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ABSTRACT

Most dominant point detection methods require heuristically chosen control parameters. One of the commonly
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used control parameter is maximum deviation. This paper uses a theoretical bound of the maximum deviation of
pixels obtained by digitization of a line segment for constructing a general framework to make most dominant
point detection methods non-parametric. The derived analytical bound of the maximum deviation can be used
as a natural bench mark for the line fitting algorithms and thus dominant point detection methods can be
made parameter-independent and non-heuristic. Most methods can easily incorporate the bound. This is

demonstrated using three categorically different dominant point detection methods. Such non-parametric
approach retains the characteristics of the digital curve while providing good fitting performance and compres-
sionratioforallthe three methods usingavariety ofdigital, non-digital,and noisy curves.

1. Introduction

In several image processing applications [1-8], it is desired to
express the boundaries of shapes (edges) using polygons made of a few
representative pixels (called the dominant points) from the boundary
itself. Through polygonal approximation, it is sought to represent a digital
curve using fewer points such that:

1. The representation is insensitive to the digitization noise of the
digital curve.

2. The properties of the curvature of the digital curve are retained, so
that geometrical properties like inflexion points or concavities can
be subsequently assessed.

3. The time efficiency of higher level processing can be improved
since the digital curve is represented by fewer points.

This problem is popularly known as the dominant point detection
problem. Dominant point detection methods choose points from a
digital curve that can be used to represent the curve effectively using
less number of points. The digital curve is then represented as a polygon
with dominant points as vertices and the line segments connecting
adjacent dominant points as the edges. An example is presented in
Fig. 1. In Fig. 1, a digital shape of a maple leaf is illustrated. The boundary
of the shape is made of 244 pixels. A polygonal approximation of this
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shape is shown in Fig. 1. The maple leaf is represented using only 27
dominant points in this approximation and the concavities associated
with the maple leaf are preserved (labeled A-F).

The problem of finding the dominant points on the boundary for
polygonal approximation has often been cast in either a min-# problem
or a min-¢ problem [9]. While both problems are essentially minimiza-
tion problems, the former's aim is to find the minimum number of
points such that the value of a particular error function is below a certain
threshold, and the latter's aim is to find a fixed number of dominant
points such that the error function has minimum value. In both the
cases, heuristics are involved in choosing the threshold (for min-#

Fig. 1. An example of a digital shape and its polygonal approximation. The dominant
points are denoted using the dots. The boundary of the maple leaf shape consists of
244 pixels. The polygonal approximation uses 27 dominant points.
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Fig. 2. The maximum deviation d,x of a continuous line segment and the digital line segment obtained from the continuous line segment.

problem) or the fixed number of points (in min-¢ problem). In the re-
cent times, several methods have been proposed to obtain the polygonal
approximation of digital curves in the framework of min-# problem.
This is because it is difficult to determine the fixed number of points in
min-¢ problem suitably for many shapes, while if the error function in
min-# is related to the quality of fit, it is easier to use heuristics to deter-
mine a generally acceptable threshold for the error function.

Some of the recent dominant point detection methods are proposed
by Masood [10,11], Carmona-Poyato [12], Ngyuen [13], Wu [14],
Kolesnikov [3,15], Bhowmick [16] and Marji [17] while few older ones
are found in [18-29]. These algorithms can be generally classified
based upon the approach taken by them. For example, some used
dynamic programming [3,15,19], while others used splitting [20-22],
merging [23], digitally straight segments [13,16], suppression of break
points [10-12,17], curvature and convexity [14,18,24,27]. The control
parameters used in most dominant point detection methods are often
related to the maximum deviation of the pixels on the digital curve

(a) Pseudocode for RDP (original)

segment between adjacent dominant points from the line segment con-
necting the dominant points. When the control parameters are related
to the maximum deviation, the allowable or tolerable maximum devia-
tion is chosen heuristically as a threshold value. Although the threshold
in generally chosen to be a constant, a suitable value of the threshold
varies from one digital curve to another and even within the digital
curve. However, no specific rules are available for choosing either the
constant threshold value or an adaptive threshold value depending
upon the digital curve.

This paper concentrates on the min-# problem and considers the
maximum deviation of the digital curve from the fitted polygon as an
error function related to the quality of fit. Under this premise, a
non-parametric framework is proposed in this paper for the automatic
and adaptive determination of the threshold for the min-# problem.
In this paper, a theoretical bound for the maximum deviation of a set
of pixels by digitizing a line segment is first derived. This explicit and
analytically defined bound is related to the length and the slope of the

(b) Pseudocode for RDP (modified)

Function DP=RDP_original ( {P;’Pz e ,PN} ,dy, )
{ DP=NULL; % DP contains the dominant points
%step 1: line
Fit a line / using P and P .
% step 2: maximum deviation
Find deviation {dl,l..,dN} of pixels {Pl,...,PN} from the line /.

Find dmX =max{d ,....d } andpoint P corresponding to

max :
%step 3: termination/recursion condition
Ifd <d
max tol

DP={DP, PI,PN}

Else

{ DP={DP, RDP_max (PP _)}.
DP= {DP, RDP_max (PP, )} .

)

End

Remove redundant points in DP.

Return(DP).

Function DP=RDP_modified ( {15;,132 ,...,PN} )

{ DP=NULL; % DP contains the dominant points
%step 1: line and its parameters

Fit a line / using P and P .
For the line, find distance s = ‘P]PV‘ and slope m .

Compute aqjm and d = sa¢m using eqns. (1) and (2)

% step 2: maximum deviation

Find deviation {dl,...,dN} of pixels {P],...,PN} from the line /.
Find d = =max{d,...,d } andpoint P - corresponding to
dleX :

%step 3: termination/recursion condition
If dmax S dlol

DP:{DP, PI,PN}
Else

{ DP={DP, RDP_max (P.P_)}.

RDP_max (PP, )} .
End

Remove redundant points in DP.
Return(DP).

}

Fig. 3. Pseudocodes for algorithms in Sections 3.1.1 and 3.1.2, respectively.
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Table 1

Quantitative comparison of the original and modified methods of Ramer-Douglas—

Peucker.

No. of pixels No. of dominant max(dy,) ISE FOM CR
(M) points (N)

Hammer
RDP(1.0) 388 16 0.98 55.17 044 2425
RDP(2.0) 388 13 1.65 9294 032 2985
RDP(mod) 388 14 1.30 6790 041 27.71
Hand
RDP(1.0) 642 53 1.00 9480 0.13 1211
RDP(2.0) 642 32 1.99 314.65 0.06 20.06
RDP(mod) 642 39 1.40 17880 0.09 16.46
Screw Driver
RDP(1.0) 253 16 0.95 3452 046 1581
RDP(2.0) 253 9 2.00 12059 0.23 28.11
RDP(mod) 253 11 1.44 5534 042 23.00
Tin Opener
RDP(1.0) 278 42 0.95 3399 0.19 6.62
RDP(2.0) 278 24 1.83 12799 0.09 11.58
RDP(mod) 278 31 1.48 77.84 0.12 8.97
Turtle
RDP(1.0) 354 35 1.00 4999 020 10.11
RDP(2.0) 354 24 1.87 12092 0.12 1475
RDP(mod) 354 26 1.49 91.53 0.15 13.62
Africa
RDP(1.0) 291 38 1.00 37.02 0.21 7.66
RDP(2.0) 291 25 1.81 10293 0.11 11.64
RDP(mod) 291 29 1.27 63.21 0.16 10.03
Maple leaf
RDP(1.0) 424 58 1.00 53.11 0.14 7.31
RDP(2.0) 424 35 1.98 20230 0.06 12.11
RDP(mod) 424 47 141 93.97 0.10 9.02
Rabbit
RDP(1.0) 293 40 0.97 3598 0.20 7.33
RDP(2.0) 293 26 1.74 10346 0.11 11.27
RDP(mod) 293 30 141 73.04 0.13 9.77
Dinosaurl
RDP(1.0) 587 46 1.00 7149 0.18 12.76
RDP(2.0) 587 31 1.96 289.83 0.07 1894
RDP(mod) 587 41 1.46 107.80 0.13 14.32
Dinosaur2
RDP(1.0) 409 46 0.99 56.34 0.16 8.89
RDP(2.0) 409 27 2.00 219.75 0.07 15.15
RDP(mod) 409 38 141 91.64 0.12 10.76
Dinosaur3
RDP(1.0) 528 57 0.99 76.40 0.12 9.26
RDP(2.0) 528 36 1.97 23495 0.06 14.67
RDP(mod) 528 44 1.46 143.87 0.08 12.00
Sword Fish
RDP(1.0) 627 46 1.00 80.21 0.17 13.63
RDP(2.0) 627 33 1.94 22035 0.09 19.00
RDP(mod) 627 38 141 138.68 0.12 16.50
Dog
RDP(1.0) 343 52 1.00 4481 0.15 6.60
RDP(2.0) 343 36 2.00 149.19 0.06 9.53
RDP(mod) 343 41 1.39 82.69 0.10 8.37
Planel
RDP(1.0) 462 40 1.00 67.57 017 1155
RDP(2.0) 462 31 1.79 148.71 0.10 14.90
RDP(mod) 462 36 1.20 8751 0.15 12.83
Plane2
RDP(1.0) 365 35 0.95 4048 026 1043
RDP(2.0) 365 21 1.85 16520 0.11 1738

Table 1 (continued)

No. of pixels No. of dominant max(dy,,) ISE FOM CR
(M) points (N)
RDP(mod) 365 30 1.53 6144 020 1217
Plane3
RDP(1.0) 431 45 0.99 56.46 0.17 9.58
RDP(2.0) 431 26 1.91 232.08 0.07 16.58
RDP(mod) 431 32 1.46 117.18 011 1347
Plane4
RDP(1.0) 450 46 1.00 68.62 0.14 9.78
RDP(2.0) 450 33 1.80 228.60 0.06 13.64
RDP(mod) 450 39 1.41 10199 0.11 1154
Plane5
RDP(1.0) 431 44 1.00 57.52 0.17 9.80
RDP(2.0) 431 33 2.00 19495 0.07 13.06
RDP(mod) 431 39 134 75.63 0.15 11.05

line segment. Through this derivation, since the maximum possible de-
viation due to digitization can be computed for any line segment, it can
be easily used as a threshold for each individual edge of the polygon
obtained by a dominant point detection method. In this sense, it serves
as natural benchmark for any dominant point detection method.

In order to demonstrate the application of the proposed non-
parametric framework in the dominant point detection methods,
three popular dominant point detection methods by Ramer, Douglas,
and Peucker [21,22] (referred to as RDP), Masood [10] (referred to as
Masood), and Carmona-Poyato [12] (referred to as Carmona for brevity)
are considered, and adapted in the proposed non-parametric framework.
The adapted versions of the methods are control parameter independent
and do not require user specified inputs (thus making these algorithms
free from heuristics). The modified methods show balanced perfor-
mance over their original version despite being control parameter
independent. The bound based non-parametric framework can be
easily integrated in other methods as well and can be used to make
them non-heuristic (or less heuristic) and self-adaptive. We high-
light that in the proposed framework, the basic construct and the
nature of the algorithms remain unchanged, while only optimization or
termination condition is altered in order to make the method non-
parametric.

The outline of the paper is as follows. Section 2 introduces the
proposed non-parametric framework. Section 3 presents the adapta-
tion of three methods in the proposed framework. In particular,
Section 3.1 presents the original method of RDP, its modification
under the proposed framework, and numerical comparison of the
original and modified methods. Analogous to Section 3.1, Section 3.2
presents the method of Masood and Section 3.3 presents the method
of Carmona. Section 4 provides brief discussion about various aspects
like the nature of fitting, effect of scaling, fitting for non-digitized curves,
and noisy digital curves. Section 5 concludes the paper. Further the de-
tailed derivation of the error bound used in Section 2 is included in
the Appendix A.

2. Proposed non-parametric framework

The foundation of the proposed non-parametric framework is based
upon the concept of digitization, which is ubiquitous in digital images. It
was shown in [30] and [31], that if a line segment in the continuous
2-dimensional space is digitized, the maximum difference between
the angles made by the digital line segment and the continuous line
segment with the x — axis is given by:

0 max = max(tan_1 {% (sing + cosd|) (1 —tmax + tzmax) }) (1)



where,

= tan"' (m)

1 .
o = (5 ) 1cosd + [ sind)

(a) Pseudocode for Masood (original)

The detailed derivation is reproduced in the Appendix A for the sake
of completeness. Now, let us consider a line segment joining two
points P; and Py and its corresponding digital line segment given by
pixels {P'y, ..., P’} (an illustration is shown in Fig. 2(a)). The distances
of the pixels {P'y, ..., P'y} from the line segment P;Py be denoted by d;;
i=1 to N. For convenience, we refer to these distances as the deviations.

(b) Pseudocode for Masood (modified)

{

}

Global {P,P,...,P }.
1 2 M

Function I=Masood_original (d, )

Y%step 1: break points
Compute the break points. Find their indices {I,‘f‘eak} g

Assign i=0; I, ={I,‘,"e“k} ; flag_stop=FALSE

Yostep 2: iterations
do

{ Assign N = number of dominant points
Ystep 2.1: Compute AEV

For n=2to (N—1): Call (AEV (n) , I"™(n) ) =
compute_AEV (I, ,n);

%step 2.2: Update or terminate

Compute d, (defined immediately after eqn. (10));

If max ((dm )2 ) >d,, , Then flag_stop=TRUE, Else {i=i+1;

L=1"() };
} while(flag_stop=FALSE)

Return( I, ).

Global {P,P,...,P }.
1 2 M

Function I=Masood modified
{ %step 1: break points
Compute the break points. Find their indices {[,',’“a"} g

Assign i=0; I, ={I,‘,"e“k} ; flag_stop=FALSE

Yostep 2: iterations
do

{ Assign N = number of dominant points
Yostep 2.1: Compute AEV
For n=2to (N—1): Call (AEV (n) , I""(n) ) =
compute AEV (I, ,n);
Find the index n"=arg (min {AEV,;n=2to0 N}) ;

X

Compute d,;,, (using eqn. (14));
If AEV(n")> d}* . , Then flag_stop=TRUE, Else
{i=i+1; I, =1"(x") };

} while(flag_stop=FALSE)

Return( I, ).
!

{

Function (AEV, I™ ) = compute AEV(I ,n)

% Optimization step 1

Assign I ={1,,1,,...,1,,} ; Assign k=1;
Do

{ Assign Loy =Ly jor Lnax = Lygs -

Find Iy € (Iyin Ines ) suchthat 3" (d, ) (i.e. ISE) is

minimized.
If I, =1, . Then Flag_terminate_opt=TRUE, Else
{1, =l ; k=k+1;Flag_terminate opt=FALSE};

}
While(Flag_terminate_opt=FALSE)
% Optimization step 2

Assign 1" ={1,,,,1,>..... Iy} ; Assign k=1;
Do

{ Assign Lnin = Lyvicts Inax = Lk -

Find Iy € (Iin Lnax ) suchthat 3" (d, )’ (i.c. ISE)is

m=ly,

minimized.
If I,y =1, , Then Flag_terminate_opt=TRUE, Else
{ Lk = Loy ; k =k +1;Flag_terminate_opt=FALSE};

}
While(Flag_terminate opt=FALSE)

%Computation of AEV
Compute AEV using eqn. (9);

Assign I =1* e ={11,12,---,1n-1:1n+1,---,1N} 5
Return(AEV, I”)

Function (AEV, I™ ) = compute AEV(I ,n)
{ %Optimization step 1

Assign 1 ={1,,1,,...,1,,} ; Assign k=1;
Do
{ Assign Toin =Lty Inax = Ly -

Find /oy € (Lyins Imex ) Such that d,, computed using eqn.
(11) is minimized.

If I, =1, . Then Flag_terminate_opt=TRUE, Else

{1, =l ; k=k+1;Flag_terminate opt=FALSE};

%Vhile(Flagiterminateiopt=FALSE)

% Optimization step 2

Assign I ={I,,1,1,15,.... 1y} ; Assign k=1;

Do

{ Assign Loy = Lysgots Imax = Lyeint -
Find /oy € (Imins Ime ) such that d,.,., computed using eqn.
(11) is minimized.

If 7, =1, , Then Flag_terminate_opt=TRUE, Else

{ Lx =Ly 3 k=k+1;Flag_terminate opt=FALSE};
While(Flag_terminate_opt=FALSE)

% Computation of AEV
Compute AEV using eqn. (12);

Assign 1™ =1 o ={11,[2,~~~aln—1,1n+1,~->1N} 5
Return(AEV, I )

Fig. 5. Pseudocodes for the original (Section 3.2.1) and modified (Section 3.2.2) methods of Masood.
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Then, using Eq. (1) and assuming that only digitization is present, the
distances should lie within [0, dy,ax], Where dax is given as:

d max = S0P max = Max (s tan”! {% (| sing + cosep|) (1 —Cmax + tzmax) })
(4)

where ¢ corresponds to the slope m of the continuous line segment
P;Py. For a digital curve, since the distance s between any two points
and the slope m of the line passing through them can be computed,
the upper bound of the deviations due to digitization alone d,,,x can
be computed using Eq. (4). Sample plots of d,.x for various values of s
and ¢ are shown in Fig. 2(b). This bound is the underlying concept in
the proposed non-parametric framework for dominant point detection
methods.

In the proposed framework, we intend to compare the deviations of
the pixels from a line segment with the bound in Eq. (4) and use it either
as an optimization goal or a termination condition in the dominant
point detection methods. This concept is used as a framework in
which most dominant point detection methods can be adapted and
made parameter-free.

3. Dominant point detection methods in the proposed framework

In this section we use the proposed framework for automatically
computing the tolerable maximum deviations for various methods. For
this, we consider three categorically different dominant point detection
methods and demonstrate the applicability of the error bound of the
deviation. The first method is proposed by Ramer, Douglas, and Peucker

(a) Pseudocode for Carmona (original)

[21,22], the second method is by Masood [10], and the third method is
by Carmona-Poyato et al. [12].

3.1. Ramer-Douglas-Peucker method for recursive determination of
dominant points

3.1.1. Original method

Ramer, Douglas, and Peucker [21,22] (referred to as RDP) proposed a
fast recursive method for computing the dominant points on digital cur-
ves. The method is described as follows. Let us consider a digital curve
e={P; P, Py}, where P; is the ith edge pixel in the digital
curve e. The line passing through a pair of pixels Py(X4, y4) and Py(Xp,
Yp) is given by:

X(Ya=Yp) +Y(Xp—Xq) +YpXg—YaXp = 0. (5)

Then the deviation d; of a pixel Pi(x;, y;) €e from the line passing
through the pair {P;, Py} is given as:

d = i1 =Yn) + Vil —%1) + Yn¥1 — Y1 X 6)
e 2 2 '
\/(XN_Xl) +1—=Yn)

Accordingly, the pixel with maximum deviation can be found. Let
it be denoted as P,.x. Then considering the pairs {Py, Pmax} and {Pmax,
Py}, we find two new pixels from e using the concept in Egs. (5) and
(6). It is evident that the maximum deviation goes on decreasing as
we choose newer pixels of maximum deviation between a pair. This
process can be repeated till a certain condition is satisfied by all the

(b) Pseudocode for Carmona (modified)

Function DP=Carmona_original ({P,P,...,P.},r, )
= ) N tol
{ DP=NULL; % DP contains the dominant points
%step 1: choosing initial dominant point
If P=P_ Then
1 N
{ Compute {df} ;Find n' = arg(max(df)) .
Assign DP={P,. Pyuy..... Py, P, P..... B}
}
%step 2: termination/updation
Assign d,; =0;i=0;Flag terminate = FALSE;
Do
{ Assign i=i+1;d,=d,+0.5; n=1; [ =NULL;
While (» is not the last point in DP)

{
Compute dy and /, using eqns. (15) and (16);

If df <d,, Then

{ Append 8 with [, ;
Delete P, from DP;

}

Else Assign n=n+1
End;
}
Compute {d,} and 7 using eqns. (11) and (17).

If 5 <r, Then Flag terminate = TRUE

}
While (Flag_terminate = FALSE);
Return(DP).

Function DP=Carmona_modified ( {B,P,....P})
{ DP=NULL; % DP contains the dominant points
%step 1: choosing initial dominant point
If P=P Then
1 N
{ Compute {d,,c} ; Find »n’=arg (max(df )) .
Assign DP={P,.. Pry..... Py B P.... B}
}
%step 2: termination/updation
Assign d,; =0;i=0;Flag terminate = FALSE;
Do
{ Assigni=i+l;d,=d,+05; n=1;
While (n is not the last point in DP)
{
Compute dS using eqn. (15);
If df <d,, Then Delete P, from DP Else Assign
n=n+l
¥
Compute {d,} and {d,‘,““‘} using eqns. (11) and (18).

If (for any n, d, >d;™ ) Then Flag_terminate = TRUE

)
While (Flag_terminate = FALSE);
Return(DP).

Fig. 7. Pseudocodes for the original (Section 3.3.1) and modified (Section 3.3.2) methods of Carmona.
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Table 2
Quantitative comparison of results of the original and modified methods of Masood.
No. of pixels No. of dominant max(dy,) ISE FOM CR
(M) points (N)

Hammer
Masood (0.9) 388 15 1.46 3835 0.67 25.87
Masood (1.2) 388 15 1.46 3835 0.67 25.87
Masood (mod) 388 14 0.79 4886 0.57 27.71
Hand
Masood (0.9) 642 58 1.32 4775 023 11.07
Masood (1.2) 642 58 1.32 47.75 023 11.07
Masood (mod) 642 48 1.14 9750 0.14 13.38
Screw driver
Masood (0.9) 253 16 1.11 2468 0.64 15.81
Masood (1.2) 253 11 1.53 46.62 049 23.00
Masood (mod) 253 14 113 4259 042 18.07
Tin opener
Masood (0.9) 278 45 1.00 2069 030 6.18
Masood (1.2) 278 34 1.40 4037 020 8.18
Masood (mod) 278 35 1.02 51.71 0.15 794
Turtle
Masood (0.9) 354 48 1.00 2348 031 738
Masood (1.2) 354 38 131 33.11 028 932
Masood (mod) 354 33 1.14 51.65 021 10.73
Africa
Masood (0.9) 291 39 0.97 2589 029 746
Masood (1.2) 291 35 1.21 3126 027 831
Masood (mod) 291 28 1.05 56.74 0.18 10.39
Maple leaf
Masood (0.9) 424 105 1.00 1529 026 4.04
Masood (1.2) 424 50 1.23 4634 0.18 848
Masood (mod) 424 50 1.20 6445 0.13 848
Rabbit
Masood (0.9) 293 45 0.93 21.67 030 6.51
Masood (1.2) 293 36 1.21 3591 023 814
Masood (mod) 293 37 1.00 4282 0.18 7.92
Dinosaurl
Masood (0.9) 587 96 1.00 2409 025 6.11
Masood (1.2) 587 55 1.26 4438 0.24 10.67
Masood (mod) 587 42 0.96 91.04 0.15 13.98
Dinosaur2
Masood (0.9) 409 56 1.00 3036 024 730
Masood (1.2) 409 38 1.20 62.98 0.17 10.76
Masood (mod) 409 42 0.95 6438 0.15 9.74
Dinosaur3
Masood (0.9) 528 84 1.00 2263 028 6.29
Masood (1.2) 528 56 137 50.69 0.19 943
Masood (mod) 528 48 1.27 89.38 0.12 11.00
Sword fish
Masood (0.9) 627 91 1.00 33.14 021 6.89
Masood (1.2) 627 38 1.46 90.27 0.18 16.50
Masood (mod) 627 40 1.11 9794 0.16 15.68
Dog
Masood (0.9) 343 54 0.91 3251 020 635
Masood (1.2) 343 49 1.26 4319 0.16 7.00
Masood (mod) 343 52 1.00 4345 0.15 6.60
Plane1
Masood (0.9) 462 52 1.04 3149 028 888
Masood (1.2) 462 40 1.54 50.59 023 11.55
Masood (mod) 462 38 1.11 64.81 0.19 12.16
Plane2
Masood (0.9) 365 54 0.95 1854 036 6.76
Masood (1.2) 365 26 131 5820 024 14.04
Masood (mod) 365 32 1.00 4467 026 1141

Table 2 (continued)
No. of pixels No. of dominant max(dy,) ISE FOM CR

(M) points (N)
Plane3
Masood (0.9) 431 54 0.90 32.06 025 7.98
Masood (1.2) 431 41 1.36 4791 022 1051
Masood (mod) 431 39 1.00 7176 0.15 11.05
Plane4
Masood (0.9) 450 68 1.00 1692 039 6.62
Masood (1.2) 450 39 1.26 59.66 0.19 11.54
Masood (mod) 450 42 0.96 59.54 0.18 10.71
Plane5
Masood (0.9) 431 45 1.21 36.86 0.26  9.58
Masood (1.2) 431 45 1.21 36.86 026 9.58
Masood (mod) 431 41 0.96 4941 0.21 1051

line segments. This condition shall be referred to as the optimization
goal for the ease of reference.

The condition used by RDP [21,22] is that for each line segment,
the maximum deviation of the pixels contained in its corresponding
edge segment is less than a certain tolerance value:

max(d;) < dyg- (7)
where do is the chosen threshold and is typically a few pixels.

3.1.2. Non-parametric adaptation of RDP

In the above method, at each step in the recursion, if the length of
the line segment that is fit most recently on the curve (or sub-curve)
is s and the slope of the line segment is m, then using Eq. (4), we com-
pute dyax and use it in Eq. (7) as di = dmax. The pseudocodes of the
original and the modified methods are given in Fig. 3 and the changes
are highlighted for the ease of comparison. As a consequence of the
proposed modification, the original method does not require any
control parameter and adaptively computes the suitable value of d,
automatically.

3.1.3. Comparison of the RDP original and RDP modified methods

18 digital curves used in recent publications [10,12] are considered.
For comparison, two values of the control parameter d,,; of the original
method, di,;=1 and d;, =2, are used, and compared against the
proposed modification which does not require user specified control
parameter. The results are plotted in Fig. 4 and quantitative compari-
sons are provided in Table 1. Fig. 4 shows that the proposed modifica-
tion provides good approximation to all the digital curves. In Table 1,
the number of pixels M in the digital curves, number of dominant points
N found by a method, the maximum deviation max(d,,) of the polygon
from the digital curve, the integral square error (ISE), the figure of merit
(FOM), and the compression ratio CR=M/N are listed. In general it is
desired that max(d,;) and ISE are as less as possible and FOM and CR
are as large as possible [32].

The value of the maximum deviation max(d,,) for the modified
method is between 1.20 and 1.53 while it varies from 0.95 to 2.00
for the original RDP with d;,;=1 and d;,;=2. The values of ISE, FOM,
and CR for the modified RDP method are also between the values of
these parameters for the original RDP. Thus, it can be concluded that
the modified RDP gives cruder fit in comparison to the original RDP
with dy;=1 and finer fit in comparison with the original RDP with
dror=2.

3.2. Masood's method of dominant point suppression
3.2.1. Original method

As opposed to the method proposed by Ramer, Douglas, and Peuker
[21,22] (Section 3.1), Masood [10] begins with the break points as the



Table 3
Quantitative comparison of the original and modified versions of Carmona.

No.of  No. of max(dy) ISE FOM CR

pixels  dominant

(M) points (N)
Hammer
Carmona (0.3) 388 194 0.49 132 152 2.00
Carmona (0.7) 388 10 2.32 17740 022 38380
Carmona (mod) 388 14 1.29 5796 048 27.71
Hand
Carmona (0.3) 642 43 2.06 21514 0.07 1493
Carmona (0.7) 642 20 3.89 1111.60 003  32.10
Carmona (mod) 642 43 2.06 21514 0.07 1493
Screw driver
Carmona (0.3) 253 9 2.08 17947 016  28.11
Carmona (0.7) 253 9 2.08 17947 016  28.11
Carmona (mod) 253 14 2.08 13859 0.13 18.07
Tin opener
Carmona (0.3) 278 29 2.28 14512 0.07 9.59
Carmona (0.7) 278 22 2.28 21460 0.06 12.64
Carmona (mod) 278 39 2.19 73.08 0.10 7.13
Turtle
Carmona (0.3) 354 27 1.68 151.65 009 13.11
Carmona (0.7) 354 15 5.34 113483 002 23.60
Carmona (mod) 354 30 1.68 13032 009 11.80
Africa
Carmona (0.3) 291 35 1.24 52,62 0.16 8.31
Carmona (0.7) 291 14 3.81 547.22 0.04  20.79
Carmona (mod) 291 26 1.80 93.62 0.12 11.19
Maple leaf
Carmona (0.3) 424 53 1.56 91.78  0.09 8.00
Carmona (0.7) 424 20 4.06 847.89 0.03  21.20
Carmona (mod) 424 53 1.56 91.78 0.09 8.00
Rabbit
Carmona (0.3) 293 30 1.86 101.53 0.10 9.77
Carmona (0.7) 293 19 3.12 309.72 0.05 1542
Carmona (mod) 293 38 1.86 66.64 0.12 7.71
Dinosaurl
Carmona (0.3) 587 38 2.73 302.83 0.05 1545
Carmona (0.7) 587 38 273 302.83 0.05 15.45
Carmona (mod) 587 38 273 302.83 0.05 15.45
Dinosaur2
Carmona (0.3) 446 47 2.55 161.59 0.06 9.49
Carmona (0.7) 446 47 2.55 161.59  0.06 9.49
Carmona (mod) 446 47 2.55 161.59 0.06 949
Dinosaur3
Carmona (0.3) 528 54 1.78 10435 0.09 9.78
Carmona (0.7) 528 19 6.75 211516  0.01 27.79
Carmona (mod) 528 54 1.78 10435 0.09 9.78
Sword fish
Carmona (0.3) 627 39 3.19 573.52 0.03  16.08
Carmona (0.7) 627 30 3.00 64628 0.03  20.90
Carmona (mod) 627 39 3.19 57352 0.03  16.08
Dog
Carmona (0.3) 343 54 1.39 5426 012 6.35
Carmona (0.7) 343 54 1.39 5426 0.12 6.35
Carmona (mod) 343 54 1.39 5426  0.12 6.35
Planel
Carmona (0.3) 462 30 1.79 21357 0.07 1540
Carmona (0.7) 462 16 4.63 1105.78 003  28.88
Carmona (mod) 462 37 1.60 104.82 012 1249
Plane2
Carmona (0.3) 365 104 0.50 414 0.85 3.51
Carmona (0.7) 365 11 2.85 400.76  0.08  33.18

Table 3 (continued)

No.of  No. of max(dy,) ISE FOM CR
pixels  dominant
(M) points (N)

Carmona (mod) 365 28 144 80.54 0.16 13.04
Plane3

Carmona (0.3) 431 39 1.53 9299 0.12 11.05
Carmona (0.7) 431 22 2.79 39756  0.05 19.59
Carmona (mod) 431 39 1.53 9299 0.12 11.05
Plane4

Carmona (0.3) 450 114 0.71 488 0.81 3.95
Carmona (0.7) 450 22 345 63235 0.03 2045
Carmona (mod) 450 411 2.00 12793 0.09 10.98
Plane5

Carmona (0.3) 431 41 2.53 168.71 0.06 10.51
Carmona (0.7) 431 28 2.53 349.77 0.04 1539
Carmona (mod) 431 41 2.53 168.71 0.06 1051

first list of dominant points and then iteratively removes one dominant
point at a time till a termination condition is satisfied. In every iteration,
when a dominant point is deleted, the remaining dominant points are
re-optimized such that the dominant points after the optimization are
such that the integral square error (ISE) is minimum. For convenience,
we denote the iteration number with i and the number of dominant
points in the ith iteration with n=1 to N. The points in the digital curves
are indexed from m =1 to M. The list of dominant points in an iteration
can then be specified using:

I = {I;;n = 1toN};; [,,€{1,2,....M}yand I, < I,,,, (8)

where I denotes the index of the point on the digital curve. Before
beginning the optimization, the break points are taken as the initial
set of dominant points, i.e., I;— o= {I>"®}. In an iteration, for each dom-
inant point specified by I,,, an associated error value (AEV) is computed.
This associated error value is calculated as follows. Considering the
hypothesis that dominant point I, shall be deleted, an optimization of
the remaining dominant points, i.e., (I; — {I,}), is performed to minimize
the integral square error (ISE). This is done in two independent steps. In
the first step, the indices of the dominant points before I,, ie., {I, ...,
I, 1}, are optimized. For this, first it is checked that does changing I,, 4
within the range (I,_», I,) yields to a lower value of ISE. If this happens,
the value of I, is changed to the optimal value within (I,,_», I,;) that
yields the minimum ISE. Then, in a similar manner, the index I, _, is
optimized. However, if changing I, within the range (I,,_», I,,) does
not yield to a lower value of ISE, the optimization in this step is stopped.
Using a similar approach, in the second step, the indices of the dominant
points after I, i.e., {I,+ 1, ... Iy}, are optimized. After the optimization of
both the steps, AEV can be computed in the following manner. For conve-
nience, we define the set of dominant points obtained after both optimi-
zation steps as IR, If the ISE corresponding to I; is denoted by ISE; and
the ISE corresponding to IZ}" is denoted by ISE;,, then AEV of the nth
point is:

AEV,, = ISE;~ISE;, 9)

After computing the AEV for all the dominant points in the ith itera-
tion, the point with the minimum value of AEV is removed and the list
of optimal points corresponding to its removal is retained (or can
be recomputed). The algorithm can be terminated by specifying a
termination condition which may be based upon the maximum number
of dominant points, or the maximum integral square error, or the
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Scaling: 1/2 Scaling: 1/3

Scaling: 1/4 Scaling: 1/5

Tin opener

Africa

Fig. 9. Effect of scaling on RDP (mod).

maximum tolerable deviation (similar to dy, in Eq. (7)).In[11], Masood
proposed to use the following condition as the termination condition
and the value of d;,;=0.9:
max((dm)z) > dig- (10)
where d,, is the deviation of the pixels on the digital curve from the
polygon obtained by the dominant points.

3.2.2. Non-parametric adaptation of Masood

The method of Masood can be modified in the following manner.
First, given a sequence of dominant points specified by the indices
I;={I;; n=1 to N};, we define a maximum deviation corresponding to
the portion of digital curve corresponding to two consecutive dominant
points as follows:

4, — max X (Vn=Yn1) + Vi (o1 —Xa) +yn+1xrynxn+1|;me (ol + 1ot} |
V& =% + Va—Ynir)?
for n=1 to (N—1). (11)
For convenience, the set of these maximum deviations for the
given set of dominant points I;={I; n=1 to N}; is denoted as
D(I;)={d,; n=1 to (N—1)}. The definition of AEV in the proposed
modification is given as:

(12)

n,n

AEV,, = max (D(IF"”))

Further, in the optimization step (for the hypothesis that domi-
nant point I, shall be deleted) done for the sequence {I, ..., I,—1},
instead of minimizing the integral square error (ISE), the goal is to
minimize the maximum deviations d,, _ 1, d,, _», and so on.

Finally, the termination condition is modified as follows:

max

min{AEV- in=2 to >dy T

ins (N—l)} (13)

max
n—1n+1 — sn—l.n+1¢n—1,n+l

(14)
where s, _1,+1 is the length of the line segment formed by joining
the dominant points I, _; and I,y and ¢, 1,1 is the angle made
by the line segment with the x — axis.

The pseudocodes of the original and proposed modifications of
Masood are presented in Fig. 5 and the modifications have been
highlighted for the ease of comparison.

3.2.3. Comparison of the Masood original and Masood modified methods

18 digital curves used in recent publications [10,12] and in
Section 3.1.3 are considered in this detailed benchmarking. For
comparison, two values of the control parameter d,,; of the original
method of Masood, d;,;=0.9 (recommended by Masood in [11])
and d,,;=1.2(taken as another control parameter for comparison)
are used, and compared against the proposed modification which
does not require user specified control parameter. The results are
plotted in Fig. 6 and quantitative comparisons are provided in
Table 2. Fig. 6 shows that the proposed modification provides

Scaling: 1/2 Scaling: 1/3

Scaling: 1/4 Scaling: 1/5

Tin opener

Africa

Fig. 10. Effect of scaling on Masood (mod).

11



Scaling: 1/2 Scaling: 1/3

Scaling: 1/4 Scaling: 1/5

Tin opener

Africa

Fig. 11. Effect of scaling on Carmona (mod).

good approximation to all the digital curves. In Table 2 the number
of pixels M in the digital curves, number of dominant points N found
by a method, the maximum deviation max(d,,) of the polygon from
the digital curve, the integral square error (ISE), the figure of merit
(FOM), and the compression ratio CR=M]/N are listed. In general it
is desired that max(d,,) and ISE are as less as possible and FOM and
CR are as large as possible [32].

The value of the maximum deviation max(d,,) for the modified
method is between 0.79 and 1.27 while it varies from 0.90 to 1.54 for
the original method of Masood with d;,;=0.9 and d,,;=1.2. In fact for
each digital curve, the value of max(d,,) for the modified method is
always lesser than the original method of Masood with dy,;=1.2. On
the other hand, ISE of the original method with d;,;=0.9 and d,,;= 1.2
is lower than the modified method for 15 images. This is because the
original method Masood focuses on the minimization of ISE in each
iteration, while the modified method focuses upon d,,. The modified
method has a better CR than the original method with d,,;=0.9 for all
the digital curves and the original method with d;,;= 1.2 for 9 digital
curves.

Further, in Fig. 6, we bring the curves of turtle, Africa, maple leaf, and
dinosaur 1 to the notice. For turtle, we see that the modified method
chooses much fewer dominant points (N = 33) than the original method
with d;;=0.9 (N=38) and d,,;=1.2 (N=48), while representing the
digital curve effectively. Similar observations are noted for Africa and
dinosaur 1. In maple leaf, though the number of dominant points
obtained using the original method with d;,;=1.2 and the modified

Most differences occur in the concave regions of the digital curve and
the locations where the curvature of the digital curve changes fast.

3.3. Carmona-Poyato's method of suppression of break points

3.3.1. Original method

Carmona-Poyato [12] (which we call Carmona for conciseness) is
another method that begins with the list of break points as the initial
set of dominant points (like Masood) and iteratively deletes points
from the list of dominant points. However, beyond this initial similarity,
the approach taken by Carmona is quite different. We highlight that
there are two control parameters in Carmona's method [12], d;,; and
Tt However, only 1, is user specified and is used for termination con-
dition only. On the other hand, d,,; is an internal control parameter used
for controlling the iterative process and as a condition for deleting the
dominant points in an iteration. It begins with a small value and slowly
increases with the iteration number. The method is now summarized
below.

Let the sequence of dominant points in a particular iteration be
denoted by {P,(xp, yn); n=1 to N}; where i denotes the iteration num-
ber. For explaining the method of Carmona, it shall be handy to define
a distance d$ and a length [, as follows:

dC _ }Xn (yn—l_ynH) +Yn (Xn+l _Xn—l) Jryn+1xn—1 _yn—lxn+1| .
n= y

\/(Xn+1 7xn—1)2 + (yn—l 7yn+1)2

(15)

method are same, the locations of the dominant points are different. n=1to (N-1).
Table 4 Table 5
Performance parameters of RDP(mod) for digital curves with different scalings. Performance parameters of Masood(mod) for digital curves with different scalings.
No. of pixels  No. of dominant max(d,,) ISE FOM (R No. of pixels  No. of dominant max(dy,,) ISE FOM CR
(M) points (N) (M) points (N)
Tin opener Tin opener
Scaling 1 278 42 0.95 3399 0.19 6.62 Scaling 1 278 45 1.00 2069 030 6.18
Scaling 1/2 135 17 141 4316 018 794 Scaling 1/2 135 18 1.09 28.10 027 7.50
Scaling 1/3 88 17 1.06 16.76 031 5.18 Scaling 1/3 88 16 0.98 1692 033 550
Scaling 1/4 62 13 1.46 1715 028 477 Scaling 1/4 62 14 0.95 1156 038 443
Scaling 1/5 49 11 141 2422 0.18 446 Scaling 1/5 49 13 1.00 1222 031 3.77
Africa Africa
Scaling 1 291 38 1.00 37.02 021 7.66 Scaling 1 291 39 0.97 25.89 029 746
Scaling 1/2 137 17 134 3085 0.26 8.06 Scaling 1/2 137 17 0.99 2731 030 8.06
Scaling 1/3 90 15 1.18 17.00 035 6.00 Scaling 1/3 90 15 1.18 1540 039 6.00
Scaling 1/4 64 12 141 1713 031 533 Scaling 1/4 64 14 0.81 886 052 457
Scaling 1/5 49 9 1.17 8.08 067 544 Scaling 1/5 49 9 0.89 8.00 0.68 544
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Table 6
Performance parameters of Carmona(mod) for digital curves with different scalings.

No. of pixels No. of dominant max(dy,) ISE FOM CR
(M) points (N)
Tin opener
Scaling 1 278 29 2.28 14512 0.07 9.59
Scaling 1/2 135 16 2.19 6250 0.14 844
Scaling 1/3 88 16 1.37 2679 021 550
Scaling 1/4 62 12 1.46 19.67 026 5.17
Scaling 1/5 49 11 1.79 27.16 0.16 445
Africa
Scaling 1 291 35 1.24 5262 0.16 831
Scaling 1/2 137 17 1.74 4419 0.18 8.06
Scaling 1/3 90 14 1.66 2527 025 643
Scaling 1/4 64 12 1.70 2155 025 533
Scaling 1/5 49 8 1.54 1470 042 6.13
~100 Curve 3
Curve 2
=50
0 -
50
100 Curve 1
150
200 . . . . )
-200 -100 0 100 200 300

Fig. 12. Three non-digital curves given by Egs. (20) and (21) and the parameters in
Table 7.

ln = \/(Xrl_xn—l)2 + (Yn _yn—1)2

+\/(Xn+1 _Xn)2 + (ynﬂ _yn)z_\/(xnﬂ _anl)z + (ynH _ynfl)z-
(16)

The distance dy is the distance of the nth dominant point from the
line segment joining its adjacent dominant points and [, is the differ-
ence between the perimeter of the polygon formed by {P,(x,, yn); 1=
1 to N}; and the perimeter of the polygon formed by deleting the nth
dominant point from {P,(X,, ¥n); =1 to N};. The superscript C in dS$
denotes the method Carmona and is used to distinguish d$ from d,
in Eq. (11).

Carmona recommends that if the digital curve is a closed curve, a
most suitable initial dominant point P,— should be chosen before
beginning the iterative procedure. Assuming that the initial sequence
of break points is {P2™). For this sequence, the distances dS are
computed and the point with the maximum value of dS is identified,

(@) Result of RDP(mod)

i.e. n’ = arg(max(dS)). Then, P, = Pareak

{P.(xn, ¥n)}i=o follow the sequence.

The initial value of d;,(i=0) is set as zero. In each iteration, the
value of dy,, is increased by 0.5. Within an iteration, the first point for
which dS<d,, is deleted. This process is repeated for the newly obtained
reduced sequence of dominant points, i.e., the first point for which
dS<dy, is deleted. This process of deletion is repeated till no point
satisfies dS<d;. At this point the current iteration is completed, the
termination condition is checked and if the algorithm cannot be termi-
nated then the next iteration is initiated. For the termination condition,
a relative parameter r; is defined as follows:

max ( { lgeleted } )

max({dj})

and the remaining points in

ri = (17)

where d,, here is computed using Eq. (11) and [¢¢'*®? correspond to the
dominant points deleted in the current iteration. If at the end of the ith
iteration, r;<r,;, where ry, is a user specified control parameter, the
algorithm is terminated.

3.3.2. Non-parametric adaptation of Carmona

Carmona can be made independent of user specified control param-
eter using the error bound in Eq. (4) by modifying the termination con-
dition of Carmona. We compute d,, here is computed using Eq. (11).
Further, we define:
drrlnax = SpPy (18)
where s, is the length of the line segment formed by joining the domi-
nant points P, and P, ; and ¢, is the angle made by the line segment
with the x —axis. Then at the end of an iteration, if there is a dominant
point such that:

d, > d™ (19)
then the algorithm is terminated.

The pseudocodes of the original and modified methods are pres-
ented in Fig. 7 and the modifications have been highlighted for the
ease of comparison.

3.3.3. Comparison of the Carmona original and Carmona modified
methods

18 digital curves used in recent publications [10,12] and in
Section 3.1.3 are considered. For comparison, two values of the
control parameter r¢, of the original method of Carmona, r;,;=0.3
and r,;=0.7(recommended in [12] for these digital curves) are
used, and compared against the proposed modification which does
not require user specified control parameter. The results are plotted
in Fig. 8 and quantitative comparisons are provided in Table 3. Fig. 8
shows that the proposed modification provides good approximation
to all the digital curves. In Table 3, the number of pixels M in the
digital curves, number of dominant points N found by a method, the
maximum deviation max(d,,) of the polygon from the digital curve,
the integral square error (ISE), the figure of merit (FOM), and the
compression ratio CR=M]/N are listed. In general it is desired that

(b) Result of Masood(mod) () Result of Carmona(mod)

Fig. 13. Result of the three modified methods for non-digital curves given in Fig. 12.
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Table 7
The parameters of three non-digital curves given by Egs. (20) and (21).

Curve a m n ny ns3 6o Xo Yo 0
Curve 1 100 9 9 14 11 0 90 20  6=pmn/1000;
Curve 2 7 9 3 11 m 30 60 p=0to 1000
Curve 3 6 1 1 6 m/3 —80 10

Table 8

Performance parameters of the three modified methods for non-digital curves given in
Fig. 12.

No. of data  No. of max(dy) ISE FOM CR
points (M) dominant
points (N)

RDP(mod) 3003(1001 70 1.40 35559 0.12 42.90
per curve)

Masood(mod) ~ 3003(1001 77 0.88 21282 0.18 39.00
per curve)

Carmona(mod) 3003(1001 76 4.04 175449 0.02 3951
per curve)

max(d,,) and ISE are as less as possible and FOM and CR are as large as
possible [32].

There are several interesting observations. First, see the results of
Hammer in Table 3. We see that for r,,; = 0.3, the number of dominant
points detected by the original method of Carmona is very large and
the compression ratio is very poor. On the other hand, for r,,;=0.7,
the original method of Carmona misses some important features of
the shape (like the top portion of the hammer). The modified method
provides a better balance. Similar observations apply for Africa, plane
2, and plane 4. In such cases, the values of max(d,,), ISE, FOM, and CR
for the modified method are in between the values of these parame-
ters for the original method of Carmona with r,,;=0.3 and r,,;=0.7.
Second, we consider the curves of hand, maple leaf, dinosaur 3,
sword fish, plane 3, and plane 5. For these curves, we note that the
dominant points detected by the original method with r,,;=0.3 are
the same as the dominant points detected by the modified method.
This is because for such curves, the value of one of the elements in
{d,} (used in Egs. (17) and (19)) is larger than d;** and is sufficiently
high to reduce the value of r; below 0.3. Third, we consider the curves
of screw driver, tin-opener, turtle, rabbit, and plane 1 in which the
number of dominant points obtained by the modified method are
larger than the original method with and r,,;=0.7. For all these
curves, the ISE for the modified method is significantly lower than
the original method with r,,;=0.3 and r,,;=0.7 though the increase
in the number of dominant points is not significant. Also, in most
cases, the value of max(d,,) for the modified method is close to the

(a) Semi-digitized curve given (b) RDP(mod)
by Eq. (22).
90 90
70 70
50 50
30 30
10 10
-10 -10

Table 9
Performance parameters of the three modified methods for semi-digitized curves given
in Fig. 14.

No. of data No. of dominant max(dy,) ISE FOM CR
points (M) points (N)
RDP(mod) 100 15 1.52 3421 020 6.67
Masood(mod) 100 14 1.08 1955 037 7.14
Carmona(mod) 100 8 3.38 160.59 0.08 12.50

value of max(d,,) for the original method with r¢,; = 0.3. Fourth, we
consider the digital curves of dog and dinosaur 1, and dinosaur 2,
for which the modified and the original methods with r,,;=0.3 and
I'tor= 0.7 result into exactly the same dominant points. For these cur-
ves, the dominant point deleted in the last iteration reduced the value
of r; below 0.3 (from a value of r; more than 0.7 in the last iteration) as
well as the one dominant point satisfying d, > d;** . In addition to the
above, it is worth noting that the value of max(d,,) ranges from 0.49
to 6.75 for the original method and from 1.29 to 2.73 for the modified
method. This indicates that the modified method provides a better
balance of the maximum deviation max(d,,).

4. Discussions
4.1. About the algorithms in Section 3

In the previous section, three different dominant point detection
methods were considered and adapted into the proposed non-
parametric framework. Through this framework, the methods were
made independent of user-specified control parameters. In addition,
the comparison results showed that the modified method provide a
more balanced performance in comparison to the corresponding origi-
nal methods (the performance of which vary with the user specified
control parameters).

It is important to emphasize that we do not intend to propose a
new dominant point detection method or to provide a decision
about the superiority of any one method among the three methods
discussed in Section 3. Instead, the intention is to demonstrate how
the proposed framework can be incorporated in methods of different
types and nature. Even so, it is interesting to note how the modified
RDP, modified Masood, and modified Carmona (all of which use the
proposed bound) perform against each other. In this regard, the
main concept of these algorithms is not disturbed and thus the mod-
ified versions of these methods retain the characteristics and nature
of the original methods.

In order to compare the methods, the maximum deviations for these
three methods are examined and compared against Eq. (4). From
Eq. (4), assuming the smallest value of s to be v/5, the maximum possi-
ble value of maximum deviation is less than 1.5315. The maximum
deviations max(d,,) obtained for modified RDP, modified Masood, and

(c) Masood(mod) (d) Carmona(mod)
90 90
70 70
50 50
30 30
10 10
10 -10

20 40 60 80 100 20 40 60 80 100

20 40 60 80 100 20 40 60 80 100

Fig. 14. Semi-digitized curve and the dominant points detected by the three modified methods in Sections 3.1.2, 3.2.2, and 3.3.2.
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modified Carmona are 1.53, 1.27, and 2.73, respectively. RDP uses a
splitting approach and it stops splitting further when the maximum
deviation is below the chosen threshold. In the modified version, the
threshold is computed using Eq. (4). Thus, as soon as the threshold
reaches just below the bound, the method stops splitting further. So, it
is expected that the actual maximum deviation of the modified RDP
method is slightly lesser than the bound in Eq. (4).

Masood, after deleting a dominant point, optimizes the indices of the
current dominant point such that an error parameter (ISE in the original
and d, given by Eq. (11) in the modified version) is as less as possible.
Thus, it is a general characteristic of Masood that it gives a set of domi-
nant points that fit quite closely with digital curve. This property is
retained in the modified version as well (as seen in Fig. 6) and the max-
imum deviation of the modified Masood being less than RDP is a result
of the re-optimization of the indices of the dominant points in Masood's
method.

Carmona deletes one or few dominant points in each iteration
such that the overall maximum deviation of the dominant points at
the end of each iteration is equal to or larger than the internal control
parameter d,,. Thus, Carmona works by increasing the maximum
deviation of the dominant points rather than reducing the maximum
deviation. So, it is expected that the maximum deviation of Carmona
is higher than the threshold in the final iteration, in both the original
and the modified version. Thus, the maximum deviation of modified
version of Carmona is higher than the bound.

Through the above discussion, two points are highlighted. First,
the framework can be incorporated in dominant point detection
methods without significantly altering their working principle and
natural characteristics of the algorithms. Second, even while retaining
the natural characteristics, incorporation of the framework can make
the methods control parameter free and give a balanced performance.

The performance metrics used for comparison of the various algo-
rithms also deserve a note. Especially, it is highlighted that the figure
of merit (FOM) is well known to be biased towards small values of ISE
[31-33]. For instance, zero value of ISE inherently results into infinity
value of FOM, irrespective of the compression ratio. However, FOM is
still used by many researchers as one of the basic merits. Thus, we
have also used FOM in the current work. For other metrics, relevant
discussions can be found in [31-33].

4.2. About scaling of digital curves and impact on dominant point
detection

In this section, the effect of scaling on the performance of the three
modified algorithms (Sections 3.1.2, 3.2.2, and 3.3.2) is illustrated. Two
curves—tin opener and Africa—are used for this purpose. The resolution

of each curve is reduced by a factor of 1/2, 1/3, 1/4, and 1/5. The modified
versions of RDP, Masood, and Carmona are applied on these curves and
the results are plotted in Figs. 9, 10, and 11 respectively. The performance
parameters are tabulated in Tables 4, 5, and 6 respectively. The results for
scaling 1in Tables 4, 5, and 6 are taken from Tables 1, 2, and 3 respective-
ly. The performance parameters indicate that when the curves are signif-
icantly de-scaled (for example by a factor 1/5) and loose the details, the
compression ratio decreases for all the three methods. However, the
behavior of the maximum deviation and the ISE does not change
significantly. This implies that the methods retain their natural fitting
characteristics. It is also interesting to note that all the three methods
represent the curves well.

4.3. About using the proposed framework for non-digitized and semi-
digitized curves

In this section, the applicability of the three modified algorithms
(Sections 3.1.2, 3.2.2, and 3.3.2) for non-digitized and semi-digitized

curves is demonstrated. First, we consider a set of non-digitized curves
given by the following parametric equations:

r=af (cos(2))" + (sn(22))")

X =T1c0S(0+ 0y) + Xg;y =rsin(0 + 6y) +Yq

_1
m

(20)

(21)

where a, m, ny, ny, ns, 6y, Xo, and yo are the parameters of the curve.
Using Egs. (20) and (21), three curves with the set of parameters in
Table 7 are generated. The values of the x and y coordinates given by
Eq. (21) are kept in the form of double-precision floating numbers in
Matlab. The curves are shown in Fig. 12.

For these curves, the result of RDP(mod), Masood (mod), and
Carmona(mod) are given in Fig. 13 and Table 8. The results clearly
show that the modified methods based on the proposed non-
parametric framework perform well even for non-digitized (real
valued) curves.

Now we consider a semi-digitized curve, similar to data plots in
which one axis (x axis) is digitized. A data plot given by the following
equation and plotted in Fig. 14(a) is considered as an example:

y:lOOM'

as XS {1,2,...,100}

(22)

For this plot, the dominant points detected by the three modified
algorithms (Sections 3.1.2, 3.2.2, and 3.3.2) are shown in Fig. 14(b-d)
respectively. The performance parameters are tabulated in Table 9.

Noisy boundaries RDP(mod)

Masood(mod) Carmona(mod)

Tin opener

Africa

Fig. 15. Performance of the three modified methods for noisy digital curves.
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Table 10
Performance parameters of the three modified methods for noisy digital curves.
No. of No. of max(dy) ISE FOM CR
pixels (M) dominant
points (N)
Tin opener
RDP(mod) 278 42 0.95 3399 019 6.62
RDP(mod) noisy 296 31 1.40 9820 0.10 9.55
Masood(mod) 278 45 1.00 2069 030 6.18
Masood(mod) noisy 296 50 1.20 60.29 0.10 5.92
Carmona(mod) 278 29 2.28 14512 0.07 959
Carmona(mod) noisy 296 29 341 237.69 0.04 10.21
Africa
RDP(mod) 291 38 1.00 37.02 021 7.66
RDP(mod) noisy 321 37 1.36 9335 0.09 8.68
Masood(mod) 291 39 0.97 2589 029 746
Masood(mod) noisy 321 57 0.99 65.33 0.09 5.63
Carmona(mod) 291 35 1.24 52.62 0.16 831
Carmona(mod) noisy 321 28 2.04 166.37 0.07 11.46

The results clearly demonstrate the applicability of the proposed frame-
work for semi-digitized curves like data plots as well.

4.4. About using the proposed framework for noisy digital curves

This section presents the performance of the three modified algo-
rithms (Sections 3.1.2, 3.2.2, and 3.3.2) for noisy digital curves. For
this purpose, we added noise to the digital curves using the Kanungo
model [34]. The parameters used for Kanungo noise model were op =
Bo=4, a=p=2, and 1y=1,=0. The performance of the three
methods for two curves—tin opener and Africa—is presented in Fig. 15
and tabulated in Table 10. Results for RDP(mod), Masood(mod) and
Carmona(mod) in Table 10 correspond to the results in Tables 1, 2,
and 3 respectively. It is noted that the compression ratios (CR) of
RDP(mod) and Carmona(mod) increase for the noisy curves, while
the compression ratio (CR) of Masood(mod) decreases for noisy curves.
This is consistent with the nature of Masood's method which supports
very close fitting and consequently results in more dominant points in
order to fit closely to the noise. On the other hand, RDP and Carmona
both have relatively more smoothing effects as compared to Masood.

5. Conclusion

In this paper, a non-parametric framework for dominant point de-
tection methods is proposed. The approach is based upon theoretical
bound of the deviation of the pixels obtained by the digitization of a
line segment. The approach is to use this bound in a dominant point
detection method as either the optimization goal or the termination
condition or both. It is shown that this approach can be incorporated
in various types of dominant point detection methods easily to make
them independent of control parameter and related heuristics. This is
illustrated by modifying three different dominant point detection
methods (RDP [21,22], Masood [10], and Carmona [12]). The results
show that as compared to the use of control parameters in the original
versions of these methods, the modifications of the methods using the
non-parametric approach provide a more balanced performance and
good approximation of the digital curves. It is also shown that the mod-
ified versions of the dominant point detection methods can still retain
their original natural characteristics. This framework will be useful for
applications, the performance of which suffers from heuristic choices of
control parameters. It is also useful for applications where the a priori in-
formation about the input data is limited and heuristics for choosing the
control parameters may not be available. The utility of the proposed
framework is also shown for non-digital, semi-digital, and noisy digital
curves. Though the approach is applied for three methods only in this
paper, the approach can be suitably applied in most dominant point de-
tection methods to make them free of heuristics.
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Appendix A

Consider the effect of digitization on the slope of a line segment con-
necting two points (which may or may not be pixels). Here, an upper
bound for the deviation of the pixels obtained by the digitization of the
line segment is derived. Due to digitization in the case of digital images,
a general point P(x, y) is approximated by a pixel P'(x’, y') as follows:

X = round(x); y = round(y) (23)
where round(x) denotes the rounding of the value of real number x to its
nearest integer. P'(x’, y’) satisfies the following:

X.yEZ (24)
X =x+4x; y=y+4y (25)
—05<Ax<05,—05<Ay<05 (26)

Let the slope of the line P;P, (actual line) be denoted as m and the
slope of the line P;'P,’ (digital line) be denoted as m'. Then,

m= tang = x, (27)
m’ :y/Z_y,l _ <m+Ay2_Ayl)/(1 +AXZ_AX1> (28)
X=X X)X XX

The angular difference between the numeric tangent and the
digital tangent is used as the estimate of the error. This angular differ-

ence is given as:
tan™" < m—m >’
1+mm
Substituting Eq. (28) in Eq. (29), we get:

(1 T sz_AX1> m— (m . Ay, _AJ’1>
—1 X=X

X2 X1
<1 +M> +m<m+

AJ/2—AJ’1>

X)Xy

(1+m?) + <AX2_AX1> +m<A}’2—A}’1>
XX X)X

0 = ‘ tan”™ ' (m)— tan™" (m) ) = (29)

tan

0o

X)Xy
Axy —Axy m— Ay, —Ay,
XX XX

|
—_

tan

- ( M(AX, —AX)) = (Ay,—Ay,) ) ‘
(14 M) (6 =%y) + (A%, =A%) + m(Ay, — Ay, )

Using Eq. (27) in Eq. (30), and substituting

s=/06—x)? + (1,31 2 31)

(A% —A%1) (X, —%1) | (AY,—Ay1) (Y2 —)1)

+
52 52

t=

(32)
we get the following:

8p =

an (2 ) 1+ r)”(m(sz—Axo—(Ayz—Ay])))\ (33)

Now we highlight the following points that are together used in
Eq. (33) in order to derive the analytical error bound.



* Due to Eq. (26), the maximum value of |Ax, — Ax¢| and |Ay, — Ay:|
is 1.

* |(x2—x1)/s| and |(y2> —y1)/s| are both less than or equal to 1 due to
the definition of s in Eq. (31).

 For any digital line made of more than 3 pixels for 4-connected
digital curve and more than 2 pixels for 8-connected digital curve,
s is always more than v/2.

* As a consequence of the above points, [t|<1.

« In general, the exact values of |Ax, — Ax;| and |Ay, — Ay4| are not
known, which implies that the value of t is not known except for
the above mentioned fact that |t]<1.

Thus, in order to derive the bound, infinite geometric series
expansion is used in Eq. (33) and 0¢ can be written as:

tan”" (("2;"‘) (m(&x,— 2, ~ (&7, ~4y,)) (Z <—t>”)) '

n=0
(34)

0p =

Further we note that, d¢ has a maximum value when |Ax; —
Ax1| =|Ay, — Ay,|=1. Thus, using the definition of ¢ in Eq. (27),
the maximum value of t is given by:

(35)

R

Since tmax<1, Eq. (36) is bounded. Truncating the series by
retaining up to second order terms only, Eq. (36) can be written as:

1 .
o = (5 ) o501+ [ sinds)
Thus, the maximum value of d¢ is gives as:

o

Z (_tmax)n

n=0

0b max = maX<tan‘1 {%( sing + cosd>)<

0 max = Max < tan”' {% (|sing + cosg|) (1 —tmax + tzmax) }) + O(t?nax)
37)
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