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Abstract

In this work, we are concerned with existence and uniqueness of invariant measures
for path-dependent random diffusions and their time discretizations. The random
diffusion here means a diffusion process living in a random environment characterized
by a continuous time Markov chain. Under certain ergodic conditions, we show that
the path-dependent random diffusion enjoys a unique invariant probability measure
and converges exponentially to its equilibrium under the Wasserstein distance. Also,
we demonstrate that the time discretization of the path-dependent random diffusion
involved admits a unique invariant probability measure and shares the corresponding
ergodic property when the stepsize is sufficiently small. During this procedure, the
difficulty arose from the time-discretization of continuous time Markov chain has to be
deal with, for which an estimate on its exponential functional is presented.

AMS subject Classification: 37A25 - 60H10 - 60H30 - 60F10 - 60K37.
Keywords: Invariant measure; Path-dependent random diffusion; Ergodicity; Wasserstein
distance; Euler-Maruyama scheme

1 Introduction and Main Results

A random diffusion is a Markov process consisting of two components (X (¢), A(t)), where
the first component X (¢) means the underlying continuous dynamics and the second one
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A(t) stands for a jump process. Such diffusions have a wide range of emerging and existing
applications in, for instance, climate science, material science, molecular biology, ecosys-
tems, econometric modeling, and control and optimization of largescale systems; see, e.g.,
6, 14, 17, 18, 20, 29, 36] and references therein. Viewing random diffusions as a number
of diffusions with random switching, they may be seemingly not much different from their
diffusion counterpart. Nevertheless, the coexistence of continuous dynamics and jump pro-
cesses results in challenge in dealing with random diffusions (X (¢), A(¢)) under consideration,
even though, in each random temporal environment, X (¢) is simple enough for intuitive un-
derstanding. [16] revealed that X(¢) is exponentially stable in p-th moment in a random
temporal environment and algebraically stable in p-th moment in the other scenarios, whereas
X (t) is ultimately exponentially stable; [23, 24] constructed several very interesting exam-
ples to show that (X(¢), A(t)) is recurrent (resp. transient) even if X (¢) is transient (resp.
recurrent) in each random temporal environment; Unlike Ornstein-Uhlenbeck (OU) process
admitting light tail, the random OU process enjoys heavy tail property shown in [4, 10].

Recently, ergodicity of random diffusions with state dependent or state independent jump
rates has been investigated extensively; see, for example, [4, 5, 9, 26, 27, 28] for the setting of
state independent jump rates, [5, 9, 27] for the setup of bounded state dependent jump rates,
[18, 30] for the framework of unbounded and state dependent jump rates. So far, there are
several approaches to explore ergodicity for random diffusions; see, for instance, [4, 5, 27| via
probabilistic coupling argument, [9, 18, 30] by weak Harris’ theorem, [26, 27| based on the
theory of M-matrix and Perron-Frobenius theorem. For the ergodicity of random diffusions
with infinite regimes, we refer to [26, 27, 32].

More often than not, to understand very well the behavior of numerous real-world sys-
tems, one of the better ways is to take the influence of past events on the current and future
states of the systems involved into consideration. Such point of view is especially appro-
priate in the study on population biology, neural networks, viscoelastic materials subjected
to heat or mechanical stress, and financial products, to name a few, since predictions on
their evolution rely heavily on the knowledge of their past; see, for instance, [2, 8, 19, 21]
and references therein for more details. There is vast literature on path-dependent ordinary
differential equation, among which the monograph [13] provides an introduction to this sub-
ject. Also, there is a sizeable literature on path-dependent stochastic differential equations
(SDEs); see, e.g., [12, 15, 22, 25] and references therein. Concerning existence and unique-
ness of invariant probability measures for path-dependent SDEs, we refer to [25], where the
drift term is semi-linear, [11] with the drift part being superlinear growth and satisfying a
dissipativity condition, and [7] under the extended Veretennikov-Khasminski condition.

Under certain Lyapunov condition which is not related to stationary distribution of
Markov chain involved, [33, 34] investigated existence and uniqueness of invariant proba-
bility measures for a class of random diffusions by exploiting the M-matrix trick, and [35]
further discussed the same issue for a range of path-dependent random diffusions. Recently,
under ergodic conditions, [3] probed deeply into existence and uniqueness of invariant prob-
ability measures for a kind of random diffusions by developing new analytical frameworks.

As described above, there is a natural motivation for considering stochastic dynamical
systems, where all three features (i.e. random switching, path dependence and noise) are



present. In this work, we are interested in ergodic properties for path-dependent random
diffusions. More precisely, as a continuation of [3], in the current work we are concerned
with existence and uniqueness of invariant probability measures not only for path-dependent
random diffusions but also for their time discretizations. In comparison with [3, 33, 34], the
difficulties to deal with existence and uniqueness of (numerical) invariant probability mea-
sures for path-dependent random diffusions lie in: (i) the state space of functional solutions
(X¢)t>0 is an infinite-dimensional space; (ii) Both components of (X, A(t)) are discretized,
where, in particular, time discretization of continuous time Markov chain causes additional
difficulties in analyzing the long-term behavior of numerical scheme; (iii) Our investigation
is based on certain ergodic conditions. So, it turns out to be much more challenging to cope
with long term (numerical) behavior of path-dependent random diffusions. In the present
work, it is worthy to pointing out that (X, A(¢)) possesses a unique invariant probability
measure although the functional solution X; doesn’t admit an invariant probability mea-
sure in some fixed environment, which is quite different from the existing results; see, e.g.
[7, 11, 25]. For more and precise interpretations on (X;);>o and (A(%)):>0, please refer to
subsections 1.1-1.4.

Prior to presentation of the setting for this work, we consider and introduce some notation
and terminology needed in the rest of the paper. Let (R", (-,-),|-|) be the n-dimensional
Euclidean space. For fixed 7 > 0, let ¢ = C([—7,0];R") denote the family of all continuous
functions f : [—7,0] — R", endowed with the uniform norm ||f||o := sup_,-p<o|f(0)]. Let
S = {1,2---, N} for some integer N € [2,00). Let (A(t)) stand for a continuous-time
Markov chain with the state space S, and the transition rules specified by

. _ 5= Jabtolb), i Fj
(1.1) PA(t+ A) = jIA(t) =1) = {1 NN

provided A | 0, where o(A) means that lima_,g OAA) = 0, and ) = (¢;) be the Q-matrix
associated with the Markov chain (A(t)). Let (W(t)) be an m-dimensional Brownian motion.
We assume that (A(t)) is irreducible, together with the finiteness of S, which yields the
positive recurrence. Let m = (m,---,7y) denote its stationary distribution, which can be
solved by Q) = 0 subject to ), g m = 1 with 7; > 0. Assume that (A(t)) is independent of
(W(t)). Let || - ||us means the Hilbert-Schmidt norm. Let E = ¢ x S. For any x = (£,i) € E

and y = (n,7) € E, define the distance p between x and y by

p(%,y) = 1€ = nlloo + Lizsy,

where, for a set A, 14(x) = 1 with = € A; otherwise, 14(z) = 0. Let P = P(E) be the space
of all probability measures on E. Set

Po={veP; / I€llaer(d€) < oo}.

Define the Wasserstein distance W, between two probability measures p, v € Py as follows:

W,(p,v) = inf {/EXE p(x,y)m(dx, dy)} < 00,

meC(p,v)
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where C(u,v) denotes the collection of all probability measures on E x E with marginals u
and v, respectively. In this work, ¢ > 0 will stand for a generic constant which might change
from occurrence to occurrence.

Next, we present the framework of this work and state our main results.

1.1 Invariant Measures: Additive Noises
In this subsection, we focus on a path-dependent random diffusion with additive noise
(1.2)  dX(t) =b(Xy, At)dt + o(A()dW (t), t>0, Xo=&€%, A0)=ig €S,

where b: ¢ xS - R", 0:S — R"®R™, and, for fixed t > 0, X;(0) = X(t+0), 6 € [—7,0],
used the standard notation.
We assume that, for each ¢ € S and arbitrary ,n € €,

(A) There exist a; € R and ; € Ry such that
2(€(0) = n(0), (&, 9) — b(n, 1)) < e|£(0) — n(0)]* + BilI€ — nll3.

Under (A), in terms of [31, Theorem 2.3], (1.2) admits a unique strong solution (X (¢; &, i))
with the initial datum Xy = ¢ € € and A(0) = iy € S. The segment process (i.e., functional
solution) associated with the solution process (X (¢;€, 1)) is denoted by (X;(,4)). The pair
(X+¢(&,40), A(t)) is a homogeneous Markov process; see, for instance, [22, Theorem 1.1] & [25,
Proposition 3.4].

For (o;) and (3;) introduced in (A), set
(1.3) G:=mina;, &:= I?easx|ai| and [ := nirggxﬁi.

Moreover, set
Ql = Q + dla‘g<a1 + e_aTﬁlv L, N + e_aTﬁN>7

where @ is the @Q-matrix of the Markov chain (A(t)), 7 > 0 is the length of time lag, and

diag(zy, ..., zy) denotes the diagonal matrix generated by the vector (z1,...,zy). Let
(1.4) n = — max Re(v),
~vEspec(Q1)

where spec()1) and Re(y) denote respectively the spectrum (i.e., the multiset of its eigen-
values) of ; and the real part of v. Let (A%(t), A7(t)) be the independent coupling of the Q-
process (A(t)) with starting point (A*(0),A7(0)) = (4,5). Let T = inf{t > 0: A%(t) = A (t)}
be the coupling time of (A’(¢), A/(t)). Since the cardinality of S is finite and (g;;) is irre-
ducible, there exists a constant § > 0 such that

(1.5) P(T >t)<e ™ t>0.

Let Py((£,14),-) be the transition kernel of (X;(&,7), A'(t)). For v € P, vP; denotes the law
of (X(&,4), A(t)) when (Xo(&,1), A'(0)) is distributed according to v € P.
Our first main result in this paper is stated as follows.
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Theorem 1.1. Suppose (A) holds and 7; > 0. Then, it holds that
on
16)  WonPuraP) <e(1+ Y [ lelan@n) + 3 [ nllaratn, )b’
€S 4 icS 4

for any vy, s € Py, where 7, is defined in (1.4) and 6 > 0 is specified in (1.5). Furthermore,
(1.6) implies that (X;(£,4), A'(t)), determined by (1.2) and (1.1), admits a unique invariant
probability measure p € Py such that

_ bm
(L7) Wyldico PriP) < o1+ 1€+ 3 [ nllan(n.i))e 50",

ies
where d¢ ;) stands for the Dirac’s measure at the point (¢, 7).

Remark 1.1. If the assumption n; > 0 is replaced by

Z(Oéi + e_aTﬂi)m <0

€8
and Gii
mlI} ( - = = ) > ]-7
1€S,0+e~75;>0 o; + e_aTﬁi

according to [4, Propositions 4.1 & 4.2], Theorem 1.1 still holds true.

Remark 1.2. From Theorem 1.1 and Remark 1.1, (X;, A(¢)) might have a unique invariant
probability measure even though the functional solution X; does not admit an invariant
probability measure in a random temporal environment just as Example 1.3 below shows.

1.2 Invariant Measures: Multiplicative Noises

In this subsection, we move on to consider existence and uniqueness of invariant probability
measures under a little bit strong assumptions but for path-dependent random diffusions
with multiplicative noises in the form

(1.8)  dX(t) = b(X,, A(®))dt + o(Xp, A@®)AW (), >0, Xo=¢&, A0)=1io €S,

where b: € xS - R"and 0 : 4 xS — R" @ R™.
Let v(+) be a probability measure on [—7, 0] and suppose that, for any &, n € € and each
1 €8,

(H1) There exist o; € R and §; € R, such that

2(€(0) = n(0),b(&, i) — b(n, 9)) + llo (&, 1) — o(n, 1) g

< a;[¢(0) —n(0)|2+5i/ [£(0) —n(6)[*v(d0).
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(H2) There exists an L > 0 such that

0

Jo€.i) = ol < L(1€0) = nO)F + [ 1€6) = @) otes)).

—T

For (a;) and (5;) stipulated in (H1), we set

Qs = Q + diag(al + 8 /0 y(dh), -, an + By /0 ea%(de)),

—T

where @ is defined as in (1.3). Furthermore, we define

(1.9) ne = — max Re(y).

~vEspec(Q2)

Under appropriate assumptions, the semigroup generated by the pair (X;(&,4), A(¢))
converges exponentially to the equilibrium under the Wasserstein distance as one of the
main results below reads.

Theorem 1.2. Let (H1)-(H2) hold and assume further 7, > 0. Then,
on
110) WynPnP) <c (14 [ €@+ X [ Inllavatdn.i))e 5
ies /¢ ies /¢
for any vy,v5 € Py, where 6 > 0 such that (1.5) holds and 7 > 0 is defined in (1.9).

Furthermore, (1.10) implies that (X;(£,4), A'(t)) solving (1.8) and (1.1) and admits a unique
invariant probability measure p € Py such that

_ bng
(1.11) W, (O iy ) < 0(1 + 1€l +Z/ IIUIIwu(dn,i)>e o),
ies 7
Next, we provide an example to demonstrate Theorem 1.2.

Example 1.3. Let (A(t)):>0 be a Markov chain taking values in S = {1, 2} with the generator

(1.12) Q= ( _71 _17 )

for some constant v > 0. Consider a scalar path-dependent OU process

(1.13) dX(t) = {anm X (t)+bapy X (t—1)}dt+ox, dW (2), t > 0, (Xo,A(0)) = (£, 1) € € xS,
where aq,b1,b0 > 0,as < 0. Set o := 2a; + (1 + e )by, [ := 2ay + (1 + e7)by. For
a,y > 0,0 € R above, if

(1.14) {a+ﬁ<1+7

B—L2>y.

then (X;(&,4), A(t)), determined by (1.13) and (1.12), has a unique invariant probability
measure, and converges exponentially to the equilibrium.
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1.3 Numerical Invariant Measures: Additive Noises

In this subsection, we proceed to discuss existence and uniqueness of invariant probabil-
ity measures for the time discretization of (X;(&,4g), A’(t)), determined by (1.2) and (1.1),
respectively, and investigate the exponential ergodicity under the Wasserstein distance.
Without loss of generality, we assume the step size § = 17 € (0,1) for some integer
M > 7. Consider the following EM scheme associated with (1.2)

(1.15) dY (£) = b(Vy,, A(ts))dt + o(A(ts))dW (1), ¢ >0

with the initial condition Y (6) = £(0) for 6 € [—7,0] and A(0) = iy € S, where, t5 := [t/0]
with |£/0] being the integer part of ¢/J, and Yis = {Vis(0) : —7 < 6 < 0} is a F-valued
random variable defined as follows: for any 0 € [id, (i +1)d], i = =M, —(M —1),--- , —1,

(1.16) Yis(0) =Y ((k+14)0) + @{Y((k‘ +i+1)0) —Y((k+1i)d)},

i.e., Yis(+) is the linear interpolation of Y ((k — M)d), Y((k — (M — 1))d),---,Y((k —
1)0),Y (kd). Keep in mind that the €-valued random variables X; and Y;, in (1.8) and
(1.15), respectively, are defined in a quite different way. In order to emphasize the initial
condition Y (0) = £(0) for # € [—7,0] and A(0) =i € S, in some of the occasion, we shall
write Y'(¢;€,4) and Y;,(€,4) in lieu of Y (¢) and Y, respectively. For latter purpose, we ex-
tend the initial value Y (0) = £(6),0 € [—,0], of (1.15) into the interval [—7 — 1, —7) by
setting Y (0) = &(—7) for any 6 € [—7 — 1, —7). Moreover, the pair (Yy,(&,7), A(ts)) enjoys
the Markov property as Lemma 5.1 below shows. Let P,ﬁ?((g ,1),-) stand for the transition
kernel of (Yis(&,4), A(kd)).

To investigate the long-term behavior of Yjs defined by (1.16), besides (A), we further
assume that there exists an Ly > 0 such that

(1.17) b(§,2) = b(n, )] < Loll§ = nlles,  &neE, i €S

The theorem below shows that the discrete-time semigroup generated by the discretiza-
tion of (X;(&,4), A(t)) admits a unique invariant probability measure and is exponentially
convergent to its equilibrium under the Wasserstein distance.

Theorem 1.4. Let the assumptions of Theorem 1.1 be satisfied and suppose further (1.17)
holds. Then, there exist dp € (0,1) and « > 0 such that for any £ > 0 and ¢ € (0, dy),

(118) WPl D) < ¢ (143 [ lelan(@i)+ X [ Inllavatan. i))e,
ies V¢ ies 7
in which vy, € Py. Furthermore, (1.18) implies that (Yis(E,4), A"(kd)), ascertained by
(1.15) and (1.1), admits a unique invariant probability measure u® € Py such that
Wy(6c P10 P) < e (14 el + 3 [ Inllon® i)
ies 7

7



Remark 1.3. By following the argument of [3, Theorem 3.2], it follows that
; (6) —
(151_13/(1] Wﬁ(lu ’ /J’) 07

where p € Py is the invariant probability measure of (X;(&,1), Ai(t)), determined by (1.2)
and (1.1), and pu® € Py is the invariant probability measure of (Yis(¢,4), A'(kd)) solving
(1.15) and (1.1).

1.4 Numerical Invariant Measures: Multiplicative Noises

In this subsection, we move forward to discuss the multiplicative noise case. For this setting,
we further assume that there exists an L; > 0 such that

W19 06— < La(60) w0 + [ 160) ~ ) Pan)

for any £,n € € and i € S. Consider the EM scheme corresponding to (1.8)
(1.20) dY (t) = b(Yi,, Alts))dt + o (Y, A(ts))dW (), t>0,

with the initial condition Y (0) = £(0) for 6 € [—7,0] and A(0) = iy € S, where Y}, is defined
exactly as in (1.16). Set

Qg = Q + dlag(al + 4e—6ZT51’ s, QN + 46_627—51\7)’
and

(1.21) n3 = — max Re(y)
yeEspec(Q3)
Concerning the multiplicative noise case, the time discretization of (X;(&,14), A'(t)), de-
termined by (1.8) and (1.1), also shares the exponentially ergodic property when the stepsize
is sufficiently small, which is presented below as another main result of this paper.

Theorem 1.5. Let (H1), (H2), and (1.19) hold and assume further n; > 0. Then, there
exist dg € (0,1) and o > 0 such that, for any £ > 0 and § € (0, &),

2)  WnPasmPis) < e (143 | el e )+ [ Inllermtn i),

where vy, v5 € Py. Furthermore, (1. 22) implies that (Yis(&, ) ‘(k§)), determined by (1.20)
and (1.1), admits a unique invariant probability measure u®) € Py such that

WylbicoPuosn ) < ¢ (14 e+ 3 [ nllc® (. )}
1€S

The remainder of this paper is organized as follows. Section 2 is devoted to the proof
of Theorem 1.1; Section 3 is concerned with the proofs of Theorem 1.2 and Example 1.3;
In Section 4, we aim to investigate the estimate on exponential functional of the discrete
observation for the Markov chain involved and meanwhile finish the proof of Theorem 1.4;
At length, we focus on the Markov property of time discretization of (X;(&,4), A'(t)) and
complete the proof of Theorem 1.5.



2 Proof of Theorem 1.1

Let
Q) ={w| w:[0,00) = R™ is continuous with w(0) = 0},

which is endowed with the locally uniform convergence topology and the Wiener measure Py
so that the coordinate process W (t,w) := w(t), t > 0, is a standard m-dimensional Brownian
motion. Set

Q= {w‘ w : [0,00) — S is right continuous with left limit},

endowed with Skorokhod topology and a probability measure Py so that the coordinate
process A(t,w) = w(t), t > 0, is a continuous time Markov chain with )-matrix (¢;;). Let

(Q,g,]P)) = (Ql X QQ,%(Ql) X %(QQ),]P:[ X ]P)g)

Then, under P :=P; x Py, for w = (wy,ws) € Q, wy(-) is a Brownian motion, and ws(-) is a
continuous time Markov chain with @-matrix (¢;;) on S. Throughout this paper, we shall
work on the probability space (2,.%,P) constructed above.

The lemma below shows that, under suitable assumptions, the functional solutions start-
ing from different points will close in the L?-norm sense to each other when time parameter
goes to infinity.

Lemma 2.1. Under the assumptions of Theorem 1.1,

(2.1) E[|X:(€, i) — Xe(n, )% < cll§ —nllSe™
for any £,n € € and i € S, where 1; > 0 is defined in (1.4).

Proof. For fixed wq € €y, consider the following SDE

AX“2 (1) = b(XE2, A2 (1))dt + o (A2 (£))dwr (), t>0, X2 =¢€ @, A*(0)=icS.

Since (A“?(s))sef0, may own finite number of jumps, ¢ — fot Qpwz (5)ds need not to be differ-
entiable. To overcome this drawback, let us introduce a smooth approximation of it. For
any € € (0,1), set

1 t+e 1
Qs ) = B / Qpwr(yds + et = / Qpws (esr)ds + et
t 0

Plainly, t — af., @ is continuous and af., () " QAwa(p) A8 € 4 0 due to the right continuity
of the path of A“?(-). As a consequence, t f(f jwy(ydr is differentiable by the first

fundamental theorem of calculus and fot Qs (T)dr — f(f apezydr as € | 0 according to
Lebesgue’s dominated convergence theorem. Let

(2.2) [2(t) = X*2(8: €, 1) — X*2 (5, ).

9



Applying It6’s formula and taking (A) into account ensures that
t ¢ t _ Sag r
e PRt = [P (0) + / @ R — 0 [T (5)
0
(2.3) 2T (), DX (€, 1), A (s)) — B(X22 (1, 0), A(5))) s
¢ ..
< [T2(0)* + T7*5(1) +/ Breae” 1 b 092 2 ds,
0
where
t s . d

(2.4) () o= [ e gy = fengo] - I0(5)ds,

0
Due to the fact that

25 o PRt <ot {rgi ¢ sp (e B o)) |

(t—7)V0<s<t

where @ is defined in (1.3), we therefore infer from (2.3) that
t ¢ d ~ t s g d
Bt < et 2R+ TP + [ Brenge S s}
0
Since afu, () — Qawa(s) S0 that I'7*%(¢) — 0 as e — 0, by taking € | 0 one has
t ~ t s
o et < oS 2T + [ fene oot s
0
Thus, employing Gronwall’s inequality followed by taking expectation w.r.t. P yields that

E[|X:(€,d0) — X (m,i0) |13 < 2 1€ — nllZE efo (et Bac)ds,

Consequently, the desired assertion follows from [4, Proposition 4.1] at once. O

The following lemma reveals that the functional solution is uniformly bounded in the
L?-norm sense.

Lemma 2.2. Under the assumptions of Theorem 1.1,

(2.6) iggE||Xt(€>i)||io <c(l+[El%), (&) €€ xS

Proof. Analogously, we define

1 t+e 1
/Biwz O g / /BAWZ(S)dS + et = / 5Aw2(as+t)d8 + €t.
t 0

10



By virtue of (A), for any v > 0, there is a ¢, > 0 such that
(2.7) 2(6(0),b(&, 7)) + llo (@) liis < ey + (e +NIEO) + BilI€N1%.
Employing 1t6’s formula and taking (2.7) into consideration provides that

(2.8)
t e t _rs af r
o o Crehen )| yren ()2 < |£(0) + ¢, / o o (e ))dr g g

/ Bronge TR X212 s 4 T5E(2) + T4(2),
where
t
F;2’€(t> : :/ o (PH_Qsz(T) {‘OCAwQ (s) — aAWQ ‘ |Xw2( )‘
(2.9) 0
+ 1Bnen(s) = Biea(ol - 1X22 1%},
and

Eo
TE(t) = 2/ e Jo e ) (X2 (5) 5(A“2(s))dwi (5)).
0

For any 0 < s <t with ¢t —s < 7 and k € (0, 1), exploiting BDG’s inequality, we obtain that

(2.10)
Ep, (sup T=(r)) = Bp, T*(s) + By, ( sup (T=(r) — T=<(s)))
s<r<t s<r<t
<2 Epl ( sup / e fOU(V-I-asz (T))dr <Xw2 (u), U(sz (u))dwl (u» D
s<r<t s

t u . 1/2
< ce, ([ & IO P ) o4 (w) )

s

¢
ot e d 2 [t (v+as o, d 1/2
< ce” ho0toGes ) TIEM(HszHgo/ e ) Tdu)

S

< co hOHaRe 0B, [ X¢2]| o

t t
ar — +as dr — +ac dr
< kele  DOHhe ) Ep, | X;2||2, + ce JoGrregen )

This, together with (2.5) with 'Y being replaced accordingly by X“2, and (2.8), leads to

—a t
e g XL < S {2 4 e [ & B0 s 4 o O

t s B
*/6@@5“”%%WWMWﬂ&®+MJ?%ﬁ
0
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Then, the application of Gronwall’s inequality yields that

_fo 'Y"Fasz( ) dS HXOJ2||2

t e i )
< C{||f||c2>o+/ O PP SR TSI + Ep, I924(1)
0

el [ 5o ([ remar)as

(2.11) / / = Jo (r+afes ()drp ['5%°(s) exp (/ Fg’Q’E(r)dr)duds
ot L
+/ Ep, 5> (1)T57(s) exp(/ Fg’Q’e(r)dr>ds},
0 s
where

e—arﬁi% ®

Te(t) = ——

In the following, we go to estimate the terms in the right hand side of (2.11). By integration
by parts, one has

1€]1%, /t [57°(s) exp (/tl“w”( )dr)ds
/ / SO T () e / [5%(r)dr ) duds
= etz (e ([ 155 (0as) - 1)
+ /Ot e f(f(wai”(r))dr(exp (/: F?’E(r)dr) — 1>ds
< el e ( / t Tﬁfz’a(s)ds)
0 s

On the other hand,

(2.12)

t . . t
/ o JoOrtedun gy)drpene gy oxpy ( / Lg==(r )dr) ds
0 S
e—aTB t s e d t
EP el oeden () oo (/ L35 (r )dr> ds.

—1—k 0

(2.13)

Under (A), it is quite standard to show by using Holder’s inequality and BDG’s inequality
that
Ep, (_sup [|X27]2,) < oo.

0<s<t

12



So, the dominated convergence theorem implies that

t t
(2.14)  EpT9(t) + / EPIF§2’€(t)F§2’€(s)eXp< / F§2’€(r)dr)ds—>0, as e | 0.
0 s

Whereafter, taking (2.12)-(2.14) into account and keeping in mind that 0w, ;) = e (), Bies ) —
Bawa(r) as € = 0, we deduce from (2.11) that

t —ar
e
EIXI < el Eesp ([ (3-+ ane + 1o )ds)
0 -

—I—c<1+/0tEexp</: <7+aA(u)—|— ff;ﬁA(u)>du)ds).

Accordingly, as 1, > 0, by [4, Proposition 4.1], we obtain that for sufficiently small ~, x €
(0,1),

(2.15)

—ar

KﬁA(s))d3> < 00,

t e
supEexp(/ <”y+ozA(s)+1
0

>0 —
t t e—ar
sup/ E exp </ (7 + ) + ] ﬁA(u))du)ds < 00,
t>0 Jo s -k
and hence (2.6) holds. O

We now in position to complete the

Proof of Theorem 1.1. For g € (0,1) to be determined, by Holder’s inequality, it follows
that

Wp(é(fvi)Pb 5(n,j)Pt) < E{[[ X&) — Xe(n,5) oo + 1{Ai(t);éAJ‘(t)}}
= E{([[X¢(&,7) — Xe(m, 3)lloo + Lini2asy) Lir<pn
+ E{([[X¢(&,7) — Xe(n, 5)lloo + Lpniyzaiwy) Lir>pe }
< E(Lresn B{IXe(E, 1) — Xe(n, 5) o} |- F7)
+2{1 + V2(E[[X:(€, )12 + B[ X (n, j)[I2)} vVP(T > pt)
< cE(Lirepn | Xr(€,4) — Xr(n, j)llce™ 20T
+e(1+ [[€llso + Inlloo)e™20
< (14 [|€]loo + Inlloo) (€2 4 &= 2000,

where in the last two steps we have used (2.1) and (2.6). Optimizing over [ in order to have
06 =m(1—p0),ie., =2 leads to

O+mn1’

__m
(2.16) WG Prs Sy Pr) < € (14 Il + Imlloc)e T,

Thus, substituting (2.16) into
WynPuaP) < [ W, P B POR(S x i)y x ()

13



yields the desired assertion (1.6), where 7 is a coupling of v, and vs.

Fix v € Py and observe that (vP,),>¢ is a Cauchy sequence under the Wasserstein
distance W, due to (1.6) and that vP,.; = vP,P;. So, by letting n — oo, there exists
Voo € Py such that v P, = vy. Set p = fol Voo Psds. Tt is easy to check p € Py. In what
follows, we claim that p is indeed an invariant probability measure. In fact, for any ¢ > 0,

note that
1 t+1
,uPt:/ VOOPS+td8:/ Voo Psds
0 t

0 1 t
:/ VOOPSdS—l—/ VOOPSdS—l—/ Voo P Psds
t 0 0

=K

where in the last display we have used v, P = V4. Let u, i € Py both be the invariant
probability measures of (X;(,7), A'(¢)). By the invariance, we deduce from (1.6) that
(2.17)

W(gs. i) = Wy (P i) < c ( 1+Z / Jllcnla) + 3 | litan. iy e 5

Consequently, the uniqueness of invariant measure can be obtained since the right hand side
of (2.17) tends to zero as t goes to infinity. Finally, (1.7) follows by just taking vy = d
and v, = p in (1.6).

3 Proof of Theorem 1.2

With the aid of Lemmas 3.1 and 3.2 below, the argument of Theorem 1.2 can be completed
by repeating the procedure of Theorem 1.1.

Lemma 3.1. Under the assumptions of Theorem 1.2, it holds that
(3.1) E[|X(&, 1) — Xi(n,9)1% < cll€ = nllze™
for any £, € € and i € S, where 75 > 0 is defined in (1.9).

Proof. Fix wq € Q5 and let (X“?(t)) solve the SDE
dX®2(t) = b(X[2, A2 (¢))dt + o( X772, A%(t))dwy (1), t >0, Xg? =& € ¥, A“?(0)=1i€S.

Let I'*2(¢) and T'7*°(¢) be defined as in (2.2) and (2.4), respectively. By the Ito formula, we

14



deduce from (H1) that
e Jo @ (s)dSEpl ‘FUJZ (t) ‘2

t . . .
= |Fw2(0)|2 +/0 e_fo Az (nd E]Pl{ - af\wz(s)|rwz(8)|2
+ 2(I%2 (), (X (€, 1), A () — b(XS2(n, 1), A2 (s)))
(B2 lo(Xe (6 0), A(5)) — (X220, 1), A (5)) s s
t . . 0
< |P2(0) + Ep, T74(¢) + / freage” 1 oeno / Ep, [T (s + 0)[*v(d0)ds
0 -7
t ..
< c|[T57 |13 + Ep, I7*5(2) + / L2 (s)e” o A2V By, 12 (s)[2ds,
0
where in the last step we have used the fact that
t s g [0
/ Breaggye 8 e / B, [T (s + 0)[20(d6)ds
0 -7
0 [t+6 N
_ / / Breome P eV By |1 () 2dsu(dd)
—7Jo
t ;
<elUg+ [T b 0 ) P
0
with
0 t—0 . q
FZZ,&(f/) ::/ ﬁA“’2(t—€)e_ft XpAw2 () Tv(dﬁ)
Then, applying Gronwall’s inequality yields that
(33) B, [ (0] < {c D572, + B, T527(1) el @i 5 00

Letting ¢ — 0 followed by taking expectation w.r.t. P, on both sides of (3.3), together with
f(f Vg (pydr — fot apez(ydr and Ep, I'7*°(t) — 0 as € | 0, gives that

t 0
s—0
34 BIOP < e[ToliE exp ([ (ano+ [ Arene £ 0 0(@))as),
0 -7

where I'(t) := X (¢;€,1) — X (t;n,1). It is readily to see that

t 0 - 0 -0
/ / Brgoae= R a0ty (df)ds < / o / B dsu(do)
0 J—7 -7 —0

0 ¢
§c+/ eaev(dﬁ)/ Bagsyds.
T 0

15



Inserting this into (3.4), one has

t
B < elrol2Be ([ (ano+ [
0

0

eaev(de)ﬁ/\(s)> ds).
According to [4, Proposition 4.1], we derive from 7y > 0 that
(3.5) E|T(t)]* < ce™™ ||To[2.

Next, for any 0 < s < ¢, applying It6’s formula and BDG’s inequality and making advantage
of (H1) and (H2), we find that

B sup [M0)?) <EING) +(a+9) [ BIC0)Par

#8V(E( [0 I 6.0 ) = o, (0.0 A i) )

¢
1
< E\F(s)|2+c/ E|L(r)[2dr + 51@( sup \F(r)ﬁ),

s<r<t

which further implies that

(3.6) E( sup \r(r)E) < C{Ew(s)\? +/SiTE\F(r)\2dr}.

s<r<t

This leads to (3.1) by using (3.5) and noting that

E[TJ|% =E( sup [I(s)

t—7<s<t

<l +E( s [Ds)P).

(t—7)V0<s<t

Lemma 3.2. Under the assumptions of Theorem 1.2,
(3.7) E[[Xe(&, )5 < c(L+[I€1%),  (§4) € € xS.

Proof. By virtue of (H1), for any v > 0, there exists a ¢, > 0 such that
(3.8)  2(6(0),b(&,4)) + llo (& Dliis < ey + (v + ) [E(O)* + (v + 57) /_OT [£(0)*v(d0)
holds. Next, following the argument to derive (3.2) and making use of (3.8), we infer that
o By X0 < e+ B T3 4o [ o B0 s
0
n /t T2 (s)e” Jo (6+ajw, (r>)dTIEP1 | X“2(s)[ds,
0
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where I'y*(t) is defined as in (2.9) with writing [;__ [X“2(s +0)[*v(df) in lieu of X2, and

0 t—0
wo.E e - J; at we . )dr
) ;:/ (4 Bieag_gy)e i O Rz ().

-7

Subsequently, an application of Gronwall’s inequality yields that

t s .
Be, [X(0) < gl + EnT50) + [ & B0 s
0

t s ) E
# [ (el + Brrse) e [o B0 a)
0

0
t
x I'57%(s) exp (/ F°§2’€(r)dr> ds.

Thus, following the lines to derive (2.15), we arrive at

t
(3.9) E|X ()2 < c||¢||)AE efo0rFaae tTa)ds | c/ Eels Granw+Ta@)du g
0

where

0 —
Ly(t) = / (7 + Baggy)e™ JiOFesmldry(dg), ¢ > 0.

T

Plugging the fact that

¢ 0 ¢
/ F4(r)dr§c+/ eaev(de)/ (7 + Bawz(ry)dr

-7

into (3.9) means that

0

t
B < cleEes ([ (0 +ang+ [ ePoa)i)ds)
0 —T

+ C/OtEexp (/: (Cv + ang) + /_OT eaev(de)ﬁl\(r)>dr)ds,

where C, := 7(1 + fi ea‘gv(dﬁ)). Thus, with the aid of [4, Proposition 4.1] and by choosing
v > 0 such that C., = 1,/2, we obtain from 7, > 0 that

t
(3.10) BIX (P < clgfie™?+c [ e #ods <c(1+ [,
0

Carrying out an analogous manner to derive (3.6), we have

(3.11) E( sup [X(r)) < {1+ €% +EIX(s)*+ / :E|X<r>|2dr}.

s<r<t

Thereby, (3.7) is now available from (3.10) and (3.11). O
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Proof of Example 1.3. (1.13) can be regarded as the interactions between the following
path-dependent diffusion processes

(3.12) dXD (1) = {a; XD 1) + b XDt — D}dt + o, dW(t), t>0, X =¢€ €, i=1,2.

The characteristic equation associated with the deterministic counterpart (i.e., o; = 0) of
(3.12) is
0
>\i - / e)‘is,ui(ds) = AM(AZ) = 0, 1= 1,2,
~1

where 1;(+) := a;00(+) + b;0-1(+), where d,(-) signifies Dirac’s delta measure or unit mass at
the point x. By the variation-of-constants formula (see, e.g., [1, Theorem 1]), (3.12) can be
expressed respectively as

0

X@@%:HQﬁ®y+M/iD@—l—sﬁ@ﬁ&+/%ﬂt—$@ﬂWQ,t>0,i:L2

-1

Herein, I';(t) is the solution to the delay equation
(3.13) AZOt) = {a; ZOt) + b, ZD(t — D)}dt, t>0

with the initial value Z®(0) = 1 and Z® () = 0,0 € [~1,0). In general, ';(¢) is called the
fundamental solution of (3.12) with o; = 0. It is readily to see that A, (A\) = 0 has a unique
positive root. Thus Tg(t) — oo as t 1 co so that E|X©(¢)| — oo; see, e.g., [25]. Hence,

(Xt(o)) does not admit an invariant probability measure. The invariant probability measure

Of (A(t))tzo iS .
~
m= (o) = (1)
Observe that

Q2 — AE| =

a—1—A\ 1

g B—v—k'
=(a—1=XN@EB—7—-XA) -~
=M —(a+B8—-1—YA+aB— (ay+B).

As we know, the characteristic equation |2 — AE| = 0 has two negative roots, A; and Ay, if
and only if

Ay = Oéﬁ — (Oé’)/—‘—ﬁ) > 0.
Nevertheless, the inequalities above hold under (1.14).

{M+Ay:a+ﬁ—1—7<0
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4 Proof of Theorem 1.4

Before proving Theorem 1.4, we present an estimate on the exponential functional of the
discrete-time observations of the Markov chain. This lemma plays a crucial role in the
analyzing the long-time behavior of the time discretization for (X;(&,4), A(t)) and is of
interest by itself.

Lemma 4.1. Let K : S — R, and Qi = @ + diag(K;,---, Ky). Set

= — max Re(v).
I ye€spec(Qr) (7)

Then there exist g € (0,1) and ¢ > 0 such that, for any 6 € (0, dy),
(4.1) Eelo Knepds < cemmt/2 i >0,
Proof. By Hélder’s inequality, it follows that

E /o Kacspds — | ofo Kawdstfo (Kaess) —Ka)ds
(4.2)

1 £
< (E o1+e) fy KA(s)ds> e (Eelf fot(KA(s(;)—KA(s))dS) ”5’ c>0.

Observe from (1.1) that there exists d; € (0,1) such that for any A € (0, 0),
(4.3) PA(t+ A) =iA(t) =i) =1+ gD + o(D),
and that

(4.4) P(A(t+ 8) #ilA(t) = i) = ) (g5 +0(A)) < max(—¢;;) & + o(4).
j#i

Utilizing Jensen’s inequality and taking advantage of (4.3) and (4.4), we derive that for any
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5 €(0,4),

i §
E ( e[SV (Kp i) =K as))ds

A(za))

(i4+1) 5/\t (( )5 5)( )
< +e i+1)At—1 KA('L(S)_KA(S) A(Zé))ds
- (H—l 5/\t—25/,5
7 .
_ : ]ES 1iaqis)=5} /( +1) At 1+6((z+1)5/\t i8)(Kj—Ka(s)) A(i5) :j)ds
i+ 1DINL—10d Jis
Z]es LinGo=gy [UHI
(t+1)0ANt— Z(S/Z-(; (La=p [A(@0) = j)ds
o« Lincis)— (i+1)0At o ]
(z’zfls)é{/t(:)_jz% / E (eli (AN =RA L 5 ()53 | A (i6) = j ) ds

45
(4.5) _ > jes Laao=i

S )oAt—id
2(14+e)K 6 Z Sl{A(i5)=j} (i4+1)0At . .
G fm/\t_w /6 P (L) A(20) = j)ds
> s Liago)=j (i4+1)8At
< J€ 1 B - 5 . 5 d
_(z'—l—l)é/\t—z'é/ié (1+gqj;(s —i0) + o(s —id))ds
2040k5 D jeg L{AG5)=5) /(”1)5”(
(t+1)0ANt—1i0

<14 maXzE;(—_qii) 5ew + o(0),

(i+1)dNt
/5 E (Liag—p |A(i6) = j)ds

+e

masx(—qii)(s —16) 4+ o(s — id))ds

1€

where K := max;es | K;|. By the property of conditional expectation, we deduce from (4.5)
that

o s JoKagsy —Ka)ds
—Fe Lte ZWM f(l+1)6At(KA(i6)_KA(s))ds

- E<E (elis ST s TN (Ba sy~ Koa)ds

)

(46) E(elis Z[t/&] 1f(7.+1)5(KA(26) KA(.s) dSE < 1+5 (t5+‘5)/\t(KA(t5)_KA(s))ds A(t6)>)
< <1 + maxies (—i) 582(1+5>K(s ) (eliE ST ST KA(i(S)_KA(S))ds)
- 2
o —qs . /5J+1
< (1 memes ) 5 202y o) € (0.6,).

where ts5 := [t/0]6. For any ¢y, o > 0,

(151_{1(1) 5 ln(l + c10e? +0(8)) = ci.
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So, there exists dy = da(c1, c2) € (0,1) such that

(4.7) %ln(l Fede) <2e, 5 E(0,6).

Note that 9, depends on ¢y, and dy decreases as ¢y increasing.
According to (4.7), there exists do = d(€) so that for any § € (0,01 A ),

e(lt/s]+1)

(1 I maXieZ(_Qii) 662(1+§)f<6 n O(5)> 1te
t/o 1 ics\—qii 2(14e) K3

et+0)1 maxes(—@i;) . 204aKs
< — _ =’ <
_exp( T e 61n<1+ 5 de +0(5)>)

€ £
S e ")

Taking (4.6) and (4.8) into consideration, we deduce from (4.2) that

1
— o) (E (1+5)ftKA(s)d5) e ( c —a:; )
T e qll))( c P (7 At

(4.9) E el Kacpds < exp (

By virtue of [4, Theorem 1.5 & Proposition 4.1], there exist g € (0, 1) sufficiently small and
¢ > 0 such that )
E (49 Jo Kawds < co=2ixt/3 2 (0,¢), t > 0.

Inserting this into (4.9) yields that

t 1 2nrc/3 — maxies(—gii)e
Eelo Kaepds < o152 ( — ) (— ) :
elo Kaepd® < ez exp 1+€nia€zgx( ¢i) ) exp T t), t>0
Thus, the desired assertion follows by taking first ¢ small enough and then 6 € (0,d; A
da(g))- O

Remark 4.1. The crucial point of lemma 4.1 is that the choice of §y is independent of time
t. Otherwise, it is easy to obtain a similar estimate for a time-dependent dy by using the
dominated convergence theorem. Indeed,

t t t
lim Eelo Kase)ds — Felo Kas—ds — Felo Kads
6—0

Then, applying [4, Theorem 1.5 & Proposition 4.1] will yield the estimate for a given time ¢.

Next, we provide two crucial lemmas on distance between the %-valued stochastic pro-
cesses Yy, starting from different points and its uniform boundedness under some appropriate
assumptions.

Lemma 4.2. Let the assumptions of Theorem 1.1 be satisfied and suppose further (1.17)
holds. Then, there exist dp € (0,1) and a > 0 such that

(4.10) E([Y;,(&0) = Yi(m,9) % < ce™l€ =%, t>7+1, §€(0,0)
for any £, € € and i € S.
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Proof. Hereinafter, we assume that t > 7+1. Fix wy € ) and let (Y“2(¢)) solve the following
SDE
dY«“2(t) = (Y22, A*(t5))dt + o (A“*(t5))dw (1)

with the initial value Y*2(s) = £(s), s € [—7,0], and A“?(0) =i € S. For notational simplic-
ity, set

(4.11) Y92 (t) :=Y*2(t;€,0) — Y92 (451, 1).
First of all, we claim that
(4.12)
t
e~ Jo a2 o35 e (42 = |72 (0))2 + /O e Jo “A“Wd"{ — e (o) | T2 ()]
20T (5), DY, ), A (s5)) — (Y2 (0, 1), A% (55))) b,
For any t € (0,9), by 1t6’s formula, we have
e Jo a2 (635 P (42 = emoav2 )| T2 (1) 2
= [T2(0)]* + /0 t e—aww)S{ — apen ()| T#2(s)]?
+2(0*2(s), b(Yg™ (&, 4), A*2(0)) — b(¥5™ (1, 4), A(0))) }ds
= [T*2(0)|* + /Ot e_fgo‘”“é)dr{ — Qpen ()| T2 (5)
+ 202 (s), b(Y32 (€, 1), A (s5)) — b(Y2 (0, 4), A (s5))) }ds-

Accordingly, (4.12) holds for any ¢ € [0,0]. Next, we assume that (4.12) is true for any
t € [(k—1)0,kd). For any t € [k, (k + 1)d), Itd’s formula yields that

t

eenssum I Pp(e) = o) [ emmenantoh f T o) s

ko
20 (), BV (6,), A (k) — bV (1, ), A (kd))) bds.
Multiplying both sides by e™ I (ke sgp)ds o applying (4.12) with ¢ = ko leads to

. t
o fo aAW?(Sg)dS|Tw2 (t)|2 — e foké(“/—l'a/\wz(56))dS|Tw2(k‘5)|2 +/
ko
212 (), BV (6,0), A (55)) = BY22 (1, 1), A (55)) s
t :
= [T2(0))? + / e o aA“2<f-a)d"{ — apea(sy | T(s) [
0

F2003(5), BVER(E, 1), A% () — BYE2(,0), A (s5))) } .

e~ I3 apwa (T-é)dr{ — Qpws (85)|Tw2(8)|2d8
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Thereby, (4.12) follows immediately. It is readily to see from (1.17) that

T2 () = T2 (ts)| = [b(Y;2(€,2), A2 (E5)) — b(Y;.* (1, 1), A% (L5)) [0
< Lo|| 137 || o0

By virtue of (4.12) and (A), it follows that

(4.13)

R (Ol
— e + | I ] g [T
200 5), BVERE, 1), A% (55)) — DY, 1), A% (55) J s

< [T2(0)[2 + / o e {areatop (1T (35)F = T (3)[) + B ) 113212
) 0 () — T (s0), bY€), A () — BV (. ), A% (55))) }s
< preso)f+ [ et (152 gy pesgoyp

(a8 + L3VG + Breae) I s

< |“I”°J2(O)|2+/0 (p\ﬁﬂtﬁsz(sé))e_f‘)s%wg(”)drHTff||god$>

where p := 2(1 + a)L3 + ¢, and in the penultimate display we have used (4.13). Observe
that
2 (t) : = e~ Iy QA“2<Sa>ds< sup |T°J2(S)|2>

t—17—0<s<t

< e—a(r+5) ( sup (e— Jo apwa (Té)dr|»rw2 (S)|2>)

t—7—0<s<t
and that
w2 _ e — w2 S )| < w2
Il = sup [TEO60)] = ax [T2(s 406 i) < swp T2

by (1.16) and Y (t) = &{(—7) for any t € [-7 — 1, —7). We therefore obtain from (4.14) that
151 < T + 7 [ (VB + By o151,
This, together with Gronwall’s inequality, implies that
E||Y:, (€, i0) — Yz, (n,0)[1% < € — 77||ioeefa(T+6)p‘/gtE eJo(@n(sp +e 8 TH Br(p))ds
Thus, according to Lemma 4.1, it holds

) y Cia(T ) —
E||Y,, (€, i) — Y, (n,i0)| % < c||€ — n||2ec " pV0tg=2mt/3

for 6 € (0,9;) with some §; € (0,1) sufficiently small. As n; > 0, there exists d € (0, ;)
such that e+ p\/§ <, for § € (0,8,). As a consequence, (4.10) holds for § € (0,d,). O
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Lemma 4.3. Under the assumptions of Lemma 4.2, there exists some dy € (0, 1) such that
(4.15) ElY;, (€))% < c(L+[€l%),  t=7+1, d€(0,0)

for any (£,1) € € x S.

Proof. Below, we assume t > 7 4 1. Carrying out the procedure to gain (4.12), we have

e fot(“H'aAWz (56))dS‘Yw2 (t) |2

t \
—IEOF + [ e B0l g V(o)

+2(Y*2(s), (Y52, A (s5))) + ||U(Aw2(36))||12{s}d3

Ss 7

(4.16)

t
+ 2/ e Jo ('Y+O‘AW2(T5))dT<YW2(S)’U(AW2(86))dwl(S)>’
0

where v > 0 is introduced in (2.7) and is to be determined. Thanks to (1.17), it holds that
(4.17) Y2 (t) — Y2 (ts) |* < 2LG0 Y52 1% + clwn () — walts) .
and, from (1.16) and Y (t) = £(—7) for any t € [-7 — 1, —7), that

(4.18) Vi llee < sup  [Y*2(s)].

t—1—0<s<t
Thus, by combining (2.7) with (4.16)-(4.18), it follows that

e Jo rranws (o5))ds Y2 (1))

t
<JEO)F + [ B0 fot (4 VS + B IV
0
1475+ 2a

(4.19) T/
t
2 = Jo (vHajwy . ))dr c _ 2
<le0k+ [ e "ot L fnlt) - wnlto)
(VO + Braey)  sup V() bds + (1)

s—17—0<r<s

12 (5) = Y (55) |2+ VBBV, A (55) 2 s + €= (1)

Ss 7

where ¥ := v+ a + 2L3(2 + v + 2a), and
b
O“2(t) = 2/ o o Ortanes o) (yen (g) o (A2 (s5))dwi (5)).
0

Following the argument to derive (2.10), for 0 < s <t with t — s € [0,7 + ¢] and k € (0, 1),
which is also to be determined, we have

(420) E]p1< sup w2 (,r,)> < Ke&(T—i—é)sz (t) +ce fot(é-i-oeAwg(ra))dr’

s<r<t
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and observe that

112(0) s = BB, (s Y ()

t—17—0<s<t

oo (e b))

t—7—0<s<t

Hence, we deduce from (4.19) and (4.20) that

—a(r+9) b
() £ SO, + com KOst 4 ¢ [ B0,
t
+/ (19\/5+BAw2(86))Hw2(3)d3}.
0

Thus, an application of Gronwall’s inequality enables us to get

—a(7+9) v
() < el {C €)%, + ce™ Jy(rranes gp)dr 4 C/ e o (WQAW?(ra))deS}

— & ;

—a(r+6) [t . S
(4.21) ¢ / {CH&HgO+ce—fo(w+a,\w2(r6>)dr+c/ o Jo (V+0Aw2(7-6))drdu}

t
X ®“2(s5) exp </ P2 (7"5)d7"> ds,

in which

e (95 + Bawas))
11—k '

w2 (t(;) =

For any 0 < s <'t, set

Ter(s 1) i / " (1) exp ( / t @ (rs)dr ) .

For any 0 < s < ¢, there exist integers j, k > 0 such that s € [j4, (j+1)d) and t € [k9, (k+1)J).
If 7 = k, then we obtain that

¢
(4.22) Y“%(s,t) = / 2 (k§)e® * (R=w) qyy = @2 (R)I=9) _ ] — exp </ o2 (Tg)d’f’) -1

In the sequel, we assume that j < k. Observe that

(4.23)

_ e<I>‘*’2(k6)(t—k6){ (R0 (5 (k — 1)8) 4+ o2 (k=D _ 1} 1 @2 (kO)(t—h0) _
P2 RD)(E—kS)+ 822 (=10 (5 (| — 1)§) 4 o2 Rk +8<2 (k=1)0)5 _

o2 (kD) (= k0)+ %2 (k= 1)0)5+-+ 22 (j0) (+1)6—5) _

= exp (/: <I>w2(r5)dr> -1
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Subsequently, taking (4.21)-(4.23) and Fubini’s theorem into account, we deduce that

t
E( sup \Y(S)\z) < cE{l—|—ef5(7+%(36)+¢(85))d5+/ efst(wo‘/\("é)+<I>(’"5))d’"ds},
0

t—1—0<s<t
where r+0) (9/5
T (946
D(ts) == ¢ (1 +BA(t5)).
— K
Thus, with the help of n; > 0, (4.15) follows from Lemma 4.1 and by taking v,d,x € (0,1)
sufficiently small. O

Now we are ready to finish the proof of Theorem 1.4.

Proof. With Lemmas 4.2 and 4.3 in hand, we can complete the argument of Theorem 1.4 by
mimicking the proof of Theorem 1.2. !

5 Proof of Theorem 1.5

Before we complete the proof of Theorem 1.5, let’s make some preparations. For any t > 0,
let Fy = o((W(u), A(u)),0 <u <t) VN, where N stands for the set of all P-null sets in ..

Lemma 5.1. (Yjs, A(k0)) is a homogeneous Markov chain, i.e.,

P((Yiksns, A((k +1)9)) € A X {5}[(Yrs, A(KO)) = (£, 1))

(5.1) = P((Y5,A(6)) € A x {j}(Yo, A(0)) = (£,9))

and
(5.2)
B((Yias s A(k + 1)8)) € A x {8} i) = B(Yiesysr Ak + 1)3)) € A x {i}](¥is, A(kD))

for any A € B(¢) and (€,1) € € x S.

Proof. We shall verify (5.1) and (5.2) one-by-one. To begin, we show that (5.1) holds. It is
easy to see from (1.16) that

(5.3) Vis(i6) = Y((k+4)0), i=—M,---, —1.
Observe from (1.20) and (5.3) that
(5.4)
Vi) = V(1 +09) + T2 (@24 0)8) - Y (1 +0)9))
[ YO, o) 9 (-5,
Y((14)8) + =8{Y (2 +0)6) — Y((1+0)8)},  6€[id, (i +1)8], i#—1
Lo AN AT
Y((1+)8) + =8{Y (2 +0)6) — V(1 +0)8)},  6€[id, (i +1)8], i#—1
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and that
(5.5)

Yieins(0) = Y ((k +1414)5) (k+24+10)0) —Y((k+1+14)6)}

_ { Yies (0)+22{Y ((k+1)8) —Yi5(0) }, 0 € [-0,0]
Vis((141)0) + E2{Vis((2+1)0) = Yis(144)8)}, 0 € [i6, (i+1)d], i # —1

{ Vis(0) + H2{b(Yis, A(k0))d

0 —id
)

+ 0 (Yis, A(KS)) (W ((k+1)0) =W (ko))}, 6 € [—0,0]
Yis((141)8) + 55 {Yis ((2+1)0) = Yis (1 +0)d) }, 0 € [i6, (i+1)d], i # —1.
Thus, comparing (1.16) with (5.5) and noting that W ((k + 1)§) — W (ko) and W (J) are
identical in distribution, we infer that (Y415, A((k 4+ 1)9)) and (Y5, A(d)) are equal in
distribution given (Yjs, A(k0)) = (§,4) and (Yy, A(0)) = (&,14), respectively. Therefore, (5.1)
holds immediately.
Next, we demonstrate that (5.2) is fulfilled. Set

i gy JEO+ EEENS + o€ NIV (ke +1)8) =W (k) 0 € [=6,0)
X0 (14 0)8) + S8 1E((2 4+ 0)8) — £((1 +)3)], 0

and Ai’il =7+ A((k+1)0) — A(kd). Thus, it is easy to see that

(5.6) A((k+1)8) = AL and Y = xiind?.

Forany 0 < s <, let gt s =o(W(u)=W(s),s <u < t)VN. Plainly, G1)s ks is independent
of Fis. Moreover, X(k+1 depends completely on the increment W ((k + 1)0) — W (ko) so

is G(r41)s,ko-measurable. Hence, X(k 1) is independent of Fjs. Noting that X?Zﬁ’f)gké) and
A&(_]ii)) g are conditionally independent given (Yjs, A(kd)). Therefore,
P((Yk41)5, A((k + 1)) € A X {7} Frs)
= E(Lax iy O™ At )| Fs)
= B(La s Fe T (A7) i)
= B(La(X{jey 1)) le=vig i=a ) EU 3 (A1) iaces)
= P(x{i1)5 € A)lemvigimatea) P(Mis1 € {3 lizawms)
= P((X{iy1y50 M) € A X {3 D) lemvis imaten)
= (Vg Ak + 1)8)) € A x {i}](Yis, A(kS))).
So (5.2) holds, and then (Ys, A(kJ)) is a homogeneous Markov chain. O
Lemma 5.2. Under the assumptions of Theorem 1.5, there exist o € (0,1) and « > 0 such
that
(5.7) E[|Y;(€,0) = Yi,(n. )% < ce™l€ = nll3,  t =7, d€(0,)

for any £, € € and i € S.
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Proof. For fixed wy, we focus on the following SDE
dwa( ) — b(ywz sz( ))dt _'_0.(wa Awg( ))dwl(t)

t(57 t57

with the initial value Y“?(0) = £(0),0 € [—7,0], and A“>(0) =i € S. Let Y“2(¢) be defined
as in (4.11). By (1.20), it is easy to see that

5:8) B [T(0) ~ (0) < (Lo + DI{En [Tt + B T s) ).
Following the procedure to derive (4.12), we obtain from (H1), (1.19) and (5.8) that
e o a2 P, | T4 (1)
= |T2(0) + /Ot ) C“sz(*t?)drEpl{ — Qpen (s, | T42(s) [

+2(02(s), b(Y2 (€, o), A2 (56)) — b(Y 52 (1, i), A2 (s5)))

+ o (Y32 (€,2), A (s5)) — o (Y52 (0, 0), A”(S&))H%s}ds

t \
< [T2(0)[? + / e enr o (6 4 Lo)VoBe, [12(s)|?

0

(5.9)

0 14 2a
T (LoV3 + Broaey) / B 52(6) () + 2

t
<ITHO) + V5 [ el oo B, 15 Pds 4 W),
0

— R, [T (5) — T(s9)|? }ds

where v := &+ Lo+ (1 +2a&)(Lo + L) and
0

t
T2 () = / (VB + Brws(sg) e 0 a2 / Ep, | Y42(0)*v(d6)ds
0 —T
By virtue of (1.16), we deduce that
v / / (VB + Bron (s T0 0200 Ep, | 142 () 2dsv(df)
(i+1)0 s
<2 Z / / UV + Baws (op))e 0 0200 T By |72 (55 4 i6) | *dsv(d6)
. ; 0
(5.10)
i+1)5  pt .
+2 ) / / (V0 + Brwa oy ) 0 8200 By [T (55 + (i + 1)6)[*dsv(d6)
i ) 0
t \
<clE—nlZ + / 02 (s)e o 200 TRy, |1 (55)|%ds,
0

where

(i+1)0
(G11)  e() =200 Z / [20V3 + Breneg—is) + Breatea— o Jo(d).
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Inserting (5.10) into (5.9), we arrive at
t ¢ s
BB [T < cllg =l + [ (V5 + O (s))e B e 155,
0

This, together with the fact that

(5.12)
I12(t) = e o a2 g, | T2(s)|* < e™™ sup (e_fosasz(r‘S)drElP’l|Tw2(5)|2>7

t—0<s<t t—0<s<t

implies that
t
() < e € = gl + e / (/5 + O ()T (s)ds.

0
Thus, an application of Gronwall inequality leads to

(5.13) 1“2 (t) < c¢||€ — n”ioec*“ JEwVE+052(s))ds

Furthermore, observe that
t (i+1)0
/ ©%2(s)ds = 277 / / {2uf+ Bawa(s5) Fdsv(dO)
0 -

(i+1)6  pt—(i+1)0
(5.14) e aT / / . Baws (s5)dsv(dl)
_ (i+1)

<c-+ 46_6”/ {I/\/S + Baws (56)}d8.
0

Hence, we infer from (5.13) and (5.14) that
E|Y(t;€,’i) . (t n,i )|2 < CH& 77”2 Ee® e (144e~0T) V\/_t+f0{a/\(56)+4e a(r+6)}ﬁA(s )ds

By applying Lemma 4.1 and combining with 73 > 0, there exist §y € (0,1) and o > 0 such
that

(G.15)  EY(HE) - V(En ) <cet—nlZ, t>7, 5€(0,d).
With (H2) and (5.15) in hand, (5.7) can be obtained by a standard procedure. O

Lemma 5.3. Let the assumptions of Lemma 5.2 hold. Then, there exist some dy € (0, 1)
such that

(5.16) E|Y; (6 0)l% <c+85), t=7, d€(0,d)

for any (£,i) € € x S.
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Proof. Mimicking the procedure to derive (4.16), we have
e~ Jo(rtane: (o) R, [Y2(1) 2

t .
(5.17) _ ‘5(0)|2 +/ e—fo (’Y+aAWQ(r5))dTEP1{ i (fy + OKAW2(55))‘Y°J2(3)‘2
0

+2(YV*2(s), b(Y;?, A (s5))) + lo (V32 A”(Sa))ll?{s}ds,

S5 7 85 7
where v > 0 is introduced in (3.8). By (H2) and (1.19), it follows that
Ep, [Y2(t) = Y2 (t5)|* = Ep, [b(Y5;?, A (t5)) 6% + B, [0 (Y52, A2 (L)) |50

(5.18) < c+2(L0—|—L)5{EP1|Yw2(t6)|2 —l—/o EPJK:;Q(Q)FU(dH)}.

Then, taking (5.17) and (5.18) into consideration, we deduce that

e~ olrtane: (6 PR, [Y2 (1)

g 1+ 2(y+ &)
< |£(0 2+/ e hotanegdry . ~ TR TR Y e2(s) — Y2 (s4)|?
Eo)F+ | { 5 BRIV () = Y (s)
0
(5.19) 40+ VB [V (55) + (14 Bronie) [ Be V2 (0)Po(de)

Ss 7

VOB, |b(Y: A“2(55))|2}ds

t
< [£(0)[? +/ e b ”*awraﬂdr{wpJSEP1|Yw2(55)|2}ds+ Uge (1),
0

where p:=4(1+~v+a)(Lo + L) and

t 0
We2(t) == /0 (PV/3 + Brwn(sy))e” Jo (ranes <f'5))dT/_ Ep, [Y2(6)[?0(d6)ds.
Following the argument to deduce (5.10), we find that
t
(5.20) T32(t) < cll€]l% +/ 02 (s)e I O enz 00 ARy [y (55) dss,
0

where ©%2 > 0 is defined as in (5.11). Substituting (5.20) into (5.19) leads to

e~ Jolrtane: () PR, [Y2 (1))

t \
<clgli+ [ e ROt et (o 0 (6)) ey [1(s5) .

0
This, applying the Gronwall inequality and utilizing (5.12) with T“? being replaced by Y2
enables us to obtain that

t t s
(1) < CII§IIio+c/ e‘fo(“%“’z“w’d’“ds+e‘a‘5/ {c||€||§o+c/ o (v+aAw2<r5))dT’du}
0 0

0
X (V'8 + ©%2(s))els (V02 (dr g g
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Subsequently, the desired assertion follows from Fubini’s theorem and Lemma 4.1 and by
taking 7,4 € (0,1) sufficiently small. O

So far, the proof of Theorem 1.5 can be available.

Proof. With the help of Lemmas 5.1-5.3, we can finish the proof by following the argument
of Theorem 1.1. O
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