
M, p and the subset consisting of matched triangles of total weight 6 be
labelled M, 7. By Propositions 2.28 and 2.29, each matched pair in M, p
sends at most one edge of weight 2 to any vertex in C, giving a maximum of
2(mg,pn/2)en = m%pch edges between those two subsets and each matched
triangle in M, sends at most three edges of weight 1 to any vertex in C' giving
a maximum of 3(mg rn/3)en = m, ren?. The overall maximum is therefore

myen?.

For each M., consider next the set of vertices not incident with colour x,
other than those forming M, or any part of M,. We label this subset tem-
porarily D and note that it contains ((1/3) + 00 —Ma =Dy sveq dx,y> n
vertices. By similar reasoning to above, the maximum number of vertices
between M, and D is 4(my pn/2)dn + 6(mzrn/3)dn = 2m,dn?.

Next, we consider the maximum number of edges between M, and each
M,. Using similar reasoning to above, we can fix a maximum of mgc, ,n>
edges between M, and the subset of each M, that is incident with z and a
maximum of 2mg€d5,;,yn2 edges between M, and the subset of each M, that
is not incident with x. Note that, as we are summing over all M, below, we

introduce a factor 1/2 to avoid double counting.
Finally, we add the dn degenerate edges.

Accordingly, the total number of edges in L is at most:

2
3 2
e(L)Sn2 1 I—me —1—2 mi%—mm g—éz— Z Cay
z€Q z€EQ yF#reQ

1 1
+2my 3 40y — My — Z dey | + B Z {mgcpy +2mady y}
YFATEQ YyFATEQ

3
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We can express the lower bound for the number of edges in L using the same

partition of vertex sets:

7 3
e(L) > —(1-10y)n?—-2ln—35=""n?+

9 4

1 70
36 9

—7} n? —21n — 35

2

Combining these inequalities gives:

z€Q Y#TEQ
1 1 1 1 1
—|—§’mz §+(5z—mx— Z dx’y +§ Z {—2m10r7y+2mmd%y}
Y#TEQ Y#TEQ
Lm0 i 3
36 9 n ' n2

1 1 1 1 1 1
=n? Z —m2 — Zmy + imx(;x + 5Me Z Cry + =My + §mx5x

T€EQ 4 3 y#TEQ 0
1 1 1 1
— §mi —5Ma Z dey — e Z Coy + 1M Z dyy
YyF#TEQ yF#TEQ YyF#TEQ

(170 d+21 , 35
36 9

n2
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1 1 1 D !
= n2 E —Zmi —gMe + mgd, + R Coy = M Z ay
z€eQ yroel yreee

[1 70] d+21 35
e +

36 9 n2

< 2|y e Lo L (2 100N 0L [ L 70 )
= g T gMe T M\ 3T g w3 36 9
_acEQ
< n? —lm2 m—l—lm (1—m)—|—mE 1.n 2
= g M T M T e @ vz 369 2
_J:EQ
1 1 10 170 19 35
_ 2 a2 - = i
- Z{ 2mx+12m‘”+mm37} [36 9} o ' n?
_:cEQ
< 27i i‘F@ +£+§
288 36 9 ' Ton 2
< 0,

where we have used the fact that, for each @, Y  coczy < (2/3—05) <
(1 —my), v < 10~* and taken n sufficiently large.

This contradiction establishes the lemma. O

Next we establish some preliminary stability results for link neighbourhoods

that will be used in the next stability lemma.

PROPOSITION 2.32. Let H be an F-free 3-graph of order n with at least
(1-9) %(g) edges. Then there is at least one edge with link neighbourhood
of size at least (1 —6)2(n—3) — [L + 24].

ProOOF. Note that, by Lemma 2.7(K -3), given any edge abc, no vertex
appears with multiplicity more than one in .
We employ the following equality:

Z (|Fab| + |Fac| + |Fbc|) = Z |F5L“y‘ (‘F1y| - 1)'

abc €E(G) xye(v(2H))
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n2
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The left hand side measures the total size of all double neighbourhoods of
all edges in H. The right hand side, for each pair of vertices that is part of
an edge, provides the contribution of I'y, — 1 to the double neighbourhood
of that edge from each of the other edges of which it is a part.

We then have

Z (|Fab| + ‘Fac‘ + |Fbc|) < Z maX(|Fab| + |FaC| + |Fb6|)
{abc} €E(G) abce E(G)

= |B(G)|max (|Tqp| + [Tac| + [Toel)

and
2
1
Z Loyl (Tay[ —1) = (V(T)) Z Tayl | — Z Ty
aye(VGY) 2 e (") wye(y)
_ 1 2
= Wg\E(GN = 3[E(G)],

where the total number of neighbourhoods of every pair counts each edge
three times. Putting these together gives

max (|Cap| + [Tael + [Toel) > n(n2_1) g x U= 1‘;(”_2) v 5(1—5) 3
= -0 -9)-3
2 7T 2
- (1—5)3(n—3)—[3+35}

0

COROLLARY 2.33. If G is a K -free 3-graph of order n with s(n) edges, then
there is an edge abc € E(G) with |Ugpe| > n — [n/3] — 3.

Note that, if abc is an edge, then |Ugpe| = [Tap| + [Tacl + |Toe| + 3.

PROPOSITION 2.34. Let H be an F-free 3-graph of order n+ 3 that contains
an edge abc with total link neighbourhoods at least (1 —J)2n/3 —7/3 —26/3.
Then the link graph Laye contains fewer than (1 + 20)*n2/36 + Cn edges of

weight 2, where ¢ is an arbitrary constant.
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Proor. Let P = {ab,ac,bc}, let D = Upcpl'y and let R = L — D, so
that by assumption we have |D| > (1 —6)2n/3 — [ + 26]. Note that, by
Lemma 2.7(K -3), the I'y, are pairwise disjoint.

Without loss of generality, take any vertex x in I'y, and assume that x is
incident with an edge of weight 2 in L: xy. Note that y ¢ 'y, and that xy
is not coloured ab: in either case we have a copy of K, . So assume, again

without loss of generality, that xy is coloured ac.

Neither x nor y is incident with b, or else {xya, zyc, abe, xbq} for example,
would be a copy of Fg. Also, y is not incident with a (apart from the edge zy),
or else {abc, abz, cry, ayq} for example, would be a copy of Fg. Therefore, y
is not incident with any edge of weight 2 other than xy. Similarly, if y € ',
(note that it is not possible for y to be contained in I'y.), then = is not
incident with any edge of weight 2 other than xy.

Accordingly, there are two cases: if xy is contained entirely in the double
neighbourhoods of abc, then neither x nor y is incident with any other edge
of weight 2; if y is not contained in any double neighbourhoods, that is,
y € R, then y is not incident with any other edge of weight 2.

Let Rp be the set of vertices in R incident with an edge of weight 2, where
the other vertex of this edge is contained in D, and let e be the number of
edges of weight 2 in L. Define 4, by dn = (1 —6,)2n/3 — [7/3+25/3], so
that §, < §. We calculate an upper bound on the number of edges of weight
2 as follows: there are a maximum of d/2 such edges contained in D (take
a matching of these edges); there are a maximum of r4n such edges incident
with Rp; there are a maximum of (r — rq)? n%/4 such edges in the remainder
of R (because the graph of edges of weight 2 is triangle-free). So we have

d —14)° n?
en? < Qn—i-rdn—i—(r Zi) r
2 02
n [7 6 (1426, + 20 —3r)" 2
= (1-6)= —|=+< n 9
(=0 [6+3]+””+ 1
n 7/249 n 7+ 26 2
SN P SO/ N LAY GRS Nk P
3 n 12 n
< n2[1+25]2+g
— n.
= 36
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Hence
(1+28)° ¢
e< 4
- 36 n
where we have assumed that n is sufficiently large and used the upper bound
for 4., with ¢ an arbitrary constant so that (n is a term of order n. O

These results enable us to prove the stability version of Lemma 2.14.

LEMMA 2.15. Let H be an F-free 3-graph of order n+ 3 such that every ver-
tex in H has degree (1 —107) ((n + 3)?/9), where v < 1/619520, that con-
tains an edge abc with total double neighbourhoods at least (1 — §) (2n/3) —
[% + %5] Then the link graph of abc has at most 31yn vertices incident with
an edge of weight 2.

PROOF. By Lemma 2.34, there are at most (1 + 25)2 n?/36 + (n edges
of weight 2 in Lgp.. As the preconditions of Lemma 2.13 are satisfied, L does
not contain a copy of Ky. Also, by Proposition 2.30, each colour is incident
with at least (2/3) (1 — 57) of the vertices in Lyp.. Finally, any edge of weight
2 is not incident with any other colour; therefore, any edge of weight 3 is not
incident with any other edge.

Let M,, be the set of vertices consisting of a maximal matching of edges of
weight 2 and colours z and y, let My, be the set of vertices incident with
an edge of weight 3 and let R = Lape — |J Myy — Mape. From the facts above
about Lgpe, we have that the My, are disjoint, that e(Mape) < (3/2)mapen,
that there are no edges between My, and any other set and that e(R) <
(1/3)(rn)?. Define §, by e(R) = (1/3) (1 — 6,) (rn)>.

We form the partition of Lgp. consisting of My, Mye, Mye, My and R. Note
that each of these sets is disjoint. For x € {a,b,c}, let D, be the set of
vertices disjoint from colour x and let C be the set of vertices incident with
colour z. Let |Cy| = (2/3 —0;)n and so |D,| = (1/3 + 0,)n, where §, is
less than (10/3)~, as guaranteed by Proposition 2.30. Note that M, C D..
We derive expressions for the upper bound of the total number of edges in
L and ultimately show that this upper bound is less than the lower bound
of (1/3) (1 — 107) n? unless the number of vertices incident with edges of
weight 2 is less than 16yn. We form the upper bound for the number of

edges in Ly by calculating an upper bound for the number of edges within
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each subset in Lgp. and for the number of edges between each pair of subsets

in Lape.

These upper bounds are calculated using Propositions 2.17 and 2.19, as in
Lemma 2.14.

Let P' = {ab,ac,bc,abc}, P = {ab,ac,bc} and o = "¢ p (a5 + Qape—s).
The total number of edges in Ly is at most:

1
—_

3m
e(Labc) §n2 g (1*57”) <1 Z mS) abe + Z mS+aS+aabc S

Sep!

12 1/1 1
+ms Qs | 2= 0abe—s— Y. mr +2<+5abc—s—ms>+4 > mr

2\3 TeP! T+S 3 TeP! T#S
<n? 1(1—5 1—st +a
=73
Sep’
+ Z m —|— > 5 mp + L 1m + ! Z m
s 2 76 2777 T
SeP TeP,T+S TeP,T+S

B 2
1 1 1
_ 2
. 3(1_5T>(1_Zm5> +a+z(2_4zmT>
L Sep’! SepP TeP
-1 ? 1 1 ?
_ 2
. 3(1_5T>(1_Zm5> +a+2zms_4<zms>
Sep’! SepP SepP

where, for the second inequality, we assume that n is sufficiently large that

we may take mgp. = 0.
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We express the lower bound for the number of edges in Lgp. using the same

partition:

212
+ Z ms\z |5~ dabe—5 — Z mr
Sep TePT#S

2 /1 1 10
+ (g 40abes—ms)+5 Y, mrp——v
3\3 3 3
TePT#S ]
) 2
2
=n 3 (1 — Z ms>
SepP
1 4 2 2 2 1
—|—st §m5+§—§ Z mT—|—§—§m5+f mr
Sep TePT#S TePT#S
10
37

1
W =

2
(1—27715) +Zm5{§—;ZmT}—130'Y
sepP sepP TeP

I 2 2
=[5 (1o T ) +E -3 (D) -

SepP SeP

First we show that ) g.pmg < 1/4. Combining the two inequalities gives

2 2
1) 1 1 10
2 r
0 < n -3 (1—st> +a—62ms+ﬁ (ng> +§'y
SeP SeP SepP
Taking ¢6,/3 =0, (10/3)y = (10/3)(1/480) = 1/144 (weaker than our actual
bound on ) and a = (1 + 26)? /36 4 (/n, we maximise (3" m,)* — > m2 by
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taking my = ¢ for all S, so that (3. ms)? = 9¢% and Y. m, = 3¢. Then the

upper bound becomes:

(1+20% ¢, 1 1
5 o tu T (9¢° — 6¢)

from which it follows that

3¢° —2q+ 9 36 n

2
a+2y 1 +4<] > 0.

For ¢ € [0,1/3] and n sufficiently large this gives 3¢ = > ¢.pms < 1/4,
so that we have an approximate bound on the maximum number of vertices

incident with an edge of weight 2.

Next we use the bound on ) ¢.pmg to deduce an upper bound on §,. We

use the following version of the upper bound for the number of edges in L. :

e(Lape) < n* é 1—6, (1 — Z mg) Z Smabc

SEP

2
+> ms< s 3~ Oabe-s > mr
Sep TePT#S
1
+ (5 + dae-s —ms )+ > omyp
TePT#S

Sep Sep
+§ ms{ = 2—501)(;—5— E mr | + [ = + Oape—s — Mg
213 3
Sep TEPT+S
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1 1
> my + 3+ dabe—s — Ms + o > omp

TePT#S TePT#S
1 1 2 1 1
_ 2
= n g (1 Z m5> + Z mg _§ms + 371 Z mrp + §5abc75
Sep Sep TeP,T+S
1
- w|la (1 st) +st{_ ms =15 o }
SepP SepP TeP
- [ 10 (1 Sms) 2 et () ¢
SepP SEP SepP SepP

% Z mS(Sabc—S]

SepP

where, in the second inequality, we assume that n is sufficiently large, so that
Mape = 0. Combining this with the inequality for the lower bound gives:

2 2
0§n2 —i:(l—ZmS) +112<S§:m5> —iZm%
€P

SepP SepP

10
=7

1
+ 5 Z mS(Sabcfs + 3

SeP

We have ) g.pms € [0,1/4],50 1 =3 g.pmg > 3/4, and an application of
the Cauchy-Schwarz Inequality gives

(o + s+ ) =3 (s =i )] < .

Putting these together gives

0 n2[10 1110 5T9]

3 +243 316

15 3
_ 2|29, 2
- [47 1657}
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which is negative if §, > 20v. This contradiction proves the lemma when
Op > 207.

Finally we consider the case where 4, < 20~.

Assume that there are v/3,7n vertices of degree less than (1 — 2v/8,) 2rn/3.
Deleting them gives a graph on (1 — \/E) rn vertices with at least
(1 =0, —2v/0, (1 —2/5,)) (rn)?/3 edges. But

2

(VBT = (s aE)
2
< (1—2\/$+45r—5r)%

which violates Turan’s theorem, as this subgraph is K4-free. Therefore, there
are a maximum of /8,rn vertices in R of degree less than (1 — 2/3,) 2.
We label this set of vertices R_ and the remainder of R is labelled R;.

We consider now the number of edges between any set M, and the set R.
If there is an edge between x and any vertex in R, then there is no edge
between z and any of the (1 — 2v/8,) 2rn/3 neighbours of this vertex. That
is, x is connected to a maximum of (1 + 4@) rn/3 vertices in Ry. Similar
reasoning applies to y, so that the total number of edges between xy and
Ris 2 (14 4V/6,) rn/3 + v/&rn = (1 + (11/2)V/6,) 2rn/3. Therefore, there
are at least (1 — 11\/5) rn/3 vertices in Ry that are not connected to xy.
We may assume, when evaluating the upper bound, that these vertices are
in the set of vertices that may only be connected to xy by edges of weight 1.

This gives the following version of the upper bound (where we assume, as

above, that n is sufficiently large so mgp. = 0):

2
1 1
e(Lape) < n? 5 (1=dr) (1 -3 m5> + ) mg 5

SepP SepP

1/(2 1-— mg
| 2= Oabe—s— > mp— (1—11\/@) (1= Xsepms)
213 3
TEP,T#S
1 1
tlgt dabe—s —Mms | + 1 Z mr
TePT#S
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1 2 1
:n2 |:3 (1— st> ZmS{_4mS+3+25abc—S

SepP SepP

_ZmT—<1—11\f)( Zs@pmS)}

TeP

= n2 % (1— ng) Zm5+ Zm5+ stdabc
SepP SGP SEP SGP
2
_i (st) —% (Z mS> (1—11\/5) (1Z§€Pms)] .
SepP Sep

Therefore, using the same lower bound as above:

2
1 1 10
o< |L (st> _3<ng) 2 st s+

SepP SepP SepP

_;<st> (1—11\f)( ZSGPmS i’“(lz:ms)Q]

SepP SepP

10 1110 1 36,
<’ [3 513" (Zm5> (“”V@)g‘m] ’

taking (1 - sep ms) > 3/4 and again using Cauchy-Schwarz to show
2
(Xsepms)” =3 (Xgepmd) <0.

I
fey 2 1—11+/6,

< 37,

It follows that

because 0, < (1/30976) = 20~. O
66



2.3.3. Stability For Fg

The approach of this section is substantially the same as the proof of Theo-
rem 1.5, the stability result for Fy, in [19]. The principal difference is in the
requirement for the stability lemmas of the previous section and in certain
other details of the argument that we highlight below.

The following proposition is a slight variant of a case of the Simonovits
stability theorem (see Proposition 5.1 in [19]).

THEOREM 2.35. For any € > 0 there exists 6’ > 0 and ng such that the
following holds: if G is a K4-free graph on n > ng vertices with at least
(1 —10")ts(n) edges, then one can delete €'n vertices from G so that the re-

maining graph is tripartite.

The following theorem is the stability version of the Turan density result for
Fg (recall that F = {Fs, K }).

THEOREM 2.12. For any € > 0 there exists & > 0 and ng such that the
following holds: if H s an F-free 3-graph of order n > ng with at least
(1 —=9)s(n) edges, then there is a partition of the vertex set of H as V(H) =
Uy UUy UUs so that all but at most en® edges of H have one point in each
U;.

PRrROOF. We use constants that satisfy the following hierarchy: § < v <
§ <« € < e. In particular:
o Let ¢ <10 %€
e Let ¢/ < € and be the result of applying Theorem 2.35 with €.
o Let v =¢d.
o Let 6 < 1292

Define Uy C V(H). We add a small number of (bad) vertices to Uy and show
that all but a small number of hyperedges in H — Uy respect the partition.

Assume, to derive a contradiction, that there are yn vertices of degree at
most (1 —5y)n?/9. Deleting them gives a 3-graph H’ with (1 — v)n vertices
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and at least (1 — 0 — 3v(1 — 57)) n?/27 edges. It follows that

3
n
e(H") > (1—-6-3v(1-57)) =
5 2y 17
= (1=6—=3v+152) —
( v+ 7)27
3
n
1-— 2 —
> ( 3’y+37)27
[(1—7)n]3+73n3
27 27

But this is contrary to Theorem 2.5, for n sufficiently large. It follows that
there are fewer than yn vertices of degree at most (1 — 57) n?/9 and we add
these to the set Uj.

Consider the 3-graph H —Uj. Every vertex in this 3-graph has degree at least
(1 —57v) (n?/9) — (yn?/2) > (1 — 107) (n?/9). As H has at least (1 — §) s(n)
edges, by Proposition 2.32, there is at least one hyperedge abc in this graph
with total link neighbourhoods greater than (1 —J)(2/3)n. The precondi-
tions of Lemma 2.15 are satisfied so that the link graph of abc is Ky-free and
has a maximum of 31vyn vertices incident with an edge of weight 2. We add
these to the set Uy.

Let J be the link graph of abc in H. This graph is K4-free and has no edges
of weight 2, that is, it is a simple graph.

Suppose that J has 1071§'n vertices with degree at most (1 — 10_36) 2n/3.

Then the graph J' = J — {z : d(z) < (1 —107%) 2n/3} has (1 —107") n
vertices and at least (1 — & —2 x 1071 (1 — 1073¢)) n?/3 edges, but

101 2 2
(1= 107)n]” [1-2x 1071 +107252] &
3 3
and
2 2
(1=0-2x10710 (1-107%)) T = (1 -2 x 10718 + 2 x 107"y = 6) ==

which gives a contradiction, because 2 x 1074y — § > 1072’2, which means

that J', which is K4-free, violates Turan’s theorem.

Therefore, we can remove the at most 10~!1§'n vertices from H and J’ and
add them to Uy. Let L be the resulting link graph of abc in H — Up. It has,
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trivially, at least (1 —¢’)n?/3 edges. This enables us to apply Proposition
2.35. So there are €'n vertices which may be removed from H such that the
remaining link graph L is tripartite. We add these vertices to Up. L now has
at least (1 — &’ — 3€’) n?/3 edges, which is greater than (1 —10"€?) n?/3 by
the choice of ¢’ and €. It may be partitioned into three vertex sets Vi, V3

and V3, each of which contains no edges.

Note that ||Vi| —n/3| < 1073en for each i. Assume otherwise, so that V;,
say, violates this and L would have at most

(n—i)* n* (3W-n)?
2
< % 4107662712

edges, which gives a contradiction. It also follows that each vertex in V; has
degree at least (1 —1073)2n/3 — (1/34+1073¢)n > n/3 — 10~%en in both
Vi, g # i

Let vivovs be a triangle in L with v; in V;. For every vertex z in L, if x € V;
and it is not adjacent to both v;, j # 7, then add it to Uy. There are at most
6.10"2en such vertices. As all triangles are multicoloured, we may assume
that v;v; has colour k for {i,j,k} = {1,2,3}. Then each vertex of V} is
joined to the vertices v;,v; by one edge of colour ¢ and one of colour j. Let

Vk,1 consist of those vertices v in Vj for which vv; has colour 7 and vv; has
colour j and sz =Vi— Vkl.

All edges from v1 to Vit U V4! have colour 1. Therefore there are no edges
between V' and V3, and the same holds betwen V;! and V}l for any two
distinct 4, j € {1,2,3}. If both V! and le have size at least 10~ 2en, then L
has at most n?/3— (10_2671)2 < (1 —107"€?) n?/3 edges, which is impossible.
It follows that there is at most one [ for which ‘Vﬂ > 10"2en. Without loss
of generality we assume that [ = 1. Thus both Vi and V3 have size at most

10~2en, and we add their vertices to Up.

Now take any edge pgr of H in V — V5. Consider first the case where all
3 vertices are in one of the sets. Take {p,q,r} C Vll. Then xovep, Tov2q

and pqr are all edges of H. Take a vertex s in Vi which is incident with
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r. The edge rs must be of colour 2 as rvs is colour 3 and wvss is colour 1.
But then the edge xors completes a copy of Fg. The other cases are similar.
Therefore, pgr is not contained in any one of the sets.

Next take the case where 2 vertices are in one of the sets. Take {p,q} C V|
and r € V22. But then the edges z3vsp, xz3vsq, pgr and x3rv; form a copy of
Fg. The other cases are similar. Therefore, pgr does not have exactly two

vertices in any one set.

Finally, consider the case where p € Vi1, ¢ € V2 and r € V. If qr is an edge
it must be of colour 3 as qus is colour 2 and wvgr is colour 1. But then grp,
qrzs, pravs and qusxy form a copy of Fg. Therefore, gr is not an edge of
L. Since L has at least (1 — 10_762) n?/3 edges respecting the partition of
(V1, Va, V3) out of at most n?/3 possible edges, there are at most 10~7¢2n?/3
choices for qr, so at most 10~7¢2n3/3 such hyperedges pqr.

Similarly, there are at most 10~7¢2n3/3 hyperedges pgr with p € V|, ¢ € V2
and r € V. All other edges have one point in each of V' U V2, Vi and
V32. Define a tripartition V' = Uy U Uy U Us so that Vf U V12 C Uy, VQQ C U,
and V32 C Us and the bad vertices Uy are distributed arbitrarily. Since
ug < (1/2)en and there are fewer than (1/2)en® exceptional edges all but at
most en? edges of H have one point in each U;, so the theorem is proved. O

2.4. Conclusion

We have shown that 7(F) = n(Fs) = 2/9 and that the extremal graph is
S(n). This is the first proof of 7 (Fg) = 2/9 that does not rely on compu-
tational methods. We have also proved an associated stability result. As
w(F5) = 2/9, both F5 and Fg have the same Turan density.

Contrary to the situation with 2-graphs, it does not follow from the fact that
Fs is not contained in a blow up of F5 that 7w (Fg) is greater than 7 (F5) -
in fact, both have Turan density 2/9. It appears that there is no simple
criterion for determining the distribution of Turdn densities for 3-graphs in
the same way as the chromatic number does for 2-graphs. More insight could
be obtained by determining whether there are any other larger 3-graphs with

similar properties.
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Chapter 3

On Turan’s (3,5)-Problem with
Forbidden Configurations

3.1. Introduction

Mantel’s Theorem states that a graph of order n that contains no triangles
has at most LnQ / 4J edges. In 1941, Turan generalised this result to cliques
of arbitrary size and then asked whether similar results could be obtained
for cliques on hypergraphs. This has become one of the central unsolved
problems in the field of extremal combinatorics. Erdos offered a cash prize
for determining the Turan density of K,im) for any pair k, m with k > m > 3.

The prize remains unclaimed.

In 2012, in a series of papers (see principally [25] and [26]), Razborov consid-
ered the simplest unresolved case: the complete 3-graph on 4 vertices, K £3),
for which Turan had conjectured the correct density was 5/9. The best result
for the general case was given by a flag algebra calculation which suggested
an upper bound of approximately 0.561. However, Razborov made further
progress by considering Turan densities for families of graphs comprising the
complete graph and certain other induced graphs. In [25], he showed that
the Turan density of {Kf}), Ef’)} (where Eig) is a 3-edge on 4 vertices and
is forbidden only as an induced subgraph) is 5/9. And, in [26], he showed
that the (induced) Turén density of {Kf), H,,Hy,H3} is 5/9, where the H;
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are the following 3-graphs on 5 vertices:

Hy = {135,145,235,245}
Hy, = {125,345}
Hy = {345},

Notably, these subgraphs are missing from all known extremal configurations.

In this paper, we address the next complete 3-graph, K és)_ Turan conjectured
a density of 3/4 for K 5()3) and a number of extremal configurations are known.
The best upper bound computed using flag algebra is approximately 0.769533
(see [11]).

We prove for Kég) a counterpart to Razborov’s result for K f): that the
Turan density of K, ég) together with six other induced subgraphs is 3/4. All
of these subgraphs are missing from the known extremal configurations up
to and including four equivalence classes (one is found in configurations with
six or more equivalence classes; one is found in an extremal configuration
of nine equivalence classes). All have a density lower than the conjectured
extremal density. This can also be seen as an improvement on |11], where
the (induced) Turan density for K, ég) and another family of graphs was shown
to be 3/4, but the additional graphs were missing only from the extremal

examples on two equivalence classes and also had densities higher than 3/4.

In setting out the extremal configurations, we also add a slight generalisa-
tion to those previously described. Overall, this result reduces the problem
of finding the Turan density of K ég) to consideration of hypergraphs that
contain at least one of these other subgraphs with positive density.

3.2. Background and Definitions

Given a family of hypergraphs F, a hypergraph is F-free if it does not contain
a (not necessarily induced) subgraph that is isomorphic to any member of

F. For any integer n > r, the Turdn number of F is
ex(n,F) = max{|E(H)| : H is an F-free, r-graph, |V (H)| =n}

and the related asymptotic Turdn density is the following limit (an averaging

argument due to Katona, Nemetz and Simonovits [17] shows that it always
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exists)

The problem of determining the Turdn density is essentially solved for all
2-graphs by the Erdds-Stone-Simonovits Theorem:

THEOREM 3.1 (Erdés and Stone [9], Erdos and Simonovits [8]). Let F be a
family of 2-graphs. If t = min{x(F) : F € F} > 2, then
t—2
T (F) = i1
We will require a version of Ramsey’s Theorem for the regularisation used
in Lemma 3.10 below. The multi-partite version of Ramsey’s theorem is as
follows.

PrROPOSITION 3.2 ([15], Theorem 5.1.4). For any I > 0, n > 0 and
T1,...,77 > 0 there exists N > 0 such that if |B;| = N (1 < i <) and
[B1]™ x -+ x [B]"" is coloured in two colours then there exist A; C B;
(|Ai] = n) such that [A1]™ X -+ x [A4y]"" is monochromatic.

Proposition 3.2 can be iterated to obtain the following (setting n = 2).

ProPOSITION 3.3 (Razborov [26]). For any | > 0 there exists N > 0 such
that the following holds. Let a 3-graph B be such that V(B) = B1U...UB,
where |B;| = N. Then there exist A; C B; with |A;| = 2 such that for any
E € [A1U...UA]?, whether or not E € E(B) depends only on the tuple of
cardinalities (|[E N A1],...,|[ENA4]).

Proposition 3.3 follows from Proposition 3.2 by considering every partition
of 3=ry 4+ .-+ (r; >0). The 3-graph B corresponds to a two colouring
of [B]? which induces a colouring of [By]™ x --- x [Bj]"". Then Proposition

3.2 is applied (in an arbitrary order) to each of these partitions recursively.

Taking 71 = ... = r; = 1 gives a density version of Proposition 3.2, as
follows.

PROPOSITION 3.4 (Razborov [26]). For all l,n,e > 0 there exists Ny > 0

such that if |B;| = N (1 <i<1) with N > Ny and S C By x --- X B has

|S| > €N, then there exist A; C B; (A; = n) such that Ay x ---x A; C S.
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We will work from now on exclusively with 3-graphs and oriented 2-graphs,
referred to as graphs and oriented graphs respectively. For clarity, we sup-
press the superscript notation for named 3-graphs where no ambiguity would
result (so we may refer to K5 not Kég)).

From the flag algebra formalism, we will require only the following definitions
(see, for example, [24] for more details):

e let A and B be 3-graphs, then p(A, B) is the probability that a set
of [V(A)| vertices in B chosen uniformly at random induce a copy
of A; and

e p is the graph on 3 vertices consisting of an edge.
Accordingly, p(p, A) is the edge density of A.

We have the following conjecture about the Turan density of Ks:

CONJECTURE 3.5 (Turéan [30]). 7T(Ké3)) =3/4.

There are a number of non-isomorphic graphs that demonstrate the lower
bound of 3/4. These are all constructed from equivalence classes of vertices
- that is, the adjacency of any three vertices is defined according to their
membership of these equivalence classes. The constructions contain an even
number of equivalence classes (apart from one that has nine equivalence
classes but where one equivalence class contains a single vertex). These
constructions are set out in [29]| and [18]|. For extremal configurations on
two and four equivalence classes, both Sidorenko’s and Keevash and Mubayi’s

constructions can be simply described as follows:

ExaMmpPLE 3.6. Let V7, V5 be a balanced partition of a set V' of n vertices.
Let G be the 3-graph on V where the edges consist of all triples with two
points in V; and one point in Vj for i # j.

ExXAMPLE 3.7. Let Vp, Vo, W1, W5 be a balanced partition of a set V of n
vertices. Let G be the 3-graph on V' where the edges consist of all triples as
follows:

(1) Two points in X; and one point in X; for i # j and X =V or
X=W;

(2) Two points in the first and one point in the second of each of these
pairs: (Vi, Wh), (Va, Wa), (W1, Va), (W2, V1);
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(3) One point in each of three different vertex sets.

In fact, both Example 3.6 and Example 3.7 can be comprehended by a single

configuration which extends Example 3.7:

EXAMPLE 3.8. Let k € [0,n/2] and let Vi, Vo, Wi, W5 be a partition of a set
V' of n vertices with k vertices in each of Vi and V5 and § — k vertices in
each of W71 and Ws. Let G be the 3-graph on V where the edges are as set

out in Example 3.7.

The best upper bound obtained on 7(K35) by a flag algebra computation is
approximately 0.769533 (see [11]). Also, using the same flag algebra soft-
ware, Falgas-Ravry and Vaughan [11] proved an upper bound of 3/4 for the
family {K5, 5: 8} where 5 : 8 is the set of all 3-graphs on 5 vertices with 8
edges and are forbidden as induced subgraphs. These additional graphs are
missing from Example 3.6, the conjectured extremal graph for K5 on two
equivalence classes, but not Example 3.7, the conjectured extremal graph
for K5 on four equivalence classes, or the conjectured extremal graphs on
more than four equivalence classes. We will consider additional graphs that
are missing from both Example 3.6 and Example 3.7. Most importantly, the
5 : 8 graphs have density 4/5, higher than the conjectured extremal density
of 3/4. We will consider additional graphs that all have density less than 3/4.
In both these respects, our main theorem may be seen as an improvement
of the result in [11].

Define the following hypergraphs:
Fyo1 = {135,145,235,245},
F;k’l = {135, 145,235,245, 125},

Frar = {123,124,134,234,125, 345},

Feyu = 4:{123} (the single edge on 4 vertices),
Than = {123,124,345,346, 156,256, 135,136, 145, 146, 235, 236, 245, 246},
Textra = {123,124,134,234, 356,456, 135,136, 145, 146, 235, 236, 245, 246}.

Let F = {K5,F272)1,F;’Q,l,FK4+,F6:4,T27272,Temm} and describe a hyper-
graph as F-free if it does not contain K5 as a subgraph or any of the other
graphs in F as induced subgraphs: note that this is different to the usual
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definition (where all the graphs are forbidden as subgraphs, whether induced

or not).

Define the following classes of hypergraphs:
H, = {H : H is a 3-graph of order n}
Gn = {H : He€H,,is F-free and p(p, H) <

G, = {H : H € H,,is F-free and p(p, H) >

and

Jd.

Q)
Il

Our aim is to show that all F-free hypergraphs are in G (in other words,
that G is empty). That is:

THEOREM 3.9. 7(F) = 3/4.

3.3. Construction Using Regularisation

We first use the regularisation technique introduced by [26] to show that,
if the theorem is false, there exists a counterexample with some additional

helpful structure.

Specifically, Lemma, 3.10 states that if there exists a counterexample then
there also exists a blow-up of that counterexample with 2 vertices in each
vertex set and a useful additional property. This property is that given any
two vertex sets, a = {a1,a2.} and b = {b1, b2}, a1azb; is an edge if and only

if ajagbs is an edge.

LEMMA 3.10. Let {H,,} be a sequence of 3-graphs of increasing order that are
F-free with liminf,, oo p(p, Hy) > 3/4. Then there exists an F-free graph
G* € G, and a graph H € Hoy such that H C X for some X € {H,,},V(H) =
{a;,b; :+ 1 <i <1} and for ¢; € {a;,b;}:
Vi#j#kell]ccjep, € E(H) iff ijk e E(GT)
Vi 7&] S [l] aibiaj € E(H) iff aibibj S E(Hl)
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PROOF. Given an increasing sequence {H,,} of 3-graphs that are F-free
with liminf,, o0 p(p, Hm) > %, fix a subsequence such that with a suitable

renumbering of m:
3
for a fixed € > 0 and all m.

By the definition of G,, for any integer [, it is true that for every 3-graph
G € G with [ vertices:

p(p,G) <

o

Now fix m such that |V (H,,)| > [ and define
R = > p(G, Hpy).

Geg;

Next we recall the chain rule from flag algebra

plp, Hn) = > p(p,G)p(G, Hy)
GeH,;
so that
3
Tte < D pp GG H)+ Y plp,G)p(G, H)
Geg; GeH\G
3 R
< 2 ~R=1-2
< SR+(1-R)=1-7

and therefore

R < 1-4e< 1.

Accordingly, there is a positive constant § > 4e/ (é) which does not depend
on m, such that there is a graph G* € H;\G and p(G*, H,,) > ¢ (for any
m > 1). Now we allow m to vary. Because there are only a finite number
of graphs in H; we may, by restricting to a subsequence again, assume that
this graph G* is the same for all m. Accordingly, we have shown that if
liminf,, oo p(p, Hy) > %, there exists a particular F-free graph G* € G
that exists in a subsequence of H,, with positive density at least § that does

not depend on m.

We are now in a position where it is possible to apply the ’regularisation

machinery’ employed by Razborov. The following argument is taken directly
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from [26]. In outline, given a positive density of G* , we construct a blow-
up of G* using Proposition 3.4 with vertex sets sufficiently large that we
can then apply Proposition 3.4 to find a subgraph of the blow-up with the

additional property set out above.

In detail, firstly, apply Proposition 3.3 with | = |V(G*)| and let N; be the
resulting bound. Next, apply Proposition 3.4 with [ = |[V(G*)|, n = N; and
1
= -1l
© T 3
and let Ny be the resulting bound. Now fix m such that |V (Hp,)| > [No.
Without loss of generality, we may assume that |V (Hy,)| is divisible by [ and

let N = 1|V (H,,)|. Note that N > Np.

Let V(G*) = [l]. Consider a random balanced partition V(H,,) =
B1U...UB; into N-sets. By a standard averaging argument, the expec-
tation of the density of induced embeddings @ : G* — H,, such that
a(i) € B; for all ¢ € [I] is at least e. Fix an arbitrary balanced partition
V(H,,) = C1U...UC; with this property and let S C [C}] X ... x [C}] consist
of those tuples (v1,...,v;) for which the mapping 8 : [[]| = V(H,,) given by
B(i1) = v; does define an induced embedding of G*.

Applying Proposition 3.4 gives D; C C; with |D;| = Ny and Dy x...xD; C S.
And applying Proposition 3.3 (with B; = D;) results in a graph H C H,,,
where |V(H)| = 21, V(H) = {a;,b; : 1 < i < [} and the result of the
regularisation is that, where ¢; € {a;, b;}:

Vi#£j#ke [l] CiCjCL € E(H) iff ijk e E(G*)
Vi# j € [l] aibja; € E(H) iff a;bbj € E(Hy).

We regard G* as interchangeable with the 3-graph defined on the equivalence
sets (i) = {a;,b;} in H so that a vertex in G* may be referred to as i or (7).
Our aim is to determine the maximum density of the edges inside H that
constitute G* by taking advantage of the particular structure of all the edges
in H. If we show that the maximum density of G* is not greater than 3/4,
this contradiction can then be used to establish the main theorem.
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Next we define an oriented graph O on the equivalence classes (i) (or, more

simply, on the vertices i) by specifying that
1] € E(O) iff aibiaj,aibibj S E(H)

If {12} € O,{21} ¢ O, we refer to this as a single edge and if {12,21} € O

we refer to this as a double edge.

3.4. Construction of O*

We next use the additional structure of H to count the maximum number
of edges in G*. First, we construct an equivalence relation on vertices of O

by the property of being non-connected.

LEMMA 3.11. The property of non-adjacency defines an equivalence relation

on the vertices of O.

PROOF. Assume there are vertices a,b,c € O such that ab, ba, ac, ca ¢
E(O) but (without loss of generality) bc € E(O). Then abc € E(G*) or else
a1b1boci would be a copy of Fe.4. But then ajagbibacy is a copy of F;Zl. O

Define the vertices of a new oriented graph O* as the equivalence classes of

non-adjacent vertices in O. We determine the structure of O* as follows.

PROPOSITION 3.12. For a, 8 € V(O*) and x € a,p € B, if xp,pxr € E(O)
then Yy € o, q € Byq,qy € E(O). That is, if one pair of vertices is connected
by a double edge, all vertices in those equivalence classes are connected by a

double edge.

Proo¥r. Take z,y € a and p,q € B and zp,px € E(O). First, pgx €
E(H), or else p1pex1q1 would be a copy of F.4 and, by similar reasoning,
pry € E(H). Then gz € E(O) or else pipaqigax1 would be a copy of
F;,FZ1 and then xq € E(O) or else p1p2q1qaz122 would be a copy of Tepira.
By similar reasoning, py,yp € E(O). Next we consider edges between ¢
and y: pqy € E(H) or else pipaq1y1 would be a copy of F.4 and then
qy € E(O) or else p1p2q1g2y1 would be a copy of F2Jr 51- By similar reasoning,
yq € E(O). O
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PROPOSITION 3.13. For o, f € V(O*) and x € a,p € B3, if zp € E(O),px &
E(O) then Yy € «o,q € Byq € E(O),qy ¢ E(O). That is, if one pair of
vertices is connected by a single edge, all vertices in those equivalence classes

are connected by a single edge of the same orientation.

Proo¥. Take z,y € a and p,q € 5 and xp € E(O),px ¢ E(O). First,
xyp € E(G*) or else x1xay1p1 would be a copy of Fe.y and yp € E(O) or
else x1xay1yop1 would be a copy of FZ_BJ' Next, gz ¢ E(O): otherwise, if
xpq € E(G*), then p1p2qi1g221 would be a copy of FQJ’FZ1 and, if zpq & E(G*),
then ¢1gop1z1 would be a copy of Fp.4. It follows that zpg ¢ E(G*), or else
p1p2q1g221 would be a copy of Fro1. And so zg € E(O), or else z1z2p1q1
would be a copy of Fg.4.

We have shown that ¢ € E(O) and gz ¢ E(O). So the same reasoning used
for zpy can be applied to xqy and accordingly xyq € E(G*) and yq € E(O).
To show that py,qy € E(O) — that is, that these are both single edges and
not double edges — we rely on Lemma 3.12, which shows that there are no

double edges between « and (. O

LEMMA 3.14. For any two equivalence classes a and B in V(O*), all edges
between vertices in o and vertices in 3 are of the same type, ie, double edges

or single edges of the same orientation.

ProoFr. This follows directly from Lemma 3.11 and Propositions 3.12
and 3.13. O

We define the edges of O* as the same as those between any two representa-
tives of the relevant equivalence classes in O and, in accordance with Lemma,
3.14, this is well-defined. We are now able entirely to characterise the graphs
that may constitute O*.

LEMMA 3.15. For any three vertezx classes a3,y € V(O*), only the following

arrangements of edges are possible (up to permutation of the vertex classes):
o Ts: af,ay, By € E(O¥)
o Ty _: af,fa,ay,vB € E(O*)
o T__:apf,Ba,ya,vp € E(O¥)

and, in each of these cases, for all @ € a,b € B,¢c € 7, abc € E(H).
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Proor. Take any triangle a8~ with representatives a € a,b € 5,¢ € 7.
We proceed by analysing the following cases:

Case 1. The triangle a8y contains three double edges.

If abc € E(G*) then ajasbibecy is a copy of K3. If abc ¢ E(H)
then ajasbibacy is a copy of Ky . So there are no triangles of this

type.
Case 2. The triangle a8~y contains two double edges.

Assume that the missing edge is v8. If abc € FE(G*) then
arasbibacy is a copy of K3. If abc ¢ E(G*) then ajasbibacy is
a copy of K4y. So there are no triangles of this type.

Case 3. The triangle a8y contains one double edge.

Casei. af,fa,ay,af € E(O*). Then the reasoning is identi-
cal to the two previous cases and so there are no trian-
gles of this type.

Caseii. af, fa,ay,vp € E(O¥). If abc & E(G*) then ¢jcea1by
is a copy of Fey. So abc € E(G*) and this is Ty _ as
set out above.

Case iii. af, Ba,ya,vp € E(O*). If abec ¢ E(G*) then ajasbic;
is a copy of Fey. So abec € E(G*) and this is T__ as
set out above.

Case 4. The triangle a8y contains no double edge.

Casei. af,Bvy,ya € E(O*). If abc ¢ E(G*) then ajasbicy is
a copy of Fey. If abc € E(G*) then ajagbibacicsy is a
copy of T 99. So there are no triangles of this type.

Caseii. af,fv,ay € E(O*). If abc ¢ E(G*) then bibsajcy is a
copy of Fg.y. So abc € E(G*) and this is Ty as set out
above.

O

Lemma 3.15 enables us to give an exhaustive characterisation of the graphs
that constitute O*.
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LEMMA 3.16. O* is one of the following graphs:

o Op: the graph on two vertices, consisting of a single edge or a double

edge
e a graph on three vertices, consisting of Tg, T4y or T4 _.

o Oy: a graph on four vertices consisting of two double edges and four

single edges, in the arrangement: of3, Ba, 0, 6, avy, B, v53, da.

PRrROOF. There cannot be more than four vertex classes, otherwise any
selection of one vertex from each class would be a copy of K5. For three

vertex classes, the conclusion follows directly from Lemma 3.15.

For four vertex classes, as there are no triangles consisting of two or three
double edges, there cannot be three or more double edges. No vertex can
have out-degree three, otherwise there would be a copy of K5. Using only
Ty 4+ and T4 _ and forbidding vertices of out-degree three, it is not possible
to construct a four vertex graph with zero or one double edges. This leaves

two double edges, and the only achievable arrangement is Oy. ]

3.5. Counting Edges in G*

Having enumerated all the graphs that constitute O*, it is necessary to count
the maximum number of edges in the corresponding hypergraphs G*. For
any vertex set w € V(O*), where |V(G*)| = n, define |w| such that there
are |w|n vertices in that vertex set. The appropriate formula is given by the
following result.

LEMMA 3.17. For any graph O*, the number of edges in the corresponding
graph G* is given by

BE@) = ) ("2’”)|ﬁ|n+ > JallBlhin®

aBeE(0%) apre(VOM)

PrROOF. Any three vertices p, ¢, in a single vertex class do not form an
edge, otherwise pi1p2qiger: would be a copy of Fho 1. Given p,q¢ € o and
r € B, if af € E(O*) then pgr € E(G*), otherwise p;p2q17m1 would be a copy
of F.q. But if af ¢ E(O*), then pgr & E(G*), otherwise p1p2q1gar1 would

be a copy of F52 1. This constitutes the first sum. The second sum follows
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from the fact, set out in Lemma 3.15 that every three vertices from different
vertex classes correspond to an edge. (]

Putting these elements together, we can count the maximum number of edges

in G*.

THEOREM 3.18. There are no more than $n® + O(n?) edges in G*.
Proor. We proceed by analysing all the possible graphs as set out in

Lemma 3.16 using the formula in Lemma 3.17. For clarity, terms of order
O(n?) and lower are suppressed in the formulae below.

Case 1. Og

Let a,8 € Og. Edges of G* are clearly maximised if there is a
double edge. So the number of edges in G* is

Be = (L)

2 2

afn?
= P (atp)
B afnd
2

1
< -
- 8

Case 2. Tg

Let af, ay, vy € E(G*). Then the number of edges in G* is

OZ2 042 - — 2 - —

-z (a?B+a*—a® —a?B+ % —aB® — B+ 208 — 2a° B — 2a3?)

(—2a2,3 +a? -+ % —3aB8% - 52 + QQB)

o] o T

((a+8)% = (a+8)*+a°B).

This is maximised when o = 12/23, f = 6/23 and v = 5/23
giving a density of 54/529 < 1/8. So this arrangement does not
achieve the highest possible density.
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Case 3. Ty_

Let af, o, ay,v8 € E(G*). Then the number of edges in G* is

BGY) = <aZB T +a6(1—0“m> "
= % (aBla+8)+ (1—a=B)la+ Al - a—B) +2a))
_ f(aﬁ(aw)ﬂlaﬁ)(a2+ﬂﬁ2+aﬁ>)
_ Ti(aﬁ+(1—a—ﬁ)(a2+ﬁ—62))-
This is maximised when o = 8 = 1/2: that is, it degenerates to
Case 1.
Case 4. T__

Let af, fa,vya,v5 € E(G*). Then the number of edges in G* is

2 2 o R3)2 o —B)?2
E(GY)| = <O‘2ﬁ+a§ 4ol ; Ay, 8a 3‘ h) +aﬁ(1—a—5)>n3

= n;(aﬂ(a—i—ﬁ)—i—(1—a—5)2(0+5)+2a[3(1—a—ﬁ))

n3

o (@B2—a-B)+(1-a=p)(atp)).
Again, this is maximised when oo = § = 1/2, which is identical to
Case 1.

Case 5. Oy

Let af, fa, v, 67, ay, 59,75, 0ac € E(G*). Then the number of
edges in G* is

0425 04,82 725 752 042’}/ 525
E(G* = _t—t— 4+ —F 4+ — + —
|E(G™)| <2+2+2+2+2+2+

2

2

y

2 (52
b +22 +a57+a56+a75+ﬁ75>n3
3

)

7;(042(/3+7) + 8% a+0) +7%(B+0) +
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62(a+7)+a676<i+;+}y+;>>.

This is maximised by a family of graphs that includes Case 1 as
a special case. Let()gkg%. Thenazﬁzk,vzdz%—k‘
gives a graph with a density of %:

N[ —
|
oyl
N[
|
Nyl

Examination of the possible cases shows that there is a single family of
maximal graphs of the form Oy, including the degenerate case O, with
density %. ([

3.6. Proof of Main Theorem

Putting all the pieces together gives a proof of the main theorem.

THEOREM 3.9. 7(F) = 3/4.

PRrROOF. Assume, in order to establish a contradiction, that Theorem
3.9 is false. Then there exists a sequence {H,,} satisfying the preconditions
of Lemma 3.10. Applying Lemma 3.10 gives the graphs G* and H, as set
out in the statement of Lemma 3.10. Then, noting that n3/8 + O(n?) =
(3/4)(3) + O(n?), Theorem 3.18 shows that G* has density at most 3/4,
contrary to the stipulation that it is not in G. This contradiction establishes
Theorem 3.9. (|
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3.7. Conclusion

Our construction shows that the family of F-free graphs with density greater
than 3/4 is empty; that is, 7(F) = 3/4 (note that only induced versions of
graphs apart from Kj are forbidden). The extremal graphs correspond to the
known extremal graphs for K5 on any number of vertices but up to only four
equivalence classes. Graphs with higher numbers of equivalence classes are
known but are forbidden by K44 (and there is one extremal configuration on
eight equivalence classes forbidden by Tezirq). It is possible that the result
could be strengthened by removing some of these graphs from F. Ultimately,
Theorem 3.9 could lead to a proof of the Turdn density for K5 by considering
only those graphs that contain a member of F as an induced subgraph with

positive density.
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Chapter 4

A Generalised Turan Function

4.1. Introduction

The balanced complete bipartite graph K, , has the most edges of all K3-
free graphs. What can we say about the density of a Ks-free graph that is
‘locally’ different from K, ,? The only graph on 3 vertices that does not
appear as a subgraph of K, is Ps, the graph with a single edge and an
isolated vertex. So a logical first step is to consider Kj3-free graphs that
contain a certain positive density of P3. This may be expanded to consider
the maximum density of a Ks-free graph as a function of the density of P3
in that graph. In this chapter, we derive the function, parameterised by the
density of Ps, that gives an exact bound for the maximum density of a K3-free
graph. We also derive linear functions that give upper bounds for K,-free
graphs parameterised by families of graphs that are natural generalisations
of P;. These reults are analogous to stability results and, in general, even
more informative: where the parameterised graphs are absent in the extremal
graph, they reveal elements of the structure of those graphs that are close

to the extremal graph in density.

The relationship between the possible densities of graphs on 3 vertices was
considered in [16]. Specifically, they looked at the case of K3-free graphs
and considered the possible densities of P3, Py and K3 in such graphs — that
is, the minimum and maximum densities in K3-free graphs of each of these
subgraphs as a function of the density of the others.
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A converse problem fixes the density of the graph and determines the min-
imum density of a subgraph such as K3 - that is, it seeks to determine the
minimum density of K3, for instance, as a function of the edge density. This
problem was introduced by Erdés in [30] and has been studied extensively
for K3 and larger cliques — see |23, 22, 27, 21].

We conduct this study by exploring certain generalisations of the Turin
function using a combination of flag algebra and analytical techniques. First
we define d(F'; J) as the density of F' as an induced subgraph of J; that is:

#induced copies of F in J

Qe

d(F;J) =

The Turan function ex(n,F) returns as a value the maximum number of
edges of a graph of order n that does not contain any F' C F as a subgraph.
We consider various natural generalisations of the Turan function. The two
parameters implicitly used in the definition of the Turan function are the
subgraph which is being maximised — in the classical Turdn function this
subgraph is an edge — and the densities of subgraphs contained in the family
F — in the classical Turdn function these densities are all set to zero. The

generalised Turan function expressly introduces these parameters:

eXgen(n, F,G = {Gi}, K ={k;},H) = m%x(#induced copies of H in J :
|[V(J)| =n and J is F-free and

where F is the family of forbidden graphs, as before, G is another family of

graphs and K is a set of real values, both indexed by 4, such that each graph

G is present with density at least k;, and H is the subgraph whose density is

being maximised. An alternative version parameterises the Turan function

on the aggregate of the densities of the family G, instead of a separate density
for each member of that family:

eXgen*(nvfagakyH) = m}x(#indueed copies of H in J :
|[V(J)| =n and J is F-free and

<Z d(G; J)) > k.

Geg
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The Turdn density is defined in terms of the Turan function as follows

‘F
m(F) = lim ex(rii,)‘
n—00 ( 2)
The generalised Turan density can similarly be defined in terms of the Turén
function:
lim eXgen(”a ]:" g, K» H)

n=o0 (v ()

Wgen(fagaKaH) =

and in aggregate form:
eXgen* (1, F, G, k, H)

Tgens(F, G, k, H) = nh_)rrolo

(\V(nH)\)

4.2. Results

As set out above, the first graph to consider is the complete graph on n
vertices, K,. The extremal graph for K, is the balanced complete n — 1-
partite graph. Starting with K3, P3 is the only graph on three vertices that
is absent from the complete bipartite graph, so it is natural to determine
Tgen (K3, P3, k, Ka).

THEOREM 4.1. Tgen (K3, Ps, k, K3) = @

We provide two different proofs of this theorem, one using flag algebra and

one using analytical techniques.

For K,, with n > 3, there are a larger number of graphs that are absent from
the n — 1-partite complete graphs. We consider one family of graphs which
we label K,7. Define K,? = K,_1 U{z}, where d(z) =n — 1 —j. That is,
K, is a graph of order n consisting of a K,,_; and a single vertex, with j
edges missing between the vertex and the K, _;. For j > 1, K7 is not found
as a subgraph of the complete n — 1- partite graph. The first few members
of this family are as follows

K;? =

N
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hadl
e X -

The same technique used in the proof of Theorem 4.1, gives a related upper
bound for the density of triangles:

THEOREM 4.2. Tyens(Ka, {K; % K2}, k, K3) < (1/6)(1 4+ /1 — 3k).

With a different application of flag algebra, we prove a linear upper bound
on the conditional Turan density of K,, with respect to the graphs K’ _,, for

n—17
j>1.

THEOREM 4.3. Tgens(Kp, {K;7 + 1< j <t} Ky) < 52 — (jijf;k.

Finally, we are able to improve this result for the particular case of Kjy:

THEOREM 4.4. Tyen(Ky, (K3 K2, (z,9), K2) < (2/3) — (3/8)x — (1/4) y.

4.3. Proofs

4.3.1. Proofs using Flag Algebras

An introduction to flag algebra and the particular constructions used in these
proofs is set out in Chapter 1 in Section 1.3.4. In particular, we employ the
algebra as ’syntactic sugar’ to allow the expression of Cauchy-Schwarz type
inequalities that would be infeasible otherwise.

First we provide the flag algebra proof for the conditional Turan density of

Ks.

FirsT PROOF OF THEOREM 4.1. Working in the algebra of graphs

missing K3:



IA
—_
*—0
[\

and

vV
W
I .

+

[\
7\
o—O
N———
no

which implies that

It follows from Lemma 4.6 that the balanced blow up of the bipartite graph,
K5 (p), where every edge exists with probability p, achieves this edge density,

and so (K3, P3, k, Ko) = 1/4 4+ 1/4,/1 — (8/3)k. O
Next we use a similar argument to prove Theorem 4.2.

ProOOF OF THEOREM 4.2. Working in the algebra of graphs missing Kjy:

N TALL

1

A,

1

IN
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and

A

which implies that

A

v

1
6

1
IXI

O

We introduce some additional nomenclature for Theorems 3 and 4. The

type of order ¢ isomorphic to the complete graph is labelled o; and the flag

consisting of oy and v unlabelled vertices isomorphic to K., is labelled

Ot
Kt+v

The method used to prove Theorems 4.3 and 4.4 is illustrated first for the
specific case of Theorem 4.4. The central idea is taken from a proof of Turan’s

Theorem due to Reiher.

PrOOF OF THEOREM 4.4. First, we show that, working in the flag al-

gebra of graphs missing K4, K3 +

1
Ky

- K
3 3

Y

KPP+ KP) < LK
1 1
3| gK3 — 3K§2H
L (o)
[ 2
3 <1 _ K02> + 1K02 _ (KU'Q)Z]]
3 3 3 3 3
L g2
. )
s [ - e
L o9
1 1.
3 §K3 — 6K4 1]




1/1 5 1 5 1 _ 1,
— 3[3<4K42+4K43+2K41>—6K4]

(K% +K;°).

N

This inequality for K3 can then be substituted into the following:

2
K, =
3 2

v

(4.3.1)

Y

(4.3.2)

v
NI NDIW IR W W W oW Nolw
f f 1 F 1
w
w
w

At 4.3.1, K5 is replaced by the substitution involving K5 and is also expanded
in terms of sub-graphs of order 3. At 4.3.2, K 2 is replaced by its expansion
in terms ofK4_2 and K4_3. ([

Finally, this technique is expanded to the general case.

LEMMA 4.5. Working in the algebra of graphs missing Ky, for alli € [2,t—1] :

. t—1
t—1 iy
mKi_l Z K’L + E’L E Kt J
=2
where
g o (- DT -1)
L =

tt—2)[(t—)!]
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Proor. We proceed downwards from i = ¢ — 1:

1
— K 9 — K
r—1 t—2 t—1

Nextisi=t— 2:

2
— K 3 — K
PR t—2

v

v

Y

(t-1)

/1 \? 1 )
(t - 1) e 1Kf—t12ﬂ

V!
t—1

[ 1 o Or_9\ 2

KT = (K7

L ot—2

Ot—2

_ (Kfif)Qﬂ
Ot—2

2
_ KO't—2 1 KO't—Q
t—1 + t—1 t—1

t—1 —

t—1

2

M

t—1

M

t—1

[ 2 2 _
—— K 9 — Ki_1 — Kt—ll]

-1 (t—1)(t—2)

[t—3 1

2

2

=)l
(=)
(=)
(+)

1
K;_ —K; 9o — K;_1 —
t2+t_2t2 t—1

t—2t—1

(= 1)(

()1

1
t—2

2 _
— (Kt—l + Kt_11> - K1 —

K-l
=0
Ki1+ n ZK;] +
j=2

2 _
t—1 (t—1)(t—2)Kt—11
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—J
t

(t—1)(¢

—3)
2(t — 2)t

t—1
= Eio) K7
j=2

t—1

And we are then able to prove the general case by falling induction on i:

t—i t— I\ [/t=i\? o, t—i o,
i K= (t—i) <t—1) Ko — K
L Oi—1
t—1\t—i o oii1n2
> (12) [ - ]
L Oi—1
t—1\ [t—i 2
— K-K. ——— K1
(t—z)_t—l TG Hl]
t—1\[t—(Gi+1)i—1 1 2 .
_ K+-K —Ki,1——— K.
(t—z') R Gy @+1]
(i ik tiK‘j + 2 (Ko + =K
= t— i i+1 z—i—ljz2 t i i+1 i+ 1 i+1
2
K — —— KL
i+1 Z<Z+1) z+1:|
t—1
t—1i—1 _j
= o Pn LK
Jj=2
t—1 )
= EY K
=2
0

Lemma 4.5 leads quickly to a proof of Theorem 4.3.

PrROOF OF THEOREM 4.3. We wish to determine an upper bound for
Wgen*(Kt,{K;j :j € [2,t — 1]}, k, K2). Working in the algebra of graphs
missing Ky, we apply Lemma 4.5 with ¢ = 2:

t—1

—J

— -Ky > E2Z;Kt
]:
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T ott—2)[(t—2)] = Ky

From this it follows that

ﬂ-gen*(Kt’{Kt_] VS [Q’t_ 1]}’k7K2) = t—1 a t! (t— 2)

4.3.2. Proof using Analytic Techniques

Finally, we use a completely different analytical approach to provide an al-
ternative proof of Theorem 4.1.

We prove the theorem for the family of weighted graphs W, with both vertex
and edge weights, which include graphs as a special case and derive Theorem
4.1 as a corollary. Define a weighted graph G € W as a triple (n,x, A)
subject to the following conditions:

e |x| =n and A = qg;; is a square matrix of order n;
o Vie[n0<uz <1

° Zie[n] x; =1;

o Vi€ [n]aj =0;

e Vi, j € [n]aj; = aj;; and

o VZ,j € [n]()ga,] <1.

We interpret x; as the proportion of vertices of the graph in vertex set ¢ and

a;; as the density of edges between vertex sets 7 and j. Each vertex set ¢

consists of independent vertices. The family W clearly includes all graphs

as a (dense) subset: for any graph G = (V(G), E(G)), take n = |[V(G)],

x; = 1/nfor all i € n and either a;; = 1if ij € E(G) or a;; = 0if ij & E(G).
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Let p;j = 1 — a;j. For any weighted graph G, define:
d(G) = 2 Z xiaijxj

iie(V5?)
dp, = Z ziwjaij |3 (x; + ;) (2pij — 2p3;) + 2 Z TEDikDjk
e (V) KeV(Glhid

so that d(G) is the density of the underlying graph H and dp, (G) is the
density of P in the underlying graph H.

Define K3 (p) as the weighted graph consisting of two vertices of weight 1/2
and one edge of weight p, so that the underlying graph is the blow up of Ks
where edges exist with probability p.

LEMMA 4.6, d(Ka(p)) = Y1 30n (23

4

PRrROOF. We have

1
d=d(K>(p) = 5
3
e =dpy(Ka(p) = Sp(1-p)
= 3d(1—2d)
0 = —6d*+3d—e
so that by the quadratic formula
g = V/1-8e/s

- 4

From now on, we work with the family of weighted graphs W* that
model graphs that are Ks-free; in other words, for any weighted graph
G =(n,x,A) e W, Vi,j k€ [n]ajy >0&aj, >0= a;, =0.

A weighted graph G € W* is mazimal if d(G) = d; and dp3(G) = d2 and
there is no other graph F' € W* such that d(F) > di and dp,(F) > do
or d(F) > di and dp,(F) > da. A weighted graph is minimal if there
is no other graph F' € W* with d(F) = d(G) and dp,(F) = dp,(G) and
[VE) < IV(G)I.
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Let Z be the family of weighted graphs that are both maximal and minimal.
We show the following:

LEMMA 4.7. For all Z € Z, there is no i,j € V(Z) such that a;; = 0.

PrOOF. Assume that a;; = 0. As Z is minimal there is at least one
vertex k such that a;, # a;, (otherwise, we could replace Z with a smaller
graph Z* with V(Z*) = V(Z) — {j} and 2} = z; + z; and aj, = ajq for all
vertices q).

Consider the following transformation that leaves d(Z) unchanged. Replace
pir with p;, + A and replace pj;, with pj, — A% Call this new weighted
graph Z'. Note that

d(Z"—d(Z) = z;(ag — D) xp + T (ajk + A?) T — TiQikTE — 05T
J
= 0.
Next we define
Diji(A) = des(Z') — dey(Z)

and calculate

Dijp(A) = 6xxy (x5 + o) [(pik +A) — (pir +A)* - (pir — p?k)}

2
Ty Xq 2
(R RN

T; T
+6xixjrr | (Pik + A) + (pjk — —A | =2 (P + A) | pjr — —A
Ly Lj

+6x 1 (2j + 1)

— (Pik + Pjr — 2pikpjk>]

tozizy > g [ (pik + A) (Pig + Pkq — 2PiqPkq)

+ (1 = pit, — A) PigPrq — Pik (Dig + Pkqg — 2PigPrq) — (1 — Dik) piqpkq}

2
+633j£L‘k Z $q[ <pjk - ;A> (qu + Pkq — 2qupkq)
q€V (@) ,q#i,5,k J

T
+ <1 — Pjk + sz> PiqPkq — Pjk (Pjq + Prqg — 2PjqPrq) — (1 — pjk)qupkq}
j

= bx;zpA [:cl + T — 2Dk — 20Tk — TA — xR A — x5 — T + 2D
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"y
+2pjpTr — 1A — xkﬁA + x5 — = 22Dk + 22D + 22,
J
+ Z Tq (piq + Pkq — 3piqpkq)
g€V (GQ),q#i,5,k

+ Z Tq (—Pjqg — Phq T 3qupkq)}
q€V(G),q#i,5,k
T + T

= 6xjziA [21% (Pjk — D) — Tk, A

J

Y @ (= 3kg) (ig — i) |-
q€V(G),q#i.5,k

Assume, without loss of generality, that pj; > p;. Then it is possible to
take A such that

0< A < =2k = Pik) Py = Pik).
T+ T
If D;ji(A) is positive, then Z is not maximal. Therefore, D;;;(A) is negative
and so the sum Y vy g7k Ta (1 — 3Pkq) (Pig — Pjq) must be negative. Let
q be a vertex that gives a negative contribution to this sum. If pg, < % then
Djq > Pig- But then p;, and p;; are both less than 1, so that ¢kq contains a

copy of K3. Therefore, pp, > % and pig > pjq-

We define two sets of vertices in Z: J = {a : pjq > pia} and I = {b : pp >
pjp}. Note that both I and J are non-empty: k£ € J and ¢ € I. Note also
that for all aj,as € J, pa,a, = 1 (or otherwise iajay contains a copy of K3)
and that for all by,b2 € I, ppp, = 1 (or otherwise jbiby contains a copy of
K3). We next determine pg, for all a € J and b € I.

Let 8 be the weighted average of the factors (1—3pgs) (b € I) for any vertex
k € J and oy the weighted average of the factors (1 — 3pk,) (a € J) for any
vertex k € I, so

> per (1 —3prp) 2 (Piv — Pjb)
> ber b (Pib — Pjb)

>acs (1= 3pka) Ta (Pia — Pja)
>ac1 Ta (Pia — Pja)

Br =

Qg

and 1 > Bk,ozk > —2.
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Then, for any vertex k € J
> 224 (pja — Pia) + B Y_ w6 (P — pjp) <0
acJ bel

or else Z would not be maximal. Both of the summands are positive. And
similarly for q € I:

> 2y (s — piv) + % Y T (Pia — Pja) > 0
bel a€J

and both of the summands are negative. Accordingly

> 224 (pja — pia) + Br Y w6 (Div —pjp) <Y 22, (Djp — i) + kD Ta (Dia — Pja)

acJ bel bel acJ
2+ k) > a(ja—Pia) < — 2+ Br) D wb (Div — pj)
acJ bel
and, as both summands are positive, it follows that ap = S = —2 (so that

pay =1 for all a € J, b € I) and also

> Ta(pja—pia) = —Y_ b (pjp — Pis)
aceJ bel
or

Z xa(pja*pia) = 0.

aeJUl

It follows that, for any k € T U J,
Dijk(A) == —6$1$%A2M

Lj

We now consider a similar transformation applied to £ € J and ¢ € [
simultaneously. Z’ is identical to Z except that p; is replaced with p;, + Ay
and pji, with pj, — Al% and Z” is identical to Z’ except that p;, is replaced
with piq + Ag and pj, with pj, — AQ%. Note that, as per above, the edge
densities of Z, Z' and Z" are equal. We calculate the change in density of

e3 in the transformation from Z to Z” as follows:
des(2") = dey(Z) = dey(Z") — dey(Z) + dey(Z') — dey(2)
= Dj;,(A2) + Dije(Ar)
where
g = des(Z") —dey(Z')
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and is calculated as follows
Diio(Dg) = 6zixq (i + 24) [piq + A9 — (pig + A9)” — (Pig — p?q) }
T 2\ 2
0z (25 + 24) [ij — Ao - (qu - A?f) = (Pig ~ P?q)}
Lj Lj
r x; L
+6xizxq| (Pig + A2) + (qu — :L“A2) — 2 (pig + A2) (qu - mAQ)
L 7 J

— (Pig + Pjg — 2piquq)}

+6xiTqx) | (Pig + D2 + pik + A1 — 2 (pig + A2) (pix + A1))

— (Pig + Pir. + A1 — 2pig (Pik + Al))}
[ xT; xX; xT; xX;
622921 | (qu - A2;; + Djk — Al;; —2 (qu - Azgﬁ) <pjk - A13;>>

J
€T; €T;
- (qu + ik — D1 — 2pjq <pjk - A1Z>> ]
Zj ZTj

J
+6Ii$qA2 Z 2T (ij - pim)
melUJ\{k,q}

= 6zizsAs |:£L'1 + Tq — 2pig — 2XgDig — Tilo — xgAy — T — T4

Tqly

—I—ijqu + 2qujq —x;Ay — Ag + Tj— X — ijqu + 2$¢p¢q + 22; A\

Zj
TpT;

+x, — 22kpik — 22,01 — T + 225 — 2 AN

Ly
+ Z 2Tm (pjm - pim) ]

melUuJ\{k,q}

= 6zrqAg {296‘(1 (Pjg — Pig) + 22k (Pjk — Pik) + Z 2Zm (Pjm — Pim)
melUuJ\{k,q}

_qu'i + €4 A2 _ 2xkl‘i + Zj Al}
Lj Tj
= —6xiqui T [a:qA% + 2l’kA1A2:|.
J

Combining this with D;;, gives
dey(Z") = dey(Z) = Djj(A2) + Dijr(Ar)
—  _6a T+ x;

- CL‘EA% + 2z A1 Ay + xiA%]
j
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Ti+ T
= —6x; ! J [a:kAl —l—:L"qA2]2
Ly
which is zero if we set Ay = —%;AL
Set
A, — min (J«“j (pjk = Pik) Zq7; (Pig —qu)>
T+ T; xy (z; + )

and note that A; > 0. Applying this transformation gives Z” € Z and either
Pjk = Pik OF Pig = Pjq (or both). This process can then be repeated until
there are fewer than two vertices k where p;, # pji. But, if there is one such
vertex, the graph is not maximal (and therefore Z is not minimal). If there
are zero such vertices, ¢ and j are clones and the graph is not minimal (and
therefore Z is not minimal). This contradiction establishes the lemma. [

The proof of Theorem 4.1 follows quickly from these lemmas.

SECOND PROOF OF THEOREM 4.1. Let Hy be a graph with a fixed den-
sity of P3 and maximal edge density. Consider the weighted graph G; € W*
with V/(H;) vertices of weight 1/V(H;) and with edge densities of 1 on
the same edge-set as Hy. G is clearly a model of Hy. If Gy is not mini-
mal, there is a graph Go € W* that is minimal with d(G2) = d(G;) and
dp,(G1) = dey(G2) and which is also a model of H; (otherwise we set
Gy = G1) . Apply Lemma 4.7 to G3. It follows that the underlying graph

of G2 has no zero edge weights.

The only non-trivial weighted graph G2 € WW* with no zero edge weights has
two vertices and a single edge. Let Gy = {1,2} with 1 =k, zo =1 — k and
ai2 = ¢q. Then we have

d(H1) =d(G2) = k(1—k)q
dps(Hh) = dp,(Ga) = 6k(1—K)q(1—q)
and, for any given P3 density, the edge density is maximised by taking k =

1/2. Accordingly, the extremal weighted graph Hj is Ks(p) and the result

follows from Lemma 4.6. O
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4.4. Discussion

We conjecture that the extremal graph for Wgen*(Kt,{Kt_j 2 <5<
t—1},k, Ky) is Ki—1(p), the blow up of K;_; where edges are present with
probability p. The linear inequalities generated using the flag algbra proofs
are consistent with this, but the correct function is clearly not linear. Fur-
thermore, the inequality is built up from a number of intermediate graphs
- these are not all included in the single linear result, apart from in the
equation for Ky which is dealt with separately. If they were, it might be
improved. Overall, the second approach - using analysis of weighted graphs
- appears to be more promising as a route to the general result. As yet, we
have only been able to apply it to K3.

The functions mge, and mgens embody information about the Turdn den-
sity, extremal graphs, stability and the characteristics of a family of graphs.
Where the result is a linear approximation, this is equivalent to a stability
result: essentially, the approximation is close to the exact value for small val-
ues of the forbidden subgraph densities. Where the result includes non-linear
terms, this is equivalent to a description of the entire family of graphs sat-
isfying these criteria and correspondingly more informative than a stability

result.
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Chapter 5

A new upper bound for the

density Turan problem

5.1. Introduction

Let H be a simple, connected graph. Define A(H) as the maximum degree
of H. A blow-up of H, denoted as H(N), is a graph that contains a set
of N independent vertices corresponding to each vertex in H where vertices
in different vertex sets are connected if the corresponding vertices in H are
connected; that is, for all vertices v,w € V(H) there correspond sets of
independent vertices A,, Ay € V(H(N)) such that |V (A4,)| =|V(4Aw)| =N
and Ya € Ay,b € Ay, vw € E(H) ++ abe E(H(N)).

In this chapter, we will be considering subgraphs of H(N). Accordingly,
define the density between two sets of vertices A; and A; as
[E(Ai, 4|

| Ail [Aj]
where E(A;, A;) is the set of edges between A; and A;. Then for vertex sets
Ay, Ay in H(N), vw € E(H) — d(Ay, Ay) = 1.

d(AZ, AJ) =

A graph is F-free if it does not contain a subgraph isomorphic to any mem-
ber of F. Turan-type problems study properties of graphs that are F-free
for certain fixed classes of graphs F. The blow-up H (V) is the paradigm ex-
ample of a graph that is not H-free. The question naturally arises how many
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edges can be deleted from H(N) before it is H-free. Adding the constraint
that the same proportion of edges are deleted from each connected pair of
vertex sets gives what has become known as the Turdn density problem (see,
for example, [6]).

Specifically, we define the family of graphs H,(N), where G € Hy(N) if:

e for each vertex v € V(H), G contains an independent set of N

vertices Ay;
e for all vertices a € A, and b € Ay, vw & E(H) = ab ¢ E(G);
o d(A,, Ay) > o for all vw € E(H).

A transversal of G € Hq(N) is a mapping ¢ : V(H) 11— V(G) such that
o(v) € A, and Yo,w € V(H)vw € E(H) — ¢(v)p(w) € E(G). In other
words, ¢(V (H)) is isomorphic to H and so there is a transversal if H is an
induced subgraph of G.

The Turan transversal number is the minimum value of o« such that a

transversal exists for all G € Ho(N):
exg(H,N) = min(a : there is a transversal of G € H,(N))
and the Turdn transversal density is defined accordingly:

ma(H) = lim;up(exd(H, N).

Note that, by virtue of Lemma 2.1 of [20], the Turan transversal number
is a non-increasing function of N and so the Turan transversal density is
well-defined.

Various bounds have been established for specific graphs, such as trees (see
[6]) and certain unicyclic graphs (see [3]). The best upper bound for the
general case, obtained in [6], is 1 — 1/(4(A(H) — 1)). Using the entropy
compression technique supplemented with some analytic methods, we derive
a different upper bound of 1 —1/(y(A(H)—f)), where 3 <~y <4 and g < 1.
The new bound asymptotically approaches the existing best upper bound,
but is derived in a completely different way.
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5.2. Entropy Compression

The first main result is as follows:

THEOREM 5.1. Given a graph H with mazimum degree A, let o = = be the
solution to ZiA:O(i_ 1z’ =0 where 0 < a < 1 and let y = Zf:o o'/a. Then
mqg(H) <1—1/yA.

This result can be refined using analytic techniques to produce the following:

THEOREM 5.2. Given a graph H with mazimum degree A, wq(H) < n where
n 18 defined as follows:

o Sel pa(x) =1+ S0, .
o Set o as the solution to z¢/\(x) — pa(x) =0 with 0 < o < 1.

o Set

and define the vectors

e = <¢f<ia>>
|
o = (o(@s))

and the (covariance) matrix

+7—2(; _ (i —1
X = pailij — pipy — 2 ¢(z)¢,,2;§ )

where, in each case, i,j run from 0 to A.

o Set

B=A— eciuz‘-i-cizijcgr

and
1
n = 1l———.
(A = B)
The structure of the proof is as follows. An algorithm is given that builds

up a mapping that, if the algorithm terminates, constitutes a transeversal.
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The algorithm consumes a vector of random entries and keeps a record of its
actions, from which the original vector can be reconstructed. We show that
each record corresponds to a unique vector and that the number of possible
records is eventually less than the number of possible vectors, so that there
must be one vector for which the algorithm terminates. Another way of look-
ing at this is that the record constitutes a compression of the original vector
and that, if the algorithm does not terminate, eventually the compression
has less entropy than the original random vector, which is impossible, hence

the characterisation of this technique as entropy compression.

5.3. Algorithm

Consider the following algorithm, which takes as input a graph G € H, (V)
and a large vector of random entries Z; = (z;)i<¢, where each z; is a random

variable with integer values selected uniformly from [1, N]:

5.3.1. Step 1

Give a fixed ordering to the vertex classes A, (or, equivalently, the vertices
V(H)) and also give, for each vertex set A;, separate fixed orderings to the
individual vertices in that vertex set, labelling the vertices A}... AN. Set
1 — c and k as the vertex in H with the lowest index and create an empty

vector Ry = (r;)i<¢ and the empty mapping ¢y.

5.3.2. Step 2

Set we = @e—1 U (k = Af°); that is, the homomorphism ¢, is ¢._1 together
with the mapping from k to the vertex in Ay with index z..

5.3.3. Step 3

Determine whether there are any missing edges in ¢.; that is whether there
exists any vertex v € Dom(y.) such that vk € E(H) and ¢.(v)A; € E(G).
If there is no missing edge, set r. = 0, set k as the vertex in H with the
lowest index such that & ¢ Dom(y.) and proceed to Step 6. Otherwise,
proceed to step 4.
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5.3.4. Step 4

Set as r. the ordered pair (p,q) formed as follows. Pick any vertex a =
vc(v) € A, that was identified as part of a missing edge in Step 3. Index
the neighbours of k in H from 1 to A using the order derived from the fixed
ordering of the vertices of H. Then p is the derived index of v in H. Next we
index all the missing edges between A, and A using the fixed order of each
of the vertices in A, and Ay — say, by ordering the missing edges using the
lexicographic ordering on A,, Ax. Then q is the index of the missing edge
between a and Aj°. Note that there are exactly (1 —n)N? missing edges

between any two vertex classes.

5.3.5. Step 5

Delete from ¢, both the mappings from v and k.

5.3.6. Step 6

If the homomorphism ¢, is complete — that is, if Dom(y.) = V(H) — then
set ¢ = @, and terminate. Otherwise, increment ¢ by 1 (k is unchanged)
and go back to Step 2.

5.4. Example Run-Through of the Algorithm

We illustrate operation of the algorithm with a simple example. Let H =
3

1 2

After the first iteration of the algorithm, G is

with ¢1(1) = .
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After the second iteration of the algorithm, G is

1 >—€ )2

with p2(1) = z and p2(2) = y.

In the third iteration, vertex z is added to give the graph

As 13 € E(H) but xz = (¢3(1),93(3)) € E(G), x and z are deleted from
3. The neighbours of 3 in H are 1 and 2, so the derived index of vertex 1
is 1. Using an ordering of edges between A; and Az gives an index for zz,
say ¢. Then r3 = (1,q). After the third iteration of the algorithm, G is

and in the fourth iteration of the algorithm a vertex will be added from
vertex set 3. Also, Rg = (0,0, (1,q)).

5.5. Analysis of the Algorithm

If the algorithm terminates, then ¢ is a transversal of H. The algorithm
only terminates when the domain of ¢ is all of V(H) and, by construction,

there are no required edges missing.
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We now show that R; (the record made at all stages up to and including )
and ¢ (@ after stage t) uniquely determine Z;.

LEMMA 5.3. For all i, the domain of @; and the vertex class to be considered
at stage © + 1 1s uniquely determined by R;.

PRrOOF. We proceed by induction. After stage 1, r; = 0, the domain of
1 consists of the lowest indexed vertex in V(H) and the next vertex to be
considered is the second lowest indexed vertex in V(H). Now assume that,
given R;_1, we have determined the domain of ¢;_1 and the vertex to be
considered at stage i, say v. There are two cases. If r; = 0, Dom(p;) =
Dom(p;—1) Uv and the next vertex to be considered is the lowest indexed
vertex not in Dom(y;). If r; = (p, q), we determine the pth neighbour of v in
H using the indexing derived from the underlying numbering of the vertices
in H and denote this neighbour as w. Then Dom(yp;) = Dom(¢;—1) \ w and
the next vertex to be considered is v, ie, the same vertex as at stage ¢. [

LeEMMA 5.4. The mapping from Z; to (Ry, 1) is injective.

Proor. The aim is to show that the record R; and the mapping
uniquely determine Z;. We proceed by induction. After stage 1, Dom(p;) =

v is a single vertex and z; is the index of ¢;(v) in vertex set A,.

Assume that ¢ > 2 and that Z;_1 may be determined from R;_1 and ¢;_1.
Given r; and ¢ (but not p;_1), to complete the induction it is necessary
to find z; and ;1. By Lemma 1, from R;_1, we know Dom(p;—1) and
the vertex v to be considered at stage t. If r, = 0, then ;1 is ¢ with
the removal of the single entry for v and z; is the index of ¢;(v) in A,.
Otherwise, 4 = (p, q). Recall that p refers to a vertex class using the index
derived from the neighbours of v and the underlying order on the vertices of
H, say w, and then q refers to the non-edge between vertex sets A, and Ay
using the index derived from the underlying order on the vertices of those
vertex sets. This gives sufficient information to determine the vertex in A,
that was selected at stage ¢, thereby determining z;, and also the vertex in
Ay that was removed at stage t, so that ;1 is ¢y with the addition of the
mapping from w to that vertex. In both cases, for ¢t > 2, we have determined

z¢ and ;1. The induction is complete. O
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Let .7} be the set of vectors Z; such that after step ¢ of the algorithm the
mapping is not complete and let .%; be the set of all vectors Z;. Clearly,
|Z:| = Nt and || < |F|. If the inequality is strict, then there is a vector

input that terminates by stage ¢ — in other words, there is a transversal.

Let #; be the family of all possible records at stage ¢ that can be produced by
an input from .%;. Pairs from (%, ¢¢) correspond to incomplete mappings
and so, as a consequence of Lemma 2:

%] < (N +1D)IVE 7,

Therefore, if, for large enough ¢, (N + 1)Vl |%,| < Nt then .% < .%; and

there is a transversal. It remains to provide an upper bound for |Z|.

5.6. Computing %,

We define a series of mappings of a record R;. Recall that R; =
(0,0, (p3,q3)---,0,...0, (ps, q¢)), a vector consisting of a series of entries consist-
ing of either 0 or a pair of integers. Define R} as the mapping that replaces
each pair with the digit 1. So R} looks like (0,0,1,...0,...,0,1). Then define
R$ as the mapping that concatenates R}. So R} looks like 001...0...01.

Our first task is to count |#; |, the family of all possible R?. To do this, note
that each 0 corresponds to addition of a vertex to the mapping and each 1
corresponds to deletion of a vertex from the mapping. It follows that, for
each prefix of the sequence, there are at least as many 0Os as 1s. This property
defines the sequences known as Dyck words. In fact, they are partial Dyck
words, in that the number of Os and 1s in a complete sequence may not bhe
equal, but will differ by a maximum of |V (H)|. Furthermore, there is an
additional constraint in that the maximum descent — the maximum length
of a consecutive sequence of 1s — is A. Let C, g be the number of Dyck
words with length 2y and all descents in E. We wish to determine Cy /g (a]-

Asymptotics for generalised Dyck words are considered in [10] and the fol-
lowing Lemma is a restatement of Lemma 8 of [10]:

LEMMA 5.5. Let E # {1} be a non-empty set of nonnegative integers. Define

dop(x) =1+ Y, cpa’. If ¢p(z) — a¢/p(x) = 0 has a solution v = o with

0 < a < R, where R is the radius of convergence of ¢, then « is the unique
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solution of the equation in the open interval (0, R). Moreover, there is a
constant cg such that Cy g < cpy't3/2, where v = () =o(y)/7.

In the case where E = [A],

A
op(x) = 1—|—ZZL‘Z
i=1
1 — pA+1
11—z
A
rPp(r) = Z:i:):Z
=

1
(1—z)(A+1)z® + (1 — 22t

— (1 x)?
AR (A4 1A 4
B (1—x)?

A
¢a() —zgh(z) = 1+ (1—i)a’
=1

(1—22t)(1 —2) — Az® P2 4 (A + D)2 — 2

(1—x)?
1A g AP A2 (A 1)z —
(1—x)?
1+ (1At AgAt —2g
(1—x)?

and so the pre-conditions of the Lemma are satisfied and there is a constant .
Furthermore, by Lemma 6 of [10]|, we may replace cg with another constant
y to take account of the fact that Ry may be a partial Dyck word with a

fixed maximum excess of Os over 1s.

Next we determine the maximum size of the preimage of each element of R}
in the mapping from R; to R}. For each pair (p;, g;), p; is an integer from 1 to
A, and g; is an integer from 1 to the number of non-edges between the two rel-
evant vertex classes, which is, by construction, exactly (1 —n)N?2. Therefore
there are A(1 —n)N? mappings from each (p, q) to 1. There are a maximum
of t/2 entries equal to 1 in Ry. Accordingly, the multiplicity of the mapping
from Ry to R is (A(1 — 17)N2)t/2 and |%| < cpyt/?t73/2 (A(1 - 77)N2)t/2
where v is the constant determined in accordance with Lemma 5.5.
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This enables proof of Theorem 5.1:

THEOREM 5.1. Given a graph H with mazimum degree A, let o = x be the
solution to zfzo(i— 1)z =0 where 0 < a < 1 and let v = ZiA:O o'/a. Then
mqg(H) <1—1/7A.

ProorF. Given a graph G € H,(N) with n > 1 — 1/yA, where v is
determined according to the statement of the Theorem, ie, as in Lemma 5.5,
we need to show that there is a vector Z; € {N}! that yields a transversal
of G. As above, let .%; be the set of vectors Z; for which the transversal is

incomplete and .%; the set of all vectors Z;. Then

t
(Al < (N )Vl (AT )N)
and |.%;| = Nt so that

% t
% < (N+1)|V<H>\C'Et—3/2( 7A(1—n)>.
|74

This converges to 0 as ¢t — oo provided that

YA(l—n) < 1

1
> 11— —:.
n A
And so the theorem is proven given the constraint on 7. (]

5.7. Further Development

Entropy compression relies on finding an efficient method of storing a record
of the algorithm that allows it to be reconstructed. The original Step 4 uses
an index of size A to record the relevant neighbour when, in fact, only a
certain subset of those neighbours, known at that time, need be indexed.
and so it does not use all available information and could be made more
efficient. Accordingly, Step 4 of the algorithm can be improved by only
indexing neighbours that are included within Dom(y;) at Step 4 of stage ¢.
At each stage t, Dom(yp;) is known, and so all the neighbours of a vertex
within Dom(y;) are known. We cannot state in generality the maximum
number of neighbours of a vertex that are in Dom(p;) at stage ¢, but note
that for any sequence of 1s, each 1 represents deletion of a vertex from
Dom(¢;) that is a neighbour of the vertex to be considered at stage t + 1.
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This puts an upper bound of A — B; on the neighbours of the vertex to be
considered at stage t, where f3; is the length of a maximal sequence of 1s
ending at stage t — 1 (and B; is 0 if r;_; = 0).

In particular, substitute Stage 4 of the algorithm with the following:

5.7.1. Step 4

Set 7. as the ordered pair (p,q) formed as follows. Pick any vertex a =
p(v) € A, that was identified as part of a missing edge in Step 3. Form
the set of neighbours of & in Dom(p.): that is, define N = {w € V(H) :
w € I'(k) and w € Dom(g.)). Note that |Ni| < A. Index Nj using the
order derived from the fixed ordering of V(H). Set p as the corresponding
index of v in Ni. Next we index all the missing edges between A, and Ag
using the fixed order of each of the vertices — say, by ordering the missing
edges using the lexicographic ordering on A,, Ax. Then ¢ is the index of
the missing edge between a and A}°. Note that there are exactly (1 —n)N?

missing edges between any two vertex classes.

5.8. Analysis of Amended Algorithm

Lemma 5.4 applies to the amended algorithm. In particular, the reasoning
for Lemma 5.3 proceeds as before, except that we use the domain of
and the underlying ordering on V(H) to reconstruct Nj instead of I'(k).
Furthermore, for each pair (p, ¢), the maximum size of p; is A — 3, where
B¢ is determined as above. So the multiplicity of each mapping from (py, ;)
to 1 is less than (A — B;)(1 — n)N2.

In order to calculate the product of the (A — 3;)(1 —n)N?, recalling that 3;
is the length of a maximal sequence of 1s ending at stage t —1, it is necessary
to determine the distribution of lengths of maximal sequences of 1s in Dyck

words. The necessary information is given by this Lemma:

LEMMA 5.6. Define oa(z) =1+ Zle x'. Let o be the solution to ¢a(z) —
zP\(xz) = 0 with 0 < o < R, where R is the radius of convergence of ¢p.
Take a Dyck word, W, of length 2n with no sequence of 1s greater than length
A chosen uniformly at random from all such Dyck words of length 2n. Define
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the random vector (Xj), such that there are iX;n 1s contained in mazimal

n

sequences of length i in W. Define

= (i)
Qi 2~ 1)(j — 1)

Lij = Wil — piptj — P(@)¢" ()

and define the random variable

Zi ~ N(0,%).

Then E(nX;,) = np; + O(1) and COV(nX;,) = nd; + O(1) and
Vn(Xin —E(Xin)) converges in distribution to Z;.

REMARK. A sequence X,, converges in distribution to a random variable X
if limy, 00 P{X,, <2} = P(X < z) holds for all points of continuity (and the
random variables considered here are continuous). It is denoted by X, LS'¢

We have the following additional facts about convergence in distribution:

(1) The multivariate random variable X,, converges in distribution to
X if tX, i> tX for all constant vectors t.

(2) If X,, converges in distribution to X, then for any continuous
bounded function F', F(X,,) 4 F(X) and, in particular, this follows

for the exponential function.

(3) For any continuous bounded function F, if X, 4, X, then

lim, o0 E(F(X,,) = E(F(X)),

(4) For any continous bounded function F, [F(z2)dX,(z) —
J F(2)dX (z).

(5) If Vn(X, — p) 4 X, then /n(X, — p) = X + 0p(1), where o, is
order in probability (X, is op(n*) if Ve, Ing P(| Xn/n*| > €) < &
for all n > ny).

ProoF. Consider the following bijection from Dyck words to rooted pla-
nar trees. First, swap 1s and Os and take the mirror image. Second, take
each 1 terminated list of Os (of possibly zero length) as the out-degree of the
next vertex considered in depth-first order. The result of this composition is

a bijection between the out-degrees of internal nodes of rooted planar trees
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and the length of sequences of 1s in Dyck words. For example, starting with
the following Dyck word

0001101001001111
we swap 1s and Os

1110010110110000
and take the mirror image

0000110110100111

giving 1 terminated lists of Os
0000110110100111

that corresponds to this tree

Accordingly, to prove the lemma, it is possible to consider the distribution
of nodes in a random rooted planar tree of size n where no internal node has
degree greater than A. The means to calculate this distribution is given by
Theorem 2.23 in [7] and the statement of the Lemma is the result of those

calculations. O

LEMMA 5.7. Let

Al
4T A
le; = log(ci)
then
A
E(HC?Xl) _ elciuin—&-%lciilijlcjn—l-()(\/ﬁ).
=1

Proor. Let Z; = lc;Z; and W;,, = 1¢;iX; . Then, by the facts about
convergence in distribution listed above, \/n(W;,, — E(W;,,)) 4 7. Asa
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linear combination of normal variables forming part of a multivariate nor-
mal distribution, Z; has the distribution N(0,1¢;X551c;). Also E(W;,n) =
lcipin + O(1). Next note that

A A
H C?Xi,n — H elCiXi,nn
=1 =1

— eWi,nn
—_ eﬁﬁ(Wi,n_E(Wi,’VL))+E(Wi,nn)
_ VAlZitop (D) FE(Win

— EWinn) 0p (V) Vi Z:

Then, taking the expectation, and using the moment generating function of
the normal distribution (for Q@ ~ N (i, 02), E(e?) = e’”'%(’g):

E (ﬁ C?Xi,n> ) (6]E(Wi,n)neop(\/ﬁ)e\/ﬁzi>

=1
- E (elﬁ(Wi,nn)) E (eop(m) E <e\/ﬁzi>
— leinit0(1) ,0(Vn)  5leiSijlegn

_ elcl,u,ln—i-%lc,zuchn+O(\/ﬁ)

O

Lemmas 5.6 and 5.7 enable us to replace the 5; with a single overall average.

LEMMA 5.8. Let {R1,Ra,...} be an enumeration of %y, that is, all Dyck
words of length n with mazximal sequences of 1s of length no more than A.
Let rqp be an enumeration of all the n entries in Ry. Let By be the value
of By corresponding to rqp (if rap = 0 then set Bop = A —1). Let Y, be
such that there are iY; j(n/2) 1s contained in a mazimal sequence of length
i in Rj. Adopt the definitions of ji; and X5 from Lemma 5.6 and define the
following additional vectors:

Ci =
le; = log(c).
Let Ba be defined as follows:

BA = A— elcim—&-%lciﬁijlcj'
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Then, for all B < Ba, there exists ng such that for oll n > nyg,

|Z2| n/2 |%Z2] n
ZH (A=p) = > J[A=Buw).
b=1 a=1 b=1 a=1

Proor. Note that ¢; is the geometric mean of the multiples associated

with a series of 1s of length 7. Then (because n/2 of the 3, are equal to
A—-1)

H A~ Bay) = H((Ci)l/)zY;J(n/z)
b=1 a=1 j=1i=1
A v
= Cii"j n

From the definition of X}, in Lemma 5.6, noting that X ,, may also be seen
as a random sample of Y;; taken from the uniform distribution over j, it
follows that

125 A A
Z HC 1,5(n/2) _ ’%;LHE <HCZX1,n(”/2)) )
Jj=11=1 i=1

Next, note that
| %8| /2

S I[a-8 = 1z (a-p)?

=1 j=1

so that we wish to determine the § for which

A
T3 (A B > %'“E(H Z,l(m)

=1

<o (s(fee))”
i=1

From the convergence of Xj ,, to the normal distribution with parameters set
out in Lemma 5.6 and applying Lemma 5.7, it follows that

A 2/n
(E <H C;in(”/Q))) _ <€ICil/«i(n/2)+%lCiEij1Cj (n/2)+0(\/ﬁ))2/n

i=1
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elclu7+%1ClE,JlCF+O(1/ﬁ)

and so the statement is true for all 8 such that

/8 < A — elci;”—i-%lciz}ijlcf+O(1/\/ﬁ)

= fall=00/vm)

which implies the Lemma. ([l

Theorem 5.2 follows from Lemma 5.8 using similar reasoning to Theorem
2.1

THEOREM 5.2. Given a graph H with maximum degree A, wq(H) < n where
1 is defined as follows:

o Set pa(x) =1+ Zle '
e Set a as the solution to x¢/\(z) — pa(x) =0 with 0 < a < 1.

o Set

and define the vectors

- ()
- (m(25)

and the (covariance) matriz

atti—2(; —1 1
35 = Mibij — Hiflj — (( )gf)"()o(j :

where, in each case, 1,5 run from 0 to A.

o Set

B=A— eCikitei EUCJ

and
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Proor. Given a graph G € H,(N) with n > 1 —1/(v(A(H) — Ba)),
where v is determined as in Lemma 5.5 and Sa is determined as in the
statement of the Theorem, we need to show that there exists a ¢y such that
for all t > g, there is a vector Z; € {N}! that yields a transversal of G.

There are cb’yt/ 24=3/2 possible records (as set out in Lemma 5.5). Applying
Lemma 5.8, for any 5 > Pa, there is a g, such that for all ¢ > ¢:

c}f/t/Qt*3/2 t/2

EIIEED SN | (SRR

t/2

IN

P17 (A = )1 —n)N?)

As previously, let .%; be the set of vectors Z; for which the transversal is

incomplete and .%; the set of all vectors Z;. Then

A < W+ )Vl ™2 (AA -5 - N

and |.%;| = Nt so that

) , - t
7] S W)Vl (VA= BT =)

This converges to 0 as ¢ — oo provided that

VYA -B)(1-n) < 1
1

(R o)

And so the theorem is proven given the constraint on 7. O

5.9. Values of the upper bound

Here we set out some values of the upper bound.
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Al a | v |[A-F4AMH)-1) [ (A(H) - B)
3 [0.657 | 3.611 | 2.401 8 8.670
4 10568 | 3.834 | 3.292 12 12.623
5 [0.533 | 3.925 | 4.242 16 16.650
6 | 0.517 | 3.965 | 5.224 20 20.712
7 10509 | 3.983 | 6.220 24 24.776
8 10505 |3.992 | 7.220 28 28.821
9 10.503 | 3.996 | 8.217 32 32.836
10 1 0.501 | 3.998 | 9.211 36 36.825
20| 0.500 | 4.000 | 19.089 76 76.356
30 | 0.500 | 4.000 | 29.047 116 116.189

5.10. Conclusion

Entropy compression has been used here as a tool to solve an extremal Turan-
type problem. It is a technique that is suited to such problems when they
can be translated into an algorithmic form.

In this particular case, entropy compression leads to an upper bound for
the density Turan problem that asymptotically approaches the existing best
upper bound but is derived in a completely different fashion. There are two
areas where this upper bound might be improved. Firstly, there is currently
a free choice of vertex to be deleted when there is more than one missing
edge. This suggests that the algorithm might be further compressed if this
free choice were removed in a systematic way. Secondly, the proof relies only
on the most basic characterstics of the graph (the maximum degree), whereas
the previous proof relied on other characteristics - further exploration of those
characteristics might yield an improvement to the compression algorithm.
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