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Abstract. The Rontgen term is an often neglected contribution to the interaction between an atom and
an electromagnetic field in the electric dipole approximation. In this work we discuss how this interaction
term leads to a difference between the kinetic and canonical momentum of an atom which, in turn, leads to
surprising radiation forces acting on the atom. We use a number of examples to explore the main features
of this interaction, namely forces acting against the expected dipole force or accelerations perpendicular to

the beam propagation axis.

1 Introduction

The mechanical interaction between light and atoms,
molecules, nano- or micro-particles has become a key
ingredient to many experiments and technologies in
(quantum-) optics, chemistry and biology. These forces are
not only used to trap, cool and move particles [1-3], they
can also be controlled to unprecedented level to test other
phenomena of interest, such as, for instance, gravitational
waves [4] and even proposed models for dark-energy [5,6].

With experiments pushing the frontier of measurement
and control it is time to revisit the theory of light-matter
interaction and reconsider terms previously deemed neg-
ligible. One of these often neglected terms is the so-called
Rontgen term which extends the interaction between an
atom and electromagnetic fields in the electric dipole
approximation from Hap, = —d - E to

Ha=-d-E- ;L (P-(Bxd)+(Bxd)-P). (1)

The Rontgen term is named after Wilhelm Conrad
Rontgen, who observed a magnetic field arising from a
dielectric moving through an electric field [7]. It accounts
for the fact that a moving electric dipole appears to carry a
magnetic dipole moment which interacts with a magnetic
field [8-10].

This term appears naturally in a rigorous quantum-
electrodynamical derivation of the interaction Hamilto-
nian between atoms and electromagnetic fields [11-14].
It has received some attention in connection with the
spontaneous decay of moving atoms [15-17], the so-
called Abraham-Minkowski-controversy [18-20] and as a
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source of Aharonov-Bohm-type phase shifts for moving
dipoles [9,21,22].

One of the most intriguing features of the Rontgen
term is that it induces a momentum-dependent interaction
Ha1,. As outlined in Section 2, this leads to a difference
between the canonical momentum P and the mechani-
cal momentum MR. Especially if properties of the field,
such as the amplitude or the phase, are modulated in
time, these different momenta can give rise to force terms
which would not appear in the usual d - E-interaction.
Although this feature has been noticed before, for instance
in references [12] or [18], a systematic study of these effects
is desirable.

The purpose of this work is to study radiation force
terms arising due to the presence of the Rontgen term
in the context of time-modulated laser fields. We show
that these forces can show counter-intuitive behaviour:
usually high-field-seeking atoms are pushed away from
the maximum of intensity of a travelling laser pulse
and special configurations allow for forces perpendicular
to the propagation axis of a transversally homogeneous
laser beam.

The outline of this work is as follows: we first use a
classical argument to introduce the Rontgen-term and
the corresponding forces in Section 2. In Section 3 we
go on to discuss several fundamental characteristics using
the example of a two-level atom interacting with an
amplitude-modulated laser beam. Finally we shall explore
options from more evolved setups in Section 4, followed by
a discussion and conclusions in Sections 5 and 6.

As we try to explore and discuss generic properties of
these forces we stick to a semi-classical treatment for an
atom moving in a classical laser field. The expectation
values of the atom’s position and momentum are treated
classically and momentum-diffusion due to spontaneous
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emission is ignored. But we will also see that the forces
described here are, in general, sufficiently small such that
quantum effects should be considered to fully describe
a specific experiment. We believe, however, that a semi-
classical approach is the more intuitive way of providing
a broad overview.

2 Short classical motivation of the Rontgen
force

Let us start with a short classical motivation of the
Rontgen interaction between a classical electric dipole and
a magnetic field and the associated forces, which shall be
explored in more detail later in this work.

The interaction between a particle of mass M with
an electric and magnetic dipole moment with electric or
magnetic fields is described by the Lagrangian

L=1iMv’+d E+m-B. (2)
The dipole moments d and m here appear as measured
in the lab frame where the atom moves with a velocity
v = 1. To first order in |v|/c they are connected to the
corresponding quantities in the atom’s rest frame by d =
d + 5vxm'and m=m’—v xd [10].

A purely dielectric particle with m’ = 0, i.e. d = d’,
will therefore interact with the magnetic field in the lab
frame as m = —v x d such that

L=iMv?+d-E+v-(Bxd). (3)

The canonical momentum p = %L = %L is thus differ-
ent from the kinetic momentum Mv as

p=Mv+Bxd. (4)

The Hamiltonian given in equation (1) can then be
obtained using a Legendre transformation H =p-v — L
after dropping terms ~(B x d)? and using that p and B
commute in classical mechanics.

The equations of motion now show that p = —V[d~
E+v- (B X d)] , hence the Rontgen-term gives a velocity-
dependent correction to the change in canonical momen-
tum. But another intriguing feature arises from the differ-
ence between the change in canonical momentum and the
kinetic force actually acting on the particle,

Mi=p—4[Bxd]. (5)

Hence, although the Rontgen-term has been introduced
as a velocity-dependent interaction, it can give rise to a
force acting on particles at rest, if B x d changes in time.
A corresponding expression can also be derived by simply
adding up the Lorentz force acting on the two opposite
charges constituting the dipole [23].

A similar mechanism with magnetic dipoles, that is with
m’ # 0 but d’ = 0, results in the Aharonov-Casher effect
[24-27]. One can connect these special cases with the more
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general expression p = Mv + B xd — E x m using the
duality- or Heavyside-Larmor-transformation,

E — E'cosf + cuoH' sin 6, (6a)
H — H' cosf — cgoE'sin 0, (6b)
D — D’ cos @ + cgoB’ sin 0, (6¢)
B — B’ cosf — cuoD’sin 6, (6d)
d — d'cosf + ¢ 'm’sin¥, (6e)
m — m’ cosf — cd’sin 6, (6f)

for a real angle 6 [8,28]. The discrepancy between the
canonical and kinetic momenta for matter interacting
with electromagnetic fields lies at the core of controver-
sies regarding the momentum of light or so-called hidden
momenta [19,29].

In this work we discuss forces arising from classical
laser fields interacting with an atom in the electric-dipole
approximation. Of course these fields already show a time-
dependence due to oscillations at the laser frequency
~e~™rt But such rapid oscillations cancel in the rotat-
ing wave approximation and thus a time-dependent term
B x d can only arise if either the laser field and/or
the atomic dipole are modulated separately at a slower
time-scale.

The usual interaction between a laser of frequency wr,
and an atom gives rise to forces F' o« hwy, /c. If this laser
field is modulated in amplitude or phase on a time-scale ot
we will see that % [B X d} gives rise to an additional force
f o fig /c. For technical reasons and to avoid conflicts with
the rotating wave approximation it is beneficial to assume
that any phase- or amplitude modulation of the laser beam
will be much slower than the main (optical) frequency,
oL wg.

3 Time-modulated fields interacting with a
two-level atom

Most features arising from the Rontgen interaction
become apparent in the most simple setup of a two-level
atom interacting with a single, amplitude-modulated laser
beam. Although this example has been partially discussed
before [18], it is a useful foundation for the more developed
setup discussed later in Section 4.

For a suitably chosen interaction picture and in the
rotating-wave approximation, the Hamiltonian describ-
ing a two-level atom interacting with an electromagnetic
field is

P2
H:m—h(5|e><€‘+HAL+HAV7 (7)

where § = wy;, — wa describes the detuning between the
laser and the atomic transition frequency. The coupling
to the classical laser field propagating in a direction
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r = kc/wy, is given by

Hap =-d-Ep — 53 [P-(Bp xd)+ (B, xd) - P]
(1= 3Pt fig)d ) By

— (P -E)a) k) +H.c, (8)

with the laser field EY) = s€£(R,t) exp(+ik - R) and
the dipole operators for a two-level atom with states |g)
and |e), d=) = (g||d]le) e} (g] and A = (g]ld]le} |g) {e]
where (g||d||e) is the corresponding reduced dipole matrix
element. To arrive at the second line we used the fact
that By, = k X Er /¢, the commutation relation exp(+ik -
R)P = (P F fik) exp(+ik - R) and the “bac-cab rule”
for cross-products. The fast time-dependence of the laser
fields ~exp(+iwrt) has been absorbed into the dipole
operators during the rotating wave approximation.

The interaction between the atom and the vacuum is
described by Hay which has a form similar to Hay,. The
effects of the vacuum Hamiltonian will only be included
phenomenologically as spontaneous decay rates when we
discuss the evolution of the atomic states during the
interaction with the light field.

Throughout this work we assume a well localised atom
in a semi-classical approximation such that we can replace
the position and momentum operators R and P by their
expectation values r and p [30].

The basic features of the Rontgen-term in connection
with time-dependent optical fields can be discussed using
an amplitude-modulated plane wave propagating along
the 4z-direction, i.e. kK = e,. In this case we simplify the
amplitude function E(R,t) — £((), where ¢ := ot — 0z /c
is dimensionless and o < wy, sets the time scale of this
modulation. A field propagating in the —z-direction, i.e.
K = —e,, would evolve as ot + 0z /¢, cf. Section 4.2.

As usual for effective two-level systems, the average
direction of the dipole, (d) is parallel to the polarisation of
the electric field such that d(~) -k = 0 as € L k. Neglect-
ing also the small recoil term hiwy, /(2M c?), the atom-laser
interaction from equation (8) can then be written as

HAL = %(1 - pz/MC)hQL(C) (Segeikz + Sg@e—ikz)7 (9)

where Sgp := |a)(b| and K21 () := —(g||d - €||e)E(C).

The equations of motion in this semi-classical treatment
are given by ¥ = (£ [H,R]) = (g5 H) and p = —(5H),
such that

Mz=p, - %QL(C)U<Z7t)7 (10a)
pe = h(1 — £2) [k20(Qo — w2 20(Q)],  (10b)

where u(z,t) and v(z,t) are the real and imaginary parts
of <8€g>eik2 and are proportional to the coherences in the
atom’s density matrix. Note the clear difference between
the canonical and the kinetic momentum as outlined in
equation (4).

Aside from a factor (1 — p./Mc) we recognise that the
first component in p, describes the radiation pressure
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pushing the particle along the direction of beam propa-
gation [30]. The second part corresponds to the gradient-
or dipole force accelerating the particle along the gradient
of the electric field intensity. Here this gradient is not due
to the focussing of the beam or interference effects forming
a standing wave pattern, but due to the time-modulation
of the amplitude,

Z00(0) = =15 2u(0) = —202L(0), (11)
with 027 (¢) = dd—CQL(C). In equation (10b) we thus have
a radiation-pressure component ~hkf2; and a gradient-
force component ~hZ (2} . For a red detuned laser beam,
i.e. for § = wr —wya < 0, we will see in equation (15) that
u is negative and we expect the gradient force to drag
particles towards the travelling maximum of 21,(¢).

It is important to notice that equation (10b) only
gives the change of the canonical momentum. The change
in kinetic momentum is given by a time-derivative of
equation (10a),

B [2u(Qu(z,1)]
= h(]. — ﬂz) [k.QL’U — 'LL%QL]

Mz = p, -

(12)

where we used equation (10b), set 4 = & +¢B.2 and
identified {7 ~ #/c =: 8. by dropping terms of order
’}\fcg .1 Using the relations from equation (11) we thus get

a force in the z-direction of the form

Mz = h(1 = B.)k20(C)v(2,) = 200(Qu(z, ). (13)

As usual, the evolution of the atomic states and the
associated quantities v and v is calculated by first deriving
the Heisenberg equations of the atomic operators,%sab =

%[H ,Sap] and then solving the optical Bloch equations

=0 —wrB.)v— Lu, (14a)
U= _(6_OJLBZ)’U’_ (1 _BZ)QL(C)U}_ gva (14b)
= (1-8.)2(Qv—T(w+3), (14c)

where w := (See — Sgg)/2. For slowly varying fields, o <
I', these equations can be solved using an adiabatic
approximation such that we get, in the low-saturation
regime [30],

(1 - B:)02(¢)/2

u(() ~ (5_“L6Z)(57wL52)2+F2/4’ (15a)
T (18002

v(Q) =5 T ALES LIS (15b)

Q) = (1 = B (O) = o1 = B) G u(d). (150

1 Of course we ignored terms associated with the change in mass-
energy as we also dropped the recoil terms ~hwy, /(2Mc?) [17].
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Fig. 1. The forces experienced by a two-level atom at rest interacting with time-varying single laser beam for different
shapes of the amplitude modulation (£2;, = 2o exp[—(ot)?/2], red, solid line; 2 = 20/[1 + exp(—ot)], blue, dashed line;
02r = 2y cos(ot)/[1 4 exp(—ot)], green, dash-dotted curve). (a) The usual radiation pressure force F. (first term in Eq. (16)) as
the amplitude modulation passes the atom; this force follows the temporal shape of the beam intensity as experienced by the
atom. (b) The force f., the second term in equation (16); this force is proportional to the derivative of the field, but it is positive
(negative) for an increasing (decreasing) intensity, which is exactly the opposite of what one would expect from the dipole
force for negative detuning. Note the different units for the two forces as o/w;, < 1. Parameters used here are §/I" = —10%,

20/I =20, o/T" = 1/100.

If the field changes on time scales comparable to or greater
than the decay rate (o 2 I'), then the (typically numeri-
cal) solutions of the optical Bloch equations start to show
non-adiabatic behaviour.

Using the approximate solutions from above, we obtain
for the total force

Mz~ (1= 8.) (P20 (Ov(¢) — 2221 (Ou(Q) - (16)
When we compare this result to what we had
in equation (10b) we see that the gradient force
o —u(€)0-021(¢) = u(¢) 2427 (¢) has been cancelled out by
an equal, but opposite term arising from equation (10a),
cf. also equation (12). The (approximate) solution of the
optical Bloch equations then gives rise to a new term
proportional to the gradient of (2, but of opposite sign
[18]. As shown in Figure 1, a red detuned laser will drag
the atom to the minimum of 2;,. We thus see that the
presence of the Rontgen term and the associated differ-
ence between the canonical and kinetic momentum reverts
the direction of dipole-acceleration due to the gradient
associated with the time-modulation of an em-field.

Of course, this unexpected behaviour only affects the
gradient force due to the time-modulation propagating
with o(t F z/c). Gradient forces arising from a stationary
setup, i.e. from a focussed beam or interference effects,
behave as usual.

Generalising from the example of equation (16) we note
that a ubiquitous feature of forces on atoms in time-
modulated fields is that they can be split in two parts:
One component is proportional to fiwy/c and contains
the well known forces as they also arise in stationary
fields; aside from factors ~(1 — (3,) these forces remain
unchanged by the presence of the Rontgen term. The
second component contains the time-derivatives of the
modulated quantities (here £27,(¢)) and related changes in

the internal atomic evolution (here given by u); this com-
ponent is proportional to fic/c and is usually very weak
as 0 < wy, by design.

In the following discussions we shall assume that the
atom is at rest, 8, = 0, and split the total force in two
parts Mi = F +f, where F « fwy,/c and f « hio/c. From
equations (13) and (16) we see that F, = h?E021()v(C)
while f. = —20Q0(Ou(z,t) = —h20;(¢)u(¢) in this
example. Figure 1 shows these forces for a two-level atom
interacting with various forms of amplitude-modulated
laser beams. We see that the dominant force contribu-
tion F, behaves as expected as it pushes particles along
the beam with a magnitude directly proportional to the
intensity of the field £2%(¢). The term f, associated
with the Rontgen-interaction shows the counter-intuitive
behaviour discussed above as we get a positive force where
22 increases such that the atom is pushed away from the
field maximum despite the red-detuned laser frequency.

The simple form of the force in equation (16) derived
from the adiabatic solutions (15) allows us to compute the
total change in velocity due to the additional force term

[» as M(z(tl) - Z(to)) = tzl fz(t)dt7

/tlf (t)dtm"jf hd .Q%(O’tl)fﬂﬁ((jto)
W AMc 62+ 12/4

We can thus see that, at least for this example, the
total effect of the additional force is proportional to the
difference in beam intensity at times tg and ¢1, but is
independent of o. However, this net effect remains sev-
eral orders of magnitude below the recoil velocity for
Vree = Twa /(Mc) as 6 K wa.

The forces shown in Figure 1 and also later in
Figures 4-6 are given in units F ~ [fwrI'/c] and f ~
[ho I'/c], respectively. For typical optical transitions where

(17)
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lg+)

Fig. 2. The four-level configuration used in the examples in
Section 4. Laser beams can induce |g_) <> |e+) (Jg+) <> |e=))
transitions if they are o4 (o_) circularly polarised. An addi-
tional interaction with an external magnetic field couples the
ground states |g—) and |g4), cf. equation (20). The num-
bers give the Clebsch-Gordan coefficients of the respective
transitions as used in Appendix A.

wr ~ 108 s7! and I' ~ 107s7! we have I'/wy ~ 1078,
which helps us to relate the scales for forces f and F as

(0 B 0 R

so that usually f < F.
A more systematic discussion on the magnitude of the
Rontgen forces is given in Section 5.

4 Setups involving multiple transitions

In the previous section we discussed some basic properties
of an (induced) electric dipole interacting with a time-
modulated field and the resulting corrections to forces
acting along the beam propagation axis. This discussion
was based on an effective two-level atom and made use of
the first term ~(1 — p - x/Mc)d - Ep in the interaction
Hamiltonian as given in equation (8).

The second term ~(p-Er)(d- k) vanished ford || Ef,
d 1 k. But we see that if we manage to “rotate” the
average dipole moment away from the electric field, such
that (d - k) # 0, then we get an interaction ~p - E;, which

includes terms proportional to p, and p, for a beam prop-

agating along the z-axis. As 1 = <%H> we see that these

terms give rise to forces perpendicular to the direction of
beam propagation, even if the beam is a plane wave with
no transverse structure.

To explore this unexpected possibility we move from
an effective two-level system to a four-level system in a
Jg =1/2 < J. = 1/2 transition with two ground states
with magnetic quantum numbers m, = +1/2 and two
degenerate excited states with m, = +1/2 labelled |g_),
lg+) and |e_), |es), respectively. This configuration is
shown in Figure 2 and more details about the dipole
operator and the atom-field Hamiltonian for multi-level
configurations are given in Appendix A. From there we
see that the average dipole moment in this setup is

- 86—9+ >ey
(19)

(d) o< (Seyg. +Se g, Vew +i(Sery.
+<Se+9+ —Se_g_ >ez +c.c.,

where Se_ 4 = |e4)(g—|, etc.
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Equation (19) shows that (d- k) o< (Se, g, —Se_g_) +
c.c. for a laser beam propagating along the quantisation
axis, K || e,. Such a laser beam will usually only drive
oi-transitions coupling |g—) < les) and |g4) < le—),
respectively.? “Rotating the dipole” thus requires a mech-
anism that allows for coherent 7-transitions (Jg—) <> |e_)
and [g4) <> |e4)) such that (d.) # 0.

In the examples discussed below this coupling is induced
by an additional isotropic magnetic field along the y-axis
driving transitions |g_) <> |g+) with a Larmor frequency
25 = vB, with v being the gyromagnetic ratio of the
ground state. In the Hamiltonian we thus add a term

Hp = —il02pS, 4, +H.c. (20)
Here we dropped the corresponding term for Larmor tran-
sitions within the excited states, |e_) <> |e1), as it would
only increase our parameter space without substantially
changing the dynamics.

Of course, this, possibly time-dependent, magnetic field
would also couple to the electric dipole of the atom via the
Rontgen interaction or via the electric field arising from
0;B = —V x E. But these terms vanish in the rotating
wave approximation where the dipole follows the laser field
and oscillates with the laser frequency.

We shall also assume that the coupling to the external
magnetic field is isotropic, V{25 = 0, but might change in
time, 02 # 0. This is the case near the centre of a pair
of Helmholtz coils where anisotropies due to retardation
effects can be ignored if the driving current is changed
simultaneously for both coils.

In the following examples we shall first discuss the forces
arising from the combination of a single o -polarised laser
beam and a magnetic field. In the second example we
present results from combining this magnetic field with
counter-propagating oy and o_ beams of slightly different
detuning.

4.1 Example: a four-level configuration, a magnet
and a single laser

The setup for this example is inspired by the work by
Kaiser et al. who used it to discuss their theory and exper-
iment on the mechanical Hanle effect [31]. Considering
the level structure shown in Figure 2 we see that a o4
circularly polarised laser beam will drive the |g_) <> |e)
transition until spontaneous decay from |ey) to |g4) traps
the atomic state in |g4 ), which does not interact with the
laser any further. In the steady-state limit the resulting
force from the laser will thus vanish because the |g_)-state
is empty.

But adding a magnetic interaction Hp as given in
equation (20) enables a closed loop |g_) <> |ex) = |g+) <
|g—) with a continuous radiation pressure force along the
beam axis. Kaiser et al. used this mechanism to measure
small magnetic fields and their effect on the deflection of
Helium atoms traversing a laser beam [31].

2 The notation for o-polarised beams should not be confused
with the time-scale of beam modulation o.
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Let us consider this example more closely, include the
Rontgen-term and allow for time-dependent fields. Simi-
lar to the previous examples we describe the o -polarised
laser beam travelling in the +z-direction as Ej =
3E(Q)er expli(kz —wrt)] + c.c. and define hf2,(¢) =
—/2/3(J,||d||Je)E(C), where (J,||d||J.) is the reduced
dipole matrix element of this transition, cf. Appendix A,
equation (A.4). We thus get a Hamiltonian H =
p2/(2M)—h(5(S€+E+ +SLL) + Hg + Har, + Hayv where

EQL(C) Pz + ipy

FLQL(C) Dz ik
Hpp = —>22(1- 28, vz
AL 2 ( Mc) w0t T e
X (Se+g+ fS@_g_) k= +H.c., (21)

and Hp is defined in equation (20). The corresponding
equations of motion then give p, = p, = 0 and

Mg'c:pgg—l—ZECHQL(C)(UHQ+ —uefgf), (22a)

My = py — 5:020(C) (Ver gy — Ve_g_ ), (22b)

Mz =p. = 200(Qte,q_, (22¢)

Pz = hk2(Qve, g +RZRL(Otie, g, (22d)

where we dropped terms ~O(Z%£2) and used
Ue, g, (2,1) = %(Se+g+eikz+H.c.>, Ve, g, (2,t) =

3:(Se,g. €™ —H.c.), etc. These are solutions to the
in total 15 optical Bloch equations describing the
evolution of the atomic states given in Appendix B.1.

Figure 3 shows the corresponding steady state solutions
for constant {2, as a function of 25 (which is also con-
stant). We see that Ue g_, Ve,g_ and ve, g, vanish for
2 = 0 and that the dominant force F = hk{2pv.,4_e.
measured in reference [31] changes significantly in the
presence of a weak magnetic coupling {25.

From the equations of motion given in equation (22) we
can derive all terms arising from the Rontgen-interaction
or directly from {2} (¢) to generate the force f ~ ho/c,

fo = %Q}z(o (u€+g+ - ue—g—)
25020(0) (ttey g, —Te_g_), (23a)
fy = _%ZQ;:(O (Vergs = ve_g_)
— 2:020(0) (bey g, —Te_g_), (23b)
fo==200(Q)tte, g (23¢)

In Figure 3 we see that the steady state solution of v, 4,
is also non-zero and varies even more strongly than v, g4
for 25 # 0. We therefore expect force components in the
x or y direction in the presence of time-modulated fields
21, or 25. Here, we again assume an atom at rest which
also simplifies the (numerical) solution of the optical Bloch
equations.

In Figures 4 and 5 we show examples for cases where
either a strong laser field {2; or the magnetic field {2p
is changed on a time-scale ot. The behaviour of both
the atomic states and the resulting forces roughly follow
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100

Fig. 3. The steady state solutions for the atomic states of
the four-level configuration shown in Figure 2 as defined below
equation (22) (see also Appendix B.1) plotted as a function
of the magnetic interaction strength 25/, cf. equation (20),
for a constant laser field, 21,/I" = 50, and a detuning §/I" =
—20. One clearly sees how ue, 4_ (red, solid line), ve, 4_ (blue,
dashed line) and v., 4, (green, dotted line) change strongly in
the presence of weak magnetic fields. The quantities not shown
here, e, g, Ue_g ., Ve_g,, €tc. are zero for all values of 25.
Although these are solutions for a stationary setup, they are
useful to estimate the behaviour for time-dependent laser- or
magnetic fields shown in Figures 4 and 5, respectively.

what one would expect from the steady-state solutions dis-
played in Figure 3, although the solutions are not entirely
adiabatic because we set o/I" = 0.1.

For non-zero magnetic fields we get strong forces F, as
well as weaker contributions for f, or f,. The component
fz depends on uc, 4, which vanishes in the steady-state
case and is only barely non-zero for the dynamic setups.
When we compare the example given in Figure 5 with the
steady-state solutions shown in Figure 3 we see that the
time-dependent magnetic interaction shown in Figure 5a
is chosen to vary such that v._ ¢, starts at a maximum and
ends at its minimum. This ensures a very steep gradient
at ot = 0 and a correspondingly strong force f, in panel c.

Let us emphasise that the forces in y-direction are not a
direct result of the magnetic field oriented along the same
axis. This magnetic field is assumed spatially homoge-
neous, but together with the laser field it enables a closed
pumping circle and a coherent coupling between |e;) and
|9+) (i.e. a non-vanishing component v, 4, ). Intuitively
speaking, this magnetic field leads to the rotation of the
average electric dipole moment discussed in equation (19).

4.2 Example: a four-level configuration, a magnet
and two counter-propagating laser beams

As a final example we shall extend the setup from
above by adding a second, counter-propagating laser beam
polarised such that it drives the o_-transition |g;) <>
le_), cf. Figure 2. But in contrast to the previous exam-
ples we now assume both laser field amplitudes and the
magnetic interaction {2 to be constant in time. The
time-modulation required for the contribution from the
Rontgen-term is generated by a phase modulation as
one beam shall have a slightly different frequency, w) =
wr, + o, again with ¢ < wy,.
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Fig. 4. Forces due to a combination of a time-modulated laser field and a constant magnetic field. (a) The constant magnetic
field 25/I" = 1 and a strongly increased laser field 21, (ot); (b) the corresponding evolution of the atomic state matrix elements
defined below equation (22), see also Appendix B.1. (¢) The dominant force component along the beam axis, F., in units of
[hwrI'/c] (red, solid line, left ordinate) and the weaker forces fu,y,. ~ [hoI'/c] (broken lines, right ordinate) as given in equation
(23). Here we see a small component f, acting perpendicular to the beam-propagation axis even though the laser is modelled
as a plane wave propagating along z. Other parameters are §/I" = —20 and o/I" = 0.1.
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Fig. 5. Forces due to a combination of a constant laser field and a varying magnetic field. (a) The strong constant laser field
02p/I" = 50 and the time-dependent Larmor frequency §2z(ot); (b) the corresponding evolution of the atomic state matrix
elements defined below equation (22). (¢) The dominant force component along the beam axis, F%, in units of [lwrI/c] (red,
solid line, left ordinate) and the weaker forces fo .. ~ [hol’/c] (broken lines, right ordinate) as given in equation (23). As in
Figure 4 we obtain non-vanishing force components acting perpendicular to the beam-propagation axis while F, drops as 25
crosses zero. Other parameters are §/I" = —20 and o/I" = 0.1.

The resulting Hamiltonian, shown in equation (B.4),
can be constructed straightforwardly by adding up cor-
responding atom-laser interaction terms Hap, as given in
equation (8) with effective fields

Just as in the previous examples it is straightforward
to derive the evolution equations for the atomic states,
the equations of motion and the corresponding forces F ~
hwp /e and £ ~ hol'/c from M¥ = 5 (4 H),

ot
_ 1 * ikz —io(t—z/c)
E, = 2a€e_1e' 2 +c.c, (24a) F. = Bk1(0ve g + Ve_y, ), (252)
E, = ife’ e " +c.c. (24b) h2r O
fo=— 2CL a[(ue“ﬂ —Ue_g_)(acos(kz — ¢) + cos(kz))

The beam E; thus travels in the +z-direction, is polarised —(Ve, g, —Ve_g_)(asin(kz — () —sin(kz))], (25b)
such that it drives the o -transition (cf. Appendix A) and hL 0
has a frequency wr, + . The beam E, travels in the oppo-  fy = % a[(ueﬂu —ue_g_)(asin(kz — () + sin(k2))
site direction and drives o_-transitions at a frequency wy,. n B ke —¢) — k) 95
The real parameter o can be used to adjust the relative (Vesgs = Ve_g_)(avcos(kz — () —cos(kz))],  (25¢)
power of the beams. fo =200 (aove, 4 — %(auﬂgf +Ue_g, ). (25d)
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Fig. 6. Results for a o4-0_ beam configuration and an additional magnetic field interacting with a J, = 1/2 < J. = 1/2
configuration as shown in Figure 2 and discussed in Section 4.2. (a, b) Steady state solutions of the atomic state populations
defined below equation (25) at position kz = w/3 when both beams have the same frequency, o = 0, see also Appendix B.2.
Due to the large detuning, 6/I" = —50 for £2;,/T" = 10, we see that ve, g < Uec g Note that we, gy, and ve, g, vanish in the
absence of an external B-field and that v. 4 = Veyg, - The vertical dash-dotted line indicates the value £25/I" = 100 which
is used to calculate the time-dependent forces given in equation (25), if the o4-beam has a shifted frequency of wy, + o where
o = —20 = 100I". We see that f, and f, oscillate in space and time while f. is constant, cf. also Figure 7. Here both beams are
chosen to have equal power, o = 1. These parameters are chosen such that the usually dominant force cancels out, F, = 0.

Again we assume an atom initially at rest and
set ¢ o(t — z/c). Here we also set we, 4 +
e g = (Seig_)expli(kz — ()], te_g, + Ve g,
(Se_g. ) exp[—ikz] while ue, g, + Ve, g, =
Appendix B.2 for more details.

Figure 6a and b shows the steady state solutions (o = 0,
kz = 7/3) of the optical Bloch equations for this system as
a function of 25/I". For o # 0 we find that most atomic
states are constant in time, only wu. 4, and v., 4 can
oscillate in time and space. The steady-state solutions are
thus again useful to get some intuition for the case o # 0.
For the detuning chosen in this example, § = —501", the
terms ve, 4 and v._g, are strongly suppressed. As they
also have opposite sign we see that the usually dominant
radiation pressure force cancels in this setup, F, — 0.

From equation (25) we see that the components of f
depend on the time derivatives of the average atomic
states and cos(kz — ¢) = cos((wr, +0)z/c—ot) or sin(kz —
¢). We thus expect an oscillating behaviour for f, and f,
which we also see in Figures 6¢ and 7. f, is constant due to
the different photon momenta absorbed from each beam,
Mwr +0)/c vs. hwr /c.

The force-components f, and f, oscillate as functions of
ot and kz. Their sum, £, = f,e, + fye,, spirals along the
z-axis: atoms at kz = nw see a force of constant magnitude
which rotates in the xzy-plane as function of ot while atoms
at kz = (2n 4+ 1) /2 see forces oscillating only along the
y-direction; at intermediate positions the tip of £, follows
a tilted ellipse.

etrgy /)y SCE

3 Note that in the absence of a magnetic field, 25 = 0, the two
laser beams rely on each other to repopulate the respective ground
states. This means that no transition can be stronger than the other
and the well known cooling scheme associated with a o4-0_-beam
configuration does not work in this case [32].

The total effect of these oscillating forces obviously
averages out when integrated over a period of ot. But
experience from both classical and quantum mechanics
shows that weak periodic forces combined with harmonic
potentials can lead to resonance effects [33,34]. This exam-
ple might therefore be of special interest in setups where
the described counter-propagating beams are combined
with a tight radial trap.

5 Discussion: how small is the Rontgen
term?

The examples discussed above show that Rontgen forces
are intriguing, but also considerably smaller than the
usual gradient force and radiation pressure. Here we shall
discuss several systematic effects which might lead to
forces of a similar magnitude.

As the Rontgen term is part of the electric-dipole
approximation we have neglected higher order couplings
in the atom-light Hamiltonian in equation (8). In com-
parison to the electric dipole coupling, magnetic dipole
or electric quadrupole terms are suppressed by the ratio
between the size of the atom (characterised by the Bohr
radius) and the wavelength of the laser, ~ag/A [35-37].
As shown above, the forces resulting from the Rontgen
term and a time-dependent variation are suppressed with
respect to usual dipole forces by a factor o /w which might
well be smaller than ag/A.

Including electric quadrupole interactions is therefore
necessary, if the chosen laser frequency is close to a
quadrupole-allowed transition. Depending on the fre-
quency and the configuration of atomic energy levels, the
forces associated with this transition could be stronger
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Fig. 7. Force vector £, = f,e, + fye, for the example given in Figure 6 as function of kz at time ot = 0 (left) and ot = 27/3
(right). At kz = nm, n € Z, the tip of f| follows a circle as ot goes from 0 to 27. But this circle continuously changes into a
tilted ellipse for other positions until it degenerates into a line at kz = (n 4 1)m/2 where f, oscillates in time while f, = 0.

than the Rontgen forces discussed here. However, elec-
tric quadrupole forces have the same structure as the
dominant gradient- or radiation pressure forces as both
arise from the spatial derivative of the laser field. Rontgen
forces, however, arise from the difference between the
canonical and the kinetic momentum as well as a time-
derivative of both field and atomic dipole. This is why
we focus on the Rontgen interaction even if higher-order
interaction terms might give stronger effects.

In Section 4 we showed how Rontgen forces can act
perpendicular to the beam axis in the presence of an addi-
tional magnetic field. As can be seen from the Hamiltonian
given in equation (20), this additional magnetic field can
give rise to a force Fp = iV 2pvy, 4_. A small inhomo-
geneity of the magnetic field in the z- or y-direction can
lead to similar perpendicular forces, if vy, 4_ is non-zero.
In the single-beam example the described in Section 4.1,
it turns out that vy, 4 can be relatively large making
this setup sensitive to magnetic field gradients. For the
example with counter-propagating beams (cf. Sect. 4.2) it
turns out that vy, 4 vanishes for the chosen setting with
o= —2).

A transverse gradient from the laser field will also
lead to radial forces proportional to wu. g and ue_g, .
Again, these are non-zero for the single-beam example but
are suppressed in the example with counter-propagating
beams.

In addition to these systematic effects, stochastic pro-
cesses such as spontaneous decay can spread the atom’s
position and momentum uncertainties such that the
results of weak forces are concealed. We therefore pro-
pose that a measurement of Rontgen forces should make
use of resonance- or interference phenomena.

6 Summary and conclusions

In this work we used a semi-classical model to analyse
the mechanical interaction between atoms and time-
dependent external fields with a special focus on effects
due to the Réntgen-term. In Section 2 we showed why the

Rontgen term and the associated difference between the
canonical and the kinetic momentum is of special interest
when radiation fields interacting with an electric dipole
are modulated on a time-scale o0 < wr,.

In Section 3 we discussed some of the characteristics of
these forces using the example of a simple two-level atom
interacting with an amplitude-modulated plane wave.
There we could show how the Rontgen-term reverts intu-
itively expected force terms such that atoms are not
pulled towards, but repelled from the travelling intensity
maximum of a modulated, red-detuned laser beam.

Using a four-level configuration and an additional exter-
nal magnetic field to “rotate the dipole” we could show
how the cross-term d x B in the Rontgen interaction leads
to forces perpendicular to the beam propagation axis of a
plane wave in Section 4. There we also explored the effects
of a time-modulated effective dipole axis (achieved by
changing the external magnetic field) as well as a config-
uration involving two slightly detuned laser beams, which
effectively corresponds to a time-dependent phase.

These examples made use of laser pulses, time mod-
ulated magnetic fields or phase-modulated counter-
propagating beams, all of which are ubiquitous in
quantum-optical laboratories. Yet they showed that the
often ignored Rontgen term opens the way for surprising
and counter-intuitive radiation forces. Most importantly,
neglecting the Rontgen interaction can lead to wrong
results, as demonstrated in Section 3.

However, we also discussed that these forces are by
design much smaller than usual radiation pressure forces
and they might even average out to zero when one con-
siders the net-effect over a longer period. As discussed at
the end of Section 3 and in Section 5, the net-effect of
these forces alone will usually be many orders of magni-
tude smaller than that of a single photon recoil or of simple
noise effects. But periodic and resonant effects acting on
an otherwise well controlled system, such as on atoms in
a harmonic trap, might well be measurable.

The semi-classical calculations presented in this work
serve an exploratory purpose, scouting the wealth of
phenomena hidden in the Rontgen-term. A quantitative
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analysis discussing these small effects and their measura-
bility in a specific experimental setup requires a bespoke
quantum-mechanical treatment, which will be the focus of
future work.
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Appendix A: The atom-laser Hamiltonian for
multi-level transitions

As we discuss the atom-laser interaction for a multi-level
configuration involving different circularly polarised laser
beams in Section 4 it is useful to review some concepts and
notation. More details can be found in references [35,36].

‘We use the notation where the fields and dipole operator
are described in a spherical basis, which is connected to
the Cartesian basis via

L

et = ﬁ(:Fez —iey), (A1)

€y = €y,

such that e, = —(e; —e_;)/v2and e, = i(e; +e_1)/V2.
Note that e_, = (—1)%(e,)* for ¢ € {-1,0,1}. A vec-
tor a = a,e, + aye, + a.e, can thus written as a =
> €y = > (—1)%age_q where a; = e - a such that
ayq = %(:Fag,j —iay) and ag = a, just as we had for
the basis vectors above.

The dot product of two vectors a, b is then given by

a-b= Z(—l)qaqe_q b
q

=Y (=1)%agh_q =Y _ agb}.
q q

(A.2)

For the cross product we note that the usual rule a x (b x
c) = (a-c)b— (a-b)c still holds.

Just as any other vectorial quantity, the dipole oper-
ator can then be written as d = 3 dge; where d; =

d{(f) + d((f). Using the Wigner-Eckart theorem [35,36] we
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can write

déJr) = Z (Jg mgldg|Je me) [Jg mg)(Je me|

= (Jylld[[Je) Z (Jg mglJe me; 1 q) | Jg mg)(Je me,

(A.3a)

and, using d,g_) = (—l)q(déﬂ)T,

dy”) = (Jglld|| Te)
X Z (=1 Jg mg|Je me; 1 — q) [Je me)(Jg myl.

Mg, Me

(A.3D)

Here (Jg mg|Je me; 1 £ q) = (Je me; 1+ q|Jy my) are the
Clebsch-Gordan coefficients for a fine-structure transition
between states |J. m.) and |J; mg) while (Jg||d||Je) is
the (real) reduced matrix element for the whole J, < J,
transition and will be included in the coupling term (2.

For the J; = 1/2 <+ J. = 1/2 configuration discussed in
Section 4 we set |J; =1/2,my = £1/2) =: |g+) and two
excited states |J. =1/2,m. = +1/2) =: |ex). The cor-
responding Clebsch-Gordan coefficients are displayed in
Figure 2 such that

) = F/ 2] Je)Se g (Ada)

45 = ST (Serg, = Se g ). (Adb)

Just as we can write d(¥) := >4 d((]i)ez (such that
(ANt = dH)) we can also write the electric field as
E =E®) + EC) where E®) = Y Efe? and

Eé+) _ %geqei(k-R—wt)’
Eé—) — (_1)Q(E£+(I))T _ %5*6qe_i(k‘R_‘”t),

Here & is the amplitude of the field while €, describes the
relative component along the g-direction. If the field is
propagating along the quantisation axis, i.e. k = wpk/c
with Kk || e, = ep, we get E(()i) = 0. For the magnetic field
we use B&) =k x E&) /¢,
In the rotating wave approximation we get the coupling
term —d - E = —dOE®) — d) . EC) with
—dEH) = %hQLeik'R Z €_gq
q
x Z (Jg mglJe me; 1 — q)|Je me) (Jg my)

Mg, Me

(A.6)

where we set hf2; = —(J,||d||Jc)€. The sum over
Mme = —Je,—Je +1,...,J. can be evaluated easily as
the Clebsch-Gordan coefficient (J; mgy|Je me;1 —q) is
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non-zero only if m. = mgy 4+ ¢. This is why a laser-

(+) e*

beam polarised as E(T) = 1 induces o4 transitions

|mg) — |me = my, + 1) and vice versa for E(*) = E(Jr)e1
cf. equation (24).

For a beam propagating along the z-direction we use
the atom-laser Hamiltonian given in equation (8) and set
Kk = Ve, with ¥ = +1 (¢ = —1) for propagation in the
positive (negative) z-direction to get

)

HAL:(

JrM

McPO + 2MC2) (dg_)E(H + d( )EYF))

a7 (PES + P EY) +He, (A7)

c

with Py — p. and Py — :F%(pm + ip,) in the semi-
classical limit. Using this and the dipole operators defined

in equation (A.4) we get the Hamiltonian used in
equations (21), (B.1) and (B.4).

Appendix B: Evolution of atomic states for
examples given in Section 4

In Section 4 we introduce a four-level system which is cou-
pled to a magnetic field as well as one or two laser beams.
To describe the evolution of the internal states we use an
approach similar to the optical Bloch-equations used for
a two-level system. Note, however, that the interpretation
of the atom as a spin-1/2 system is no longer valid in
this case.

B.1 Hamiltonian and evolution for the example in
Section 4.1

The Hamiltonian describing the interaction between the
atom, the laser field coupling the states |g_) and |e) and
the magnetic field coupling |g+) and |g—) has been given
in equation (21). To evaluate the evolution of the internal
states we use the Hamiltonian without the kinetic and
vacuum contributions,

Ne.
H = ~h5(Sepe, +Se_e_) = i3 (Syay — Sorq-)
+?+(Se+g,6 F +H.c.)

h A
+3 (90 (Serg, —Se g )™ +H. c.), (B.1)

where we defined 2,(¢) = 2.(0)1 — p./(Mc) +
heor /(2M?)), and 20(C) = 21 (C)(pa +p, )/ (2Me). Note
that {2 is complex. The evolution equation for the oper-
ators Se, g = |e;)(g—| etc. are then given by £S.., =
L[H.S,., ).

The contribution from the vacuum Hamiltonian is
included through the spontaneous decay rates. The coef-
ficients in Figure 2 also show how the total sponta-
neous decay from the excited to the ground state man-
ifold branches, i.e. I, =Te g =13, Tc .5y =

e+—9+
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I'e_ 4. =2I'/3. This way we find [31]

(frSerer)yy = —TSeiess (B.2a)
(§Se-e)gpy="TSc e, (B.2b)
(%Sg+g+)sp =50 (Seiey +28c ), (B.2¢)
(£S5 g )y, = 3T(Se_c. +25c.c,), (B.2d)
(5 Sesgs)p = —31Se g (B.2e)
(#8e g2)sy = —3TSe g (B.2f)
(frSeve )y =—"TSeie. (B.2g)

Using <%nge+> = <%Se+g7>* and (Se, e, ) +(Se_e )+
(Sgig4) +(Sg_g_) =1 we still need to solve 15 coupled
equations to describe the average internal dynamics of the
4-level system. Defining

ueigj +iv€i93 = <S lgj> zkz (B'?’a‘)
Ueye  +iVe e <Se+e )s (B.3b)
Ugog_ tivg, g = (Sg g ), (B.3c)

Weyg- = (Seyer) = (S g0 (B.3d)
We_g, = (Se_e_ > ( g+g+> (B.3e)
Wy, g = (Sg.9.) = (Sg_g_) (B.3f)

for 4,7 € {+,—} and setting A := wy, —wa — kZ these
evolution equations read

We,g =2024ve,g + 2pug 4 +Refl (U€+g+ - Uefgf)
+Tm 2 (u6+9+ - ue—Q—)
+ 30 (We_g, — Twe g + 4wy, g ) —I/2,
_QBungg— + Re (2 (U€+9+ - ve—g—)
+1Im 2 (e, g, — Ue_g_)
+ 31 (We g —dwg, g ) —T/2,
Wy, g = 240, g +202Bug, 4 —Re S (Ue_g— + UE+9+)
—Tm 20 (ue_g_ + te. g, )
30 (we_g,

We_gp =

- 7w6—g+

—Weyg T Wgyg )7

% Re 'QO (Ue+e,
+% Tm £2 (u€+67 + ug+gf) -
- % Re (2 (U€+€— + vg+9—>

- _ 1 _ _
- Av6+9— 2 “QBUEHH Vgig- )

Ueyg_
1
§FU€+9— )

. 1
le_g, = Ave_g, + 502BUc_g_

—3Im Qg (uey e +ug g ) =5 ue gy,
Verg. = —Mieg — 304Weg — 3028V g,
+3Re o (ueye_ +ug g )
%Im 2 <U6+€— + 'U9+g—) - %FU€+9—7
Ve_g, = —Aue_g, + %“QBHG—Q—
—3Re(teie +ug, )
+% Tm £2 (Ue+€— + v9+g—) - %Fve—gw
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. _ 1 1
Uey g, = Aeyg, + 32409, g + 52BUe g
1 1
+ 5 Im “QO(wm—g— - w6+g—) =5l Ue g
. _ 1 1
Ue_ g = AVe_g_ — 58024 Ve, e — 502BU,

+ %Im()o(wLEPr +wg+g7) - %Fue g_>

. _ _ 1 1
Vepgp = —AUe,g, + 524U, g + 532BVe g
1 1
+3Re (w9+g— - w€+9—) =5l e gy
. 1 1
Ve_g. = =AUe_g_ — 5024 Ue e = 52BVe_g,
1 1
+ iRe .Q()(U.)(Lg+ +wg+g,) - §Fve,g77
. _ 1 1 —
Uepem = 58241V g + 5 Re20(ve_gy — Veyg)
1
—|—§ Im QO(uLM — ue+97) - Fue+ef7
’ - _1 _ 1
Ugrg. = =524 Ve g, — 502BWg, 4.
1
+3 Re 90(1)579+ - Ue+g7)
1
—|—§ Im (2, (uefg+ - u6+g7),
. _1 1
Vepe. = 5024ue_g_ + 5 Re (e g, +te, g )
1
-3 Im.Qo(U@_g+ + Ue+g_) - FU6+6_7
; —_1 1
Vgrg- = _29+“e+g+ + 3 Re 2 (ue—-‘H + “€+97)

—5Im Qg (ve_g, + Veyq)

In the examples presented in Figures 3-5 we assumed
the atom to be momentarily at rest such that 2y = 0
and % = %. Even for moving atom the terms ~{2y are
suppressed as they are proportional to v, ,/c.

B.2 Hamiltonian and evolution for the example in
Section 4.2

The example described in Section 4.2 includes two
counter-propagating laser beams, each driving a differ-
ent transition in the four-level setup shown in Figure 2.
The intensity of both beams and the magnetic coupling
{2p are set constant, the time-variation is introduced by a
difference in the relative frequencies between the beams.

Using the fields given in (24) and the atom-light Hamil-
tonian from (A.7) we obtain the Hamiltonian governing
the internal atomic dynamics,

H=2" —h5(Se.c, +Se o ) — igsz (S g — Sgra)
_,’_ath (1 — ey h(;]\L/[;U))(SeJrg,ei(kz_o +H.c.)
B (14 e 2@\%2) (Se_g ™™ +H.c)
+ZL]\4% ((Se+9+ - Sefgf) (pac (Oéei(k'z*() + 67“”>

+ipy (aei(kz_o — e_ikz) ) + H. c.),

(B.4)

where ¢ = ot — 0z/c. The vacuum contributions leading
to spontaneous decay are included by the rules given in
equation (B.2). The real, averaged quantities u, v, w are
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defined as given in (B.3) with the exceptions

Ue,g + Ve, g = (Swgf)ez(kz_o (B.5a)
Ue_g, +iVe_g, = (Se_g, e ", (B.5b)
U, g, + Ve, g, = (Seigy), (B.5¢)
Ue g +ive g = (Se 4 ) (B.5d)

Dropping terms proportional to py,, ./Mec or Z/c we find
that the states evolve as

w6+9— = 2O‘“QLU€+9— + QBU9+9—

+%F(w879+ —TWe, g +4dwy g ) —T/2,
We_g, = _2“QL7}€—9+ —ug, g §28

+%F( - 7w€—g+ + Weyg_ — 4w9+g—) - F/2,
Wg.g. = 0p(Ve_g, + e, g ) +20pug, g

1
+§F(w679+ — We,g_ t+ w9+gf)7

Uepg. = (04 0)e, g+ %Qg(sin(kz —()Ve, gy
—cos(kz — C)u6+9+) - %FUHQH

Ue_g, = Oe_g, + %Qg(cos(k:z)uefgf + sin(k:z)vefgf)

3l uc_g.,

berg. = —(04+0)ue,y — 5aQpwe,
7%QB(SiIl(kZ = Q)Ue, g, +cos(kz — C)05+g+)
_%FU€+9—7

Ve_g, = —OUe_g, + 521we_g, + 5025 (cos(kz)ve_g_

—sin(k2)ue_g ) — 2Ive_g,,

Ueypg, = 0e, g, + 5820 ( — sin(k2)ue, e
+asin(kz — Qug, g — cos(kz)ve, e
+acos(kz — C)vnggf) + %Qg(cos(kzz — QU g

+sin(kz — Qve, g ) — 2T e, g, ,

Ue g = 0Ve g + %QL(sin(kz)ugwf —asin(kz — )ue, e
—acos(kz — ()ve e + cos(kz)vg, )
+102p (sin(kz)ve_g, — cos(kz)ue_g, )
—%Fuefgf,

Vepg, = —O0Ue, g, + %QL ( cos(kz)ue, e_
+acos(kz — Qug, g —sin(kz)ve, o
—asin(kz — Q)vg, 4 ) + 3025 (cos(kz — ()ve, 4
—sin(kz — C)ue+g_) - %Fve+g+a

Ve g = —0Ue_g_ + %QL( —acos(kz — Q)ue, e

—cos(kz)ug, g + asin(kz — ()ve, e
+sin(k2)vg, g ) — 3025 (sin(kz)ue_g,

+cos(kz)ve_g,) — 3T 0e_g_,
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Ueye = %QL (a sin(kz — Que_g_ + sin(k2)ue, g,
+ acos(kz — Q)ve_g_ — cos(kz)ve, g, )
- FUeJre,,

g, g = %QL( —sin(kz)ue_ 4 + cos(kz)ve 4

—asin(kz — Q)ue, g, — acos(kz — ()ve, g, )

- %QngJrg—’

Veye = %QL (a cos(kz — Que_g_ + cos(kz)ue, g,
—asin(kz — Q)ve_g_ +sin(kz)ve, 4, )
- F’U6+677

Vgyg. = %QL( —cos(kz)ue_g_ — acos(kz — Q) e, g,

—sin(k2)ve_g_ + asin(kz — ()ve, 4, )

Note that these evolution equations are explicitly time-
dependent as ¢ = o(t — z/c). The steady-state solutions
shown in Figure 6a and b are thus calculated with ¢ = 0.
The full solutions are calculated numerically assuming

periodic boundary conditions.
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