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This manuscript is an overview of the research done in the past ten years or so. The motivation be-
hind most of the work I have done with my collaborators is the observation that several interesting
biological properties of tissues and organisms cannot be reduced to molecular mechanisms alone.
Cell proliferation and death, and intercellular interaction act as filters between what happens at
the cellular level and what is actually seen in at the cell population levels.

An illuminating example is the controversy that arose from the publication, two years ago, of a
paper by Tomasetti and Vogelstein explaining the lifetime risks of cancers across tissues by the
number of stem cell divisions in those tissues [61]. The paper failed to account for difference in
cancer incidence among populations, and neglected the fact that several environmental factors
are strongly correlated with cancer incidence, critics said [67, 6]. The correlation established by
Tomasetti and Vogelstein spans 6 orders of magnitude in the number of stem cell divisions and 5
orders of magnitude in the lifetime risks of cancer. This means that, independently of any other
factors, the risk of a cancer in a tissue is mainly determined by a cell proliferation index. By not
taking the measure of the importance of cell proliferation, we are left looking for external causes
to cancer [68]. In their most recent paper, Tomasetti and colleagues argue that even when there
is a strong environmental link such as in lung cancer, cell proliferation may account for as much
as 35% of all cancer driver mutations [62].

Another, less controversial example is the circadian clock pacemaker. The clock pacemaker is
located in a region of the brain called the suprachiasmatic nucleus. The suprachiasmatic nuclei
contain around 20,000 neurons. These neurons are circadian oscillators that synchronize to each
other to form a robust clock. At the cellular level, the oscillator is a genetic oscillator formed
by interlocked negative and positive post-translational feedback loops. Knock-out studies have
identified which of the proteins are necessary for the maintenance of the rhythms in behavior.
However, behavior does not necessarily reflect clock cell phenotype. In an elegant set of experi-
ments combined with mathematical modelling, Liu and colleagues [45] have shown that the genes
Per1 and Cryi are not necessary for rhythmic behavior, but are necessary for individual clock neu-
ron rhythmicity, and that intercellular coupling preserves rhythmicity. This is a nice case where
cellular phenotype is masked by synchronization of a cell population.

The reductionist approach that has been used in molecular biology for the past 30 years consists in
inferring biological function, often at the tissue or whole body level, from molecular observations.
There are several areas where this approach does not work so well. If the average cellular phe-
notype is not representative of the whole population phenotype, no matter how finely individual
cells will be characterized, there will be a mismatch between the prediction and the observation.
For the reductionist approach to work, it must take into account what happens when cells are
brought together, that is, the tissue ecology. Cell population dynamics, in a broad sense, is inter-
ested in the phenomena that occurs when many cells are brought in together, interact, proliferate
and die. This is what we are interested in.

Presenting an overview of past research is not an easy task. Now that I look back at my publi-
cations, the temptation is great of trying to fix obvious holes in the studies that seemed so solid
at the time of publication. On the upside, | am quite happy to see that some of the modeling
predictions made 10 years ago seem to have been confirmed experimentally. Some other predic-
tions have failed. One such prediction concerned the regulation of a genetic negative feedback
loop by a co-repressor [19]. It was predicted that co-regulation was necessary to control transient
response of the system to external signals, but experimental data published shortly after showed
no evidence of such control.

Here is how this thesis is organized. In Chapter 4, we study the stability of a generic negative
feedback loop with a delay, which is known to be prone to instabilities and oscillations [16, Arti-
cle in Section 9.1]. The negative feedback loop can describes equally well genetic oscillators and
nonlinear feedback regulation of cell population numbers. Understanding what affects stabil-



17

ity (or instability) is thus relevant for the two biological scales of interest here: the cell and the
population.

In Chapter 5, we show how interaction (cell-cell communication though a diffusible factor) can
transform a collection of sloppy oscillators into a robust, noise-resistant clock [20, Article in Sec-
tion 9.3]. There is evidence that the clock neurons follow this design principle.

In Chapter 6, we take a step back and look at the long-term renewal capacity of tissues in human.
We discuss how we can estimate the extent of cell renewal in the human heart ventricle [11, Article
in Section 9.2]. The human heart has a limited capacity to regenerate after a stroke or during
chronic heart failure, but tens of clinical trials involving stem cells injection in the heart are being
conducted without clear understanding of fate of these cells after transplant. We also discuss a
recent model for the tumor-immune interaction, and the role of the immune system in long-term
remission in chronic myelogenous leukemia [22, Article in Section 9.4].

In Chapter 7, we discuss integrative approaches for multiscale (molecular/population) models. In
a first study [25, Article in Section 9.5], we looked at how cell division during liver regeneration
is gated by the circadian clock, based on a molecular model of the cell cycle. In a second study
[28, Article in Section 9.6], we looked at the effect of a disruption of the circadian clock of cell
proliferation.

The outlook in Chapter 8 is the opportunity to discuss the future. Finally, Chapter 9 contains the
reprints of 6 selected papers.
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20 CHAPTER 4. DELAY EQUATIONS
4.1 Differential equations with distributed delays

Delay differential equations (DDEs), with their infinite-dimensional phase space, possess a rich
dynamics and are better suited to study complex objects with long life history. However, delays can
lead to non-biological solutions, even when introduced with care [15], which lead some researchers
to criticize the use of DDEs. We try here to show why DDEs can be useful.

Delay differential equations are equations where some of the dynamical variables depend not only
on present time ¢ but also on the past. We consider here only scalar DDE, the idea being that any
extra equations can be eliminated by introducing a distributed time delay

Z—f = F(a:,/ooox(t — T)f(T)dT).

The history z(t — 7) is averaged against a probability density f on the positive real numbers. The
density f is non-negative, f0°° f(7)dT = 1, and has non-negative finite expectation s,

s = /OOO Tf(T)dT < 400. (4.1)

Solutions are in a function space, where z; : [—00, 0] — R is the solution at time ¢. Initial condi-
tions are usually taken in the Banach space of bounded continuous functions on [—oo, 0] with the
supremum norm.

Steady-state solutions are constant functions z; = z that satisfy F'(z, z) = 0. For smooth nonlin-
ear right-hand-side function F, linearisation around a steady-state yields

dzx

i b/o x(t — 1) f(7)dr, (4-2)

with a and b the negatives of the derivatives of the instantaneous and the delayed parts of F.
Negatives are taken because in the general setting, a represents a loss rate and b, the gain of a
negative feedback loop, both of which are usually positive.

A much-studied delay distribution is the Gamma distribution. As a probability law, the Gamma
delay distribution with parameters (g, 3) represents the sum of ¢ i.i.d. exponential laws of pa-
rameter . Biologically, the Gamma distribution describes the time it take for the information
component z(t) to go through ¢ successive stages, each with transition rate 3. The delay can also
consist in a positive linear combination of m Gamma distributions. This represents r possible
paths for the information of x to go through, each having a probability p; i = 1,...,m of being
picked up. By a suitable choice of each of the m Gamma distributions, we can approximate any
probability distribution.

It is possible to convert a DDE with a linear combination of Gamma distributions to an ODE
system consisting of a main nonlinear ODE # = F(x, y) and a linear subsystem §y = Ay where y €
R? for some G and A is a square of size §. This implies that the use of DDEs is not strictly necessary.
However, arbitrary small perturbations of the delay distribution will destroy the structure of the
corresponding ODE, in particular when ¢ is not an integer. In that sense, ODEs are not robust
against delay perturbations. Therefore, the choice between using a scalar DDE or a nonlinear
ODE system is thus driven by what kind of perturbation to the system we are expecting. The DDE
formalism should be favoured when the delay distribution is not known precisely.

The characteristic equation associated to the scalar linear delay equation defined by equation
(4.2) is

A—l—a—i—b/ooo exp(—A7) f(r)dr = 0. (4.3)
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For a fixed delay distribution, the stability chart in the (a, b)-plane is easy to represent. When
a > |b| there is no root with positive real part, the leading root is negative. If (a,b) are varied
continuously, the only way for roots with positive real parts can appear is through the imaginary
axis (they cannot appear in the right half complex plane or at +00). On the line b = —a there is
at least one root A = 0. That root becomes positive when b < —a. When b > |al, there are no
real roots, and roots with positive real part appear when they cross the imaginary axis. Assuming
b > |a|, and letting A = iw (w > 0), leads to two equations for the real and imaginary parts of the
characteristic equation:

a+ b/OO cos(wt) f(T)dT =0
0
w— b/o sin(wT) f(7)dT = 0.

These equations can be solved parametrically for a and b:

- fooo sin(wT) f(1)dr’

The successive zeros wy, k > 0 of the function S(w) = w/ [y sin(wT) f(7)dr delimit branches of
the curve (a(w), b(w)). Let the interval I}, = (wg,wk+1) and the branch

By, = {(a(w),b(w))|w € I}

For k odd and w € I, S(w) < 0 and By, lies below b < —|a|. Thus only branches with k£ even can
determine the stability. The branch By had two important properties

1. The branch By always starts at (a(0),b(0)) = (—s™,s71).

2. The branch By always extends to +oc along the b-axis. Even when S(w) does not admit any
zero,

lim S(w) = 0.

w—r00

Therefore, for b > s~ 1, loss of stability is always due to pairs of complex roots crossing the imagi-
nary axis.

Suppose that f is a single discrete delay at 7 = s, i.e. f(7) = §(7 — s) is a Dirac mass. Then the
branches By, k even, are strictly ordered and the number of pairs of roots with positive real parts
added is equal to the number of branches that have been crossed from right to left when looking
in the direction of the branch for increasing values of w. It follows that the first branch By defines
the boundary of stability of the linear scalar equation (4.2).

When f is not a Dirac mass, there is no such strict order on the branches. They can intersects at
several points, so that the boundary of the stability region will be determined by the first branch
crossed when moving continuously from the line a = b. For instance, when the delay distribution
takes three distinct discrete delay, at least the four first branches are needed to determine the
stability boundary (Figure 4.1). The stability chart in the (a,b)-space then becomes a tangled
monster plot'.

'This is how my daughter refers to her little brother’s colorful drawings.
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Figure 4.1: Tangled monster plot (stability chart) for the characteristic equation with three discrete
delays A + a + bZ?:l p;i exp(—Ar;) = 0, with 7 = {0.3731,0.7090, 5.9701} and p = {0.7,0.2,0.1}.
The mean delay is s = 1. The stability region (grey area: stable) is located below the union of the
branches (colored curves: By, Bs, Bg, Bs, and Bys; the curves B, and Byg are not visible on these
axes) on which the characteristic equation admits imaginary roots +iw with increasing values of w.
The stability boundary of the characteristic equation with a single delay at 1: A+-a+bexp(—\) =0
lies entirely in the stable region (grey curve: discrete delay). The stability region with three delay
is bounded by a non-trivial union of parametric curves (enlarged in right panel). For instance, at
the point (a,b) = (39.5,59) (point +), the characteristic equation in unstable, but only because
of branch Bg (orange).

4.2 G(n)[dM]

The Goodwin model is perhaps the best-known model of a genetic oscillator. Introduced in the
1960’s by B. Goodwin [35], it describes the activity of a gene (mRNA expression x), its product
(protein concentration y) and the formation of a negative regulator complex z that inhibit gene
expression.

dzx

E (Z) azx,
Y Bl
dt - X y7
dz

E ﬁ[yiz]v

where the nonlinear function P is a Hill function

1

P(z)=k .
(2) 014 2h

The parameters «, 3, ko, h have all real, positive values. (The original Goodwin had different co-
efficients for each dynamical variable, but we keep things simple.) Parameter « is the mRNA
degradation rate, 3 is the degradation rate of the protein products, kg is the maximal mRNA syn-
thesis rate. Parameter h is the Hill coefficient. There are parameters for which the Goodwin
model has unique, unstable, positive equilibrium, and a stable, positive limit cycle. However, the
limit cycle exists only for relatively large values of the Hill coefficient, » > 8. There are several
ways to modify the Goodwin model so that solutions will oscillate more easily. The reason the
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Goodwin model can oscillate is that it is a system with a delayed, negative feedback loop. The loop
is clear: x depends on z, which depends on z. It is negative because P is a decreasing function,
and it is delayed because z is a delayed version of . We can increase the length of the delay by
adding more intermediary steps between x and z, i.e. by replacing y and z with y1, s, ..., y, and
defining the corresponding ODEs

dy; .
dzi = 5(%71 - yl)a v = 17"'7(]>

where, for ease of notation, yp = x and y, = 2.

I became interested in the Goodwin oscillator in 2004 while I was working with Hanspeter Herzel
at the Institute for Theoretical Biology in Berlin. There I met Didier Gonze, who was studying how
circadian clocks could synchronize to form a pacemaker. The Goodwin model had been applied
to the circadian clock already [56], and it seemed like a good compromise between the realism of
complexity and the simplicity of abstraction. Robust synchronization of nonlinear oscillators is
far from trivial, and we tried several versions of the Goodwin models as a core circadian oscillator
with varying degree of success. To keep up with these different model versions, we developed a
naming convention. We called the Goodwin model with one nonlinear equation and ¢ auxiliary
linear equations G(¢ + 1). Under this naming convention, the original Goodwin model is G3. It
is the smallest model that admits a stable limit cycle. Model G2 has only one auxiliary equation,
and it is a classical result that no such 2-dimensional negative feedback system can admit a limit
cycle. In general, the larger the ¢, the easier it is to produce stable limit cycles. In the limit ¢ — oo
(while ¢/8 — 7 > 0), the Goodwin model becomes a scalar equation with a discrete delay

d
d—f = P(zs) — aw, (4.4)
where 2, = z(t — s). This model is denoted G1d (d for delay), and is equivalent to Goo.

Another way to modify the Goodwin model is to replace linear degradation term with nonlinear
ones. We used in [34] a modified version of the Goodwin model where the degradation terms
followed Michaelis-Menten kinetics,

T
v .
K+zx

(4.5)

These models are denoted G(n)M followed optionally with the indices of the variable for which
the degradation rate is nonlinear. Introduction of nonlinear degradation rates helps producing
sustained oscillations, but care must be taken to make sure solutions do not blow up.

4.3 Stability results

A Goodwin model G(n) possesses exactly one positive equilibrium, given by the unique positive
solution of P(z) — ax = 0. Its asymptotic stability is determined by a characteristic polynomial
of degree n = ¢+ 1. In practice, the roots can be inconvenient to locate, especially when n is large
[18]. To avoid dealing with cumbersome high degree polynomials, we can use the linear chain
trick to convert the system G(n) into a scalar differential with a distributed delay. The linear chain
trick consists in integrating the auxiliary variables y; successively, keeping the dependence on z.
This way z can be expressed as a linear functional on the history of x:

2(t) = /0 Tt - )g(r.q, B, (4.6)
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where g is the Gamma distribution

/8(1 q—1_—pB1
» 45 = € . .
9(7,4,B) )" (4.7)
The mean delay s = ¢/f. Model G(n) can then be expressed as
dx
o P(z) — az, (4.8)

with z defined by equation (4.6). We note that ¢, the number of auxiliary equations, is now a
ordinary parameter that can