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Abstract:  Soft materials with an embedded stiffer layer are increasingly used in medical 
and sports engineering. A detailed understanding of the mechanical behaviour of such a 
material system under localised load and resistance to indentation is very important. In this 
work, the deformation of an isotropic soft matrix with a buried stiffer thin layer under a circular 
flat indenter was investigated through finite element (FE) modelling. A practical approach in 
simulating the indentation resistance of such a system (soft matrix with a buried thin stiffer 
layer) is evaluated. The numerical result is correlated with the data based on analytical 
approaches for both homogenous materials and elastic half space with an embedded stiffer 
layer. The influence of Poisson’s ratio and auxeticity of the matrix on the deformation and 
indentation stiffness of the material system under different conditions (indenter size, sheet 
thickness and embedment depth) were established and main influences of the Poisson’s ratio 
on the material deformation and stresses are discussed. The result shows that the influence of 
matrix auxeticity on indentation resistance is highly depth dependent, with over 30% 
enhancement of the indentation resistance being predicted for materials with matrix of a 
negative Poisson’s ratio.  

 
1 Introduction    

Soft materials, with embedded thin stiffer layers (i.e. the in-plane dimension is much larger 
than the thickness), are increasingly being used in many products particularly within medical 
and sports engineering fields, such as embedded sensors, heating elements and various other 
applications [1-3]. The materials are also directly relevant to development in smart or 
multifunctional elastomeric materials for sensors, stretchable electronics, etc. [3]. In many 
cases, the embedded/inserted structure has a much larger in-plane dimension than its thickness, 
and the material system may consist of embedment of different thickness and depth from the 
surface of embedment in different matrix materials (e.g. rubber, soft plastics, foams). Based on 
the relative material properties between the embedment and the matrix, one type can be termed 
rigid/inextensible inserts with the embedment having a much higher stiffness than the matrix. 
Typical cases included embedded electrical sensors (e.g. thin Piezoelectric sensor of a thin 
copper sheet with ceramic coating and thin film thermocouples [3]), where the stiffness of these 
metals/ceramics coating is much higher than the matrix (typically silicone rubber/gel). Another 
type, which can be termed as deformable inserts, have a relatively softer insert embedded in 
silicone rubber. Typical examples include plastic inserts in silicone rubber for insoles or 
orthotics. A detailed fundamental understanding of the mechanical behaviour of these material 
systems, under different loading conditions is crucial to the structural integrity of the system, 
functional performance of the embedment, as well as the reliability of these products. For 
example, a rubber based matrix is required to provide protection as well as flexibility under 
different loading conditions. One critical loading condition is indentation, which could cause 
damage to the matrix and the inserts resulting in malfunction. Therefore, it is important to 
understand the effects of the matrix properties and the key design parameters, such as depth of 
the embedment from the sample surface, on the indentation resistance, compliance and 
deformation of the system.  



 
Most of relevant early work on indentation of material systems reinforced with a single stiffer 
layer has been focused on theoretical work for the understanding of mechanics related to 
geomechanics and foundation engineering due to the large relative in-plane dimension and 
thickness ratio of the layers in these material systems [4-9]. Selvadurai [4] studied the problem 
of the axisymmetric Boussinesq–Sneddon–Harding indentation problem for an isotropic elastic 
half space reinforced with an inextensible membrane that is placed at a finite depth from the 
surface. The work provided results illustrating the influence of the embedded depth of the 
embedment and the effect of the Poisson’s ratio on indentation resistance of the system. 
Eskandari et al [7] studied the lateral translation of an inextensible circular membrane 
embedded in a transversely isotropic half-space. The study demonstrated that the lateral 
stiffness of an embedded inextensible circular membrane is highly dependent on the 
embedment depth and the Poisson’s ratio of the matrix. Recently, Shodja et al [8] investigated 
the indentation process of a transversely isotropic half-space, which is reinforced by a buried 
inextensible membrane. The investigation established the effects of anisotropy, embedment 
depth of the membrane, and material incompressibility on both the contact stress and the 
normal stiffness factor. All of these studies highlighted the importance of the Poisson’ ratio 
effect and depth of the shell in the mechanical behaviour of a material system with embedded 
thin stiffer layer under localised loading. It is of great interest to systematically investigate the 
effect of the Poisson’s ratio in particular auxeticity [10-15] on the indentation behaviour of 
such a system. Materials with negative Poisson’s ratio have been the topic of research and 
development for several decades [16-21]. The material expands transversally upon being 
stretched and shrinks under compression. Many different mechanisms have been designed and 
explored, which has opened up more opportunities to develop negative Poisson’s ratio 
materials at different length scales, in some cases, the material can be treated as a homogenous 
system [22–30].  
 
It is well documented that, negative Poisson’s ratio influences the material deformation under 
localised deformation such as indentation [31-33]. Most of the earlier work has been focused 
on foam structures, while recent investigation/predictions on the isotropic auxetic materials 
have increased with the development of new auxetic material systems at different scales [34-
38]. A recent study performed by Argatov et al [37] investigated indentation and impact 
compliance of isotropic auxetic materials from the continuum mechanics viewpoint, the effect 
of Poisson’s ratio and auxeticity is found to be dependent on the shape of the indenter, a 
stronger effect of Poisson’s ratio for a flat ended indenter than that for a spherical indenter is 
predicted. Furthermore, Photiou et al [33] illustrated via theory and numerical modelling, that 
the negative Poisson’s ratio has much stronger influence on the normalised hardness than the 
positive Poisson’s ratio. The work also shows that evolution of different material constants (E, 
G, K) as a function of  Poisson’s ratio follow a different trend over the positive to negative 
domains. In a study on thin membranes with fixed boundary conditions [38], which is a 
situation also relevant to the embedded thin membranes; it is highlighted that negative 
Poisson’s ratios have direct influence on the deformation, the force–displacement curve, the 
deflection profile and the contact area. It should be noted that when a thin membrane/shell is 
embedded in a matrix, the deformation of the system (matrix and embedment) under 
localised/pointed deformation (indentation) is much more complex due to the combined 
interaction from the matrix, the shell properties and the depth of the shell under the indenter. 
Hence, a systematic investigation is required to investigate the deformation of the material 
system and factors affecting the indentation resistance/stiffness, which are critical factors for 
the design and application of such systems as well as developing new material systems.  
 
In this work, the deformation of an embedded stiffer layer in a softer matrix under a circular 
flat indenter, was investigated through FE modelling. A practical approach in modelling 
embedded thin layers is evaluated and established. The numerical data is correlated with results 
based on analytical approaches for homogenous materials and material with an embedded 
inextensible thin layer. The indentation stiffness/resistance of the material system, with a thin 



stiffer layer and a matrix of positive or negative Poisson’s ratio values were systematically 
studied. The influence of auxeticity on the force-indentation depth data and deformation of the 
system under different conditions (indenter size, sheet thickness and embedment depth) was 
established and the effects of the Poisson’s ratio are discussed.  

 
2. Modelling approach and validation  
 
2.1 Modelling approach  
 
 

 
 
 

 

Figure 1 Material system with an embedded 
stiffer layer in a homogenous matrix.  

(a)  (b)  

Figure 2 Typical FE model/mesh (a) and 
deformation field (b).   

 
Figures 1&2 show the structure and FE model with a thin stiffer layer embedded in a 
homogenous matrix. The FE model is developed using the explicit code in Simulia ABAQUS 
(version 6.14) [39] . The radius of the indenter is 1 or 2 mm. The sample is at least 10 times the 
indenter radius to avoid sample size effect. As shown in the figure, a thin shell is built, and 
then embedded in a square block sample (40x40x20mm). The indenter is modelled as a rigid 
body as it is much stiffer than the sample. The embedded layer is modelled by a finite-strain 
shell element S4R with 5 integration points. The matrix is modelled by C3D8 elements. The 
procedure used constraint type of “Embedded Region” to model the interaction between the 
thin layer within the “whole model” [39]. This approach allows the user to insert a structure 
within a “host” region of the model or within the whole model [39]. The matrix is the host 
elements while the shell elements of the embedment was treated as the embedded elements. A 
standard Weightfactor round off tolerance (1E-06) is used. During the FE model development 
stage, a range of shell thicknesses have been used (0.1-1mm). With this procedure, the position 
and thickness of the shell can be modified within the system without the need of changing the 
meshing of the matrix. Using such an approach, the model can be modified flexibly through 
parametric studies to simulate indentation tests of different situations, such as sample size, 
indenter size, shell thickness, position of the shell from the surface, mechanical properties of 
the shell and matrix, etc. In the FE model, the bottom face of the sample is fixed on all degrees 
of freedom (DOFs.), the displacement of the indenter is controlled by the applied velocity and 
the total time.  

 
Three conditions have been investigated to establish the validity of the model and to investigate 
the effect of key material and dimensional parameters on the indentation process. The first 



model (Designated as the Homogenous model) is a model with no thin shell embedded, this 
allows a direct comparison between the numerical results and known analytical solutions for 
indentation of an elastic half space with a circular flat-ended  indenter. The second model 
(Designated as the inextensible shell model) consists of a sample with an embedded shell, 
which is much stiffer than the matrix (in this case, E_s is over 100 times that of  E_m). The 
third model is similar to the inextensible model, but in this case, a shell with lower stiffness is 
used. This model is designated as the “deformable shell model”. The flat-ended cylindrical 
indenter is modelled as a rigid material with a changeable indenter size, the majority of the 
results presented is based on data for indenter radius of 1 or 2mm, as they are more relevant to 
situations where a sharper object poses more problems to embedded systems. A fixed 
displacement is applied on the indenter to move it onto the sample, with no rotation or lateral 
movement being allowed. The results reported in this work are based on a quarter symmetric 
model. Mesh sensitive tests have been performed by changing the element size in the model 
until there is no significant change of the modelling results (force within 2%) with mesh size. 
In the presented case, the matrix is modelled with over 20000 elements and the embedded shell 
is modelled with 1845 shell elements. A parametric program (ABAQUS-Plugin, Explicit) has 
been developed, which can alter various key elements within the 3D model, such as the 
indenter/sample size, thickness, material properties and the position of the embedded shell. The 
stiffness (E_m) is fixed at 3MPa, the effect of the matrix Poisson’s ratio is investigated 
systematically, by changing its value between -0.5 and 0.5.  

 
2.2 Validation against analytical approaches.   

 

 

 

 

 

 

 

 

 

 

Figure 3 Comparison between FE indentation 
force-displacement data for a homogeneous 
matrix (i.e. no Embedment) and an FE model 
with an embedded layer having the same 
properties as the matrix against analytical data 
for indentation of a homogenous sample with a 
cylindrical indenter.  

 
 
 



Figure 3 shows a typical data comparing the results from two modelling conditions against the 
analytical data based on the equation for a homogeneous sample (Equation 1). One FE data is 
for the  model without embedded shell, the other FE data is for the sample with an embedded 
shell, in which the shell has the same material properties as the matrix. In both cases, the two 
FE data (one is with shell and one is without embedded shell) are in good agreement with the 
analytical solution (Equation 1) for flat-ended cylindrical indentation on a homogeneous 
material [40]. 

 � = ଶ��∆ሺଵ−�2ሻ     (1)   

 
Where ‘P’ is the load on the indenter, ‘b’ is the radius of the cylindrical indenter; ‘E’ is the 

Young’s Modulus of the matrix. ‘v’ is the Poisson’s ratio of the matrix. ‘’ is the displacement 
of the indenter. For the data presented in Figure 3, the Young’s Modulus used is 3MPa, and the 
Poisson’s ratio is 0.3. A similar level of agreement could be found in other material properties 
or shell depth combinations. The close agreement between the homogenous model and the FE 
model with embedded shell of the same material property, shows that the modelling approach 
using an “Embedded Region” in the interaction module is sufficiently accurate. In the 
preliminary investigation, a full solid model has been developed in which the shell is modelled 
by solid elements, the results are similar (within 5%) but a very fine mesh is required due to 
large ratio of the in-plane and out-of-plane dimension of the embedded layers, which cause a 
much higher demand on the computational resource and time than the “embedded region” 
approach. In all cases, the force and displacement follows a linear relationship. The force-
displacement ratio (P/) will be used to represent the indentation stiffness. To analyse the 
influence of the effects of Poisson’s ratios and embedment on the indentation stiffness, the ratio 
between the indentation stiffness for a model with an embedment and that for a homogenous 
material is defined as the “Indentation Stiffness Ratio”. For the model with an embedded layer, 
the indentation stiffness ratio could be represented in the form of dimensionless formula 

(
�ሺଵ−�ሻ4�Δ� ), where  ‘’ is the shear modulus of the matrix. The formula can be obtained following 

an integral transform technique [4]. Briefly, in the mathematical procedure, a Hankel 
transformation is used to solve the governing partial differential equation for themixed 
boundary conditions of the matrix and the embedded layer. The dual integral equation for the 
region in contact with the indenter and the outside region consists of a single unknown function 
which can be represented by a finite Fourier cosine transform. The mixed boundary value 
problem was reduced to the solution of a Fredholm integral equation of the second-kind (i.e. 
no closed form solution), which is solved numerically in Matlab (Matlab 9.0, The MathWorks 
Inc., Natick, MA, 2016) following the procedure in Sneddon  [40] by fitting the N values [41]. 
The numerical solution of the integral equations provides results that illustrate the influence of 
the depth of embedment of the reinforcing membrane and Poisson’s ratio of the matrix  material 
on the indentation stiffness. A N=5 was used for the numerical solution, which provided 
sufficiently repeatable results, further details of the mathematcial procedure and numerical 
implication can be found in [41].  

 

 

 



 

 

 

 

 

 

 

 

 

Figure 4 Comparison between the numerical and 
analytical data for the Indentation stiffness ratio 
(Sample with embedment vs. Sample without 
embedment). 

 
Figure 4 is a typcial set of data from the mathematcial approach and the FE modelling 
(thickness of the embedded layer is 0.1mm, E_m=3MPa; E_s=300 MPa, Poisson’s ratio is 0.3). 
As shown in the Figure, the value for 

�ሺଵ−�ሻ4�Δ�  varies with the depth of the embedment as 

represented by the ratio of the depth (h) and the indenter radius (b). Both of the analytical 
results and the FE data show that, when the embedment is closer to the surface (i.e. lower h/b), 
the indentation stiffness ratio is higher than 1. When the shell is deeper (i.e. higher h/b), the 
indentation stiffness ratio is closer to 1, in other words, the embedment has less effect on the 
indentation resistance. As shown in the figure, the FE data is in a good agreement with the 
mathematically determined data. These validation data, together with results for other different 
properties, indicate that the FE modelling approach is sufficiently accurate for addressing the 
problem.  
 

3 Results and discussion 
 
3.1 Effect of the matrix Poisson’s ratio on the deformation and indentation stiffness of 

embedded systems with different shell depths. 
 

Figures 5&6 illustrate the predicted FE indentation stiffness ratio for materials with different 
layer embedment depth (h) and matrix Poisson’s ratios. The data in Figure 5 is for an indenter 
radius of 1mm, while the data in Figure 6 is for an indenter radius of 2mm. The change of the 
indenter size naturally generates different relative depths (h/b). The thickness of the shell for 
the data presented is 0.1mm.  
 
As shown by the data in Figure 5, the change of indentation stiffness ratio with the embedment 
depth follows a similar trend for Poisson’s ratio of 0 and 0.3 (representing conditions where 
the material is compressible). When the shell is close to the top sample surface (h=0), the 
indentation stiffness ratio shows the maximum value, representing more significant effects of 
the stiffer layer on the indentation resistance, which is reasonable. By increasing the shell 
depth, the indentation stiffness ratio reduces and eventually becomes less significant. In the 



cases with the Poisson’s ratio being  0.4 or 0.5 (representing conditions where the material is 
less compressible or close to incompressible), the relationship between indentation stiffness 
with the layer depth exhibits a different trend. For Poisson ratio of 0.4, the indentation stiffness 
ratio reaches a value close to 1, at the surface (h/b close to 0), with a slight increase observed 
when the shell is immediately underneath the surface. When the material is incompressible 
(Poisson’s ratio=0.5), the indentation stiffness ratio become close to 1, then increase with the 
layer depth and reach a peak value when h/b is about 0.75. As shown in the curves for =-0.3 
and -0.49, the indentation stiffness ratio increased further from the data for Poisson’s ratio of 
0. As shown by the dotted lines in the figure, when the Poisson’s ratio is negative, the 
indentation stiffness ratio continues to increase as the Poisson’s ratio changes from 0 to a 
progressively more negative value. The increase of the indentation stiffness could be over 30% 
when the layer is very close to the surface. The presented data clearly reveals that the auxeticity 
of the matrix has direct influence on the indentation resistance change associated with an 
embedded layer. 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
Figure 5 Numerical data showing the 
indentation stiffness ratio over different shell 
depth (represented by h/b) for different matrix 
Poisson’s ratio. (shell thickness=0.1mm, 
E_s=300MPa, E_m=3MPa.   

 
 

Similar data have been obtained for situations with larger indenter sizes. Figure 6 shows 
typical data for an indenter radius of 2mm. The effect of Poisson’s ratio of the matrix on the 
relationship between indentation stiffness ratio and layer depth is similar to that for indenter 
radius of 1mm, but the indentation stiffness ratio is slightly lower. These confirm that the 
negative Poisson’s ratio of the matrix could effectively enhance the contribution of the 
embedded layer to the indentation resistance of the matrix and embedded layer system, the 
magnitude of the effects is strongly influenced by the depth of the buried layer.  

 
 
 
 
 



 

 
 
Figure 6 Indentation stiffness ratio for a larger 
indenter size.  
 

 
3.2 Effect of the properties and dimensions of the embedded layer.  
 

To investigate the effect of changing the properties of the embedment on the indentation 
stiffness, the Poisson’s ratio, the stiffness and thickness of the embedded layer were varied 
systematically. It is essential to assess the effect of the Poisson’s ratio of the layer, as potentially 
the effect of the auxeticity may be associated with the mismatch of the Poisson’s ratio, which 
has been observed in other systems, such as semi-auxetic laminates or composites using a 
combination of materials with positive and negative Poisson’s ratio [19, 25]. As shown in 
Figure 7, when the Poisson’s ratio of the embedment changes, the indentation stiffness ratios 
of the materials show very limited change for a sample with a thin shell (0.1mm thickness). A 
similar trend is observed with other settings of different layer depth. This suggest that the 
enhanced indentation stiffness ratio with a matrix of a negative Poisson’s ratio is unlikely to be 
due to mismatch of the Poisson’s ratio between the embedded layer and the matrix.   

 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 

 
 
Figure 7 Effect of the Poisson’s ratio of the 
embedment.   

 
Figure 8 illustrates typical data regarding to the effect of the stiffness of the embedment on 

the indentation stiffness ratio when the layer (0.1mm in thick) is positioned at a depth of 
0.5mm. The stiffness of the embedment is varied from 3 to 3000MPa, representing a 
normalised stiffness against the matrix (E=3MPa) of 1 to 1000. As shown in the figure, when 
the layer has the same stiffness as the matrix, the indentation stiffness ratio for positive and 
negative matrix Poisson’s ratio is very close to 1, i.e. resembling a situation for indenting the 
matrix only. When the stiffness of the layer increases, the data for the negative Poisson’s ratio 
matrix increases, particularly in the region when the E_s/E_m is lower than 100. Beyond this 
point, the increase of indentation stiffness roughly follows a linear trend but with a much lower 
rate in both the positive and negative matrix Poisson’s ratio domains. Similar work has been 
conducted on layers with different Poisson’s ratios for both stiff shells (E_s/E_m over 1000) 
and softer shells (E_s/E_m less than 10).  The results show no significant difference in the trend 
of the effect of layer stiffness on the indentation stiffness ratio. 

 
 

 
 
Figure 8 Indentation stiffness data showing the 
effect of the shell stiffness.  

 
 



 
 
 
 
Figure 9 Effect of shell thickness on the 
indentation stiffness ratio.   

 
Figure 9 is a typical set of data (h/b=0.5) showing the effect of the thickness of the 

embedment on the indentation stiffness ratio. This is another important factor. In real 
applications, the thickness of the shell could be as thin as 0.01 to 1mm for different embedded 
systems [1-3]. This was investigated by systematically varying the thickness of the embedment 
in the model. For both positive and negative matrix Poisson’s ratio, the indentation stiffness of 
the system increased with the shell thickness. It was noted that there is no major difference in 
the trend of the indentation stiffness against the layer thickness between situation when the 
matrix is with a positive or a negative Poisson’s ratio.  

 
4 Discussion  
 
Soft elastic materials with embedded stiffer layers are increasingly used in the medical and 

sports engineering fields. The validation and investigated results show that the modelling 
technique, with the embedded region function, is reliable in investigating the effect of 
embedded system with the freedom of changing key dimensional parameters (such as 
thickness) without  altering the meshing elements, etc. The validated results for the 
homogenous sample and  sample with an embedment of same properties, show a good 
agreement with data from the analytical solution. The comparison between the indentation 
stiffness ratios (enhancement parameters) also show a good agreement with the results based 
on an analytical approach for situations with different embedment depths. Figure 10 shows the 
indentation stiffness ratio from the analytical solution [4] and the FE data of this work when 
the stiffer layer is on top of the sample.  In general, these two sets of data show a similar trend. 
When the material is close to incompressible (v=0.5), the embedment has limited influence on 
the indentation resistance. Over the positive Poisson’s ratio range, the numerical data match 
the analytical solution very closely, which further confirms that the FE modelling approach is 
reasonably accurate. However, over the negative Poisson’s ratio range, the FE data is slightly 
lower than the analytical solution. The exact reason is subject to further studies. One particular 
reason might be due to the interaction between the shell and the matrix. The analytical solution 
assume full inextensible behaviour for the embedment, this assumption may become not fully 
valid any more for some conditions. The data presented, from this work, clearly confirm that 
the matrix auxeticity has a profound effect on the mechanical behaviour of the material system, 
especially when the shell is on the surface or close to the surface.  

 



 
 

 
 
Figure 10 Comparison between the indentation 
stiffness ratio predicted by FE and mathematical 
approach. 

 
For an embedded shell system, both the embedment and the auxeticity of the matrix 

influence the indentation resistance. For a flat-ended indenter over small displacement, the 
effect of negative or positive Poisson’s ratio, for a homogenous material, is not very significant. 
As shown in Equation 1, a material with a Poisson’s ratio of the same absolute value but 
opposite sign (negative or positive) would have a similar indentation stiffness. The results in 
this work clearly suggest that, with the embedment of thin layer close to the surface, the 
influence of the auxticity in the matrix becomes significant as shown in Figures 5, 6, 10. The 
reason for this enhanced effect of auxeticity with embedded layer is subject to further study. 
One potential reason might be the mismatch of the Poisson’s ratio, which has been found in 
auxetic composite [22, 27]. For a composite material, according to [27], when positive and 
negative Poisson’s ratio materials are used in a semi-auxetic laminate, both the in-plane and 
the out of plane stiffness can be increased. However, for the case of  indentation on sample 
with embedment layer, the Poisson’s ratio of the embedment showed no major influence as 
illustrated in Figure 8. Similar trends have been observed in a range of different combination 
of embedment depth and layer properties. This limited effect of the Poisson’s ratio of the 
embedment on the indentation stiffness ratio is probably due to the fact that under indentation, 
the lateral deformation of the embedded layer is rather limited due to its high stiffness and 
possible restraints from the matrix. This suggest that the Poisson’s ratio mismatch is not the 
main reason for the effect of auxeticity on the indentation stiffness increase.  

 
As shown in Figure 8, the effect of the stiffness of the embedment on the indentation 

stiffness ratio follows a different trend over different stiffness ranges. When the embedded 
layer has a relatively low stiffness value, the indentation resistance increases with layer 
stiffness more significantly. With higher stiffness values for the embedment layer, a linear 
relationship is observed between the stiffness of the layer and the indentation stiffness ratio. 
Similarly, a linear relationship is found between the thickness of embedded layer and the 
indentation stiffness ratio (Figure 9), which is similar to the case for a free standing membrane 
with fixed boundary conditions [38].  

 
Apart from the influence of auxeticity on the indentation resistance ratio, the deformation and 
stresses of the embedment, is also important, as it may influence the function of the embedment. 



Figure 11 compares the displacement fields (a-c) and maximum principal in-plane stresses of 
the embedded layer (d) between matrix with positive and negative Poisson’s ratios. As shown 
in the Figure, the overall deformation of the embedment (a-c) is similar but there is a difference 
in the distribution of the maximum in-plane principal stress (d). Figure 11(c) plots detailed 
profile of the vertical displacement along the radial direction. As shown in the curves, with a 
negative Poisson’s ratio for the matrix, the maximum displacement is slightly less than the 
displacement with a positive Poisson’s ratio, but the region outside the sample-indenter contact 
area exhibits a higher displacement. This suggests a larger volume of material potentially has 
been involved in the deformation for the region under the embedment. Figure 11(d) plots the 
profile of in-plane maximum principal stresses along the radial direction for matrix Poisson’s 
ratio of 0.49, -0.49, 0.3 and -0.3. As shown in the curves, for a positive matrix Poisson’s ratio, 
the stress in the section underneath the indenter is predominantly positive, which signifies that 
the principal direction is outward from the indenter. On the other hand, the maximum in-plane 
stress in the layer underneath the indenter for the negative Poisson’s ratio matrix is negative, 
implying a strong inward force and the material is being dragged in. This result is consistent 
with the difference between the auxetic and non-auxetic materials under indentation. For a 
nonauxetic material, the material tends to be pushed away, this causes tension radially in the 
thin layer. For the auxetic material, it tends to draw in towards the indenter causing 
compression mode of loading on the thin embedded layer. The involvement of the embedment 
in such as process is likely to increase the effective indentation resistance. Further studies are 
required to investigate these issues.   
 
 
 
 
 
 
 

 
 
(a) Deformed shape and distribution of the 
maximum in-plane stresss.  
 
 
 
 
 
 
 
 

 
 
(b) Deformed shape and distribution of the 
maximum in-plane principal stress.  
 
 
 
 
 
 
 
 
 
 
 

 
 
(c) Profile of the vertical displacement of the 
embedment layer.  
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(c) Maximum in-plane principal stress 

along the radial direction. . 
Figure 11 Comparison of the deformation and 
the maximum in-plane principal stress of the 
embedment between  materials with a matrix of 
a positive or negative Poisson’s ratio.  

5 Conclusions 
In this work, the deformation of a soft material with an embedded stiffer layer under 

cylindrical flat indenter was investigated through FE modelling. A practical approach in 
modelling embedded system is evaluated and presented. The FE results are correlated with an 
analytical solution for homogenous materials and results from an mathematical approach for 
embedded systems in a half space. The indentation stiffness/resistance of soft material systems 
with embedded thin layer under flat-ended indenter for matrix of both positive and negative 
Poisson’s ratio values were systematically studied. The influence of auxeticity on the 
indentation stiffness ratio and the deformation of the embedded system under different 
conditions (indenter size,  thickness and embedment depth of the embedded layer) was 
established and key mechanisms of the Poisson’s ratio effect are highlighted. The results show 
that the auxeticity of the matrix has a direct influence on the indentation stiffness of the system 
with an embedded layer. When the embedment is close to or on the surface of a matrix, with a 
high positive Poisson’s ratio (e.g. 0.5), the shell has limited effect on the indentation resistance. 
The enhancement of indentation resistance due to embedment increases, as the matrix 
Poisson’s ratio is decreased to zero and to negative values. The indentation stiffness could be 
increased by over 30%  with a thin inextensible shell on top of a negative Poisson’s ratio matrix. 
The deformation of the embedded layer is significantly influenced by the auxeticity of the 
matrix. With a non-auxetic matrix, the embedded layer underneath the indenter is being pulled, 
while for auxetic matrix, the embedded layer is being pushed due to the combined influence of 
the deformation of the auxetic matrix.  
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