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Short Proofs of Tautologies
Using the Schema of Equivalence*

Matthias Baaz** Richard Zach*™*

Technische Universitat Wien, Austria

Abstract. It is shown how the schema of equivalence can be used to ob-
tain short proofs of tautologies A, where the depth of proofs is linear in the
number of variables in A.

The schema of equivalence Eq
(Ao B)= (C(4) & C(B)) Eq

(A, B, C arbitrary formulas) is the propositional pendant of the schema of identity.
It can be argued that, apart form the usual propositional tautologies and inference
schemas which are given as axiomatizations of propositional logic (e.g., modus po-
nens, modus tollens, case distinction, chain rule), the schema of equivalence is also
used extensively in mathematical reasoning. However, it seems that Eq has not been
used or investigated in the proof theory of propositional logic to any significant ex-
tent. A related rule, which has been presented by SCHUTTE [1960] (see Satz 2.9), is
the following:
c(T) C(F)
c(A)

where A and C' are formulas and 7" and F' are the logical constants true and false,
respectively. Using S, we can derive Eq uniformly for A, B, C'in a constant number

of steps:
(1) TeT=(C(T)e ()
(2) FeT=(CF)eC(T)
(3) AeT= (C(I)e C(T)) from (1), (2) by S
(4) TeF=(CI)<CF)
(5) FeF=(CF)<eCr))
6) AsF= (C'(A) & C'(F)) from (4), (5) by S
(7) A& B=(C(A) < C(B)) from (3), (6) by S
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Eq can be used for the evaluation of complex propositional expressions in a
bounded number of steps: Let P be some sound and complete Hilbert-style calculus
for propositional classical logic (with an alphabet including 7', F', =, V, < as prim-
itive or derived constants) consisting of a finite number of axiom schemata and rules
(one of which is assumed to be the modus ponens). Let T, be the set of tautologies
in < n variables, and let F* denote derivability in depth < k (w.l.o.g. proofs are
assumed to be tree-like).

THEOREM For all n the following holds:

(1) there exists ¢ s.t. for all n and all A € T, we have P+ EQ F?") A, where ¢ is
a linear function and

2) for all k there is an A € Ty s.t. PH* A,
(2)

Proof. If %« = {A1,...,An}, then Ax = B denotes (41 = (42 = ...(4p, =

(1) First note that the k-times iterated schema of equivalence,
N (Ai & Bi) = (C(A1,..., Am) < C(By, ..., Bn))
i=1

is derivable uniformly in < ¢(m) steps from P 4+ Eq. Now we use induction on n:

n=0:Let x = {0;(V1,...,V,,) © V| V;,V € {T,F}} be all combinations
representing the truth tables for the primitive connectives O;. Furthermore, let A be
an operator where AB is obtained from a formula B by replacing every subformula
of the form O;(Vi,...,Vy,) (V; € {T, F}) by its value V € {T, F'}. By A7 we denote
the j-fold iteration of A: AYB = B and A+t = AAJB. (Here and in the following
= denotes syntactic equality).

Now A € Ty contains no variables, only T', F'. Let r(A) be the minimal number
s.t. AT A =T. We use Yukami’s Trick (from Yukami [1984]): The two formulas

—
Ar=[(Ae (A'Ae. (AW T4e A WY ))e
B
T T
—_—— ——
& (A'Ae (Ao (AWA o AW+ L) )]
C
and
C

(Tehel) =[(A'de (A?4e . (AW A (TeT)...) e
& (AdeAA4e (AW T4eT). )]

B

are instances of the (iterated) schema of equivalence, thus derivable independent of A
from P + Eq. Since both x and (T & T) e T) are tautologies, they can be derived



in a constant number of steps independent of A. Hence, P + Eq F° ((A & B) e B)

and consequently also P + Eq Fe' A,
n > 0: Let A(X) € T,, contain exactly n distinct variables. The following formulas

(X eT)= (AX) e AT))
(X & F) = (A(X) & A(F))

are instances of Eq. By induction hypothesis, both A(T') and A(F') are derivable in
é(n — 1) steps from P 4 Eq. Hence we have

P4+ Eq -+ (X & T) = A(X)
P4 Eq -+ (X & F) = A(X)

and consequently P + Eq Fo(n—1+d’ A(X). (Note that the law of excluded middle
(X ©T)V (X & F)is derivable.) Since d' (and d) do not depend on either A(X)
or n, ¢ is linear.

(2) Note that there are only finitely many proof descriptions (or proof skeletons,
see KRAJICEK and PUDLAK [1988]) of bounded depth. Every proof description can
be realized by a most general proof: Write all axioms with different variables, apply
the rules in the description and unify. So, for every k, there is a sequence of formulas

Al, ceey Ah(k) s.t.

(1) PH* A; for 1 <4 < h(k) and
(2) if P F* A, then A = A;o for some A; and substitution o.

If all tautologies of the form (T' < (T'< (T' < ---(T < T)...) were provable in
bounded depth, then (T < (I < (I < ---(T < X)...) would also be provable,
which is absurd. O

Three questions regarding the strength of these results remain open: In the induc-
tion step of the proof, the law of the excluded middle was used essentially. Can the
result also be obtained without this? Does the result hold for intuitionistic proposi-
tional calculus? Furthermore, does the rule of equivalence

A B
C(4) & C(B)

suffice for the results to hold? Lastly, do the results hold uniformly for all tautologies,
not only for those with a fixed number of variables?
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