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Abstract: In a globally identifiable Bayesian system identification problem, the uncertainty of
model parameters can be quantified by their ‘posterior covariance matrix’ calculated for a
particular data set. When the data is modeled to be distributed as the likelihood function (i.e., no
modeling error), a statistical law analogous to the Law of Large Numbers results, where the
posterior covariance matrix is asymptotic to a deterministic quantity that depends on the
‘information content’ of data rather than its particular (stochastic) details. This was referred as
the ‘uncertainty law’ in a recent study of the achievable precision of modal parameters in
operational modal analysis. Deriving the uncertainty law involves asymptotics techniques and
leveraging on the mathematical structure of the likelihood function, which was found to be
tedious. As a sequel to the development, this work shows that for large data size and up to a
Gaussian approximation of the posterior distribution, the uncertainty law is asymptotic to the
inverse of the Fisher information matrix, which coincides with the tightest Cramér-Rao Bound in
classical statistics. A parametric study is presented to illustrate the theoretical results in the
context of operational modal analysis. As a direct application with practical relevance, the
relationship provides a systematic means for deriving the uncertainty laws in operational modal
analysis. It can also be applied in general Bayesian system identification problems.
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1 Introduction

Bayesian system identification is concerned with making inference about some set of model
parameters @ based on measured data z in the context of a mathematical model that relates 8 and
z . Without much loss of generality, assume that @ and z are continuous-valued. The
identification result about @ is encapsulated by its ‘posterior’ (i.e., given data) probability density
function (PDF) p(0|z). Using Bayes theorem, it is given by

1
- (1)
p(6|z) p(z)p(ZIB)p(B)

" Corresponding author



where p(z|@) is called the ‘likelihood function’, giving the modeled PDF of z for a given 6,
p(0) is called the ‘prior distribution’, reflecting one’s knowledge about 8 in the absence of data;
p(2) is a normalizing constant because it does not depend on 8. All PDFs here are conditional on
the assumed model but this has been omitted in notation for simplicity.

The identification uncertainty of @ can be quantified by its covariance matrix associated with the
posterior PDF. In globally identifiable problems [1-3], the posterior PDF has a unique regular
maximum at the ‘most probable value’ (MPV) of parameters, or equivalently, a unique regular
minimum of the function —In[p(z|0)p(@)], referred as ‘NF’ here. A second order Taylor
approximation of the NL leads to a Gaussian approximation of the posterior PDF. This
approximation can be justified by the centralized shape of the posterior PDF. Under some
regularity conditions [4], it becomes asymptotically correct for large data size, which has been
investigated in the mathematics of ‘Laplace type integrals’ [5-7]. Under the Gaussian
approximation, the posterior covariance matrix is equal to the inverse of the Hessian of NF at the
MPV. When the system is not globally identifiable, the approximation is not applicable and one
may resort to more general tools such as Monte Carlo methods [8—10].

Beyond quantification, managing identification uncertainty requires one to understand how it
depends on the test configuration. This has both scientific significance in discovering
identification precision limits and practical significance in experimental design and budgeting.
Typically, the MPV and covariance matrix corresponding to the posterior PDF are calculated in a
Bayesian identification algorithm for a given data set. The value of the covariance matrix reflects
the identification uncertainty of @ for the given data set, but it does not offer any insight on how
the identification uncertainty depends on the test configuration that leads to the data. A single set
of result does not serve the purpose of uncertainty management. Investigating the relationship
through a parametric study with data sets of different configurations could be one option. This is
only empirical, however, not to mention that the effect of test configuration has yet to be
quantified.

It turns out that when the distribution of data is assumed to follow the likelihood function, i.e., no
modeling error, a statistical law analogous to the Law of Large Numbers (LLN) in classical
probability results. The posterior covariance matrix is asymptotic to a deterministic quantity that
depends on the ‘information content’ of data rather than its particular details. This was referred
as the ‘uncertainty law’ in a recent study of the achievable precision of modal parameters in
operational modal analysis [11,12]. Deriving the uncertainty law was found to be tedious,
involving asymptotics techniques and leveraging on the mathematical structure of the likelihood
function. As a sequel to the development, this work shows that for large data size the uncertainty
law 1s asymptotic to the inverse of the Fisher information matrix (FIM), which coincides with the
Cramér-Rao Bound (CRB) in classical statistics [13,14]. This connection in the mathematics
between Bayesian and frequentist statistics can be regarded as a continuation of the discussion in
[15], which attempted to bridge the two definitions of identification uncertainty in a limited
heuristic context. From a utility perspective, the connection established in this work allows the
uncertainty laws for other unexplored cases (e.g., close modes, multiple setups) to be derived
more systematically and effectively.



This paper is outlined as follow. Bayesian system identification is first reviewed based on
Gaussian approximation for globally identifiable problems. The asymptotic equivalence of the
posterior covariance matrix and the inverse of FIM is then established, assuming no modeling
error and sufficiently long data. As an illustration, the long-data asymptotic expressions of the
Hessian of NL obtained in [6] are re-derived by taking advantage of the CRB, showing the utility
of the asymptotic equivalence. Finally, empirical studies based synthetic and experimental data
are presented to further validate the asymptotic equivalence and the quality of approximation
under non-asymptotic situations.

2 Bayesian System Identification

Consider a Bayesian system identification problem with a sufficiently large amount of data z =
{z4,2,,...,zy} , where theoretically N — oo . For instructional purpose, assume that
{z4,2,, ..., zy} are independent and identically distributed (i.i.d.) for given @; comments for the
general case shall be made later. The likelihood function is given by

N
p(z|6) = p(z|6) (2)
k=1

For large data size, the prior PDF p(0) is a slowly varying function of @ compared to the
likelihood function p(z|@). The posterior PDF is then insensitive to the choice of the prior PDF.
The latter can be practically taken as a constant over the parameter domain, i.e., a uniform
distribution, so that the posterior PDF is directly proportional to the likelihood function.
Consequently, one has

p(O12) o< 710 G)
where
N
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is the NL. Assuming that the problem is globally identifiable, the MPV 8(z) (say) uniquely
minimizes L(6, z) with respect to (w.r.t.) 8, where its dependence on z has been emphasized. At
the MPV 0(z), the gradient of L(0,z) w.r.t. @ is a zero vector and the Hessian matrix w.r.t. 0 is
a positive definite matrix, i.e.,

VOL(G, Z) |0=§(Z) =0
)

V3L(6,2)| o) > 0

where the ‘>’ for a matrix denotes that it is a positive definite matrix and the subscript @ in V
denotes that the gradient is taken w.r.t. . Since {z4, Z,, ..., Zy } are independent,

VolL(0,2) = —Y¥_,VoInp(z,|0)

2 _ YN w2 (6)
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Under a second order approximation of the NL about the MPV, the posterior PDF is
approximated by a Gaussian PDF with mean 8(z) and covariance matrix

C(z) = [v2L(8,2)] (7)

where the dependence on z has been emphasized; and V%L(@, z) denotes the Hessian of NL

w.r.t. @ and evaluated at (z). This approximation is simple and elegant. All one needs is the
MPV and the Hessian at that location. One does not need to explore the whole posterior PDF
since a Gaussian PDF is completely defined by the mean vector and the covariance matrix. The
quality of Gaussian approximation to the posterior PDF p(0|z) depends on how close L(8, z) is
to a quadratic function of @. Under some regularity conditions [4], the posterior PDF is
asymptotically Gaussian, in which case the Gaussian approximation is equivalent to the Laplace
asymptotic approximation.

3 Long-data asymptotic behavior of posterior covariance matrix

Assume no modeling error, so that the data z is indeed distributed as the modeled likelihood
function p(z|0,) with some ‘actual parameter’ value 8. The existence of 8, is a frequentist
concept introduced here to bridge the mathematics between Bayesian and frequentist statistics.
We shall argue that, for large N,

C(2) =J(0) 7 [+ 0,(N"VD)] (8)
where I denotes the identity matrix; the term 0,(N~/2) denotes that the remainder in the
bracket depends on z and is of the order N ~1/2;

J(80) = EIV3L(80,2)160] = [ V51000, 2p(z16,)dz ©)

is the ‘Fisher information matrix’ (FIM) for @; E[- |@,] denotes the expectation when z is
distributed as p(z|8,); and

VoL(80,2) = V5L(6,2)|,_, (10)

The FIM is originally defined in a classical statistical, i.e., ‘non-Bayesian’ context. It indicates
how difficult it is to estimate 8,: parameters with greater information can be estimated more
easily, requiring less data to achieve a required precision. The FIM has been used for
experimental design; see, e.g., [16] in stochastic structural dynamics.

In terms of asymptotic relationship, Eqn. (8) reads

C~J(O)!, N> o (11)

As uncertainty law is defined as the leading order of the posterior covariance under some
asymptotic conditions, the above shows that it is simply the inverse of the FIM for
asymptotically large data size. In a frequentist context where z is assumed to be distributed as



p(z|8,), the inverse of the FIM is the Cramér-Rao bound (CRB), which says that any unbiased
estimator G(z) for 8, will have a covariance matrix bounded by the following inequality:

cov[G(2)|6,] = J(8)~* (12)

Here, cov[G(z)|0,] denotes the covariance matrix of G(z) when z is distributed as p(z|8,).
Equation (12) is a matrix inequality that should be interpreted as the LHS minus the RHS being a
positive semi-definite matrix. Note that the CRB here is the ‘tightest’ one involving all
parameters in the identification problem. In statistical applications, looser (weaker) bounds with
a lower-dimensional FIM involving only some of the parameters are often derived for
mathematical tractability. See, e.g., [17] that derives the bounds for modal identification with
free vibration data. The asymptotic result of the posterior covariance matrix bridges the
mathematics between the Bayesian and non-Bayesian quantification of identification uncertainty,
although their philosophies are different.

Equation (8) can be argued as follow. For a given z, the MPV 8(z) maximizes the likelihood
function p(z|@) w.rt. 6. It is then mathematically equivalent to the maximum likelihood
estimator, which is known to be an asymptotically unbiased estimator of @, [18]. In addition,
reasoning from Eqn. (6), the posterior covariance matrix is O,(N ~1). One can then write

0(z) = [I + 0,(N"V%)]0, (13)

Assuming that the NF has third order derivatives w.r.t. @, we have

ViL(8,2) = V5L(0,,2)[I + 0,(N~1/?)] (14)

Since {z,, z,, ..., Zy} are i.i.d, the second derivatives in the sum on the RHS of Eqn. (6) are i.i.d.
as well. By the LLN, their average converges to the expectation of a single term:

~V3L(80,2) ~ E[V5Inp(2,16,) 8] = J(8o) (15)

where J, is the FIM based on the sample z,. Again, {z;,Z,, ...,Zy} are i.i.d. and so J(0,) =
NJ,(8,). Combining these gives

ViL(0,2) = J(8o)[I + 0,(N~V/%)] (16)

Equation (8) then follows because matrix inverse is a continuous mapping.

An intuitive observation of the above result is that the uncertainty law is asymptotically the
expectation of the posterior covariance, under the ‘frequentist’ context of ‘identically repeated
experiments’. When interpreting the uncertainty law, the data is unknown. For conceptual
understanding or planning purpose, it is intuitive to integrate out the effect of stochastic data z to
obtain an averaged value, i.e. to take expectation of C(z) with z distributed as p(z|8,) for some
actual parameter value 8. Understanding the uncertainty law as the expectation of the posterior
covariance provides an intuitive perspective to see their relationship. The fusion of Bayesian and
frequentist concept here is adopted to bridge the two schools of thoughts. It should not be



confused with the Bayesian nature of the posterior covariance matrix, which depends on a
particular data set and there is no notion of actual parameter or ‘inherent uncertainty’.

The asymptotic behavior of posterior covariance developed above is based on models with i.i.d.
observations. For the general case when the observations may be correlated or not identically
distributed, the argument can be extended to hold by virtue of the general version of the LLN
[19], but we do not pursue it here. Rather, we explore the utility of this asymptotic equivalence to
derive the uncertainty laws in operational modal analysis.

4 Operational Modal Analysis

The mathematical equivalence between the uncertainty law and the inverse of FIM holds for
general globally identifiable problems under the assumptions mentioned in the last section. Here,
we focus on the uncertainty law of operational modal analysis (OMA), which aims at identifying
the modal parameters (e.g. modal frequencies, damping ratios and mode shapes) of a structure
using ambient vibration data [20-22]. The uncertainty law of OMA for well-separated modes
was derived in [11] from first principle. The asymptotic conditions involve long data and small
damping. Substituting the stochastic representation of the scaled fast Fourier transform (FFT) of
data into the second derivatives of NF leads to an expression comprising sums of random terms,
whose leading order is its expectation for long data. The derivation was found to be tedious,
although the final expressions were remarkably simple and intuitive. Since OMA is a globally
identifiable problem, the theory in the last section can be applied to allow for a more systematic
derivation of the uncertainty laws for long data via the FIM. For this purpose, we re-derive the
uncertainty law for long data. The objective is to illustrate how the asymptotic equivalence can
lead to a systematic and effective derivation for future exploration of uncertainty laws for other
cases, e.g., multiple modes and multiple setups.

4.1 Problem statement

Let the acceleration time history data measured at n degrees of freedom (DoFs) of a structure
under ambient vibration be {51 j € R™:j=0,1,..,N — 1} and abbreviated as {;7 j}, where N is the
number of samples per data channel. Modeled as a stationary stochastic process, its scaled FFT is
defined as

N-1
i'k = ‘/At/N Z . ije_zﬂi]k/N (17)
]:

where At (sec) is the sampling period and i is the imaginary unit. For k < Ny, F corresponds to
the frequency fy = k/NAt (Hz), where N, = int[N /2] + 1 (int[-] denotes the integer part) is the
index at the Nyquist frequency. The FFT in Eqn. (17) is scaled by the factor ,/At/N so that the

expectation of F,F}; (“*> denotes conjugate transpose) is equal to the power spectral density
(PSD) matrix of the data process.

In practice, only the FFTs on a selected frequency band, denoted by {F,} , containing the
mode(s) of interest are used for identification. This trades off between the information used for
identification (the wider the better) and modeling error risk (the narrower the better) [23]. Within
the selected band, it is assumed that



?sz}:k‘l‘sk (18)

where F) and &, denote respectively the scaled FFT of the theoretical structural dynamic
response and the prediction error (e.g., data noise). For well-separated modes, one can select a
frequency band dominated by only one vibration mode such that

Fr = @hypy (19)
where ¢ € R" is the partial mode shape confined to measured DoFs; p;, € C is the scaled FFT of
the modal excitation; h;, € C is the transfer function given by

1

(1—Be) —i(28Bw)
( is the damping ratio; 8, = f/fx is the ratio of the natural frequency f to the FFT frequency fj.
In OMA, the modal excitation p;, is not measured and it is modeled statistically. Assuming zero-
mean stationary modal excitation, p; has a complex Gaussian distribution. Its variance (i.e., PSD
of the process) is assumed to be a constant S in the selected band. The prediction errors at
different channels are also assumed to be complex Gaussian distributed with zero mean and
variance S, within the selected band, which can be justified based on the principle of maximum
entropy [1]. Further assuming statistical independence between the modal excitation and
prediction errors yields a jointly independent complex Gaussian distribution for {F}} with zero
mean and each with a covariance matrix (or theoretical PSD of data) given by

hy (20)

E, = SD,p@" + S.1I, (21)

where I,, € R™ ™ denotes the identity matrix;

1
(- BHE+ (2¢Br)?

is a dynamic amplification factor; and

Dy

(22)

?=lel e (23)

is the normalized mode shape, where ||-|| denotes the Euclidean norm, i.e., square root of the sum
of squares.
The complex Gaussian distribution for {F,} is supported by the theoretical result that the scaled
FFTs of a stationary process are asymptotically independent complex Gaussian distributed for
long data [24]. As the data in OMA is stationary and its size is usually large enough, this
assumption holds in general. The above frequency-domain model only makes use of the FFT
information in the selected band, which significantly simplifies the identification model. The
PSD of the modal excitation and prediction error need only be flat within the selected band,
relaxing the conventional white noise assumption and making the method more robust than time-
domain methods. Other bands with irrelevant information or which are difficult to model are
legitimately ignored, therefore avoiding modeling error. This does not require any signal pre-
processing such as filtering or averaging.



In summary, the problem of OMA is to identify parameters @ = {f,{, @, S, S.} given the FFTs
{F,}. The likelihood function is

p((F0) = | [»(Filo) 24)
K
where the product is taken over all frequency indices k in the selected band;
_ " _ _
p(Fi|6) = ﬁexp[—?ib";?l?’k] (25)

and |-| denotes the matrix determinant; E}, is given in Eqn. (21). Accordingly, the NF is given by

L(8,(F}) = nN; Inm + z In|Ey| + Z FLED'F, 26)
k k

where the sum is over all k in the selected band. Without loss of generality, a joint uniform prior
PDF is assumed for 8. The posterior distribution is then given by

p(O[{F}) «x e HOFi) (27)

The data size in OMA is typically long and a Gaussian approximation is applied to approximate
the posterior PDF as in Section 2. The Bayesian FFT approach was first formulated in [25].
Efficient algorithms have been developed for determining the MPV and the Hessian of the NF. A
recent review with applications in civil engineering can be found in [26].

4.2 Deriving uncertainty laws via FIM

The connection between the uncertainty law and the FIM allows one to derive it in a systematic
manner through an expectation rather than asymptotic analysis of the NL, which turns out to
involve much insights on the mathematical structure of the NL [11] . Here we re-derive the
uncertainty law for well-separated modes via the FIM. Let L*¥) denote the derivative of the NF
w.r.t. variables x and y, and evaluated at the MPV for given {F,} distributed as the likelihood

function p({f’ k}|0). In the present context, Eqn. (16) reads

Lo = J [1+ 0N )] (28)

where J,,, is the entry corresponding to parameter pair (x, y) in the FIM; and Ny is the number of
FFT points in the selected band. This implies that L&) ~Jxy if Jx,, # 0. Otherwise, the leading
order of L™®¥) needs to be determined by other means. As the FFT data is zero-mean complex

Gaussian, it is a standard result in statistics that the FIM is given by [27]
Jey = Za trlE B EY) (29)

where a superscripted variable denotes a partial derivative w.r.t. it, and tr[-] denotes the ‘trace’ of
the subject matrix, i.e., sum of diagonal entries. Although the FIM is the expectation of second-



order partial derivative of NF, it turns out that only the first-order partial derivative of Ej is

needed in the case of zero-mean complex Gaussian distribution.

The trace in Eqn. (29) can be evaluated effectively using the eigenvector decomposition of Ej,.

Let {b; € R™:i =1,2,...,n} be an orthonormal basis in R™ with b; = ¢. Substituting I,, =
" . b;b} into Eqn. (21) yields

E, = (SDy + S.)b;bT + S, 3", b;b] (30)

This shows that the eigenvectors of Ej, are by, b, ..., b,, with corresponding eigenvalues SD; +
Se and S, ..., S,. Its inverse can then be obtained by operating on the eigenvalues:

E;' = (SDy +S.) 'bbT + S;1 Y™ . b;b] (31)

The partial derivatives can be obtained conveniently using Eqn. (30) by noting that the
eigenvectors only depend on the mode shape ¢ and the eigenvalues only depend on the
remaining parameters {f,(,S,S,}. Details can be found in Appendix A and the results are
summarized in Table 1. In the table, derivatives involving the dynamic amplification factor are
written in terms of the derivatives of its reciprocal, which are mathematically easier:

(DY) = 4f BB — 1+ 2¢%)

32)
(D H® =8B
Table 1: The entry J,,, in the FIM for Ny - o; e, =S, /SDy and ||| = 1
N s s S ¢
D (D)X (D)
f’(z (1 + ek)Z e
Dk(Dkl)(y) S—Z 1+ -2
5| S Y gy S LA
(Dk—l)(y) ~
_c¢-1 2 —

Se| =S zk:(l+ek)2 Z(He)z ¢ 1)’Vf+z(1+ &)

@ 0 0 0 [2 Z(l + ek)‘leﬁl] I, — 99"
k

Note that the symbols {f,, @, S, S.} in Table 1 denote the actual parameter value that lead to the
data, following the context in Section 3. In addition to long data asymptotics as is done here,
small damping asymptotics and asymptotic decoupling are needed to obtain the final asymptotic
expressions that relate the posterior uncertainty explicitly to test configurations (instead of sums
as in Table 1). These are beyond the scope of this paper. Interested readers may refer to [11] for
more details.



5 Empirical Studies

In order to validate the long-data asymptotic behavior of the posterior covariance matrix,
empirical studies are presented here for Bayesian OMA with synthetic and experimental data of
increasing lengths. Data length effect is studied through the ‘normalized data length’ N, = data
duration / natural period. Note that N, is proportional to the number of FFT points in the selected
band (N¢). It is directly related to the maximum amount of information available in data for
inferring the mode of interest and is therefore an intuitive measure in the context of modal
identification [13]. In the examples, three quantities of uncertainty should be distinguished. The
‘posterior variance’ (denoted by a cross in the figures) refers to the conventional posterior
variance of a parameter calculated in the Bayesian identification algorithm for a given data set. It
is equal to the diagonal entry (corresponding to the parameter) in the posterior covariance matrix,
which is the inverse of the Hessian of NL at the MPV (for a given data set). The CRB (denoted
by a triangle) refers to the (tightest) Cramér-Rao Bound, equal to the inverse of the FIM
(involving all parameters). The FIM is equal to the expectation of the Hessian of NL at the actual
parameter value, which is a legitimate quantity in the examples where the data is generated
synthetically. The ‘uncertainty law’ (denoted by a circle) refers to the leading order of the
posterior variance for long data (but not necessarily small damping), calculated as the inverse of
the FIM using the expressions in Table 1 but evaluated at the MPV. Note that the FIM involved
in the calculation of uncertainty law is not equal to the actual value involved in the CRB, which
is evaluated at the actual parameter value. Calculating the uncertainty law does not involve the
actual parameter value; the latter is not a legitimate quantity in a Bayesian context and need not
exist for real data. As the examples will illustrate, the above three quantities converge to the
same value as the data size increases. In real applications with given data, the posterior
covariance and uncertainty law can be calculated, but not the CRB or FIM because the actual
parameter value is not known or does not even exist. Despite its name, the CRB (the inverse of
the FIM) does not lower-bound either the posterior variance or the uncertainty law. The name is
used merely to be consistent with the conventional terminology in classical statistics.

5.1 Single-DoF system
The first example is a single-DoF system under Gaussian white noise excitation W (t) with a
modal force (per unit mass) PSD of S = 1(ug)?/Hz (1 ug = 9.81 x 107 m/s?), satisfying the

governing equation

¥+ 2{wx + w?x = W(t) (33)

where w = 2m rad/sec (i.e., 1 Hz) and { = 2%. Synthetic acceleration data is generated with
a sampling frequency of 10 Hz and contaminated by i.i.d. channel noise with a PSD §, =
25 (ug)?/Hz. The resulting modal signal-to-noise (s/n) ratio, defined as the PSD ratio of
response to noise at the natural frequency, isy = S/4S,{? = 25. This quality of data can be
readily achieved in typical ambient vibration tests. The PSD calculated using 1000 sec of data is
shown in Figure 1.

Selecting a frequency band of [0.7,1.3] Hz, the Bayesian FFT method is applied to identify
the modal parameters. The results are shown in Figure 2 for different data lengths. The dashed



line denotes the actual value of the modal parameter that generated the data. The identified result
for each data length is shown with a dot at the posterior MPV and an error bar covering two
posterior standard deviations. It is seen that as the data length increases the error bar
systematically narrows. There is no evidence of bias, as reflected by the fact that the error bar
covers the actual value regardless of data length.

500

PSD [(ug)*/Hz]
3
o

10 L L L L
0 1 2 3 4 5
Frequency [HZ]
Figure 1: PSD spectrum, single-DoF example.
Bracket: frequency band used in Bayesian FFT algorithm.
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Figure 2: Identified modal parameters, single-DoF example.

Dot: MPV; error bar: #two standard deviations. Dashed line: actual value. N, = data length/natural period



The posterior standard deviation and covariance of modal parameters, both denoted by a
circle, are shown in Figure 3 and Figure 4, respectively. The former is equal to the square root of
the posterior covariance and the latter is equal to the corresponding off-diagonal entry in the
posterior covariance matrix. As expected, the posterior standard deviation generally decreases
with data length, by virtual of increasing amount of information for identification. The decrease
need not be monotonic, however, as the identification uncertainty for a given data set still
depends on the particular details of data (which is stochastic). The uncertainty law (circle) also
has a general decreasing trend. Recalling that the uncertainty law is calculated via the analytical
expressions in Table 1, its apparently random fluctuation is due to the fluctuation in the MPV
calculated for different data lengths, which is close but not equal to the actual value. Evaluating
the expressions at the actual value (and taking inverse) gives the CRB (triangle), which displays
a smooth monotonic decreasing trend. The posterior covariance, uncertainty law and CRB all
converges to the same value as the data length increases, validating the long-data asymptotic
equivalence established in Eqn. (8). The uncertainty law appears to be closer to the posterior
covariance than the CRB especially for short durations. This is an observation that is generally
true (see also the next example), although it is not accounted by the theory. Note that the CRB
cannot be calculated in real applications because the actual parameter value is not known or it
does not even exist. As mentioned before this subsection, the CRB does not lower-bound either
the posterior variance or the uncertainty law.
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Figure 3: Posterior standard deviation of modal parameters (cross), single—D(;F example.
Circle: uncertainty law (MPV); triangular: CRB. N, = data length/natural period
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Figure 4: Posterior covariance of modal parameters (cross), single-DoF example.

Circle: uncertainty law (MPV); triangular: CRB. N, = data length/natural period

5.2 Eight-DoF shear-type building

The second example is an eight-storied shearing-type building with a uniform floor mass of
100 ton and an interstory stiffness of 115.94 kN /mm. The first three frequencies are calculated
to be 1, 2.97 and 4.83 Hz. A damping ratio of 1% is assumed for all modes. The structure is
subjected to i.i.d. Gaussian white noise excitations at all floors, each with a PSD of 0.8 N?/Hz.
Synthetic acceleration data is generated at a sampling frequency of 50 Hz and contaminated by
i.i.d. channel noise with a PSD of 50 (ug)?/Hz. The first three mode shapes (normalized with
unit norm) are shown in Figure 5. Uniaxial acceleration data is measured at the 3rd, 4th and 7th
floors. Correspondingly, the modal s/n ratios are y = 16.2, 20.4 and 4.3 for the first to third
modes. Note that the modal s/n ratio is proportional to the sum of squares of mode shape values
at the measured DoFs. Figure 6 show the PSD and singular value (SV) spectrum (i.e.,
eigenvalues of PSD matrix) of data (1000 sec duration), respectively.
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Figure 6: PSD and SV spectrum, eight-DoF example.
Bracket: frequency bands used in Bayesian FFT algorithm.

Second mode

Consider identifying the second mode based on FFT data in the frequency band [2.8,3.12] Hz.
Figure 7 shows the results for normalized data length from 100 to 10000. Similar to Figure 2, as
the data length increases, the MPV (dot) converges (in a random manner) to the actual value
(dashed line) and the error bar shortens. The corresponding posterior standard deviations of
modal parameters (circles) are shown in Figure 8 and Figure 9. For mode shape which is a
vector-valued quantity, the coefficient of variation (c.0.v.) is defined as the square root of the
trace of posterior covariance matrix [11]. The differences between the posterior covariance,
uncertainty law and CRB are apparent for short data durations but they diminish for long
durations. Again, this validates the asymptotic equivalence established in this work.
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Figure 9: Posterior standard deviation of mode shape (cross), second mode, eight-DoF example.
Circle: uncertainty law; triangular: CRB. N, = data length/natural period

Third mode

Next, consider identifying the third mode using FFT data within the frequency band
[4.68,5.0] Hz. This mode is considered to illustrate the effect of low s/n ratio. As mentioned in
the beginning of this section, the modal s/n of this mode is only y = 4.3, which is quite low.
Figure 10 shows the identification results, analogous to Figure 7. The identification uncertainty
is significantly larger than that of the second mode. In Figure 11 and Figure 12, the posterior
standard deviation and uncertainty law have a similar (or slightly lower) proximity as those for
the second mode, but now they differ significantly from the CRB especially for short data. Such
difference is due to the difference between the MPV and the actual value of modal parameters,
the latter being used by the CRB. The difference between the MPV and the actual value can be
large for short data but it diminishes as the data length increases. The posterior standard
deviation, uncertainty law and CRB still converge to visually the same value, as predicted by the
asymptotic equivalence.
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5.3 Four-story laboratory frame

An example with laboratory data is next presented to illustrate the connection of uncertainty law
and the FIM with real data. A laboratory OMA test was performed on a four-story aluminium
frame, measuring 30 cm X 20 cm in plan and with a uniform story height of 25 cm, as shown
in Figure 13a. The four corners of each floor were instrumented with two piezoelectric
accelerometers along the horizontal x- and y- directions, giving a total of 32 measured DoFs
(Figure 13b). Ambient data was recorded for 1000 sec at 2048 Hz. It was later decimated to
256 Hz for analysis. The measured time history at DoFs 25 and 26 are shown in Figure 14a).
The PSD and SV spectrum of data (1000 sec duration) are shown in Figure 14b).
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Figure 13: Laboratory shear frame.

Consider identifying the mode based on FFT data in the frequency band [9.1,9.7] Hz. Figure 15
shows the results for normalized data length from 100 to 10000 and the mode shape (x-
translation) is the MPV at N. = 10000. Unlike previous examples based on synthetic data, there
is no ‘true model’ in this example and the notion of the actual parameter values of modal
properties is irrelevant. For the MPV, although intuition may expect it to converge as the data
length increases, it need not do so in real experiments because of model errors due to, e.g.,
changing environment, damping mechanisms. Consistent with the intuition about increasing
information, the error bar generally shortens as the data duration increases, though not
necessarily in a monotonic manner. The corresponding posterior standard deviations of modal
parameters (circles) are shown in Figure 16 and Figure 17. The CRB is not relevant in this case.
Similar to the previous examples, the uncertainty laws are at good proximity to the posterior
variances even for short data.
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Figure 14: Measured data, laboratory shear frame.
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Figure 16: Posterior standard deviation of modal parameters (cross), laboratory shear frame.
Circle: uncertainty law (MPV). N, = data length/natural period
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Figure 17: Posterior standard deviation of mode shape (cross), laboratory shear frame.
Circle: uncertainty law. N, = data length/natural period



6 Conclusions

This paper has investigated the asymptotic behavior of the posterior covariance matrix in
Bayesian system identification. Based on Gaussian approximation of the posterior distribution in
a globally identifiable problem, it is found that the posterior covariance matrix is asymptotically
equal to the inverse of the Fisher information matrix (FIM), which coincides with the tightest
Cramér-Rao Bound (CRB, involving all parameters). Despite its name, the CRB does not lower-
bound either the posterior variance (for given data) or its leading order (uncertainty law).

The mathematical connection with the CRB offers a systematic means for deriving the
uncertainty laws in operational modal analysis, which aims at understanding the relationship
between identification uncertainty and test configuration. To illustrate the utility of this
connection, the uncertainty law for well-separated modes is re-derived through the FIM and
examined by synthetic and experimental data. As the FIM has an analytical form, the derivation
is more systematic and elegant than the previous one that required insights about the asymptotic
mathematical structure of the log-likelihood function. The synthetic data examples demonstrate
that when there is no modeling error the posterior variance, uncertainty law (long data) and CRB
all converge to the same value as the data duration increases. The synthetic and experimental
data examples suggest that the uncertainty law is at good proximity with the posterior variance
even under non-asymptotic situations.
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8 Appendix A

In this appendix, we derive the expressions for the leading order of L*¥) shown in Tab. 1 based
on its relation with the FIM. Starting with the eigenvector decomposition of E}, in Eqn. (30), for
x=f,(,8§,S,, differentiation simply operates on the eigenvalues:

EY = (SD +S.)®b,bT + S 37, b;bT (A.1)
The same also applies to the product. Forx = f, {, S, S,

1 () o1 (V) _ (SDE+S) P (SD+S5.)) sPs» T
EklEk EklEk — k (SDk+5e)k2 blbI + 52 ?:2 b;b; (A.2)

Taking trace, noting tr[bl-bl-T] = 1 and summing over k yields

PENEY)
+ (n— DN == (A.3)

sé

(SDR+Se) @ (SDy+5.)D)
(SDy+5.)?

]xy = Zk

The terms Jy, (x =1, {, S, Se) and J,, involve differentiation w.r.t. . Analysis can be
simplified by making use of the orthogonality between ¢ and the gradient of @ = ||| 1¢. Let
@ = [¢, ..., 0,,]T and e; be a n x 1 vector whose ith entry is the only non-zero entry equal to 1.
Then,



—(b: — — @ P —
P =Vpe, Vo= . s|=L-88" (lell=1) (A4)
It follows that
Vo) =Vp (V@)(Vp)=Vp (V@)p=0 ¢'(Vp)=0 (A.5)
E%) = 5D, [p@05" + 9@ ®0T| = SD [Vpe; 9" + pel V] (A.6)

Using these results, it can be shown that, for ||@|| = 1and x = f, {, S, S,

_1p@) _ (D)@ g s&
ECEy = ey PP+ 7V (A.7)
EFEYY = (1+e,) ' @e] (VD) + e ' (Vp)e;p” (A8)
Y (SDy +S,)™ S
E—lE(x)E—lE(d)L) — € Bpl Vo e Vo .pT (A9)
k k k k SDk(l + ek)z (pel( ‘P) + Seek pe;p
1 (@) pe1 () 11 T o . = _ _
ECESVECE” = (14 e) e [pe] (V@)e;p" + (Vp)ee] (V)] (A10)
where e, = S, /SDy.

Taking trace on Eqn. (A.9) and summing over k gives

Jxp; =0 (A.11)

because tr[ge] (Vp)| = tr[(V@)pel| =0 and tr[Vpe;@"] = tr[@ Ve, ] =0 (cyclic
property of trace). This indicates that the leading order of L*?9 is not given by FIM. Direct
investigation of L*®?), which is a sum of N¢ random terms, shows that it is O(Nf1 / 2).

On the other hand, taking trace on Eqn. (A.10) and summing over k gives

Joup; = 221 + e) e el (Vpe; (A.12)

where we have simplified using the cyclic property of trace:
tr[pe; (Vp)e;@"] = tr[@"pe! (VP)e;| = e (VP)e;
o[(Vp)eie] (V)] = tref (V@) (V@)e;] = ef (Vp)e; = ef (Vp)e; (A13)
Since e;r(V(ﬁ)ej is simply the (i, j)-entry of V@, Eqn. (A.12) implies

Jop = [2Z,(1 + &) e '1(V) = [2 X, (1 + &) e U, — @97) (A.14)
Applying Eqns. (A.3), (A.11) and (A.14) gives the expressions in Table 1.
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