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Some results on optimal control with unilateral state constraints

Bernard Brogliato *
INRIA, Bipop team-project, ZIRST Montbonnot, 655 avenue de I'Europe, 38334 Saint Ismier cedex, France

In this paper, we study the problem of quadratic optimal control with state variables Keywords:

unilateral constraints, for linear time-invariant systems. The necessary conditions are Quadratic optimal control

formulated as a linear invariant system with complementary slackness conditions. Some Unilateral state constraints

structural properties of this system are examined. Then it is shown that the problem can ~ Multivariable systems

benefit from the higher order Moreau’s sweeping process, that is, a specific distributional ~ Moreau’s sweeping process

differential inclusion, and from ten Dam’s geometric theory [A.A. ten Dam, K.F. Dwarshuis, C(.Jml.)len.lemarlt.y probl'err{s .
. 7 . . i’ Distributional differential inclusion

J.C. Willems, The contact problem for linear continuous-time dynamical systems: A

geometric approach, IEEE Trans. Automat. Control 42 (4) (1997) 458-472; A.A. ten Dam,

Unilaterally Constrained Dynamical Systems, Ph.D. Thesis, Rijsuniversiteit Groningen, NL,

available at http://irs.ub.rug.nl/ppn/159407869, 1997] for partitioning of the admissible

domain boundary (in particular for the case of multivariable systems). In fact, the first

step may be also seen as follows: does the higher order Moreau’s sweeping process

(developed in Acary et al. [V. Acary, B. Brogliato, D. Goeleven, Higher order Moreau’s

sweeping process: Mathematical formulation and numerical simulation, Math. Programm.

A 113 (2008) 133-217]) correspond to the necessary conditions of some optimal control

problem with an extended integral action? The knowledge of the qualitative behaviour

of optimal trajectories at junction times is improved with the approach, which also paves

the way towards efficient time-stepping numerical algorithms to solve the optimal control

boundary value problem.

1. Introduction

Optimal control with state constraints is a topic of major importance, and which has attracted the attention of researchers
for a long time, see [12,24,26,33,58] to cite a few. Most of this work studies the first order necessary conditions stemming
from Boltyanskii-Pontryagin’s maximum principle. Dynamic programming under inequality state constraints is examined
in [5,59], and second order optimality conditions are studied in [30]. The qualitative properties of optimal trajectories are
studied in [23,26,33], while their regularity properties are examined in [59]. Numerical studies have received attention in [8,
40,57] and applications are presented in [5,7,9,10,46,56,60]. The optimal control of systems with inputs which are measures
has also received attention [34,43,51,54]. The theory of systems with distributional inputs is progressing significantly [ 16,
20,27,41], so that it becomes possible to consider control problems involving inputs which are higher order distributions
based on solid ground. A further motivation for considering higher degree distributions, will be explained next. However
as we shall see later, even problems with a continuous optimal controller, may involve higher degree distributions in the
costate differential equation.

The following Bolza problem is of interest

T
mirgi)muizel(u) = % / 1[x(t)TQx(t) + u(®)"Ru(t)]dt + %X(Tl)TFx(Tl) (1)
u(-)e 0
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subject to

{5«(0 =Ax(0) +But),  x(0) =%. x(T) =% @)
w(t)=C(t)+D=>0
where A, B, Cand D are constant matrices,! (A, B, C) is a minimal state space representation (i.e. (A, B) is controllable and
(C, A) is observable [55]), Xg,X; € @ = {x | Cx + D > 0}, U is the set of admissible inputs, w(t) € R™, u(t) € R™,
x(t) € R"and Q = QT > 0,R = R" > 0 (the Legendre-Clebsch condition). In the sequel, the case m = n, = 1 will be
called the monovariable case, whereas m, n, > 2 is the multivariable case. This is a particular example of optimal control of
a dynamical system with state constraints. The least requirement for problem (1) and (2) to possess a solution in U is that x;
belongs to the reachable set from xg, 0 < T; < +00. A fundamental ingredient is therefore U, as illustrated by Example 7 in
Appendix C. This example shows that distributions can easily appear in unilaterally constrained controlled systems. Clearly
then the formulation of the optimal control problem in (1) and (2) will have to be modified so that the integral action makes
sense. This will be the object of the first part of this paper, and detailed in the next sections.

It is worth noting the strong similarities between this optimal control problem, and the so-called Continuous Linear
Programming Problem (CTLP) [3,44], introduced by Bellman [6] to model some economic processes

maximize / cT(H)x(t)dt
[0.T1]

t
subject to: H(t)x(t) + / G(s, t)x(s)ds < a(t) (3)

0
x(t) >0, tel0,T].

When the integrand of I(u) in (1) is linear in x(-) and u(-), then the linear optimal control problem with both state and
input constraints, is a particular case of the CTLP in (3) [44]. The optimal control problem (1) and (2) and the dual problem
of the CTLP in (3) share important features concerning the presence of higher degree distributions in their solution [3,
Section 2.2], [44], and the need for time-stepping numerical algorithms to numerically solve them. Some macroeconomics
models directly yield optimal control problems with unilateral state constraints and optimal controllers with singular
measures [20]. This is why we will embed the optimisation problem (1) and (2) into a suitable framework which allows
us to rigorously take into account the possible presence of higher degree distributions.

The first order necessary conditions for the optimal control problem in (1) and (2) can be formulated as [24,45,52,59]

x(t) A BRT'BY\ [x(t) 0
()= ™) () + ()20
x(0) =Xo, n(T)) = Fx(T)) + C'y + B=Fx; +C'y + B=n1 (b)
O<w({)=C(t)+D_LA({t)=>0 (c)

where (t) € R", 0 < y € R™, yT(Cx(T;) + D) = 0, B € R", and the optimal control is given on intervals where 7(-) is a
function by

u(t) = argmax [—luTRu + n(t)TBu:| =R7'BTy(t). (5)
uel 2

An implicit assumption which allows one to write (1), (4) and (5) is that the multiplier A is a measure. If not, these
expressions have to be generalized to be meaningful. This is the first objective of this work. In this paper, the optimal
trajectory and optimal controller will not be given a special notation in order to lighten the presentation. The values of
the multipliers y and $ can be calculated from some boundary conditions [12, Section 2.8]. If x(T;) is not specified and
F = 0 then n(T;) = 0. We assume that the Slater constraint qualification (3x such that Cx + D > 0) is satisfied, and that
the problem (1) and (2) is normal, a property that is related to the controllability of the constrained system (see e.g. [45,
Propositon 4.1] in case A is a measure). We will assume that reachability and normality hold by taking u(-) in an enlarged
set of distributions that will be described later (see Section 3.5). From a general point of view however, the controllability
problem for (2) remains open, and we will not tackle it here (see Appendix C for some preliminary hints). In the sequel we
shall denote ¥ = (x", n"), (A, B, C) the triple associated to the system in (4)(a) (c), which we shall often refer to in the
sequel as the necessary conditions system. It is clear that if A is a measure, then from (4)(c)

— CTA(t) € 3o (x(D)) (6)
(using [22, Proposition 1.3.11] on differentiation of convex functions) and the complementarity implies
supp(r) C {t | Cx(t) + D = 0} (7)

Tn the paper D will also be used to denote the distributional derivative.



It is noteworthy that when A is not a function (e.g. a Dirac measure), then the meaning of the inclusion in (6) has to
be stated rigorously, see [1, Section 2] or [31, p. 76]. Then the dynamical system in (4)(a) (c) may be viewed as a measure
differential inclusion

X(t) — AR(t) € Dz (X(D)) (8)

with @ = {5<|65< + D > 0}, and where a state reinitialisation mapping is missing in (8) (let us notice from (7) that the control
input u(-) must be a continuous function of time (even analytic) everywhere outside supp(1)). However as we shall see in
Section 3, in general one has to resort to a more complex formalism to correctly handle (4). Except if additional constraints
are added to (4) to assure that A is a measure, then the formalism in (4) and especially the complementary slackness condition
(4)(c) are meaningless. When m = 1, the relative degree r of the triple (A, B, C) in (4) is twice the relative degree r** of the
triple (A, B, C) in (2) [53] (what we call the relative degree in this paper is often referred to as the constraints order in the
optimal control literature [26]). In case n, = m > 2 we will say that the triple (A, B, C) has a uniform vector relative degree
(v, ..., r)T e R™ denoted simply as Y, if the matrix CA” " ~'B € R™™ whose entries are the scalars CiArwu”Bj, is full
rank, and CiA"“Bj =0foralll1 <i<m,1<j<mandk < r** — 2. This definition is useful to derive a special state space
representation [1,48].

dH(x, n)
Remark 1. It is known [52,59] that (4)(a) (c) is a Hamiltonian system of the form )L((t) =] 3,_,?2 o | T (Offn“) C™x,
an
] = (E“I:” g‘nxn), whose unconstrained part has the Hamiltonian function
1:(-Q AT .
Hxm) = o <A BR-'B" ) * (9)
Notice that in (5) u(t) = argmax,cy H(x(t), u, n(t)) with
1 T 1 T T
H(x, u, n)=—§x Qx—iu Ru + 1" (Ax 4 Bu). (10)

Let us assume that A is a measure. Defining an augmented Lagrangian function as L(x,u,») = L(x,u) — AT(Cx + D),
the augmented Hamiltonian function is H(x,n) = H(x,n) + AT(Cx + D). One sees that (8) can also be rewritten as
(—n(t), x(t)) € dH(x(t), n(t)), where 9 is the subdifferential of convex analysis.

Remark 2. The support condition (7) is fundamental. It will also hold when A is a distribution of higher degree. It implies
that in the problem we are examining, the control u and costate 7 are allowed to have a degree larger than 1, only at junction
times.

In this paper, we provide a framework that allows us to give a meaning to the dynamical systemin (4)(a) (c) when X is not
ameasure; in particular new multipliers are introduced and it is shown that this framework may be useful even if the optimal
controller u(-) is a function (but the costate n may be a distribution). This allows us to introduce a generalized action I(u)
that handles distributional cases. Then we provide a detailed study of what happens at the entry times, using the geometrical
approach of ten Dam [18,19]. This allows us to generalize some results on the existence (or non-existence) of entry states
for odd relative degree systems, and to tackle the multivariable case. Finally a study of boundary arcs is proposed using
complementarity theory. All these tools are introduced for the first time in the context of optimal control with inequality
state constraints and are proved to significantly improve the qualitative knowledge of the optimal trajectories. The approach
also paves the way towards the design of time-stepping numerical algorithms to solve the BVP in (4).

The paper is organised as follows: in Section 2 some properties of the system in (4)(a) are proved. In Section 3 a
distributional differential inclusion is presented in which the systemin (4)(a) (c) is embedded; the properties of its solutions
are recalled. In Section 4 the geometric approach of ten Dam [19,18] is used to study the behaviour of the trajectories of (2) at
junction times. In Section 5 the behaviour of the system when trajectories of (4)(a) evolve on the boundary of @, is analysed.
A numerical scheme is outlined in Section 6. Conclusions are given in Section 7, followed by the notation used in the paper.
Some mathematical definitions are recalled in Appendix A. An example of a function that belongs to the considered space
of solutions is given in Appendix B. An example concerning the controllability of (2) and the set of admissible inputs is in
Appendix C.

2. Some properties of the necessary conditions system

The next lemma is important for the well-posedness of (4)(a) seen as an IVP (x(0~) = xo, n(0™) = ny), and will also be
useful for the qualitative analysis of the BVP solutions, see Sections 4 and 5. We consider R = I, and m = 1 in Lemma 1.



Lemma 1. If r**" = 1, then the leading Markov parameter of the triple (;\, B, 6) is M® = —CBB"CT < 0. More generally if the
transfer function of the triple (A, B, C) in (2) has~q relafive degree r”" > 2, the leading Markov parameter of the triple (A, B, C)
is M@ = (—=1)"" cA™" ~'B(CA™"~'B)T (= CA""B).

~ A BB' A Ay ar ’:‘gr) Ag) i i
Proof. Let us denote A = )= (%" %%)and A" = (. _2 |for some r > 1. The first assertion of the Lemma
Q A A3 A4 Agr) A‘({)
is a simple calculation with A" = BB" and MV = —CA{"C". The leading Markov parameter we want to compute is

MC+2 = (C 0)A¥* (0 — )T = —CAP"*VCTIf r"" = o + 1, then CA'B = Oforall 0 < i <  — 1. Our objective is to show
that M@*+2) = (—1)**1CA*BB"(A")*CT, @ > 1. By direct calculation we have for any integer i > 1

A0 A0—=1) A0=1)
{Al' =A"A 4+ A0 g

AGHD _ A0 ggT _ A0 AT (11)
It follows that
5 20—1 o ) .
A;M) — Z(_1)l+1A§l)BBT(AT)2a—1—l _A;U(AT)Z(X—] (a)
=1 (12)

20
AT =3 (—1)'APBBT (AN + A5V (AT (b)
i=1

This can be shown using (11) and then by induction. From (11), it follows by induction that ;\5") = AY 4+ L,(Q),
where L, (Q) is some matrix depending on the matrix Q. Indeed, let us assume that A" = A""! 4 [, ;(Q). Then A" =
(AL (Q)A+ASVQ = A+ Li(Q) with Li(Q) = Li_1(Q)A+AS" " Q. Using (12) and since A, = AandA? = A2+ BB"Q,
the proof is complete. From (12)(b) one deduces that M2e+2 = "2 (—1)*+1CAVBBT(AT)2~icT 4 CAL" (AT)2*CT. Assume
for the time being that CL;(Q)BB"(AT)?*~CT = 0 forall 1 <i < « (the terms with@ + 1 < i < 2« need not be considered
as CAB = 0forall 0 < i < a — 1). Then we obtain M?*+? = Y"2% (—1)*+1CA'BB"(A")2~IC, and the only nonzero term in
this sum is for i = «. Therefore M?*+2 = (—1)*+1cA*BBT(AT)*CT.

To end the proof, it can be shown again by induction using (12) that L;(Q) is composed of terms of the general form A'Bx
or xBT(ATY, with 0 < j < i — 2 and % is some matrix. Indeed one has L;(Q) = L;_;(Q)A +;\§"71)Q, as shown above. Assume
thatLi_;(Q) = Z};g AB% + %BT(ATY. Then L;(Q) = Z};g ABxA + %B"(ATY*1 + Al~"Q. One concludes from (12). Thus
CLi(Q)BBT(ANH?*~iCT = 0forall1 <i < @ asrequired. MW

Lemma 1 continues to hold for systems with a uniform relative degree and m > 1 (recall thﬁt C € R™M) since
CA'B = Opym forall0 < i < r®¥ — 2 in this multivariable case also. In such a case, having M@ e R™™ full-rank
implies that the vectors CiT are independent, where C; is the i-th row of C, and B has rank m.

Example 1. Consider the system

x1(t) = x1(t) + x2(0)
X2(t) = x3(t)
x3(t) = x4(t) + x3(t)

X4(t) = x4(t) + x(t) (13)
X5(t) = x5(t) + x1(t)
Xs(t) = u(t)

w(t) = x(t) > 0.

Thenr** = 5,r = 10, CA*B = 1and M0 = —1.

Let us introduce a canonical state space representation for the system (Z\, B, C, D). This is a canonical representation
which makes the so-called zero-dynamics explicitly appear. It will be useful for some subsequent developments. For a triple
(A, B, C), with input A € R, output w € R, and relative degree r > 1, it reads [48]:



z1(t) = z5(t)
2,(t) = z3(t)
z3(t) = z4(t)

b ® = 20D o (14)
z,(t) = CAAW™'Z(t) 4+ CA™ 'BA(t)

E(t) = A:E(D) + Bezi (1)

w(t) = z1(t) + D, z;(t) = Cx(t)

z(07) = zo.

We call it the z-dynamics, or Z-canonical form, and the full-rank state transformation matrix from (4) to (14) is w:
Z = WX. A similar transformation can be applied to (A, B, C), and we then call the obtained representation, the z-dynamics.

Then z = Wx for a full-rank matrix W. We denote ET = (z1,...,z) and Z' = (z1, ..., zswu). Thus the Z-dynamics is
characterized by (r, CA", CA"~'B, ;\g , ég), and the z-dynamics by (r**, CA™", CA™"~1B, Ag, B:).The Z-dynamics may be seen
as a dynamical extension of z-dynamics, taking into account u = B'7 and the costate equation. In the sequel, the components
of Z and of Z will both be denoted as z;. Since the zero dynamics play an important role in the systems we are dealing with,
the following is of interest.

Lemma 2. Let m = 1. Consider the z- and Z-canonical forms that correspo[td to the systems (A, B, C) in (2) and (A,B,C)in (4),
and let us denote the transitions matrices of their zero dynamics as A and A¢ respectively. Then if o is an eigenvalue of Ag with
multiplicity m,, —o and o are both eigenvalues of Ag, both with multiplicities m,.

Proof. Let Q > 0 and let L € R™" be such that LTL = Q. The transfer function that corresponds to the operator A — w in
(4) is equal to Hy; (s) = C(shy —A)~'B = G(s)G(—s)(1 — H*(s)H(s)) ! [53], where G(s) is the transfer of the triple (A, B, C)
in (2). H(s) is the transfer matrix of the triple (A, B, L), H*(s) is the transfer matrix of the triple (—AT, LT, B"), i.e. the adjoint
system to (A, B, L) [55, p. 280]. Consider now the two canonical forms associated to the systems in (2) and (4), respectively.
From Lemma 1 one has & € R" ™" and & € R2™"™")_From the fact that H,; (s) = G(s)G(—s)(1 — H*(s)H(s)) ! and since
the £-dynamics corresponds to the numerator B(s) of the transfer function G(s), we deduce that the roots of the polynomial
B(x)B(—a) = 0 are modes of the matrix AE. Since the order of B(a)B(—«) is precisely 2(n — r*), the result follows. =

We therefore have a complete description of the triple (A,B,C ) in (4) in terms of its relative degree and zero dynamics.
The role played by the zero dynamics will prove to be important, see Section 5.

3. The higher order Moreau’s sweeping process

3.1. Presentation of the differential inclusion

Let us consider the system in (4)(a) (¢), and let us forget for the time being, that it may represent the necessary conditions
of the maximum principle. An important point is first to understand the dynamics of such a dynamical system involving
complementary-slackness conditions. For instance, what is the meaning of . > 0 if A is not a measure (distributional
multipliers may easily be needed to integrate (4) (a) (c))? The answer to this question is given later in Proposition 2. Before
this, let us recall some facts about the higher order sweeping process (HOSP) as it is introduced in [1], which provides
a rigorous framework to study the dynamics in (4)(a) (c), and extends the well-known first and second order sweeping
process (see references in [1] and [11, Section 5.3] for a non-mathematical introduction). Roughly speaking, the HOSP is
a specific differential inclusion, whose solutions are distributions, and which permits to give a meaning to the system (4)
(especially the positiveness of A when it is not a measure). Let I be a real nondegenerate interval. We denote as 7, (I) the set
of distributions of degree n + 1[21] which are generated by RCSLBV functions on I (see (62) and (63) in Appendix A, whose
successive derivatives possess an absolutely continuous part (denoted as [-]) that is also RCSLBV on I. The right derivative of
[h] is denoted as D = %(t) = lim,_, o+ Ww The set of such functions is denoted as Foo (I; R) = Nien Fr(I; R),
with Fi(I; R) = {h € Fi_1(I;R) : A% := ¢ [A&-D] ¢ RCSLBV(I; R)}. In particular Fo(I; R) = RCSLBV(I; R). If T € T (1)
and is generated by a function F € F,(I; R), it has a “function” part denoted as {T}(-) = [I:‘(")](-), and a “measure” part
denoted as ((T)) such that ((T)), ¢) = ff;o @d[F" D], V ¢ € C°(I). D denotes the distributional derivative, and dz
denotes the Stieltjes or differential measure generated by a function z of local bounded variation (see Appendix A). Thus
Ta(I) denotes the set of all Schwartz’ distributions, such that there exists a function F € F,(I; R) such that T = D"F. Let n
be the smallest integer such that T € 7;(I), we set

n+1 ifn>1
deg(T) = {1 ifn=0 and E,({T}) # ¢ (15)
0 ifn=0 and Ey({T}) =4.



The Dirac measure 8y has degree 2, its derivative 5o has degree 3, etc. Continuous functions have degree 0, and discontinuous
functions have degree 1. The distributions we work with originate from LBV functions. This is crucial for the characterization
of their support. Since the notion of a solution for the formalism in which we shall embed (4) is crucial, an example is
provided in detail in Appendix B. We insist here on the fact that that the solutions that will be considered next, are of special
bounded variation. In another words, their derivatives do not contain any singular Lebesgue integrable part. See Definition 1
and Eq. (32).

The core of the HOSP lies in the definition of the following set of tangent cones. Here, and in the following, we suppose
that m = 1and D = 0 in (2), in order to fit within the framework of [1]. A non zero D can be considered with slight
modifications of the tangent cones below, where @ = R* should be replaced by @ = [—D, +00). Let @ be a nonempty
closed convex subset of R. We denote by Ty (x) the tangent cone of @ at x € R defined by

Te(x) = cone(® — {x}) (16)

where cone(® — {x}) denotes the cone generated by & — {x}, defined as in [36] to take into account constraint violations,
and cone(® — {x}) is its closure. Given a closed nonempty convex set ® C R, we set

o0 =, T =Te@). T3z1.2) =Ty, (2),
To@..z) =Tpg, @), 120

In the sequel we will fix ® = RT whenm = 1.

Remark 3. If m > 2and ® = (R™)™ then

To(z1,...,z) = X" T2, ..., 2)).
Note that
R ifx>0
Tpt (0) = {R* ifx <0
and
TR(X) =R.
Remark 4. (i) The subdifferential of the indicator function of the cone T;_l (z1,...,zi_1) is given by [22, Section 1.3.1]
Wity p@ ={weR (W v—2) <0.YveTy (21, ....21))
and is the outward normal cone to Té{l (z1,...,zi_1) at z.

(ii) It can be shown that
Tf{l(zl, e zic) =R= a‘//Té;_l(zL“.,zi—l)(zi) = {0},
Tg'@.....z) =R" and 7> 0= 0¥, (@) = {0},
Ty '(z1,...,z01) =R" and z<0= Wiy, @ =R

Let us introduce now two mathematical formalisms of the HOSP. For this we rely upon the special state space representation
in (14), the reason for this particular choice being explained in [1].

Distributional formalism. Find z;, ...,z € 7,_1(R") and & € 7,_1(R") (1 < i < n — r) satisfying the distributional
equations
Dz; —z,=0
Dz, —z3=0
D23 — Z4 = 0
(17)
Dz,_1—2z =0
Dz, — CA'W ™'z = CA""'BA
DE = Ag%‘ —+ Bé—Z]
A= (CA'B)' D"V (Dz1 — {z}) + - -+ + +D{(Dzr 1 — {z:})] + (Dz, — CAAW ™' {z})) (18)



and

d{zi} — {z}(O)dt € —9y0 ({zi}(t))

'd{Zi} — {zi 1} (Odt € =0Yi1 1),y (2HED) (19)

.....

B dian) — AW )] € awrr et 11 (ZEDD).

More compactly (17) is rewritten as D7 — WAW~1Z — WBA = 0 or DX — AX — BA = 0. The relations given in (19) have to
be interpreted in the following sense: find nonnegative real-valued Radon measures du; (1 < i < r) relative to which the
Lebesgue measure dt and the Stieltjes measure d{z;} possess densities -4 d/ and d{z’ respectively such that:

d{z;}
dui

dt .
{Zi+1}(t)dTM(t) € —81#@4({Zl)(t,),_w{zl;l}(t,))({zi}(ﬁ)), dpj-aeteR(1<i<r—1) (20)

and

(CA—1B)~! [ {z ’} — CA'W

The solutions of the distributional formalism will be shown to be distributions of degree possibly larger than 1. Let us
now introduce a second formalism whose solutions are functions, independently of the relative degree r**. This will be
quite useful when the optimal control problem is embedded into the HOSP, see Sections 3.5 and 3.6.

Measure differential formalism. Find z; € F,,(R™; R) (1 <i <r)and §; € F5(R"; R)(1 <i < 2n — r) such that?

dz; — zj11(t)dt € —WT:',;%zl(r),.u,z,-_l(r*»(z"(ﬁ)) (I=si=r=1 >

(CA™'B)~'[dz, — CA'W ™ 'z(t)dt] € —81/frg,’1<z1(r),..‘,z,q<r))(z’(t+)) =
and

E(t) — Ak (t) — Bezi(t) =0, dt —aeteR. 2

The system in (22) and (23) has to be interpreted in the following sense: find nonnegative real valued Radon measure du;
relative to which the Lebesgue measure dt and the Stieltjes measure dz; possess densmes and Z’ respectlvely such that

T oy @), dpaeteR(I<i<r—1) (25)

and

i d
(CA'B)! [dz (t) — CA'W~ Z(t) du (t)} € =Wy gy @ ED), dpr-aet €R. (26)

r

Another, more intuitive way to see the measure differential formalism, is to consider the following:
Findzi,...,z, &1, ..., &—r € F&(RT; R) and measures dvy, . . ., dv, such that

dZ] = Zz(f)dt + d\)l
d22 = Z3(t)df + dUz
d23 = Z4(t)dt + dU3

dZi = ZH_](t)df + dVi (27)
er_1 = Zr(t)dt + dl)r_l

dz, = CATW™'z(t)dt + CA™'Bdv,
E(t) = A:£(t) + Bezi ()

2 In this formalism, {z;} = z; because z; is a function and dz; is a Stieltjes measure.



with the inclusions
dy; € —awT;_l({Zl}(t,),_w(zx__l,(t,))({z,}(t*)) foralll <i<r (28)
and A isin (18):

A= CA B D" Vv + -+ Dv_1]+ vy (29)

In other words X is a distribution whose measure part is v, and its positivity is understood as the positivity of v;. If one
imposes that A is a measure, then vy = v, = --- = v,_; = 0. The measures v; = f dv; are multipliers whose meaning in
the context of optimality will be made clear later (see Corollaries 8 and 9, and Remark 9). From (27) and (28) it follows that

dvi({t}) = {Zi}(t+) —{z}(t™) € _aWT:;1({Zl}(tf),_',,{ziil}(rf))({Zi}(t+))» (I<i<r-1 (30)
and

(z () — {2} (t7) = MV dvr{t) € =CAT'B 0Vt o oy (2 HED). (31)

IfZ(t™) < 0, then from (30)and (31) a state jump occurs and deg(A) > 2. We recall that given a closed convex nonempty
set K and M = M" > 0, prox,,[K; Z] is the closest point to Z in K, in the metric defined by M. To better understand (30) and
(31) it is useful to recall here the equivalences for two vectors of appropriate dimension, M = MT > 0 and K a closed convex
set: x —y € —M 713y (x) <= x = proxy[K,y] < x = argminzeK%(z — ™M@z —y) & (x—y,v—x) > 0forall
v € K. The measure differential formalism is useful in the context of optimal control, see Section 3.5. Indeed it is a formalism
which retains only the “measure part” of the distributional formalism, i.e. the states discontinuities. Most importantly its
solutions are functions of time independently of the degree of A. Both formalisms are related through the following.

Proposition 1 ([1)). (i) Let (z1, ..., 2z, &) € (T,_1(RT))™ be a solution of Problem (17)-(19), with {z}(07) = z; € R". Then
71 = {z1) € Fx(RT;R), z € (RN (2 < i < 1),§ = {§} € (F@®T;R)""and ({z1}, ..., {2}, §) is a solution of
Problem (22)-(24), with {z}(0™) = z5 € R".

(ii) Let (wy, ..., wr, £) € (Foo(RT; R))" be asolution of Problem (22)-(24), with {z}(07) = zy € R".Then (zy, ..., 2, &) €
(Tr_1(RT)", where z; = w; and

i—1
a=wi+y | D ) -—wEns V| e=<i<n,

j=1 tk€Eo (w))
is a solution of Problem (17)-(19), with {z}(07) =z € R". 1

An example is treated in detail in Section 4.4.3 which helps understanding how (17)-(19) is integrated in time and how
the state jump mappings (30) and (31) work. Notice that Proposition 1 applies to the solutions of the BVP as well. It is
noteworthy that if the distribution Z is a solution of the distributional problem in (17)-(19) and if the function Z(-) is a
solution of the measure problem (22)-(24), then {Z}(-) = ;:(-) almost everywhere on [0, Tq]. It is also clear that if A is a
measure, then both formalisms are equivalent one to each other. From a Control engineer point of view, the “real” solution
is the solution of the distributional formalism. However the measure differential formalism will prove to be quite useful to
formulate an extended optimal control problem.

Definition 1. Let 0 < a < b € R U {+oo} be given. We say that a solution z € (7,_1(R"))" of (17)-(19), with
{z}(07) = zo € R", isregular on [a, b) if for each t € [a, b), there exists a right neighborhood [t, o) (c > 0) such that the
restriction of {z} to [t, o) is analytic.

Regular solutions may possess accumulations of jumps, but only on the left of any t € [a, b), as right accumulations
cannot exist by definition. They encompass right-analytic solutions [44]. The following is proved in [ 1] and concerns the IVP
in (17)-(19).

Theorem 1. Suppose that CA™"'B > 0 and m = 1. For each zy € R", the system in (17)-(19), with {z}(0™) = z, € R" has at
least one regular solution.
Moreover:

(i) z1() = {z}() = 0on R

(i) |{Z}(O | < e Zll, ¥V t € RT, for some ¢ > 0,
(iii) If z' and 2% are two regular solutions of (17)-(19), with {Z}(07) = Zy € R" then (Z', ¢) = (22, ¢), Vo € C°(RT; R");



where z; is uniquely defined by

zy; =prox [Ty '(zo1. ... 204-1): 20], V1<i<r—1,

z(’)_r = ProXr-1f)-1 [T;_l(zo,l, ey 200-1); Zo,r]
and

zg; =200, (r+1=1=<2n).

It is proved that uniqueness holds in the class of regular solutions only. A crucial step is to understand the relationship

between U and the class of solutions of the HOSP. Indeed it is possible that reachability of x; from X, in (2), holds for a u
which belongs to a set U of distributions. However is there a correspondence between this U and 7;_1 ([0, T1])? An element of

answer will be given in Section 3.5. An important property which helps understanding how the HOSP works is the following.
Notice first, that we may write dv; in (27) and (28) as

dV,’ = g,-(t)dt + dgi, (32)

where g; € F.(R"; R) and dg; is an atomic measure with countable and orderable set of atoms generated by the right
continuous jump function g;. The following holds.

Proposition 2 ([1]). Let z(-) be a solution of (20) and (21). We have

gi(t) =0, dt-aeteRt, (1<i<r-—1), (33)

g(t) e —angl([m(t,) ,,,, (z,,1)(r))({zr}(t+))7 dt-ae. t e RT, (34)
and

0<z(tY) Ldyv(t") >0, foreacht e R (35)

0<z(t") Lg(tt) >0, dt-ae.teR". (36)

Ty 'z} (7). . {zis }(E7)) 2 {zih(t) L —dv({t}) € 3%(1;1({Zl,(ﬁ),_m{ziq}(F))({Zi}(ﬁ)) (37)

foralll1 <i<randallt € R,

Thus, the complementarity in (4)(c) is given a meaning with (36) and (37). Notice that (36) may equivalently be rewritten
as le (g, (t)dt = 0,0 < z;(t"), g (tT) > 0. The cone CP in (37) shows what CP the measures dv; satisfy (the rigorous
meaning of the inclusion in the right-hand-side of (37) is explained in [1, Proposition 1] or [31, p. 76]). It is important to
notice that given {z;}(t7), ..., {zi_1}(t ), the measure value depends on {z;}(t ™). We shall come back on (37) in Section 4.2.
From (33) it follows that the non-atomic parts of the Lagrange multipliers are zero almost everywhere, except for g, (-).
Consequently the Lagrange multipliers associated to additional constraints to be imposed on the problem, are purely atomic.
This may explain why they have been ignored in the literature, since the condition that A be a measure has always been
imposed. It is crucial to keep in mind that the unilateral constraint Cx > 0 of the original formulation, is replaced now by
{zyt™) € Tgl({z1}(t*), ..., {zi—1}(t7)). The definition of the cones and the inclusions (28) guarantee in particular that
z1(t) = w(t) > 0, see (36).

Remark 5. (i) Theorem 1 remains true if m > 2 and CA'Bis a nonsingular symmetric M-matrix (see [17] for a
definition) [1].

(ii) The sets supp(dg;) are countable and orderable sets. In other words the set of times at which A possesses atoms is
countable and orderable.

(iii) If Cxo > 0, then along the solutions of the HOSP IVP one has deg(w(-)) = O on [0, T;].

Another important tool is the following LCP which holds on time intervals [t — €, T), € > 0, on which z;(t) is identically
zero:

0 < A(t) L CA'W™'2(t™) + CA™'BA(t) > 0. (38)

In (38) one could write equivalently g.(t) instead of A(t). This LCP monitors the evolution of the multiplier A(-) for
t € [t — e, 7). The matrix of this LCP is the leading Markov parameter M®"""), We therefore have at our disposal a complete
dynamical system, which allows us to give a meaning to the system in (4), for any initial data and for all t > 0. This is a first
crucial step for the understanding of the necessary conditions of optimality.

Corollary 1. Along trajectories of (17)-(19) one has %H({x}(t), {n}(t)) = 0 almost everywhere.

Proof. Follows from easy calculations and the fact that the support of the measures dg; is of zero Lebesgue measure on
[0,T;]. m

However, along the optimal trajectory the Hamiltonian may undergo jumps at atoms of XA (see Corollary 3).



3.2. Solutions of the necessary conditions IVP

From now on we will choose to embed the system in (4)(a) (¢) in the HOSP. In particular, the degree of distributions refers
to the degree of distributions in spaces 7.([0, T1]) for some n. The following is going to be useful subsequently and follows
from the state variable change Z = Wx and (17)-(19) and (22)-(24).

Costate equation distributional formalism

Or—l
Dy — Qx+ A" = [Opunla W' [ MO ] (39)
OZn—r
Costate equation measure formalism
dl)]
dn — Qut)dt +A'n()dt = [Openul W' | ay,_, |- (40)
M®©dy,
02n—r

Both x(-) and n(-) are ¥ ([0, T;], R)-functions in (40), while in (39) x and 7 are distributions in 7;_1([0, T1]). We recall
that Proposition 1 guarantees that there is a bijective relation between the solutions of the formalisms in (39) and (40). We
also denote dv, = [Onnly]W =1 (dv; - - - dv,_1; MTdv, 05, )" In a first step, it is necessary to give a meaning to (4)(a) (c),
as a well-posed dynamical system.

Lemma 3. Let us embed the system in (4) (a) (c) in the framework of the HOSP. Assume that r** = 2k, k > 1and m = 1.
Then there exists a global solution starting from any initial data (x(07~), n(07™)) which is regular in the sense of Definition 1, and
uniqueness holds in the set of regular solutions.

Proof. From Lemma 1, the leading Markov parameter M @™ = cA2™-1B > 0. Apply Theorem 1 and the fact that the
solution X of (4)(a) (c) is regular on R™ for any initial data. m

It is crucial to realise that Lemma 3 neither states uniqueness of solutions of the BVP (4)(a) (b) (c) when r** is even, nor
says that when r" is odd, the BVP (4)(a) (b) (c) has no solution. The well-posedness of the IVP (4)(a) (c) and of the BVP (4)(a)
(b) (c), are two very distinct notions. However studying a good formalism for the IVP, will allow us to better understand the
BVP. In particular, the study of local properties of the optimal solution can take advantage of the IVP study, as well as for
numerical integration. As pointed out in the introduction, the existence of solutions to the minimisation problem (1) and
(2), is a reachability problem. Concerning the BVP in (4)(a)-(c), we make the choice to embed it into the HOSP, i.e. we allow
for its solutions to be regular in the sense of Definition 1. The consequences of such a choice are important, as it may imply
to extend the integral action I(u) in (1) since x, n and u may no longer be functions at contact times. Actually the central
question is: let us allow the solutions of the BVP in (4) to be regular. Then how should one extend the minimisation problem
in (1) and (2) so that the set of equations/conditions in (17)-(19) represents the necessary optimality conditions?

3.3. Motivation example

Let us examine the simple case where the system (2) is given in the z-dynamics representation, Q = I, andR = I,,,. Let us
rewrite I (u) as the sum of a regular part 3 fOT‘ [{z}(OT{z}(t) + %{u}(t)TR{u}(t)]dt and an algebraic part % > a{TZ}(tk)a{z}(tk)
which takes into account the norm of the state vector jump. We notice that in addition, the minimisation of the algebraic part
has to take into account some constraints on {z}(t™), due to the unilateral constraints. In other words, we disregard what
happens at instants t;, and retain only the right and left-limits of the function part of the state: we choose to work with the
measure differential formalism (22)-(24) or (25) and (26). Assume now that {z;}(t) = 0and {z;}(t) < 0, forsomet € [0, T{]
and all 2 < i < r.Thus from (30) and (31) a jump in {z;}(-), 2 < i < r, occurs at t while the other variables are continuous.
Then we have {z;}(tT) — {z}(t7) = argmin(,iﬂzi}(tf)zo%af. The HOSP jump rule therefore minimizes % Dk Z,-(U{z,-}(fk))z.
over the admissible values of the post-impact state.

3.4. Meaning of the costate n(-) jump condition

In this subsection, we rely on the embedding of the system (4)(a)-(c) in the HOSP formalism to characterise both x and
n as distributions. The condition n(t+) = n(z~) — CTA; with A; > 0is usually given in the set of the necessary conditions.
It is also sometimes indicated that if the optimal controller u is discontinuous, then a jump in 7(-) occurs. In the light of
the HOSP distributional and measure differential formalisms in (17)-(21) and (22)-(26) respectively, one may wonder what

10



this jump condition really means>: is A a measure at 7 (i.e., A1 is the magnitude of the atom of dg; at t, see (32)), or is it
{(n}(z*) = {n}(r~) — CTA;? This is not at all equivalent.

Proposition 3. The degree of A at a time t is < 2 if and only if all the z;(-), 1 < i < r — 1, are continuous at t, while z.(-) is
a possibly discontinuous function at t. Moreover in such a case x(-) = {x}(-) is a continuous function at t while n(-) = {n}(-)
jumps at t.

Proof. The first assertion comes from the zZ-dynamics. Now if x(-) is a function and has a jump, necessarily from (4)
deg(n) > 2. Thus necessarily deg(A) > 3 which is a contradiction. Finally Z = = W% and the transformation matrix W is
square full rank. Thus if (-) is continuous at t, so is Z(-). So necessarily n(-) has to be discontinuous if z,(-) is. The second
part of the Proposition is proved. ®

Proposition 3 says nothing on the definition of the jump: clearly if M™ < 0 and if we admit that the system in (4) is
embedded in the HOSP, then the post-jump state is not well defined. Finally the jump in n(-) = {n}(-) has to satisfy stringent
conditions to assure that only z.(-) jumps while the lower order variables z;(-) remain continuous.

Proposition 4. Let m = n, = 1. Allthe z(-), 1 <i < r — 1, are continuous at t, while z.(-) is a discontinuous function at t, if
and only if (A"Yo,(t) € Ker(B") for 0 <j < r** —1.

Proof. Let us consider (4) and the state transformation in (14). It is easy to see that z;(t) = zi1(t) = CAix(t) for all
1 <i<r*™—1whenr*" > 2. Let us assume that z;(t) = Mix(t) + Z};gw *BT(ATYn(t), for some r*" < i < r — 1,
where % generically denotes some constant scalar and M; € R'*" is a row vector. Then z 1 (t) = M;(Ax(t) + BB 5(t)) +
Yo *BTATY(Qx(t) — ATn(t)) = Mipax(t) + Y ' *BT(ATYn(t), where Mi1 = MiA+ Y.y *BT(ATYQ (notice

j

that M;B € R). Since zywu(t) = CA™"x(t) + CA"""~1BBTy(t) the proof is complete by induction with M™" = cA™" and

* = CA™~1B. From Proposition 3 x(-) is continuous. The “if” part of the proof thus follows by letting j vary from 0 to

i—r*andr** <i<r — 1.The “only if” part follows from the fact that the pair (A, B) is controllable. Therefore the rows

BT(ATY are independent for all 0 < j < n — 1. Since M; is an n-row and s is a scalar, and since r** < n, the proof follows.
|

Corollary 2. Let 1(-) have ajump o, (t) at t and (A"Y o, (t) € Ker(B") for 0 < j < r** — 1. Then u"" =1 (.) is the lowest order
derivative of u(-) which is discontinuous at t.

Proof. From Proposition 4 it follows that deg(A) < 2 so that (4) does represent the optimality conditions for (1) (2) and (5)
holds [45]. Since u(-) = B"n(-), we deduce that oy (t) = B',,(t) = 0.Since i(-) = B'i(-) = BT(Qx(t) — A™n(t)),* we deduce
that oy (t) = —BTATG,,(t) = 0. The reasoning can be continued until one attains u=n, recalling that zirq)() = z:(+)
dependsonu™"~V(). m

One notices from Corollary 2 that the sum of the lowest derivative of u(-) that is discontinuous and of the relative degree
are always equal to 2r** — 1 whenever there is a jump in n(-) at t (i.e. A; > 0) and A is a measure at t. This is in agreement
with [26, Theorem 6] which states that A; # 0 if and only if u™=n () is discontinuous at t, at an entry time. However our
proof completely differs from that in [26].

Corollary 3. Let X be a measure, and consider the Hamiltonian function in (9) evaluated along the solutions of the HOSP in
(17)-(19) (equivalently along the solutions of (22)-(24)). Then H(t") = H(t™) at t € [0, Ty] if and only if (n(t™) —
n(t™) Ax(t) = 0.
Proof. One finds from Proposition 3 that H(t™) —H(t™) = —2(n(¢t") —n(t7))"BB (n(t ") —n(t ™)) + (n(tT) —n(t ) TAX(0).
Thus from Proposition 4 one has H(t™) — H(t™) = (p(t™) — n(t7))"Ax(t). =
Therefore requiring the continuity of the Hamiltonian at contact states usually implies that deg(A) < 1.1t is of interest
to investigate whether or not conditions exist such that the Hamiltonian function, the optimal trajectory and the optimal

control are functions of time (so that I(u) in (1) and (5) have a meaning), while A is a distribution of degree > 3. In a sense,
the costate 1 should “incorporate” all the higher degree distributions. Let us denote the transformation matrix Z = Wx as

W:(g; 0"};“) where W; € R™" 1 <j < 3,3 = (', n").
Proposition 5. Let m = n, = 1and r** = n. Then (a) deg(L) < 2 < (b) Z and X are functions < (c) B'n and Ay are
functions. Also deg(1) > 3 < deg(B™n) > 2 or deg(ATn) > 2.

3 we say that a vector jumps if at least one of its components jumps.
4 We can safely differentiate B"5(t) as B'#(t), as we know that the function B#(-) is continuous at t.
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Proof. We first notice t~hat undgr the stated conditions and from (4)(a), %% possesses the above structure, and since it is full

rank then necessarily W3 and W are full rank [28, p. 38]. Let us denote giT = (zi,...,2),1 > r 4+ 1. We first prove that

(c)=(a).Ifz(-),n+ 1 <j < i— 1are functions and z;_1 (-) is discontinuous, then deg(A) = r 4+ 2 — i, and reciprocally. We

notice that deg(A) = r +2 —i,i < r — 1, implies that deg(A) > 3. The vector ¢; may be considered as a (n — 1)-vector of
Zn+1

distributions of degrees > 2. Since 5 = —(W5 'WoW; 1)z + W5 ' | : |, then BTy and A"y are time functions if and only

Zi—1
gi

~ - i—n+1
if W3 ! (01 ; i )belongs to Ker(B") and to Ker(AT). However since the pair (A, B) is controllable, the Kalman controllability

BT
BTAT
T 2T\2
matrix & and its transpose are square full rank (n x n) matrices. Since XT = | B AD7 1 one sees that R" 5 v € Ker(B")N
BT(AT:)n—]
Ker(AT) implies that XTv = 0. Hence v = 0 and we deduce that ¢; = 0 which is a contradiction. Therefore deg(B™n) < 1
and deg(A"y) < 1 implies that deg(1) < 2. The other implications/equivalences follow from the Z-dynamics. The last
equivalence is just a rewriting of (a) < (c). ®

Consequently one sees that the only case where BTy and ATy are functions, is when all z;(-), r'**+1 < i < r, are functions.
In this latter case z.(-) may be time discontinuous, so that A is a measure. However there may exist cases when deg(1) > 3,
deg(B™n) < 1and deg(A"n) > 2.

Proposition 6. Let m = n, = 1and r*" = n (= r = 2n). Let us embed the necessary condition system in (4) in the HOSP
in (17)—(21). Let a trajectory of (4) make contact with bd® at t = t. Assume that z(t~) = 0. Then deg(}) < nand x(-) is a
continuous function at T while deg(B"n) < 1. Finally deg(A™p) <n — latt.

Proof. Recall thatZ = (zy, ..., z-w«)T. We notice first that Z(t~) = 0 (=z(z*) from (28)-(31)) is equivalent to having x(-)
continuous at t, because of the minimality of (A, B, C) and consequently the structure of the transformation matrix w (since
¥ = n, the matrix W; = [CT(CA)T - - - (CA"")T]" is the Kalman observability matrix). Using the Z-dynamics (14) and (30)
it is deduced from z(z~) = 0 that deg(X) < r** at r and that deg(B"n) < 1. The last statement is a consequence of the
structure of Ain (4). ™

It is worth recalling that all the distributions which appear in the problem, have an atomic part whose support is of zero
Lebesgue measure, see Remark 5 (ii). As a consequence of Proposition 6, when z(t~) = 0 at all entry times 7, the state
jumps are jumps of {n}(-), i.e. {n}(t,f) # {n}(t, ). Butimposing the constraint Z(z~) = 0 at all entry times 7 does not imply
that A is a measure.

001 0 0 0 0
00 1 0 0 0
Example 2. Let us consider a triple integrator x® (t) = u(t) with x;(t) > 0. We have A = (1] 8 g 8 g é ,
001 0 -1 0 0
000 1 0 -1 0
1 0 00 0 0
0 1 0 0 0 0
~ o o 1 0 o oz T ;
W=10 o 00 o 1| B"=(@©0 0 0 —1 0 0),B" =n3,ATp = (0 n nz).Assume that A = §,
0 0 1 0 -1 0
0o -1 0 1 0 1

which happens if z5(-) jumps at t while zg(-) is continuous (for instance if z;(t7) = z(t7) = z3(t7) = z4(t7) = 0,
z5(t7) < 0,z(t™) > 0). From the HOSP dynamics, this implies that z;(-), z;(-), z3(+), z4(+) and zg(-) are continuous at t,
while z5(tT) = 0. Thus deg(n;) = 0, deg(1j,) = 2 and deg(n3) = 0. This is a case where deg(B"n) = 0 while deg(ATn) = 2,
and deg(A) = 3. This is in agreement with Proposition 5: if deg(1) = 3, necessarily either deg(B"n) > 2 or deg(ATn) > 2.
Since deg(B"n) < 1 necessarily deg(ATn) > 2.

The preceding analysis suggests that there are two basic situations concerning the system in (4)(a) (c):

(1) Ais ameasure,ie. A = g (t)dt + dZ,,

(2) deg(r) > 3and
(2.1) B'5(-) and x(-) are time functions on [0, T;], deg(ATn) > 2,
(2.2) deg(r) > 3,deg(By) > 2.

Quantum electronics and laser control, portfolio optimisation, optimisation of the loan policy of a company, are problems
which involve optimal controls with deg(u(-)) = 2 [20]. Considering optimal inputs which are not functions, therefore,
makes sense from the application point of view. There are several basic ingredients in the optimality conditions, among
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which: (i) the value of the optimal control in (5) which comes from %—Z’(X, u,n) = 0, (ii) the costate equation n(t) =
Qx(t) — ATn(t) — C"A which comes from calculus of variations and Kuhn-Tucker conditions stating that X(t) = ]%(t)
(see (9) and paragraph after), (iii) the expression of the integral action (or cost) in (1).

In case (1) the three ingredients have a meaning and the BVP in (4) represents the optimality necessary conditions with
I(u) in (1) [4, Theorem 1] [9] [45, (4.1)-(4.5)]. From [45, Proposition 4.1] normal extremals are minimisers of (1) and (2) in

such a case. Also we note that x = {x}, u = {u}, and n = {n} on [0, T{].

Corollary 4. Assume the conditions of Proposition 6 are satisfied and that U is a set of functions of time. Let t € [0, T,] be an
entry time. Let us consider the solution X = W ~'Z of the distributional formalism in (17)-(19) and the function H(x, u, n) in (10).
Then the control which satisfies g—’;(x, u,n) = 0at 7 is given in (5) if and only if (o,,,,(7), ..., azr(r))W;T € Ker(A). In this

case deg(A) < 2.

Proof. From Proposition 6, one sees that deg(ATy) < r** — 1 at 7. One may rewrite the Hamiltonian as H(x, u,n) =

—3X"Qx — Ju"Ru + n'Bu + (A™n, x) since A"y € 7, is a distribution. At T we may write n as = S0 mis® for some n;.
Zn+1

We know that n = —W5 '"WoW; 'z + W5 ' [ : |.Since Z(:) is a continuous function at 7, we deduce that ; = W5 '8;,
Zr

OZn—rJrl

Or—i—l
with g; = (Uzr,-(f)> (from (30) and (31) either B; = 0 or B; = —z,_;(t~) > 0). The result follows because deg(ATn) < 1if

and only if (B,_1, ..., Bo)T € Ker(A") (otherwise the product (A"#, x) necessarily involves u(-) and its derivatives). The last
result follows from Propositions 5and 6. ®

In other words, the optimal input computed along the solution of the distributional problem (17)-(19) is given by (5) at a
tangential contact if and only if deg(}) < 2. When deg()}) > 3 one will have to resort to the measure differential formalism
(22)-(24) whose solutions are time functions in #, to characterize the optimality, see Sections 3.5 and 3.6.

3.5. An extended integral action I(u)

Let us deal now with case (2), i.e. deg(X) > 3. The case (2.1) is of particular interest, because it shows that the optimal
controller may be a function of time, while the costate 7 is a distribution of degree > 3. Thus decreasing the “regularity”
of u(-) while keeping deg(u) < 1 may create serious difficulties in the analysis of this optimisation problem, the costate
equation being a distributional differential equation as (39). On the sets supp(dg;) with d¢; in (32), the dynamics of the
system in (4)(a) (c) becomes algebraic, see (30) and (31). Consequently when deg()) > 3 it is necessary that the optimal
control problem in (1) and (2), involves an algebraic action in addition to an integral action. One path is the following:
u? has no meaning if u = 8. However (8, ¢(t))> = ¢(0)? has a meaning for any test function ¢(-) € Cg°. Also
(@180 + a2bo., 9)? = (b0, 9)> — 20103(80. ¢ + §) + A2(60. §)? = Bp?(0) — 2a182((0) + ¢(0)) + a3¢*(0). This way of
introducing the singular distributions contributions in the quadratic cost, is different from that considered in [15]. Let {85 (-)}
be a fundamental sequence for the Dirac measure 8y [11, Appendix A]. In [15] it is argued that since foﬂ’o (ég)z(t)dt — 400
asn — o0, then the cost to be associated to the distributional parts is +oc. It is concluded in that only those optimal
control problems involving no distributions of degree > 2 make sense. Our approach of considering the cost function (or
action) when higher degree distributions are present in the optimal control problem, rather follows Moreau’s results in [35].
An important tool in the developments which follow is the measure differential formalism of the HOSP in (22)-(26).

Let us denote dv; = (dvy -.-dv,)T e R'. Similarly for dg; which denotes the atomic part of the vector measure

- — o= - : _ (= 0! rXT o M Orx(2n—r) ) 2nx2n
dv; = gz(t)dt + dJ; (see (32)). Let us define M = (OM M(,)) € R, and M = (O(Zn—r)xr Oanraanr) € R .
From (27) we have dz = AZ(t)dt + M (03:3). Thus dvg = W1 M (oj:i) = gy(t)dt + dds.

Lemmad4. Let 1" = 2k, k > 0, and m = 1. The HOSP jump rule in (30) and (31) minimises the quadratic term
%(dg;, cp)TM(dgl;, @) for any test function ¢(-) € C°[R; R] with support containing [0, T;], under the constraints in (36) and
(37).

Proof. One has dv;({t}) = {z;}(t") — {z}(t™) forall t € [0, T;].If t is not an atom of dv; then dv;({t}) = dg;({t}) = 0.If t
is an atom of dv; this implies that all the tangent cones Tf; {z1}(t7), ..., {z}(t7)) satisfy Té({zl}(t*), ooz @) =R
for 0 < k < i— 1.Then dvi({t}) = dgi({t})) = argmingz))=030;- Indeed from (30) it follows that {z}}(t") =
prox[Tg '(z1(t7), ..., {;i71}(t‘)); {zi}(¢t7)]. We deduce that {z}(t") = argminadgl(Zl(t_)w_,{ZH)(t_))%(a —{z}(t)? In
case {z;}(t7) < 0and Tgl (z1(t7), ..., {zi.1}(t7)) = RT (which are the conditions required so that d¢; possesses an atom
at t) the result follows. We have (dg:, ¢)TM(dgs, ) = Y 1=} (ddi, ¢)* + M (dd,, ¢)?, and from Lemma 1 it follows that
M® > 0.The resultis proved. ®
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Let us illustrate the second argument of the proof. If {z;}(t”) < 0 then argminr,ﬁ{zi}(rf)zo%oiz = —{z;}(t).
Since dv;({t}) = {z}(t") — {z}(t™) we deduce that {z}(t*) = 0 (a plastic jump). The parallel with unilateral
Mechanics and Moreau’s second order sweeping process can be done, where the post-impact velocity satisfies q(t™) =
argmin,, et (wn%(u) —q(t7)HM(q(t))(w — G(t7)) when the impacts are plastic [11, Remark 5.11].

Lemma 4 extends to odd-r** systems, provided d4, = 0. We shall find again the specificity of odd-r** systems in
Sections 4.2 and 5. Let us propose the following extended action to be minimised:

1 e s 1 [0 1
millrgi)glljize E(dé’;, @) W' MW (dgs, @) + 5 fo [{x}(O)'Q{x} () + {u} () {u}(D)]dt + 5{x}T(T1)F {x}(T1) (41)

for any test function ¢(-) € C°[R, R], with support containing [0, T+],

Definition 2. Let U be a set of distributions in 7;wu ([0, T1]) such that the atoms and points of non-analyticity of any u € U
. . wu
are in the set | J;_, supp(dg;). We denote it as u; .

The definition of U;w” is motivated by the fact that the HOSP solutions are constrained to exist in the set 7;_1([0, T;]),

see Proposition 1. In particular deg(z;) < 1. Havingu € Ufﬂwu means that deg(u) < r** 4 1, while along solutions of the
HOSP deg()) < r + 1 = 2r*" + 1. The inspection of the z-dynamics shows that deg(z;) < 1 = deg(u) < r** + 1. Itis
consequently useless to look for a larger set (in the set of distributions as defined in Section 3.1) of inputs for this optimal
control problem. However as Example 7 shows it is easy to construct cases where x; is not reachable from X, in the set Uf;m.

This is therefore an important issue that is not tackled in this paper. By taking u in U;wu we assume that there is no need for
the zero dynamics state £ to jump in order for X; to be reachable from xg. Finally notice that {u}(-) € L,([0, T;]; R™) since
quadratic forms of LBV functions are LBV [37].

Let us notice that (dgx, ¢)"WTMW (dgz, ¢) contains terms of the form ¢2(ty) for all ty € supp(dgz), since dgx is an
atomic measure generated by a right continuous jump function gz(-). Let us recall that in (41) the state jump times are
totally free and are not a priori fixed. The only thing that we impose through the HOSP formalism is that the supports of the
atomic measures dg; are orderable and countable sets, and are in {t € [0, T;] : Cx(t) = 0} (even more: the atoms are in
the set of junction times). It is noteworthy that even in case (2.1), the addition of an algebraic action is necessary. At a time
t e supp(dv;) where (2.1) holds, then the value of {u}(-) = B"{n}(-) = BT is irrelevant (and this is the case on the set of all
atoms of A as this set is of zero Lebesgue measure). The optimisation is done at such a t on the costate 7.

Remark 6. The idea of separating functions and distributions in the action is not new, see e.g. [38] and [3, equ. (2.5)]. Also
in [12, Section 3.7] I(u) is split into an integral part and an algebraic part taking into account state jumps. However the
works [12,38] do not apply to the problem considered in this paper as they do not involve state unilateral constraints.

Proposition 7. Suppose that x; is reachable from X in a finite time T; > 0, withu € Uguu. Let r*" be even. Then the HOSP
measure differential inclusion in (22)-(24) represents the optimality necessary conditions for the extended integral action I(u) in
(41), withu = By forall t € [0, T;] and subject to the constraints in (36) and (37). If r“ is odd, then the result holds provided

the additional constraint dg, = 0 holds along the optimal trajectory.

Proof. In view of the material of Sections 3.1, 3.2 and 3.4, one sees that if deg(A) > 2 an algebraic action has to be added
to I({u}) in (1), taking into account the state {x}(-) and/or costate {n}(-) jumps (where {x} and {n} mean here the function
part of the solution of the distributional formalism (17)-(19)). From the measure differential formalism (40), u = By for all
t € [0, T;] means that

u(t) = B™n(t) —|—BT/ dv,, (42)
[0,0)

where dv, is defined after (40) and 7(-) in (42) is to be understood as the solution of the ODE: 7(t) — Qx(t) + ATp(t) =0

with x(t) — Ax(t) — BR™'BTn(t) = 0. In other words (42) stems from

u(t) = argmax H (x(t) —|—/ dvy, n(t) + / dv,, u(t)) (43)
eyt [0,t) [0,t)
7
and it is worthwhile noting that the arguments in the Hamiltonian function in (43), are functions of time (the fundamental
role played by the measure differential formalism (22)-(24) and Proposition 1 is clear in this context). Let us recall that
solutions of the measure differential formalism are #,, functions, and so is u(-) in (42). From the distributional formalism
(39) u = BTy means that (u,¢) = (BTn, ¢) forall ¢ € C5° ([0, T1]). Therefore, if the necessary condition system (4)
embedded in the distributional HOSP (17)-(19), possesses a distributional solution in 7;_1([0, T1]), the corresponding
solution of the measure HOSP in (22)-(24) decomposed as in (42) into an unconstrained and a constrained parts, satisfies
(42) and (43) (by Proposition 1 there is a bijective correspondence between solutions of the distributional and the measure
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formalisms of the HOSP). The Hamiltonian function H({x}, {u}, {n}) evaluated along the optimal trajectory (and optimal
control) satisfies

1 1
H({x}, {u}, {n}) = {S}UP —E{X}TQ{X} - E{U}TR{U} + {n}' (A{x} + B{v}). (44)
v EU;

Lebesgue almost everywhere (equivalently {u}(-) = B"{5}(-) almost everywhere on [0, T;]). Also the costate equation is

d
a({rl})(ﬁ) = Q{x}(t") — AT (") — CT(Ozn—1g: (7)) (45)

on intervals (ty, ty11] since the solutions are right-continuous. We recall that the values of the functions {x}(-), {u}(-),

{n}(-) are irrelevant at the atoms t; of the distribution A. Let us now deal with the algebraic action in (41). One has

Z = W%, and consequently (dgs, 9)"M (s, ¢) = (dg1, @) M(dgs, ) = (dgx, ¢)"WT MW (dgz, ¢). The solutions are

distributions in 7;_1([0, T{]), solutions of the HOSP in (17)-(19). From Proposition 1 we can consider equivalently the

solutions of the measure formalism in (22)-(24). From Lemma 4, the solution of (22)-(24) minimizes the quadratic term

%(d(‘,’;{, w)TWT,AZW(dg;, ¢). All the above applies to even r**, and to odd r™*, provided the constraint d4, = 0 is added.
|

In case u(-) is a function, its derivatives may be distributions. This is taken into account by the algebraic action which is a
function of n, hence implicitly of u(-) and its derivatives. Consider Example 2. One has at the considered time u(t) = ns(t).
From (17) the distributional equality Du = Dn3; = x3 — 1, = z3 — 1, shows that deg(Du) = 2 since deg(n,) = 2. This is the
consequence of a jump in z5(-) at t which is the optimal jump according to the action in (41).

Most importantly, when A is a measure, (42) and (43) coincide with [59, equ. (11.42)] and [59, equ. (11.41)], respectively.
We note however that the solution and optimal controller regularity conditions as studied in [59, Sections 9-11] are not
relevant in our framework since the data in (1) and (2) are analytic and the solution we are looking for is regular (in the
sense of Definition 1). Similarly (39) and (40) reduce to an equality of measures as in [8, equ. (2.21)] when X is a measure.

It is worthwhile pointing out that in case (2.1), the integral term of the action I(u) is equal to fOTl [x(O)TQx(t) +
u(0)Tu(t)]dt + 3x"(T1)Fx(Ty). However from Corollary 4 one does not have %—’Z = Oatatomsofdv;, 1 <i<r — 1, butonly

almost everywhere on [0, T;] (see also (42)). The algebraic action is then equal to ((0j, dgy), PYWTMW ((0, dgn)’, ¢),and
takes into account possible jumps in the costate 7(-).

Example 3. Following [12, Section 3.11] let us consider the system with relative degree r*** = 2,1 > 0,

x1(t) = x,(t)
X (t) = u(t) (46)
w(t) =1—x(t) >0

with Q = 0 and R = 1. Then (4) becomes in the Z-canonical representation

z1(t) = zp(t) (= —x2(1))

() =z3(t) (= —n2(1))

z3(t) = z4(t) (= n1(D) (47)
z4(t) = (1)

0 <w() =1+2z1(t), z1(t) = —x1(F).

Let us consider the end-point conditions z;(07) = z; (Tf) = —landz,(07) = 2, (T1+) < 0. Then the optimal solution
isz(t) = Oforallt € (0,T;) (sothatu(t) = Oforallt € (0, T;) and the integral action is zero along the optimal path),
and z,(-) jumps att = 0and t = T; (here z,(-) is to be considered as a solution of the measure differential formalism
(22)-(24)). Thus dv, > 0 and dv; = dv; = dv, = 0. The algebraic action is equal to (dv,, ¢)2. Along the solutions of the

distributional formalism (17)-(19) one has u = 5, = —z3 as an equality of distributions, and deg(u) = 2. The optimal
solution that is presented in [12, Section 3.11] is such that z4(t; ) < 0 at an entry time t;, so that deg(A) = 2. An open
issue is to find whether or not admitting jumps in z3(-) = —n,(-) (solutions of (22)-(24)), hence a discontinuous optimal

controller, would allow one to decrease the action value compared to the case when A is constrained to be a measure. In this
case, the distributional formalism solution yields deg(}) = 3. In this simple example, the test merely amounts to varying
the entry and exit time, allowing for deg(A) > 3.

3.6. Hamilton’s principle of Mechanics
Let us briefly expose here some facts about Hamilton’s principle of Mechanics for Lagrangian systems subjected to

complementarity relations and impact laws. As recalled in [ 11, Section 3.5], the addition of a unilateral constraint and of an
impact law, implies that Hamilton’s principle has to be modified in order to keep its meaning (otherwise it cannot represent
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the nonsmooth feature of the dynamics). The position is supposed to be constrained in @ = {q | h(q(t)) > 0} with
h:R" — R, and we take T; = 1. The Lagrangian dynamics is embedded into Moreau’s second order sweeping process [2].
Let us first consider the following minimization problem with e € [0, 1].

1 ! .
minimize *Uq(t)TM(q(t))O'q(f)-F/ L(q(t), q(t))dt. (48)
q(0)=qpe® 2 0
a(h=qq €
aeH)+eqt™)eTp ()

The solution of the sweeping process on [0, 1] which satisfies g(0) = qo and q(1) = ¢q;, minimises the action (48) as it
satisfies the smooth Euler-Lagrange dynamics outside impacts, and minimises the quadratic term at impacts. However the
writing in (48) is not satisfactory because it explicitly resorts to impact times in the formulation of the algebraic term of
the action (notice that if ¢ is not an impact time then the corresponding algebraic action becomes trivial). Let us define the
Stieltjes measure dv associated to the acceleration, whose atoms are the impact times so that dg, ({t}) = q(t*) — q(t™).
Then one may rewrite (48) as

q(0)=qpe®

1 1
minimize §<d3v»¢>TM(Q(t))(d3v,§0>+/0 L(g(t), q(t))dt (49)

q(1)=q1€®
G(t+)+eq(t™)eTgp (q(t))

with ¢(-) € C° a test function whose support contains [0, 1]. As shown in [13] for the case e = 1, the extremal of the
functional

1
/ (L(q(t), q(t))dt + h(q(t))1) (50)
0

under the constraints h(q(t)) > 0 forallt € [0, 1], some initial data and no kinetic energy loss, is a solution to the bounce

problem, i.e. & (%‘zq)) t) — %‘2‘7)(0 = Vh(q(t))X on [0, 1], and vice-versa. The multiplier A in (50) is a measure whose

support is in the set {t € [0, 1] | h(q(t)) = 0}.
One sees thatin (50) the Lagrangian function is augmented to cope with the unilaterality, and the multiplier is a measure.
The basic idea is to augment the Lagrangian function L(x, u) = % TQx + %uTRu, taking into account the specific features of

the problem. Let us recall that dvs = (dv; - - - dv,)T, dvg = W' M <Oj:i>' and dx — Ax(t)dt — dvz = 0 from (22)-(24). We
define the augmented Lagrangian as

L({x}, {u}, dvg, dt) = L({x}, {uhdt + {x} ()] dvy

where ] € R?™?" is defined in Remark 1. The product {x}(t*)"Jdv is written here with a strong abuse of notation and
requires some care. The function {x}(.) is right-continuous and dvj is a measure with possible atoms at times ty, k > 0. The
space of functions which are dvz-integrable contains functions continuous at t;, and also the functions which are dvz-almost
everywhere equal to an integrable and continuous function g(.). Since the supports of the atoms are the singletons {t;}, it
is sufficient that {x}(ty) = g(t). Then, denoting the atoms of dv; as §;, one has

/{i}d&k = [gd&k =g(t) = X}t = &(E)). (51)
Equality (51) shows that f L({x}, {u}, dvx, dt) is meaningful. We therefore propose an alternative to Proposition 7.

Proposition 8. Suppose that X, is reachable from X, in a finite time T; > 0, withu € U;wu. Let r™" be even. The HOSP measure
differential formalism in (22)-(24) represents necessary conditions satisfied by the extremals of the functional

Ty _ 1
I(w) = / L({x}, {u}, dv, dt) + E{X}(TOTF{X}(TO (52)
0
where the measures dv; satisfy the inclusions (28) and u = B™n.
Proof. Let us consider the augmented Hamiltonian

H({x), fu, ve) = —L({x), fu) + &Y Jvg + ()T (Afx) + Blu)). (33)

It is noteworthy that in the framework of (22)-(24) one can drop all brackets as {x}(-) = X(-), because the solution is
considered as a function in 4, ([0, T;]; R). Since the set of controllers is U;,uu and u = B™y (whose meaning is as in (42)), the
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support of the measure dvy is orderable and countable. Mimicking [13, Remark 1.1] and using the augmented Hamiltonian
in (53), we deduce that the extremals of the functional I(u) satisfy dx = JdH, i.e.:

dx = % (—I:(x, u)) (t)dt + Ax(t)dt + Bu(t)dt = Ax(t)dt + Bu(t)dt + dvy

dn = % (Lx. w) (O)dt — ATn(t)dt = Qx(t)dt — ATn(t)dt + dv, (54)
u=R"'B"y

as an equality of differential measures for the first two lines of (54). The third equality has the meaning explained in the
proof of Proposition 7 (see (42)) and allows one to calculate the optimal input using Proposition 1. One sees that (54) is
the measure differential formalism (22)-(24). One therefore has along solutions of the measure differential inclusion (54)
u(t) = argmax,cgs, H(x, u, dvg, dt) Lebesgue almost everywhere (notice that if u € U(’;” then {u}(-) € F»). N

It is noteworthy that if a solution of the measure differential formalism is a solution of the minimisation problem in
(52), then it satisfies (54), and equivalently from Proposition 1 the corresponding solution of the distributional formalism
will satisfy (44) and (45) Lebesgue a.e. on [0, T]. We have therefore extended the measure differential inclusion necessary
conditions in (4) and (6) to the following BVP (named a Measure BVP)

MBVP :

—dx + Ax(t)dt + dvz =

dvy = W1m ( dvz )

02n—r
dv; = (dvy --- dvp)T

dy; € —8%,;1 ))(zi(tJr)) forall 1<i<r

(Z1(t7),.zimq (£
7 =Wx

x(0) = X0, n(T1) = F(T) +C'y + B=Fx; +C'y + B=m

which reduces to (4) and (6) when A is a measure (see (36)). Let us recall that if x(T;) is not specified and F = 0 then
n(T1) = 0, and that both x and Z are time functions since they are the solution of the measure differential formalism of the
HOSP in (22)-(24). This will permit to settle a time discretisation of MBVP (see Section 6). It is also noteworthy to recall that
the atoms of all the distributions of degree > 2 belong to the set of junction times in the setting developed in this paper.

Remark 7. Comparing the “optimality” of the optimal trajectories obtained with deg(X) < 2, and of those obtained with
deg()) > 3, is not easy because the two problems involve different cost functions. Depending on the application, one may
anyway want to compare the cost of the problem with deg(}) < 2, and the continuous part of the cost with deg(}) > 3.

4. Behaviour of the optimal trajectories at junctions with bd ®

There are two major points: what happens at an entry time, and what happens after an entry time. In this section we
use the partitioning of bd® as proposed in [18,19]. More precisely, we study the qualitative behaviour of optimal solutions
which attain bd®, and possibly leave it or remain on it. The control input u(-) in (2) is assumed to be piecewise smooth (a
piecewise C*°([0, T;]; R) time function). Roughly, the process consists of subdivising bd® into subsets and especially trying
to select that portion of bd® such that no input u(-) exists that can keep an entry state x(t) inside @. Then surely an optimal
trajectory which possesses a boundary arc, cannot pass through this x(7).

4.1. The admissible domain boundary partitioning

The following assumptions are in order in Sections 4.1-4.3:

(i) The pair (A, B) is controllable,
(ii) Im(B) < Ker(C),

(iii) D=0,C #0and m = 1,
(iv) @ #40.
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One sees that (ii) implies that CB = 0, i.e. r* > 2. The case r*" = 1 will be treated, but deserves special attention. We
restrict ourselves to the case D = 0, because as shown in [ 18, Section VII] it is always possible to transform the dynamics to
recover this case. The subsets of bd® are invariant under linear state feedback. Three sets are of interest here: x.on the subset
of bd® at which trajectories coming from Int(¢®) can make contact with bd®, x.e the subset of bd® at which trajectories
starting on bd® can leave bd® and stay on a positive time interval in @, and v* the subset of bd® such that there exists
one u(-) = u*(-) that can keep (locally) the trajectory on bd® (v* is the largest controlled invariant subspace in bd®).
Trajectories that make contact with bd® in xc, \ v*, leave @. Let

r(x,u) : bdd x U — NU {+o00}
and
r(x,u) = min{i € N | w? (x, u) # 0}

withr(x, u) = +ooif w®(x, u) = 0foralli € N, where Uis the set of piecewise smooth inputs. According to the framework
developed in Section 3, we are looking for a solution that is regular in the sense of Definition 1. Thus x(-) is analytic on
[0, T1] \ {tx}, and so is the optimal control u(-). Moreover the times at which the solution is not analytic are the jump times
ty € supp(A) and are junction times. But left accumulations of state Z jumps may occur. As a consequence, to derive most of
the results on the qualitative behaviour of optimal trajectories at an entry time 7, one has to make the additional assumption
that there is no left accumulation at 7 (such accumulations of touch times on the left of an entry time may however exist ni
some optimal trajectories, see [47]). In view of Proposition 7, this is equivalent to assuming that the set of admissible controls
is restricted to piecewise analytic functions {u}(-) (i.e. the support of the atomic part of A is finite) and that reachability holds
within this set. Such an assumption is made for instance in [33, Theorem 1] (in a different context, though), where junction
states are then called analytic junctions. Finally most of the results stated below hold for m > 2, but assuming that there is
only one constraint that is active at the considered time.

Lemma 5 ([18]). The following holds.

® Xon = {Xx € bd® | Ju € Usuchthat {r(x,u) < +oo andeven, and w"*® > 0}, or {r(x,u) < +oo and odd, and
wr&w) < o},

® Xrel = {x € bd® | Ju € Usuch that r(x, u) < +oc and w"*¥) > 0}

e V" = {x € bd® | Ju € U such that r(x, u) = +o00}.

With some abuse of notation u in r(x, u), means that the involved functions depend also on the derivatives of u. The
following result is obvious from the definition of the three subsets of bd®.

Proposition 9. Boundary arcs of optimal trajectories exist only in the subset v* of bd®. Contact states exist only in xcon, and
exit states exist only in e Entry states satisfy z(t ™) € xcon and z(t*) € v*. Touch states satisfy z(t ™) € Xcon and z(tT) € Xrel.

This shows that an entry time may exist in xco, \ v* only if u(-) is not smooth (i.e. not infinitely differentiable), since there
must exist a higher derivative that jumps to zero at the entry time. These results say nothing on the relationships between
the regularity of the control and the nature of the state (contact, touch, entry). More details are given below. As the following
example shows it may even be necessary to apply a distributional input.

Example 4. Let us choose A = (8 ;),B = (?) C = (1 0). Then xcon = {x|x1 = 0, x2 < 0}, xre1 = {X|x; = 0, x; > 0}, and

v* = {x|x; = x, = 0}. If u(-) is restricted to be a function everywhere, all trajectories entering bd® in ., \ v* leave @. All
trajectories initialised in x.e \ v* enter Int(®). Thus boundary arcs are restricted to v* and u* = 0. If an entry time t exists
in xcon \ v, then it is necessary to apply a Dirac measure u, to keep the state in @ and make it jump in yye.

Let us notice that the case x,(-) > 0 (i.e.C = (0 1)) does not satisfy assumption (ii). In such a case v* = bd® [19, Lemma
6.7.1] [18, lemma VII; 1].

Algorithms exist [18, Algorithm A.8] [19, Algorithm A.1.6] which allow one to compute these three subsets in a finite
number of steps. For instance the sequence v¥*! = Ker(C) N A~'(v* + Im(B)) = {x € v¥ | CA*x = 0} converges towards
v* in at most r*“ steps.’ This is extremely important in view of the development of a numerical analysis of the problem of
interest here.

4.2. Entry and contact times and states
In this subsection, we essentially focus on the qualitative analysis of optimal trajectories and control at entry and contact

times, when m = n, = 1. We denote u* the control inside v*.

S5a 1y = {x € R"|; Ax € v}. It is not required that A be full rank.

18



Proposition 10. Let assumptions (i)-(iv) stand. (i) Let r** = n. Then v* = {0}. If the optimal trajectory has a boundary arc
on (t,7 +€), € > 0, then u*(t) = 0on (z, 7 + €). (ii) If r™* < n then v* = (x*(t) = W~ (%r(t))} — (Z°(D) | Z* = 0},
E(t) = A:£(t), and u*(t) = —(CA™ "By~ 1cA™ W (%r(t) )

Proof. (i) From the definition of v*, given a state trajectory x(t) such that Cx(t) = 0 on a positive time interval, one has
to look for a control u*(-) that makes w((-) equal to 0 for all integers i > 0.0n (z, T + €) one has z" = w® = 0. Since
r*" =n,Z = z and thus v* 3 x* = 0 since z = Wx with W full rank. Since w® (t) = CA'x(t) + Y_;_, CA™'Bu* I (¢),
for alli > 1, we deduce that on (z, T + €) one has 0 = Z}:] CA—Bu*(=D(t) = Z}:rw” CA~'Bul for all i > r**. Since
m = n, = 1it follows that all the terms CA'B are scalars and u* = 0. (ii) is proved from the z-dynamics and the fact that
v* = limy_pou v, with V¥ = (x e VK | CA*x =0} [18]. =

When assumption (ii) is not satisfied, r*** = 1and v* = {z | z; = 0} = bd®. Point (ii) of Proposition 10 holds for any
1<r*<n

Corollary 5. Let r** = n and the above assumptions hold. If the unconstrained optimal trajectory x,,(-) (the solution of
(4)(a) (b) with C = 0) satisfies x,,(t) € Int(®) forallt € [0, T1] \ {tx}1<k<1, | < +00, and x,,(ty) € v*, then the solution x(-)
of (4)is equal to x,,,(-) if u(-) is restricted to be a smooth time function on [0, T;].

Proof. We know from Proposition 9 that boundary arcs and contact states belong to v*, and from Proposition 10 that on
boundary arcs and contact states x = 0 and u = 0. Any other state trajectory linking X, to x; in @ with a smooth input u’,
will yield an integral action I(v') > I(u). W

IfD # 0, one may recover the previous case by a simple transformation, however the new pair (A, B) is never controllable.
The subset v* can nevertheless be computed [19, Section 6.7] [ 18, Section VII|, as the following example shows.

Example 5. LetA = (g ;),B = ((1)) and w(t) = —x;(t) + 1. Then v* = {(1, 0)}, and u* = 0.

Proposition 11. If assumption (ii) does not hold, i.e. r'** = 1, then a (possibly discontinuous) time function u(-) is sufficient to
keep x(-) inside @ at entry times. At such instants 2 > deg(A).

Proof. Since v* = bd® = {z; = 0}, it is obvious from the z-dynamics of (A, B, C) that a discontinuous u(-) is sufficient

to keep x(-) in @. From (14), which is the Z-dynamics of (A, B, (), we deduce that X is a Dirac measure. Indeed r = 2 and

z1(-) = {z1}(-) is a function, and its derivative may be discontinuous at an entry time 7. Thus Dz, is a Dirac measure at 7,

and so is A. We note also that x(-) is continuous at 7, so that n(-) (which is a function) “concentrates” all the state X jumps.
|

Proposition 11 will be refined when we examine what happens along optimal trajectories for odd-r*** systems, see
Corollary 10. Proposition 11 suggests that if assumption i) is true (i.e.r** > 2), then atentry timesin x.,, \ v* a distributional
input with degree > 2 will be needed to keep x(-) inside @. This is a little more subtle. The following results show that
trajectories attain bd® in a specific way.

The sets inside x.on \ v* such that the first nonzero derivative of w(-) = z;(-) is of order 2k 4 1 are denoted as

XX = (zeR",z <0z =0forall0 <i< 2k, w?+) =z - g,
In the same way
xX ={zeR,z>0|z" =0forallo <i<2k—1, w® =2z > 0}

and

XX = (zeR",z>0| zg') =0forall0 <i <2k, zizkﬁ) > 0}.

From 2\ (t) = CAIX(t) + Y\l .u_, CAXBui~1=0(t) one sees that these sets may depend on u(-) and its derivatives. A
trajectory which attains bd® in ng‘n detaches immediately from bd@ if the control u(-) is smooth, since the first nonzero
derivative will keep its positive sign in a right-neighborhood of the contact time (hence it is a touch state). It is noteworthy
that a trajectory which comes from Int(®) and enters x 2%+ at 7 satisfies zf’)(f‘) > 0and 252]_”(1‘) <O0forall0 <j <k
There is a sign inversion at each differentiation order due to the left analyticity in the neighborhood of t and the fact that
all derivatives are zero at T up to the order 2k. An illustrative example with r”* = 3 can be found in [11, Example 1.8].
A trajectory that leaves bd® at t after a boundary arc has to do it with a non-analytic z;(-) (otherwise by a simple Taylor
expansion it follows that the trajectory remains in v*) and such that the first non-zero derivative of z; (-) is positive, i.e. in a

2k+1
set X e
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Corollary 6. Let a contact time T € [0, Tq] be such that x(t) € Xfé‘nﬂ and x(-) € @ in a right neighborhood of t. Then if
2k +2 < r*" k > 0, u has to be a distribution of degree 2 + r* — 2k with an atom at t. If 2k + 2 > r" then u(-) is a function

of time in a neighborhood of t, with its first nonzero derivative that is of order 2k + 1 — r*** and is discontinuous at t.

Proof. From the z-dynamics, one has that zfrw“_”(-) = zuu(-) depends explicitly on u(-). In particular z***V () =
Zokr1(-) = Zpa2(+) and is a function of u(z"“*r“)(), which has then to be discontinuous to keep the trajectory inside

d. n

The result of Corollary 6 will be refined next depending on r**. In most of the studies (see e.g. [23,26,9,12]) the constraint
that the contact with bd® occurs “tangentially” is added. This means simply that at a time t at which the optimal trajectory
attains bd®, then z(t~) = 0, where we take the left limit as it could be that jumps occur (see Proposition 6).

Definition 3. A contact state at time 7 € [0, T{] is said tangential if z(z~) = 0, and hypertangential iff(t*) =0.

The meaning of the overbar is given in the paragraph after (14). If the contact is hypertangential, it follows from (30) and

(31) that 5(1*) = 0 (which does not mean that Z(t™) € v*). An hypertangential contact necessarily occurs in a set Xcion
with i > r. If the contact states are forced to be hypertangential, then dgz = 0 and the action in (41) is purely integral.

Proposition 12. Let r"" = 2k, k > 1, deg(A) < 2, and i > 0. Then all optimal trajectories which make contact with bd®
— i rt i i 21 (20) i ; i — i Wt 42i4+1
at t = v in the set x/,, ™' are touch states if u'“"(-) is a continuous function at t = . If contact occurs in x/,, , then

necessarily i > k — 1 and necessarily u‘®+ 1 () is discontinuous at .

) i U 0§ i . . . i .
Proof. If contact occurs in x/on T2, then 2" " > 0.1f u®(-) is a continuous function at t = 7, so are all u®(-) with

0 < j < 2i — 1. Therefore from 2" "2 = CA™"+2pW~1z 4 Y2  CA™"~1-k+2iBy® we deduce that 2" *2)() is a

continuous function at 7. From the definition of x'" *2, it results that in an open right neighbourhood of 7, z;(t) > 0.
w i w9 i . . . . .

If contact occurs in /o T2+, then 2 Y < 0.1fu?(-),0 < j < 2i + 1, are continuous at 7, then in an open right

neighbourhood of 7, z;(t) < 0. Also deg()) < 2 implies that deg(u(rwu)) < 2.1fi < k — 2, then the trajectory escapes

from @ in an open right neighbourhood of t, because the lower order derivatives of u(-) must be continuous at t, and so is

(rPU4-2i4+1) . .. . (2i+1) . . . .
z; (-).Ifi > k — 1, the degree condition on XA can be respected even if u () is discontinuous at 7. Moreover if

u®+V () is continuous at T then the trajectory escapes from @ in an open right neighbourhood of 7. W

It is noteworthy that u®+1(.) be discontinuous at 7 when i > k — 1 is not only a necessary condition, but this is also
sufficient. Indeed the conditions secure that (4) does represent the optimal conditions for (1) and (2), and the positivity of
M@™" (see Lemma 1) assures that Lemma 3 holds. The case r**¥ = 2k + 1 can be analysed similarly. However it requires
more care as Proposition 13 and Corollary 7 show. The case r** = 1 is treated in Proposition 11 (since then v* = bd® we
get that xcon \ v* = @ so that the condition of Proposition 12 degenerates).

The next step is to study optimal trajectories which make contact with bd® in y, \ v*, and then are sent into v* (where
possibly a boundary arc exists).

2rwu

-1
on _ »and besuch

Proposition 13. Let m = n, = 1. Let an optimal trajectory make contact with bd® at t = 7, in the subset ¥,

that z(t™) € v* (thus T is an entry time). Then necessarily r** is even. The same holds if z(t ™) € szerlmu”

Proof. From the Z-dynamics and Lemma 1, it follows that if A is a measure at a time t;, then d§, has an atom A, =
(=™ (CA™ By 2(z.(z1) — z,(t7))8;. If z(z1) € v* then z.(z1) = 0 from the definition of v*. Now since contact
is made in 2" =" we have that 2" (t7) (= z,(t 7)) < 0, whereas z(t™) € v* implies that z{" " (z*) = 0. Therefore if
r" = 2k + 1 for some k > 0, A cannot be a positive measure. The last point can be proved similarly since then z,(z) > 0.

The proof is complete. ®

Let us notice that under the conditions of Proposition 13, a jump in z,(-) is equivalent to a jump in u(rw”*”(), since
the derivatives of smaller order of u(-) are time-continuous functions. Proposition 13 says that under the stated conditions
(which in particular imply that deg(A) = 2 since z,(-) jumps at t), only systems with an even relative degree possess entry
states, which is in accordance with the result of [26]. The second point of Proposition 13 implies in particular that odd-r**
systems do not even possess touch points withz(t ™) € ng:"”‘l andz(t%) € szerlwu’l. Consequently when deg(1) = 2,itis
excluded to get an entry time that is the accumulation of touch points. Proposition 13 concerns conditions under which A is
a singular measure. If the contact occurs in a set x/ - withi > r, thenZ(z~) = 0 and the problem of existence of a boundary
arc is equivalent to the well-posedness of an LCP (see Section 5). The next Corollary is a consequence of Proposition 13.
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Corollary 7. Let m = 1, A be a measure and {n}(z*) — {n}(z7) = —CTA1. If A1 > 0, then r"" is an even integer.

Compiling Corollary 7 and Proposition 11, one deduces that if r** = 1 and if u(-) has a discontinuity at an entry time
7, then necessarily A; = 0, i.e. the costate 5 (-) is continuous at t. Hence we retrieve the result of [9, Lemma 2.4 (2)]. Also
from Proposition 4 and Corollaries 2 and 7, it follows that if (A" o, () € Ker(B") for 0 < j < r** — 2 and u™"~"(-) jumps
at 7, then r is even. Notice that if deg(A) = 2, then contact cannot occur in a set x2¢ with k < %, since r is even. If
Z(r7) € xX  k < r*v,andZ(z*) € v*, then deg(r) > 3.

Proposition 14. Let m = n, = 1, and r** = 2k + 1, k > 0. Then Z(t ™) is an entry state, only if deg(1) < 1or deg(A) > 3.

Proof. One hasZ(t*) € v*, hence zgi)(r““) = Oforalli > 0. The fact that Z(z ™) is an entry state means that Z(t~) € Xcon,
so that z;(t) = 0, and the first nonzero zg') (t7) is either > 0 or < 0. The higher order derivatives satisfy Z?k) (t7) > 0and
sz”)(r‘) < 0. It follows that at t = t the measures d¢; in (32) satisfy dg,x > 0 and dJx+1 = 0. Proposition 13 says that

if deg(A) = 2 at 7 (i.e. dg, > 0), then r*" is even. A first situation is when Zg')(T*) # 0 for some i < r — 1. Depending on
the values of the derivatives it is possible that dg,, > 0 for k < r** and that dg, = 0 and deg(A) > 3. A second situation is
when the contact is hypertangential (see Definition 3), so that dg; = 0 for all 1 < i < r (in this last case the trajectory may
either detach from the constraint, or stay on it with g, (t) > 0 on some nonzero time interval, where g, (-) is in (32)). Then
deg()) < 1,i.e. Aisafunction. W

As an example, let us consider r** = 3.1fz;(t7) = 0,z2(t7) < 0,and z3(t7) = z3(t7) = z3(t7) = z3(t ") > O, i.e.
Z(t7) € Xcoon, thendd, = z,(t) —23(t7) = —2z,(r~) > 0 while all other dg; have no atom at . Thus deg(1) = 6. Another
type of approach is detailed in Example 2, where this time deg(A) = 3. It immediately follows from Proposition 14 that if
A is restricted to be a measure, then systems with r** = 2k + 1 possess optimal trajectories such that Z and consequently
X are time continuous, because deg(1) < 1. It is important to recall that there may exist trajectories of (4) with x(-) and
B™n(-) continuous functions, and with deg(1) > 3, see Proposition 6 and Example 2. Once Z(z*) € v*, then the existence of
a boundary arc relies upon the well-posedness of a LCP whose solution is A(t), t > t, see Section 5. But if r**" = 2k, k > 1,
nothing hampers an optimal trajectory to possess left accumulations of state jumps, when A is a measure. In any case, left
accumulations at an entry state can exist in the state variables {z;}(:) withi <r — 1.

Proposition 15. Let r*" = 1, n, = m = 1. Assume that X, is reachable from Xy with U = Ug. Then the optimal trajectory and
controller are time-continuous functions on [0, Tq].

Proof. The reachability assumption is fundamental, as Example 7 in the appendix shows. Since it holds one can search for
optimal inputs which are functions, see (15). From Proposition 14 it follows that deg()) is either < 1 or > 3. From (14) it
follows that deg(A) > 3 = deg(z,) > 2. This is in contradiction with the choice of admissible inputs U. Thus deg(A) < 1so
that both x(-) and 7(-) are time-continuouson [0, T;]. W

This result is consistent with the fact that the HOSP solutions are in 77 ([0, T;]) for r = 2, which implies that deg(z) < 2,
hence deg(A) < 3. As Example 7 demonstrates, a necessary condition for the framework that is developed in this paper
around the HOSP, is that the zero dynamics & (t) = Ag&(t) + Bgz1(t) be reachable from &, to & with z; a function of time.

In [26,23], it is stated that if at a contact time T (th) # T (t7) with all the smaller order derivatives continuous,
then odd-relative degree systems do not have a boundary arc. This optimal input jump condition implies that deg(A) = 2,
as can be easily seen from the z-dynamics. From Proposition 14 it follows that deg(A) < 1. However the conclusion that
there is no boundary arc is premature, see Section 5.

Remark 8. These results are of the same nature as results in [8,23,26,33]. For instance, compiling Corollary 6 and
Proposition 13, one finds that the sum of the order of the first discontinuous derivative of u(-) and of the relative degree r™*,
is always odd at an entry time when deg(A) < 2 (see [32, Theorem 5.1, Corollary 5.2] for similar results). However our study
is more general as it relies on a systematic and intrinsic to (A, B, C) partitioning of bd® as well as structural properties of
the system (4). In contrast, the condition which allows one to prove a similar result as Proposition 13, namely [26, equ. (81)],
does not involve the Markov parameter M™, but is based on suitable Taylor expansions of g—’i and w(-). The partitioning of
bd@ also contains constraint qualifications of the form: there exist x and u such that (Ax+Bu)"CT < 0forall x € bd® (which
is nothingelse butz; € Xclon)' Interestingly enough, the work in [23] already defined sets similar to those in Lemma 5, but the
developments remained at an embryonic stage. It is sometimes argued that boundary (or constrained) arcs are impossible
for odd r** [40]. Proposition 13, Corollary 7 and Proposition 14, and the material in Section 5 show that this is more subtle.
See also [8, Remark 4.11] which presents an example which proves that boundary arcs may exist for any r***. Notice that [33]
study the problem with input constraints, so that the necessary conditions are not as in (4) since u(t) = —Ksgn(B"n(t))
for some K. The necessary conditions can still be written under a complementarity framework since the sign function lends
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itself to a complementarity formulation:

x(t) A 0 x(t) 0 1 =1\ (2:(0)
() =(a ) (o)~ ((a)o+ (o ") (i)
w(t) = Cx(t) + D ()
0< ( wi (t) ) n (M(O) > 0 (53)
wo () Aa(t)
A+ A0 =1

where w{(-) and —w,(-) are the positive and negative parts of B'(-), respectively. System (55) possesses a non uniform
vector relative degree, since relay systems lend themselves to a description as relative degree 0 system [14]. The HOSP is
presented in [1] for r > 1, and should be extended to r = 0 in order to encompass systems as (55). It is finally noteworthy
that when input constraints are considered, then the material in Section 3.5 is meaningless, unless these constraints are
considered almost everywhere except at contact or entry times.

The following concerns the complementarity conditions of Proposition 2 for an entry state.

Corollary 8. Let Z(t7) € xZF and 2(rT) € v*, k < 51 Then 0 < {z}(r™) L dvi({r}) > 0forall 1 <i < 2k+ 2. Moreover

con
ddors2 > 0if k <™ — 1and r* must be even if k =r** — 1.

2k+1

o and v*, and the material of Remark 4,

Proof. Using the tangent cones definition in Section 3.1, the definition of the sets x

.....

that ziZkH)(-) = Zok42(+)). The first result follows from (37). The second statement follows from (30) and (31), and using
Lemma 1 and Proposition 13. W

4.3. Exit times and states

Since the results which can be obtained for exit times are similar to those obtained for entry times, only one proposition
is given in this section.

Proposition 16. Let deg()) < 2. Then the connection between a boundary arc and an interior arc has to occur at an exit state
in x 2 with k > r*v — 1.

We omit the proof which relies on the same arguments as above proofs. Similar results concerning costate and input
regularity conditions can be derived for the exit times, and are not given here for the sake of brevity. The following result
applies to a contact state that is not an entry state, but a grazing state, and is a direct consequence of Proposition 2.

2k+1
rel

Corollary 9. Let 7(t7) € x** ' andZ(t*) € x

con

k< % Then the following CP is satisfied:

0 < {za1} (™) L —dvy1({7)) € VT2 (21} (). bz} 7)) ({zaks1} (@)

Corollaries 8 and 9 and Proposition 2 show that the additional constraints which may be imposed at contact times, are
taken care of with the multipliers dv;, which in turn satisfy a special set of complementarity conditions, not present in (4).
It is worth noting that the complementarity conditions satisfied by the multipliers dv; depend both on the pre and post-
contact states. This generalizes Nonsmooth Mechanics in the framework of which the percussion value (i.e. the magnitude
of the Dirac measure at an impact, see Definition 1.2 in [11]) depends on both the pre and post-impact velocities. To the best
of our knowledge this is introduced for the first time in the context of optimal control with inequality state constraints.

Remark 9. The introduction of the measure multipliers dv;, 1 < i < r, generalises the case r”* = 1 treated in [5,29] where
a multiplier associated to z,(t) is introduced (denoted as f(t) in these papers, and which corresponds in our framework
to the function g (t)). The conditions given for instance in [29, equ. (11b) (12b)] are a particular case of the conditions in
Proposition 2 and especially (34) with r = 2. The inclusion (34) also includes [30, equ. (25)], which is stated directly along
boundary intervals (t, ty+1) and {tx}x>0 is assumed to be a finite set in [30]. Let us consider the minimisation problem
of Proposition 8, with I(u) in (52). The measures dv;, 1 < i < r, represent the Lagrange multipliers associated with the
(unknown) contact times ¢, € [0, T;]. As noted above, Proposition 2 shows that the function part g;(-) of the measures dv;,
1 <i<r—1,iszeroa.e. Only the atomic part dg; may take positive values.
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4.4. Multivariable systems

Let us assume that m = n, > 2. The multivariable case differs in many points from the monovariable case. This section
only aims at pointing out some of these discrepancies. We consider C € R™", D = 0 and u € R™, with m > 2. We suppose
that the system (A, B, C) has a uniformrelative degree r*** so that the z-dynamics can be written [48]. Then from Lemma 1 the

same holds for (A, B, C) with relative degree r = 2r*’". One has mr*" < n (equivalently mr < 2n),z; = (zil, ...,z e R,
1 <i < r*(notice thatz; = CAx forall 1 < j < r*t), & € R™™"" & ¢ R~ CA™"~1B ¢ R™™ CA""'B € R™™ are
full-rank matrices. Similar, more general, canonical forms can be derived (see e.g. [49,50]) for multivariable systems, but we
will content ourselves with the one presented in [48]. One notices that if mr** = n then there is no zero dynamics in the
z-canonical form as defined above.

Let us introduce the following sets and functions, defined for eachi € {1, ..., m}:

r¢; : bd® — N
with

re () = minfj € N | w? (x, u) # 0, u € U} = min{r""; inf{i € N | CA'x # 0}},
and

Vg, = {x € bd®; | 1o, (x) = r""} = {x € Ker(G)) | GAx = Oforall 1 <j <r"}.

where bd ®; = {x € R" | C;x = 0}. Notice that one has hd® = cDﬂ{Uf;]{x eR" | Cx = O}}.When m = 1and assumptions
(i)-(iv) hold, one has vc = v* [18, Lemma A.1]. However in the multivariable case one has

m
Ve = (U vCi) N bd®d
i=1

and

<
*
I
DL

VG-
1

0 0
?),B = <g>,c = (} g ? 8),R =1,,Q = I4. Then r* = 2 (i.e. the vector
0 1

O OO =
o O oo

0
Example 6. Let us consider A = (8
0

relative degree is (2 2)") and the leading Markov parameter of (A, B, C) is M® = (} ;) > 0. The Z-dynamics is (in the Z

coordinates, one has z; = (wiw3)T = (1% + x3)7)

z{(t) = z,(1) z(t) = z3(1)

2y (t) = z3(1) 7)) =25

z3(t) = z4(1) Z(t) = z3(1) (56)
23(t) = n2(t) + x1(t) + A1 + Az 23(t) = ma(t) — X3(t) 4 na(t) — x1(t) + A1 + 2,

wi(t) = z{ (1) wa(t) = z3 (1)

withz' = (2,2}, 23, 2;)", 2> = (2,23, 23, z})" (these two vectors are needed to define the tangent cone as a product, see
Remark 3),z; = (z/z?)", 1 < i < 4. For the system (A, B, C) one finds:

re,(x) =1 forallxwithx, # 0, re,(x) =2 forallxwithx, =0,
re,(x) =1 forallxwithx, +x4 # 0, re,(x) =2 forallxwithx; +x4 =0,
ve, = {(0,0,x3,x1)" € R}, Ve, = (%1, X2, —x1, —x2)" € R*}.

Consequently

v* = v, Ny, = {0}.

Theorem 1 on existence and uniqueness of solutions on R* of (17)-(19) continues to hold in the multivariable case when
M® is a nonsingular symmetric M-matrix [39, p. 227]. This secures that M is positive definite and that all its entries
Ml-;” >0foralll1 <i<m.
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4.4.1. Extension of Proposition 10

One has v, = {x € Ker(C;) and x € Ker(GA) forall 1 < j < r*“}. Thus forallz € v, one hasz' = (z},...,z))T = 0",
1<i<mandforallz € v*onehasz = (z],...,2")" = 0™. Thus if mr = n one has that v* = {0} as in the monovariable
case. We can conclude that in this case the extension of Proposition 10 to the multivariable case is straightforward. It is
however noteworthy that assuming m = n, and a uniform relative degree is quite stringent. Canonical forms that are
extensions of the z-dynamics for rectangular multivariable systems (m # n,) or for square systems with non-uniform
relative degree exist [49,50]. The study in [18]extends to the rectangular case. It is noteworthy that even if the system
(A, B, C) is rectangular, the necessary condition system (A,B,C)is always square, but it may not possess a uniform relative
degree. Keeping in mind that the HOSP is extended in [ 1] only to the square uniform relative degree case, the non-uniform
relative degree and rectangular cases are rich sources of problems that are left for future work.

4.4.2. Extension of Proposition 13
As noted in [18], contact can occur on a portion of bd®, such that for instance x(t~) € x2 | N v3. Then the optimal
' 2kl 5 2K+

trajectory has a contact time with bd®; but may have an entry time with bd®,. Let n, = m.Ifx(t7) € X0, con. and
2k + 1 < r*" < 2k + 5, one optimal input will be distributional while the other one will be a function of time at 7. It may
also happen that Xr"eu ¢ bd® for some constraint j and somei > 1 (see e.g. [19, Example 6.6.1]). An optimal trajectory with
a boundary arc on the constraint j will possess an exit state with an optimal controller with reduced regularity, depending
on i. Thus the qualitative behaviour of the optimal trajectory that is made above is still possible, but is more involved. It
is however noteworthy that the HOSP state reinitialisation mapping in (30) and (31) still works, and brings an answer to
the questioning about the collision map definition in [18, Section VI]. In the multivariable case (m > 2, uniform relative
degree r, definite Markov parameter M ™), the conclusions of Proposition 13 need to be refined. For instance, if contact
occurs in 2" -1 = x™M XCZ(:;‘JI N bd®, which means that all z, ;(t ) < 0,and if z(zT) € v* = N, v;, then r** does
not necessarily have to be even. It has to be even if the leading Markov parameter M is diagonal. But in general if M is
negative definite (without being diagonal), then the reasoning in the proof of Proposition 13 may fail as (M)~ 1(—z,(t 7))
may have positive components despite M” < 0 and all components of —z,(t ™) are positive.

Let us recall that a m x m strictly semimonotone matrix [17, Definition 3.3.9] (or E-matrix) satisfies [v € (RT)™, v #
0] = [v; > 0and (M®v); > 0 for some i]. This allows us to propose an extension of Proposition 13.

2ri—1
con ’

Proposition 17. e (a) Let M™ be a nonsingular symmetric M-matrix. Then it is possible that contact occurs in the set x
and with z(t ™) € v*. This implies that r! is even. _
e (b) Let M™ be an E-matrix. Then it is possible that contact occurs in the set 2 ', and with Z(t*) € v* If =M™ is
an E-matrix, this is impossible.

Proof. One first notices that contact occurring in ng:’“—1 implies that deg(A) < 2, i.e. A is a measure. Moreover, we recall

that v* = {0}. (a) From the property of the inverse of a nonsingular symmetric M-matrix the result follows. The second
result is true since a nonsingular symmetric M-matrix is positive definite, and using Lemma 1. (b) From [17, Theorem 3.10.7
(b) ()], we get that if M™ is an E-matrix, then [v > 0] = [M®v > 0]. The algebraic dynamics are —z,(t~) = MW A,
where A, > 0 is the magnitude of d¢, at 7. Since contact occurs in the set Xczor:“q one has that —z,(t7) > 0. It is therefore
possible that the equality be satisfied for some 1 < i < m. —M® being an E-matrix means that whatever v € (RT)™, v # 0,

there exists an index i such that v; > 0 and M v; < 0. This is a contradictionto 0 < —z,(t7) = M®x, > 0. =

It is not possible in general to relate the E-property to positive or semi positive definiteness. Consequently, we cannot
relate it neither to the fact that r*** is even or odd, except if m = 1. Many other generalisations would be possible, like the
one indicated above when the leading Markov parameter is diagonal. The considered classes of matrices should all possess
some kind of “no sign reversing” property. We do not tackle them here for the sake of briefness. From a general point of
view, the contact, touch and exit problems (with A being a measure) may be formulated as follows:

Contact [Touch] (Exit) Problem: Find dv, such that
dz, = CA'W~z(z)dt + MDdy,

dvr € =MD 3V o, ypemn (EH(ED)
Z(T7) € Xcon [Xconl (V¥)

Zr(f+) e v* [Xrel] (Xrel)

where t generically denotes a contact [touch] (exit) time. This can be easily generalised to the case when A is not a
measure, using the measure differential formalism (22)-(24). Proposition 17 gives some conditions under which this
problem possesses or not a solution.
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Fig. 1. Sensitivity of the BVP solutions w.r.t. initial data xo.

4.4.3. Continuous dependence of BVP solutions

It is well known from Mechanics that solutions of differential inclusions like the sweeping process, may be discontinuous
with respect to initial conditions when m > 2 [31,42]. If ones embeds (4) into the HOSP, and proves that the solution is
optimal with respect to an extended integral action, then the optimal pair (x(-), u(-)) may be very sensitive to the BVP data.
It is noteworthy that this phenomenon may already exist when A is a measure, i.e. when the HOSP is a measure differential
inclusion, and should therefore be considered as an important feature. We shall say that the BVP in (4) is continuous with
respect to data if small perturbations on the data (xg, X1, T1), result in a small perturbation of the solution Z. More formally,
let the sequences {Xo n}, {X1,n}, and {T; 5} converge in R towards Xy, X1, and T; respectively. Let us consider the solutions of
the BVP (4) as being elements in #,.([0, T1], R), and solutions of the measure differential formalism in (22)-(24) (or (25)
and (26)). Let us denote them as z,(-) for the corresponding data. Then weak (resp. uniform) continuity in the data holds if
and only if {Z,(-)}s>0 converges weakly (resp. uniformly) towards z(-). The analysis which follows is essentially qualitative
and illustrates why continuity w.r.t. the data may fail. Let us consider the same system as in Example 6.

Let us now consider a solution x(-) of the BVP (4), with initial condition (X, n(07)) (point A on Fig. 1). Let us assume
that x(-) hits the boundary w, = 0 at a time to < T; in a neighbourhood of the origin (point B on Fig. 1), with the
following data: (z{(t;),z2(t;)) = (2],0),z] > 0, wa(ty) = z3(ty) = x1(ty) + x3(t;) < 0,%(t;) < 0,%3(ty) < O
and %1(t;) = X3(t;) (a normal contact), z3(t;) < 0,z2(t;) = 0,z;(t;) < O, whereas z)(t;) € R, zi(t;) € R,
z,(ty) € R. This way we assume that the contact is made in the set x, ,. The tangent cones can be computed as indicated
in Section 3.1 (see in particular Remarks 3 and 4), and we find Tg = ® = R" x RT, qu) (z1(ty)) = To(ty) = R x RT,
T2(z1(ty), 22(ty ) = Tr(z3(t5)) X Te(Z2(ty)) = R x RY, T3 (z1(ty), 22(ty ), 22(ty ) = R x R*. It follows from (30) and
(31) that z) (t) = z](ty), 22(t)) = z3(ty), z2(ty) = 0,z (t) = z}(ty), za(t) = z3(ty), z2(ty) = 0. Though M@
does not satisfy the condition in Remark 5 (i), there are two possibilities: z} (t()*) € R and zf (t(;“) =0or z‘{ (t(,*) € R and
zﬁ (tgr ) > 0. Since it is assumed that B is in a neighbourhood of the origin, and since the trajectory is analytic in a right
neighborhood of ty, there exists a junction time t; > t, with contact either at the origin (the trajectory “slides” on the
boundary w, = 0) or with the boundary w; = 0 at some point C that is also in a neighbourhood of the origin. In any
case the trajectory will either continue to evolve along the boundary w; = 0, or hit it and leave it with a large tangential
velocity. If the optimal trajectory detaches at B and hits the boundary w; = 0 at t; at some point C, then the “velocity” is
reinitialised to x; (t]+) = 0and )23(t]+) = X1(t; ) +x3(t;). Since we can assume that the trajectory evolves arbitrarily close to
the corner at the origin, it follows that )23(t1+) has a magnitude that is of the same order as that of x; (t0+) = x1(t; ) (because
221 (t;) = zzl(to’)). Therefore given any € > 0, it is possible to initialise the trajectory in A with a large enough [x1(t;)|, so
that at a time t; 4 8t; > t; > fto, it enters the domain D, = {0 < x; < €, x3 > €}. The same reasoning for the trajectory
starting at A + A can be done to conclude that it enters D, = {x; > €, 0 < x; + x3 < €} after a finite time. It is noteworthy
that 8xo may be arbitrarily small while € in D, and D, keeps its value. Whatever the behaviour at the corner may be, the
continuous dependence on data as defined above cannot hold.

We conclude that provided the initial data satisfies some magnitude constraint, the unperturbed optimal trajectory
starting at (Xo, 17(0)) reaches an end-point (X1, i) in a time T, but the perturbed trajectory will not reach a neighbourhood
of (X1, 71) in a time T; + §T4. In order that it does, the BVP solution starting at Xy 4 8xo has to be initialized with a costate
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that is not a small perturbation of 1(0). Therefore the discontinuous dependence behaviour of the IVP solution, may create a
jump in the initial condition of the BVP solution. Consequently, the optimal controller will also suffer from a “discontinuity”.

5. Boundary arcs, relative degree r** =2k + 1,k > 0

In the previous section, nothing was said about the influence of the sign of the leading Markov parameter on the behaviour
of optimal trajectories on bd® (i.e. on boundary arcs in v*). We now study this aspect, i.e. we study what happens when a
solution of the system in (4) has a boundary arc. From Lemma 1 one sees that systems in (2) with r* = 2k 4+ 1, k > 0 yield
(]\, B,C ) with a leading Markov parameter that is always (semi) negative definite. Let us investigate the consequences on
the well-posedness of the dynamics on boundary arcs, i.e. those portions of optimal trajectories that satisfy Cx(t) + D = 0
fort € (t,7 +¢€) € [0,T1],€ > 0.0n (7, T + €) one has u(t) = R~'B"5(t) and n(t) = Qx(t) — ATn(t) — CTA(t), with
A(t) the solution of the LCP in (38) (equal to g, (t) in this case, where g; (-) is in (32) and Proposition 2). One notices that the
complementarity relations 0 < {z;}(t™) L g;(t) > 0 are trivially satisfied forall 1 < i < r — 1(see (33)).

Remark 10. Following [12, Sections 3.10, 3.11] let us define the Hamiltonian function Hx, u, n, o) =H®X, u,n) 4oz .
On a boundary arc one has zywuy((t) = Zwu(t) = CA’w”x(t) + CArw“”Bu(t) = 0. Thus we deduce that u(t) =
—(CA™"~1B)~1cA™"x(t) (and consequently BTn(t) = —BT(CA™"~'B)~'CA""x(t)). Let us now compute the multiplier a(-)
from 2 = 0. One finds a(t) = (—1)""*'[M®]71(CA™"x(t) + CA™"~'BB"7(t)). Inserting the value for B'n(t) one finds
that a(t) = 0 which is consistent with (33) since o (-) = gywu;1(-), the multiplier associated with the coordinate z,wu_ 1.

Let us examine the case r”* = 1. On boundary arcs one has w(t) = 65{(0 + D = 0and w(t) = EIZ\R(t) = 0, since
r = 2,and @W(t) = CA2X(t) + M@A(t) = 0. The fact that the trajectory keeps on evolving on bd® or detaches from bd®
is monitored by the LCP: 0 < A(t) L w(t) = 6]\27{(0 + M@A(t) > 0. The fact that the dynamics on boundary arcs are
well-posed or not is closely linked to the well-posedness of this LCP, which holds on the interval (z, T + €). The following
is true since M® < 0:

Lemma 6. Let m = 1. Consider the LCP: 0 < A(t) L CA%X(t) + M@ A(t) > 0. Then:

o If CA2X(t) < O, the LCP has no solution,
e If CA%X(t) = 0, the LCP has one solution A(t) = 0,
o If CA’X(t) > 0, the LCP has two solutions A(t) = 0 and A(t) = —(M®)~1CA%X(t).

Let the state satisfy 6/~\Z>~c(r+) > 0 at an entry time t € [0, T;). The last item shows that there may not be uniqueness
of the solution to the optimal control problem, if the optimal trajectory grazes the constraint boundary bd®. Either the
trajectory “detaches” from bd® (A(t) = 0 = w(t) > 0), or remains on bd® (A(t) > 0 = w(t) = 0). This is not surprising,
since the leading Markov parameter is negative. The problem loses its convexity and the system in (4) is no longer well-
posed as an IVP. It seems that little attention has been paid in the literature to the fact that the multiplier X is the solution
of an LCP on boundary arcs. The boundary arc input satisfies w(t) = CAx(t) + CBu(t), however this may not be the optimal
controller. We shall see later what may happen when CA%%(7) < Oatan entry time 7. Lemma 6 can be extended to the
general case r** = 2k + 1 and m > 1, where the LCP in (38) has to be studied. In view of Propositions 13 and 14 and
Corollary 7, there are severe restrictions for the existence of entry times for systems with odd r**. The problem of interest
here is to investigate what may happen after a contact time.

Proposition 18. Let r*Y = 2k + 1,k > 0, and let m = 1. Let x(z+) € bd®. Then:

o If 6Ar>z(r+) < 0, the trajectory leaves @ in a right neighbourhood of t.
e If CA'X(t™) = 0, T may be an entry time followed by a grazing trajectory.
o If CA'X(t™) > 0, T may be either a touch time (A(t*) = 0) or an entry time (A(z*) > 0).

Consequently, optimal trajectories satisfy CA"x(z 1) > 0.
Proof. The proof follows from (38), Lemmas6and 1. H

Let us notice that it is possible that%(t‘) = 0, which implies from (30) and (31) thaté(t*) = 0, but that Ezz\rx(r*') <0,
because of the value of the zero-dynamics state £(t). In other words, odd-r*" systems can possess entry times with

deg()) < 1 (see Proposition 14). However &£ (t) has to be such that @Z\rx(fr) > 0 for a boundary arc to exist on the
right of 7. Clearly for an even-r*** system, the trajectory can be kept in @ as there always exists a multiplier g, (z*) solution
of the LCP (38). The zero dynamics plays a major role in the well-posedness of the LCP and whether or not odd-r* systems
possess boundary arcs. For instance if r”* = n, the first item of Proposition 18 becomes irrelevant at an hypertangential

contact state, because necessarily &;\rx(rJr) =0.
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Corollary 10. Let r** = m = n, = 1. If an entry time t exists on [0, T;], then uniqueness of the solution of the necessary
conditions system holds locally if and only if the trajectory along the boundary arc is grazing, that is (CA*> + CBBTQ)x(t) +
(CABB" — CBB™A")n(t) = Oforallt € [T, T + €] where T + € is the exit time.

Proof. Follows from Proposition 18 and the calculation of CA. m

Definition 4. A boundary arc with entry time t and exit time t + ¢ is well-posed if the LCP: 0 < w®(t) L A(t) > 0
possesses at least one solution forallt € (r, 7 + €).

On a boundary arc ET = (z1,22,...,2) = (0,...,0). Definition 4 applies to systems with m > 1. The next corollary
concerns scalar systems as x(t) = ax(t) + bu(t), w(t) = cx(t) +d, Q = R = 1. Then the Hamiltonian dynamics are

(;((tt))) = (‘; Ifa) (;g;) + (31) A. The LCP to be solved on boundary arcsis: 0 < A L —b?c?A — d(a®> + b?) > 0.

Corollary 11. (i) If r™" =
if d < 0. Moreover bd® =
and m = 1in (1). If r" < n, then the well-posedness of the dynamics along boundary arcs implies that CA2W~! <§?t)) >0,
Vte(r,t+e¢€).

Proof. Since (ii) is an easy consequence of Lemma 6, we just prove (i). Integrating the dynamics without constraint, one
finds the optimal trajectory on [0, T1]:

n = 1landcxg+d > 0, cx; + d = 0, then the dynamics on boundary arcs are well-posed if and only
{x = —9} is attained only at t = T on the optimal trajectory. (ii) Let us now consider n > 2,D = 0

c

_JE T DPT,) —
Xo exp(—+/a* + b°Ty) — x; exp(v/a? + b20)
exp(—~/a% + b2T;) — exp(v/a? + b%T;)

— 2 2T
X1 — X exp(va® + b°Ty) exp(—v/a? + b20).
exp(—~/a% + b%T;) — exp(v/a? + b%Ty)

The optimal control can be calculated with n(t) = biz()'c(t) — ax(t)) and u(t) = bn(t). It can be checked that x(t) > —g
forall t € [0, T;). Consequently the boundary 0@ is attained only at t = Ty, and T; is a contact time. The LCP for A on bd®
is given by: 0 < A L —d(a® + b?) — ¢?b?) > 0. We deduce that if —d < 0 the LCP has no solution, if d = 0 then A = 0 and

2,12
if —d > 0 then two solutions A = 0and A = —% are possible. However the behaviour at T; has no consequence on

the value of the action integral I(u) since the optimal control and state trajectory are Lebesgue measurable functions. ®
0

§(t) exp(Az (t — 1))

from the zero dynamics of (A, B, C), see Lemma 2. In case (i) one sees that v* = {—%} and u* = % From Proposition 9

boundary arcs and entry states belong to v*, which is consistent with Corollary 11(i).

x(t) =

N (57)

The last condition in Corollary 11 can be written also as CA2W! ( ) > 0. The matrix ;\g is characterised

Let us now consider the planar system A = (2 ;) B= (?) C = (c d),D = e.This system has transfer function G(s) =

ctds_ relative degree r*" = 1and CB = d # 0. Therefore M® = —d? < 0. Let us take Q =diag(q;, q2). With this system

s(s—b)—a’
. . . . s . FAR — _ A2 _ (c+ds)(c—ds)
we associate its optimality conditions as in (4) and we check that CAB = —d*. We get H,,,.(s) = Ry ————

Lemma 7. Assume that —ad? 4+ ¢ 4 bed # 0 and that ¢ # 0. The above planar system has a well-posed boundary arc on the
time interval [t, T + €) C [0, T1] if and only if

n1(t) = ana(t) —cni(t) + 96
m(t) = —gl + d)n1(t) + Bna2(t)

e ~ (58)
3
n(r) = (eT> exp(At)x(0)
4
yna(t) —dni(t) +€ >0 forallt € [t,T +¢€)
where o = qid>+a?d®—ac?—abed ¢ abd®—cd? (qp+atb?)+c> B = —qpdc+abd® —bc? —b%cd+abd® —cd?® (g +a+b?)+c3 _ abd®—cd®(qp+a+b?)+c3
- —ad?+c2+bcd d ad2—c2 —bcd B —ad?+c2+bcd Y= —ad?+c2+bcd ’

€ = —ed(c + bd)[ad*(—ad* 4 c* + bed) + 1], 8 = —q]%ze(—ad2 + ¢ + bed) — g £

Proof. On the boundary arc one has 6)?(t) + D = 0and 6;\5((0 = 0, which respectively yield cx;(t) + dx,(t) + e = 0
and adx;(t) + (c + bd)xy(t) + dny(t) = 0. We deduce that x,(t) = mnz(t) + ade(—ad? + ¢? + bcd), and
x1(t) = #ﬁzﬂmdnz (t) — %2‘3(—ad2 + ¢ + bcd) — g Moreover from the values of A and C we get that

M2(t) = qax2(t) — N1 (t) — bna(t) — dA(t) (59)

{fh(t) = q1x1(t) — ama(t) — cA(t)
0 < cx1(t) +dxy(t) +e L A(t) = 0.
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Along the boundary arc we have from Lemma 6: A(t) = diz CA2X(t) provided CA2%(t) > 0.Now CA2X(t) = a(c+bd)x;(t)+

(chb+d(g,+a+b?))x, (t) —dn1 (t)+cn2(t). Combining the above values we get that A(t) = % M2 (t)— 51 (0).

Injecting all the calculated values for x; (t), x,(t) and A(t) into (59), the result follows. The conditions are sufficient but also
necessary for if yn,(t) — dn(t) + € < 0 the boundary arc does not exist at timet. M

Since the system in (58) is linear, of order two, it is quite possible in practice to test whether or not (58) holds. This
provides conditions on the entry values n;(t) and 7,(t), such that a boundary arc is well-posed or not. Clearly Lemma 7
does not answer the question whether or not the optimal trajectory possesses boundary arcs. Notice that X(0) is not known
as n(0) is an unknown of the BVP.

6. Numerical solution of the BVP

The objective is to numerically solve the extremisation problem in Proposition 8, using the time-stepping scheme
developed in [1] which approximates the solutions of the measure differential formalism in (22)-(24), whose solutions
are functions of time. Though no complete convergence result has been presented yet for this time-stepping algorithm, it is
shown in [1, Section 5] that it possesses strong properties. Convergence is proved in specific examples. Numerically solving
the minimisation problem in (52) is equivalent to solving the MBVP in Section 3.6. Let us outline the way the MBVP may
be discretised. For details and subtleties on the time-stepping scheme that is presented next, the reader is referred to [1,
Section 5]. Since the time-stepping scheme is based on the Z-dynamics, let us first rewrite the MBVP as:

—dZ + WAW ™ 'Z(t)dt + Mdv; =
dv; = (dvy, ..., dvy, 0p)"
dvie _?wTébq(Zl(f’) ,,,,, zi,I(t*))(Zi
G(2(0),2(T;)) =0

tT)) foralll<i<r

for some function G(-, -) representing the boundary constraints, and where 7 = W% and A is defined in Section 3.5. Let
us define a finite partition0 = 79 < 71 < --- < T < --- < 7y = T7 of [0, T1]. For the sake of simplicity, we choose
h = 1441 — 7w > 0so that T; = Nh. The approximation of Z(ty) is denoted as Z;. Then the MBVP is discretised as follows:

Discrete MBVP :
Zuor — 2o = hWWAW 21 + Mugrr, 0<k<N
Mietr = (1 kg 1s eovs Mokt 15 O2nr)T

Riket € =0ping o Gikrn), 1=i=T

G(Zo,Zy) =0

It is crucial to note that the primary variables in this algorithm are the quantities dz((tx, tx+1]) and the discretised
multipliers p; k, which do not intend to approximate the Dirac measures at atoms of the measures dv;, but their magnitude,
i.e. wikr1 = dvi((zg, Tr1])- They are therefore always bounded quantities. Moreover this time-stepping scheme is not
an implicit Euler scheme, though it looks like [2]. This time-stepping scheme approximates the solutions of the measure
differential formalism, which are functions in the set . (R™"; R). The practical implementation of the algorithm is detailed
in [1, Section 5.4]. The next step is to construct a multiple shooting algorithm starting from the Discrete MBVP. This will be
the object of a future work dedicated to the numerical aspects of this optimal control problem.

7. Conclusions

This paper concerns the optimal control of linear invariant systems, with state inequality constraints. This is a major
topic, which has continuously attracted the interest of researchers for more than 70 years. The main contributions are
the following. The Bolyantskii-Pontryagin necessary conditions are embedded into a distributional differential inclusion
framework (the higher order Moreau’s sweeping process [1]) which allows one to clearly understand their dynamics and
provides a clear formalism for the derivation of an extended action to be minimised (allowing for costate and/or inputs
and/or system’s state, to belong to a specific set of Schwarz’ distributions). The powerful geometric tools introduced by ten
Dam in the context of unilaterally constrained controlled dynamical systems [18,19], are used to improve the qualitative
analysis of optimal trajectories and controllers, both in mono- and multivariable cases. They allow us to generalise results
concerning the specificity of odd relative degree systems (one of the results being that odd relative degree systems can
possess boundary arcs with entry times such that the multiplier associated to the unilateral constraint is a distribution of
degree > 3; then the action to be minimised has to be extended to incorporate the state and/or costate jumps). The theory
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of complementarity problems is shown to be quite useful in order to better understand the behaviour of optimal path on
the boundary of the admissible domain. Most of the tools which are used in this paper (distributional inclusion, ten Dam’s
geometrical study, complementarity problems, the role played by the zero dynamics) have never been introduced before in
the context of optimal control with unilateral state constraints. Let us point out some open issues which might be the object
of future works:

e Extend the qualitative study of trajectories at junction times to nonlinear systems (ten Dam’s geometric approach extends
to a class of nonlinear systems).

e Extend the study to rectangular or non-uniform relative degree systems.

e Design a multiple shooting algorithm based on the higher order sweeping process time-stepping discretization.

Notation and nomenclature: contact time and state (state on the boundary coming from an interior arc), entry time and
state (contact state followed by a boundary arc), touch time and state (contact state coming from an interior arc and followed
by an interior arc), junction time and state (entry, contact, exit, touch time and state), CP (complementarity problem), LCP
(linear CP), ¥k (the indicator function of a set K [25, p. 82]), 9 (the subdifferential of the indicator of a convex set K [22,
p. 67]), supp(T) (the support of a distribution T [21, p. 142]), x > 0 (x is not zero and the first nonzero element of the vector
x is positive), x = 0 (the first nonzero element of the vector x is non negative), similarly for < and <, o (t) = f(t™) — f(t7)
the jump of the function f (-) at time t, BV (bounded variation), RCLBV (right continuous of local bounded variation), RCSLBV
(right continuous of special local bounded variation), BVP (boundary value problem), IVP (initial value problem), HOSP
(higher order sweeping process), §; the Dirac measure at t, 0™ = (0,...,0)" € R™ 0, = (0™, I, is the n-identity
matrix, O, is the zero n x n matrix. Contact times are denoted as T (when only one contact is analysed) or t; when a
sequence of contact times is examined, Eq(h) denotes the set of jumps of the function h(-). e; is the i-th unit vector of R";
a function in Cg° is infinitely differentiable and with compact support; continuous functions R — R are in C 9[R; R]. D-
denotes the distributional derivative, and d- may denote the subdifferential of a convex function, or the partial derivative,
depending on the context. bd® denotes the boundary of @, i.e. bd(®) = {x | Cx + D = 0}, Int(®) is its interior, i.e.
Int(®) ={x | Cx+ D > 0}.

Appendix A. Some mathematical definitions

Given A € R™" and B € R", the problem of finding x € R" and y € R" satisfying
y=Ax+B=>0, x>0x'y=0 (60)

is called a Linear Complementarity Problem (LCP). It can be equivalently written as
0<xly=Ax+B>0. (61)

Roughly put, the LCP has a unique solution x* whatever Bif and only if A satisfies some positivity conditions, see [ 17]. Positive
definiteness of A is sufficient. The so-called P-property of matrices is necessary and sufficient for the LCP to have a unique
solution for any B. The variables x and y in (61) satisfy a CP.

The next notions may be found in [1,37,31] Let I denote a non-degenerate real interval (not empty nor reduced to a
singleton).

e By z € BV(I; R") it is meant that z is a R"-valued function of bounded variation if there exists a constant C > 0 such
that for all finite sequences to < t; < --- < ty (N arbitrary) of points of I, we have

N
> llz(t) — z(ti-p)| < C.

i=1

Let J be a subinterval of I. The real number

N
var(z,]) = sup Y _ llz(t) — z(t-1)|),
i=1

where the supremum is taken with respect to all the finite sequences ty < t; < --- < ty (N arbitrary) of points of J, is called
the variation of z in J.

Any BV function has a countable set of discontinuity points and is almost everywhere differentiable. A BV function defined
on [a, b] C I possesses left-limits in Ja, b] and right-limits in [a, b[. Moreover, the functions t +> z(t) := lims_¢ s> Z(s)
and t — z(t7) := lims_,; s z(s) are both BV functions.

e We denote by LBV(I; R") the space of functions of locally bounded variation, i.e. of bounded variation on every compact
subinterval of I.

e We denote by RCLBV(I; R") the space of right-continuous functions of locally bounded variation. It is known that if
z € RCLBV(I; R") and [a, b] denotes a compact subinterval of I, then z can be represented in the form:

z(t) = J-(t) + [2](t) + & (t), Vt € [a,b],
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where g, is a jump function, [z] is an absolutely continuous function and ¢, is a singular function. Here ¢, is a jump function
in the sense that g, is right-continuous and given any ¢ > 0, there exist finitely many points of discontinuity t;, ..., ty
of g, such that 25\1:1 1F.(t) — §.(& ) + & > var(g,, [a, b]), [z] is an absolutely continuous function in the sense that
for every ¢ > 0, there exists § > 0 such that Zf\’:] I[z1(Bi) — [z](@i)|l < e, for any collection of disjoint subintervals
lai, Bi] C [a, b](1 < i < N) such that Zf’;l(ﬂi — ;) < 8, and ¢, is a singular function in the sense that ¢, is a continuous
and bounded variation function on [a, b] such that éz = 0 almost everywhere on [a, b].

e By z € RCSLBV(I; R") it is meant that z is a right-continuous function of special locally bounded variation, i.e. z is
of bounded variation, and can be written as the sum of a jump function and an absolutely continuous function on every
compact subinterval of I. So, if z € RCSLBV(I; R") then

z=[z]+ 4, (62)

where [z] is a locally absolutely continuous function called the absolutely continuous component of z and ¥, is uniquely
defined up to a constant by

go(0) =Y _2(t5) —z2(t;) = Y z(t) — 2(t;) (63)
t>ty t>tn
where tq, to, .. ., t;, ... denote the countably many points of discontinuity of z in I.

Stieltjes (or differential) measure. Let z € LBV(I; R") be given. We denote by dz the Stieltjes measure generated by z.
Recall that fora < b, a, b € I one has dz([a, b]) = z(b*) — z(a™), dz([a, b[) = z(b™) — z(a™),dz(la, b]) = z(b*) — z(a™),
dz(la, b[) = z(b™) — z(a™). In particular, we have dz({a}) = z(a™) — z(a™).

Appendix B. Example of a function in &, and distributions in 77,
This is taken from [1]. Set I = (0, +00) and let z : | — R be the function given by
z(t) = |sin(t)|, Vt=>0.
It is clear that
2© .=z € RCSLBV(I; R)

since z(-) is Lipschitz-continuous. Then we obtain
A(1) d+ 5(0) d+Z .
zV(t) = a[z 1(t) = F(t) = cos(t —km) ift € [km, (k+ 1Dm), (k € N).

We see that Eg(Z(V) = {kn; k € N\ {0}} and
20 =12"16) +J0),
where

ZD1(t) = =2k + cos(t — k) ift € [k, (k+ D7), (k € N)

and
J(t) =2k ift € [kr, (k+ 1)7), (k € N).
Thus
2D (.) € RCSLBV(I; R).
Then
d+
22 = —21(t) = —Isin(0)|
dt
so that

2P (.) € RCSLBV(I; R).
And so on, we see that

f(k)(t) _ (_1)m2(0)(t) ifk =2m
T =) ifk=2m+1,

so that 20 e RCSLBV(I; R), Vk € N, and thus
z() € F(; R).

(meN),
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Let us now consider the distribution T defined by

(T, @) =f [sin(t)|@(t)dt, V¢ € C°().

o0
Then for a given function ¢ € C5°(I), we see that:

(k+ 1)

(DT, @) = /Oo GG cos(t — km)e(t)dt,

0 keNNsupp{p} ke

o0
(DT, ) = / B2memde+ Y GV k) = 20 (k) (B )
- keN\{0}Nsupp{¢p}

- [ ooz > )

keN\{0}Nsupp{p}

and so on. We have:
T = {T} =2© = |sin(.)|, deg(T) = 0,
DT = {TW} = {DT} = 2V = cos(. — knr) on[kr, (k+ 1)) (k € N), deg(DT) = 1,

D’T = (D*T) = —[sin()| +2 ) 8ir, deg(D’T) =2,
keN\{0}
{T®} = {D°T} = 2® = —|sin()],

and
d{D*T) = dz V.

Appendix C. Hints on the controllability of (2)

Example 7. Let us consider the system

x1(t) = x,(t)
X () = u(t) (64)
xx(t) > 0.

Clearly if U is restricted to the set of bounded functions of time, then (A, B) is not controllable in the set ® = {x | x, > 0}.
However if distributions of degree 3 (derivatives of Dirac measures in the sense of Schwartz’ distributions) are allowed in
U, then controllability holds (but, the quadratic term in u in (1) is meaningless for such inputs). Indeed negative jumps in
x1(-) are then possible to reach a state x(T;) from x(0) with x{(T;) < x1(0), T; > 0. In particular x(T;) = 0 belongs to the
reachable space from x(0™) > 0.If the constraint is replaced by x; (t) +d > 0,d € R, then controllability holds in @ withU a
set of functions. One sees that reachability does not hold in the set of inputs U; (see Definition 2) because the zero dynamics

state & = x; needs to jump and the degree of the input (as a distribution in U;) is < 2. This is not permitted by the HOSP
framework.
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