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We present the next-to-next-to-next-to-leading order (N*LO) contributions to the non-singlet split-
ting functions for both parton distribution and fragmentation functions in perturbative QCD. The
exact expressions are derived for the terms contributing in the limit of a large number of colours.
For the remaining contributions, approximations are provided that are sufficient for all collider-
physics applications. From their threshold limits we derive analytical and high-accuracy numerical
results, respectively, for all contributions to the four-loop cusp anomalous dimension for quarks,
including the terms proportional to quartic Casimir operators. We briefly illustrate the numerical
size of the four-loop corrections, and the remarkable renormalization-scale stability of the N3LO
results, for the evolution of the non-singlet parton distribution and the fragmentation functions.
Our results appear to provide a first point of contact of four-loop QCD calculations and the so-
called wrapping corrections to anomalous dimensions in A’ = 4 super Yang-Mills theory.
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1 Introduction

Within the gauge theory of the strong interaction, Quantum Chromodynamics (QCD), the preci-
sion of theory predictions for hard reactions at colliders crucially depends on our knowledge of
hadronic matrix elements for the description of the long-distance hadronic degrees of freedom,
once the hard-interaction part due to short-distance physics has been separated by means of QCD
factorization. For scattering reactions with initial-state protons the relevant matrix elements are
given by the well-known parton distribution functions (PDFs) of the proton, which provide infor-
mation about the fractions of the proton’s longitudinal momentum carried by the partons.

The dependence of these PDFs on the scale Q2 is generated by evolution equations for the
corresponding local operator matrix elements (OMEs). The relevant anomalous dimensions as
functions of the Mellin moment N, or splitting functions as functions of the momentum fraction x,
can be computed order by order in perturbative QCD. The corresponding one- and two-loop results
have been known since long [1-13]. The current precision is at the three-loop level [14, 15] —
see refs. [16—19] for partial recalculations of these results — i.e., at the next-to-next-to-leading
order (NNLO), which is nowadays the accepted standard for analyses of PDFs [20] and forms the
backbone of precision predictions at the Large Hadron Collider (LHC).

However, computations for a number key observables at hadron colliders have been performed
even at next-to-next-to-next-to-leading order (N°LO), including the cross section for Higgs-boson
production in gluon-gluon fusion [21] and structure functions in deep-inelastic scattering (DIS)
[22-25]. The latter results have also found an application in predicting Higgs-boson production
in vector-boson fusion at the LHC [26]. Due to QCD factorization, the resulting predictions carry
a residual uncertainty and dependence on the factorization scheme due to the missing N°LO (i.e.,
four-loop) splitting functions. This situation motivates the computation of the QCD splitting func-
tions at four loops. First steps in this direction have already been taken in refs. [27-31] at low N,
and in ref. [32] where large-n contributions have been derived at all N.

In the present article, we address the splitting functions for the non-singlet quark evolution
equations at four loops in QCD. We use FORCER [33], a FORM [34-36] program for four-loop
massless propagators, to compute the anomalous dimensions at fixed integer values of the Mellin
variable N. In the planar limit, i.e., for large n, for a general colour SU (n.) gauge group, the exact
four-loop results for moments up to N = 20 turn out to be sufficient to find and validate the analytic
expressions as functions of N in terms of harmonic sums [37,38] by LLL-based techniques [39—42]
for solving systems of Diophantine equations. Such an approach has been used for anomalous
dimensions at the three-and four-loop level before, cf. refs. [32,43,44]. Our analytic results in the
threshold limit x — 1 (N — o) include the (light-like) four-loop cusp anomalous dimension, see
ref. [45], which has also been obtained in refs. [46,47] by different means.

Beyond the large-n, limit, we have computed the moments up to N = 16 for a general gauge
group. These results are insufficient for a reconstruction of the analytic all-N results. They can be
used, though, to obtain approximations for the four-loop splitting functions including x-dependent
estimates of their residual uncertainties, see, e.g., earlier work at the three-loop level [48-50].



The approximations presented below are sufficiently accurate for the evolution of non-singlet PDFs
down to small x, and include numerical results for the non-planar contributions to the four-loop
cusp anomalous dimension that are sufficiently precise for phenomenological applications.

For processes with identified hadrons in the final state, QCD factorization requires fragmenta-
tion functions (FFs) that account for the physics of hadronization at long distances. Completely
analogous to PDFs, the scale dependence of FFs can be computed within perturbative QCD. How-
ever, in contrast to the case of initial state hadrons, where the evolution equations for the scale-
dependence of the PDFs are controlled by space-like kinematics, Q2 < 0, the scale evolution of the
FFs with Q% > 0 requires the so-called time-like splitting functions. These functions are known
completely at two loops [9-11, 51-53], see also refs. [54,55]. The three-loop corrections have
been obtained in refs. [56-58] up to a phenomenologically irrelevant small uncertainty in the re-
sult for the time-like NNLO quark-gluon splitting function. First NNLO analyses of FFs have been
performed recently [59, 60].

The three-loop results in refs. [56-58] have been derived using well-known relations between
space- and time-like kinematics, i.e., the Drell-Yan-Levy relation for the analytic continuation in
energy q2 — —q2 and the Gribov-Lipatov relation in x-space [61, 62], see also refs. [63,64], and
generalizations based on conformal symmetry yielding a universal reciprocity-respecting evolution
kernel [65-67]. Exploiting these relations, it is possible to use (space-like) DIS results to predict
(time-like) cross sections for single-particle inclusive electron-positron annihilation. Thus, we are
able to present here also the flavour non-singlet evolution equations for FFs at four loops in QCD.

This article is organized as follows. In section 2 we specify our notations and present the
theoretical framework for obtaining our results. In particular we address the basis of non-singlet
operators, their renormalization and the respective anomalous dimensions. We sketch the work-
flow of the perturbative computation up to four loops, list all colour factors to this order and discuss
general and end-point properties of the anomalous dimensions and splitting functions.

In section 3 we present the results of our fixed-N diagram calculations of the four-loop non-
singlet anomalous dimensions and their all-N generalization in the large-n. limit. We discuss
the large-N behaviour of the latter which includes the four-loop cusp anomalous dimension. The
x-space counterparts of these anomalous dimensions, i.e., the splitting functions, are addressed in
section 4. We present the exact formulae and compact parametrizations for the large-n. splitting
functions, and approximate expressions for all cases that cannot be obtained exactly for now.

Two important applications of these results are presented in section 5: we present high-accuracy
numerical results for large-x coefficients, in particular the four-loop cusp anomalous dimension in
QCD, and illustrate the N>LO evolution of all three types of non-singlet quark distributions. The
N3LO non-singlet evolution is extended to the ‘time-like’ case of final-state fragmentation func-
tions in section 6. We summarize our main results and provide a brief outlook in section 7.

The appendices contain the Feynman rules in appendix A, the exact results for the anomalous
dimensions at 1 <N < 16 at four loops in appendix B, and the analytic expression for the difference
of the time-like and space-like four-loop splitting functions in appendix C. Finally appendix D
provides the complete all-N result for the terms with {5, which may be of theoretical interest.



2 Theoretical framework and calculations

The standard set of spin-N twist-two irreducible flavour non-singlet quark operators is given by

Ol oy = VA YDy Dy y o=3.8,...,(nf-1), 2.1)

where  represents the quark field, D, = d, —igA,, the covariant derivative, and A* the diagonal
generators of the flavour group SU (nf) Itis understood in eq. (2.1) that the symmetric and traceless
part is taken with respect to the Lorentz indices y; in the curly brackets.

We consider (spin-averaged) matrix elements of these operators (OMEs), specifically

(Pl O ..y 1P2) (2.2)

for external quark (or anti-quark) fields with momenta p, and p,. The operators O™ in eq. (2.2)
are contracted with tensors of rank N,

AL (2.3)

where A is a light-like vector, A> = 0. In the present context we need to compute OMEs of renor-
malized operators with zero momentum flow through the operator vertex, thus p; = p, = p in
eq. (2.2) for the (off-shell, p2 = (0) momenta of the external (anti-) quarks,

[A](N) = A A (Pl [O™ [y IP) - 24

Here and below we use square brackets [...] to denote renormalized operators (in a minimal sub-
traction scheme [68, 69] of dimensional regularization [70, 71]). This reduces the vertex dia-
grams for the OMEs to quark two-point functions and, therefore, the computational complexity
to propagator-type diagrams. The perturbative expansion of the operator in eq. (2.1) contracted
with eq. (2.3) generates vertices with additional gluons as depicted in fig. 1. The current four-loop
calculation requires up to four additional gluons. The corresponding Feynman rules are presented
in appendix A, see refs. [5,72] for earlier calculations at two- and three-loop accuracy.
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Figure 1: Vertices with additional gluons arising from the operators O?Z ) in perturbative QCD.

Vertices with up to L gluons need to be considered at L loops at Mellin moments N > L.



In order to derive the anomalous dimensions for the scale dependence of the non-singlet PDFs
we need to perform the renormalization of those operators O™, which proceeds multiplicatively as

[0™] = Zn O™ . (2.5)

The anomalous dimensions Y,s governing the scale dependence of these operators,

d
dInu?

[OHS] = —Yas [OHS] (2.0)

are connected to the factors Z,4 in eq. (2.5) by

d B
Yoo = — <W zns> z'. 2.7)

All flavour differences of quark—anti-quark sums (+) and differences (—) evolve in with the
same anomalous dimensions Y, (N) and Y,;(N), and the total valence distribution with y¥(N) =
Yos(N) 4+ 71 (N), see, e.g., ref. [14]. These quantities are related to the corresponding splitting
functions P.E(x) and P5,(x) by a Mellin transform,

Yos (N /dxxN Ip(x), (2.8)

where the relative sign is a standard convention. In perturbation theory these quantities can be ex-
panded in powers of the strong coupling constant os. Here and below we normalize a; = o/ (47),
so that up to four loops

Tus(N) = as WO (N) + a2y (N) + a2 v& (V) + a2 vD (V) | (2.9)
(0)

and similarly for the splitting functions P,s(x) and other quantities. The first-order quantity Yn~ is
the same for all three cases given above. Y. and v, differ at order a2, and a non-vanishing flavour-
independent (‘sea’) contribution 3, occurs at order a3 for the first time [14]. The fourth-order

(3)

contributions Yns’ (N) to all three quantities are addressed in the present article.

The actual computation follows a well-established production chain. The Feynman diagrams
for the OMEs in eq. (2.2) are generated up to four loops using QGRAF [73]. The latest version [74]
of the symbolic manipulation program FORM [34,35] and its multi-threaded version TFORM [36]
are used for all further steps. The QGRAF output is processed by a program that assigns the
topology and computes the colour factor using the code of ref. [75]; the group invariants occurring
in the present case are listed in table 1. Diagrams of the same topology and colour factor are
combined to meta diagrams for computational efficiency, where lower-order self-energy insertions
are treated as described in ref. [76]. Considering all color factors, this procedure leads to 1 one-
loop, 7 two-loop, 53 three-loop and 650 four-loop meta diagrams for y=; and 1 three-loop and
29 four-loop meta diagrams for 7. For comparison: the output of QGRAF consists of 15901
four-loop diagrams. The running of the meta diagrams is managed using the database program
MINoOS [77].



SU () QCD

Cy ca ne 3
2
- —1 4
CF cf chn g
d®¢d ,p, (n2—1)(n2 —4) 5
dabc”2 ¢ < =
Ni daberz/nr] 1672 18
dabcd d abed 2 6 2 1
Ng 48 2
dabcddabcd 4 6 2 18 2 1
£ _—F __ [d4RR/nr] (ne —6ne & 3)(nc ) >
Nk 961 36

Table 1: The colour factors for non-singlet OMEs up to four loops with their numerical values in SU (n,)
with Ng = n, and QCD, see also ref. [78] for a discussion on the normalization of d“*“d,,.. The second
column gives the notations of the result files, which are distributed with this article on https://arxiv.org.
As in many other articles, we suppress the colour factor 7 ( = 1/2 in SU(n.)) which can be readily re-
instated.

The diagram calculations are done in dimensional regularization [70, 71] with the FORCER
program [33] which was already used for the N < 6 and high—nf computations in refs. [31,32]. Our
agreement (after renormalization, see below) with those results, which were obtained in a different
theoretical framework, provides a strong check of our present setup. The FORCER program itself
has been validated in calculations of the four-loop renormalization of Yang-Mills theories to all
powers of the gauge parameter, see ref. [79], and has recently been applied — together with the
algorithms for the R* operation [80, 81] developed in ref. [82] — in five-loop computations of the
beta function, Higgs-boson decays to hadrons and the R-ratio in e e~ -annihilation in refs. [83,84].

The bare results A™ for the OMEs in eq. (2.4) obtained in this way are then subject to renor-
malization which we perform in the standard modified minimal subtraction scheme MS [68, 69].
In this scheme and in D = 4 — 2¢ dimensions the strong coupling ¢ evolves according to

d o5  dag B(ay)
—_— = = a =
dinp? 4n — dlny? °

—eas—Boa; —PBra; —Prag — ..., (2.10)
where B(as) denotes the usual four-dimensional beta function in QCD, with coefficients By =
11/3C,—2/3 n, etc, and n, represents the number of active quark flavours.
Using eq. (2.5) the renormalized OMEs [A™] are obtained by
[A™](N) = Zy Zns(N)A™(N) , (2.11)

where we have made all dependences on N explicit. The factor Z, denotes the quark wave func-
tion renormalization constant accounting for the external quarks field with off-shell momenta in
eq. (2.4), see, for instance ref. [79]. Unlike Z,, the quantities Zy, and A™ are gauge-dependent,
hence also the renormalization constant Z¢ of the gauge parameter is required.
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The resulting operator renormalization factors Z in eq. (2.5) can be expressed as a Laurent
series in € as

Zo = 10 {00} 42 [ (4 <yss>)2—%vé?so>+%evé?}

+ ag {:( ('Yns )3 %B ('Y(s)> +3 BO'Yns) (2YI(IS)YHS 3B 'Yns %BI'YIES))

e () ) B )
+£L3(%'YI(1$) (’Yr(ls)>2_ﬁBO'Yns 'Yns +ZB(%'YI(1§)+%B061’YI(12) _%Bl ( I(lg)>2>
+ o (5090 + (véi))z—ivfl? Bo— 1B’ — 4Bl ) + 4w | (2.12)

In this manner, the anomalous dimensions Yys have been computed for a general gauge group at
1 <N <16, ie, y;g at even N and yn_gs at odd N. The exact results are listed in appendix B;
numerical values for QCD can be found in section 3. The hardest (non-planar) diagrams do not
contribute in the limit of a large number of colours 7., where the functions Y, (N) and y,;(N) are
identical, as it is evident from diagrammatical analyses and the known x-space expressions for
Pnf (x), see refs. [14,32,66,85]. Consequently we were able to obtain the even-N and odd-N values
of the large-n. anomalous dimension, which is structurally simpler than full QCD results, even up
to N = 20.

So far, fixed-N values of anomalous dimensions have been found to be fractions of (large)
integer numbers, multiplied at most by values {3...{p7 3 of the Riemann zeta-function at L loops.
The denominator structure of the fractions suggests analytic all-N expressions in terms of harmonic
sums [37,38] up to weight 2L — 1. Assuming no numerator-N terms, cf. refs. [22-24], the most
complicated parts (without a factor {,;) of the non-singlet anomalous dimensions at n loops read

2n+1 2n+1 2n+1—k

o ( Z oS+ Y Y Y cunDESLN), (2.13)
a k=1 w=0

where DX are simple denominators,
DY = (N+a)™*, (2.14)

and S, (N) is a shorthand for all harmonic sums of a given weight w with So(N) = 1. The calculated
moments suggest a = 0, 1 for yé?i(N), as at three loops [14] and for the njg and nf four-loop

contributions [32]. The function Y5,(N), on the other hand, includes terms witha = —1 and a = 2.

(3)

The functions Y5’ (N) contain harmonic sums up to weight w = 7, hence the ansatz (2.13)
includes far too many unknown coefficients ¢, for a direct determination from the (small) number
of calculated moments. However, these coefficients are integer modulo some predictable powers of
2 and 3. Therefore the systems of equations derived from eq. (2.13) can be turned into Diophantine
systems which require far fewer equations than unknowns and which can be solved by LLL-based
techniques [39—42]. This approach has been successfully applied before in refs. [32,43,44].
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In this context it is crucial to constrain eq. (2.13) as far as possible based on general properties
of the anomalous dimensions ¥,,(N). Here three issues are worth pointing out. First, the functional
forms of the 7, (N) are (conjectured to be) constrained by ‘self-tuning’ [66,67],

Yns(N) =M (N+GYHS(N)_B(aS)/aS)) ) (2.15)

where 6 = —1(+1) for the space-like (time-like) anomalous dimensions, and the non-singlet
universal evolution kernel v, is reciprocity-respecting (RR), i.e., invariant under the replacement
N — (1 —N). By expanding the r.h.s. of eq. (2.15) about N and inserting the perturbation series
of all quantities involved, v, can be expressed in terms of the MS anomalous dimensions, see also

ref. [86]. Expressing the latter in terms of y, = ers(”) = 'ynTs(n)

(n)

time-like expansion coefficients ¥, = %(y{fs + yg;(n) ), one arrives at

and the average of the space-like and

— = 1 = 1
Yo = asv+al (T — Bodwio) + i (T2 — §4316 — Brdwio — Body¥ + B3
+ 0l (%~ 3R (8N — Badyto — Brdy¥: — BodyTs + § Bodi g + BoBrdive
+ B3 AT~ §BIdiv ) + Olal), (2.16)

where we have used the abbreviation dy, = d/dN and suppressed the N-dependences for brevity.
A convenient way to take these derivatives is via inverse Mellin transforms to x-space, where the
multiplication with In"x corresponds to the N-space operator d"/dN", and Mellin transforms of
the result. The required manipulations can be readily performed using algorithms for harmonic
sums, harmonic polylogarithms and their (inverse) Mellin transformations [37, 87, 88] which have
been implemented in publicly available FORM packages described in ref. [34].

Since the difference between the time-like and space-like anomalous dimensions is known to
four loops, eq. (2.13) can be applied to the RR quantity 753) instead of 'yr(ls). This implies that the
denominators 1 /N and 1/(N + 1) can only enter in the combination 1/(N(N + 1)), and that only
RR (combinations of) harmonic sums occur, see refs. [89, 90], which reduces the number of sums
at weight w from 2-3"~! to 2*~!. Assuming that only powers of 1/(N + 1) enter in addition, the
total number of basis functions in eq. (2.13) up to weight w is 2""*! — 1, e.g., 255 for w = 7. Even

taking account end-point constraints, see below, this is a prohibitively large number for now.

Second, the identical leading-n, terms of Y5 (N) contain only non-alternating harmonic sums,
i.e., only positive indices in eq. (3.4). This reduces the number of RR sums of weight w to the
Fibonacci number F(w), i.e., 1, 1,2, 3, 5,8, 13 for w =1 to w =7, as can be seen by counting
the number of binomial harmonic sums at weight w [89]. Considering all combinations with
additional powers of the weight-1 object 1/(N(N + 1), the total number of functions up to weight
win eq. (2.13) amounts to F(w+4) —2, e.g., 87 forw =17.

The third and final point is that the N — o (large-x) and N — 0 (small-x) limits of the anoma-
lous dimensions (splitting functions) provide a substantial number of constraints. If one disregards
terms of order O(1/N?) for N — oo, then all three non-singlet anomalous dimensions Y (N),
a =+, —,v, are identical and given by [65] (Y, is the Euler-Mascheroni constant)

Yo (V) = Ag(InN+7%,) =B, +Cy (nN+Y)N ™" — (D — AN~ . (2.17)
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Here the coefficients A, — the n-loop (light-like) cusp anomalous dimension — and B,, provide
genuine n-loop information. The coefficients C,, and 5,,, on the other hand, can be expressed
in terms of lower-order information (see eqs. (3.10) and (3.11) below). This and the absence of
second and higher powers of In N in eq. (2.17), and similar if less stringent constraints on N~ X InN
terms with k > 1, provide a substantial number of constraints on the coefficients in eq. (2.13).

The small-x expansion of the splitting function Pn(sn ) (x) shows a double-logarithmic enhance-
ment, i.e., there are contributions of the form x%In’x with ¢ > 0 and b < 2n. The leading-
logarithmic (LL) contributions to P have been known to all orders for a long time [91, 92].
This resummation has been extended to next-to-next-to-logarithmic accuracy for the x ¢ In’x con-
tributions to P, and the x%*! In®x contributions to P, atall k > 0[93,94]. The formal structure
of these results is analogous to their time-like counterparts [95, 96], but the numerical pattern is
completely different such that the space-like resummation is of no direct phenomenological use.
The functions P, (x) and P, (x) are the same in the large-n, limit, hence in this case the small-x
resummation constrains the coefficients contributing to

x%In®x  for a>0 and 4<b<6. (2.18)

An alternative approach to the limit N — 0, i.e., the small-x logarithms for a = 0, has been
pursued in ref. [97]. In the large-n, limit, the generalization

Yns(N7aS>'(Yns(N7aS>+N_B(aS>/aS) = 0(1) (2.19)

of the LL relation in refs. [91,92] correctly (re-) produces all @ = 0 small-x logarithms obtained in
refs. [14,32,93], after correcting typos in eqs. (25) and (26) of ref. [97]. Hence we can assume that
eq. (2.19) is also correct for the n}) and n} four-loop contributions at large 7.

Together these relations comprise 18 large-N and 28 small-x constraints for the n})—terms at
four loops eliminating more than half of the 87 free parameters of the w=7 large-n. ansatz, after
which it is possible to solve the remaining system of Diophantine equation using the moments N =
1, ..., 18 with the program axb () of the CALC package [42]. The resulting analytic expressions for
'Yr(lz) (N) agree with the result of the diagram calculations at N = 19 and N = 20. This agreement
renders it extremely likely — although, of course, not mathematically certain — that these results

(and, therefore, the above structural conjectures and features used in their derivation) are correct.

As mentioned above, present information and understanding appears not to be sufficient for ex-
tending these analytic results beyond the large-n. contributions for the n}) and n]} parts of yr(lz)a(N )
for any a = +, —, s. For the remaining functions we resort to x-space approximations based on the
first eight even-N or odd-N moments supplemented by the large-x and small-x constraints discussed
above. These approximations and their error estimates can be constructed in the same manner as
those for the three-loop splitting functions in refs. [48—50]. The present results are more accurate,
though, due to the higher number of available moments and the improved understanding of the
end-point limits. The fact that the large-N limit (2.17) includes only the two free parameters A4
and By, in particular, results in a high accuracy of these coefficients which are relevant also in the
context of the soft-gluon exponentiation, see refs. [98—101] and references therein, and beyond.



3 Results in N-space

We start presenting our results by writing down the moments to N = 16 of the non-singlet four-
loop anomalous dimensions for QCD in a numerical form. The exact results for a general gauge
group with one set of fermions can be found in appendix B. For 'yr(lz)i (N) we separately display the
leading (subscript L) and non-leading (subscript N) contributions in the large-n. limit of SU (n.) at
ne = 3. The former correspond to the colour factors Cpn> *n }‘ The latter collect all other terms,

which are suppressed by two or more powers of 7., cf. table 1 above.

The first eight even-N values of yg”(N ), normalized as in eq. (2.9) above — division by 2.5 -

10* provides an approximate conversion to an expansion in ¢ — are given by

v (2) = 15079.979904, + 1583.245584,, —
+ (114.04980426, +3.73169344y ) n? -+ 1.908433871, 17 ,

3610.4544273L +137.0956130,) 1

+(231.33355779, +7.35324122 ) n? + 3.884444957, n7 ,

Y T(6) = 33391.136191, +801.6538203y — (8219.2929199; + 167.0140214y) n

(
)
YT (4) = 26818.645638, +996.7898428, — (6549.4629888L+ 154.7093878 ) n,
)
(
+(299.12524225, +9.35853808y ) n? + 5.073482406, 17 ,

Y (8) = 38122.913329, +685.2274355y — (9424.0745879, + 175.4883891) n,
+(34.752553808,, + 10.77524037y ) n} + 5.937491139, n}

YW (10) = 41872765979, +600.8875674y — (10377.826722, + 181.7070215) n;
+ (385.45469324, + 11.87446948 ) n? + 6.618723172, n7 ,

YW (12) = 44999.013143; +533.8372124y — (11171.437026, + 186.4798090,) n;
+ (416.75989357, + 12.77304489, ) n? + 7.181732766, n7 ,

YW (14) = 47688.997330, +477.6377749y — (11852.885145, + 190.2641681) n,
+ (443.46765303, + 13.53286843 ) n? + 7.661731916, n} ,

Y6 = 50054.446557, +428.9331378), — (12450.928224; + 193.3399276,) n;
+ (466.78457532, + 14.19090917,) nf + 8.080152509, ] , (3.1)

and the first eight odd-N values of yr(g)f (N) read

YW1 =0,
Y2 T(3) = 22101.772707, +999.3940009y — (5359.5335080, + 139.7317364y) n;
+ (18302229066, +5.91723185) n? + 3.058631170,17 ,
(
)

v7(5) = 30431.615620, +841.7002595, — 7466.3287550L+ 160.0856189,) n;
+ (268.62851396, -+ 8.47774637y) nf + 4.534727508, 1}
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YW (7) = 35914.342449; 17222583518y — (8861.7720221; + 171.1596475) n

+ (325.00219825, + 10.13425314) nf + 5.534366480, 1

Y T(9) = 40092.293568, +632.8933507) — (9925.1782168 + 178.6640945,) n
+ (367.49639662, + 11.36914948, ) n? + 6.295934539, n? ,

Y (11) = 43499.696829, +561.6966621y — (10791.034298, + 184.1995847,) n;
+ (401.78232680, + 12.35557815y) n? + 6.912368819, n? ,

YW (13) = 46390354670, +502.2596221, — (11524.077148, + 188.4837700) n,
+ (430.59996163, + 13.17711657y) n? + 7.430544877, n} ,

Yo (15) = 48907084426, +451.0029039y — (12160.990233, + 191.9086558y) n;
+ (455.49394328, + 13.88095204) n? + 7.877634036, n} . (3.2)

It is clear from these results, that the large-n. limit alone provides an excellent approximation to the
individual n;’ coefficients except for the lowest values of N. The non-large-n. ‘correction’ amounts
to 10% and 4% for the n}) and n]} terms, respectively, but 2% or less at N > 7 in both cases.

We have computed the first nine odd-N values of the ‘sea’ contribution yl(g)s(N ) to the four-loop
anomalous dimension for the overall valence distribution, and find

(3)s

s (1) = 0,

Y25(3) = 18.9700898832n, — 1.6109396433n ,

Y5(5) = 9.1402406178n, + 0.1525610933n7 ,

YE(7) = 4.0470106556, + 0.3095914493n7 ,

YER(9) = 196584569851, + 0.2887522942n ,

Y1) = 10102117327 n, + 0.2474854100n7

Y (13) = 0.5255291656n, + 0.2099342070

YER(15) = 0.2612077170n, + 0.1791623892n7 ,

YRR(17) = 0.1094470531n, + 0.1544243611 n} . (33)

We now turn to the analytic all-N expressions for the n]() and n} parts of the four-loop non-
(3)+

singlet anomalous dimensions Y;5° in the large-n, limit. The complete lower-order contributions
can be found, in a different notation but the same normalization, in eqs. (3.4)—(3.8) of ref. [14].
The anomalous dimensions can be expressed in terms of the denominators DX in eq. (2.14) and
harmonic sums [37,38] at argument N, which are recursively defined by

N
Sim(N) = Zl (£1)"'n~™
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N
Stm, my,mg(N) = Zl (£1)"n ™™ S,y (1) - (3.4)
n=

The weight w of the harmonic sums is defined by the sum of the absolute values of the indices m,.
Sums up to w = 2n — 1 occur in the n-loop anomalous dimensions. The argument N of the sums is
suppressed for brevity below, and we use the shorthandn = 1/(N(N+ 1)) = Do D;.

The identical large-n, parts of the functions 'YI(ISH(N ) and 'yr(ls)f (N) are given by
YL = Cr (n2A0hW) + nZn ) + nanA L) + iy M) . G

where the nJ% and nJ? contributions to eq. (3.5) have been given in egs. (3.1) and (3.6) of ref. [32];
the latter has first been derived in ref. [102]. Our new results are

YOH(N) =
16 (1379569/82944 —7453/24 D% — 102641/648 D] — 9883 /864 D —209/12D3
—95/12D% —5/4 D] + 534767 /5184m — 231341/25922 — 15469/1296M> — 12997 /864n*
—83/121° —25/241° —5/807 —55/4(5+408sm —258sn> — 1517/144 {3+ 839/108 {3m
+13/248m* —2/38m° — 1/28n* +42139/648 S| — 130795/648 51 D7 — 298/95,D3
—995/24 8D} —92/38,D3 — 15/28,D% 4+ 278627/1296 S 1M + 19757 /2592 511>
+3625/4851m° +1789/728m* +951m° +7/25m° +422/2785,83 — 62/35183m
—7/38183m + 108183m> — 24211 /4328, +23153/2168,D% + 143 /3 $,D3 4 168,D}
+108,D3 — 18725/1296 Sm +23689/432.5m* + 3187/144 5:m° 4+-229/12Sm* +29/45m°
—208,831 + 85,832 + 71591 /864 53 — 5099/72 83D3 — 5/38S3D7 — 283D7 44373 /108 S3m
+1051/7285m% +40/3 83> +27/45m* — 13/3 5383 4 28331 — 55291 /864 54
+155/6 84D 4+ 7S4D3 +3233 /144 8,m + 103/128,m% 4 11/28,m> + 45483 +227/4 S5
—1285D3 4 1/385m +7Ssm? — 65/3 S¢ + 10Sgn + 10S7 — 56/3 S 1D} —71/3 51 1D3
—3551,1Df =208, 1D} +23/1281 1M — 587/8S1.1m* — 115/4 S 1m* —109/35; 1m*
—1181,1m° 4408 183m — 1681 143> — 5552/81 81 2+ 184 /381 2,DT — 281 2D; + 681 2D}
—383/6S8; M —241/125, ,m* —137/6S1 .M — 17/28; ,m* +890/27 S, 3 —22/3 5, 3D7
+53/3813M —79/681 50> — 1181 30> — 48, 303 — 4745/72 81 4+ 14S) 4D —46/3S1 4m
—81.4m% +70/3S) 5 — 451 5m — 2081 6 — 5552/8185 1 + 184 /35, 1D} — 28, 1D} + 68,1 D}
—383/6851m —241/128,1m* —137/6S2.1m° — 17/282.1m* +9029/216 S35 — 1955 , D7
—6822D3 —38/382,m — 18520m — 952om° —3635/7285 3+ 12823D7 +5/35,.3m
—108230° +31/285 4+ 352,4M — 16825+ 925/18S3 | — 76/3 53 1 DT — 853 1 D3
—1675/36531M — 2183 1m* — 483 1M — 483 1(3 — 5581/72832+2283,D% —53/3S3.m
—1683,M% + 143/6 533 — 118331 — 1483 4 — 6899 /728, 1 42484 1D} —74/3S4.1M
— 1184 M +57/284 — 25842M — 26843+ 63/285 1 — 235511 — 3685, — 2886 1
—1281 11D+ 1281 1M + 2481 1M +6S1 1. +1851.1on% +6S1.1.om° — 2081151
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+881.1.5M% +20/381,1.4 — 2081 14N +8S1 15+ 1851 21M> +6812.1M° +134/3S1 22
—128122D7 +12812oM +6S120M> —22/3S123 — 65124+ 1447/18S1 31 — 1681 51D7
+104/3813.1Mm— 6517371112 —38/38132+16813:M+225133—56/3814.1+12514.1M
+5081 .42 +4681 5.1 +18821.1M* +6521.1M° +134/382.1 5 — 1282 1 2D7 + 1285 1 oM
+682.12M% —22/382.13 — 68214+ 134/38201 — 128221D% +128551Mm +6S22.1m°
—138222+6822oM+ 128223 —44/35231+385232+365241+307/6831,1 — 2053,1,1D%
+86/3831.1Mm+ 165371711]2 — 43/3S37172 + 1083 1oM+ 148313 — 43/38321+10832.1M
+248302 4228331 —37/384,1,1 +2684,1,1M + 285412 +28842,1 +44S51,1 +40S1.1.14
—16/381,13,1+1681,13,1M — 3281132 — 2451141 — 1281222 —28/3813,1,1 — 1651 3,1,1M
—20813,12—208132,1 —52814,1,1 — 12852122 — 1282212 — 12852221 — 3682311

—1283 112 — 1283121 — 1283211 — 1284111 — 32811131 +325171737171) (3.6)

and

Yl(j)l (N)=
16(—353/48 +119917/864 D3 4 15689/324 D3 +433/72D1 +19/3D3 +5/3 D%
—112979/2592m + 13405 /6487 —8045/12961° — 61/18n* — 1/2m° —5/61° — 55
—15¢sm + 108sm> —33/8 8y — 11/484m+235/16 3 +8/3 (3D +243D3 +83/8(3m
+3/283m% +2/38m> —39883/1296 S| 4 19009/324 8,D7 +77/98,D3 +79/6 S, D}
+20/351D7 — 19927/324 5 1M + 1453 /818 m> — 7/245\m> +38/951m* +3811°
+10818s +11/285184 —317/128,83 +481(3D? +8/35183m — 8/38,43m% — 48143
+85175/25928, — 1873/545,D% — 20/3 S,D3 — 48,D7 +4943 /648 Sm 495 /216 Som?
+229/365:m° 4+25/6Sm* +2/3 5,83 +25:83m — 48,{3m> — 22247 /648 S5 +241/18 53D7
+2/383D3 —113/5483m+37/1853m% +19/6S3m° — 8 /35303 +725/24 54 — 16 /3 84D}
—73/368m+5/354m* —46/3S5+8/385m +20/3Ss +8/351.1D7 +8/3S1.1D} +8S1 1D}
+4/381. M +9/481.m* — 1281 1m° — 14/3 8, 1m* — 88 1{3m + 8S1,183m* +6673/324 51 5
—28/381,D% +28/351,m—8/381m* —8/3812n° +451 283 — 605/54 51 3 +4/3S1 3D}
—14/3813m — 1/381 3% +25130° + 181/1851 4+ 10/3S1 4m — 16/3 1 5 + 6673 /324S5 4
—28/35,1D% +28/35,1m —8/352.1m* —8/382.1m> +452183 — 1021 /54825 +48,,D7
+2/3820M —252m* +181/18523 —8/352.3m +2823M% — 2524 —479/18 53
+16/383.1D7 +59/9531m — 283 1M* — 253.1m> +275/1853 2 — 10/353,m — 22/3S53 3
+343/18S841 —4/3S41M — 284 1M> — 12842 — 12851 + 451 13M —4S1,15M* —20/3S1 1 4
—20/38122+4/35123—94/951 31 —20/3513.1M+4S13,M> +20/35132+20/351 41
—20/382124+4/38213—20/38522,1+48222+8/38231—20/38311+4/3531.1M
+16/383124+16/38321+28/3S41.1+16/3S1131—8/3S13.1 1) . (3.7)

oty
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The large-N limit of eq. (3.5) is of the form (2.17) with the large-n. cusp anomalous dimension

84278 88832 20992 352
Aps = Can ( TR G+ 77 C3+ 18048, — = CC5 — 35285 — 32C% — 876 §6)
39883 26692 16252 440 256
— Cpn? — — —224
oty (B2 202 1B, M0y, Bt ma

2119 608 1280 64 32 64
) Pl f( §3) (3.8)

-I-CFncnf( S o1 G+ 77 §3——C4

Our result for the (complete) n]? part was first presented at Loops & Legs 2016, see ref. [31], the
rest in a Zurich seminar by one of us [103]. Eq. (3.8) agrees with results of refs. [46,47], where this
quantity was obtained by computing the photon-quark form factor in the large-n. limit. The lower-
order coefficients can be found in eq. (3.11) of ref. [14].

The one- to three-loop coefficients Bj » 3 in eq. (4.9) can be found, as coefficients of 8(1—x),
in egs. (4.5), (4.6) and (4.9) of ref. [14]. The four-loop coefficient in the large-n. limit reads

1379569 | 24211 c 9803 c 9382
5184 27 %162 2 9

16
+ 5 G+ 13506 — 80085 + 32838 — 560§7>

838
Ba = Cend( - G+ =5~ Lol + 10025

353 85175 137 16186 248
C.n? _ — — {5 —— 144
+ Cpng "f< 3 6 2T g Bt G §2C3 3 5 §3 Cs)

127 5036, 932, 1292, 160 32
— Cpn, - -~
Flely ( 3w 2ty Bty kg ek CS)

131 304
— Cpn f( Cz——C3 —C4) - (3.9)

The coefficients B, contain collinear contributions to the evolution kernels. With the help of the
QCD corrections to the quark form factor in dimensional regularization, one can extract from them
the universal eikonal anomalous dimension. The latter governs the subleading infrared poles in
gauge-theory amplitudes and captures contributions from large-angle soft gluons [100, 104, 105].

As mentioned above, the coefficients C,, and 5,, in eq. (4.9) do not provide new information,
but are functions of lower-order quantities. They are given by

Clas) = <A<a5))2 , D(as) = Aas) - (B(as) — B(as) /as) , (3.10)

cf. ref. [65], which leads to the four-loop relations

3
Cy = Aj +2A1A3 , D4y =Y Ap-(Bai—B3x) . (3.11)
k=1

Using the results (3.8) and (3.9), it is actually now possible to predict Cs and Ds for large n..
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N N

Figure 2: The n)? part (3.6) of the anomalous dimensions Yr(,g)i(N ) in the large-n, limit, compared with its

large-N expansion with all terms included in eq. (2.17) and, in the right panel, its asymptotic behaviour for
N — oo, The exact curve has been computed by via the x-space counterpart of eq. (3.6), see section 4.

The new functions (3.6) and (3.7) are shown in figs. 2 and 3, respectively, together with their
large-N approximation (2.17) with the coefficients given above. In the right panels, the results are
divided by In N, so for N — oo the curves tend to constants given by the respective terms in the
four-loop cusp anomalous dimension (3.8).

The approach to this asymptotic behaviour is very slow: the n}) contribution in fig. 2 is 0.856
of its asymptotic result at N = 30, yet it deviates by less than 10% only from an N-value above
N = 500. The corresponding numbers for the n]} part in fig. 3 are 0.873 at N =30 and N =~ 185
for a deviation by less than 10%. It might be interesting to note, on the other hand, that the
corresponding n;’ coefficient of A,;, here and in all lower—order cases (in full QCD), falls in the

interval spanned by the corresponding results for yns ( )/1n2 and yns ( )/ In4.

(3)-

The results (3.1) for yns (closed circles) and (3.2) for yps°  (open circles) are shown for the
physically relevant values of 7, in fig. 4, together with the all-N results in the large-n limit. As at
the previous orders in O, there are cancellations between the nf—independent and the nf—dependent
contributions, which are particularly pronounced here at ne = 5. For this number of light flavours,
which is relevant for high-energy processes at the LHC, the large-n, result do not describe the
(small) fourth-order QCD contributions to the non-singlet evolution equations at the phenomeno-
logically most relevant moments N and momentum fractions x. We therefore need to convert the
calculated moments to practically usable constraints on the four-loop splitting functions PIS ) (x).
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Figure 3: As fig. 2, but for the n contribution (3.7). The value of Yr(lg (N)/InN in the limit N — oo
is given by the corresponding coefﬁ01ent of Az 4 in the second line of eq. (3.8).

(N)

0.8 - ()5
B y ns

°LE YR (N)

000

0.6

04

02 -
— largen,

points: + ateven/oddN | .03

expansoninadg

0 5 10 15 20 25 5 10 15 20 25
N N

o

Figure 4: Our even-N results for 'YI(,ZH(N ) and odd-N values for 'yr(,’s’)_(N ) atn; =3,...6, compared with
their common large-n, limit now known at all N. The results have been converted to an expansion in .
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4 Results in x-space

The four-loop non-singlet splitting functions Pn(s ) (x) are derived from the all-N results for the
corresponding anomalous dimensions by an inverse Mellin transformation that expresses these
functions in terms of harmonic polylogarithms (HPLs). This transformation can be performed by
an algebraic procedure [87, 88] based on the fact that harmonic sums occur as coefficients of the
Taylor expansion of HPLs.

For the convenience of the reader, we recall their basic definitions [87]. The lowest-weight
(w = 1) functions H,,(x) are given by

Hp(x) = Inx, Hii(x) = FIn(1Fx) . 4.1)

The higher-weight (w > 2) functions are recursively defined as

1
— In"x, if m,....m, =0,...,0
w!
Hml ----- mw('x> = X (42)
0 Az fim, (2) Hny,...m, (2) otherwise
with
folx) =x7', fu) = (QFx)7t. (4.3)

For chains of indices ‘zero’ we employ the abbreviated notation

Hy,....0+1,0,...,0,41,..(X) = Hi(mi1),£(nt1),...(%) - 4.4)
——— ———

m n

The argument x will be suppressed in all results below, and we express the terms with (1 :I:x)_1 in

terms of the x-dependence of the leading-order splitting function Pq(((l) ) ,

Pgg(x) = 2(1—x)"'—1—x. (4.5)

In this notation, the common large-n. limit of the functions Pn(: ) (x) and Pn(s3 ) (x) is given by

POV = Cp (ndRO)0) + n2ng RO () + nen? RO ) + i () (4.6)

with the new results

3
PO ) =
42139 7666 10334 44416
Paal) ( Z — 160G — 20485 + =2 a2

21 G2 — 728583
71591 212 6899 44416
+W Ho 0+ 504Hy 084 + 3 Ho0l3 — 9 Ho 00>+ Y H; o+ 680H o {4
5788 128 5788
+128H; (3 — 5 Hj oo +512H; 1 8s + THI’ICS +192H; 2 {3+ 5 Hi3

G+ 1643 —
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448 9029 352
—160H; 3 G+ =3 Hj4+368H; 5+ 7 Hy o+ 32H270C3 3 H270§2 + 192H271C3

1072 352 5581 1228
+T Hj 2 —96H, 28, + 3 H 3 +288Hs 4 + 5 H3 o — 176H300 + = Hj

344 296
—96H371 Cz + T H372 + 176H373 + 228H470 + T H471 + 224H472 + 288H570 + 352H571

55291 7120 448
+og Ho.0.0 —=32Ho,0083 —252Ho,00 82 + —==Hi 00 — 16H1,0083 — —=Hi 00
128 128 1072
+64H) 1 083 + 5 Hi 1,08 +256H; 1,183 — — Huis+ 192H; 1 4+ — Hizo

304 224 3635
+T Hiz0— =3 Hi 31+ 160H; 32 +400H; 40 +416H] 41 + 5 H200
1072
—288H,0,080 + — Harot 104H5 2,0+ 96H> 5 2 +304H 30 +288H2 3 1

572 344
+——H300+—H3,1,0+96H3 12+ 192H3 50 +96H3 > 1 +208H4 00+ 224H4 1 o

3 3
4745
+96Hy 11 +454H0 0,00 — 224H0,0,0,082 + — Hio00 - 368H1,0,0,052 — 192H1 10,082

176
+256H1,1,1,00> —256H1 1,13 +256H1 13,0+ 256H1 13,1+ =3 Hi20,0+96H; 220

176
+176H1 30,0+ 160H 3,10+ 124H>2 00,0 + =3 Ho. 10,0 +96H2,120+96H22 00

520 560
+96H3 5 10+ 112H3 00,0+ 112H3 1,00 +96H3 11,0 + ——Ho,0,0,0,0 + —5— H1,0,0,0,0

IR 3 3
160
3 Hi.1,0,00 —48H1.2,0,0,0+ 128H3 0,0.0,0 —48H2,1,0,0,0 + 80H0,0,0,0,0,0

+1§_3 Hols — @ HoCz +96HoC2 3 — 80H, G5 — §H1€4 + % H; 3+ 96H, (s

+$ H +552Ho04 + ?Hz% - 103£H2C2 + @ H; +80H5Cs - ? Hs%

+689£ Hy — 224H48, +252H5 + 224He) +X(—$ Cs — ? Cals + ? G- ? 5
685235 G — 563722445 Ho,o — % Ho, 083 + 8—;5 Ho,08o — 103—15 Hao— 9;;4 Hz 082

+254H, | — % Hpo + 9# Hy3— % Hso+ 43_0 H,1 —96H32 - @ Hlao — 2108,
3330691 Ho 0,0 +428Ho 0,082 — 1223 Hz 0,0 — 1o Hy,1,0 =56H22,0 — 148H3,0,0

3 3
152 952 237016
—96H3,1,0 — 550H0,0,0,0 + =3 H2.000— = H> 10,0 —280H0,0,0,0,0 —

81

569 937 68435 116 937
—422HoCs + 3 Hols + 3 Holo — 51 H, +208H,(3 + 3 Hy(o — 3 Hj3

875
+96H3L2 — 2> Hy 428H5> +(14x) (360§6 + 642 — 268Ho 004 — 80H2 003

0
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—160H271C3 — 112H274 + 112H370C2 - 112H373 - 88H472 - 172H570 - 176H571
+24H0,0,083 + 112H2,0,082 +96H2, 1,082 — 96H2 1 3 —48H2 30 — 32Ha 31 —48H320
—100H4,0,0 — 88H4,1,0 + 168H0 0,0,082 + 64H2 2. 0.0 — 24H3 0,00 + 64H3.1.0.0

—16H2,0,0,0,0 +64H2.1,0.0,0 + 128H2 11,00 — 70H0,0.0,0,0,0 +40Ho s — 48H {23

1325809 43301
—216H2c4—112H3C3+88H4€z—168H6)+(1—x)( 34 27

560 3224 448 560
—256H; 083 + S Hj ol + —Hii— 448H; 103+ ——Hi2 — — His— 192H; 4

3
3920 448 400
+——Hj 00+ 192H; 0082+ — Hito+ 704H; 1,082 —704H; 13+ ——Hi 2

1,0

9 3
256
+128H; 30+ 128H 3,1 + 3 Hy,0,0,0 +352H; 1,0,0 +288H 2,0,0 + 32H1,0,0,0,0
41504 752 448
—160H; 1,0,0,0 +576H1 1.1,0,0 + 5 H; —320H;{4 — 5 H;{3 - 5 H1C2>
424 1364 11641 208 451015 100
s 2 113G — 2 P Hyo— —H
3 s+ 3 C4 & g G+ 3 GG+ 301 Hoo— — 0,083
7715 784 1658 784 758
—87Hy 082 + 5 Hp o+ = Hy 00 + N Hy 1 +228H;, — = Hy 5+ = Hs
1096 140 10465 809
+T H3 1 +64H3, + = Hy 0 +200H4 | + 36 Ho,0,0 + 60H0,0,082 + = Hz.0,0
490 8 776
+228H5 1,0 +40H3 5 0 +28H3 0,0 +64H3 1 0 — = Ho,0,0,0 + 3 H» 0,0,0 + = H> 1,00
217325 41 8521 11641
—120H0,0,0,0,0 + o0 Ho +258H0C4 + ?H0C3 ——5 Holo + — H, — 176H,(3
8521 1379569 24211
—208H, Ly + 222" Hy — 64H 7H, — 60Hs — 8(1— ( -
8H () + 9 3 —64H3, + 87H4 — 60Hs — &(1—x) 5184 77 3
9803 9382 838 16
T G+ 5 Ca— 5 $o03 — 100285 — Y €3 — 13586+ 808005 — 328384 +560C7> ,
4.7)
() =
39883 680 8126 13346 22247
qu(x)<—ﬁ+128C5— 5 G4 — > G+ o1 C2+32§2C3—TH070
128 1372 13346 752 128
- Hools3 + 5 Ho0l2 — g7 Hio— 64H 0(3 + 5 Hj ol — 5 Hi 183
752 160 4084 64 160 64 1100
P - S H - S Hy g Ho ol — ——Hap — —Hy3— ——H
o Hi3— = Hig———H + 3 2082 3 Ho2— 5 Ha3———Hsp
160 128 224 725 2420
2 Hy, — —"H3r—96Hso— " Hy, - —H 96H i <
53 H31— —Hsp 40—~ Ha1———Hoop +96H0,0,082 7 Hi00
160 128 128 160 160 64
2 Hiool— —H U Hi 13— —His0— —Hiz0- —H
+3 10082 3 11,06+ 5 Huis— 5 Higo———Hizo—+Hisi
724 160 176 128 368
5 Hz 00— = Ho 1,0 —32H220— =3 H3z 00— = H3 10— = Ho,0,0,0
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724 32 32 160 128
5 Hi 0,00 — 3 Hj 20,0 —16H2 00,0 — 3 H2100— = Ho,0,0,0,0 — = Hi,0,0,0,0
160 85175 376 1916 208 208
~“ZH - Ho — 2~ Holy — 44Hol3 + —— Holo — — H&— —"H
+—-Hi1000— —5,-Ho— = 0C4 ol3+ 5 02 3 @ 5 183
13346 224 160 1916 128 1372
——H,——H —H ——H —H ——Hy— 6H>
el 27 2G3+ 3 280 5 3+ 3 38 o Ha 96Hj5
496 454 9752 44128 28 170 320
- - Hoo+ —H L Hao+ " H
+x< 3 Ca+ 3 G3 5 G+ g1 Hoot = 0,062+ 3 Hot 3 2,082
32 320 224 32 2339 428
—92H; 1 + 3 Hy» — = Hy 3+ =3 H3 0+ £y H3 1+ o Ho,0,0 + = Hz00
32 376 304 115273 236 74 9752
“H °°H 7H Ho— 22" Hols — — Holo + ——~H
+ 3 12,10 + 3 10,000 + 3 12,100 + 08 07 3 0G3 3 0lo+ 57 2
32 74 28 88 16 64
3 Hy G + 7 Ha— ?Hét) + (1+x) (—124§6 3 Cs— 3203 — 3 GG+ 3 Ho,0G3

88
+32H5,083 + 64H,,1 {3 + 32Hs 4 — 32H3 00y + 32H3 3 + = Hao— 48Hp,0,082

32
—32H5,0,082 — 64H2,1,082 +64H2 1 3 +8H3 0,0 — 3 H> 00,0 —32H2 2,00 —32H31,0,0

136319
+40H0.0,00 — 64Hz,1,1,00 -+ 16HoCa + 64HaGa + 32H3Cs + 48Hs ) + (1-x) (——
12148 320 872 64 320
————H0+96H, 0{3 — —=H; 00 ———H; 1 +192H, ;{3 — —H;2+—H; 3
27 3 3 3 3
1036 64 64
+96H; 4 — 5 Hj 0,0 —96H; 000, — Y Hj 10— 192H; 108, +192H; 13— Y Hizo
16 11416
—= Hi000~128H1,100=96H1 200 = 192Hy 1,100 = ———Hi + 192H; Gy
320 64 224 1616 38036
+t5 H G5+ 3 Hi& + 96H2§3) — 5 G4 — 3853+ 5 G — 1 Hoot 20H¢,0&2
1954 256 404 256 128 160
P 0~ P Hy ol — - Hay —32Has+ —°Has— ——Hzg— —H
g Ho—— 2,082 3 Hal 22+ = Ha3— —-Hso———Hy,
473 116 152 272 340325
A Ho00 — —2 Ha 00— 32Ha 10+~ Ho.00.0 — - Ha.10.0 —
o Hooo——~Hzop0 2,10+ —=~Hoo00 — =~ H21,00 — 77— Ho
44 2090 1616 2090 353
-3 Hols + 5 Hol, — = Hy +32H,(, — TH3 —20H4 +6(1—x) <T
85175 137 16186 584 248 16 .,
_ _ _ 20 144 ) . 48
e &) 5 G+ > Ca 5 S8 3 Cs 3 C3 Co (4.8)

The n]% and n; contributions to eq. (4.6) are given by eqs. (4.6) and (4.12) of ref. [32].

Disregarding terms that vanish for x — 1, the large-x behaviour of Pn(: )L(x) can be written as

n—1 AL7n
PIES,L )(.X) = (1—.X)+

+ Br,8(1—x) + CrpIn(1 —x) — Ap 4+ Dr, (4.9)

in terms of the coefficients specified in eqs. (3.8), (3.9) and (3.11) above. The numerical values of

the coefficients of the small-x logarithms, In*x with k = 1,...,6, can be read off from eq. (4.11)

below. All six logarithms and the constant contribution for x — 0 are required for a good approxi-

mation to the splitting functions at small x-values relevant for collider physics.
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In view of the length and complexity of the exact expressions (4.7) and (4.8) it is useful to have
at one’s disposal also compact approximate representations involving, besides powers of x, only
simple functions like the plus-distribution and the end-point logarithms

Do =1/(1-x)y, x3=1-x, Ly =In(1-x), Lp=Inx. (4.10)

Such approximations can be readily used in N-space evolution programmes, see, e.g., ref. [106].
The results (4.7) and (4.8) can be parametrized with a high accuracy (of 0.1% or better) as

3 3
Cpn P () + Cpnln, PU) (x) =
21209.02D¢ + (25796.09 — 1.0)3(x1) + 19069.80L; — 29733.85
+ 25000 (x1(3.5242 4 8.3679x — 1.2395x* 4+ 1.7423x>) + 11.916 xLy

—0.2237xL§ — 0.0129xL3 + 11.937 x1L; + 13.955 LyL;)
+51671.33 Lo+ 17120.95 L3 +2863.226 L3 +297.8255 L§ + 16 L3 4+ 1 /2 LS

+ny (—5179.372 Dy — (5818.637 +0.35)8(x;) — 3079.761 L; + 8115.605

12500 (x1(—7.4077 +4.5141 x — 1.0069x> + 0.7641 ) + 8.4211x, L,
+7.5633 LoLy 4 7.5236 xLo + 0.2208 xL3 + 0.05712xL3)

—9239.374 Ly — 2917.312L3 — 430.5308 L3 — 36L¢ — 4/3L3) . (4.11)

Here the exact large-x and small-x coefficients have been rounded to seven significant figures.
The brackets multiplied by 25000 and 2500 have been obtained by fits to the exact expressions
at 1070 <x < 1—10"°. The small shifts of the O(1 — x) fine-tune the accuracy of the resulting
low moments and of the convolutions with the quark distributions. The required evaluation of the
HPLs has been performed using a weight-6 extension of ref. [107] and the program of ref. [108],
which return identical results at the accuracy considered here.

For the corresponding non-leading contributions in the large-n. limit, denoted by the subscript
N in egs. (3.1) and (3.2) above, we are for now limited to approximations analogous to (but more
accurate than) those once constructed at three loops [48-50]. For the n}) and n} parts of Pn(s H(x)
we employ an ansatz consisting of

the two large-x parameters A4 and By, cf. egs. (2.17) and (4.9),

two of three suppressed large-x logarithms (1—x) In*(1—x), k = 1,2,3,

one of ten two-parameter polynomials in x that vanish for x — 1,

two of the three unknown small-x logarithms Inx, k = 1,2,3.

The parameters of the 90 resulting trial functions are determined from the eight available moments,
and then two representatives as chosen that indicate the remaining uncertainty. The result of this
process is illustrated in figs. 5 and 6.
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Figure 5: About 90 trial functions for the ng-independent contribution to the non-leading (V) large-n. part

of splitting function Pn(s H(x), multiplied by x%#(1—x) for display purposes. The two functions chosen to

represent the remaining uncertainty are denoted by A and B and shown by solid (blue) lines.

500 T T TTTTIT T T TTTTIT T T TTTTIT T T TTTTIT 1.03 .(::':'

PO Iref.
ref. = (A+B)/2

400 XO'4(1'X) P|\(1?i+(x) Lo i}

300 | 1.01
200

100 f 0.99

o
LI I I LK I B

0.98
—_ A, B ]
_100 Ll Lol Lol 11 ||||||_ 097 "
107 1073 1072 107 ) 04 e " 1
X X

Figure 6: As fig. 5, but for the n} contribution. The ratio in the right panel is shown for a smaller x-range
than in fig. 5 due to a sign change of the function at x ~ 0.3. The large relative width of the uncertainty
band close to x = 1 is due to another change of sign at (1 —x) ~ 0.005.

21



Supplementing the approximations A and B in figs. 5 and 6 by accurate parametrizations of
the complete nJ% results of ref. [32] and the exact (but numerically truncated) nf expressions in a
non-HPL notation, we obtain

3 3 3 3
Pan (¥) = Cpnd PG (x) + Cpnlng P (x) + P (x)

—507.152 (Do — 1) —2405.038(xy) — 1777.27 L3x; —204.183 L3x;
+3948.16.x] — 2464.61(2x —x*) x; — 1839.44 L% — 402.156 L}

—55.87553 L —2.831276 L) — 0.1488340L — 2601.749 — 2118.867 L
+ny (7.33927 (Do —1)+267.9658(x;) — 143.813 L1x; — 18.8803 Lix|
—(1116.34 — 1071.24x) xx; — 59.3041 L — 8.4620 L
+4.658436 L 4 0.2798354 L3 +312.1643 + 337.9310L1> (4.12)

and
3)+ 3 3 3)+
POy (x) = Cend PLY(x) + Coning PUL () + PL) ()
—505.209 (Do — 1) —2394.47 8(x1) — 173.936 L3x; +223.078 L3x,
+ (8698.39 — 10490.47x) xx1 + 1389.73 Ly + 189.576L3

—55.87553 L3 —2.831276 L) — 0.1488340 L — 2601.749 — 2118.867 L,
+ny (7.53662 (Do — 1) +269.028 8(x1) — 745.573 Lix| +8.61438 Lix|
—(690.151 4+ 656.386x%) x| + 133.702 L3 + 34.0569 L]
+4.658437 L 4 0.2798354 L3 + 312.1643 + 337.9310L1> (4.13)
with

P () =

nf (195.5772 Do +26.68861 L1 —376.0092 4 (193.8554 4-0.0037)3(x)
+250 (x1(3.0008 +0.8619x — 0.12411x> 4-0.31595 %) — 0.37529xLg
—0.21684xL§ — 0.02295xL + (0.03394x; +0.40431Lg) L1 )
+393.0056 Lo + 112.5705 L + 16.52675 Lj +0.7901235 Lg)

+ n; (3.272344 Do+ 3.0149828(x1) —2.426296 — 0.8460488 x
+ (0.5267490x1’1 —3.687243+3.160494 x) Lo — (0.1316872 (10x{l +1)
—1.448560x) L — (0.2633745x; ' —0.1316870 (1 +x))L3> . (4.14)
The case of Pn(s3 )= (x) can be treated in the same manner, but taking into account that only its leading

small-x logarithm is known up to now [92]. After careful consideration, the two approximations
indicating the uncertainty band in this case are chosen as
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PO () = Cond PLY(x) + CpnZng P () + P (1)

—511.228 (Do — 1) —2426.058(x1) +31897.82 Lyx; +4653.76 Lix
4 (5992.88 (1 4 2x) +31321.44x%)x; — 1618.07Lo +2.25480 L}
+0.4964335(L§+ 6 L) — 2601.749 —2118.867L,

+ny (7.08645 (Do — 1) +266.6698(x1 ) + 1856.63 Lix; +440.17 L2x|
+ (114.457 (1 42x) +2570.73x%) x; — 127.012 L5 4 2.69618 L}
+312.1643 +337.9310L1) (4.15)

and
P(S)i

ns,B

3 3 3)—
(x) = Cpnd BEY(x) + Cpnlny Y (x) + PL(,; (x)
—502.481 (Do — 1) —2380.2558(x;) — 3997.39 Lix; +511.567 L3x

+ (4043.59 — 15386.6.x) xx| + 1532.96 L3 +31.6023 L
+0.4964335 (LS + 18L3) —2601.749 —2118.867L,

+ny (7.82077(@0 — 1) +270.468 8(x;) — 1360.04 Lix; +38.7337 Lix;
—(335.995 (2 +x) + 1605.91 x%) x; —9.76627 L3 +0.14218 L},
+312.1643 +337.9310L1> (4.16)
with
P (x) =
nf (195.5772 Do +26.68861 L1 —376.0092 + (193.8554 +0.0037)8(x;)
4250 (x1(3.2206 + 1.7507 x +0.13281 x> + 0.45969 x°) + 1.5641 xL
—0.37902xL — 0.03248 xL3 + (2.7511x1 +3.2709 Lo) L1 )
+437.8810 Lo + 128.2948 L3 + 19.59945 L3 +0.9876543 L3>

+nf (3.272344 Do+ 3.0149828(x;) — 2.426296 — 0.8460488 x
+(0.5267490x, ' —3.687243 +3.160494x) Lo — (0.1316872 (10x; ' +1)
—1.448560x) L§ — (0.2633745x; ' —0.1316870 (1 +x))L3> . (4.17)

The n; contribution to this last equation is the same as in eq. (4.14).

Before we illustrate these results, it is useful to briefly recall the behaviour of the corresponding
third-order splitting functions. This is done in fig. 7 for ne =4 flavours. The corresponding size
and uncertainty bands of Pn(s3 H(x) and Pn(s3 )7(x) are shown in fig. 8 together with their large-n,
limit. The qualitative pattern and the rough size of the corrections as coefficients of o and o,

respectively, are comparable in the region of x for which definite conclusions can be drawn.
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Figure 7: The three-loop splitting functions Pn(g2 >i(x) and their large-n. limit for QCD with four flavours.
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Figure 8: The four-flavour uncertainty bands for the four-loop splitting functions Pn(s )a(x) generated by
eqs. (4.12) and (4.13) for @ = + and by egs. (4.15) and (4.16) for a = —, compared to their exact large-n,

limit. As in fig. 7, the curves are scaled to an expansion in 0, and only the x < 1 contributions are shown.
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The four-loop ‘sea’ contribution Pn(s )S(x) to the evolution of the total valence distribution is

suppressed by two powers of (1—x) for x — 1, but its n} part is completely unknown in the small-x
limit. In this case, we use the nine odd moments (3.3) with a suitably modified ansatz, in which the
coefficient of In®x is varied ‘by hand’ over a sufficiently wide range, and the coefficients of In¥x,

k=1,...,5, are all determined from the moments. In this manner we obtain
3 3 3
F n(sji/B (x) = neP 1(, KS/B (x) +n2 Py (x) (4.18)
with

PPP(x) = 60.40xiL} +4.685x L] +x1 x(4989.2 — 1607.73x)
+3687.6L0+3296.6 L3+ 1271.11 L3 +533.44 L3 + 972713+ 4LS ,  (4.19)

PP(x) = —254.63x1L; —0.28953x1L] +1030.79x1x + 1266.77x1 (2 — %)
+2987.83 Ly +273.05L —923.48 L3 —236.76 L§ — 33.886 L) —4L5  (4.20)

PP(x) = 19.70002xL; —3.435474 L3 +250 (x1 (—4.7656 + 1.6908 x +0.1703x2)
—0.41652xLg +0.90777 xL§ +0.12478 xL3 +0.17155x1 Ly +0.17191 LyL;)
— 647.3971 Ly — 66.41219 L3 — 5.353347 L3 — 5.925926 L — 0.3950617 L . (4.21)

The last equation is a high-accuracy parametrization, constructed in the same manner as eq. (4.11)
above, of the exact result given in eq. (4.11) of ref. [32].

The trial functions considered for all three cases lead to very similar predictions for the re-
spective next moments, i.e., N = 18 for Pn(s3 H(x), and N =17/ 19 for Pn(s )=/ *(x). The residual
uncertainty at these N-values is a consequence of the width of the bands at large x, which in turn
(recall figs. 5 and 6) is correlated with the uncertainties at smaller x. If the spread of the result
A and B would underestimate the true remaining uncertainties, then a comparison with additional

analytic results at these next values of N should reveal a discrepancy.

In order to check this, we have extended the diagram computations of the n} parts of Pn(s3 )= (x)

and Pn(s3 A (x) to N =17 and N = 18, respectively. The comparison of these results with the Mellin-

transformed n} contributions to eqs. (4.12), (4.13), (4.15) and (4.16) yields

3)—

POT(IN=17) 19471263725 < 194.7126913 exee < 194.7127561,
PIT(N=18) : 195.88887925 < 195.8888857cxact < 195.88880684 .  (4.22)

Similar successful checks of our approximation procedure have been carried out for the n}) parts

of Pn(s )i(x) and the n} part of Pn(s ) *(x) by deriving less accurate approximations using one fewer

moment and comparing the results to the now unused highest calculated moments. As far as we
can see from this and other checks, our approximation procedure, which is of course not mathe-
matically rigorous, does not underestimate the remaining uncertainties.
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5 Numerical implications

We are now ready to address two important applications of our new fourth-order results. First,
as already mentioned above, the large-x /large-N limits of the splitting functions include coef-
ficients that are relevant beyond the evolution of parton distributions: the (light-like) four-loop
cusp anomalous dimension A4 and the 8(1—x) coefficient B4 for quark fields. We are now able
to provide approximate if rather accurate numerical results for these coefficients. The obvious
second application is a (further) improvement of the perturbative stability of the evolution of the
non-singlet quark distributions over a wide range in x.

The analytic large-n. expression for A4 has been presented in eq. (3.8) above. Together with

the approximate results in eqgs. (4.12) and (4.13) and the known njg and n; contributions, this yields

Ay = 20702(2) — 5171.9(2) ny + 195.5772n7 + 3.272344n} (5.1)

in QCD with ng quark flavours. The numbers in brackets represent the uncertainty of the preceed-
ing digit, for which we have increased the spread due to eqgs. (4.12) and (4.13) by a factor of 2.
eq. (5.1) leads to

Ay = 7035(2), 3353(2), 141(2) for n, = 3,4,5. (5.2)

For comparison: the corresponding [1/1] Padé approximants used so far are 7849, 4313 and 1553
[98]. The agreement of the actual results with these approximants would be (much) better without
the contributions of the quartic group invariant (see below). A similar situation has been observed
for the four-loop beta function in ref. [109]. The expansion of the cusp anomalous dimension, now
to the fourth order in @, is given by the very benign series

Ag(o, n=3) = 0.42441 04 (1 + 0.72657 05 + 0.73405 0 + 0.6647(2) & + ...) ,
Ag(ag, np=4) = 0.42441 0, (1 + 0.638150, + 0.50998 2 + 0.3168(2) &t +...)
Ag(otg, np=5) = 0.42441 0, (1 + 0.54973 0, + 02840307 + 0.0133(2) &) +...) . (5.3)

The corresponding results for the four-loop coefficient B4 in eqs. (2.17) and (4.9) read
By = 23393(10) — 5551(1)n; + 193.8554n7 + 3.014982n} (5.4)
and

By(otg, np=3) = 0318310 (1 +0.997120 + 1.2411607 + 1.0791(13) 0] +...) |
By(as, np=4) = 0.31831 0 (1 + 0.871920t + 0.97833 07 + 0.5649(13) 0t + ...)
By(as,ny=5) = 0.31831 0 (1 + 0.74672 05 + 0.71907 a2 + 0.1085(13) ot + ...) . (5.5)

The dominant errors in eq. (5.1) and (5.4) are those of the nf—independent part; its relative uncer-

tainty is 10 ~* for A4 and about four times larger for B4. Due to constraints by large-N moments,

the errors of A4 and By are fully correlated. The relative uncertainties are larger for the physi-

cally relevant values of ng, yet the accuracy in eqs. (5.3) and 5.5) should be amply sufficient for
phenomenological applications.
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colour factor Ay B4

Cp 0 197. + 3.
cic, 0 —687. & 10.
CiC3 0 1219. + 12.
CrCi 6103+£0.3 2956424
dfbedgibed INg - —507.54+6.0  —996. & 45.
e —31.00+0.4 81.4+2.2
n;CiCy 38.75+£0.2 —455.741.1
nyCpCy —440.654+02 2744+ 1.1
nedfdf [Ny —123.90+£02  —143.5+1.2

e —21.31439 —5.775288
nfCpCy 58.36737 51.03056

e 2.454258 2.261237

Table 2: Numerical results for the large-x coefficients A4 and By for the seven colour factors contributing
to the n](? and n} parts. For completeness also the exactly known nj2 and n)? coefficients are included.

It may be interesting, for theoretical purposes, to consider the contributions of the individual
colour factors to A4 and B4. By repeating the approximation procedure of the previous sections
separately for each colour factor, we arrive at the corresponding results collected in table 2. Our
results show that both quartic group invariants definitely contribute to the four-loop cusp anoma-
lous dimension — an issue that has attracted some interest, see, e.g., refs. [110-114] — which
means that the so-called Casimir scaling between the quark and gluon cusp anomalous dimen-
sions, A; = C /C W Ag , does not hold beyond three loops. A lower value, -113.66 after conversion
to our notation, results from assumptions made in ref. [115] for the coefficient of ng d gbc‘ld ;’b“l /Ng.

We now turn to the effect of the four-loop splitting functions (4.6) — (4.21) on the evolution
— specifically the logarithmic derivatives ¢, = d1ng./d1n ,uJ% where My is the factorization scale —

of the non-singlet combinations q;_LS’V(x, ,u]?) of the quark and anti-quark distributions. In all three
cases we employ the same schematic, but characteristic model distribution

xq;—;’v(x,yg) = x0'5(1 —x)3 ) (5.6)

This facilitates a direct comparison of effects of the various contributions of the splitting functions.
For the same reason the reference scale is specified by the order-independent value

Os(ug) = 0.2 (5.7)

for the strong coupling constant. This value corresponds to ,ug ~ 25...50 GeV? for o (M%) =
0.114...0.120 beyond the leading order. In this region of the physical scale Q> deep-inelastic
scattering has been measured both at fixed-target experiments and, for much smaller x, at the ep
collider HERA. Our default for the number of effectively massless flavours is ne = 4.

27



The reliability of perturbative calculations can be assessed by the relative size of the higher-
order correction at a ‘nominal’ value of the renormalization scale y,, here u, = uy, and by investi-
gating the stability of the results under variations of u,. For u, # uy the inverse Mellin transform,
see eq. (2.8), of the perturbative expansion (2.9) in terms of a; = 0i5/(47) has to be replaced by

Palu) = al) P + a2 (P~ BoLPY)

+ () (PO —2Bo LA — (B — B3I} AY)

+abu) (B 3oL P — {2pi L 3B

. M
—{BZL—%B1B0L2+B8L3}PH(SO)) with L:lny—f;. (5.8)

For the MS expansion coefficients B of the beta function of QCD to N3LO see refs. [109,116] and
references therein.

In fig. 9 the consequences of varying u, over the range %yﬁ <u? <8 ,ujg are displayed for
g,5 at six representative values of x ranging from x = 0.8 to x = 10~*. A clear improvement of
the scale stability to N>LO is found over this whole range. Due to the small size of the four-loop
contributions and the ‘x-averaging’ effect of the Mellin convolution given by

X

P @anl) = [P 0o (%) (59)
x Y Yy
and its generalization for the plus-distribution contributions, the approximate results of section 4
are applicable to lower values of x than one might expect from fig. 8.
The relative scale uncertainties of the u,-average results, conventionally estimated by
max [ (6 47 = g7 - 4uf)] —min[gh (v u7 = guf . 4up)]
2 |average [ ghs(x,u? = su? ... 4u?)]|

Agis (5.10)
is shown in the left panels of figs. 10, 11 and 12 for all three cases i = 4, — and v. In the corre-
sponding right panels, the relative size of the N>LO corrections at the scale u, = My are compared
to the relative N’LO effects. Both the relative scale uncertainties and the relative corrections have
a singularity at about x ~ 0.07 due to a sign change of the scaling violations dg.(x) /d In ,ujg.

Outside the region around x = 0.07 where the ,uf—derivatives are small, the remaining uncer-
tainty of ¢ is well below 1% down to x ~ 102 and possibly, below. The size and y,-variation
of the NLO and NNLO contributions are somewhat larger for ¢, at small x, yet neither the N3LO
correction nor its scale variation exceeds 1% in the region shown in the plot.

The case of g, shown in fig. 12 is noticeably different beyond NLO due to the appearance
of the d**°d . ng contribution Py, which is negligible and at large x but large at small x [14]: the
difference of the NNLO curves of fig. 11 and 12 — note the different scales for the ordinate —
is caused completely by this contribution due to our choice (5.6) of the input quark distribution.
Also in this case our new N°LO results leads to a considerable improvement and a remaining
small-x uncertainty of no more than about 2% at x > 10~%.
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6 The time-like case

The differences between the initial-state (‘space-like’, 6 = —1) and the final-state (‘time-like’,
o = 1) splitting functions respectively governing the evolution of the parton distributions and frag-
mentation functions can be expressed in terms of lower-order quantities. At N°LO they read

5Py = PO ()PP (x) =

ns,c=1 ns,6=—1

2{[nx-P @ P + [inx- PO J@ P+ [Inx- Py 0 P |

n

2P0 @ [nx- PP — 4[R2 @ [Inx- P | @ [In?x- P
2.0 0
-3 PO @ (Indx- YT, 6.1)
where we have used the short-hand notations A®2 = A ® A etc for the Mellin convolutions, and P (m)i
stands for the average of the corresponding ¢ = 1 and 6 = —1 expansion coefficients, normalized
as in eq. (2.9). Eq. (6.1) has been derived in ref. [56] by generalizing results in ref. [65]; it is also
a direct consequence of eq. (2.15) [67].

The resulting rather lengthy explicit expressions can be found in appendix C. Here we present
parametrizations in terms of powers of x and the logarithms in eq. (4.10). As above, their small-x
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and large-x coefficients are exact up to their rounding to seven digits. The accuracy of the njf
coefficients is better than 0.1% except close to zeros. The three parametrizations are given by

8P T (x) =
—33901.87 L; — 32392.47 425000 ( x1 (1.2960 4 1.7438 x — 1.0943 x> — 0.44064 x°)
+xLo (0.6440 +0.8939 Lo +0.21405 L3) 4 Ly (2.0343 x1 4 0.35738 Lo)) — 10399.74 L

—25718.24 L — 5965.487 L — 206.7846 L +4.213992 L — 0.7023320 L

+ny (5483.66OL1 +4975.255 +250 (x1(—19.877 — 8.0977 x + 12.335x% + 8.1174 x°)
+xLo (13.617 — 7.8856 Ly — 2.2491 L) + Ly (—20.171x; +6.571 Ly)) + 657.5425 Ly
+3102.901 L2 +735.0891 L} +45.82716Lg)

+nf (—53.37723 Li —80.32433 4+ 50 (x1(1.6030 4+ 15.938x — 5.3145 x> 4+ 1.8682x°)
+xLo (13.301 +2.1060 Lo +0.4375 L) + L; (13.060x; + 11.023 Lg)) — 9.550559 Lg
—56.98805L3 — 21.59671 L3 — 1.580247 Lﬁ) : (6.2)

8P~ (x) =
—33901.87 Ly —32392.47 425000 (x; (1.2892 4 1.4892x — 1.4262x> +0.29374 %)
+xLo (1.1307 +0.17484 Lo+ 0.14894 LG) + Ly (5.0547 x; +3.4824 Ly)) — 7307.364 Ly
—24617.82L% —7051.323 L3 — 665.0339 L — 13.82716 Ly + 1.035940 L§

+ny (5483.660L1 +4975.255 42500 (x1(—1.9867 — 11.407 x4 3.9156 x* — 1.6032x°)
+xLo (—11.069 — 1.1039 Lo — 0.2778 L3) + L1 (—13.824x; — 11.688 L)) + 346.2303 Ly
+2994.194 L3 4 780.4122 L3 4 66.89712 Lg + 1.580247L8>

+nf (—53.37723 Li —80.32433 +50 (x1(1.6030 4+ 15.938 x — 5.3145x% + 1.8682x°)
+xLo (13.301 42.1060 Lo +0.4375 L3) + L; (13.060x; + 11.023 L)) —9.550559 Lo
—56.98805L5 —21.59671 L3 — 1.580247Lg) , (6.3)

PO (x) =
ng (x%Ll (190.3189 —27.48379 L1) + 500 ( x3(0.0597 — 11.761 x +3.0470x* — 0.8633x%)
+xLo(—22.843x; —10.899 Ly — 3.1331 L%) +x1L1(x1 4+ L) 0.3835) +297.0894 x1 Ly
—949.8383 L5 — 431.7969 L3 +52.21778 L§ +7.901235 L3 — 1.580247L8> : (6.4)
The difference of the time-like and space-like splitting functions and the resulting scale deriva-
tive are illustrated in figs. 13 and 14 for the most important case, NS*. The pattern is somewhat
different in the time-like case, e.g., the N2LO contribution is negative at small x. Yet also here the

perturbative expansion is ‘perfectly’ stable after including the N°LO corrections, with a residual
uncertainty of 1% or less for x > 10~* at our (for the time-like case, low-scale) reference point.
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7 Summary and outlook

We have presented the four-loop corrections Pn(s3 £ (x) to all three non-singlet splitting functions in

perturbative QCD. Our results, which are partly approximate but sufficiently accurate for collider-
physics applications, allow to set-up and solve the QCD evolution equations for flavour non-singlet
(initial-state) parton distributions (PDFs) and (final-state) fragmentation functions (FFs) at N°LO.
They thus provide a major step towards the consistent application of QCD factorization to theo-
retical predictions for N3LO cross sections with initial (final) state hadrons, as already obtained in
refs. [21-24,26], which requires hard partonic cross section and PDFs (FFs) at the same order in
renormalization-group improved perturbation theory.

The resulting logarithmic scale derivatives dIn q;_LS’V /d ln,ujg exhibit a very good convergence
of the perturbative expansion. Both the four-loop corrections and the N°LO dependence on the
renormalization scale u, mostly amount to as little as 1% or less (and maximally 2%, for Py (x) at
small x) at momentum fractions x > 10~* for o (u7) =~ 0.2.

Our results have been obtained via computations of fixed Mellin moments — to N = 20 for
the diagrams contributing in the limit of a large number n. of colours, and N = 16 otherwise —
for the QCD corrections to quark and anti-quark operator matrix elements (OMEs) up to four
loops. After projection of all external spins and Lorentz indices, these OMEs reduce to four-
loop massless propagator integrals which can be evaluated with the FORCER program [33] in the
computer algebra system FORM [34-36,74].

o + )
For the large-n, contributions to Pn(s3 ) , these moments turn out to be sufficient for a reconstruc-

tion of the all-N results in terms of harmonic sums by solving systems of Diophantine equations.
Additional knowledge about the limits for x — 0 and x — 1, as well as the rephrasing (based on
conformal symmetry) of the evolution equations in terms of a universal ‘reciprocity-respecting’
evolution kernel [65-67], have been instrumental in this step. Beyond the large-n,. contributions
we have used the computed Mellin moments, again supplemented by endpoint constraints, to pro-
vide approximations for the four-loop splitting functions including x-dependent estimates of their
residual uncertainties. The latter are very small, except in the region x < 1072, These small-x un-
certainties are subject to a further suppression in the actual evolution due to the convolution with
the PDFs (or FFs). Due to this our results are found to be sufficiently precise for x = 1074,

From the threshold limit x — 1 we have been able to determine the complete cusp anomalous
dimension A4 for quarks at four loops. Our results for the nj9 and n} parts beyond the large-n,
contribution are numerical, and lead to a relative accuracy of 10~ for these coefficients in QCD,
which should be amply sufficient for phenomenological applications. The break-up of A4 in terms
of individual colour factors includes non-vanishing contributions with the quartic group invari-
ants. The exact results for A4 of the present article and of ref. [32] are in agreement with the
form-factor calculations in refs. [46,47] for the planar part and refs. [117, 118] for the n]? contri-
butions. In particular, refs. [47] provided a quick confirmation of our result for the hardest part,
the nf—independent contribution, and hence of our (mathematically not completely rigorous) re-
construction of the all-N expression of the large-n. non-singlet anomalous dimension.

34



The terms B4 proportional to 8(1—x) in the four-loop splitting functions yield the universal
eikonal anomalous dimension if properly combined with information on infrared singularities from
the QCD form factor. This is an important ingredient for extending the threshold resummation for
inclusive cross section to N*LL accuracy, i.e. (next-to-)*-leading logarithmic order.

In order to practically complete the QCD evolution equations at N>LO, corresponding results
are required for the singlet splitting functions at four loops, i.e., the pure-singlet quark-quark split-
ting function PIES ) (x) and those involving gluons, Pég) (x), Pg(g) (x) and Pég) (x). All these quantities
are currently unknown beyond the N = 2 and N = 4 moments presented in ref. [31]. However, by
following the approach of the present paper, it should be feasible to compute enough moments of
the (theoretically much more complicated, see refs. [12,119]) corresponding flavour-singlet OMEs
up to four loops with the FORCER program to gather sufficient information for first phenomeno-
logically relevant approximations. We leave this topic to future research.

Incremental improvements in the flavour non-singlet sector can be obtained by calculating
more moments, which is a hard problem within the present computational set-up for almost all
colour factors, and by incorporating more external information, such as, e.g., a future exact result
for the four-loop cusp anomalous dimension from calculations of the photon-quark form factor.

A derivation of the exact expressions for the n.-independent hardest parts will require, in addi-
tion, a much improved theoretical understanding. In this context it may be interesting to note that
(

the (s part of yng)i (N), which can be determined at all N from the presently available information
(see appendix D) includes a contribution

128 2 ~2 3 Igbc.ddzbcd 2
R

that vanishes in the large-n,. limit. The resulting In”> N large-N behaviour needs to be compensated
by non-{s terms, and it is tempting to identify the 5(s in eq. (7.1) as the {5-‘tail” of the function

f(N) = 505—25_5+45 203 —4S 5 3+8S 5 o1 +453_2—4541+2Ss5. (7.2)

This function first occurred multiplied with positive powers of N in three-loop coefficient functions
of DIS in ref. [22] and resurfaced, now multiplied with [S1(N)]? as in eq. (7.1), as the ‘wrapping
correction’ in the anomalous dimensions in A\’ = 4 maximally supersymmetric Yang-Mills theory
[120], where it is crucial for obtaining the correct small-x limit, see, e.g., ref. [121]. We thus
hypothesize that eq. (7.1) represents the first glimpse of the wrapping corrections in an anomalous
dimension in QCD.

FORM and FORTRAN files with our results can be obtained from the preprint server http://arXiv.org
by downloading the source of this article. They are also available from the authors upon request.
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A Feynman rules

ns

Below we present the Feynman rules for vertices arising from insertions of the operator O (i}
R N

in eq. (2.1). All momenta p; are flowing into the operator vertex and we use
q = ).pi, (A1)
i

where ¢ is the outgoing momentum flow through the operator. The free Lorentz indices of the

operator O%*

(tt oo} are contracted with
JREE N

Ay - A

- Buy

where the vector A fulfils A = 0. We limit the derivation up to four additional gluons coupling to
the operator, i.e., n = 6 in fig. 1. For Feynman rules with up to three additional gluons and zero
momentum flow through the operator, see also ref. [72] and references therein.

The expressions for unpolarized quark operators in eqs. (A.2)—(A.6) are readily generalized to
the polarized case by substituting X — Ays.

p p _
1 ® 2 XA (A2
p1 D2
N-2 ) )
—gtBANS Y (pa- AN (g A—py- A (A.3)
Jj1=0
p3
as, p3
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(tasta“(q'A—Pl “A—p3- )T
p3 yZ .
as, 43 ayg, iy +ta4ta3(Q‘A—Pl -A—p4-A)h_12>
D1 Do
b3 P4 b5
as, U3 A4, g as, Us
N-4 j1  j2

—SHNNENS Y YN (pa- AV (g A= pr-A)P
J1=0,2=0j3=0

<t031a41a5((]'A_P1'A_p3'A)j2_j3((]'A—p1'A—p3~A—p4~A)j1_j2

+19531951% (g-A—p1-A—p3-A)2 3 (g-A—p1-A—p3-A—ps-A)1 2
+19415195(q-A—p1-A—pg-A)27B(q-A—p1-A—p3-A—py- A2
+141%51%(qg-A—p1-A—ps-A)>B(g-A—p1-A—p3-A—ps .A>j1—j2
15151 (q- A= p1-A—pa-A)> (g A—pi-A—py-A—ps-A)1 P
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(ta3’a4f“5f“6(q-A—p1 ‘A—p3- AT (g-A—pr-A—p3-A—py-A)
(¢-A—p1-A—p3-A—ps-A—ps-A)1 P

153194196195 (g - A— p1 - A — p3 -A)j3*j4(q-A—p1 A—p3 -A—p4-A)J’2*J’3
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B Mellin moments at four loops

Here we present the anomalous dimensions at four loops for 1 <N < 16. Obviously, Y(N=1) =0
at all orders. To fix our normalization, we write down the complete expression for N = 2 including

all lower orders. Recall that a; = 05/ (47).
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The four-loop coefficient for the even moments N =4 to N = 16 are given by
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The corresponding results for the odd moments N = 3 to N = 15 read
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3662719609 281672586271 CS}

35135100 Gt 221351130

e {7156992636760583450168754611387207ﬁ_290443295483160277
=T | 725662606156086150600517168000000 ' 1096783781593500
3662719609, 6997864
96621525 >~ 9009 CS}

Cs
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22054474323190222766265253462577  755458878766886551
5081050476943 1586481392000000 | 731189187729000
31181819789, 3498932

~eaaa3s0 T 27027 CS}

44016652745476286989105451999  10316777282946572197
69719807423579937624000000  7677486471154500
86220020149, 4331692556

193243050 > T 7378371 CS]
5 2{3742938630150542702886432311 198433044499 3498932C4}
f

+nCyCr {—

71213803296942364858800000 1217431215 Gt 45045

) 50680931177006728293019381 198433044499 3498932
+nf CACF g

1991994497816569646400000 i 1217431215 G- 45045
30 _ 19115924965400169467303 6997864§
F 14228532127261211760000 1216215 >

4_d;b(ﬂdgbal[107463452886020580200393+2581697503167399049C
Ng 51025756239057600000 393717254931000 >
4144734743192
405810405 CS}
dgbed gabed 16259112433726496309379  2793224880481058 3554796992
iy Ng { 12756439059764400000 | 4474059715125 G- 2459457 S|
(B.14)

B)—/n _ _
Tos. (N=15) =
4 l59341835997l838203424246724210060722526639_i_259680235193827374263g
F1 6313148931008652103954682306887680000000 843172274208071808 3

89608395343
115945830 CS}
_%Chcg{__910674811575654880535423035274865836261 47105526692823873500839
3678991218536510550090141204480000000  562114849472047872000

__205125530543C %_34430154145§
083782800 > 29513484 >

+C2C2{24794744696072980162780614700810631+264518190199865408922107g
A™F | "1225105300877958891138908160000000 ' 200755303382874240000 >
205125530543, 415521270781
655855200 > 144288144 QS]
e {11008793137870484173113743839424629__4285776141034052935649§
A™F | 779995031592244419857776640000000 6551455122051840000 >
205125530543, 67011783863
~ 1967565600 >+ 44270226 QS]
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el 765704555141235451117809578252282141 n 5058205287659325397
F=F | 2627850870383221821492958003200000 17548540505496000
205125530543 7397890C }
5

Cs

5410805400 G- 9009

nC C2{__5957585274731644785588178652001289+_4197787411208679709€
SEARE | 15313816260974486139236352000000 3899675667888000 >
1834288866343 3698945
~ 3607203600 T 27027 CS}
nC2C {_718538849608998968737940767607__165455940798017850551C
F=ATE L 1081713375784028123136000000 116990270036640000 >
5092615537943 77250091
10821610800 >+ 124740 CS]
n2C2{205033222941376179044590449727__8409151022911C %_739789C}
FF 1 3646146728803449080770560000 48697248600 > 9009
n2C.C {673351343605311635893107289+8409151022911g __739789C }
S=ASF | 95497529572052091473920000 | 48697248600 > 9009
1022483569869843897775 1479578
'%"fc%’{ 728500844915774042112 | 243243 C3}
d;“dd“b“’ 328171179053663132153783483  145906081836810245387
Ng { 135079092880123392000000 | 19498378339440000 &
18940495337639
1623241620 CS}
dgbed gabed 134218686926433684318010149 22453298164820123g
iy Ng { 61911250903389888000000 | 34088074020000 >
2ﬂ2§§i§34C5} | B.15)
and
WON=3) =
d®d,. [ 72365 3200
N {“’ 216 9 C3}
d®d . [60629 1010 200 ,d®dy. [ 1879
+1,C, fﬁeb l Gt 5L } n? Pweb [ 324} (B.16)
W (N =5) =
d®cd . 1110626839 133952
N {_ 5467500 ' 675 §3]
d®cd,,. [11071396 48608 1792 d®cd . 1150143
AN, { 73375 675 B a CS}_F”f N {273375} , B17)
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TN =7) =
d“bcdabc { 779352339134399 116051 C }
- 3

"yCr Ng 5601052800000 * 882

deed . [4572181575853 3093067C +2250§
Nk | 240045120000 52920 > ' 49

+nfCA

ded . [133768649869
2 abc
B.18
N [120022560000}’ (B.18)
TN =9) =
c d™dyy. [ 1021276699865745697 N 85388204C
"F T NG 9924365430000000 893025
o d™dgy. [2755119043881017 1155263626C +19712§
AT Ng 315059220000000 22325625 > | 405 >
d®cd . [767593737326
2 abc
B.19
TN {738420046875]’ (B.19)
WO =11) =
o d™dyp. [ 111603773330166434882669 N 39731371264 ¢
S Np 1394905288902048000000 540280125 >
o d*"d . [4824168874878027761 103259298727g N 18200C
SYA"Ne | 1646877554784000000 2161120500 > = 363 >
ded ;. [40350238520199037
2 abc
B.20
g Nk [45289132756560000 ’ (B.20)

W =13) =
dd [ 18532792410668780136669601961  87687308676848
Ne {_ 287594205622267242699000000 | 1491353238375 §3]
dd [ 3391753143530038458111467  202143595520348, 422400
N [_4692679345817880417000000_ 4474059715125 > T R8I §5]

n2 d®¢d,,. [ 8444176392147052173457
n
F " Ng 11173046061471143850000 |

”fCF

+nfCA

(B.21)

WO(N=15) =
dibeq, [ 12364402852607089809412352833493  89928183421837
Nr [_ 232027519105674032412672000000 | 1859349492000 Cﬁ
d“bcdabc 6470906684625313369880498347 17737091969947579 1547
Ng [_2028212579595052730880000000_ 409056888240000 §3+ 30 CS}

a2 d¢d,p. [ 1437544924718401819943003
n .
F Ng 2228805032522035968000000

nfCF

+nfCA

(B.22)
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C Time-like splitting function

Here we present the difference between the space- and time-like non-singlet splitting functions at
four loops, defined by § P(3)*(x) = Péi)li (x) — P(3)i1 (x). The expression for 8 P 3)* (x) reads

Oo=—

§PO*(x) =
16C;E{ (1+x) (—792Hf2§3 —364H_,{; — 64H3{3+ 12H 40+ 768H 5 _1C, —28H 5
+304H 5 +768H_1_2ls — T92H_1 043 — 364H_1 0{a -+ 60SH_y 3+ 1584H_1 4 — 32Hs 0(a
—324H,, + 120H, 4 — 648H3 | + 112H; 3+ 40Hs 5 — 32Hs 1 + 192H_4 _1 0+ 64H_3
—192H 510 —192H 5 50— 120H 5 10— 672H 5 1,+384H 25, —192H | 3
—120H_1,_50—672H_1 _2,+768H_1 108 — 1344H_; 13— 56H ;00— 1280H 1 00(
+304H_120+384H_12,+912H_ 30+ 768H_; 31 —64Hs 0 0{o — 324H, 1 o+ 56H2 3 9
+48H3 2,0+ 76H4,00+40H4 10+ 192H > 1 _10—624H > _100+192H_1 > 1
—624H 1, 200+ 192H 1 1, 20—240H_1 _100—672H_1 —120+636H_; 00,0
+384H_12,0,0+384H_12,1,0+24H22,0,0+ 116H30,00+48H3,1,00 +384H_1 1,100
—1296H 1, 1,00,0 + TO4H 100,00+ 112H2,0,00.0 +24H3,1,000 ) + (1 —2) (288H 3 + FHo
—393H, — 56H,(3 — 76Hy{y + 96H, Lo — 384H 518y — 192H 5 50 + 144H 5,003
—288H_54 — 393H, o — 56H, {3 — 76H, oy — 560H; 5 — 96H; 2 — 96H 4 — S60H, |
—96H,,1 (s — 64Hy 3+ 384H 3515+ 192H_5 55— 192H_5 1 ol +384H_5 _; 3
+256H_5 008> —96H_» 3.0 — 560H 9 0 — 64H; 0,002 — 560H 1 0 — 96H;,1,0{> — 64H; 30
—48H320+96H 2 200+ 192H_2 12,0+ 168H1,0,0,0+288H_2 10,00 —64H 20000
—32H,,00,00+96H].1 0.0 0) — (20 +264x)HoCs — (28 — 268x)H_3,0 — (32 + 96x)H3 0{2

32+224x)H_ 50+<69+ 164 )Hoo <727 25 )Hooo—(46+306x)H00C4

+(48 — 124OX>H() 0,0,0 + (61 + 839X)H()C3 + (70 + 310X)H07070707070 + (72 + 792x)H0 ()C3
+(80 —|—48x)H5 0— (88 72x)H2 OCZ — (98 -+ 82x)H2 0,0,0 — (1 10+ 13OX)H0 0,0,0,0
112 —80x)(H3E, + H_3 2 ()) (120+ 168x)Hy o 0C3 +(126+ 906X)H() 0 ()Cz

—(
(48
(
—(
—(144+ 112x)Hg 0,002 + (168 — 56x)Holals — (176 +208x)(Hs 2 + Hs,1 o)

(184 +480x)H_2,0,0 + (188 — 376x)Hola — (403+851 >H0C4—|-(240-|—80x)H6
—(244+276x)Hs 0,0 + (248 + 1284x)H 0la — (260 +388x)Ha,0,0 — (264 + 904x)Hs

(280 + 88x)H_4.00+ (280 +600x)H 3,00 — (296 — 56x)H_3.0.0.0 + (320 — 64x)H 3.1 0,0
(336 — 240x)H_45 — (342 + 550x)Hy 0+ (352 +992x)H 3.5 + (368 + 688x)H 22,0

— (378 + 1506x)Hy — (400 — 720x)H3 + (400 — 304x)H_3002 — (416 — 352x)H_3. 3

(432 — 144x)H_q0o — (432 +720x)Ha 1 — (442 + 834x)Hz 0 — (448 + 1088x)H_3,

— (480 — 640x)Ha,0 + (584 + 1064x)H_2.0,0.0 — (864 + 1184x)H_20{s + (880 + 1520x)H_1 3
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+paq(—x) (—456H,4§2 —1248H_33 + 192H 30 + 910H_284 +96H_»C3 +36H 20

—244Hos + D Hols — 27Hols — 3 Holo — 308HoGals + 24H; — 48H3Cs + 72H30 + 54H,
—120H4, +48Hs — 160Hg — 192H_5 0+ 36H_4.0 + 528H_4 5 + 1152H_3 _1{;
—1240H_37()§2 —192H_3,+1312H_33 + 1152H_27_2§2 + 1248H_27_1C3 — 192H_27_1§2
—15H_5,0 — 960H_,0%3 +216H_ 08 — 36H_55 — 16H_ 0, — 240H_5 3+ 1712H_, 4
+1152H_1, 38 +1248H_1, 283 — 192H_; 50, +910H_; 004 +96H_ 083 +36H_; oo
—T2H_y 3 —32H_; 3¢, — 144H_ 4+ 1088H_; 5 — 18Ho o — 612Hg 084 — 36H 0Cp + 12H
24, 0Cs + 36H2,00s — 96H, 28p + 18Hs o — 136H3, 08, — 192H3 1, — 48Hs , — 60Hy g
—144H, 1 — 96Hy , — 224Hs o — 384Hs.; + 144H_4 _1 0+ 96H_4.0,0+48H_3 2
—1152H 5,12 — 72H_3.0,0+ 560H_3.20+768H_32.1 +48H_5 30— 1152H_5 7
—1152H 51 18+ 1664H 5 1 08+ 192H 5 15— 2112H 5 13— 18H 200

—1408H 50,062 —48H 2,0 +96H 21 +384H 55+ 1056H 30+ 1152H 23 |
H144H | 40— 1152H_y 35— 1152H_ 5 _1Co+ 1664H_ 1 50l + 192H | 5,
“2112H__p3— 1152H_ 1 1 _oCo+ 1248H 1 _; oz — 192H_1 1 olp +384H_| _; 5
—2880H_1, 14 —30H 1,00 —672H 10,083 +240H 10082 —36H_1 20— 16H 100>
+O6H_1 5,5 +48H_1 3,0+ 192H_ 31 +384H_1 32 +848H_; 40+ 1152H_; 41 + 51 Ho 0
—72H0,0,082 —96H2,0,082 — 96H2,1,082 — 48H3,0,0 — 48H3,1,0 — 48H4,00 — 96H4,1 0
—480H 3 10,0 +448H 30,00 —576H 2 200+ 1152H 2 | 12+96H 2 100
—960H > 120—768H 2 121 —144H 20,00+ 352H 2200+ 384H 22 10—480H_1 30,0
+1152H 1 2 12 +96H 1 200—960H | 220—768H 1 251+ 1152H | 1 2>
—1152H_1 11,080 +2304H_; 1 —13+2176H_; 1,008+ 192H_ _120—768H_1 122
—1728H_1 130 —1536H_1 131 —54H_10,0,0—960H_10,0,082 +96H_1200+96H_12 1,0
+320H_1 30,0 +384H_1 3,1,0 + 64H0,0,0,082 +48H3 000+ 576H_2 _1 _1,0,0

—1120H_2 10,00 +496H 200,00 +576H_1 2 —100— 1120H_; 20,00 +576H_1 1,200
+1152H 1 1 12,0 +288H_1 1,000 —768H_1,12,00—768H 1, 12.10—96H 120,00

+Paq (%) <—264H,4C2 —336H_303 + 72H_30p + R Ho + 144HoCs — 5 Hols +25HoL3

+3HoLo — 124Ho%0ls — 66Hx s + 24Hals — 64H3 s + 15H, + 24Halo + 96Hs — 320Hg
+192H 50— 36H _40+48H_42+384H_3 (o — 280H_3,0{s + 128H_33 + 192H_» >0
—168H 5,083 +36H 2,08 + 144H 5 4 +76Ho 084 — 28Ho 082 +32H; 38 — 66H) 04
+24H; 003 — 64H; 203+ 144H; 4 —256H; 5+ 16Hs 28y —32H5 083 — 64H, 1 {3 +96H> 3
256Hy,4 — 13H3,0 + 72Hz 0l + 24Hz » — 224Hs 3 + 60H, 0 — 72Hs., — 224H, > — 288Hs
—320Hs,; —432H_4 10+ 336H_40,0 — 336H_3 20+ 144H_3 10— 192H_3_1 1

54



—96H 30,0+ 16H 320 —192H 5 30+72H 3 20—96H 2 25+ 192H 5 100>
—192H_5 13— 192H 50,08, +48H 230+ %Ho,o,o +160H0,0,083 +36Ho,0,082

+144H; _40+96H; 30— 128H; 32+ 16H; _20C, — 128H; _23 —64H; 103 — 192H 1 4
+32H] 5,08 — 128H) 53+ 96H, 3.0 — 160H] 35 — 304H, 40— 288H, 4 +48H, 3

+48H, 20— 64Hz, 22 —49H5 0,0 + 112H2,0,082 + 32H2 1,082 — 128Ha,1,3 +72H2 2.0
—96H, 57 — 240Hy 30 — 160Hy 3.1 + 120H3 00+ 24H3, 1 o — 96H3, 1 2 — 192H32.0 — 96H3 2
—240H4,0,0 — 224Hy 1 0 — 96H, 1.1 +384H_3_1 10— 576H_3_1.00+336H_3000
+192H 5 5 10—336H 2 200+192H 5 1, 20+ 144H 5 100—96H 2 120
—108H_,0,0,0 — 70Hp,0,0,0 +256H0,0,0,002 — 192H;, 3 1,0+ 128H; 30,0 —96H| 2 20
+96H1, 20,0 —64H1 220 —93H1 0,00 + 144H1,0,0,082 +64H1 10,082 — 128H1,130

+96H1 20,0 —96H1 22,0 — 160H; 30,0 — 160H; 310 —96H> 2 10+ 16Hz 200+ 180H2,0,0,0
+96H> 10,0 —96H2,1 2,0 —96H2 200 —96H2 21,0 — 176H3 00,0 — 96H3,1,0,0 —96H3 1,10
+384H 2 11,00 —432H 2 —1,0,0,0 +192H_2,0,0,0,0 + 180H0,0,0,0,0 — 192H;, 2 —1,0,0
+48H1,-2,0,0,0 + 144H1 0,0,0,0 + 144H; 1,0,0,0 — 16H1 2,0,0,0 — 144H2,0,0,0,0 — 16H2,1,0,0,0

+16CEC, { (1+x) (868H_2C3 +8T4H 5, — 32H3s —864H 5 1 {+238H 20— 288H 1,
—864H_1 28, +868H_1 0(3+ %Hfl,o@ —576H_;3—1704H_; 4 — 16H2 o{3 + 103—16H2,2
—16H228> — 144Hp 4 + 222 H3 1 — 32H3 1 — 96H3 3 +48Ha 2 + 192Hs 1 + 3 H 2 10
+752H 2 12 —384H 51 +224H_| 30+ %Hfl,fz,o +752H_1, 2, —864H_1 100
F1504H_; 13 +476H_1 00+ 1376H_1 0,00 — 288H_1 20— 384H_; 50 —952H_; 30
—768H_1 31 —64Hy 30 +48H20082 + %HZ,I,O —16H21,082 —48H230 —64H3 2
+72H4,0,0 +48Hg10—224H 5 1, 10—224H 1 2 10+712H_1 200—224H_1 1 20
+%H71,71,o,o +752H_1 12,0 —266H_1,00,0 —384H_1 20,0 —384H_1 2,10 —64H2 200
+16H2 20,0 +24H30,0,0 +32H3,1,00 —448H_1,1,-1,0,0 + 1464H_1 10,00 —864H_1,0,0,0,0
+48H2,1,0,0,o> + (1 —x) <—392H73C3 + %Ho + %Hz + 196H,(3 4 78H2 (o
+512H-3 18 +256H 5,28, — 196H 5 {3 +360H_2 4 + %HI,O +196H, 03
+78H; oG + %th + 112H; 28> +96H 4 + 163£H271 + 112H,,18> +32H2 3
—480H_3 12 —32H 5 30—240H 5 2, +256H 5 1 0{a —480H_» ;3 —320H 2000
+120H 530+ 128H; 30+ 572H; 0,0+ 112H; 0002 + @Hl,l,o + 112H; 1,082 +32H; 3,0
+64Hy _20+64H 3 1 _10+32H 2 > 10—168H 2 _200+32H > _1 20
—240H_5 12,0+ 96H0 00,082 + 128H; 20,0 —204H1 00,0 — 96H1 2,00 — 96H2 10,0

+64H_» 1 1,00 —408H_2 10,00+ 160H_20000—256H10,0,0,0— 288H1,1,0,0,0)
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( -+ 3 X)H0000—|—<3 —|—220 )H,30+(8—|—72x)H30C2+<£—927X>H00
( —l— 96X)H 50+ (50 + 88x)HOC5 —+ (54 9OX)H() 0. 0C3 — (62 354X)H2 0,0,0

3
% - 38477x) Ho0,0 — (100+32x)H_40+ (1 12— 128x)H_3,0 — (112+ 16x)H_3 10

— (120 — 160x)Hg — (120 — 72x)Halo — (@ 239 >H0C2+(126 98x)Hy, 00>
(126 +234x)Ho 084 — (132 — 156x)Holals + (400 + 200 >H5 + (140 — 84x)H3 o

(144 +240x) (3 5+ Hy 1) — (144+ 9120 Ho 000 + (438 + 3300 s,

+

97 728 >H0C4—(240+144x)H 4710+(7§8+ 1820 >H4.o
—l—(2 2—|—196X)H 2, 20—|—(278+414X)H200—|—(280—|—168)6)H 3,—1,0
— (582 +1078x) Ho oo + (304 — T2x)H_ 0,0 + (336 — 3840)H 4 — (152 + 340
(368~ 2000)H-300,0 ~ (52 + 20 )H 50— (432~ 1763)H.3,1 00
(4324 720x)Hy. 1 — (444 + 620x)H_3 0,0 + (452 + 1472x)Hy — (456 — 312x)H_4 s

(
(464 — 496x)H_3 3 + (465 — 679x)H; — (472 — 424x)H_3 0{p + ( 1290, 210 )H370

(1492 3692 ) 3§2+(1037_ 1251 >H20+(768+656X)H 2100
—(7

_|_

82+ 1114x)H_, 0,00 — <27376 + T4 )H 23+ (28310 + 39310)6) H_27()C2

—835H 04 — TH—2C3 — 5>H_»{, 4+ 36Ho{s + 12H0C4 +==Hols3 — HoCz
+390H0§2§3 —36H;5 + 72H3C3 - 60H3§2 —361H,4 + 156H4C2 - 168H5 + 320H6 + 96H_57()

+194H_47() — 696H_472 - 1344H_37_1§2 + %—OH_lo + 1468H_370C2 + %H_lz

—1584H_33 — 1344H_» 50, — 1456H_5 {3+ 242H 5 G — BLH 50+ 1184H 50
956 722 872

—5H 208+ 5"H 22 +8H 228 + 25"H 23 —2024H 5 4 — 1344H_; 35,

—1456H_1 _»03+ mH 1,282 —835H_1 ol4 — @H 1,083 — @H 1 0C2+ %H 13

+16H 3@2 +184H_; 4= 1376H_. 5 +27H()() +454H ()C4 + —H C + H() g

—18H; 0 +36H; 083 —30H2 082 + 112H 205 — TH3=0 +164H;3 0, + 224H3,1C2 - TH3,2

+38H4,0+248H4 1 + 112Hy o +288Hs g +448Hs | —72H 4 10 —264H_400—24H 3 79

—@H 31,0+ 1344H 3 12 +420H 300 —680H_3,0—896H 3,1 —24H > 3

—H 2,220+ 1344H_5 5, + 1344H_ 2—1—1C2——H 2—10—1920H 21,082

1258 2155

——H 2,-12+2464H_ 2713+—H 200+ 1648H 20,002 + 1 3 BiH 500 36H72,2,1
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—448H 5, — 1232H 30— 1344H 53, — 72H_| _49 — 32H_ _30+ 1344H_; _3,
+1344H_1 > 10 — 3 072y, —2,0—1920H_1 500> — %Hq,fz,z +2464H_; 13
+1344H_1 1 28, — 1456H_1 _1 083+ TH—L—LoCz - %H—L—lﬁ +3360H_ 1 4
—151H_100+912H_} 9 0{3 — %Hfl,o,oQ + %Hq,z,o +8H_12,00 — %Hq,z,z
1301 50— B2H 5 —448H_ 155 — 1016H_ 40— 1344H 14 + 232 Hy 00
—192H0,0,083 +304Ho0,0,082 + 112H2,0,082 + 112H 1,082 + %Hlo,o + 2‘3‘—8H3,1,o +64H4.0,0
H112Hy 1 0+ 624H_3 1 00— 664H 3,000+ 672H_5 00— 1344H_5 1 5

—320H_5 100+ 1120H 2,120 +896H_5 121 +572H_2000—416H 2200

—448H 5,10+ 624H_1 300~ 1344H_1 5 15— 320H_1 500+ 1120H_| 5,0
+896H_| 21— 1344H_| | 0o+ 1344H_| 1 108 —2688H_| 1 13— %Hfl,fl,o,o
~2496H_ _1,0,082 — 237H_1 120+ 896H_| 122 +2016H_ _j 30+ 1792H_; _; 3,
+765H_1,0,0,0+ 1200H_1 00,082 — 3g—OHfl,z,o,o - %Hq,z,l,o —384H_1300—448H_131,0
—@Haopp —224H0,0,0,082 —48H3,0,0,0 —672H_5 _1,—1,00+ 1360H_2 _1,0,0,0
—744H_2,0,0,00 —672H_1,—2 1,00+ 1360H_1 2,000 —672H_1 1,200

—1344H_1 1 _120—608H_ _1000+896H_1 _1200+896H_1 _1210+544H_1 0000

_48H, 0707(,00) + Pag (x) (84H 482 +280H_ 3§3 +36H_30 + 23T Hy — 26H0C5 + TH0§4
—29H0 5 — Z2HL, — 6Holols + 313Haly — 44H, G5 + 320H3G3 +226H, + 12Halo

+6‘3‘0H5 + 4OH6 —96H_s50—90H _40+ 120H_4, — 384H_3_ (o + 36H_3,0+ 156H_3,0(,

—96H 32+ 64H 35— 192H_27_2§2 + 140H_5 083 + 18H_5 080 — 96H_5 3 — 24H_, 4

+il 7} LH, 0+34Ho 084 — 6H070C3 — %HQOCZ —272H; 38> +313H; o84 — 44H, o3

+320H, 283 — 232H 4 + 64H, 5 — 136Hy, 20y +352Ha,083 + 22 Ha 08s + 320H, 13

&Hz 3+ 112H24+ TH3 0o+4H;3 0@2 + 48H3 2 + 64H3 3T TH4O + 144H4 1

+32Hy 5 + 72Hs o+ 128Hs; +408H 4 10— 192H 400+ 360H 3 20— 120H 5 1
+160H_3 1, —48H 30,0+ 104H 3,0+ 128H 35 +224H 5 30— 60H 5 1

+80H 2,25 —192H 5 1002+ 160H 5 1 3+36H 500+ 128H 5000 —48H 27
+64H 255 +56H 230+ 128H 231 — %Hmop + 120H¢,0,083 — 250H0,0,082 + 120H; _4.0
—240H;, 30 +320H;, 32 — 136H1 208> +320H;, 23 +384H; 0083 + 1%Hl,o,oCz
+320H17170§3 +192H; 14+ 64H 23 — 2%—2H17370 +128H; 32 +208H 4.0+ 384H 41
+168Ha,_30 — 120H, 50+ 160H, 2.2 + 90 Hy 0.0 + 8Ha 0,082 + 64Ha,1 3+ 96Ha 3.0
+128H 31 +128H3 2 o +48H3 00 +48H3,1,0 — 16H4 00 +32H4 10— 448H_3 1 1
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+576H 31,00 — 224H 3,000 —224H_5_5_10+376H_5_200—224H 5 _1 5
—120H_5 —1,00+80H_2 —120+ 18H_200,0+64H 2500+ 64H 2210+ 7g—SHo,o,o,o
—64H0,0,0,082 +96H1 3 10+ 192H; 300 +48H; 2 20 —240H;, 200+ 160H; 27
+400H 0,0,0 +24H1,0,0,082 +256H) 1,30+ 64H1,130+ 128H1 2, 20 — %6H1727070

—64H1 300+ 128H13,10+48H2 2 10+ 184H> 200 —8H2000+128H2 1,20
_%HZ,I,O,O —192H250,0 —176H3,0,0,0 — 192H3,1,00 —448H_2 1 —1,0,0 +456H_2 10,00
—160H 3 0,0,0,0 +310Hp 0,000 +96H1, 2 1,00+ 168H; 20,00+ 144H; 0000

+256H 1,200 — 176H1,10,00 — 192H1 12,00 —416H1 20,00 — 192H; 2,100 —296H2,0,0,0,0

+ 12 C%Cj{ (1+x) (—708H,2§3 — 164H_5, + 120H3(3 + 720H_5 {5 — 336H_50
+204H_ 5 +720H_ 5, — T08H_y o{s — 164H_; 0Cp +408H_; 5+ 1368H_ 4 + 60H, 0(3
—336H), +24H2 20p + 162Hp 4 — 672Hs 1 +48H3 1{y — 144H3 5 + 108H; 3 — 432Hy
—36Hy5 — 144Hs, 1 + 80H_5,_1.0— 624H_5 1 +288H 21 — 192H_; _30+80H_ 20
—624H_ 25 +720H_1 108 — 1248H_y 13— 672H_1 00— 1104H_; 00la +204H_1 20
+288H_125+744H_1 30+ 576H_1 31+ 96H> 30— 36H20082 —336H> 1 0 +24H> 1 00>
+54H230+96H3 20 — 144H3,1 0 —99H4,00 —36H4,10+192H_ 1 10+ 192H_; 2 10
—600H_1, 200+ 192H 1 1,20+ 160H_1 1 00— 624H_ 1 120—78H_1,0,0,0
+288H 12,00 +288H_12,1,0+96H2 200 —42H22,0,0 —99H30,0,0 — 84H3,1,0,0

+384H_1 1,100 — 1224H_ _1,0,0,0 + 768H_1 0,0,0,0 — 72H2,0,0,0,0 — 126H271707070)

+(1—x) (360H_4§2 +372H_38; — 197 Hy — 2890H, — 276H,0; + 40H0, — 24H s

—480H_3 1> +408H_3,0%> — 240H_2_»Cs + 186H 1,3 — 324H_ 4 — 290H

—276H o¢3 +40H] ol — 528H) 5 — 96H 28, — 144H, 4 — 528H,, | — 96H,,1{, — 48H, 3
+432H 3 12 +48H 2 _30+216H o 22, —240H o 1 00r+432H_» 1 3+288H_2000>
—108H_230—192H;, 30 — %ﬂHmo —96H; 0,082 —528H;,1,0 —96H, 100> —48H1 30
—96Hs _20—96H_3 1 _10—48H_2 > 10+180H_2 _200—48H 2 _1 20

+216H_2 12,0 — 192H, 20,0 +228H,0,0,0 + 144H1 20,0 + 144H2,1,00 —96H_2 1 1,00

+396H 2, 1,0,0,0 — 192H_2,0,0,0,0 +384H1 00,00 + 432H1,1,0,0,0) +(10—-346x)H_3 9

~(16+3720H 200 — (5 + 310)Ho0Ga — (45 + 105)Hs 0+ (132 + 1904  Hots
—l—(66 + 93OX)H070C3 — (75 — 51X)H0C5 - (84 - 132x)H,37270 + (90 — 174X)HOC2C3
+ (% + %x) Ho,0,082 — (108 — 156x)Ho 00,082 + (108 — 36x)H4lr — (117 — 75x)H; 02
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—(117 —l—405x)H37070 +(120— 24x)H,37,270 + (1214 197x)H0707070 _ (% o 11%19)6) Ho..0

+(135— 165x)Hg + (273 915 )
+(141 + 39X>H_47() —

H30,0,0— (138 — 54x)H3{y — (138 + 650x)Hs

(246 — 174x)H_40,0 (%ﬂ” >H40—(252 396x)H_4.2 — (260 + 412x)Ha,0

+(272+976x)H_35 — (276 + 108x)H_3,_1.0 + (280 + 632x)H_1.2 0 + (288 + 446x)Ho 02

9142234 )HOCQ— (330 — 258x)H_3,0.0,0 — (384 — 480x)H_3 3

+(408 — 216x)H,3,,1,0,0 — (410+ 1030x)H 38, — (432 4 1188x)Hy + (456 +480x)H 3,00

(480 +732x)H3 0 — (193& 2452 )Hg—(684+516x)H 2_100—(2(’3ﬂ 2326 )Hgo
(

+(728 + 1432x)H 23+ (735 + 873X)H_2 0,0,0 — (757 + 1067X)H_2 ()Cz

(280 51353,
27

+

+paq(—x) (—648}1,4@2 — 1248H_33 +288H 30, + STOH 104 — 4H 53 +602H 10

+129H08s — 25HoCs — 15 HoGs + 17 Hols — 354H0GaGs + 36Hs — 72HaGs + 36H30,

+501H, — 144H,8, +216Hs — 360H6 —318H 40+ 648H 40+ 1152H 51§ —470H 34
—1272H 308, —200H_3, + 1392H 33+ 1152H 5 »{, +1248H_» (3 —112H » 1,
+232H 50— 1056H 2,003 +316H 2,00y —334H 55 — 256H_ 3+ 1752H 54
+1152H 1 38, +1248H 1 203 — 112H | 28 +570H 1 o{4 —4H_1 003 +602H_1 o>
—668H_1 3 —168H_; 4+ 1248H_; 5 — 27H( o — 222H0 0{s — 158H0,0{3 — 542Hp 0>
+18H 0 — 36H; 083 + 18H27()C2 —96H, 20 + 167H3 o — 144H37()C2 — 192H371§2 —88H3,
—12Hy,0 — 264Hy, | — 96H, , — 264Hs o — 384Hs | +324H 400+ 176H 310
—1152H_3 15— 576H_3,00+600H_350+768H_351 +176H_5 50— 1152H_5 55
—1152H_5 1 18 +536H_5 10+ 1632H_5 1 ola+112H 51, —2112H_» ;3
—839H_,0,0— 1416H_,0,00s — S6H 50+ 176H_1 1 +384H_5 55+ 1056H_5 3 0
H1152H 53,1 + 176H_1 30— 1152H_y 35— 1152H_1 _5 18 +536H_1 20
H1632H_1 508+ 112H | 55 —2112H_; 53— 1152H_1 _1 50,

+1248H 18— 112H 108y +224H | 13— 2880H 1 1 4+249H 0
—864H_1,0,003 + 344H_1,000s — 334H_1 20+ 176H_ 25 +32H_1 30+ 352H_1 3
+384H_ 3.2+ 888H_1 4.0+ 1152H_1 4.1 — B2 Hy 0,0+ 288Ho 0L — 402Ho, 0,00
—96H5,0,082 —96H2,1,082 —44H3, 0,0 — 88H3,1,0 — 60H4,0,0 —96Ha4,1,0 — 576H_3 _1,0,0
+660H 3,000 — 57T6H_2 200+ 1152H_2 _1 12 +408H_2 _1 0,0 — 960H_2 1 2.0
—T768H_2 121 —750H_20,0,0+360H_2200+384H_2210—576H_1 300

+1152H_1 512 +408H_ 1,200~ 960H_1 20— 768H_1 221+ 1152H_1 _1 2,
—1152H 1 1,108 +2304H_y _1 13+ 1072H_| 100+ 2112H_ —1 0082+ 112H_ 1 _1 29
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—768H_y 125 — 1728H_1 _j 30— 1536H_ 31 — 1107H_ 0,00 — 1080H_; 0,00%
+88H 12,00+ 176H 12,10 +336H_130,0+384H_1 31,0 +350H0,0,0,0 +288H0,0,0,082
+36H30,0,0 +576H 2 1,1,00 — 1200H_2 _1,0,0,0 +744H_2,0,0,00+576H_1 2 10,0
—1200H_1,-2,0,00 +576H_1 1,200+ 1152H_1 1 —120+696H_1 1,00,

—768H_1 12,00—768H_1 _121,0—816H_10000—72H_120,0,0+510Hp0,0,0,0

+1728H_1 —1,-1,000 — 1344H_1 _1,0,0,0,0 +360H_1 000,00 — 72H0,0,0,0,0,0)

+Paq (%) (72Hf4§2 — 168H_33 — 108H_38 + 1953 Ho — 9HoGs — “52 Holy + 232 Hols
+ 8 H) L, + 66H0 0L — PO H, — 642H,4 — 4H G + 268H, 5 — 2300 H; — 480H; ¢

+88H3C2 — %H4 —264H5 + 162H,470 — 216H,472 + 288H,37,1C2 — 54H,370 — 24H,370C2

+144H_372 — 192H_373 + 144H_27_2§2 — 84H_270C3 — 54H_270§2 + 144H_273 — 72H_274

2 1571 11104
- ?(9)391{070 —306H0,084 + 134Ho 0G5 + 53 "Ho 08 +384H; 30 — 270 Hip

—642H, oy — 4H, 083 + 268H, ols — 480H, 2C3 + 348H, 4 — 192H; 5 + 192H, 0
—3300H, ) — 528Hy 003 + 44Ha 0 — 480Hy,1 G + 116Ha 3 — 192Hy 4 — 227 Hy g — 44H;
—96H33 — 198H,, — 132Hy 1 — 48H, 5 — 96Hs o — 192Hs.; —288H_4 1.0+ 36H_4.00
—288H_3_20+72H_3 10— 96H 315+ 144H 300 — 168H 30— 192H 3,
—192H 5 30+36H 3 20—48H 5 22+ 144H 5 100 —96H 5 13—54H 70

—48H 20080 +72H_220—96H 222 —120H 230 —192H 53| — %Ho,o,o — 288H0,0,083
+438Ho,0,082 —288H1, 4,0 +288H; 30 —384H; 32+ 192H; 00, —384H; 53
_¥H1,0,0 —576H; 0,003 —480H; 1 083 —288H 14 —96H; 23+ 116H| 30— 192H; 3>

—336H;.40—576H; 41 —288Hy 30+ 144Hy 20— 192Hy 57 — @HZ,O,O —96H> 1 3
—144H, 30 — 192Hp 31 — 192H3 50— 72H3,0 — 44H3 1 0+ 60Hy 00 — 48H, 1

+384H_3 1,10 —432H_3 —100+84H 3000+ 192H 2 2 —10—312H_2 200
+192H 5 1,20+ 72H 2 100 —48H_2 120+ 54H 20,00 —96H 2200 —96H 2210
—592H0,0,0,0 —384H; 30,0 +288H1, 200 —192H; 220 — %Hmop —384H,1,-3,0
—96H1,13,0—192H 2,20+ 60H1 20,0+ 96H1 300 — 192H1 31,0 —288H2 20,0 —26H20,0,0
—192H3 1,20 +60H3 1 0,0 +288H3 20,0 +300H3 0,00 +288H3 100 +384H > 1 10,0
—360H_2, 10,00 +96H_20,0,0,0—510H0,0,0,0,0 —288H1, -2,0,00 —200H; 0,0,0,0
—384H;.1,-2,0,0 + 180H1,1,0,0,0 +288H1,12,0,0 + 624H 2 0,00 +288H1 21,00 +456H2 0,0,0,0

7777777777

+864H171717o7o70> }

+ %6 anf{(l +x) (32H_2§2 —60H4 — 120H_5 o + 32H_170C2 + 40H()7()§3 —32H;, — 56H3
—64H3 1 +64H o 1 o+64H 1 _20—240H_; 00— 36H>00—32H; 10— 16H;3 0,0
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F128H_1 100 — 192H 1000 24H2,0,0,0> +(1—x) (32Hf3§2 + 33 Ho — 20H, + 32Hs
—|-48H,470 - 32H,372 + 16H,270C2 — 32H,273 — 20H170 - 64H172 - 64H271 + 8H470 + 48H,37070
—16H 250 —72H; 00— 64H; 10+ 24H_2707070) — (4428x)Hol3 — (12— 34OX)H()7()7()7()

—(16 + 176X>H,370 - (% — @ )HO 0,0+ (20+28X>HOC4 - <ﬂ — 22—9x) HO,O

— (27 +123x)Hol + (32 — 48x)H070§2 — (42— 102x)H3 — (57 — 87x)Ha.0

— (80 +240x)H_5,0 + 120xH0,0,0,0.0 + Paq(—) (—80H4§3 + 184H 58, — SHols — 158H0(s
+21Ho G, + 156H, —96H 40— 136H_30+32H 35+ 64H_5 (o +42H 50— 16H_5 0%
—104H 55+ 64H 53 +64H | 28 —80H {3 + 184H 1 o{p —208H | 3+ 96H 4
+8H0.003 — 172Ho 0l + 52Hz,0 — 32H3 5 — 24Hs 0 — 96Hy,; +64H_3_ 10— 144H 300
+64H o 20+ 160H 51 0—64H 5 15 —244H 200+32H 220+64H 22, +64H | 30
+160H 1 20— 64H | 2> +64H | 100 —128H | 13+84H 100 —32H 10002
—104H_120+64H_1 25+ 64H_1 30+ 128H_1 31 —63Ho,0,0 —48Ho,0082 — 16H30,0
—32H3,1,0+96H 2 1,00 —168H 20,00 +96H 1, 200+320H_ _100—64H_1 120
—324H_10,00+32H_1200+64H_1 210+ 112Hp000+96H_1 —10,00— 192H-10,000
+120H0,00.0 0) n pqq (x) (—EHO — 15Ho%4 + 56Hols + 15HoCa + 55H> — 96HoCs + 12H3
—120H4 — 64H5 -I— H() 0—88Hp 0C3 +92H, OQZ +55H; o — 96H; 0@3 +48H; 4+ 12H5
—16H3,082 + 16H2,3 —40H3 9 — 40H4 0 + 81Ho 0,0 +48Ho 0,082 + 12H; 0,0 — 32H1 0,082
+16H; 3.0 — 52H> 0,0 — 112Ho 0,0,0 — 156H1 0,0,0 + 32H 2,0,0 + 24H2 0,0,0 + 32H2,1,0,0

—120H0,0,0,0,0 + 96H1,1,0,0,0> }
18 cgcAnf{ (1+x) (— 16H_5s +36H, + 60H 5.0 — 16H_1 0% — 36Hq0(3 + 24Ha >
+36H30+48H3 1 —32H 5 _10—32H_1 20+ 120H_; 00+ 18Hp,0082 +24H> 1 0+ 12H3 00
—64H_17_17()7() + 96H_1707070 + 18H2707070) + (1 —x) ( 16H_ 3@2 + 9161 H() + L46H2
—16H0, —24H 40+ 16H 3, —8H 50l +16H 23+ %HI,O —16H; 0C2 +48H »
+48H, 1 —24H 300+8H 220+ %Hm?o +48Hy,10—12H _20,0,0 — 12H1707070)
—(6 - 2x)H4 0+ (8 + 88X>H_3 0— (14 + ISX)H()CAL + (18 - 1OX>H()§3 + (20 + 28X>H27()70

— (24— 64x)Ho0la — (24 — 8x)Hs + (77 1276 )Ho 0.0+ (40+ 120x)H 2,00
(444204 Ho 000 — <1431_5 379 )HOCZJF (290 398 )H3+ (3;7 371 )Hw

(9623 8821 )Ho 0 — 60xH0,00,0.0 + Paq(—) (40H,2§3 —92H 5, + JHols + 79HoL3

—2—21H0C2 —T78H4 + 48H,470 + 68H,370 - 16H,372 — 32H,27,1C2 - 21H,270 + 8H,270C2
+52H_272 —32H 53— 32H_17_2C2 + 40H_17()§3 - 92H_170C2 + 104H_173 — 48H_174
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—4H,08s + 86H0 0a — 26Hs3 0+ 16H3 5 + 12Hy 0 +48Hy | —32H_3 19+ 72H_30,
—32H 5 20—80H o 1 0+32H 5 12+ 122H 2090—16H 250—32H 751 —32H_; 3
—80H 1, 20+32H 1 2> —32H 1 108 +64H | 13 —42H 190+ 16H 1000

+52H 10 —32H_1 25 — 32H_; 30 — 64H_ 3, + 5 Ho 0,0 +24Ho,00G +8Hs 00 + 16Hs 1
—48H 2 —1,00+84H_2000—48H_1-200—160H_; —100+32H_; _120+162H_; 90,0
—16H_1 200 —32H_1 21,0 —56H0 00,0 —48H_1,-1,0,00 +96H_1 00,00 — 60H070707070>

+qu(x)< 23369Ho+ =5 Hols — 121H 083 — 967H 082+ 2594H2—i—88H2C3 —40H 5,
+ 1901, — 16H3, + 95Ha +48Hs + %2 Ho o + T6Ho,003 — 232 Ho0lo + 2397 Hi g

+88H 003 —40H1 082 —24H; 4 + 1156Hz 0—8H2 00, —8Hy3+61H3 0+ 8H3 2+ 36H4

+24Hy41 + %Ho,o,o — 60Ho,0,082 + THl,o,o —8Hi,3,0+73H2,0,0 +8H3,1,0+ 144Ho,0,0,0

+131H7,0,0,0 — 24H1 2,0,0 — 28H2,0,0,0 — 24H2,1,0,0 + 60Ho,0,0,0,0 — 16H1,0,0,0,0 — 72H1717o7o70> }
+ 382 {108(1 +x)Ho 0,00+ (1—x) (—260H0 +72Hola — 276H, — 144H; — 276H

144H,, — 144H17070> — (90— 450x)Ho 0,0 — (466 — 398x)Ho,0 + pyq () (—%HO —36Ho(;3
+120H()§2 —T76H, —240H5 — 108H4 + 23H070 + 72H()7()C2 — 76H17() — 240H270 — 108H370
~279H0,0,0 ~ 240H 1,00 — 108H2,0,0 —~ 216H0,0,00 — 108H 000 ) } (C.1)

The most compact representation of P (3)~(x) is via its difference to § P )+ (x),
P (x)—5PB)~(x) =
16C2(C, —2Cy) {(1 +x) (—208H_2§3 +H 50+ 192H_ 5 1§ — 376H 0+ 96H 25

400 800
—3 Hop— "3 Hs

+192H_; 50> —208H_1 083 + 2 H_108s + 192H_ 3 +480H_ 4 —
+9O0H 5 10— 192H 515+ 128H 551 + SO0H | 50— 192H,1,72,2+ 192H_1 _ 1,04
—384H_ 1 _13—752H 10— 320H_; 008 + 96H 1,0+ 128H 15, +288H_13
+256H_13 1 — 2%Hz,o,o — 43ﬂH2,1,0 —96H_1 200+ 133£H71,71,0,0 —192H_| 120
—536H_1,0,0,0 + 128H_12,00+ 128H_12,1,0 —288H_1,-1,00,0 + 384H71,0,0,0,0)

+(1—x) (192Hf4§2 +208H._ 33+ 347Hy — 206HGs + 64HoCals — B2 H, — 24Ha (s
—60H s + 120Hg — 128H_5.0— 144H_4 — 256H_3 8o + 192H_3 0{s — 192H_3 3
—128H_5, 20+ 104H_5 003 — 144H_5 4 — 152H0 004 — %Hm —24H; oC3 — 60H oo
— 8001, , —32H, 5 — 8°H, | — 32H, 1§ + 24Hs 0+ 96H_g 1 9 — 184H_4 00
+96H_3 20— 208H_3 10+ 192H_3_1 2 —48H_ 320+ 64H_» 30— 104H_5 1
+96H 5 22— 128H 5 108+ 192H 5 13+ 128H 20082 —48H 23,0 — 192H¢,0,083

%Hl 00—32H; 008 — Sg;mHLLo —32H;,1,080 —128H_3 1 _10+224H_3 _1 00
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—216H 3000 —64H 2 2 10+ 144H 2 200—64H 2 1, 20+96H > 120
—160H0,0,0,082 — 128H_5 11,00 +240H_» _1,0,00 — 192H_ 200,00 + 192Ho7o7o7o7o70>

+(12+ 32392x) Ho.0.0.0 — (32 +96x) (3 + Ha 0.0 + Ha.1.0) — (40 — 24x)H,0(2

(42 — 186x)Ho 0Lz — (48 — 16x)H3ls + <&_m )H 30—( O—Mx)m
(9 +288x)Hy. — (31 — 194x )Hw— (3‘3‘4+6§4 ) (364+140x)H30
388+ 900x)H 5,09 — (140-+196x)Hy + (198 — L8 ot + (24 + 4484 )H o5

(216+7‘3‘8 x)Holo+ (T8 + 48 ) s — (330 28 ) Hs 4 (279 - %) Hots
(304 — 112x)H_ 2_100—(93ﬁ+ﬁx)}1_ NS —(@Jrlg—%)H_ng

1184 928 H_

(154 2280 H 3+ (404~ 2601)H 4 0 -+ (408 +72x) o0 + (420 + 60x)Ho 0L
(1541 1563 )H00+(524—|—826x)H000—(6OO 40x)Ho 0,0,0.0 + (604 — 124x)H 2,000

(608 — 320x)H 37070+pqq(—x)(—408H_4C2—416H_3C3+192H_3§2—150H_2C4

—%H—zg + %?OH—2C2 +416HoCs — %HOQ - 193,£H0C3 + 137 “5-Holz — 164Ho883
+24H3 — 48H3(3 — 24H38, + 614H4 — 72H4(, + 240H5 — 320Hg -I- 192H 5 —460H_4
+336H 4,+384H 3 _1(p— wH_ 30— 456H 3,00 — 22 H 35 + 544H_ 373

+384H 5 20, +416H (3 —i— H 2,18+ 181H 5 9 —448H_2 (3 + 6H,270C2
—L328H72,2 +16H 2,0 — TH*2=3 +624H 4 +384H 1 30, +416H_| »(3
1281 00— 150H 1084 — 22 H 1 oG + ZOH 1 o0 — 22015+ 32H 130
—80H_ 4+ 576H_; 5 — 18Ho +316Ho,04s — 232 Ho 003 — 2%8%Ho,0Ga + 12Ha,0 — 24Ha 043
—12Ha,08s — 32H2280 + 8FH3 0 — 56H3 08, — 64H3 1 G — 238 Hs 5 + 44H, o — 208Hy
—30H, 5 — 128Hs o — 128Hs | — 144H 4 10+ 336H 400 —48H 35 20+ 19H 5 0
—384H_3 15— 696H 30,0+ 240H 320+ 256H 35 —48H_» 30+ 37 H 5 19
—384H 5 7, —384H 5 71C2+%H 2.-1,0+512H_ 2710C2— @H 2,-1.2

—704H- 2—13_TH 2,00 —480H_ 200C2— 80y 220+ 3 4loy 221+ 128H 57,
+352H 230+ 384H 23 — 144H |40+ L H | 30— 384H 1 35— 384H | 5 1)
+21;4H 1—20+512H_1 208 — @H—L—zz —704H_1 >3 —384H_; _1, 20

+416H_1 1083 +128 H 1,-1,082 — 6H71,71,3 —960H_| _14+362H_1 90 —480H_1 0003
+TH—17070C2 - TH—sz +16H_1 200 + 43ﬁH—17272 - %H—m?o + %H—Lll
+128H_1 32 +336H_ 1,40 +384H_1 4.1 — 29 Ho 00+ 384Ho 0,003 — 464H 0,052
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—32H5,0,082 —32H2,1,082 — %Hlo,o - %Hm,o —32H4,0,0 —32H4,10 —288H_3 1,00
+432H 3000~ 192H 5 _200+384H 51, 12+448H 5100 —320H 5 120
—256H_5 121 —856H 2000+ 128H 2200+ 128H_2210—288H_1 300
+384H 1 2 12 +448H 1 200—320H_1 220—256H 1 251 +384H | 1,22
—384H 1 1,100 +768H | 1 13+ %H—L—Lo?o +640H 1, 10,082 — %H—L—sz
—256H_1,122—576H_1,—130—512H_1 131 — 1422H_1 0,00 —480H_1,0,0,082

+ S H 1500+ HOH 1510+ 128H_1 300+ 128H_1 31,0+ 50 Ho 0,00 +320H0 00,052
+192H 5 11,00 —480H_2 10,00 +496H 20,000+ 192H_1 2 10,0 —480H_1 20,00
+192H 1 1,200 +384H_1 1, —120+640H_1 10,00 —256H_1,-12,00—256H_1 1210

—288Ho7o7o707o70> }

82, - 2CF)2{ (14x) (— 1248H 03 —316H 20 + 1152H_5 (s — 834H 20
+552H 55+ 1152H 128 — 1248H_1 {3 — 316H_100a + 1104H_; 3 + 2880H_1 4
—560Ha — 1120H3,, +472H 5 10— 1152H 5 1 +768H 221 +472H_| 20
—1152H_1 25+ 1152H 11 o{a — 2304H_1 _1 3 — 1668H_1 00 — 21 12H_ 0,0(2

+552H 12,0+ 768H_ 120+ 1728H_1 30+ 1536H_1 31 — 560Ha.1.0 — ST6H_1. 20,0
+944H 1 100 — 1152H_1 120 —408H_1 00,0+ 768H_1200+768H_1210+72H20,0,0

—1728H_1 _ 10,00+ 1344H,1,0,0,0,0> +(1—x) (720Hf4§2 +744H 385 + 252 H,
—126HoCs + 264Holals — 766Hs — 72Hals — 156Hals — 192H38, + 144Hals + 300H
—48H_5+390H_40— 648H 4 — 960H_3 1 (s +816H_3,0{, — 864H_3 3 —480H_» _»{
+372H_ 083 — 648H_ 4 — 33H 084 — T66H; o — 72H; oCs — 156H; oG, — 1120H, 5

— 192H172C2 — 192H270C2 —1120H; 1 — 192H271C2 + 48H370C2 +60Hs o+ 144H 4 1
—420H 400+ 144H_5_50— 168H_3_10+864H 5 _1—216H 3,0+ 96H 5 _3
—84H 5 20+432H 5 2, —480H_5 1 082 +864H 5 13+ 576H 2000, —216H 230
—252H0,0,083 — 944H 00 — 192H; 008 — 1120H; 10— 192H; 1 00, —192H_3 1 _1 0
+624H 3 100 —588H_3,0,00—96H 2 2 —10+360H 2 200—96H 2 1 20

+432H_5 12,0 —264H0,0,0,082 + 144H1 0,00 — 192H 2 1 100+ 792H 2 10,00

—384H,270707070 + 108H07070707070> — (144 + 528X)H37070 + (162 + 1158X)H070C2
—(174 + 956X>H()C2 — (192 + 576)6) (H3 7+ H3 1 ()) — (196 + 1100X>H_3 0
(799 3761 )H0C4 + (324 +428x)Ho 0,00 — (332 + 1236x)H_3.0,0 — (424 + 520x)Ha,0.0

— (424 + 1352x)H4,0 + (447 +469x)Hols — (544 + 1952x)Hs — (552 +2256x)Hy
+(576 + 1152x)Ho {3 — (576 + 1728x)Hy | — (645 +75x)Ho,0,0,0.0 — (648 — 1240x)Hz
— (656 + 1224x)H3 0+ (657 + 1503x)Ho 0,02 — (744 +408x)H_5 1,00 — (796 — 1092x)H,
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(800 + 1120x)H_52,0 4 (832 + 1472x)H_3, — (916 + 1388x)H_3{5 + (936 4 216x)H_3,0 9
+(1209 + 1869x)Ho 0,0 + (1350 + 1050x)H_5,0,0,0+ (1486 +2578x)Ho

— (1514 +1750x)H_5 0% + (1792 + 2432x)H_3 3 4 pgq(—x) (— 1296H_4{5 — 2496H_3(5

+576H_30 + 1140H 54 — 8H {3 + 1204H_»{, +258HLs — S0Ho 4 — 1037Ho L3

+ 17T HoG, — 708HoLols + 72Hs — 144H305 + 72Hs G + 1002H, — 288HaC, + 432Hs
—720He — 636H_4 0+ 1296H_4 > + 23O4H,37,1C2 —940H 30— 2544H,370C2 —400H 3
+2784H 33+ 2304H 520y +2496H 5 L3 —224H 5 1Ly +249H 50— 2112H (s
+632H_50s — 668H_55 — 512H_5 3+ 3504H_ 4 +2304H_| 30, +2496H_; _»Ls
—224H_| _5ly+ 1140H_1 o84 — 8H_1 043 + 1204H_ 0Cp — 1336H_; 3 —336H_1 4
+2496H_ 5 — 54H,0 — 444H 084 — 316H0 083 — 1084H0,08p + 36H2,0 — 72H; 0l
+36H2,08, — 192H, 28o + 334H3, 0 — 288H3 0{, — 384H3 18, — 176H3 5 — 24Hy o — 528Hy |
—192H, 5 — 528Hs g — 768Hs | +648H _400+352H 3_10—2304H 3 1, —1152H 30
+1200H 350+ 1536H 31 +352H_5_0—2304H_5 5, —2304H_, | _1(,
H1072H_5 1 0+ 3264H_5 1 08 +224H_5 1, —4224H_5 13— 1678H 20

—2832H 50,08y — 112H 520+ 352H 551 +768H 5, +2112H _530+2304H 53
+352H_ ) 30— 2304H_; 3, —2304H_; 1o+ 1072H_1 50+ 3264H_1 50l
H224H | 5, —4224H | 93— 2304H | 1 _5lo+2496H | 1083 —224H |1 G
F448H | 13— 5T60H_1 1 4+498H_1 00— 1728H_1 0,03 + 688H_1 0,0{2 — 668H_1 20
+352H_ 100 +64H_130+704H_13 1 +768H_1 32+ 1776H_1 40+ 2304H_; 41
—%Ho,o,o +576H0,0,083 — 804H0 0,082 — 192H3 0,082 — 192H2 1,082 — 88H3 00 — 176H3 1 o
—120H4,0,0 — 192Hy 1 o — 1152H 3 1 00+ 1320H 3000 — 1152H 5_200-+2304H 5 1 1,
+816H 51,00 — 1920H_5 10— 1536H_5 121 — 1500H_50,00+720H 2200

+768H 010~ 1152H_1 _300+2304H_1 5 _12+816H_1 00— 1920H_; 5,0
—1536H_1 221 +2304H_; _1 22, —2304H_| 1 —1 082 +4608H_| _; 13
+2144H 1 1 00+4224H | 1008 +224H | 100~ 1536H_| 10— 3456H | 130
—3072H_1 131 —2214H_1 0,00 — 2160H_1 0,008 + 176H_1 2,00 +352H_1 210
+672H_1 30,0 +768H_1 3,1,0 + 700H0 00,0 +576H0,0,0,082 + 72H3 0,00+ 1152H 2 1 10,0
—2400H_2,1,0,0,0 +1488H 200,00+ 1152H_1 2 1,00 —2400H_1 20,00

+1152H 11,200 +2304H_1 1120+ 1392H_1 1000 — 1536H_1 —12,00
—1536H 1, 12,10 — 1632H_1 0,0,0,0 — 144H_1 2.0,0,0 + 1020H0,0,0,0,0 + 3456H_1,1,-1,0,0,0

—2688H_1,-1,0,0,0,0 +720H_10,0,0,00 — 144H0,0,0,0,0,0> }

18c2c, - 2CF)nf{(l +x) (—32Hf2§2 F120H 50— 32H_ 1 ola +32Ha 5 + 64H3 |
—64H,27,170 — 64H,17,270 + 240H,17070 + 16H27070 + 32H27170 — 128H,17,17070
+192H-100,0) + (1 —) (32382 — 201Ho +4HoG4 — 68H; — 24Hy — 32H; — 48H

65



+32H,372 — 16H,270§2 + 32H,273 — 68H170 + 64H172 + 64H271 - 8H470 - 48H,37070
+16H_2 50+ 32H; 00+ 64H1,10 —24H_200,0+ 60Ho7o7o7o7o) + (8 424x)H3

(16 + 176x)H_3,0+ (24 +72x)Ho 082 — (32 + 96x)Ha.0 — (36 — 68x)Hols
—(48+272x)Ho.00,0 + (80 -+ 240x)H_3 0,0 — (96 -+ 160x)Hs + (108 + 140x)Hols

— (228 + 348x)Ho 0,0 — (244 + 28x)Ho 0 + paq(—) (80H,2§3 — 184H_0 + SHolu
+158Ho3 — 21HoLs — 156H, +96H 40+ 136H 30 —32H 30 —64H 5 1 { —42H 5
+16H 508 + 104H 55— 64H 53— 64H | 5y +80H 1 ols — 184H | oCp +208H_ 3
—96H_1 4 — 8H 043 + 172Hg la — 52H3 0+ 32Hs 5 + 24Hy 0 + 96H, | — 64H 3_1 ¢
+144H 300 —64H 5 20— 160H 510+ 64H 5 |2 +244H 500 —32H 220 —64H 5
—64H_1 30— 160H_1 20+ 64H_| 25 —64H_| 100 +128H_1 13 —84H_; 0
+32H-1,0,082 + 104H_1 20— 64H_1 2> —64H_1 30— 128H_1 31 + 63Ho,0,0 +48Ho,0,0C>
+16H3 0,0 +32H3,1,0 —96H 2 1,00+ 168H 20,00 —96H 1, 200—320H_1 10,0
+64H 1 12,0 +324H_10,00 —32H_120,0 —64H_12,1,0 — 112Hp 0,00 —96H_1,-1,00,0

+192H_170707070 — 120H070707070> } . (C.2)

A difference between the time-like and space-like case appears for the quantities Pn(s3 S for the first
time at the four-loop level with

{(1 1) <—336H,2C3 +648H 505 + 384H303 — 5T6H,4C — 328H 20

—256H 5, —336H_1 ols+648H_| oo — S12H_1 3+ 1440H_ 4 + 192H, 0Cs + 1312H,
—384H, 50, — 288H, 4 — 384H3,0{, + 2624Hs | — 768H3 (o — 192H3 3+ 576H, 5 + 2304Hs
+784H 5 10— 192H 5 12 +768H 22 +384H | 30+784H | 29— 192H | 5,
—384H_; 13— 656H_1 00— T68H_ 1008 —256H_1 20+ 768H_1 55+ 1248H_ 34
+1536H 131 — 192H27070§2 +1312H2 10 — 384H27170§2 —96H; 30 +432H400+576H4 1 o
—384H 5 1, 10—384H 1 2 10+480H_| 200—384H 1 1,20+ 1568H_1 100
—192H ;120 — 1560H 1,00+ 768H_1 2,00+ 768H_1 21,0 — 96Hz2,00 — 336H30.00
—192H3,1,00 —768H_1,—1,-1,0,0 + 288H_1,—1,0,0,0 + 384H_1,0,0,0,0 — 384H2,0,0,00
—288H3,1,000) + (1—2)(1152H 4o + 1344H 305 + 3232Ho + 4684H, + 288Hals
—392H,(, — 384H 50— ST6H_45 — 1536H_3 _1{p + 1152H_3,0{, — 768H_3 3
—768H 5 5{y+672H 90{3 — 576H .4 +4684H) o+ 288H, {3 —392H, 0{p +2912H;
—432H, 4 +2912H, | — 144Hy 3+ 1152H_4 10— 1056H 400+ 1152H 5 5
+768H_3_ 15— 192H_350+768H_5_30+384H_5 55— T68H_5 _1 oo+ T68H_» 1 3
+768H 20082 — 192H 230+2912H; 0,0+ 2912H, 1 o — 144H, 3 — 1536H 311
+1920H 31,00 — 1248H 3000 —768H 55 10+ 1344H 5 _500—768H 5 1 20
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+384H 5 120 —396H 0,00 — 144H; 20,0 — 144H2 100 — 1536H_2 1 1,00
+1728H 5 10,00 — 768H_20,0,0,0 —576H10,0,0,0 — 432H171707070>

—(96 — 1056x 4 1024x*)H_» 1,00 + (96 — 864x — 512x%)(H3 2 +H; 1 0)

+(96 — 96x + 512x%)Hy 0,02 + (96 + 192x + 512x%)Hp 08o + (96 + 480x + 512x%)H3 4,
+(96+672x — 512x*)H_5 20 — (144 — 240x)Hols — (192 — 960x + 1024x*)H_3 _1 o
—(192 —192x — 512x*) (H; 28 +Ha.1{o +Hy 1.082) + (288 —2592x — 1536x%)Hy

+(288 — 576x +768x*)H_4,0 — (288 — 432x)Ha,0,0.0 + (372 — 1680x — 736x*)Holy

— (4004 1168x)H_3,0 — (480 + 1280x*)Hp 0,000 + (576 — 960x 4 1536x*)H _3 0,0

+(576 — 192x+ 1024x*)H 35 — (576 4 1152x + 2048x*)Hs — (976 + 1504x)Ho {3

+(672 —768x 4 1536x*)H_ 5,000 — (672 — 672x 4 1536x*)H_3{, + (1184 4 1856x)Ho 0,00
+(6724288x 4 512x%)H 2,0 — (720 +48x + 768x>)H_50{s — (2280 4 1256x)Ho 02
+(720 4 864x +2304x*)Hp 0,082 + (768 + 1792x%)Ho 0L3 — (920 + 1688x)H_2,0,0

+(1056 4-288x)Ho L2 {3 + (1056 4-288x + 1024x*)H_ 3 + (1180 4 1444x)H, 00

+(1488 4 1296x)Hs o + (1680 + 720x)Hg — (1728 + 576x)Hp 0,0,082 + (2252 + 1940x)H3 0
+(2280 + 1524x)Ho 0,0 + (2376 4 2040x)Ho 0G4 — (2724 — 516x)Holp + (2820 + 1884x)H,
+(3232 — 6136x)Ho 0 + (3852 — 1972x)Hy 0 + (4792 — 1032x)H3 — (1584x + 1280x*)Hy 0
—(672x+512x%)Hz 00 + (% —|—x2) (—896H,2C3 +768H 518 — 640H 2,00 +512H 53
+768H_1 28 — 896H 1083 + 1536H 1 4 — 256H; 2{, — 128H2 0Cp — 256H,, 18
—256H 5 _20—512H 5 _12+256H 2204+ 512H 551 —512H | _30—512H 1 1,
+768H_1 108 — 1024H | 13— 1280H 10082 +512H 122+ 1024H_1 30
+1024H_1 3,1 —256H,0,0C2 —256H1,1,082 +512H_5 1 —10—512H 2 100

+256H 2000+ 512H_1 2 10— 1024H_1_200+512H_| 1 _20—512H_| 120
+512H-1 20,0 +512H_1 210+ 1024H_1 1 —10,0 — 1536H_1 —1 00,0 + 1024H71,0,0,0,0>

—1152H()()()§3+576H000000} (C.3)

77777

D The complete s contributions

Here we finally present the exact expressions for the part of yé?i(N ) which is proportional to Cs:

vt ()

— ¢t 320§5(11121 F6m—9n>+ 145 )
5
+C3C, 32085 ( — 3 1o+ 180> - 225_2)
+cpcisogs (9 + %n + 351 - 58074 850 — 8(51)7 + 345 2 )

+ CrC; C3 80C5<73 n— 1165 —|—43T] —16Sm+16(51) 65—2)
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dabcddabcd
+ A 300 (— B+ Fn+ sy - 2302+ 85 —8(51)?)
Ng
+ ;G 1608s (341251 ) +npCEC, B (—3 —m+251)

+1,CpC 8(’@5( 3—25n+26s1+12n2)

dgbcddgbcd 1280 5
oy Cs (3—5n—251+6n ) , D.1)
W = W W)
Gs Cs
+ G 32085 (— g+ B +7n?) + CAC, 32045 (§ - 30n—11n2)
+ CRCE80Gs(—1+4n+17n?) + CpC B G (3 + Em—3n?)
dabcddabcd 1 13

320 Ba). D.2
. t(-5-%n) (D.2)

Since only sums with w < 2 can occur with s, the corresponding functional form is so restricted
that a direct determination and verification is possible with eight even and odd moments.
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