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Abstract Thanks to its low energy consumption and very long range (up
to 50 km in free-space), ultra-narrow-band transmission (UNB) represents a
promising alternative to classical technologies used in cellular networks to serve
low-throughput wireless sensor networks (WSNs) and the Internet of things
(IoT). In UNB, nodes access to the medium by selecting their frequency in
a random and continuous way. This randomness leads to new behavior in
the interference which has not been theoretically analyzed, when considering
the pathloss of nodes randomly deployed around the receiver. In this paper, in
order to quantify the system performance, we derive and exploit two theoretical
expressions of the outage probability in a UNB based IoT network, accounting
for both interference due to the spectral randomness and path loss due to the
propagation (with and without Rayleigh fading). This enables us to estimate
the network capacity as a function of the path-loss exponent, by determining
the maximum number of simultaneous supported nodes. We highlight that the
bandwidth should be chosen based on the propagation channel properties.

Keywords UNB · Random-FTMA · network performance · capacity ·
channel characteristics · IoT

1 Introduction

Nowadays, the Internet of Things (IoTs) network is considered by many indus-
try experts and excited consumers as the next industrial revolution or the next
Internet. Indeed, it is expected to create a new interface between the internet
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and the physical world leading to applications such as smart metering, smart
vehicules, surveillance, etc.[1].

By 2020, some analysts predict up to 20 billion of communicating devices
in the world [2]. Deployed objects collect and wirelessly transfer their infor-
mation. One may note that most of these nodes have only a small amount of
data to transfer. Thus, a single collecting base station can serve, from a capac-
ity point of view, a high number of nodes. For low density deployments, this
permits a coverage of tens of kilometers. Nonetheless, the majority of devices
are battery-based. As battery care and maintenance should be avoided owing
to the high number of nodes, low energy consumption is also a strong require-
ment for IoT. Therefore, the challenging problems of IoT networks are the
connection of high number of nodes, the management of bursty access to the
medium and wide radio coverage, while ensuring low-cost device and energy
efficiency. To meet these specific demands of IoT networks, new technologies
dedicated to LPWAN (Low Power Wide Area Network) have recently emerged
on the market [3], such as: LoRa [4] (promoted by the LoRa Alliance), RPMA
[5] (developed and exploited by Ingenu), and UNB (Ultra Narrow Band, de-
veloped and exploited by SigFox) [6]. Interestingly, two opposing approaches
have been exploited to perform the targeted long range transmission. Spread
spectrum is considered in LoRa and RPMA, while UNB permits to transmit-
ting messages by using extremely narrow band signals (100-200 Hz, about one
thousand times smaller than the whole channel bandwidth). One may note
that the transmission is randomly located in a much larger band, whose typ-
ical range is 192kHz. Key advantages of UNB are its simplicity and its more
extensive coverage in practice than the others [3]. We thus focus on UNB in
this paper due to its higher point-to-point transmission range.

The natural channel access scheme of UNB is known as Random-FTMA
(Random Frequency and Time Multiple Access). Each node can access the
channel at its will, in an unslotted random way, both in time and frequency
domains [7]. Different from pure ALOHA, Random-FTMA has the dual ran-
domness in time and frequency. On one hand, the advantage of this uncon-
trolled access scheme is that the channel reservation of transmission is saved.
On the other hand, this randomness in spectrum and time does not prevent
from potential endogenous interference. In contrast to traditional transmis-
sions where channelization can be performed, there can be partial spectral
conflicts in UNB based networks. This specificity of the interference level has
been detailed and modeled in [8], while its impact on the system performance
has been estimated in [9]. It was shown that the interference power depends
on a rejection coefficient which varies as a function of the spacing between the
carrier frequencies. However, these studies considered a perfect channel case.

In practice, the received signal is attenuated, especially for such long range
transmissions. Path loss is the main contributor of the received signal power
attenuation, which depends mainly on the distance between the transmitter
and the receiver. Moreover, multiple paths of signals caused by all the obstacles
and reflectors in the environment are inevitable. Thus the impact of fading
has also to be taken into account. For a network where numerous nodes are
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randomly located, stochastic geometry has been developed as an analytic tool
to model the interference, and to quantify the network performance [10]. For
example, stochastic geometry has been used to analyze systems such as simple
random access in ad hoc networks (ALOHA) [11], dense IEEE 802.11 networks
[12], multi-tier and cognitive cellular wireless networks [13–15].

All these works on stochastic geometry are interesting, because they pro-
vide interference models for different kinds of networks. Nevertheless, as all
these studies are based on channelization, they do not consider the interference
caused by partial collisions in the frequency domain. A way to introduce this
characteristic in the stochastic geometry model is to consider a marked spatial
Poisson Point Process (PPP), where the mark models the residual proportion
of interference which is perceived on the desired transmission. However, due
to the shape of the rejection coefficient function, according to our very first
calculations, such approach leads to intractable expressions.

We thus exploit in this paper two complementary approaches. We first
derive an analytic expression of a UNB-based system performance, when con-
sidering both the attenuation effect and the actual specific behavior of the
interference in the spectral domain. Secondly, we use the stochastic geometry
model to also take into account the Rayleigh fading effect, but with a simplified
interference model.

The rest of the paper is constructed as follows: Section 2 first details UNB
specificity and stochastic geometry related works, then in Section 3 we model
the network and state all the hypothesis. In Section 4, we derive theoretically
the expressions of outage probability in UNB network for two approaches.
Then, in Section 5, we validate our analysis and present numerical results in
Section 6. Finally, Section 7 concludes this paper.

2 Background and Related Works

2.1 Ultra Narrow Band communications specificity

Ultra-narrow-band refers to the fact that each individual node occupies an
extremely narrow frequency band to transmit its signal. This frequency band
is significantly smaller than the bandwidth of the channel and is usually around
a few hundred Hertz.

In any RF communication, the intrinsic limitation is the noise floor, which
determines the possibility of detecting the signal in the monitored bandwidth.
As the noise contribution is proportional to the signal bandwidth (N0 = κ ·
T · B, where κ is the Boltzmann constant, T is the noise temperature, and
B is the total bandwidth), the narrower the signal is, the lower the noise
is. Consequently, as the individual band used by a single transmitting node is
around a few hundred Hertz in UNB, the noise floor is extremely low (around :
−154 dBm for 100 Hz). Thus, UNB reception power sensitivity is very low. This
makes it possible to increase the propagation range compared to a classical
technology such as narrow, medium or wide-band systems. This advantage
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permits serving a huge number of nodes deployed in an exceptionally large
area (but at very low bit rates).

Nevertheless, as evoked in the introduction, the main specificity of UNB
is the important uncertainty of the carrier frequency positioning [9]. Indeed,
the crystal oscillator frequency is known to drift hundreds of thousands of Hz
soon after power-up due to temperature variations, chip aging, etc [16]. For
example, for an operating frequency band of 868 MHz and a typical oscillator
jitter 0.5− 2 parts per million (ppm), the uncertainty of carrier frequency po-
sitioning would be between 434 Hz and 1736 Hz, which is much bigger than
the transmission band occupied by an individual signal. Meanwhile, currently
available technologies even provide factoring components with a larger stan-
dard deviation in the range of 2− 20 ppm, while state-of-the-art components
reach at best 0.25 ppm [16,17]. Thus, no current component can provide a
sufficiently exact carrier frequency to avoid overlapping of simultaneous sig-
nals transmitted on a common bandwidth. When the frequency uncertainty is
larger than the signal bandwidth, the system is said to be UNB.

Improved modulations (VMSK, VMCK, Q-VMCF etc. [18,19]) with en-
hanced error correction have been proposed to reduce the carrier frequencies
instability impact. But, they bring only a modest gain while relying on com-
plex signal processing and high energy consumption for battery-limited pow-
ered nodes. These solutions are not suitable to fulfill the compactness, low
cost and energy constraints of the sensor nodes. Thus, the classic and simple
BPSK modulation is used in UNB communications disregarding the oscillator
uncertainty.

Therefore, the random nature of the carrier frequency has to be taken into
account to evaluate UNB performance. First, on the base-station side, the
main issue for the base station is to accurately detect the carrier frequency of
the transmitted messages included in the (large) monitored bandwidth. For
each detected transmission, the base station can then extract the signal at
the identified frequency and decode the packet. Such detection and estimation
rely on efficient SDR algorithms designed to analyze the total band (from 12
kHz up to 1 MHz) as described in a SigFox patent [20]. These algorithms are
currently deployed in SigFox’s networks and their features do not fall within
the scope of this paper. Secondly, the carrier frequency randomness leads to
a specific interference behavior which is developed for a single interferer in
Section 3.3.

2.2 Interference estimation

Once the interference from one node is known, we have to evaluate the ag-
gregated interference power (AIP). As UNB operates in an unlicensed band,
UNB transmissions have to co-exist with many other signals such as LoRa.
However, in this work, we focus on endogenous interference only, and comes
from the spectral randomness of UNB signals.
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To characterize it in large-scale wireless networks, the wireless network
node positions are usually modeled by the well-known Poisson point process
(PPP). In particular, [21–23,10,24,25] studied a large variety of networks in-
cluding cellular networks, mobile ad-hoc and sensor networks. Stochastic ge-
ometry is an efficient tool for studying the average behavior over many spatial
realizations of a network whose nodes are placed according to some probability
distribution. Other approaches rely on deterministic lattices [26,27] where the
geographical area (urban, rural, and downtown) and the population activity
are taken into account to approach the real-world non-uniform and irregular
traffic distributions.

However, for UNB systems, PPP integrates more efficiently than lattices
the spatial stochastic nature of the nodes distribution in addition to the atten-
uation laws. More importantly, marked PPP [22] provides a means of coping
with additional random properties such as shadowing or fading if they are not
spatially correlated.

The above mentioned references focus on approximating the interference
distribution of large-scale wireless networks by computing the Laplace trans-
form of the interference following [21]. However, this Laplace transform usu-
ally is not available in closed-form. Thus, approximating the interference dis-
tribution using well-known distributions such as Gaussian, inverse Gaussian,
gamma, and inverse gamma distribution is appealing. Indeed, different meth-
ods permit to approximate the distribution, e.g. with moments matching [28],
with the central limit theorem [29–31] or with the cumulants-based method
in [32]. These approaches mainly permit to obtain the first moments (mean
and variance) of the AIP probability density function (PDF) or the cumulative
density function (CDF). Hence, closed-form results are available for both inter-
ference term and signal-to-interference ratios (SIR) to determine the network
performance. These results have been extended to the case of multi-frequency
systems but only on adjacent channels (thus barely interfering)[33–38]. How-
ever, in UNB networks, carrier frequencies are randomly chosen in a continu-
ous interval. This has not been considered in earlier work, to the best of our
knowledge.

3 Modeling and assumptions

3.1 Network topology

We consider in this paper the uplink of a cellular network, where nodes com-
municate only with a single Base Station (BS). The BS covers a finite circular
area with a known radius rM and gathers the information from nodes located
inside. Inter-cell interference is therefore not explicitly considered for simplic-
ity’s sake. Nonetheless, this can be done by modifying the Gaussian additive
noise strength distribution as done in [39]. Indeed, the total interference pro-
duced by all the nodes beyond a given distance tends to a Gaussian additive
noise when this distance is large enough [40].
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Fig. 1 Illustration of network topology: area range is [rm, rM ], orange point is the desired
node, at a distance of rx; blue point is interfering node, at a distance of ry

We suppose that nodes are uniformly distributed in a disk form area, whose
range is [rm, rM ], as shown in Fig. 1. Nodes are positioned inside the cell,
except for the inner disk of the cell (to ensure mathematical tractability by
avoiding singularity at the base-station location [24]). Nodes are distributed
according to a spatial homogeneous Poisson point process (HPPP) of density
λ that lies in the Euclidean plan R2. We assume that nodes emit with the
same emission power.

The BS is considered to be always in reception mode, and to scan the
whole bandwidth for potential transmissions (as done in SigFox network). For
each detected transmission (even simultaneous ones), the BS processes the
incoming message(s).

3.2 Medium Access

The specificity of UNB medium access comes from the inherent oscillators’
lack of precision. This prevents us from designing non-overlapping frequency
channels with reasonable guard intervals [9]. It leads to a new paradigm for
the multiple access scheme: Random-FTMA, and the interference modeling.
We present in Fig. 2 an example of temporal and spectral repartition of nodes.
With the randomness in both domains, we can have an overlap among nodes.

Indeed, contention mechanisms such as FTDMA or CSMA are not perti-
nent. While the first would require a centralized coordination to allocate slots
to the nodes, the latter would require nodes to be able to sense the medium.
Due to the very large cell size, the channel observation at nodes’ point of view
would be inefficient in avoiding collisions. Therefore, each node transmits with-
out any knowledge on whether the chosen carrier frequency is currently used
in the cell.

Besides, to avoid any traffic overload for synchronization, the proposed
approach is not slotted in time. Consequently, the interference level may vary
during the transmission of a given packet, as packets do not start (and stop)
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at the same time. The sleep or wake-up duty cycle may be different among
different nodes. However, in order to simplify the analysis developed in this
paper, this effect is not considered. The performance is based on instantaneous
SINR distributions, to make sure that SINR is stable at the observed moment.
We define A as the subset of active nodes at a given time t = t0. The number
of simultaneous active nodes N thus depends on the number of nodes in the
cell, the packet length (in time) and the transmission probability.

Fig. 2 Example of temporal & spectral repartition of nodes

To sum up, from the receiver’s point of view (i.e., on the base-station
side), the monitored bandwidth contains a combination of narrow-band signals
randomly located in time and frequency domains. This uncontrolled medium
access may lead to interference or packet collisions among active nodes, espe-
cially when two or more nodes pick the same or close frequencies. This specific
interference is described in the next section.

3.3 Interference model for a single interferer

Without loss of generality, we consider that node x is the desired node, while
all the others are called interfering nodes as they can collide with the desired
node.

For a given transmission range r, the attenuation of the signal power re-
ceived at the base-station follows

hc(r, t) = g(t) · h0 · r−α, r ∈ [rm, rM ] (1)

where α ≥ 2 is the path loss exponent; g is the Rayleigh channel coefficient,
which is a random variable following an exponential distribution of unitary
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mean g ∼ exp (1) considered as constant during the observation instant; and
h0 is the reference gain determined at the reference distance r0 = 1 m.

Shadowing is neglected for the sake of simplicity but could be introduced
with a marked PPP. It has been shown in [41] that a marked PPP with shadow-
ing is equivalent to a PPP without shadowing by adapting the power strength
in the model.

At the BS side, the received signal is the sum of active nodes’ signals and
can be expressed as follows:

r(t) =
√
hc(rx, t) ∗ he(fx, t) ∗ sx(t) +

∑
y∈{A−x}

√
hc(ry, t) ∗ he(fy, t) ∗ sy(t) + w(t)

(2)

where, for any active node x, y ∈ A, s(t) is the modulated symbol; he(f, t) is
the transmission FIR filter centered on the randomly chosen carrier frequency
f ; ∗ denotes the convolution operator, and w(t) is an additive white Gaussian
noise with zero mean and variance σ2.

To recover desired signal, the total signal received at BS is filtered at
the carrier frequency of desired node fx with the matching filter (hr(fx, t) =
he(fx, t)), and can be written as follows:

r′(fx, t) = hr(fx, t) ∗ r(t)

=
√
hc(rx, t) · he(fx, t) ∗ he(fx, t) ∗ sx(t)

+
∑

y∈{A−x}

√
hc(ry, t) · he(fy, t) ∗ he(fx, t) ∗ sy(t) + he(fx, t) ∗ w(t)

(3)

We can first extract the received power corresponding to the signal of the
desired node x :

Ps = hc(rx, t) · P0 = gx · r−αx · P ′0 (4)

with P0 =< |he(f, t) ∗ he(f, t) ∗ s(t)|2 > which is identical to all signals, and
P ′0 stands for h0 · P0.

Similarly, the interference power Iy caused by a single interferer on the
desired signal follows:

Iy = hc(ry, t) · β(|fx − fy|) · P0 = gy · r−αy · β(|fx − fy|) · P ′0 (5)

with β(|fx − fy|) =
<|he(fy,t)∗he(fx,t)|2>
<|he(fx,t)∗he(fx,t)|2>

the rejection coefficient as the recep-

tion filter is centered on a different frequency than the transmission filter. This
rejection coefficient quantifies the portion of interfering signal which is kept
after filtering. It depends on the frequency spacing between the two carrier fre-
quencies δf = |fx− fy| as presented in Fig.3 (black curve) for a realistic filter
as used in SigFox’s network. We can observe that all the interference is kept
(i.e. β(δf) = 1) when δf = 0 while it tends to 0 as the interferer frequency
moves away from the desired node one.
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We can approximate this interference with two models. First, we can note
that the actual interference can be divided into two main areas. Transition
occurs between 200− 400Hz, depending on the considered criterion. For high
δf , the interference level is low, below −50dB. So a unique interferer in this
area will have almost no impact on the performance of the desired node. On the
contrary, a unique node will cause a perceptible interference only if δf is very
small, as the filter is very selective. As the available bandwidth is very large
(we consider at least 12kHz in this paper) compared to the interference width,
the interference level can be approximated by a constant in this area. Thus,
we model the contribution of a single-interferer by a rectangular function:

β(δf) =

{
Imax for δf ≤ 4/2,
Imin for δf > 4/2.

(6)

where 4 corresponds to the width of δf that creates high interference level.
We can also approximate the interference power by a zero-mean Gaussian

function, depending on the frequency difference δf (pink curve on Fig.3):

β (δf) =
150

σ
√

2π
exp

−δf2

2σ2 (7)

with σ = 60 [8].
Finally, one may note that when the carrier frequency of the desired sig-

nal is exactly located at the center of the total bandwidth this corresponds
to the worst case. Indeed, at this frequency, the desired node suffers from
statistically more interference than any other active node. Basically, for a
fixed carrier frequency fx the frequency shifts δf are uniformly distributed in
[fmin − fx; fmax − fx]. Thus, for the central position, this interval is given by
[−B/2;B/2] while for a bottom-most carrier frequency, the interval is [0;B].
Consequently, assuming that the frequency response of the filter is monotoni-
cally decreasing, the center case is the worst case.

Fig.3 illustrates all the interference models. The black one represents the
realistic UNB interference model, which is traced based on the SigFox network.
The pink one represents the Gaussian function (7), which fairly approximates
the realistic one, and will be used in section 4.1. The rectangles in green, red
and blue represent respectively the approximated rectangular model (AR), the
upper bound (UB) and the lower bound (LB). They will be used in Section 4.2.

4 Theoretical analysis for UNB Networks in Spectral-Spatial
Dimensions

In this section, we derive the theoretical expression of the OP (Outage Prob-
ability) of any node x located at rx from the base-station:

OP = P(SINR ≤ γ∗) = P
(

Ps
PI +W

≤ γ∗
)

(8)
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Fig. 3 Behavior of the interference coefficient vs the frequency difference δf between the
desired node and the interferer

with Ps the desired node received power (eq.(4)), PI the total interference
power, W the noise power and γ∗ the targeted SINR.

PI is obtained by summing the contribution of each interferer (5):

PI =
∑

y∈{A−x}

gy · r−αy · β(δf) · P ′0 (9)

In this paper, the OP will be evaluated in 2 cases. We start with a simple
scenario in 4.1, where we consider a simplified channel gain (no Rayleigh fad-
ing), and no noise. We then extend it to a more complete case in 4.2, where
we take into account Rayleigh fading and noise.

4.1 Impact of path loss and approximated Gaussian model

In order to have a first intuition of the random spectrum access impact on net-
work performance, we first neglect fading and noise, and consider free space
propagation (α = 2). We derive the OP when considering path loss and spec-
tral interference, by evaluating the SIR (Signal to Interference Ratio) as a
simplification of the SINR. We use the approximated Gaussian model (pink
curve in Fig.3) to measure the interference power. We focus on spectral in-
terference coming from only one interferer, as this is the most frequent case
according to actual SigFox network analysis. A more general case of the ag-
gregation of several interferers will be treated in the second part.

Hence we have OP as:

P(SIR ≤ γ∗) = P
(
Ps
PI
≤ γ∗

)
(10)
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We first consider two active nodes (one desired node x, and one interfering
node y) before generalizing it to N active nodes. From (4) and (5), the SIR of
the desired node can be expressed as:

SIR =
Ps
PI

=
r−2
x · P ′0

r−2
y · β(δf) · P ′0

=

(
ry
rx

)2
1

β (δf)
(11)

A packet is considered lost if SIR ≤ γ∗, i.e. when :

ry ≤ rx
√
γ∗β (δf) (12)

We decompose (12) by using the law of total probability with respect to
the conditioning variable δf . Hence, the OP becomes:

OP =

∫ B

0

P (SIR ≤ γ∗|δf)P (δf) dδf (13)

=

∫ B

0

P
(
ry ≤ rx

√
γ∗β (δf)|δf

)
P (δf) dδf

First of all, we express P (δf). Desired and interfering nodes choose their
frequencies fx and fy randomly and uniformly in [0, B]. Thus, their spectral
difference δf follows the following probability distribution function:

P (δf) =


2

B

(
1− δf

B

)
for δf ∈ [0, B]

0 elsewhere

(14)

Secondly, we calculate P
(
ry ≤ rx

√
γ∗β (δf)|δf

)
.

Since nodes follow Poisson point process distribution, their respective dis-
tance to the BS follows an uniform distribution. P (r) represents the probability
of being at a random distance (radius r) in a disk form area of [rm, rM ]:

P (r) =


2r

r2
M − r2

m

=
2r

k2
for r ∈ [rm, rM ]

0 elsewhere

(15)

with k2 = r2
M − r2

m.
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For a desired node at a given distance rx, we can derive the conditional
probability with respect to δf , according to different values of rx

√
γ∗β (δf):

P
(
ry ≤ rx

√
γ∗β (δf)|δf

)

=



∫ rm

rm

P (ry) dry if rx
√
γ∗β (δf) ≤ rm,∫ rx

√
γ∗β(δf)

rm

P (ry) dry if rm ≤ rx
√
γ∗β (δf) ≤ rM∫ rM

rm

P (ry) dry if rx
√
γ∗β (δf) ≥ rM

=


0 if rx

√
γ∗β (δf) ≤ rm,

rx
2γ∗β (δf)− rm2

k2
if rm ≤ rx

√
γ∗β (δf) ≤ rM

1 if rx
√
γ∗β (δf) ≥ rM

(16)

We update (13) according to (16), and replace β (δf) by the zero-mean
Gaussian function as shown in (7). After integration over δf , OP becomes:

OP =

∫ B

0

P
(
ry ≤ rx

√
γ∗β (δf)|δf

)
P (δf) dδf

= 0 +

∫ b2

b1

(
rx

2γ∗β (δf)− rm2

k2

)
P (δf) dδf +

∫ b1

b0

1 · P (δf) dδf

=

[
75aγ∗ erf

(
δf√
2σ2

)
+

150aγ∗σ

B
√

2π
exp

(
−δf2

2σ2

)
+ e

δf2

2
− eBδf

]b2
b1

+
B

2

[
δf − δf2

2B

]b1
b0

(17)

with the following constants:

d =
2rx

2

Bk2
, e =

2rm
2

B2k2
, b0 = 0

b1 = min

(
β−1

((
rM
rx

)2
1

γ∗

)
, B

)
, b2 = min

(
β−1

((
rm
rx

)2
1

γ∗

)
, B

)
The integral bounds b0, b1 and b2 were obtained as follows. First, rm ≤

rx
√
γ∗β (δf) ≤ rM is equivalent to rm

rx
≤
√
γ∗β (δf) ≤ rM

rx
, and it can be

expressed as β−1

((
rM
rx

)2
1
γ∗

)
≤ δf ≤ β−1

((
rm
rx

)2
1
γ∗

)
. As the range of δf

is [0, B], we have to put an min function to constrain these integral bounds in
case they exceed B. One may note that β (δf) ∈ [0, 1]. Thus, b1 exists only if(
rM
rx

)2

≤ γ∗. If not, b1 would be null, and the last term of integral would be

null too.
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The OP derived here concerns a given rx. In practice, the distance of the
desired node vary over the cell. A similar study deriving the mean PER for
the whole cell is presented in [42] for interested readers.

(17) represents the OP when there are 2 active nodes. We now extend
it to N active nodes. In this case, any of the N − 1 nodes (i.e. all nodes
except the desired node) can be an interfering node. Accordingly, transmission
success means that the desired node is not interrupted by any of N − 1 nodes.
Consequently, the outage probability is given by:

OP(N) = 1− (1−OP )
N−1

(18)

4.2 Joint Impact of Path-loss, Rayleigh fading and approximated rectangular
model

In this section, we derive the OP for a more complete channel model. In
addition to the geometric pathloss, Rayleigh fading and noise are considered.
However, to obtain tractable expressions, the spectral interference power β(δf)
is now described by the rectangular model (e.g. green, red and blue curves
in Fig.3) as presented in (6). The expression of β(δf) becomes less complex
when using the rectangular model. Nevertheless, as we can see in Fig.3, the
rectangular models can not reflect all details of the realistic function.

The SINR expression exploited in this section is given by:

SINR =
gx · r−αx · P ′0
PI +W

(19)

where W is the filtered additive white Gaussian noise power.
Thus, for any node x located at rx from the BS, OP can be written:

OP = P
(
gx ≤

γ∗ (W + PI)

r−αx · P ′0

)
(20)

Since the AIP PI is itself a random variable, this probability can be ex-
pressed as follows:

OP = EPI
[
P
(
gx ≤

γ∗ (W + PI)

r−αx · P ′0

∣∣∣∣PI)] (21)

As gx represents the coefficient of Rayleigh fading, and follows an expo-
nential distribution of unitary mean gx ∼ exp(1), we get:

OP = 1− EPI
[
exp

(
−γ
∗ (W + PI)

r−αx · P ′0

)]
(22)

= 1− exp

(
−γ∗W
r−αx · P ′0

)
· EPI

[
exp

(
− γ∗PI

r−αx · P ′0

)]
= 1− exp (−W · s) · EPI [exp (−PI · s)]
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where s =
γ∗

r−αx · P ′0
.

The second term is nothing but the Laplace transform of the AIP proba-
bility density function(PDF)

LPI (s) = EPI [exp (−PI · s)] . (23)

Then, (22) can be expressed as:

OP = 1− exp (−W · s) · LPI (s) (24)

which establishes the relation between OP and the Laplace transform of the
AIP’s PDF. It is worth noting that this relation holds because a Rayleigh
fading has been considered.

4.2.1 Laplace transform of AIP

This section aims at deriving an analytical expression of (23), by following the
track of previous seminal works on stochastic geometry for wireless networks.
We provide here steps leading to the final result. But, for a deeper understand-
ing of the Laplace functional method, we refer interested readers to [10,22] for
the general background and to [43] for the first application of this method to
cellular networks.

Active nodes are distributed independently and uniformly in a circular
area, with a HPPP process of density λ. The Laplace functional derivation
first relies on the fact that the AIP PI is given as a sum, with respect to the
active nodes of the HPPP, of a unique function : PI =

∑
Φ f(ry), with:

f(ry) = Iy(ry) = gy · r−αy · β (δf) · P ′0. (25)

f(ry) describes the random interference contribution Iy of a non-desired node
(9). It depends on the position of the considered node, and on two additional
random variables β (δf) and gy. In our case, the rejection coefficient β(δf)
along with gy are not related to the node position and are generated inde-
pendently to each other. Thus gy · β(δf) forms a spatially non correlated and
homogeneous random parameter, independent of h(ry), and acts as a mark on
the HPPP.

In this case, the Laplace transform of the AIP pdf can be identified to the
Laplace functional LΦ(f) [22] of a marked HPPP of intensity measure λ, with
a random mark M = gy · β(δf) given by:

LΦ(f) = exp

(
−
∫
R2

(
1− EM

[
e−f(x)

])
λ(dx)

)
. (26)

In the context of this paper, using (25) and (26), the Laplace functional of
the AIP is expressed as:

LPI (s) = LΦ(f) = exp

(
−
∫ 2π

0

∫ rM

rm

(
1− Egy,β(δf)

[
e−s·Iy(ry)

])
λrydrydθ

)
,

(27)
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with Iy(ry) as recalled in (25), and λ being the node density in nodes/m2. This
latter is defined as the ratio between the average number of simultaneously
active nodes N and the circular area where nodes are deployed.

According to the moment generating function (MGF) of a variable follow-
ing an exponential distribution [43], and as gy and β(δf) are independent, we
obtain:

LPI (s) = exp

(
− 2πλ

∫ rM

rm

(
1− Eβ(δf)

[
1

1 + s · β(δf) · r−αy · P ′0

])
rydry

)
.

(28)

By considering the rectangular model (6) defined in Section 3.3 for β(δf),

the rejection factor follows a Bernoulli distribution with probability p =
24
B

.

Thus, the expectation term in the integral part (28) can be rewritten as:

Eβ(δf)

[
1

1 + s · β(δf) · r−αy · P ′0

]
= p · 1

1 + s · Imax · r−αy · P ′0
+ (1− p) · 1

1 + s · Imin · r−αy · P ′0

= p · 1

1 + s · b · r−αy
+ (1− p) · 1

1 + s · c · r−αy
(29)

where b and c are respectively defined by b = Imax · P ′0 and c = Imin · P ′0.
Combining (28) and (29), the Laplace distribution of the interference can be
derived as:

LPI (s) = exp

(
− 2πλ

∫ rM

rm

(
1− p

1 + s · b · r−αy
− 1− p

1 + s · c · r−αy

)
rydry

)

= exp

−2πλ

∫ rM

rm

rydry︸ ︷︷ ︸
A

−
∫ rM

rm

p

1 + s · b · r−αy
rydry︸ ︷︷ ︸

B(s)

−
∫ rM

rm

1− p
1 + s · c · r−αy

rydry︸ ︷︷ ︸
C(s)


 (30)

The integral A can be analytically computed and expressed as below:

A =

∫ rM

rm

rydry =
r2
M − r2

m

2
(31)



16 Yuqi MO et al.

4.2.2 OP final expression

By using (30) and (24), we can compute OP, for a given target SINR, for
any desired node x determined by its distance rx from the base-station (i.e.,
path-loss), and involving Rayleigh fading effect:

OP = 1− exp (−W · s) · LPI (s) (32)

= 1− exp (−W · s) · exp

(
− 2πλ (A−B (s)− C (s))

)
with the constants A, B (s) and C (s) as shown in (30).

One may note that B (s) and C (s) can not be analytically expressed for the
general case, but are numerically computable. Nonetheless, for specific value
of α, the integration is possible. We present in next part the expressions of OP
for two cases of interest: α = 2 (free space propagation), and α = 4 (relatively
lossy environments and for the case of full specular reflection from the earth
surface).

4.2.3 OP for free space α = 2

When α = 2, we can compute B (s) and C (s):

B (s) =

∫ rM

rm

p

1 + s · b · r−2
y

rydry =
p

2

(
r2
M − r2

m

)
+
p

2
· s · b · ln

(
r2
M − r2

m

)
(33)

C (s) =

∫ rM

rm

1− p
1 + s · c · r−2

y

rydry =
1− p

2

(
r2
M − r2

m

)
+

1− p
2
· s · c · ln

(
r2
M − r2

m

)
(34)

Combined with A (31), we can have the Laplace function of AIP as:

LPI (s) =

(
r2
m + sb

r2
M + sb

)πλpsb
·
(
r2
m + sc

r2
M + sc

)πλ(1−p)sc

(35)

Then, OP can be obtained as:

OP = 1− exp (−s ·W ) · LPI (s) (36)

= 1− exp (−s ·W ) ·
(
r2
m + sb

r2
M + sb

)πλpsb
·
(
r2
m + sc

r2
M + sc

)πλ(1−p)sc

with s =
γ∗

r−2
x · P ′0

.
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4.2.4 OP for flat earth model α = 4

Similarly, when α = 4, we can compute B (s) and C (s) as shown below:

B (s) =

∫ rM

rm

p

1 + s · b · r−4
y

rydry (37)

=
p

2

(
r2
M − r2

m

)
+
p

2
·
√
sb · arctan

(
r2
m

√
sb− r2

M

√
sb

sb+ r2
Mr

2
m

)

C (s) =

∫ rM

rm

1− p
1 + s · c · r−4

y

rydry (38)

=
1− p

2

(
r2
M − r2

m

)
+

1− p
2
·
√
sc · arctan

(
r2
m

√
sc− r2

M

√
sc

sc+ r2
Mr

2
m

)
Combined with A (31), we can derive the Laplace function of AIP as:

LPI (s) = exp

(
πλp ·

√
sb · arctan

(
r2
m

√
sb− r2

M

√
sb

sb+ r2
Mr

2
m

)
(39)

+ πλ (1− p) ·
√
sc · arctan

(
r2
m

√
sc− r2

M

√
sc

sc+ r2
Mr

2
m

))
Then, OP can be expressed as:

OP = 1− exp (s ·W ) · exp

(
πλp ·

√
sb · arctan

(
r2
m

√
sb− r2

M

√
sb

sb+ r2
Mr

2
m

)
(40)

+ πλ (1− p) ·
√
sc · arctan

(
r2
m

√
sc− r2

M

√
sc

sc+ r2
Mr

2
m

))

with s =
γ∗

r−4
x · P ′0

.

We will use this theoretical expression of OP to evaluate the network ca-
pacity in terms of maximum number of simultaneous nodes. Results are shown
in the next section.

5 Validation

In this section, we compare simulation results to theoretical ones (18) and
(32). In our simulation framework, transmissions are performed with the UNB
modulation technique. Binary data are broadcast with a BPSK modulation at
a very low rate (Rb = 100 bps). The transmitted signal thus occupies a very
narrow band (i.e. about b = 100 Hz). Transmissions are realized at a randomly
chosen carrier frequency in a much larger band B (typically 192 kHz). We also
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target γ∗ = 6.8 dB, corresponding to a bit-error-rate of 10−3 with a BPSK
modulation.

Simulations are performed with different behavior of the interference re-
jection coefficient. We consider the real shape of the UNB interference model
(black curve on Fig. 3), as well as rectangular models. For the rectangular
model, we consider three set of parameters, which correspond to an approxi-
mated rectangular model (AR, green curve on Fig. 3), an upper bound (UB,
red curve on Fig. 3) and a lower bound (LB, blue curve on Fig. 3), whose
values are:

AR :4 = 145Hz, Imax = 0dB, Imin = −75dB (41)

UB :4 = 300Hz, Imax = 0dB, Imin = −47.28dB

LB :4 = 116Hz, Imax = −6.8dB, Imin = −75dB

We used the same method as in [8] to determine the AR model parameters.
This model assures the accuracy for cases where the targeted SINR is 6.8 dB
and the desired node is at the edge of the cell range. Indeed, we have identified
that higher distance leads to a wider rectangle. Thus, rx = rmax provides the
most pessimistic rectangular model over the cell. Since the AR model also
depends on γ∗, we introduce an UB and a LB of the rectangular model, to
estimate the range of OP.

We present on Fig. 4-6 the comparison between simulation and theory re-
sults. OP is plotted as a function of the desired node’s distance rx, the node
density λ, and the bandwidth B respectively. On all these figures, we can
note that for the no-Rayleigh fading case, realistic simulation results match
well with Gaussian theoretical ones (18). Besides, for Rayleigh fading case,
the OP obtained with the theoretical model (32) fits very well with the sim-
ulated results obtained with the associated rectangular model. Therefore, we
can deduce that the formula (18) and (32), as well as the accuracy of the
approximated Gaussian model, are validated.

In addition, the evolution of OP with realistic UNB filter (black dash curve)
lies between the UB (red curves) and LB (blue curves). As for the AR model
(green curves), it slightly overestimates the realistic simulations, which comes
from the choice of this model’s parameters. Nonetheless, when rx becomes
larger, OP can be more accurately estimated by the AR model. Similar results
were also obtained when varying other parameters such as γ∗, rM and rm,
but are not presented here for space constraints. Those results all confirm
the pertinent choice of the AR model, UB and LB, and the scalability of the
rectangular models.

6 Numerical results and exploitation

6.1 Numerical results analysis

Theories validation aside, we can draw further conclusions from Fig. 4-6. In
Fig. 4, we can see that OP increases when rx increases. Indeed, when the de-



Up-link Capacity Derivation for Ultra-Narrow-Band IoT Wireless Networks 19

Desired node distance r
x
 (km)

1 2 3 4 5 6 7 8 9

O
u

ta
g

e
 p

ro
b

a
b

ili
ty

10-4

10-3

10-2

10-1

No Rayleigh: realistic model simulation

No Rayleigh: Gaussian model theory

Rayleigh: realistic model simulation

Rayleigh: rectangular model simulation AR

Rayleigh: rectangular model theory AR

Rayleigh: rectangular model simulation UB

Rayleigh: rectangular model theory UB

Rayleigh: rectangular model simulation LB

Rayleigh: rectangular model theory LB

Fig. 4 OP as a function of the desired node’s distance rx, for B = 96 kHz, N = 6, rM = 10
km, rm = 1 m, γ∗ = 6.8 dB and path loss α = 2.
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Fig. 5 OP as a function of active nodes number N , for B = 96 kHz, rx = 7 km, rM = 10
km, rm = 1 m, γ∗ = 6.8 dB and path loss α = 2.

sired node x is further from BS, its received power is more attenuated because
of path loss. This makes the desired signal more vulnerable to interferers. In-
terestingly, we can observe that OP(no-Rayleigh) is lower than OP(Rayleigh)
when rx is small. But when rx exceeds a certain distance, these two cases have
identical outage probabilities (and close to the real shape simulation results).



20 Yuqi MO et al.

Bandwidth B (kHz)

0 20 40 60 80 100 120 140 160 180 200

O
u

ta
g

e
 p

ro
b

a
b

ili
ty

10-3

10-2

10-1

100

No Rayleigh: realistic model simulation

No Rayleigh: Gaussian model theory

Rayleigh: realistic model simulation

Rayleigh: rectangular model simulation AR

Rayleigh: rectangular model theory AR

Rayleigh: rectangular model simulation UB

Rayleigh: rectangular model theory UB

Rayleigh: rectangular model simulation LB

Rayleigh: rectangular model theory LB

Fig. 6 OP as a function of bandwidth B, for N = 6, rx = 7 km, rM = 10 km, rm = 1 m,
γ∗ = 6.8 dB and path loss α = 2.

This phenomenon comes from the impacts of Rayleigh fading. Rayleigh
fading can amplify or attenuate the received signal power. If the received
power of the desired node gets attenuated, the area where interfering nodes
may lead to error becomes larger. Hence we have more potential nodes in
this case. Meanwhile, if the desired node’s received power gets amplified, this
area becomes smaller, which leads to less interfering nodes. When rx is small,
the expected area’s increase is much bigger than the expected area’s decrease.
Thus, such a node is sensitive to fading. On the contrary, for high rx, the area
increase is bounded by the cell limit, and thus is less important. In addition,
for high rx, the inner interferers are not impacted by fading in average. Hence,
such node is barely affected by the fading.

In Fig. 5-6, we have fixed the desired node’s distance so that the same per-
formance is obtained without and with Rayleigh fading. We can see that OP
increases with the node density λ, or as the bandwidth B decreases. Indeed,
as there are more nodes transmitting at the same time, or when the avail-
able transmission resources becomes smaller, the chance that their frequencies
fall into the interfering zone gets higher. More interestingly, the gap between
OP(no-Rayleigh) and OP(Rayleigh) is not influenced by λ or B. Hence (18)
can be used for high rx cases, whereas (32) is needed for low rx ones.

6.2 Exploitation: Estimation of the network capacity

In this section, we exploit the OP theoretical expressions to find out the max-
imum capacity. This parameter is defined in this study by the maximum num-
ber of active nodes N that the network can support simultaneously, while
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Fig. 7 Maximum node number vs bandwidth B, for targeted OP = 0.1, rx = 7 km,
rM = 10 km, rm = 1 m, γ∗ = 6.8 dB and path loss α = 2.

maintaining a given OP constraint. We have reported on Fig.7-9 the capacity
for a targeted OP= 10−1, by considering the no-Rayleigh fading case (18);
and the Rayleigh fading case (32). Capacities estimated by the UB and LB
provide us the reliable range of the maximum active nodes while the AR model
provides a good estimation, though not exact.

In Fig.7, we can observe that the capacity increases almost linearly with
the available bandwidth. Indeed, as B increases, we obtain a higher capacity
thanks to less interference in the frequency domains. It is thus easy to scale
the bandwidth in accordance to the number of nodes to serve, when keeping
the same targeted OP.

In Fig.8, we can note that the overall capacity decreases when rx increases.
As the desired node increasingly moves away from the BS, its received signal
gets strongly attenuated. Hence, in order to successfully detect the desired
node, the maximum node number has to be degraded.

Similarly, in Fig.9, we vary the cell radius rM . As the cell size increases,
the overall capacity increases. Indeed, when the cell surface becomes larger, by
keeping rx unchanged, the desired node is perceived closer to BS than other
nodes. This makes the desired node’s signal easier to be detected. Thus the
maximum node number increases for the targeted OP.

Finally, for a more fair comparison of the effective use of the bandwidth,
we consider now the spectral efficiency. This term is determined as the ra-
tio of the maximum node number and the bandwidth Nmax

B . We compare the
spectral efficiency in two cases : without and with a guard band, for differ-
ent values of α, as shown in Fig.10. The without guard band corresponds to
the ideal case, where targeted frequencies can be obtained, thus allowing the
frequency random selection on the whole B. However, in practice, we could
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Fig. 9 Maximum node number vs cell range rM , for targeted OP = 0.1, B = 96 kHz,
rx = 7 km, rm = 1 m, γ∗ = 6.8 dB and path loss α = 2.

obtain such ideal case only if the used bands are placed right next to each
other. But, in an UNB network, the oscillator jitter causes imprecise carrier
position, which can lead to an overlap between adjacent bands. Therefore, the
bands should be separated by a guard interval, which must be taken into ac-
count in the spectral efficiency. We consider here a 1736 Hz guard band, which
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corresponds to the operating frequency transmission 868 MHz and standard
deviation of frequency jitter of 2 ppm. This permits to ensure that no actual
carrier frequency would fall outside the intended band.

We choose the AR model to study this criteria while varying the path loss
exponents. By observing Fig.10, we can note that for small bandwidth such
as B = 12 kHz, the spectral efficiency is highly degraded by the guard band.
This is due to the fact that a big portion of the band is wasted for the guard
band to counteract the frequency jitter. Meanwhile, the impact of guard band
diminishes as B increases. Hence for the large bandwidth length, the spectral
efficiency seems the same for both cases. More interestingly, for each B, there
exists a highest spectral efficiency obtained with an optimal α. This is because
when α increases, the signal power of both the desired node and interfering
nodes diminishes. In the first part of the curves, as the desired node is near to
the BS, this decrease of power is more important for interfering nodes, which
can be anywhere in the cell. Meanwhile, in the second part, when α exceeds
a certain value, the power reduction is so severe that the desired node has no
more advantage. Thus Nmax first increases then decreases. One may note that
this behavior is smoothened when rx is closer to rM .

Following the previous conclusion, we have plotted in Fig. 11 the optimal
bandwidth B (for the guard band case) to achieve the highest ratio Nmax

B , as
a function of the path loss exponent α. This figure provides the optimal choice
for B, according to the propagation characteristics. We observe that for urban
areas such as α = 4, we need a thiner bandwidth than for rural areas to reach
the highest spectral efficiency. Hence it also permits us to make effective use
of the available bandwidth.
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Fig. 10 Maximum node number to bandwidth ratio Nmax
B

(nodes/Hz) vs exponent path-
loss α, for rM = 10 km, rx = 2 km, rm = 1 m, γ∗ = 6.8 dB, with and without guard
band
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7 Conclusion

In this paper, we have studied the UNB network, which is a promising can-
didate for IoT applications. Its main specificity is the use of Random-FTMA
scheme, which leads to a new behavior of the interference. We have considered
two models to approximate it: Gaussian model and rectangular model. In this
paper, we have studied the uplink of the UNB network, in terms of interference
modeling and network capacity, when considering channel impacts (path loss
and Rayleigh fading). We have theoretically derived the outage probability
(OP) for two scenarios depending on the channel model: path loss only (for
which the Gaussian model was used), and for both path loss and Rayleigh
fading (for which the rectangular model was considered). The results showed
that the OP obtained by both models conform well to the ones obtained by
simulations.

Moreover, the theoretical expressions permitted us to evaluate and estimate
the network capacity, in term of the maximum number of nodes for a targeted
OP. We have also evaluated the spectral efficiency as a function of the path-
loss exponent. We highlighted that the bandwidth which achieves the highest
spectral efficiency depends on the propagation condition.

To conclude, we believe that this theoretical work is very useful for the
study of UNB network capacity and its deployment. Finally, this study can
be furthered by taking into account the temporal activity rate of the nodes.
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It can serve as a theoretical basis for further studies such as multiple receivers
as well.
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