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ABSTRACT

In this thesis we study saturated fusion systems on p-groups having sectional rank 3, for
p odd. We obtain a complete classification of simple fusion systems F on p-groups having
sectional rank 3 for p > 5, exhibiting a new simple exotic fusion system on a 7-group of
order 75. We introduce the notion of pearls, defined as essential subgroups isomorphic
to the groups C, x C, and p}r+2 (for p odd), and we illustrate some properties of fusion

systems involving pearls. As for p = 3, we determine the isomorphism type of a certain

section of the 3-groups considered.
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LIST OF NOTATION

Throughout this work p denotes a prime and we consider only finite groups. All our

groups are denoted by upper case Roman letters. Also, we write mappings on the right

hand side.

Let GG be a finite group and let P, Q) < G be subgroups.
e Cp(Q) ={z € P|zy=yx for every y € Q} is the centralizer in P of Q;
e Np(Q) ={z € P|Q%=Q} is the normalizer in P of Q;

e NL(P) = Ng(P) and NL(P) = Ng(N5(P)) for every i > 1

(if there is no danger of confusion we shall simply write N*(P));
o if z,y are elements of G then [x,y] = 27y lzy;
e [P,Q]=([x,y] |z € Pye Q) is the commutator of P and Q;

« Gy = |G, (] is the commutator subgroup of G and G;1; = [G;, G] is the i-th term

of the lower central series of G,

o 71(G) =Z(Q) is the center of G and Z; = Z;(G) < G such that Z;/Z; 1 = Z(G/Z;_4)

is the i-th term of the upper central series of G;

o Syl,(G) is the set of Sylow p-subgroups of G;



O,(G) is the largest normal p-subgroup of G,

OP(G) = ﬂ S;
seSyl (@)

/

O¥ (G) = (SyL(G)) (G/OP(G) is the largest p'-group onto which G surjects);
®(G) is the Frattini subgroup of G;

Aut(G) is the group of automorphisms of G;

Inn(G) is the group of inner automorphisms of G;

Out(G) = Aut(G)/Inn(G) is the group of outer automorphisms of G;
|G|, is the highest power of p that divides the order of G
U(G)=(9geCG|g=1)

O(G)=Gr={(g"| g € G);

A(G) = {A <G| Ais abelian and of maximal order};

J(G) = (A(G)) is the Thompson subgroup of G;

P x @ is the direct product of P and Q);

P: @ is a semidirect product of P and @), where ) < Ng(P), with non-trivial action

(not uniquely determined).
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We use the following notation for specific groups:
e Sym(n) is the symmetric group of degree n;

o Alt(n) is the alternating group of degree n;

o C,, is the cyclic group of order n;

e D, is the dihedral group of order n;

e 13: 3 is the Frobenius group of order 39;

14+2n

o if p is odd, then pi*" is the extraspecial group of order p'*2"

and exponent p;

14+2n

1427 and exponent p?;

e if pis odd, then p is the extraspecial group of order p
« GF(p") is the finite field of order p™;

o GL,(p) is the general linear group of degree n over GF(p);

o SL,(p) is the special linear group of degree n over GF(p);

o PGL,(p) is the projective general linear group of degree n over GF(p);
« PSL,(p) is the projective special linear group of degree n over GF(p);
e U,(p) is the unitary group of degree n over GF(p?);

o PGU,(p) is the projective unitary group of degree n over GF(p);

e Sp,,(p) is the symplectic group of degree 2n over GF(p);

e Sz(2") is the Suzuki group over GF(2");

» Ree(3") is the Ree group over GF(3").

o Go(p") is the automorphism group of the octonion algebra over GF(p™).

1ii



INTRODUCTION

In finite group theory, the word fusion refers to the study of conjugacy maps between
subgroups of a group. This concept has been investigated for over a century, probably
starting with Burnside, and the modern way to solve problems involving fusion is via
the theory of fusion systems. A saturated fusion system on a p-group S is a category
whose objects are the subgroups of S and whose morphisms are the monomorphisms
between subgroups which satisfy certain axioms, motivated by conjugacy relations among
p-subgroups of a given finite group. The precise axioms were formulated in the nineties
by the representation theorist Puig, who finally published his work in 2006 in [Pui06].
The methods were introduced into topology by Broto, Levi and Oliver in 2003 [BLO03].

Given any finite group of order divisible by the prime p, there is a natural construction
of a saturated fusion system on its Sylow p-subgroups. There are however saturated fusion
systems which do not arise in this way; these fusion systems are called exotic. For the
prime p = 2, it is possible that there is just one infinite family of exotic fusion systems. In
contrast, for odd primes p, the work by Craven, Oliver and Semeraro [COS16] reveals a
plethora of examples. This leads to an interesting research direction which was suggested

by Oliver [AKO11, IIL7]:
Try to better understand how exotic fusion systems arise at odd primes.

Many researchers around the world are currently working on classifying all simple fusion

systems at the prime 2, and on classifying important families of simple fusion systems at
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odd primes. Here is one of the main questions:
Given a class of p-groups, can we determine all simple fusion systems on them?

Taking inspiration from the Classification of Finite Simple Groups, an important class
to examine is the class of p-groups of small sectional rank. The rank of a group is
the smallest size of a generating set for it and the sectional rank of a p-group S is the
largest rank of a section @)/ R where R < () < S. In the elementary case in which S has
sectional rank 1, the group S is cyclic and all saturated fusion systems on .S are completely
determined by the automorphism group of S (by adapting Burnside’s result for groups
with abelian Sylow p-subgroup). If p is an odd prime then all saturated fusion systems
on p-groups of sectional rank 2 have been classified by Diaz, Ruiz and Viruel ([DRV07]).
If p = 2 then all simple fusion systems on 2-groups of sectional rank at most 4 have been

classified by Oliver ([Oli16], 2016).

This thesis aims to study saturated fusion systems on p-groups of sectional rank 3,

when p is an odd prime.

Main Theorem. Let p > 5 be a prime, let S be a p-group having sectional rank 3 and

let F be a saturated fusion system on S such that O,(F) = 1. Then
e cither S is isomorphic to a Sylow p-subgroup of the group Sp,(p);

e orp =17, S is isomorphic to a maximal subgroup of a Sylow T-subgroup of the
group G3(7) and F is the exotic fusion system completely determined by Inn(S),
Outz(S) = Cg and Outz(E) = SLo(7), where E is a subgroup of S isomorphic to

the group C; x Cq. Also, F is simple.

If S is isomorphic to a Sylow p-subgroup of the group Sp,(p) and F is simple then F
is reduced (as defined in [AKO11, Definition II1.6.2]) and it is among the fusion systems
classified in [Olil4] and [COS16].



The situation is more complicated for p = 3. The fusion systems realized by the groups
SL4(q) and PTL3(¢*") (with ¢ = 1 mod 3) on a Sylow 3-subgroup show that if F is a
saturated fusion system on a 3-group S having sectional rank 3 then there is no bound

for the order of S.

The first chapter of this thesis collects various results in finite group theory that
constitute the background needed to prove our Main Theorem. In particular we introduce
the p-Stability theorem ([Gor80, Theorem 3.8.3]) and Stellmacher’s Pushing Up Theorem
([Ste86, Theorem 1)) that will play an important role in Chapter 4. We also present the
new concept of normalizer tower of a subgroup E of the p-group S, defined as the sequence

of distinct subgroups of S defined recursively by

N(E)=FE and NYE)=Ng(N"1) forevery1l<i<m,

where m is the smallest integer such that N™(E) = S. Such tower is maximal if [S: E] =
p™ (ie. [NY(E): NYE)] = p for every 1 <i < m).

A class of subgroups of a p-group S having maximal normalizer tower is the class of
soft subgroups of S, first introduced by Héthelyi in [Hét84]. These are self-centralizing
subgroups of S having index p in their normalizer in S.

A finite group G has a strongly p-embedded subgroup H if p is a prime, H is proper
in G, p divides the order of H and p does not divide the order of H N HY for every
g € G\H. We prove that if G has a strongly p-embedded subgroup and acts faithfully
on a 3-dimensional vector space, then the group O (G) is isomorphic to either SLy(p) or
PSLy(p) or 13: 3 (for p = 3).

The last part of Chapter 1 is dedicated to amalgams and weak BN-pairs of rank 2,
whose classification given in the Delgado-Stellmacher’s Theorem is used to prove the Main

Theorem.
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In Chapter 2 we introduce the notion of fusion system, recalling the definitions and
notations used in [AKO11, Part I]. If F is a fusion system on the p-group S and P < S then
we denote by Homz(P, S) the set of injective homomorphisms from P to S belonging to
the category F. Also, the F-automorphism group of P, denoted Autz(P), is the group of
automorphisms of P belonging to the category F and the outer F-automorphism group
of P, denoted Outz(P), is the quotient of Autz(P) by the inner automorphism group
Inn(P). A subgroup @ of P is said to be F-characteristic in P if it is normalized by every
F-automorphism of P.

The starting point for the classification of saturated fusion systems comes from the
Alperin-Goldschmidt Fusion Theorem [AKO11, Theorem 3.5], which guarantees that
every saturated fusion system on a p-group S is completely determined by the group
of F-automorphisms of S and by the group of F-automorphisms of certain subgroups of

S, called F-essential subgroups.

Definition. Let p be a prime, let S be a p-group and let F be a saturated fusion system

on S. A proper subgroup F of S is F-essential if
1. E is F-centric: Cg(Ea) < FEa for every a € Homg(E, S);

2. E is fully normalized in F : |Ng(E)| > |[Ng(Fa)| for every o € Homg(F, S);

3. Outz(F) contains a strongly p-embedded subgroup.

Since we want to investigate fusion systems J on p-groups having sectional rank 3,
we are interested in F-essential subgroups having rank at most 3. Since F-essential
subgroups are self-centralizing in S and a subgroup of their outer F-automorphism group
is strongly p-embedded, the outer F-automorphism groups of F-essential subgroups have
a very restricted structure, as described earlier. Applying the results on groups having
a strongly p-embedded subgroup obtained in the previous chapter, we get the following

theorem.
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Theorem 1 (Structure Theorem for Outz(FE)). Let F be a saturated fusion system on

the p-group S and let E < S be an F-essential subgroup of rank at most 3. Then
1. If|E/®(E)| = p?, then SLo(p) < Outr(E) < GLa(p);

2. If |[E/®(E)| = p* and the action of Outz(E) on E/®(E) is reducible then

SLa(p) < Outz(E) < GL2(p) x GLi(p);

3. If |[E/®(E)| = p* and the action of Outz(E) on E/®(E) is irreducible then

(a) either OP (Outx(E)) = PSLy(p) = Q3(p);

(b) or p=3 and O” (Outx(FE)) = 13: 3.

A direct consequence of the previous theorem is that every JF-essential subgroup of
rank at most 3 has index p in its normalizer in S. In particular abelian F-essential sub-
groups of the p-group S of rank at most 3 are soft subgroups of S and so have maximal nor-
malizer tower in S. We prove that this implies that every morphism in Ny, gy (Auts(E))

is a restriction of a morphism in Autz(S).

Note that if S is a p-group and F is a saturated fusion system on S such that none
of the subgroups of S is F-essential, then F is completely determined by Autz(S). In
particular the fusion subsystem Fg(S) is normal in F (Lemma 2.17). So if F is simple
and no subgroups of S are F-essential then F = Fg(S) and S is cyclic of order p ([Crall,
Lemma 5.76]). Thus we may always assume that there exists at least one F-essential

subgroup of S.
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Chapter 3 focuses on the study of saturated fusion systems on p-groups containing at
least one F-essential subgroup that is either elementary abelian of order p? or extraspecial
of order p and exponent p. Note that the first of these groups is the smallest candidate
for an abelian F-essential subgroup (since F-essential subgroups are not cyclic) and the
second is the smallest candidate for a non-abelian F-essential subgroup. The presence of
such very small F-essential subgroups enriches the structure of the p-group considered as

a jewel is made precious by a pearl.

Definition (Pearl). Let p be an odd prime, let S be a p-group and let F be a saturated
fusion system on S. A subgroup of S is a pearl if it is an F-essential subgroup of S that

is either elementary abelian of order p? or extraspecial of order p? and exponent p.

We denote by P(F) the set of pearls of S with respect to the fusion system F on S,
by P(F), the set of abelian pearls in P(F) and by P(F). the set of extraspecial pearls
in P(F). Note that P(F) = P(F), U P(F)e.

In Lemma 3.3 we show that p-groups containing pearls have maximal nilpotency class.

Note that pearls have rank 2 and by Theorem 1 if E € P(F) then SLy(p) < Outz(E) <
GLy(p). In particular if £ € P(F), and G is a model for Nx(E), then the quotient
Ng(E)/E is isomorphic to a Sylow p-subgroup of the group GLy(p) and since the Sylow

p-subgroups of GLy(p) generate SLa(p) (see for example [Gor80, Theorem 2.8.4]), we get
(Ns(E)“) 2 (C, x C,).SLa(p).

Thus (Ng(E)) is a so-called Qd(p) group, as defined by Glauberman.
Fusion systems that do not involve Qd(p) groups have been studied in [HSZ17]. In this
paper the authors also describe all the finite simple groups that involve the groups Qd(p)

and @(p) (defined as the group pi™SLy(p), that is related to our extraspecial pearls).
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For i > 2, let S; denote the i-th term of the lower central series of S. In the first
part of Chapter 3 we recall the structure of a p-group S having maximal nilpotency class,
studying in particular the properties of the group S; = Cg(S2/S,). For example we prove
that if .Sy is neither abelian nor extraspecial then Aut(S) has a normal Sylow p-subgroup
P and the quotient Aut(S)/P is isomorphic to a cyclic group of order dividing p — 1.

We then determine a general bound for the order of groups having maximal nilpotency

class depending on their sectional rank.

Theorem 2. Let S be a p-group of maximal nilpotency class and sectional rank k. If
p > k+2 then |S| < p?* (with strict inequality if S1 = Cg(Z2(S))). Also, if p = 3 and
k > 3 then |S| = 3.

As a consequence, if p is odd and S has sectional rank 3, then either p = 3 and |S| = 3%

or p>5and |S| < pC.

Next, we describe the candidates for F-essential subgroups of p-groups having maximal

nilpotency class.

Theorem 3. Let F be a saturated fusion system on the p-group S, that has mazimal

nilpotency class. Let E be an F-essential subgroup of S. Then one of the following holds:
1. FE is a pearl;
2. E <8; (and if Sy is extraspecial or abelian then E = Sy ); or

3. E < Cs(Z5(S)), E & 51, [E: Zi(S)] = p for some i € {2,3,4} and either E =

C, x C, x C,, or E/Z5(S) is isomorphic to either C, x C, or pit?.

Also, if Op(F) =1, Sy is extraspecial and Cg(Za(S)) is F-essential then p > 5, S is
isomorphic to a Sylow p-subgroup of the group Go(p) (with p =7 if there is a pearl) and

F is one of the fusion systems classified by Parker and Semeraro in [PS16].



When the group S; is extraspecial and there is a pearl, we can indeed determine the

size of S and the nature of the pearl.

Theorem 4. Let p be an odd prime and let F be a saturated fusion system on a p-group

S containing a pearl E. Then the following are equivalent:
1. S is extraspecial;
2. Sy # Cs(Za(5));
3. E=C, xC,, |S| =p! and S; is not abelian.

Also, if one (and then all) of the cases above occurs, then p > 7, Sy = pf(pfg) and S has

exponent p.

Note that the fusion systems described in the previous theorem are close to the ones
determined by Parker and Stroth in [PS15]. Also, Theorem 4 suggests a distinct avenue
for research: the study of fusion systems on p-groups having a maximal subgroup that is

extraspecial. This is the current research project of Moragues Moncho.

A combination of the previous results enables us to determine the candidates for F-

essential subgroups of p-groups containing pearls (Theorem 5).

In the last part of this chapter we consider p-groups having sectional rank 3 and
containing pearls. By Theorem 2 these groups have order at most p°. After studying
the structure of p-groups containing pearls and having order at most p® (Theorem 6),
we classify saturated fusion systems on p-groups having sectional rank 3 and containing

pearls.
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Theorem 7. Let p be an odd prime and let F be a saturated fusion system on a p-group
S of sectional rank 3 containing a pearl E. Then S has maximal nilpotency class and

either S is isomorphic to a Sylow p-subgroup of Spy(p) or the following hold:

1. p="7T and S is isomorphic to the group indexed in Magma as SmallGroup(7°,37);
2. F= C7 X C7 and Aut;(E) = SLQ(?),
3. F is completely determined by Inn(S), Autz(E) and Outz(S) = Cg; and

4. F is simple and exotic. Also, such an F exists and is unique.

To prove that the fusion system presented in parts 1.—4. of Theorem 7 is exotic we

use the Classification of Finite Simple Groups.

Note that the fusion systems described in Theorem 7 are the same appearing in the
Main Theorem. Indeed in Chapter 5 we show that if p > 5, S is a p-group having sectional
rank 3 and F is a saturated fusion system on S such that O,(F) = 1, then S contains a

pearl (Theorem 20).

Chapter 4 aims to describe the automorphism group and the structure of the JF-
essential subgroups of p-groups having sectional rank 3. In this chapter, p is an odd

prime, S is a p-group having sectional rank 3 and F is a saturated fusion system on S.

We start strengthening the result given in Theorem 1.
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Theorem 8. Let E < S be an F-essential subgroup.

e If E is F-characteristic in S and there exists an F-essential subgroup P # E such
that every morphism in Naye,(py(Autg(P)) is a restriction of an F-automorphism
of S, then

— either OY (Outx(E)) = SLy(p)

— or OP (Outx(E)) = PSLy(p), OF (Outx(P)) = SLy(p) and S has rank 2.
e If E is not F-characteristic in S then OP (Outy(E)) = SLy(p) and

— either [E: ®(E)] = p* and SLy(p) < Outz(E) < GLa(p);

— or [E: ®(E)] = p* and SLy(p) < Outz(E) < GLa(p) X GLy(p).

Note that a subgroup P of S is F-characteristic in S if and only if it is F-characteristic
in Ng(P). Indeed if P is F-characteristic in S then P is normal in S and so Ng(P) = S.
On the other hand, if P is F-characteristic in Ng(P) then P is normal in Ng(Ng(P)) and
so S = Ng(P).

Theorem 8 is proved by considering the interplay of two distinct F-essential subgroups
E; and E, of S having the same normalizer N in S. An important role is played by the

largest subgroup of Ey N E5 that is normalized by Autz(E,), Autz(E>) and Autz(N).

Definition (F-core of Ej and Fy). Let B} < S and Ey < S be F-essential subgroups of S
such that Ng(E;) = Ng(FEs). We define the F-core of Ey and Es, denoted corex(E7, Es),

as the largest subgroup of F1 N E, that is F-characteristic in F, Fy and Ng(E}).

We set corer(F1) = corer(FE4, E7) and we call it the F-core of Ej.

If (€1, &) p denotes the smallest fusion subsystem of F on P < S containing the fusion

subsystems &; and & (both defined on P), then corer (£, Es) = O,((N£(E1), Ne(E2))ng(E1))-
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If £ is an F-essential subgroup of S and o € Autz(Ng(E)) then Ng(Ea) = Ng(E),
FEa is an F-essential subgroup of S (Lemma 2.26(6)) and we show that corez(F) =
corer(F, Ea) = corer(Ea). Thus, if E is an F-essential subgroup of S not F-characteristic
in Ng(E), then the F-core of E can always be described as the F-core of two distinct
F-essential subgroups of S.

The properties of the F-core of two distinct F-essential subgroups F; and Es of S are
described by Theorem 9 and Theorem 10 (stated in the introduction of Chapter 4).

We now focus our attention on F-essential subgroups of S that are not F-characteristic

in S.

Theorem 11. Let E be an F-essential subgroup of S not F-characteristic in S and let
T = corer(E). Set V = [E,0" (Outx(E))|T. Then

S
1. V/T is a natural SLy(p)-module for OP (Outz(E)); a
A= (N%)
2. Ng(E)/T has exponent p; \\ N = Ns(E)
r N = Ng
P
3. EJT is elementary abelian and p* < [E: T| < p?; $ F
<p
4. [B/T: 2(Ns(E)/T)] = p; PV = B, AT
pPXp
5. T is abelian, T < Z(V), |[V,V]| < p and T/[V, V] is
a cyclic group. 1T
pll
Moreover, if [E: T| = p?, then T < Z(Ng(F)).
® [‘/’ V]
<p
o]

The previous results are enough to show that F-essential subgroups of rank 2 that are

not F-characteristic in S are pearls.
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Theorem 12. Let E < S be an F-essential subgroup of S not F-characteristic in S. If
E has rank 2 then E is a pearl and F is one of the fusion systems described in Theorem

7.
In general, when the F-core of E has index p? in E we have the following:

Theorem 13. Suppose that E < S is an F-essential subgroup of S and let T' = corex(E).

If[E: T)=p? and |T| = p® then
o cither E= C, x Cp x Cpa;

~ Q1 (E)xT ~ 142 .
e Or E = (Z(Ql(lE))=Q1(T)) — p+ (¢] Cpa7

e or B = pi_“'? X Cpa-1.
The next step is to consider F-essential subgroups of S that have rank 3.

Theorem 14. Suppose that E < S is an F-essential subgroup of S having rank 3. If
p>5then LS.

If p =3, E has rank 3 and Ng(E) < S, then in Lemmas 4.2 and 4.4 we determine the
isomorphism type of the quotient Ng(Ng(E))/®(E). More precisely, using the notation
of the normalizer tower introduced in Chapter 1, if N?(S) < S then either the quotient
N%(S)/®(E) is isomorphic to a section of a Sylow 3-subgroup of the group SL4(19) or
N3(S)/®(E) is isomorphic to a Sylow 3-subgroup of the group PT'L3(64). Note that to

prove such results we do not require F to satisfy the condition O,(F) = 1.

This fact suggests to look at the Sylow 3-subgroups of the groups SLy(g) and PT'Lz(¢"),
where ¢ = 1 mod 3. These examples show that if F is a saturated fusion system on a
3-group S having sectional rank 3 and at least one F-essential subgroup £ < S, then
in general we cannot bound the index of £ in S (more details about these examples are

given in the introduction of Chapter 4).
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In the final section of Chapter 4 we consider the interplay of two F-essential subgroups

of S that are F-characteristic in S.

Theorem 15. Let 1 < S and Ey < S be distinct F-essential subgroups F-characteristic

in S and let T = corer(Ey, Ey). Then

e cither S/T = pi™ and for every 1 < i < 2 the group E; is abelian and O (Outx(E;)) &

SL2 (p)7

e or S/T is isomorphic to a Sylow p-subgroup of Sp,(p) and there exist 1 < i,5 < 2
such that i # j, Z(S) = Z(E;) is the preimage in S of Z(S/T) and the following
holds:

1. E;/T = pi™ and O” (Outz(E;)) = SLy(p);

2. E; is abelian, T = ®(E;) and O (Outz(E;)) = PSLy(p).

Finally, we show that if F is simple and there are two F-essential subgroups of S that

are F-characteristic in S then S is isomorphic to a Sylow p-subgroup of the group Sp,(p).

Theorem 16. Let E; < S and Ey < S be distinct F-essential subgroups F-characteristic
in S. Then the group corer(Ey, Ey) is normal in F. In particular, if O,(F) =1 then S is
~ 142

isomorphic to a Sylow p-subgroup of the group Spy(p), E; = pi™ and E; = C, x C, x C,

for some i,5 € {1,2}, i # j, and F is one of the fusion systems classified in [COS16].

In Chapter 5 we put together all the results presented in the previous chapters to prove
our Main Theorem. From now on, p is an odd prime, S is a p-group having sectional rank

3 and F is a saturated fusion system on S satisfying the condition O,(F) = 1.
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For every subgroup P < S such that Z(S) < P we define

Zp = { QZS)M ) ).

Note that Zg = Q1(Z(S)) and Zg < Zp < Q1(Z(P)). In particular Zp is elementary
abelian and since S has sectional rank 3 we deduce |Zp| < p*.
By assumption, there exists at least one F-essential subgroup E of S such that Zg <

Zp.

Theorem 17. Let E < S be an F-essential subgroup of S not F-characteristic in S.
Then
Zs = Zg if and only if Zs < corex(FE).

Theorem 18. Let E < S be an F-essential subgroup of S not F-characteristic in S. If

Zg < Zg then E is abelian and if Oy(F) =1 then E is not normal in S.
We now have all the ingredients to prove our final results.

Theorem 19. Let p be an odd prime, let S be a p-group having sectional rank 3 and let
F be a saturated fusion system on S satisfying the condition O,(F) = 1. Then one of the

following holds:
1. S is isomorphic to a Sylow p-subgroup of the group Sp,(p);
2. there exists an F-essential subgroup of S that is not normal in S.

Theorem 20. Let p > 5 be a prime, let S be a p-group having sectional rank 3 and let F

be a saturated fusion system on S such that O,(F) = 1. Then F contains a pearl.

Proof of the Main Theorem. By Theorem 20 there exists an F-essential subgroup of

S that is a pearl and we conclude by Theorem 7. [
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The Appendix contains some results for p = 3, that might be used for future projects.

To summarize:

in Chapter 1 we present the group theoretical background;

« in Chapter 2 we introduce fusion systems and JF-essential subgroups, proving some

properties of F-essential subgroups of rank at most 3;

« in Chapter 3 we study saturated fusion systems containing pearls (for p odd) and we
determine such saturated fusion systems when the p-group considered has sectional

rank 3 (discovering a new exotic fusion system);

o in Chapter 4 we study the structure of F-essential subgroups of p-groups having
sectional rank 3 (for p odd), proving that if p > 5 then all F-essential subgroups
of rank 3 are normal in the p-group considered. When p = 3, we determine the

isomorphism type of a specific section of the 3-group studied.
Note that in Chapters 3 and 4 we do not impose O,(F) = 1 and so the results can

be used modulo certain subgroups.

o in Chapter 5 we use the results of Chapters 3 and 4 and we give the last ingredients
required to classify saturated fusion systems F on p-groups having sectional rank 3

such that O,(F) =1 and p > 5 (Main Theorem,).

A guide for the proofs of Theorems 1-20 presented in this introduction is given on

page xix.
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CHAPTER 1

GROUP METHODS

‘A piece of music can be accompanied by words, movement, or dance, or can simply
be appreciated on its own. It is the same with groups. They can be seen as groups of
symmetries, permutations, or motions, or can simply be studied and admired in their own

right.’

[Mark Ronan]

In this chapter we collect definitions and results about finite groups that form the
background needed to work with fusion systems. We start with the definition of conju-
gation map, setting the notation and recalling some fundamental properties. We then
focus our attention on p-groups and on their automorphism groups. For example we see
how knowing the action of a morphism on elements x, y of a p-group can give information
on its action on [z,y]. This remark will be important in the study of the structure of
p-groups in Chapter 4. Of particular relevance are then the p-stability Theorem, which
proves that under specific conditions the automorphism group of an elementary abelian
p-group involves the group SLy(p), and Stellmacher’s Pushing Up Theorem, which will be

used to determine the structure of certain p-groups.



The goal of Section 1.3 is to introduce the concepts of normalizer tower and soft
subgroups and to illustrate the structure of a p-group containing a soft subgroup.

The main focus of our study are the so-called essential subgroups of a fusion system and
their automorphism groups. Because of that, we need to examine strongly p-embedded
subgroups. In Section 1.4 we prove that if G is a finite group having a strongly p-embedded
subgroup and acting faithfully on a 3-dimensional vector space, then O¥ (G) is isomorphic
to either SLa(p), or PSLy(p), or 13: 3 (for p = 3).

The final section’s aim is to introduce the concepts of amalgams, weak BN-pairs of
rank 2 and symplectic amalgams. We will need these objects when we consider the case

of essential subgroups characteristic in the p-group studied.



1.1 Commutators and automorphisms of finite groups

Let G be a finite group and let ¢ € G be an element. The conjugation map by ¢ is the

automorphism of GG defined as

cg: G =G,

hs h9 =g " hy.

If P < @G is a subgroup of G, we set P9 = {29 | x € P} and we define the normalizer

and the centralizer in G of P as follows:
Ne(P)={9€ G| P’ =P},
Ce(P)={g9€ G|z =xzfor every x € P} < Ng(P).
If x and y are elements of GG, then the commutator of x and y is given by
[z, y] = 27y ay.
If P,QQ < G are subgroups, then the commutator of P and () is defined as
[P, Q] = (lz,y] |z € Py e @)

Note that [P,Ng(P)] < P and [P,Cq(P)] = 1.
We can extend this definition to automorphisms o € Aut(P), defining
1

[z,a] =27 (x)a € P,



for every x € P. We set
[P,a] = ([z,a] |z € P).

Note that for all z, g € G we have [z, ¢,] = [z, g].

Recall that a group G is nilpotent if Z.(G) = G for some ¢ € N (or equivalently if
Gey1 = 1). The smallest integer ¢ satisfying Z.(G) = G is the nilpotency class of G.
Every p-group P is a nilpotent group and if |P| = p™ then we say that P has mazimal

nilpotency class if it has class n — 1.

Lemma 1.1. Let G be a nilpotent group and let P,Q < G be subgroups. If [P,Q] = P

then P =1.

Proof. Suppose [P,Q] = P. Then [P,Q,Q] = [P,Q] = P. In particular P < G, for every

1 > 2. Let ¢ be the nilpotency class of G. Then P < G, = 1, implying P = 1. ]

Lemma 1.2. [Gor80, Theorem 2.3.3] Let G be a nilpotent group and let P < G be a

proper subgroup. Then P < Ng(P).

Lemma 1.3. Given elements x,y, z of a finite group G, we have the following equalities.
1wy, 2] = [z, 2"y, 2];
2. [x,yz] = [z, 2]z, y]?;
3. if [x,y] commutes with both x and y then for all i,j we have

o [2',9] = [z,y]7; and

i(i—1)

o (yx) =[x,y z y'a'.

A proof of these elementary statements can be found for example in [Gor80, Theorem
2.2.1 and Lemma 2.2.2]. These equalities will be taken for granted and used many times
throughout the paper (mostly without citing the previous lemma). The next lemma

illustrates one of the main applications.



When we write v = v mod Z we mean u = vz for some z € Z. In particular, the

statement u =1 mod Z is equivalent to u € Z.

Lemma 1.4. Let x,y € G be elements and let « € Aut(G) be an automorphism of G

acting on x and y as follows:
ra=12'g, ya=1yh,
for some i,5 > 1 and g,h € G. If there exists a subgroup Z < G such that
9. (2", 1], |9, h] € Z and [x,4]Z € Z(G/Z),
then

[z, yla = [, y]7  mod Z.

Proof. From Lemma 1.3 we have

[z'g.y’h] = [&", 47 h)%[g, v’ h] = ([2", B)[=", v"]")?[g. h][g,%’]".

By assumptions we then get [2%g,y'h] = [2%,3]" mod Z. Also, [z,y]Z is in the center
of G/Z. Thus [z°,y/] = [z,y]Y mod Z and [2%,y’] commutes with g and h modulo Z.
Hence

[z, yla = [z, ya] = [¢'g,y'h] = [2",¢']" = [2,y]7 mod Z.
O

Thus, knowing the action of @ on x and y we can deduce its action on [z,y] mod Z.

This technique will be fundamental in the characterization of F-essential subgroups.



Lemma 1.5. Let p be an odd prime, let P be a p-group and let x,y € P be elements. If

[z,y] = [z7", y] then [z,y] = 1.

Proof. Suppose [z,y] = [x7!,y]. Then z~ 'y toy = xy~ 'z~ 'y, so x72y~'2* = y~'. There-
fore 22 € Cp(y~') and since p is odd and P is a p-group we deduce that z € Cp(y). Hence

[z,y] = 1. O
We see another application of Lemma 1.3.

Lemma 1.6. Let p be a prime and let P be a p-group.
e If P/Z(P) is cyclic then P is abelian.

o If[P: Z(P)] = p? then [P, P] = {[z,y]), where x,y € P are such that P = (x,y)Z(P)
and |[P.P]| = p.

Proof. Suppose that P/Z(P) is cyclic and let g € P be such that P = (g)Z(P). Take

x,y € P. Then z = g'2; and y = ¢’z for some 7,5 € N and zy, 2o € Z(P). Thus

N 1 j _ itg ] ) _
2y =9'219°2 = 9" 2120 = ¢' 209" 21 = yu.

So x and y commute and we deduce that P is abelian.
Suppose that [P: Z(P)] = p*. By what we proved above, P/Z(P) is not cyclic, so we
have P/Z(P) = C, x C,. Let x,y € P be such that P = (x,y)Z(P). Since [z,y| € Z(P),

by Lemma 1.3 we deduce that

[P, Pl = [{z,y),{z,y)] = ([z,y]).

Also, since aP € Z(P), we get [z, y]P = [P, y] = 1. Therefore |[P, P]| = p. O



Another important subgroup of a finite group G is the Frattini subgroup, denoted
®(G) and defined as the intersection of all maximal subgroups of G. It is a characteristic
subgroup of G and the quotient G/®(G) is called Frattini quotient.

In the case of a p-group P, we have

o(P) = [P, PIP,

where PP = (2 | x € P) < P.

Recall that an elementary abelian p-group V is an abelian group that has exponent
p, i.e. 2P = 1 for every x € V. Every elementary abelian p-group of order p" can be
considered as a vector space of dimension n over the field GF(p). In particular, if V' is
elementary abelian of order p” then Aut(V') = GL,(p).

From the equation ®(P) = [P, P]|P? we deduce that the Frattini quotient of a p-group
is an elementary abelian group.

We call rank the smallest size of a generating set for a group. It is a known result that

a p-group P has rank r if and only P/®(P) has order p" ([Ber08, Theorem 1.12]).

Definition 1.7. If R, < G are subgroups of G with R < ) then the quotient Q)/R is

a section of G. We say that G involves the group H if H is isomorphic to a section of G.

Definition 1.8. We say that a p-group P has sectional rank k if every elementary abelian

section of P has order at most p¥, and k is the smallest integer with this property.

Thus P has sectional rank k if and only if every subgroup of P has rank at most k.
To calculate the sectional rank of a p-group it is therefore important to be able to

establish the exponent of its subgroups.



Given a finite p-group P, we denote by €;(P) the group generated by the elements of
P of order p:
G(P)=(xePl|a’=1).

Note that in general the group €2;(P) can have exponent larger than p. As an example
if P = Dg, the dihedral group of order 8, then P = Q;(P) and P has exponent 4. The

next lemma gives some sufficient conditions for the group €2;(P) to have exponent p.

Lemma 1.9. [LGM02, Lemmas 1.2.11, 1.2.13] Let P be a p-group. If Q(P) is abelian
or [Q(P)| < pP then Q4(P) has exponent p.

The action of a p’-automorphism of a p-group P on the Frattini quotient P/®(P),

gives us information about the action on P, as Burnside’s Theorem states.

Theorem 1.10 (Burnside). [Gor80, Theorem 5.1.4] Let p be a prime and let « be a
p'-automorphism of the p-group P. If «a induces the identity on P/®(P), then « is the

identity automorphism of P.

In general, the action of a p’-automorphism on a p-group P leads to a decomposition

of the group P. We refer to it as decomposition by coprime action.

Theorem 1.11 (Coprime Action). [Gor80, Theorems 5.2.3 and 5.3.5] Let p be a prime

and let A be a p'-group of automorphisms of the p-group P. Then

P =Cp(A)[P, A],

where Cp(A) = {x € P | xao = x for every a € A} is the centralizer in P of A.
If P is abelian then P = Cp(A) x [P, Al.

The next two lemmas are applications of Theorem 1.11.



Lemma 1.12. Let p be a prime and let A be a p'-group of automorphisms of the p-group
P. Then
[P, A] = [P, A, A],

where [P, A, A] = [[P, A], A].

Proof. By Theorem 1.11 we have P = Cp(A)[P, A]. Hence

[Pv A] = [CP<A)[P7 A]7A} = [CP<A)7A]HP7 A]vA] = [PvAvA]

]

Lemma 1.13. Let p be a prime and let A be a p'-group of automorphisms of the p-group
P. If [P: Cp(A)] = p then |[P, A]| = p and

P = Cp(A) x [P, Al

Proof. We prove the statement by induction on the order of P. If P is cyclic then it
is abelian and the statement is true by Theorem 1.11. Suppose P is not cyclic. Then
[P: ®(P))] > p*. Note that ®(P) < Cp(A) and Cp(A)/P(P) < Cpjap)(A4) < P/D(P)
(by Theorem 1.10). Hence we have [P/®(P): Cpa(p)(A)] = p and by inductive hypothesis
we get

P/®(P) = Cpjap)(A) x [P/®(P), Al

with [[P/®(P), A]| = p. Thus there exists a maximal subgroup M of P such that [P, A] <

M. Since P = MCp(A) and [P: Cp(A)] = p by assumption, we deduce that

Also, A is a group of automorphisms of M, since [P, A] < M. Hence by inductive

9



hypothesis we have |[M, A]| = p. Also by Lemma 1.12 we get

(M, A] < [P,A] = [P, A, A] < [M, Al.

So [M, A] = [P, A] and |[P, A]| = p. By Theorem 1.11 we know P = Cp(A)[P, A].

Since |[P, A]| = p we get Cp(A) N [P, A] = 1. Also, since Cp(A) and [P, A] are both
normal in P, we get [Cp(A), [P, A]] < Cp(A)N [P, A] = 1. Hence Cp(A) commutes with
[P, A] and we conclude that P = Cp(A) x [P, A]. O

Other information about the automorphism group of a p-group can be obtained using

Thompson’s A x B-Lemma.

Lemma 1.14 (Thompson’s A x B-Lemma). [Gor80, Theorem 5.53.4] Let p be a prime
and let A x B be a group of automorphisms of the p-group P, with A a p'-group and B a
p-group. If [Cp(B), Al =1, then A = 1.

We now present a consequence of Maschke’s Theorem.

Theorem 1.15. [Gor80, Theorem 3.3.2] Let A be a p'-group of automorphisms of an
abelian p-group V' and suppose that Vi is a non-trivial direct factor of V. normalized by

A. Then there exists a subgroup Vo <V normalized by A and such that V =V} x V5.

If there is an automorphism ¢ of order prime to p acting on a p-group P = C, x C,
and normalizing a maximal subgroup V; < P, then the previous theorem implies that
there exists a maximal subgroup V5, < P distinct from V; and normalized by ¢. This

situation will appear many times in the next chapters.

10



To better understand the structure of a p-group P, we consider the set A(P) of
subgroups of P that are abelian and of maximal order. More precisely, define the integer
a = max{|A| | A < P is abelian}. Then A(P) = (A | A < P is abelian and |A| = a).

The Thompson subgroup of P is the subgroup generated by A(P):

J(P)=(A| Ae A(P)).

The Thompson subgroup of P is characteristic in P and satisfies the following property

if J(P) < Q < P then J(P) = J(Q).

See [Gor80, Lemma 8.2.2] for a proof. The following lemmas characterize the natural

action of P on its abelian subgroups of maximal order.
Lemma 1.16. If A € A(P), then A = Cp(A).

Proof. Since A is abelian, we have A < Cp(A). Let 2 € Cp(A). Then A(zx) is an abelian
subgroup of P and from the maximality of A we conclude |A| = |A(z)|. So x € A and
Cp(A) < A. Therefore A = Cp(A). O

Lemma 1.17. Let A € A(P) and let B be a subgroup of P. Then B normalizes A if and
only if [B, A, A] = 1.

Proof. Assume B normalizes A. Then [B, A] < A and so [B, A, A] < [A, A] = 1, since A
is abelian. Conversely, assume [B, A, A] = 1. Then [B, A] < Cp(A) and by Lemma 1.16
we have [B, A] < A. Thus B normalizes A. O

We can now state the Thompson Replacement Theorem, that guarantees that given
an abelian subgroup A of maximal order normalizing an abelian subgroup B, if B does
not normalize A then we can replace B by an abelian subgroup A* of maximal order

normalizing A and satisfying AN B < A*N B.

11



Theorem 1.18 (Thompson Replacement Theorem). [Gor80, Theorem 8.2.5] Let A €
A(P) and let B be an abelian subgroup of the p-group P. Assume A normalizes B, but B

does not normalize A. Then there ezists a group A* in A(P) with the following properties:
1. ANB < A*NB, and
2. A* normalizes A.

Lemma 1.19. [KS04, Lemma 5.1.8] Let P be a p-group and let Q, R < P be such that

Q,RI<QNR and |[Q,R] <p.

Then [Q: Co(R)] = [R: Cr(Q)].

Recall that a p-group P is extraspecial if ®(P) = Z(P) and |Z(P)| = p. It is well
known that if p is an odd prime then there are exactly two extraspecial groups of order

142

1+2n for every n > 1, one of exponent p, denoted pi™, and one of exponent p?, denoted

p

pt2. As a consequence of Lemma 1.19, we can compute the order of a maximal abelian

subgroup of an extraspecial group.

1+2n

Lemma 1.20. Let P be an extraspecial group of order p and let Q) be an abelian

subgroup of P of maximal order. Then |Q| = p"T'.

Proof. By Lemma 1.16 we have Cp(Q) = Q. In particular ®(P) = Z(P) < @ and so
(@, P] < Q. Since P is extraspecial we also have |[Q, P]| < |[P, P]| = p. Therefore by
Lemma 1.19 we get [P: Q] = [Q: Co(P)] = [Q: Z(P)].

Suppose |Q| = p®. Then [Q: Z(P)] = p*~! and the following holds

p = |P| = [P: QIIQ: Z(P)|Z(P)| = (»"')*p.

Hence a = n + 1 and |Q| = p"™. O

12



Definition 1.21. Let GG be a finite group acting on a set X. We say that G acts faithfully

on X if no non-trivial element of G acts trivially on X.

Definition 1.22. Let G be a group that acts on the elementary abelian p-group V. We
say that G acts quadratically on V' if [V,G,G] =1 and [V, G] # 1.

Recall that the p-core of a finite group G, denoted O,(G), is the largest normal p-

subgroup of G.

Theorem 1.23 (p-stability). [Gor80, Theorem 3.8.3] Let p be an odd prime and let G be
a group that acts faithfully on the elementary abelian p-group V. If O,(G) =1 and there

is a non-trivial p-subgroup of G that acts quadratically on V', then G involves SLa(p).

This p-Stability theorem will be used in Chapter 4 to prove that the automorphism
group of the F-essential subgroups (defined on page vii) involves the group SLy(p). As
we will see later, this is a crucial step in the classification of fusion systems on p-groups

of small sectional rank.

Definition 1.24. Let G be a finite group acting on a vector space V. We say that
the action of G is reducible if there exists a proper non-trivial subspace U of V that is

normalized by G. The action of G is irreducible if it is not reducible.

The presence of a subgroup isomorphic to SLy(p) allows us to apply Stellmacher’s
Pushing Up Theorem, that gives information regarding the structure of the p-group stud-

ied. Before stating the theorem, we recall the definition of a natural SLy(p™)-module.

Definition 1.25. Let G = SLy(p"), S € Syl (G) and V' be a GF(p)G-module. Then V/

is a natural SLy(p")-module if |V| = p*™ and S acts quadratically on V.

Note that there is a unique natural SLs(p)-module, that is the faithful SLy(p)-module

of dimension 2.

13



Theorem 1.26 (Stellmacher). [Ste86, Theorem 1][Nil79, Theorem 3.2] Let G be a finite

group, p a prime and P a Sylow p-subgroup of G such that
1. No non-trivial characteristic subgroup of P is normal in G, and
2. G/®(G) = PSLy(p") for G = G/O,(G).

Let QQ = Oy(G) and V = [Q,OP(G)]. Then either P is elementary abelian or there exists
a € Aut(P) such that
L/VoOp (L) = SLa(p")

where L = V*OP(G) and Vo = V(L NZ(G)), and one of the following holds:

1. P/SU(Z(P)) is elementary abelian, V < Z(Q) and V is a natural SLs(p™)-module
for L/VoOp(L);

2. p=2, P/ (Z(P)) is elementary abelian, V < Z(Q), n > 1 and V/(V NZ(QG)) is a
natural SLy(2")-module for L/VyOx(L);

3. p#2, V) <Z(Q), (V) =V NZ(G) has order p*, and V/Z(V') and Z(V)/D(V)
are natural SLy(p™)-modules for L/VoO,(L).

In addition, in case (3) the group P has nilpotency class 3, ®(®(P)) =1, P does not act
quadratically on V/®(V') and p = 3.

Note that in case 3 the group V/®(V) is elementary abelian of order p**, thus @ has
sectional rank at least 4n. Since we will be interested in p-groups of sectional rank 3 with
p odd, Stellmacher’s result implies that the p-groups satisfying the hypothesis have to be

as in point 1 of the theorem with n = 1.

14



1.2 Normalizer tower and soft subgroups

Let P be a p-group and let E be a subgroup of P. The normalizer tower of E in P is the

sequence of distinct subgroups of P defined recursively as
N(E)=FE and NYE)=Np(N"YE)) foreveryl<i<m,

where m € N be the smallest integer satisfying N (E) = P (such m is called the subnormal
depth of E in S). We say that F has mazimal normalizer tower in P if [P: E] = p™ (i.e.

[N“: N“=1] = p for every 1 < i < m).

In Chapter 4 we show that every essential subgroup E of a p-group P of sectional rank

3 for p odd, contains its centralizer and has index p in its normalizer:
Cp(E)<E and [Np(E): E]=p. (1.1)

An abelian group satisfying property 1.1 is called a soft subgroup, as defined and studied
by Héthelyi. In particular, combining [Hét84, Lemma 2, Corollary 3|, [Hét90, Theorem

1, Lemma 1 and Corollary 6] and [BH97, Theorem 2.1] we get the following theorem.

Theorem 1.27. Let P be a p-group and let E be a soft subgroup of P with [P: E] =
p™ > p?. Set

7:(N7) if 1<i<m-—1

Then

15



1. E has maximal normalizer tower in P and the mem-

bers of such a tower are the only subgroups of P con-

taining E;
2. the group N* has nilpotency class i + 1 for every i < P
m—1;
Nmfl
3. H; < N ! and H; is characteristic in N*; \
Z(NY)[P, P]
4. [Hipa: Hi] = N1 Hj] = p; N3 \
5 NY/H; = C, x Cp; N? Hi
1 _ 3
6. the members of the sequence N Hs = Zs(N°)
Z(N1)2H1<H2<"'<Hm—1<Hm E—NO\H2_Z2(N2)
are the only subgroups of H,, normalized by E that Hy = Z(N')
contain Z(N');
7. if Q is a soft subgroup of P with [P: Q] > p?, then

Hp, = Z<NP(Q>)[P7 P];

8. if Q is a soft subgroup of P and Q < N™1(E) then

there exists g € P such that Q)9 = E.

Parts 7 and 8 imply that the group H,, does not depend on the soft subgroup consid-

ered and that there are at most p + 1 conjugacy classes of soft subgroups of a p-group.
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1.3 Groups with a strongly p-embedded subgroup

Let p be a prime and let G be a finite group. We denote by |G|, the order of a Sylow
p-subgroup of G. If p does not divide |G|, we write |G|, = 1. A proper subgroup H of G

is strongly p-embedded in G if |H|, > 1 and for each x € G\H we have |H N H*|, = 1.

Lemma 1.28. A subgroup H < G is strongly p-embedded in G if and only if |[H|, > 1
and Ng(Q) < H for every non-trivial p-subgroup @ of H.

In particular if H is strongly p-embedded in G then Syl,(H) C Syl (G).

Proof. Suppose H is strongly p-embedded in G and let 1 # @) < H be a p-subgroup of
H. Let x € Ng(Q). Then Q@ < HN H” and so |[H N H*|, # 1. Thus Ng(Q) < H.

Suppose |H|, > 1 and Ng(Q) < H for every p-subgroup ) < H. Let x € G be such
that |[H N H*[, # 1. We want to prove that x € H. Let @ € Syl,(H N H*). Then
Ng(Q) < H. In particular @ < Np=(Q) < H N H®. Hence @ € Syl (Ny=(Q)). Let
P € Syl,(H?") be such that @ < P. Then Np(Q) is a p-subgroup of Ny=(Q). Therefore
Np(Q) = @ and we conclude P = @ € Syl,(H®). Hence Q" € Syl,(H) and since
Q| = |Q"'| we deduce that Q € Syl,(H) as well. So there exists h € H such that
Q% ' = Q. Hence 27'h € Ng(Q) < H and z € H as wanted.

Let P € Syl,(H) and let S € Syl (G) be such that P < S. Then Ng(P) < H and
since P is a Sylow p-subgroup of H we get P = Ng(P). Since S is a p-group, we conclude
P =5 ¢€8Syl,(G). O

An example of group with strongly p-embedded subgroup is a group G having a cyclic

Sylow p-subgroup S with ©;(S) not normal in G.

Lemma 1.29. If G has a cyclic Sylow p-subgroup S then either G = Ng(24(S)) or
Na(Q1(S)) is strongly p-embedded in G.
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Proof. Let H = Ng(£1(5)) and assume H < G. Notice that S € Syl (H) so [H|, > 1.
Let 1 # @Q < S. Since S is cyclic we have Q1 (Q) = Q21(5). Hence Ng(Q) < Ng(21(Q)) =
Ng(Q4(5)) = H. By Lemma 1.28 we conclude that the group H is strongly p-embedded
in G. [l

Corollary 1.30. Let G be a group isomorphic to one of the following:

SLa(p), GLa(p), PSLa(p) and PGLa(p).

If S is a Sylow p-subgroup of G then Ng(S) is a strongly p-embedded subgroup of G.

Lemma 1.31. Let p be a prime, let G be a finite group whose order is divisible by p and
let N 9 G be a normal subgroup of G such that |N|, = 1. Let H be a subgroup of G such
that N < H. Then H is a strongly p-embedded subgroup of G if and only if H/N s a

strongly p-embedded subgroup of G/N.

Proof. Note that |H/N| = |H|/|N| and since |N|, = 1 we get |H|, = |H/N|,. Since N
is normal in G and is contained in H, we have N < H N HY for every g € GG. Also,
(HNHY)/N =H/NNHI/N. So |HNHY,=|H/NNHI/N|,. Finally notice that g € H
if and only if gN € H/N. Hence H is strongly p-embedded in G if and only if H/N is
strongly p-embedded in G/N. O]

The next lemma gives a necessary condition for a group to have a strongly p-embedded

subgroup.
Lemma 1.32. If G contains a strongly p-embedded subgroup, then O,(G) = 1.

Proof. Assume H < G is strongly p-embedded. By Lemma 1.28 we have Syl,(H) C
Syl,(G), so O,(G) < H, and if O,(G) is non-trivial then Ng(O,(G)) < H. Since G =
N¢(O,(G)) and G # H, we conclude that O,(G) = 1. O
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Note that the condition O,(G) = 1 is not sufficient for G to have a strongly p-embedded

subgroup, as the next lemma shows.

Lemma 1.33. The groups SLs(p) and PSL3(p) do not have strongly p-embedded sub-

groups.

Proof. Let G = SL3(p). Aiming for a contradiction, let H < G be a strongly p-embedded

subgroup and let S € Syl,(H). Then we may assume

S =

[

00
1 0| |=x,y,2€ GF(p)
y 1

Consider the following subgroups of S of order p:

100 1 00 100
sz<o1o>, H$:<110>, Hy:<010>.
1 01 001 011
Then
a 0 0
N,=Ng(H,)=<|c b 0 | a,b € GF(p)*,c,d,e € GF(p) ¢ ;
d e (ab)™!
a 0 0
NI:NG(HI) = c b f |Cl,b€GF(p)*,C,d,f€ GF(p) )
(ab)~
a f 0
N, =Ng(H,) =<0 b 0 | a,b € GF(p)*,d,e, f € GF(p)
d e (ab)™!

By Lemma 1.28 we get (N,, N,, N,) < H.
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110 100
In particular< 010 >§Ny§H, <0 11 >§Nx§H7 and
0 01 0 01
1 01 1 —1 0\ /1 0 O 1 1 0\ (1 00
01 0]|= 1 0110 1110 1 0|0 1 1|{eH
0 01 0 1/ \0 1 00 1/\0 01

Let E be the set of matrices of the form I3+ E; () for ¢ # j and A € GF(p)* , where
I; is the identity (3 x 3)-matrix and E; ;(\) is a (3 x 3)-matrix with the (i, j)-entry equal
to A and every other entry equal to 0. We showed that (E) < H. However it is well
known that (E) = SL3(p) and so H = G, which is a contradiction.

Thus the group SL3(p) does not have a strongly p-embedded subgroup.

Recall that PSL3(p) = SL3(p)/Z(SLs(p)) and |Z(SL3(p))| = ged(3,p — 1). Suppose by
contradiction that there exists a subgroup H < PSL3(p) that is strongly p-embedded in
PSL3(p) and let H be the preimage of H in SLz(p). Thus by Lemma 1.31 we conclude
that H is a strongly p-embedded subgroup of SL3(p), contradicting what we proved above.

So PSL3(p) does not have a strongly p-embedded subgroup. O

In order to prove that a group G has a strongly p-embedded subgroup, from now on

we will first check that O,(G) = 1. For this reason, the following result is decisive.

Lemma 1.34. [Gor80, Corollary 5.3.3] Let p be a prime and let A be a group of auto-

morphisms of the p-group P. Consider a sequence of subgroups

Bh<h<---<P,=P

all normalized by A and satisfying Py < ®(P) and P; < Piyq for every 0 < i < n — 1.
Let H < A be the subgroup generated by the elements of A that centralize every quotient
P,1/P,. Then H < O,(A).

20



As a direct consequence, if a p-group P has a group of automorphisms A that has a
strongly p-embedded subgroup, and there is a sequence of subgroups Py < P, < --- <
P, = P of the form described by the previous lemma, then every automorphism in A acts

non-trivially on at least one quotient P;y;/P;. This idea will be used many times.

We now consider a group G with a strongly p-embedded subgroup acting faithfully
on a 3-dimensional vector space over GF(p). We prove that if the action is reducible
then G has a subgroup isomorphic to SLy(p), otherwise it has a subgroup isomorphic to
either SLa(p), or PSLs(p), or 13: 3 (and in the last case p = 3). The determination of
the automorphism group of F-essential subgroups, discussed in Chapter 4, is a corollary

of this result.

Lemma 1.35. Let p be an odd prime, let V' be a 3-dimensional vector space over the field
GF(p) and let G < Aut(V'). Suppose that G has a strongly p-embedded subgroup and acts
reducibly on V. Then there exist unique subspaces U/W <V normalized by G such that
dim(U) =1, dim(W) = 2 and

SLa(p) < G < Aut(U) x Aut(W) = GLa(p) x GL1(p).

Proof. Let S be a Sylow p-subgroup of G and set H = (S%). Then Syl,(H) = Syl,(G)
and so O,(H) = O,(G) =1 by Lemma 1.32.

Let U be a proper subspace of V normalized by G. Then U is normalized by H and
1 < dim(U) < 2.

1. Suppose dim(U) = 1. Then [S,U] = 1 for every Sylow p-subgroup S of G. Thus
[H,U] = 1. So the subgroup Cg(V/U) centralizes each quotient of two consecutive
subspaces in the sequence 1 < U < V and by Lemma 1.34 and the fact that
O,(H) = 1 we deduce that Cy(V/U) = 1. Therefore H — Aut(V/U) = GLy(p)
and so H = SLy(p).
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Let t € Z(H) be an involution. Then by coprime action (Theorem 1.11) we get

V =[V,t]® Cy(t).

Note that from ¢ € Z(H) we deduce that the subspaces [V,t] and Cy(t) are nor-
malized by G. Also, U < Cy(t). If U # Cy(t), then the quotients V/Cy () and
Cy(t)/U have dimension 1. In particular H centralizes every quotient of two con-
secutive subgroups in the sequence 1 < U < Cy(t) < V and we get a contradiction
by Lemma 1.34. Hence U = Cy(t) and W := [V,¢] is a 2-dimensional space such

that V =W @ U and W is normalized by G.

. Suppose dim(U) = 2. The group G acts on the dual space V* = Hom(V, GF(p)),
that is a 3-dimensional vector space over GF(p). Also, since it normalizes U, it

normalizes the subspace

Ut ={peV*|up=0foreveryuc U} CV*.

Note that U+ has dimension 1 = dim V —dim U. Thus G normalizes a 1-dimensional
subspace of a vector space of dimension 3. Hence, with an argument similar to the
one used in part 1, we can show that there exists a 2-dimensional space W* of V*
normalized by G. In particular the corresponding subspace W := (W*)* of V is a

1-dimensional subspace normalized by G.

Suppose by contradiction there exist distinct 1-dimensional subspaces U; and U; of V/

that are normalized by G. Then H centralizes U; and the quotients V/U U, and U,Us /U;.

So H < 0,(G) by Lemma 1.34, contradicting the fact that O,(G) = 1. Thus there exists

a unique 1-dimensional space normalized by G, and so a unique decomposition of V' as

U @ W, for some 2-dimensional subspace W of V. This proves the result. n
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To study the irreducible case, we first need to show that the property of having a
strongly p-embedded subgroup is inherited by the subgroup Op/(G) of GG, that is the
intersection of all normal subgroups N of G such that G/N has order prime to p. Equiv-
alently, O (G) = (Syl,(G)).

Lemma 1.36. Suppose that the group G has a strongly p-embedded subgroup H and let
K <G be such that O (G) < K. Then H N K is a strongly p-embedded subgroup of K .

Proof. By Lemma 1.28 there exists a Sylow p-subgroup S of G that is contained in H.
Hence S < HNOY(G) < HNK and so |HN K|, # 1. Lemma 1.28 also tells us that
Ng(S) < H. By the Frattini argument we have G = KNg(S) < KH. Since H < G, we
deduce that K £ H and so HN K < K. Take g € K\(H N K). Then g € G\H and
since K is normal in G we have (H N K)Y = HY N K. Using the fact that H is strongly

p-embedded in G we get
(HNK)N(HNK)!|,=|HNHNK|,<|HNH,=1.

So H N K is a strongly p-embedded subgroup of K. O]

Another required ingredient is the list of subgroups of the group PSL3(p), illustrated

by the next results.

Lemma 1.37. Let p € {3,5} and let H be a subgroup of SL3(p) having a strongly p-

embedded subgroup. Then H is isomorphic to one of the following groups:
2. PGLs(p);

3. SLQ (p),

4. GLy(p);
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5. 13: 3 with p = 3;
6. SLy(5): Cq (isomorphic to a non-split extension of Cy by Alt(5)) with p = 5.

Proof. By definition and Lemma 1.32 we are looking for subgroups of SL3(p) whose order

is divisible by p and with trivial p-core. We use Magma to identify such groups.

G1:=SL(3,3);

X1:=[H : H in Subgroups(G1l) | #H‘subgroup mod 3 eq O
and fpCore(H‘subgroup,3) eq 1];

X1;

G2:=SL(3,5);

X2:=[H : H in Subgroups(G2) | fH‘subgroup mod 5 eq O
and fpCore(H‘subgroup,5) eq 1];

X2;

We can then check with the command Islsomorphic that the groups in X1 and X2
are either isomorphic to the groups in the list or to the group SLs(p) (with p = 3 or 5,
respectively). Note that all groups in the list have cyclic (non normal) Sylow p-subgroup,
hence they have a strongly p-embedded subgroup by Lemma 1.29. Finally notice that

SL3(p) does not have a strongly p-embedded subgroup by Lemma 1.33. O

Theorem 1.38. [GLS98, Theorem 6.5.3] Let G be a subgroup of PSL3(p) that acts irre-
ducibly on the natural module for SLs(p). If p > 7 then G is isomorphic to a subgroup of

one of the following groups:
1. a Frobenius group with kernel of order (p*> + p+1)/3 and complement of order 3;
2. the group Us(2), and if 27 divides |G| the group PGU;3(2), forp =1 mod 3;
3. the group PGLy(p);

4. the group PSL3(2), forp=1,2,4 mod 7;
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5. the group Alt(6), forp=1,4 mod 15.

We can now describe the subgroup O” (G) of a group G having a strongly p-embedded

subgroup and acting on a 3-dimensional vector space over GF(p).

Theorem 1.39. Let p be an odd prime, let V be a 3-dimensional vector space over the
field GF(p) and let G < Aut(V). Suppose that G has a strongly p-embedded subgroup.

Then one of the following holds:

1. O"(G) = SLy(p) and G < Aut(U) x Aut(W) = GLy(p) x GLi(p), for unique

subspaces Uy W C V;
2. O (GQ) = PSLy(p) and G acts irreducibly on V;
3. p=3and O”(G) = 13: 3 and G acts irreducibly on V.

Proof. Since Aut(V) = GL3(p), the group G is isomorphic to a subgroup of GL3(p). To
simplify the notation we assume G < GL3(p).

Let H be a strongly p-embedded subgroup of G and set K = OP'(G). Then K < SLs(p)
and H N K is a strongly p-embedded subgroup of K by Lemma 1.36.

If p=3or p=>5then K is isomorphic to one of the groups listed in Lemma 1.37.
Since K = O (G) we conclude that either K = SLy(p) or K = PSLy(p), or K = 13: 3
(and p = 3). In particular G acts reducibly on V' if and only if K = SLy(p) and in this
case we conclude by Lemma 1.35.

Suppose p > 7. If the action of K on V is reducible, then K = SLy(p) by Lemma
1.35 and there exist unique subspaces U,W C V such that G < Aut(U) x Aut(W) =
GLa(p) x GL1(p).

Suppose the action of K is irreducible and set Z = Z(SL3(p)). By Lemma 1.36 and
the fact that K < KZ < SL3(p) we deduce that H N SL3(p) is a strongly p-embedded

subgroup of G N SL3(p) and H N KZ is a strongly p-embedded subgroup of KZ. In
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particular Z < HNKZ and by Lemma 1.31 we conclude that the group H = (HNKZ)/Z
is a strongly p-embedded subgroup of the group K = KZ/Z.

Note that K < PSL3(p). Also, K # PSL3(p) by Lemma 1.33 and O,(K) = 1 by
Lemma 1.32. We consider the classification of maximal subgroups of PSL3(p) given by
Theorem 1.38. Using the fact that p divides the order of K and O,(K) = 1 we get that
either K is isomorphic to a subgroup of PGLy(p) (case 3) or p = 7 and K is isomorphic
to a subgroup of PSL3(2) = PSLy(7) (case 4).

Since K = O¥ (G), we conclude that K = PSLy(p) for every p > 7.

The group PSLy(p) has a Schur multiplier of order 2 ([Hup67, Satz V.25.7]) and
|Z(SL3(p))] is either 1 or 3. Hence K = K. O

1.4 Amalgams and weak BN-pairs of rank 2

A rank 2 amalgam A = A(Py, Py, Pi3) consists of three finite groups P, P, and P
and two monomorphisms ¢;: P < P, and ¢o: Pio < P. A group G is called a
faithful completion of A(Py, P, Pi2) if there exist two monomorphisms v, : P, — G and

1/122 P2 — (G such that G = <P11/11, P2w2> and (blwl = Qﬁzlﬂg.

G
N
P P,
A
P12

We identify Py, P, and Pjs by their images under v; and 5. Note that the free

amalgamated product of P; and P, over Pj5 is a faithful completion of A.
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Definition 1.40. Let G be a faithful completion of the amalgam A(P;, Py, Pj5). Let X

be the free amalgamated product of P, and P, over Ps.

o A group H is locally isomorphic to G if there exists a free normal subgroup Y of X

such that X/Y = H.

o A group H is parabolic isomorphic to G if H is a faithful completion of the amalgam

A(Q1,Q2,Q12) and P; = @y, Py = (2 and Pis = Q1.

Definition 1.41. We say that the rank 2 amalgam A is a weak BN -pair of rank 2 if no
non-trivial subgroup of Pj5 is normalized by both P, and P» and there exist P; < P; and

Py < P, such that for every i € {1,2} we have
1. Oy(F;) < Pf and P, = P} Piy;
2. Cp(0y(P)) < O,(P);
3. P N Py is the normalizer of a Sylow p-subgroup of P;; and
4. P*/O,(P,) is isomorphic to one of the following groups:

(a) PSLy(p™),SLa(p™), Us(p™), SUs(p™), Sz(2"), or
(b) Dyp and p = 2, or

¢) Ree(3™) or Ree(3) and p = 3.
(c)

We write A = A(Py, Py, Pio, Py, P).

The following result is due to Delgado and Stellmacher and describes the faithful

completions of weak BN-pairs of rank 2.
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Theorem 1.42. [DGS85, Theorem I1.4.A] Let p be a prime and let G be a faithful com-

pletion of a weak BN -pair of rank 2. Then one of the following holds

1. G is locally isomorphic to a group X such that H < X < Aut(H) and H is one of

the following:

PSL3(p"), PSp,(p"), Us(p"™), Us(p™), Ga(p"), *Da(p"),

2F4(2n)a G2(2)la 2F4(2),7 M127 J27 or F3'

2. G is parabolic isomorphic to Go(2), Jo, Aut(Js), Mys or Aut(Ms).
3. G is of type *Fy4(2), *F4(2) or Fs.

In particular if A = A(Py, Py, Pr2, Py, Py) is a weak BN-pair and Syl (P12) € Syl,(Py)N
Syl,(P5) then every S € Syl (P2) is isomorphic to a Sylow p-subgroup of one of the groups

listed in Theorem 1.42.

Another family of amalgams that we are going to use is the family of symplectic

amalgams.

Definition 1.43. Let A = A(Py, P, Pi2) be a rank 2 amalgam, let p be a prime and let

S € Syl (Pay). Set
L; = (S");

Qi = Op<Pi)§
Wy = (Q1N Q)"

Then A is a symplectic amalgam over GF(p) if the following holds:

1. no non-trivial subgroup of Pjs is normal in both P; and P;

2. S € Syl,(P1) N Syl (Py);
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3. Cp(0,(P,)) < O,(P;) for every i

4. L1/Q1 = SLa(p);

5. Piy = Np, (9);

6. P, = Po(WE2) and OP(Ly) < (Wi2):

7. {(Z2(9))™) = Q(Z(5)) = n(Z(L2));

8. (2 (Z(S))™) < Q, and there exists = € P, such that (2, (Z(S))™) £ QF.

As an example, let G = Go(p) and S € Syl (G). Set Q1 = Cg(Z2(S)) and let @, be

the unique maximal subgroup of S isomorphic to p}™. Then the amalgam

A(Ng(Q1), Na(Q2), Na(Q1) N Na(Q2))

is a symplectic amalgam.
Recall that a finite group is called a IC-group if all its non-abelian simple sections are
isomorphic to one of the simple groups listed in the classification theorem of finite simple

groups.

Theorem 1.44. [PR02, Theorem 1.10] Let A(Py, Py, P13) be a symplectic amalgam over
GF(p) (with the notation introduced in Definition 1.43). Suppose that P is a K-group,

p > 11 and there are two non-central chief factors of Ly inside Q1. Then

Q2 (W2 is of shape p.SLy(p).

We will use Theorem 1.44 in Chapter 3 to prove that a certain p-group is isomorphic

to a Sylow p-subgroup of the group Ga(p).
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CHAPTER 2

INTRODUCTION TO FUSION SYSTEMS

‘Not all those who wander are lost.’

[J.R.R. Tolkien)]

In this chapter we begin our journey in the world of Fusion Systems.

Starting from the definition of fusion category of a group, we generalize it to the notion
of (abstract) fusion system. We then introduce the concept of saturation, motivated by
properties of Sylow subgroups of a group.

In Section 2.2 we study fusion subsystems, giving the definition of normal fusion sub-
system, of simple fusion system, of normalizer fusion subsystem and of subgroup normal
in the fusion system. We conclude this section stating the Model Theorem for constrained
fusion system that guarantees that a constrained fusion system is realizable by a finite
group.

Section 2.3 is dedicated to F-essential subgroups. We define this class of subgroups,
underlying their importance in the classification of saturated fusion system, and we anal-
yse some of their properties, that will be used in the next chapters. We prove that the
outer F-automorphism group of an F-essential subgroup of rank 7 is isomorphic to a sub-

group of the general linear group GL,(p) and that the normalizer fusion system Nx(FE) of
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an JF-essential subgroup E of S is realizable by a finite group (weak model theorem). We
then show that under a certain assumption, the presence of two F-essential subgroups
of S characteristic in S allows us to construct a weak BN-pair associated to the fusion
system considered and to describe the isomorphism type of a quotient of S.

Recalling that the final goal of this work is the classification of fusion systems on
p-groups of sectional rank 3, in Section 2.4 we focus our attention on properties of F-
essential subgroups related to their rank. We start determining the outer automorphism

group of F-essential subgroups of rank at most 3.

Theorem 1 (Structure Theorem for Outz(E)). Let F be a saturated fusion system on

the p-group S and let E < S be an F-essential subgroup of rank at most 3. Then
1. If |[E/O(E)| = p*, then SLy(p) < Outx(E) < GLy(p);

2. If|[E/®(E)| = p® and the action of Outz(E) on E/®(F) is reducible then SLa(p) <

3. If |[E/®(E)| = p* and the action of Outz(E) on E/®(E) is irreducible then
(a) either OP (Outz(E)) = PSLy(p);
(b) or p=3 and O” (Outx(FE)) = 13: 3.

Notice that when E has rank at most 3 then as a consequence of Theorem 1 the
quotient Ng(E)/E has order p. We then prove an extension property for such F-essential
subgroups. In particular we show that if £ is an abelian F-essential subgroup of rank at
most 3, then every F-automorphism of £ that normalizes the quotient Ng(E)/FE is the

restriction of an F-automorphism of the group S.
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2.1 Fusion categories of groups and fusion systems

Let G be a finite group. The subgroup of the automorphism group of G generated by the
conjugation maps c,4, for g € G, is called inner automorphism group of G' and is denoted
by Inn(G). We have

Inn(G) = G/Z(G).

Given subgroups P and @ of G we define the set of conjugation maps that conjugate
P into Q) as
Homg(P,Q) ={c,: P> Q| g€ G, P! <Q}.

For every subgroup P < G, set Autg(P) = Homg(P, P). Then Autg(P) is a subgroup

of Aut(P) containing Inn(P) and
Aute(P) = Ng(P)/Ca(P).

Note that Autg(G) = Inn(G).

Definition 2.1. Let G be a finite group and let S < G be a p-subgroup. The fusion

category of G on S, denoted Fs(G), is the category given by

Obj(Fs(G)) ={P|P<S} and

Morr ) (P, Q) = Homg(P, Q) forall P,Q < S.

If H < G is a subgroup containing S such that Fg(H) = Fs(G) then we say that H

controls fusion in S.

Lemma 2.2. If H < G is a strongly p-embedded subgroup of G and S < H then H

controls fusion in S.

Proof. Note that Fg(G) and Fg(H) have the same set of objects, namely the subgroups
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of S. Since H is a subgroup of G, we deduce that Homy (P, Q) C Homg(P, Q) for every
P,Q < S. Let a € Homg(P,Q) for some P,QQ < S. Then o = ¢,, for some g € G.
Hence P< S < Hand PP < Q < S<H,soP!r <HNHI. If P=1then a = idp
so o € Hompy (P, Q). If P # 1 then |H N HY|, # 1 and since H is strongly p-embedded
in G, we deduce that g € H. Therefore a = ¢, € Homp (P, Q). Hence we conclude that

Homg (P, Q) = Hompg (P, Q) for every P,Q < S and so Fg(G) = Fg(H). O

In general it is not true that a subgroup that controls fusion is strongly p-embedded.
As an example, let G = Sym(3) x Sym(3) and let S be a Sylow 2-subgroup of G. Notice
that S has a normal 2-complement and the Frobenius Normal 2-Complement Theorem
implies that Fg(G) = Fs(S). However S is not strongly 2-embedded in G.

We now want to generalize the concept of fusion category ‘forgetting’ about the group
G and considering collections of monomorphisms between subgroups of the p-group S
that behave as conjugation maps. What we obtain is an abstract fusion system on the

p-group S.

Definition 2.3. Let S be a finite p-group. A fusion system F on S is a category with set
of objects Obj(F) = {P | P < S} and set of morphisms Mor(F) = Up g<s Homz (P, Q),

where

Homz(P, Q) C {a: P — @ | « is an injective homomorphism of groups }

and for every P, () < S the following holds:
1. Homg(P, @) C Homz(P,Q);

2. each ¢ € Homg(P, Q) is the composition of an isomorphism a € Mor(F) and an

inclusion 8 € Mor(F).
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The definition of fusion system given above is the one presented in [AKO11, Definition
[.2.1]. Indeed, the terminology and the notation introduced in this chapter are the same

used in [AKO11, Part IJ.

The easiest way to construct a fusion system is to consider all the injective morphisms
between subgroups of S. The fusion system Us that we obtain in this way is called
universal fusion system on S. The fusion category Fs(G) of a group G containing S is
another example of fusion system.

From now on F will always denote a fusion system on a p-group S. If P,QQ < S are

subgroups then we define the following sets:

L. Isor(P,Q) = {a € Homz(P, Q) | Pa = Q};
2. Auty(P) = Isox(P, P);
3. Outz(P) = Autz(P)/Inn(P).

We refer to any a € Autz(P) as an F-automorphism of P and we say that R < P is
F-characteristic in P, denoted R charz P, if R is normalized by every JF-automorphism
of P.

The fusion category of a group on one of its Sylow p-subgroups satisfies the Sylow and
extension properties illustrated by the next lemma, which we will refer to as saturation

properties.

Lemma 2.4 (Saturation). Let G be a finite group and let S < G be a Sylow p-subgroup.
Then for each subgroup P < S there exists an element g € G such that P9 < S and if
Q) = P9 then

1. (Sylow Property) Ng(Q) € Syl,(Ng(Q)) and Auts(Q) € Syl,(Auta(Q));

2. (Extension Property) if N, = {x € Ng(P) | 29 € Ng(Q)Cq(Q)}, then there exists
h € Ca(Q) such that N9" < S.
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Proof. Let T" € Syl,(Ng(P)) be such that P < T. Since S € Syl (G), there exists
g € G such that 79 < S. Set Q@ = P? < S. Note 79 € Syl (Ng(P?)) and 79 < S,
which is a Sylow p-subgroup of G. Thus 79 = Ng(Q). Moreover Ng(Q)/Cs(Q) =

Ns(Q)Ca(@)/Ca(Q) € Syl,(Na(Q)/Ca(Q)) so Autg(Q) € Syl,(Auta(Q)).
By assumption NJ < Ng(Q)Cq(Q). Note that Ng(Q) € Syl,(Ns(Q)Ce(Q)). Thus
there exists i € Cg(Q) such that N9* < Ng(Q) < S. O

We are interested in the class of fusion systems satisfying similar saturation properties.

Definition 2.5 (Saturation). Let P, < S be subgroups. For every a € Isox(P,Q), we

set

No = {9 € Ng(P) | (¢g)* € Auts(Q)}.
1. We say that Q is F-conjugate to P, denoted Q € P”, if Isor(P, Q) # 0;
2. we say that Q is fully automized in F if Autg(Q) € Syl,(Autz(Q));

3. we say that Q is receptive in F if for every P € Q7 and every a € Isoz(P, Q) there
exists @ € Homz(N,, S) such that @|p = « (where @|p denotes the restriction of

the morphism @ to the group P).

A fusion system F on a p-group S is saturated if each subgroup of S is F-conjugate

to a subgroup which is fully automized and receptive.

By Lemma 2.4, the fusion category of a group on one of its Sylow p-subgroups is a

saturated fusion system.
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Definition 2.6. Let F be a saturated fusion system on S. If F = Fg(G) for some finite
group G with S € Syl (G), then we say that F is realized by G. If F cannot be realized

by a finite group, then we say that F is exotic.

Exotic fusion systems are not rare for p odd. For example, Ruiz and Viruel proved in

[RV04] that there are 3 distinct exotic fusion systems on the extraspecial group 742

As remarked in [RS09, Section 2|, F-conjugate subgroups of S have isomorphic F-

automorphism group.

Lemma 2.7. Let P,Q < S be such that Q € P7. Then every morphism a € Isox(P, Q)

induces a group isomorphism between Autz(P) and Autx(Q) that sends Inn(P) to Inn(Q):

&: Autz(P) — Autz(Q), B a 'pa.

A direct consequence of the extension property of a receptive subgroup () is that every
F-automorphism of () normalizing the group Auts(Q) = Ng(Q)/Cgs(Q) is the restriction

of an F-automorphism of Ng(Q).

Lemma 2.8. Let QQ < S be a receptive subgroup. Then for every o € Ny, (g)(Auts(Q))

there ezists @ € Autx(Ng(Q)) such that alg = o.

Proof. Let o € Nay,)(Autg(Q)). Then N, = Ng(Q) by definition. Therefore there
exists @ € Homx(Ng(Q), S) such that @|g = «a. It remains to prove that @ € Aut(Ng(Q)).

Let g € Ng(Q). Then
Q" = (Q%a=Qa=0Q.

Thus ga € Ng(Q) and Ng(Q)a < Ng(Q). Since @ is injective we conclude @ € Aut(Ng(Q)).
[
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There are several equivalent definitions of saturated fusion systems in the literature
(see for example [AKO11, Section 1.9]). We now present a characterization of saturation
that was given as a definition in [BLOO03, Definition 1.2]. We first need the notions of

fully centralized and fully normalized subgroup.

Definition 2.9. Let F be a fusion system on the p-group S.
1. P < Sis fully centralized in F if |Cg(P)| > |Cs(Q)| for all Q € P”.
2. P < S'is fully normalized in F if [Ng(P)| > |[Ng(Q)]| for all Q € P*.

Lemma 2.10. [RS09, Propositions 3.7 and 4.4] Let F be a fusion system on the p-group

S. Then
1. every receptive subgroup of S is fully centralized;
2. every subgroup of S which is fully automized and receptive is fully normalized.

Thus if F is saturated, then every subgroup of S is F-conjugate to a fully normalized

subgroup of S.

Theorem 2.11. [RS09, Theorem 5.2] Let F be a saturated fusion system on the p-group
S. Then

1. every fully normalized subgroup of S is fully centralized and fully automized (Sylow

aziom), and

2. every fully centralized subgroup of S is receptive (Extension axiom).
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2.2 Fusion subsystems and model theorem

A (fusion) subsystem of F is a subcategory £ of F that is a fusion system on some P < S.
We write £ C F. Note that Fp(P) C F for every P < S. In particular, F;(1) is the
smallest fusion subsystem on S with respect to the partial order C and is called the trivial
fusion system. The universal fusion system Us is the largest among the fusion systems on

S with respect to C. In particular if P < .S then
1 C Fp(P) CUp CUs.

Also, it can be shown that if F and & are fusion subsystems of Ug then the category
FNE, called the intersection of F and &, is a fusion subsystem of F and &£ (see [AKOL11,

Section 1.3]).

Definition 2.12. Let S be a p-group and let K C Mor(Us). We define the fusion system

on S generated by K, denoted (K)g, as
(K)s =& CUs | € is a fusion system on S with K C Mor(&)}.

In other words, (K)g is the smallest fusion system on .S containing K.

In analogy with the definition of simple group, a saturated fusion system is simple
if it does not contain proper nontrivial normal fusion subsystems. The following is the

definition of normal fusion subsystems given by Aschbacher ([Asc08]).

Definition 2.13. A fusion subsystem & C F on P < S is weakly normal in F if £ and

F are both saturated and the following holds:

1. P is strongly F-closed: for every z € P and every ¢ € Homgz({x),S) we have

xp € P;
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2. Invariance condition: for each o € Autxz(P) and each ¢ € Homg(R, Q) we have

©* = & (ra) © p 0 a|g € Homg(Rar, Qav);

3. Frattini condition: for each R < P we have Homz(R, P) = Homg(R, P)Autz(P).

We say that &€ is normal in F (denoted £ < F) if £ is weakly normal and for each

¢ € Autg(P) there exists g € Autz(PCg(P)) such that p|p = ¢ and [Cg(P), ] < Z(P).

If F is a simple fusion system realized by a finite group, then there exists a simple
group realizing it. The converse is not true (for example the fusion category of the group
Alt(5) on one of its 2-Sylow subgroups is not simple, as a consequence of [Crall, Theorem

5.71 and Lemma 5.77]).

For the rest of this section let F be a saturated fusion system on the p-group S.
We now introduce another family of fusion subsystems: the class of normalizer fusion

systems of a subgroup of S in F.

Definition 2.14. Let P < S be a subgroup. The normalizer fusion system of P in F is

the fusion subsystem Nz(P) C F on Ng(P) with set of morphisms
Homy,(p) (@, R) = {¢ € Homz(Q, R) | there exists € Homz(QP, RP)
with @’Q = ¢ and ¢|p € Allt]:(P)}.
for every @, R < Ng(P).

Note that Autz(P) = Auty,(p)(P) and Nz(S) = (Autx(95))s.

The following result goes back to Puig.

Lemma 2.15. [Pui06, Proposition 2.15][BLO03, Proposition A.6] If P < S is fully

normalized in F then the fusion system Nx(P) is saturated.
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Definition 2.16. A subgroup P < S is normal in F, denoted P < F, if for every
Q, R < S and every @ € Homz(Q, R) there exists @ € Hom#(QP, RP) such that @|g = a

and @|p € Autz(P). We write O,(F) for the largest subgroup of S that is normal in F.

Note that we can talk about the largest subgroup of S that is normal in S because if
P, ) < S are normal in F then it follows from the definition of normal subgroup that the

subgroup PQ of S is normal in F.

A subgroup P of S is normal in F if and only if F = Nz(P). Also, we have the

following.
Lemma 2.17. If P < S is normal in F then Fp(P) < F.

Proof. Suppose P is normal in F. First notice that the fusion system Fp(P) is saturated,
since it is the fusion category of a group and P € Syl (P) (Lemma 2.4).

Let € P. Then for every morphism « € Homg((x),S) there exists a morphism
@ € Autz(S) such that @|,y = . In particular za € P, so P is strongly F-closed.

For every a € Autxz(P) and each ¢ € Mor(Fp(P)) we have ¢ = ¢, for some g € P and
(cg)® = cga € Mor(Fp(P)), thus the invariance condition of Definition 2.13 is satisfied.

If R < P and ¢ € Homg(R, P) then, since P is normal, there exists p € Autz(P)
such that ¢ = P|g, so the Frattini condition of Definition 2.13 is satisfied.

Finally, every morphism ¢ € Mor(Fp(P)) is a conjugation map by an element g of P.
Thus ¢ = ¢, can be seen as a conjugation map by an element of S and [Cg(P), ¢y] = 1.

Therefore the fusion system Fp(P) is normal in F. O

If P is a strongly F-closed subgroup of S, then P is normal in F if and only if
Fp(P) < F (see [R.06, Proposition 6.2]).

Therefore if F is a simple fusion system on the p-group S, then either F = Fg(.5)
(and S is cyclic of order p by [Crall, Lemma 5.76]) or O,(F) = 1.
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We end this section giving sufficient conditions for a saturated fusion system to be

realized by a finite group. We first need to define F-centric subgroups.
Definition 2.18. A subgroup P < S is F-centric if C5(Q) < Q for every Q € P”.

In particular if P is F-centric then every subgroup of S that is F-conjugate to P is F-
centric. Note that the group S is always F-centric. Also, if P < R < S and P is F-centric

then R is F-centric. Indeed, if @ € Homz(R, S), then Cg(Ra) < Cg(Pa) < Pa < Ra.

Definition 2.19. If there exists a subgroup of S that is F-centric and normal in F, then
we say that the fusion system F is constrained. 1f F is constrained, a model for F is a

finite group G such that S € Syl (G), F = F5(G), and Ca(0,(G)) < O,(G).

Theorem 2.20 (Model Theorem for Constrained Fusion Systems, [AKO11]|, Theorem
1.4.9). Let F be a constrained fusion system on a p-group S. Let P < S be F-centric and

normal in F. Then the following holds.
(a) There are models for F.

(b) If Gy and Go are two models for F, then there exists an isomorphism ¢ : G — Go
such that ¢|s = Ids.

(c) For any finite group G containing S as a Sylow p-subgroup such that P < G,
Ce(P) < P, and Autg(P) = Autz(P), there is a model of F that is isomorphic to
G.

A p-group P is called resistant if for any saturated fusion system £ on P we have

E = Ng(P). In particular, if S is resistant then there exists a model for F.
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2.3 JF-Essential subgroups

The study of F-essential subgroups is a crucial step of the classification of saturated fusion

systems, due to the Alperin-Goldschmidt Fusion Theorem.

Theorem 2.21 (Alperin-Goldschmidt Fusion Theorem). Let F be a saturated fusion
system on a p-group S. Then F is completely determined by the group Autz(S) and by

the F-automorphism groups of the F-essential subgroups of S:
F =(Autg(E) | E=S or E is an F-essential subgroup of S )s.

This result is due to Puig ([Pui06], Corollary 5.10) and is inspired by the original
fusion theorems of Alperin ([Alp67]) and Goldschmidt (|Gol70]). In this section we define
F-essential subgroups and we explore their properties.

Let S be a p-group and let F be a saturated fusion system on S.
Definition 2.22. A proper subgroup E of S is F-essential if

1. E is F-centric,

2. FE is fully normalized in F, and

3. Outz(E) has a strongly p-embedded subgroup.

The condition of being fully normalized guarantees that every F-essential subgroup is
fully automized and receptive. Also, since Outx(E) has a strongly p-embedded subgroup,
we get O,(Outz(E)) =1 by Lemma 1.32. We say that a subgroup P < S is F-radical if

O,(Outz(P)) = 1. Thus every F-essential subgroup is F-radical.
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Lemma 2.23. The p-group S is F-centric, fully normalized in F and F-radical.

Proof. Clearly Cg(S) = Z(S) < S and Ng(S) = S. So S is F-centric and fully normalized
in F. In particular it is fully automized, so Inn(S) = Autg(S) € Syl (Autz(S)). Hence

Outz(S) has order prime to p and O,(Outz(S5)) = 1. Thus S is F-radical. O

Lemma 2.24. Let E < S be an F-radical subgroup of S. Consider the sequence of
subgroups:

Ey<E <---<E,=FE

such that Ey < ®(E) and for every 0 < i < n the group E; is normalized by Autz(E).
Let ¢ € Autx(E) be a morphism that centralizes every quotient E;/E;_1 for 1 < i < n.
Then ¢ € Inn(E).

Proof. Since E is F-radical we have O,(Autz(E)) = Inn(E). For every i the group
E; is normal in E, since it is normalized by Autz(E). The statement is then a direct

consequence of Lemma 1.34. 0

Lemma 2.25. Let P < S. If Autg(P) < Autz(P) then P is not F-essential. In

particular F-essential subgroups are not cyclic.

Proof. Aiming for a contradiction assume that P is F-essential. Then it is F-centric, so

Cs(P) = Z(P). By assumption Autg(P) < O,(Autz(P)). Note that

Inn(P) = P/Z(P) < Ng(P)/Z(P) = Auts(P).

So O,(Outxz(P)) # 1, contradicting the fact that O,(Outz(P)) has a strongly p-embedded
subgroup. Thus P is not F-essential. In particular, if P is cyclic then Autz(P) is abelian

so Autg(P) < Autz(P). Hence F-essential subgroups are not cyclic. [
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Lemma 2.26. Let E < S be an F-essential subgroup. Then
1. if E < P < S then Z(P) < E (in particular P is not abelian);
2. Outg(E) = Ng(E)/E and Outs(E) € Syl,(Outz(E));
3. Cauty(p)(E/®(E)) = Inn(E) and Outz(E) acts faithfully on E/®(E);
4. if E has rank r then Outz(E) is isomorphic to a subgroup of GL,(p);
5. if [Ng(E): E] = p then every subgroup P € E” is F-essential;
6. if « € Autz(Ng(E)) then Ng(Fa) = Ng(F) and FEa is F-essential.
Proof.

1. Since E is F-centric we have Z(P) < Cg(F) < E. If Z(P) = E, then P < C4(E) <

E, which is a contradiction. Therefore Z(P) < E.

2. As E < S we have Ng(F) # E. Since E is F-essential, it is fully automized.
So Autg(E) € Syl,(Autz(E)). Therefore Autg(E)/Inn(E) € Syl (Outz(E)). No-
tice that Autg(E) = Ng(£)/Cs(E) = Ng(E)/Z(E) because E is F-centric, and
Inn(E) = E/Z(FE). So Ng(E)/E = Outg(E).

3. Recall that O,(Outz(E)) =1 and so Oy(Autx(E)) = Inn(F). Lemma 2.24 implies
Cautr(p)(E/®(E)) = Inn(E). Thus Outz(FE) acts faithfully on £/®(E).

4. By 3. the group Outz(FE) acts faithfully on E/®(E), which is an elementary abelian

~Y

p-group of order p”. Thus Outz(FE) is isomorphic to a subgroup of Aut(E/®(E))
GL,(p).

5. Let P € EZ. Since E is fully normalized and S is a p-group, we have

|E| = [P| < [Ng(P)| < [Ns(E)| = |E| - p.
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Thus |[Ng(P)| = [Ng(E)| and P is fully normalized. Since P € E7 it is F-centric
and by Lemma 2.7 the group Outz(P) = Outz(FE) has a strongly p-embedded

subgroup. So P is F-essential.
6. Asin the previous point, it is enough to prove that the group F« is fully normalized.
Note that for every g € Ng(F) we have
(Ea)c, = BEacga™'a = Ecgq-100 = Eav.
Therefore Ng(E) < Ng(Ea) and since E is fully normalized we deduce Ng(E) =
Ng(Fa). Thus Ea is fully normalized and so it is F-essential.
[l

Lemma 2.27. Let E < S be an F-essential subgroup. Then Ng(E) is not a resistant

group.

Proof. Assume by contradiction that Ng(F) is resistant. Since F is fully normalized, by
Lemma 2.15 the fusion system Nx(FE) is a saturated fusion system on Ng(F). Therefore,

as Ng(F) is resistant, Nz(E) = Nx,.()(Ng(E)). Thus for every P, R < Ng(E) we have

Homy () (P, R) = {¢ € Homz(P, R) | there exists ¥ € Autz(Ng(E)),P|p = ¢}

Recall that Autz(E) = Auty,(g)(E). Therefore for every ¢ € Autyz(E) there exists
P € Autx(Ng(FE)) such that @|g = ¢. In particular Outg(F) < Outz(E) and so E is not

F-radical, contradicting the assumption that E is F-essential. O
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The next lemma gives a characterization of subgroups of S that are normal in the

saturated fusion system F.

Lemma 2.28. [AKO11, Proposition 1.4.5] For any P < S, the following conditions are

equivalent:
1. P is normal in F;

2. P is strongly F-closed and P is contained in every subgroup of S that is F-centric
and F-radical;

3. if E < S is F-essential or E =S then P < E and P is F-characteristic in E.

The last statement is the one we are going to use the most. Indeed, if O,(F) = 1 then
for every subgroup P of S that is contained in all the F-essential subgroups of S, there
exists an F-automorphism ¢ € Autz(E), where F is either an F-essential subgroup or

E =S, such that Py # P.

Lemma 2.29. If E < S s F-centric, F-radical and fully normalized in F then

E = 0,(Nx(E)).

Proof. Let P = Op(Nz(E)) < Ng(&). Then for every a € Auty,(g)(£) there exists
@ € Auty,(g)(P) such that @|p = a. Since Autz(E) = Autn, () (L) and Nx(E) is a
fusion subsystem of F, we have that for every a € Autz(FE) there exists @ € Autz(P)
such that @|g = a. In particular Autp(E) < Autx(E). Since F is F-radical, this implies

Autp(E) = Inn(F). Hence P = E because E is F-centric. O
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Theorem 2.30 (Weak Model Theorem). Let F be a saturated fusion system on a p-group
S and let E < S be F-centric, F-radical and fully normalized in F. Then there exists a

finite group G that is a model for Nz(E). In particular
1. Ng(E) € Syl (G);
2. E=0,(G);
3. Co(E) < E;
J. G/E = Outx(E).

Proof. Since E is fully normalized, by Lemma 2.15 the fusion system Nz (F) is saturated.
Moreover we have £ < Nz(F) and E is Nx(FE)-centric, since it is F-centric and Nz(F) C
F. Therefore Nx(E) is a constrained fusion system and by the model theorem there exists
a finite group G that is a model for Nz(E). So Ng(E) € Syl,(G), Ca(O,(G)) < Oy(G),
and Nz(E) = Fnyp)(G). In particular by Lemma 2.29 we have E = O,(Nx(F)) =
Op(Frg(p)(G)) so E = Opy(G). Therefore Cq(F) = Z(F) and Autz(E) = Auty,(g)(E)
G/Z(E), so Outz(FE) = G/E.

I

O

Note that Theorem 2.30 applies to F-essential subgroups and to the group S (by
Lemma 2.23).

Lemma 2.31. Let E < S be F-centric, F-radical and fully normalized in F and suppose
E is F-characteristic in S. Let G be a model for Nz(E) (whose existence is guaranteed

by Lemma 2.30). Then the group Ng(S) is a model for Nx(S).

Proof. Note that as F is F-characteristic in S we have S = Ng(E). So S € Syl (G)
by definition of G, which implies S € Syl (Ng(S)) and S = O,(Ng(S)). Also, E =
O,(N£(FE)) by Lemma 2.29 and Nz(E) = Fs(G). So E = 0,(G) and

Cra(s)(8) £ Ca(5) < Cg(B) < E<S.
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It remains to prove that Nz(S) = Fg(Ng(S)). Note that Nx(S) = (Autz(S))s by
definition. Since F is F-characteristic in S, for every ¢ € Autz(S) we have p|p €
Autz(E). Hence Autz(S) C Mor(Nz(E)), by definition of normalizer fusion system.
Thus for every morphism ¢ € Autx(S) there exists g € G such that ¢ = ¢,. In particular
g € Ng(S) and we conclude N£(S) € Fs(Ng(S)). Now notice that £ = Nz(F) = Fs(G)

is a subsystem of F, so Autg(S) C Autz(.S). We have

Autg(S) = {cy: S = S|lg € G, 57 = S} = Mor(Fs(Ng(G))).

Therefore Fg(Ng(G)) C (Autz(S))s = Nx(S5). Therefore we conclude that Nxz(S) =
Fs(Ng(9)) and so Ng(.5) is a model for Nx(.5). O

As a direct consequence of Lemma 2.31, we prove that whenever we have two JF-
essential subgroups of S that are F-characteristic in S, we can build an amalgam of rank

2 associated to the fusion system F.

Lemma 2.32. Let Fy and Fy be F-characteristic subgroups of S that are JF-centric and
F-radical. Let Gy, Gy and Gyo be models for Ng(E7), Nx(Es) and Nz(S) respectively.
Then there exist two monomorphisms ¢1: Gia — G1 and ¢o: Gia — Gy such that ¢1|s =

¢o|s = ids and A = A(G1, G2, G12) is an amalgam of rank 2.

Note that E; and Fs are normal in S (because they are F-characteristic in S) and
so they are fully normalized in F. The existsence of G1, Gy and G5 is guaranteed by

Theorem 2.30.

Proof. By Lemma 2.31 the groups Ng, (S) and Ng, () are models for Nx(S). Therefore by
the model theorem (Theorem 2.20(b)) there exists two isomorphisms ¢;: G2 — Ng, ()
and ¢y: G1o — Ng, (S) such that ¢1|s = ¢o|s = ids. We now define ¢; = ¢;1;, where 1; is

the natural inclusion of Ng, (S) in G;. O
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Remark 2.33. Let G = Gy *g,, G2 be the free amalgamated product of Gy and G5 over
G12. Then G is an infinite group. We say that a finite p-subgroup P of G is a Sylow
p-subgroup of G if every finite p-subgroup of G is conjugate to a subgroup of P. According
to this definition the group S is a Sylow p-subgroup of GG. Also, we can define the fusion
category Fgs(G) in the same way used for finite groups (note that since G is infinite the
fusion category Fs(G) might not be saturated). In this setup, by Robinson’s Theorem

([CP10, Theorem 3.1]) we get the following equalities:

Fs(G) = (Mor(Fs(Gh)), Mor(Fs(G2)))s = (Autz(Ey), Aut£(Es))s.

We now prove that under certain conditions the rank 2 amalgam constructed in Lemma

2.32 is a weak BN-pair of rank 2.

Theorem 2.34. Let F be a saturated fusion system on a p-group S and let Fy, Fy < .S be
two F-characteristic subgroups of S that are F-centric and F-radical. Let G, Gy and G1o
be models for Ng(E1),Nz(Es) and Nx(S), respectively, and let T' be the largest subgroup
of E1 N Ey that is normalized by Gy and Gy. Suppose that for every i € {1,2} we have
Ca,yr(Ei/T) < E;JT and that the quotient (S¢*)/E; is isomorphic to one of the following
groups:

PSLo(p™), SLa(p™), Us(p™), SUs(p™), Sz(2").

Then A(G1/T,Gy/T,G12/T, (S /T, (S%)/T) is a weak BN -pair of rank 2 and S/T

is isomorphic to a Sylow p-subgroup of one of the groups listed in Theorem 1.42.

Note that when 7" = 1 the inclusion Cg, (E;) < E; follows directly from Theorem 2.30.
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Proof. By the weak model theorem (Theorem 2.30) the group G; exists for every i €
{1,2}, S € Syl,(Gy), Ei = 0,(G;) and Cg,(E;) < E;. By assumption we also have
Cqyr(E;y/T) < E;JT.

By Lemma 2.32 there exist monomorphisms ¢;: G2 — G7 and ¢9: G2 — G5 such
that G120, = Ng,(S) and ¢1|s = ¢o|s = ids. Set A; = (S%). Then O,(G;) = E; <
A; 4Gy and S € Syl (A;). Also Ny, () = A; N N, (S) = A; N Gz and by the Frattini
argument we have G; = A;N¢,(5) = A;G120;.

Let H be a subgroup of G135 such that H¢; is normalized by G; for every ¢. We prove
that H <T.

Note that H NS € Syl,(H) and since S = O,(G12), we deduce that H NS I H.
Thus H N S is the unique Sylow p-subgroup of H and is therefore characteristic in H.
Hence SN H < G, for every i, that implies SN H < O,(G1) N O,(G2) = E1 N Ey. By the

maximality of T" we deduce SN H < T'. In particular we have

[E,H <HNE <HNS<T.

So He;/T is a subgroup of G;/T centralizing E;/T for every i. By assumption we deduce
H<FE NE,ysoH=HNSand H<T.

In other words, no proper non-trivial subgroups H/T of G12/T is such that H¢;/T is
normalized by G;/T for every i. Therefore A(G1/T,Gs/T,G12/T,A1/T, A2/T) is a weak

BN-pair of rank 2 and the last statement follows from Theorem 1.42. O]
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We end this section with properties of the normalizer in S of the F-essential subgroups

of S.

Lemma 2.35. Let E < S be an F-essential subgroup. Then
®(F) < [Ng(E), E|®(F) < E.

Proof. If [Ng(E), E] < ®(E) then the automorphism group Autg(E) centralizes the quo-
tient £/®(F). Hence Autg(E) = Inn(E) by Lemma 2.24 and Ng(E)/Cs(F) = E/Z(E),
contradicting the fact that E is F-centric and proper in S. So ®(F) < [Ng(E), E|®(E).
If [Ng(E), E]®(E) = E then [Ng(E), E] = E, contradicting the fact that S is nilpotent.
Thus [Ng(E), E|®(E) < E. O

Lemma 2.36. Let E < S be an F-essential subgroup. If E has maximal normalizer

tower in S and [S: E] = p™ then for every 1 < i < m we have
(N1 < ®(NY)  and rank(N') < rank(N'™1).

Proof. Note that E having maximal normalizer tower implies ®(N?) < N~! for every
i > 1. By Lemma 2.35 we have ®(E) < ®(N'). Suppose 2 < i < m. Then ®(N'1) <
O(N) < N Pand ®(N 1) < N2 If ®(N“" 1) = &(N?) then N°2 < N* and by definition
of the normalizer tower we get N’ = Ni~! = S which is a contradiction.

Therefore for every 1 <i < m we have ®(N*" 1) < &(N?) and
prank(Ni) _ [Nz @(NZ)} _ [Nz Ni—l][Ni—1: (I)(NZ)] < p[Ni_li @(Ni_l)] _ prank(Ni*1)+1.

Hence rank(N') < rank(N'"1). O
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2.4 F-Essential subgroups of rank at most 3

We end this chapter by considering properties of F-essential subgroups depending on their
rank. Due to the fact that we want to classify fusion systems on p-groups of sectional

rank 3, we are particularly interested in F-essential subgroups of rank at most 3.

Theorem 2.37 (Structure Theorem for Outz(FE)). Let F be a saturated fusion system

on the p-group S and let E < S be an F-essential subgroup of rank at most 3. Then

1. If |[E/®(E)| = p?, then SLy(p) < Outx(E) < GLa(p);

2. If |[E/®(E)| = p® and the action of Outz(E) on E/®(E) is reducible then

SLy(p) < Outr(E) < GLa(p) x GL1(p);

3. If [E/®(E)| = p* and the action of Outz(E) on E/®(E) is irreducible then

(a) either OP (Outx(E)) = PSLy(p) = Q3(p);

(b) or p=3 and O” (Outx(FE)) = 13: 3.

Remark 2.38. With abuse of notation, when we write X < Outz(F) <Y we mean that
Outz(FE) contains a subgroup isomorphic to X and is contained in a subgroup isomorphic

to Y. This notation will be used throughout this thesis.

Proof. By assumption E has rank at most 3 and is not cyclic, so p* < |E/®(E)| < p?. In
particular Outz(E) < GL3(p) by Lemma 2.26.

If |[E/®(E)| = p?, then Outz(E) < GLy(p). Since O,(Outz(E)) = 1, the group
Outx(FE) contains at least two Sylow p-subgroups of GLy(p) (and so all of them). By
[Gor80, Theorem 2.8.4] the Sylow p-subgroups of GLa(p) generate SLy(p). Hence SLa(p) <
Outz(E).

If |E/®(E)| = p?, then the result follows from Theorem 1.39. O
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Remark 2.39. Recall that if E is F-essential then Ng(E)/E = Outg(E) € Syl (Outz(E)).
Thus Theorem 2.37 implies that if F has rank at most 3 then [Ng(E): E] = p. In

particular by Lemma 2.26(5) every subgroup of S belonging to EZ is F-essential.

What we proved is in accordance with the following result of Sambale that describes

the order and the nature of the group Ng(E)/E.

Theorem 2.40. [Sam1j, Theorem 6.9, Proposition 6.12] Let E < S be an F-essential

subgroup and suppose that E has rank r. Set N = Ng(FE)/E.
1. If r <3 then |N| = p.

2. If p > 5 then either N is cyclic of order |[N| < pl°& ™1 or N is elementary abelian

of order |N| < pl"/?1.

Let E be an F-essential subgroup of rank at most 3. Since E is fully normalized,
it is receptive. Hence by Lemma 2.8 every F-automorphism of E that normalizes the
group Autg(E) = Ng(E)/Z(FE) is the restriction of an F-automorphism of the group
Ns(E). Recall that N* = N*(E) is the i-th term of the normalizer tower of E. We are
interested in finding conditions that guarantee that a morphism ¢ € Ny, (g)(Auts(£))
is the restriction of an F-automorphism of N7, for some j > 1. In the best case, when
N7 = S, the existence of an ‘extension’ of ¢ enables us to describe the isomorphism type

of S (as we will see in Chapter 3).

In the next lemma we select a specific section of S, namely N7 /K, that contains the
group F/K as a soft subgroup. We can then apply the properties of soft subgroups stated

in Theorem 1.27 and determine extension properties of the F-automorphisms of E.
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Lemma 2.41. Let E < S be an F-essential subgroup of rank at most 3. Let K < E be
a subgroup of E containing [E, E] but not [N',N']. Let j € N be such that N < Ng(K).
Then E has maximal normalizer tower in N7 and the members of such tower are the only

subgroups of N7 containing E. Also, N* is fully normalized for every i < j — 1.

Ns(K)
If moreover K charz N* for some i < j — 1, then j
v
i i i i - NI
Autg(N") 9 Aut#(N*) and Autz(N') = Autg(N")Naye, o) (N, |
|
|
|
the group N* is not F-essential and for every morphism ¢ € Autx(N*) ! 2
there exists p € Autz(N™) such that P|x: = .
Nl
In particular if K charr N' for every i < j — 1, then for every ¢ € E
Naut-(5) (Autg(E)) there exists ¢ € Autz(N7) such that ¢|g = .
K
[E, E]

Note that [N',N!'] < E because E has rank at most 3 and so [N': F] = p as a

consequence of Theorem 2.37 (see Remark 2.39). Thus K < E.

Proof. Consider the group N//K. Notice that the subgroup E/K is abelian and for
every i < j we have N‘(E/K) = N*/K. Since [N}, N'] £ K, we deduce that E/K is self-
centralizing in N/ /K. Also by Lemma 2.40 we have [N': E] = p, so [NY(E/K): E/K] = p.
Therefore E/K is a soft subgroup of N/ /K. So by Theorem 1.27 E has maximal normalizer
tower in N’ and the members of such tower are the only subgroups of N’ containing E.
Since F is saturated, for every i < j — 1 there exists @ € Homx(N?, S) such that Ni«
is fully normalized. Note that F« is an F-essential subgroup of S by Lemma 2.26 and

Ka contains [E, Ela = [Ea, Ea] and is normalized by Autz(Ea) and Autz(N'«). Hence
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FEa has maximal normalizer tower in N’«. Thus

[N“la: N'a] = p = [Nt N7].

Since N« is fully normalized, we conclude that N? is fully normalized.
Consider the sequence of subgroups H; < Hy < ...H; | < H; of Ni = N//K as
defined in Theorem 1.27 and let H; be the preimage of H; in N7.

Note that N*/H; = C, x C, and the group H;/K is characteristic

N in N*/K.
N Suppose K charz N°. Then H; charr N*. Also, N*/H; = CpxCp, so
-1 - ®(N?) < H;. The group Autx(N?) acts on N*/H; and since N* # S,
the group Autg(N?) = N1 /C5(N?) acts on the set of conjugates of
" N*~1 contained in N’. Note that N*/H; has p+1 maximal subgroups
P(NY)

and p of those are conjugates of Ni—1,

Thus the action of Autg(N?) is transitive and by the Frattini Argument we have
Aut]:(Ni) = Auts(Ni)NAUtF(NiKNiil)

Also, H;y, ¢ Ni=7 because H;y; < N“*! and Ni~! is fully normalized. Therefore

H; ., charr N*. Consider the sequence of subgroups
®(NY) < H; < Hiyy < N°

They are all normalized by Autz(N%) and [N': H; 1] = [H;11: H;] = p. By assumption
E has rank at most 3. Hence by Lemma 2.36 the group N® has rank at most 3 for
every i. Thus [N*: ®(N*)] < p? and so [H;: ®(N")] < p. Hence every quotient of two

consecutive subgroups in the sequence is centralized by Autg(N?) and by Lemma 1.34 we
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deduce that Autg(N?) < O,(Autz(N%)). Thus Autg(N?) < Autz(N*). Moreover, since N*
is receptive, we conclude that for every morphism ¢ € Autx(N?) there exists a morphism

®» € Autz(N*1) such that @

Ni = .
Since E is receptive, by Lemma 2.8 for every ¢ € Nay,(r)(Auts(£)) there exists
» € Autz(N') such that p|gp = ¢. Using what we proved above, we conclude that for

every ¢ € Nau,(p)(Auts(E)) there exists ¢ € Autz(N7) such that @|p = ¢. O

Note that by definition the group H;/K is F-characteristic in the group N*/K for
every ¢ < j. The assumption K charz N?is only used to deduce that H; charz N¢. Hence

the assumption K chary N’ can be replaced by H; charz N°.

Corollary 2.42. Let E < S be an abelian F-essential subgroup of rank at most 3. Then E
has mazximal normalizer tower and is not properly contained in any F-essential subgroup of

S. Moreover every morphism in N au - (g)(Auts(E)) is a restriction of an F-automorphism

of S.

Proof. The result is a direct consequence of Lemma 2.41 applied with K = 1 and N7 = S,
recalling that by Theorem 1.27 the members of the normalizer tower of E in S (that is

maximal) are the only subgroups of S containing F. O
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CHAPTER 3

FUSION SYSTEMS CONTAINING PEARLS

‘Great things are done by a series of small things brought together.’

[Vincent van Gogh|

Let p be an odd prime and let F be a saturated fusion system on a p-group S.

In this chapter we see how the presence of small F-essential subgroups can lead to the
determination of the isomorphism type of S. Note that the smallest candidate for being
an abelian F-essential subgroup is a group isomorphic to the direct product C, x C,,, since
an JF-essential subgroup cannot be cyclic (see Lemma 2.25). When p is an odd prime, the
smallest candidate for a non-abelian F-essential subgroup is a group isomorphic to the
extraspecial group pi*2. Indeed, the group p'*2 has a characteristic subgroup of order p?
(that is the unique subgroup of order p* and exponent p) and so cannot be F-essential
by Lemma 2.24. The structure of a p-group containing F-essential subgroups isomorphic

142

to either C, x C, or p;"* is enriched with nice properties as a jewel is made precious by

a pearl.

Definition 3.1. A subgroup of S is a pearl if it is an F-essential subgroup of S that is

either elementary abelian of order p? or extraspecial of order p* and exponent p.
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We denote by P(F) the set of pearls of F, by P(F), the set of abelian pearls of F
and by P(F). the set of extraspecial pearls of F. Note that P(F) = P(F), UP(F)e.

It is not hard to see that if a satruated fusion system JF on a p-group S contains a

pearl, then S has maximal nilpotency class due to the following fact:

Lemma 3.2. [Ber08, Proposition 1.8] Let S be a p-group and let E = C, x C, be a

subgroup of S such that Cs(E) = E. Then S has mazimal nilpotency class.
Lemma 3.3. Let E < S be a pearl. Then S has mazimal nilpotency class.

Proof. Note that E is F-centric, so Cg(E) < E. If E = C, x C, then S has maximal
nilpotency class by Lemma 3.2. Suppose E = pl*2. Then Z(S) = Z(E) = ®(E) and
1Z(S)| = p. Let C = Cgyzs)(E/Z(S)). Then E/Z(S) < C < Ng(E)/Z(S). By Theorem
1 and the fact that E has rank 2 we deduce [Ng(E): E] = p. Suppose by contradiction
that E/Z(S) < C. Then C = Ng(FE)/Z(S) = Ng(E)/®(E), contradicting the fact that
®(E) < [Ng(E), E]®(E) by Lemma 2.35. Therefore E/Z(S) = C = Cgzs)(E/Z(S)).
Since E/Z(S) = C, x C,, the group S/Z(S) has maximal nilpotency class by Lemma 3.2.

Since |Z(S)| = p we conclude that S has maximal nilpotency class. O

The study of fusion systems containing pearls is particularly relevant for us because,
as we will see in Chapter 4, when p is odd, the F-essential subgroups of rank 2 of a

p-group of sectional rank 3 that are not F-characteristic in S are pearls (Theorem 12).

The first section of this chapter is dedicated to properties of p-groups of maximal
nilpotency class. Suppose that the p-group S has maximal nilpotency class and order p”.
For i > 2 set Sy =[5, 5] and S;41 = [S;, S]. Then by definition S has nilpotency class
n—1,8,=1and S,1 = Z(S) # 1. Also, since the lower central series is of maximal

length, we have [S;: S;41] = p for every ¢ > 2.
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An important role is played by the subgroup S; of S, defined as the centralizer in S
of the quotient S5/S4. In Theorem 3.11 we see that whenever S is neither abelian nor

extraspecial, Aut(S) = P: H, where P € Syl (Aut(S)) and H < C,_;.

We also bound the order of a p-group of maximal nilpotency class by a function of its

sectional rank.

Theorem 2. Let S be a p-group of maximal nilpotency class and sectional rank k. If
p > k+2 then |S| < p?* (with strict inequality if S1 = Cg(Z2(S))). Also, if p = 3 and
k > 3 then |S| = 3.

Therefore if p is odd and S has sectional rank 3, then either p = 3 and |S| = 3% or
p > 5 and |S| < pS At the end of this chapter, we will use this bound to classify the

saturated fusion systems on p-groups containing a pearl and having sectional rank 3.

In Section 3.2, after showing that any F-essential subgroup having maximal nilpotency
class is a pearl, we describe the F-essential subgroups of p-groups of maximal nilpotency

class.

Theorem 3. Let F be a saturated fusion system on a p-group S, that has maximal

nilpotency class. Let E be an F-essential subgroup of S. Then one of the following holds:

1. E is a pearl;
2. E <5y (and if Sy is extraspecial or abelian then E = Sy); or

3. E < Cs(Zy(S)), E £ Sy, [E: Zi(S)] = p for some i € {2,3,4} and either E =

C, x C, x C,, or E/Zy(S) is isomorphic to either C, x C, or p}*2.

Also, if O,(F) =1, Sy is extraspecial and Cg(Zo(S)) is F-essential then p > 5, S is
isomorphic to a Sylow p-subgroup of the group Ga(p) (with p = 7 if there is a pearl) and

F is one of the fusion systems classified by Parker and Semeraro in [PS16].
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When the group 9] is extraspecial and S contains a pearl, we can determine the order

and the exponent of S.

Theorem 4. Let p be an odd prime and let F be a saturated fusion system on a p-group

S containing a pearl E. Then the following are equivalent:
1. S is extraspecial;
2. Sy # Cs(Zs(5));
3. E=C, xC,, |S| =p! and S; is not abelian.

Also, if one (and then each) of the cases above occurs then p > 7, S = pf(pfg) and S

has exponent p.

As a corollary of the previous results, we classify the F-essential subgroups of p-groups

containing a pearl, depending on the nature of the group 5;.

Theorem 5. Let p be an odd prime and let F be a saturated fusion system on a p-group S
of order p"™ and suppose P(F) # 0. Set S; = Cg(S2/Ss) and let € be the set of F-essential

subgroups of S. Then S has maximal nilpotency class and the following hold:

1. If Sy is extraspecial then p > 7, S has order p*~! and exponent p and
EC{SI}UP(F)aU{E < Cs(Z(9)) | E £ S}

where if E < Cg(Zy(S)) and E £ Sy then [E: Z;(S)] = p for 2 <1i < 4 and either

E=C, x C,x C, or E/Zy(S) is isomorphic to either C, x C, or pi.

If moreover p = 7 then S is isomorphic to a Sylow 7-subgroup of the group Go(7)

(and this is always the case when Cg(Zo(S)) is F-essential).
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2. If Sy is abelian then € C {S1} U P(F).

In particular the reduced fusion systems on the p-group S (as defined in [AKO11,
Definition I11.6.2]) have been classified by Craven, Oliver and Semeraro in [Olil]]
and [COS16].

3. If Sy is neither abelian nor extraspecial then |Autz(S)| = p"~1(p—1), S1 = Cs(Za(9))
and

ECH{E < S }UP(F).

When 5] is extraspecial, the saturated fusion systems on S are being investigated by

Moragues Moncho. The case of S} neither abelian nor extraspecial is an open problem.

In Section 3.3 we focus on p-groups of maximal nilpotency class and sectional rank 3,
for p odd. Recalling that a p-group of maximal nilpotency class and sectional rank 3 has

order at most p%, we first study the structure of small groups containing pearls.

Theorem 6. Let p be an odd prime and let F be a saturated fusion system on a p-group
S. Suppose that S contains a pearl E, has sectional rank greater than 2 and p* < |S| < pS.

Then S has maximal nilpotency class and one of the following holds:
1. |S| = p* and S is isomorphic to a Sylow p-subgroup of the group Sp,(p);

2. |S| = p® and either Sy is elementary abelian or p = 7, E = C; x C; and S is iso-
morphic to the group indezed in Magma as SmallGroup(7°,37) (that is isomorphic

to a mazximal subgroup of the group Go(7));
3. |S| =15, 27 E=~C;xCyand S isomorphic to a Sylow 7-subgroup of Go(7);

4. |S| = p®, Sy is elementary abelian of order p* and one of the following holds:
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(a) Sy is abelian (and if F is reduced then it is among the fusion systems studied

in [Oli1}] and [COS16]);
(b) p=>5, E=Cs x Cs, S3=7(S1) and S = SmallGroup(5°,636),

(c) p=5, E = CsxCs, S3 =7(S1), S = SmallGroup(5°,i), fori € {639,640, 641,642}
and if P € P(F) then P € E (also S has exzponent 25 and Sy has exponent 5
if and only if i = 639);

(d) p=7, E2T7"? 7y(S) = 7Z(S)), Si has exponent 7 and S = SmallGroup(7°,813);

(e) p="T, E=T72 73(S) =7Z(S1), S; has exponent 7 and S = SmallGroup(7°,798).

In particular we see that if S has order p® then it has sectional rank greater than 3.

We end this chapter with the classification of saturated fusion systems on p-groups of

sectional rank 3 containing pearls. In particular, we discover a new exotic fusion system.

Theorem 7. Let p be an odd prime and let F be a saturated fusion system on a p-group
S of sectional rank 3 containing a pearl E. Then S has maximal nilpotency class and

either S is isomorphic to a Sylow p-subgroup of Spy(p) or the following hold:

1. p="7 and S is isomorphic to the group indexed in Magma as SmallGroup(7°,37);
2. F= C7 X C7 and Aut;(E) = SLQ(?),
3. F is completely determined by Inn(S), Autz(E) and Outz(S) = Cg; and

4. F is simple and exotic. Also, such an F exists and is unique.

Note that the group SmallGroup(7°,37) is the unique 7-group of order 7° that has

maximal nilpotency class, exponent 7 and no abelian maximal subgroups.
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The following is a presentation of this group:

S = <$7 51,52, 53, 54 | [x781] = S2, [:CVSQ] = §3, [:C753] = S84, [81752] = S84,
[z, 54] = [51, 84] = [52, 84] = [53,84] = 1,

T T T T T
' =5 =58y =55 =1s5)=1).

Such an S is isomorphic to a maximal subgroup of a Sylow 7-subgroup P of the group

G+(7), distinct from Cp(Zo(P)) and P;.

In Chapter 5 we prove that if F is a saturated fusion system on a p-group of sectional
rank 3 with p > 5 such that O,(F) = 1, then S contains a pearl (Theorem 20). Therefore

Theorem 7 applies.
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3.1 On p-groups of maximal nilpotency class

Let p be an odd prime and let S be a p-group of maximal nilpotency class.

Note that if |S| = p? then S has class 1 and so it is an abelian group of order p?.
Therefore either S = C, x C, or S = C\2. If |S| = p? then S is a non-abelian group of
order p?, and so either S = pl*? or S = p!+2,

From now on we assume that |S| = p" > p>.

Recall that S; denotes the i-th term of the lower central series for S for every ¢ > 2
and Z;(S) denotes the i-th term of the upper central series for S for every i > 1.
The next lemma introduces some basic properties of p-groups of maximal nilpotency

class.

Lemma 3.4. [Hup67, Lemma I11.14.2]
1. [S: Sy = p* and [S;: Sip1] = p for every 2 <i<n—1;
2. for 2 < i <mn, the group S; is the unique normal subgroup of S of index p';
3. Zn—1(S) =S5 and Z;(S) = S,—; for 0 <i<n—2.

Moreover, if P is a p-group of nilpotency class ¢ and there exists i < ¢ such that P/Z;(P)

has mazximal nilpotency class and |Z;(P)| = p' then P has maximal nilpotency class.

We remark that the normal subgroups of S of order at most p"~?2 are all characteristic
in S and form a chain:

1=5,<85,.1 <89 <+ <8,

Every quotient of two consecutive subgroups in the chain has order p and S/S; =
C, x C,. We now complete the chain introducing an important maximal subgroup of S

that contains Sy and whose structure is closely related to the structure of S.
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Definition 3.5. We set

Sl = 05(82/54) = {27 €S | [Q?,Sg] S 54}

The nature of the characteristic subgroup S gives information about the group S.
Theorem 3.6. [Hup67, Chapter 111.14]

1. Sy is a maximal subgroup of S;

2. 51 = Cgs(8;/Sis2) for every 1 <i<mn-—3;

3. Sy and Cg(Z2(S)) are the only maximal subgroups of S that do not have maximal

nilpotency class.

Note that in Theorem 3.6 the group S; can equal Cg(Z3(S)). The next theorem tells

us when this can happen.

Theorem 3.7. [LGM02, Corollary 3.2.7, Theorem 3.2.11, Theorem 3.3.5]. Assume one
of the following holds:

1. n=4, or

2.n>p+1, or

3. 5<n<p+1andn is odd.
Then Sy = Cg(Z2(9)).

We also have a precise characterization of the exponent of the subgroups S;.
Lemma 3.8. [LGMO02, Proposition 3.3.2, Corollary 3.5.6].

1. If 4 <n <p+1 then both S/Z(S) and Sy =[S, S| have exponent p.
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2. Ifn>p+1 then S¥ = Siip_1 for every 1 <i<n-—p+1.

Note that if |S] = p* > pP* and i >n —p+1then SY < SF ., =5, =1.

We now consider elements and subgroups of S not contained in S;.
Lemma 3.9. Suppose x € S is not contained in Sy. Then

1. 2P € Zo(S) and if x ¢ Cg(Za(S)) then aP € Z(S);

2. if z € S;\Sit1 and either x ¢ Cg(Zo(S)) or Z(S) < (z, z), then S; < (x,z).
Proof.

1. Suppose 2P # 1 and let 1 < i < n — 1 be such that 27 € S;\S;11. We want to prove

that 2 > n — 2. Note that
[Si, 2] = [Si1(a?), @] = [Sip1, 2.
If i <n—2, then [S;,z] < Siyo and so x € Cg(S;/Si+2) = S1, contradicting the

assumption. Thus i > n—2. If z ¢ Cg(Z3(S)) the same argument implies i = n— 1.

2. Let s; = zand s; = [z, 5;_1] for i+1 < j <n—1. Since x is not contained in Sy, we
have s; € S;\Sj11, and so S; = S;41(s;) for every j < n—2. Also, if z ¢ Cg(Z2(95))
then s, 1 = [z,8,-2] # 1 and S,_; = Z(S) < (z,s;). Thus in any case we have

Z(S) < (x,s;). In conclusion S; = (;, Sit1, -, Sn—2)2Z(S) < (z,s;).
O]

Lemma 3.10. Let P be a proper subgroup of S not contained in Sy. Suppose that either
P £ Cs(Z5(S)) or Z(S) < P. If |P| = p™ then Zy,—1 < P and [P: Zy,—1] = p. Moreover

o if P % Cs(Zs(S)) and |P| > p then P has mazimal nilpotency class;

e if P < Cg(Zy(S)) and |P| > p* then P/Z(S) has mazimal nilpotency class;
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In particular if P £ Cg(Z2(S)) and |P| > p* then Z(P) = Z(S) and if P < Cgs(Z5(S5))
and |P| > p? then Z(P) = Zy(S).

Proof. Note that PS; = S and [S: S1] =p, so [P: PN S| =p.

Suppose P £ Cg(Zy(S)). If PN Sy = 1, then |P| = p and P = C,. Assume there
exists 1 # z € PN .S;. Then there exists 7 such that z € S;\S;41. Let 2 € P be such that
x is not contained in S nor Cg(Zy(S)). Then by Lemma 3.9 we have S; < (z,2) < P.
Let j € N be minimal such that S; < P. Then SiNP = S, and [P: S;] = p. In particular
|S;| =p™tandsoj=n—(m—1)and S; = Z,_1(S). Using the fact that z is in neither
S1 nor Cg(Z2(S)), we conclude that P, = S, _,,. for every k > 1 and so P has maximal
nilpotency class.

Suppose P < Cg(Z2(S)). Consider the group S = S/Z(S). It is a p-group of maximal
nilpotency class and S; = S;/Z(S) for every i and Zy(S) = Z3(S)/Z(S). Thus S, =
C35(Z2(S)). By assumption Z(S) < P so we can consider the group P = P/Z(S) < S.
Note that P is not contained in S; so by what was proved above we conclude that
[P: S;] = p for some j and either |[P| = p or P has maximal nilpotency class. In
particular if |P| > p? then Z(P) = Zy(S)/Z(S). Since Z(S) < Z(P) we conclude that if
|P| > p? then Z(P) = Zy(9). O

If the group S is neither abelian nor extraspecial, then we prove that the order of the
automorphism group of S divides p™(p — 1) for some m € N. This result will be crucial

in the classification of fusion systems on p-groups of maximal nilpotency class.

Theorem 3.11. If S, is neither abelian nor extraspecial, then

Aut(S)= P: H

where P € Syl,(Aut(S)) and H is a cyclic group whose order divides p — 1.
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Proof. Note that S; char S and S/S; = C, x C, since S has maximal class. Let ¢ €
Aut(S) be a morphism of order prime to p. Then ¢ acts non-trivially on S/Ss and it
normalizes S7/Sy = (s1)S2/Sy for some s; € S1\Ss. Therefore by Maschke’s Theorem
there exists © € S\S; such that (z)S;/Ss is normalized by ¢. Let 1 < A\,u < p—1 be
such that

zp =2 modS, and s1p=s" modS,.

In other words the morphism ¢ acts on S/Sy as (?)\ 2) with respect to the basis
{55, 5152}. We want to prove that p = A for some 1 <t <p—1.
Define

si: = |x,8.1] forevery 2<i<n-—1 and

[ZL’, Sn_g] if Sl == Cs(ZQ<S))

Sp—1 =

[s1, $n_2] otherwise

Note that by Theorem 3.6 and the fact that x ¢ S; we deduce
S; = (8;)Siy1 for every 2 <i <mn—1.
The morphism ¢ acts on every quotient S;/S;,1. We will show by

induction on 7 that

Sip = sz’-\i_l“ mod S;;1 forevery 1 <i<n-—2 and
S S) = Cg(Zs(S)) (3.1)
Sp—1P =
)\n—3lu2 .
s,_1 ' otherwise
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If © = 1, then the statement is true by definition of y. Assume 1 < ¢ < n — 2. Then

by the inductive hypothesis we have
sip = [, 8i_1]0 = [z, s?if“v} for some u € Sy,veES;.

Thus

A )‘i_Qﬂ] )\i—l‘u

sip =[x, 874 mod S;;1 = s} mod S;1.

The same argument works for ¢ = n — 1 when S) = Cg(Z2(5)). If S # Cg(Z2(5)) and
i =n — 1 then we have

o o m )\n—3/J . )\7L—3H2
Spn—1¥ = [517 Sn—Q](p — [Sluv Sp—2 V] =S8, )

for some u € Sy and v € Z(5).

We can now show that p depends on A\. By assumption S; is non-abelian, so there
exists i < j < mn — 2 such that [s;, s;] # 1. Then [s;, s;] € S;\S;41 for some 1 <r <n—1.
So [si,s;] = s¥ mod S,;; for some 1 < k < p— 1. Suppose S; # Cg(Z2(5)). Then
Z(S) = S,-1 = Z(Sy). Since S; is not extraspecial by assumption and S < Z(S) by
Theorem 3.7 (2) and Lemma 3.8 (1), we have S,,_; < [S1,S1]. Thus if S; # Cg(Z2(S)) we
may assume r < n — 1.

Returning to the general case, by equation 3.1 we have sfp = (s,p)F = Sf(’\r_l“)
mod S,,1. On the other hand,

N1y )\j—1ﬂ]

i+j—2,2
Svlfgp - [Si7 SJ]SO - [Si@, SJSO] - [Si 78]' k)A T

r

mod 5,1 = (s mod S, 1.

Hence

=N mod p.
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We proved that the morphism ¢ is completely determined by its action on (z)Ss. Thus
every morphism ¢ € Aut(S) of order prime to p is completely determined by the maximal
subgroup M /Sy < S/S; distinct from S;/S; that it normalizes and by its action on it.
Since there are p maximal subgroups of S/.Sy distinct from Sy /Sy and Aut(M/S;) = C,_q,

we get
{eCaut(s)(S/P(S)) | ¢ € Aut(S) has order prime to p}| < p(p — 1).

Note that the quotient Aut(S)/Caut(s)(S/P(S)) is isomorphic to a subgroup of GLy(p)
(because S/®(S) = S/S2 = C,xC,). Since S is a characteristic subgroup of S, we deduce

that
At(S)/Cous) (S/B(S)) = U < <( 2) labe GE(p)' c e GF<p>> .

Since Caut(s)(S/P(S)) is a p-group (for example by Theorem 1.10) and U has a normal
Sylow p-subgroup, we deduce that Aut(S) has a unique normal Sylow p-subgroup P.
Using what we proved above we conclude that Aut(S) = P: H, where H is a cyclic group

whose order divides p — 1. ]
If Sy is extraspecial, then the conclusion of Theorem 3.11 is not true. As an example,

the group Ga(p) has Sylow p-subgroups S of order p® and of maximal nilpotency class

such that S is extraspecial and |Aut(9)]| is divisible by (p — 1).
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We end this section with a bound on the order of S depending on its sectional rank.

Theorem 3.12. Let S be a p-group of mazimal nilpotency class and sectional rank k > 2

such that p > k +2. Then |S| < p?* (with strict inequality if S1 = Cs(Zs(S))).

Proof. Clearly the statement is true if | S| < p?, so suppose |S| > p*.
Note that [S;,S;] < Siy; for every i,7 > 1. This can be proven by induction on j

using the three-subgroup lemma ([Gor80, Theorem 2.2.3]).

1. Assume |S| = p" < pP*!. Then for every 2 < i < n the group S; has exponent p
by Lemma 3.8. Note that [Sf,/21, Sfy21] < Sn = 1, 50 Spyy21 is abelian. Therefore
it is elementary abelian and by definition of sectional rank we get [n/2| < k and
so n < 2k + 1. Note that [Sy, Sk| = [Sk, Sk+1] < Sarr1 = 1; so Sy is an elementary
abelian group of order p"~*. Thus we have n < 2k. Finally suppose S; = Cg(Zs).
Then for every i,j we have [S;,S;] < Sitj+1 by [LGMO02, Theorem 3.2.6]. Assume
for a contradiction that |S| = p?*. Then [Si_1, Sk_1] = [Sk_1, Sk] < Sar = 1. Thus

Sj_1 is an elementary abelian group of order p**!, contradicting the assumptions.

2. Assume |S| = p"® > pP*l. By Theorem 3.7 we have S; = Cg(Zy(S)). Thus by
[LGMO02, Theorem 3.2.6] we have [S;,S;] < Sitji1 for every 1 < 4,5 < n. In
particular

[Sk—1,Sk-1] = [Sk—1, Sk] < Sax.

Suppose for a contradiction n > 2k, then [Sg_1: Sox] = p**1. Since S has sectional
rank k, we have Sy, < ®(Sk_1) = [Sk—1, Sk-1]Sh_1. Since [Sk_1,Sk_1] < Soi, we
have Sy, < Sb_;. By Lemma 3.8 either S} _; = 1 or S;_; = Skyp—a. Therefore we
have S < Sk4p—2 that implies k +p — 2 < 2k. So p < k + 2, contradicting the

assumption that p > k + 2. Hence |S| < p?*.
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The previous theorem guarantees that if S is a p-group of sectional rank 3 and maximal
nilpotency class then |S| < p% whenever p > 5. If p = 3 then |S| < 3%, as the next lemma,

shows.

Lemma 3.13. Let S be a 3-group of mazximal nilpotency class. If |S| > 3* then S has

sectional rank 2.

Proof. Since p = 3, by [LGMO02, Theorem 3.4.3] the group S is abelian and |[S7, S1]| < 3.
Thus either S is abelian or [S,S1] = Z(S) is the unique normal subgroup of S having
order 3.

Suppose |S| = p" > 331, Then by Lemma 3.8 we have S = S;,5 for every 1 <
i < n—2. Let s1,89 € S be such that S; = (s1)5; and Sy = (s5)S3. Then for every

1 <i<n-—1we have

( 57" )Siy1 with a; = 30-D/2if § is odd
S; =

( shi ) S;41 with b; = 307272 if j is even

In particular [Sy, S1] < Z(S) < (s;) for some j € {1,2}. Thus X = (s;) is a normal
subgroup of S; and S;/X is cyclic. Therefore the p-group S is metacyclic. In particular
every subgroup of 57 is metacyclic and has rank at most 2.

Since | S| > 3%t we also have S; = Cg(Z3(S)) by Theorem 3.7. Thus by Lemma 3.10
every subgroup of S not contained in S; has maximal nilpotency class, and so it has rank
at most 2.

Hence every subgroup of S has rank at most 2 and so .S has sectional rank 2. [
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Lemma 3.14. Let p be an odd prime and let S be a p-group of order p* and mazximal
nilpotency class. If S has sectional rank 3 and Sy # Q1(S) then S is isomorphic to a

Sylow p-subgroup of the group Sp,(p).

Proof. Since |S| = p* we have S; = Cg(Z2(S)) by Theorem 3.7. Since [S;: Zo(S)] = p
and Zy(S) < Z(S), we deduce that the group S; is abelian. Also, the quotient S/Z(S) is
not abelian and every maximal subgroup of S distinct from S; has nilpotency class 2 by
Theorem 3.6. Since S has sectional rank 3 this implies that the group S; is elementary
abelian, S; = C, x C, x C,,. By assumption S; # €2;(.5), so there exists an element = € S
of order p such that S = (x)S;. Since x ¢ S;, we have [S1,z] = Sy and [Sy,z] = Ss.

Hence x acts on S; as the matrix

0
1
1

o o
o = =

Thus S = Sy: (z) is isomorphic to a Sylow p-subgroup of the group Sp,(p). O
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3.2 Essential subgroups of p-groups containing pearls

Let p be an odd prime and let F be a fusion system on a p-group S. We start showing
that (quotients of ) F-essential subgroups having maximal nilpotency class are isomorphic

to pearls.

Lemma 3.15. Let E < S be an F-essential subgroup of S. Suppose there exists a subgroup
K of E such that

e K is F-characteristic in F;
e E/K has mazximal nilpotency class; and

« B <Cnom( K/(KNS(E)) ).

Then E/K is isomorphic to either C, x C, or pi.

Remark 3.16. Note that [E, K] < KN [E,E] < KN ®(E), so we always have F <
Cng(m)(K/(K N®(E)). The third condition of the previous lemma says that there exists
an element g € Ng(E) such that the conjugation map ¢, is not an inner automorphism
of E and acts trivially on K/(K N ®(E)). Note in particular that this is true when

KN®(E) =K (that is K < ®(E)).

Proof. Set E = E/K. Aiming for a contradiction, suppose |E| = p™ > p3. Let Z; be the
preimage in E of Z;(E) for every ¢ > 1 and let C' be the preimage in E of C5(Z2(E)).

Consider the following sequence of subgroups of E:
KNOEYSK<Z1<Zy<: < Zpys<C<E.

All the subgroups in the sequence are F-characteristic in E (because K is F-characteristic
in £) and since £ has maximal nilpotency class every quotient of consecutive members

of the sequence, except K/(K N ®(F)), has order p.
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Let g € Cngm)( K/(KN®(E)) ) be such that g ¢ E (the existence of g is guaranteed
by hypothesis). Then ¢, acts trivially on every quotient of consecutive subgroups in the
sequence. Hence ¢, € Inn(E) by Lemma 2.24, that is a contradiction.

Hence we have |E| < p®. If |E| = p then ®(F) < K and by assumption the map
¢, centralizes every quotient of consecutive subgroups in the sequence ®(E) < K < E,
giving again a contradiction by Lemma 2.24. Thus p? < |E| < p.

Since E has maximal nilpotency class, then either £ is abelian of order p? or F is
extraspecial of order p®>. Moreover E has exponent p, otherwise we can consider the
sequence K N ®(F) < K < K®(E) < KO (F) < E and we get a contradiction by

Lemma 2.24. Thus either £ = C, x C, or E = pi*2. O
A direct consequence of Lemma 3.15 applied with K = 1 is the following

Corollary 3.17. Let E < S be an F-essential subgroup of S. If E has mazimal nilpotency

class then E is a pearl.

Note that if £ < S is a pearl then E has rank 2 and so by Theorem 1 we have

SLa(p) < Outz(£) < GLy(p).

Lemma 3.18. Let E < S be a pearl. Then E has maximal normalizer tower, the mem-
bers of such tower are the only subgroups of S containing E, and every morphism in
Naut-(g)(Auts(E)) is the restriction of a morphism in Aut(S) that normalizes each mem-

ber of the normalizer tower.

Proof. 1t follows from Lemma 2.41 with K =1if £ = C, x C, and K = Z(E) otherwise
(note that in the second case K is the center of every member N* of the normalizer tower

of E in S, hence it is characteristic in every N?). O
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Recall that by Lemma 3.3 every p-group containing a pearl has maximal nilpotency

class. From now on suppose that S has maximal nilpotency class and order |S| = p™ > p.

Lemma 3.19. Suppose S has maximal nilpotency class and |S| > p* and let E < S be

an F-essential subgroup of S. Then the following are equivalent:
1. E is a pearl;
2. E is contained in neither Sy nor Cg(Zo(S));

3. there exists an element x € S\Cg(Z2(S5)) of order p such that

either E = (2)Z(S) or FE = (x)Z(9);

Proof. Note that the group Zs(S) = C, x C, is self-centralizing in S if and only if |S| = p®.
Since we assume that |S| > p® we have Zy(S) < Cg(Z2(95)) (recall that [S: Cg(Zy(S))] =

p). In particular Zy(.S) is not a pearl.

(1 = 2) Suppose E is a pearl. Then either £ = C, x C, and E # Zy(S) or E is non-
abelian of order p?. Thus E £ Cg(Z2(S)). Note that ®(E) is either 1 or equal
to Z(.S), hence we can consider the group S/®(FE). Also Cs(E) < FE, since E is
F-centric, and ®(F) < [Ng(E), E]®(E) by Lemma 2.35. Thus E/®(FE) is a soft
subgroup of S/®(F). Let M < S be the preimage in S of the unique maximal
subgroup of S/®(E) containing E/®(E). By Theorem 1.27 (2) the group M/®(E)
has maximal nilpotency class. If ®(F) = 1 then M has maximal nilpotency class.
If ®(F) = Z(S) then ®(E) = Z(M) and since |®(F)| = p we conclude that M
has maximal nilpotency class by Lemma 3.4. Hence in both cases the group M
has maximal nilpotency class. Thus by Theorem 3.6 we get M # S;. Hence E is

contained in neither S; nor Cg(Z2(5)).
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(2 = 3) Suppose E is contained in neither S; nor Cg(Z2(S)). By Lemma 3.10 and the
fact that F is not cyclic by Lemma 2.25, we get that E has maximal nilpotency class
and so E is a pearl by Corollary 3.17. Lemma 3.10 also tells us that if |E| = p™
then [E: Z,,_1] = p. Thus there exists an element x € S such that either £ =
(x)Z(S) =2 C, x C, or E = (1)Zy(S) = p}™. Note in particular that = has order p

(since pearls have exponent p) and that & ¢ Cg(Z2(S)) because E £ Cg(Zs(9)).

(3 = 1) Suppose statement 3 holds. Since S has maximal nilpotency class we have Z(S) =
C, and Zy(S) = C, x C,. If z is an element of S having order p and = ¢ Cg(Z2(5)),
then (7)Z(S) = C, x C, and (x)Zy(S) = pi*?. Thus F is a pearl.

]

We now want to investigate the nature of F-essential subgroups of S that are not

pearls.

Lemma 3.20. Suppose S has mazimal nilpotency class and |S| > p*. Let E < Cg(Zy(S))

be an F-essential subgroup of S such that E & Si. Then one of the following holds:
1. [E:Zy(S)] =p and E=C, x C, x C,;
2. [E: Zs(S)] = p and EJZ(S) = pi**;
3. [E: 74(8)]) = p and E/Z5(S) = pt*? (and Z(S) is not F-characteristic in E);
In particular if E = Cg(Zy(S)) then |S| = p° and E is as in case 3.

Proof. Note that Zs(S) < Z(E) and Zy(S) is not F-essential because |S| > p®. So
Z5(S) < E. In particular |E| > p?. If |E| = p* then E is abelian (Zy(S) < Z(F) and
[E: Zy(S)] = p) and so either £ = C, x C, x C, or E = C,2 x C,. In the second case we

can consider the sequence ®(F) < Q(E) < E of F-characteristic subgroups of E and we
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deduce that Autg(F) = Inn(E) by Lemma 2.24, which is a contradiction. Thus the only
possibility is £ = C, x C, x C,,.

Suppose |E| = p™ > p*. Since E £ S1, by Lemma 3.10 the group E/Z(S) has maximal
nilpotency class and [E: Z,,_1(S5)] = p. Also, since E does not centralize the quotient
Z3(S)/Z(S), we conclude that Zy(S) = Z(E). In particular Zs(S) is an F-characteristic

subgroup of F.

o Assume Z(S) is F-characteristic in E. Note that Z(S) is centralized by Autg(FE).

Then by Lemma 3.15 the quotient E/Z(S) is isomorphic to either C, x C, or p}*2.

Since |E| > p® we have E/Z(S) = pi™, |E| = p* and [E: Z3(9)]

p-

o Assume Z(S) is not F-characteristic in E. Note that the group E/Zs(S) has
maximal nilpotency class (for example applying Lemma 3.10 to S/Z(S)). Let
C = Cs(Zy(9)).

If E < Cthen E < Ng(F) < Ng(F) and No(F) centralizes Zy(S). Hence by Lemma
3.15 the group E/Zy(S) is isomorphic to either C, x C, or pi™. If E/Zy(S) =
C, x C, then |E| = p* and [E: Z3(S)] = p. If E/Z5(S) = p™? then |E| = p° and
[E: Z4(5)] = p.

Suppose E = C. Then ®(FE) N Zy(S) is a characteristic subgroup of S and since
Zo(S) = Z(FE) we have ®(E) N Zy(S) # 1. If ®(E) N Ze(S) < Zo(S), then
O(E) N Zy(S) = Z(S) (by Lemma 3.4(2)), contradicting the fact that Z(S) is not
F-characteristic in . So ®(E) N Zy(S) = Z2(S) and we conclude by Lemma 3.15.

Finally, since Cg(Z2(S)) # S1 we have p® < |S| < pP™ by Theorem 3.7. By what was
proved above we have p* < |E| < p® (and |E| = p® only if Z(S) is not F-characteristic in
FE). Thus if £ = Cg(Z(S)) then, since |S| = p|E|, we conclude that |E| = p°, |S| = p°,

E/Zy(S) = pi™? and Z(S) is not F-characteristic in E.

78



Lemma 3.21. Suppose S has mazximal nilpotency class and the subgroup Sy of S is

extraspecial. Let E be an F-essential subgroup of S. If E < Sy then E = 5.

Proof. Let m € N be such that |S;| = p* 1. Notice that [E, S;] < ®(S;) = Z(S) < E, so
E < S;. Suppose for a contradiction that F < S;. If ®(E) # 1 then ®(F) = ®(S5;) and
S1/E centralizes E/®(FE). Hence S;/FE is isomorphic to a subgroup of O,(Outz(E)) by
Lemma 1.34, contradicting the fact that E is F-essential (and so F-radical). Therefore
we have ®(F) = 1. Thus F is a maximal elementary abelian subgroup of S;. Since S
is extraspecial, by Lemma 1.20 we deduce that |E| < p™*!. Since S; < Ng(E) we have
[Ng(E): E] > p™. By Theorem 2.40 we also have [Ng(E): E] < pt™>7). Hence m < 1,
|S1| = p* and |S| = p*. However by Theorem 3.7 this implies S; = Cg(Z(S)). So S is

abelian and we get a contradiction. O
We can now prove the first part of Theorem 3:

Theorem 3.22. Let F be a saturated fusion system on a p-group S, that has maximal

nilpotency class. Let E be an F-essential subgroup of S. Then one of the following holds:
1. E is a pearl;
2. E <S5y (and if Sy is extraspecial or abelian then E = S});

3. E < Cg(Z5(9)), E & 51, [E: Zi(S)] = p for some i € {2,3,4} and either E =

C, x C, x C,, or E/Zy(S) is isomorphic to either C, x C, or pit?.

Proof. Note that if S; is abelian then none of its proper subgroups is F-centric. The

statement follows from Lemmas 3.19, 3.20 and 3.21. n

To prove the second part of Theorem 3 we first have to investigate fusion systems

containing pearls.
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If F is a pearl of F then the group Outz(E) has a subgroup isomorphic to SLa(p)
(by Theorem 1). More precisely, the quotient E/®(E) is a natural SLy(p)-module for

O (Outr(E)) = SLy(p). In particular we can consider a morphism ¢ € Autz(E) of order

(0

for some 1 # A € GF(p)* (and centralizing ®(£)). Note that ¢ € Ny, (r)(Auts(£)) so

p — 1 acting on E/®(E) as

by Lemma 3.18 it is a restriction of a morphism in Autx(S). In other words, when E' is a

pearl and p is odd there is a non-trivial automorphism ¢ € Autxz(S) acting on E/®(F) as

0 A
and every member of the lower central series of S. For this reason the assumption of p

)\71
( and normalizing every member of the normalizer tower of E (that is maximal)
being an odd prime becomes necessary.

Lemma 3.23. Let E < S be a pearl. Let p € Autx(S) be a morphism of order p—1 that
normalizes E, centralizes ®(E) and acts as \™' on E/(ENSy) and as X on (ENS,)/®(E)

for some X\ € GF(p)*. Then for every 1 <i <n —1, and every s; € S;\S;+1 we have
sip =53 mod Siy;  with a; = A",

where e = 0 if E is abelian and € = 1 otherwise.

Remark 3.24. The fact that the morphism ¢ centrlalizes ®(FE) is a consequence of its
action on E/®(E). Indeed, if z,y € E are such that £ = (z,y) and z¢p = 2* and

Yp = y/\, then by Lemma 1.4 we get

[z, 9] = [xo,yp] = [2° ,y

Also note that either ®(F) =1 or ®(£) = Z(S). So in both cases ®(F) < EN 5.
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1
Action of ¢ for E = C, x C,,. Action of ¢ for E = pi™2.

Proof. By Lemma 3.19 there exists an element x € S of order p such that either £ =
(x)Z(S) or E = (x)Zs(S) and x is contained neither in S; nor in Cg(Z2(S)). Let s; be an
element of S; not contained in Sy. Set s; = [z, s;_1] for every ¢ > 2. Then s; € S;\S;11

and S; = (s;)S;11. Note that ¢ normalizes every quotient S;/S;,1. By assumption

1—e
Sn—1p = 32—1 .
We prove the statement by induction, showing that if it holds for s;;; then it holds for
S;. Suppose

A= (i41)—e

Sit1P = Sinq mod S; . (3.2)
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Let a € GF(p)* and h € S;;1 be such that
sip = sih.

Note that [z, h] € S;1o and S;/S;2 is elementary abelian. Therefore by Lemma 1.4 we

get

[z, silp = [z, s} ¢ = 5?;1“ mod S 2. (3.3)

On the other hand, [z, s;] = s;41, so comparing equations 3.2 and 3.3 we get

)\n—(i+l)—e o )\_111
Si1 =s7," mod Siqo.

Hence
sip=s; mod S;41 with a= AnTie
O

In the next result we see that when F contains a pearl, the charcateristic subgroup
Sy of S is extraspecial if and only if it does not centralize Z5(S), and we can determine

the order of S and its exponent.

Theorem 3.25. Let p be an odd prime and let F be a saturated fusion system on a

p-group S containing a pearl E. Then the following are equivalent:

1. Sy is extraspecial;
2. Sl 7A Cs(ZQ(S)),

3. E=C, xC,, |S| =p"! and S; is not abelian.
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Also,

if one (and then each) of the cases above occurs, then p > 7, S; = pf(p_ig) and S

has exponent p.

Proof. By Lemma 3.3 the group S has maximal nilpotency class.

1=

2=

B=

2) If S) is extraspecial then Z(S;) = Z(S) so S1 # Cg(Z2(5)).

3) Since S; does not centralize Zy(S), it cannot be abelian. Let ¢ € Autz(S) be
the morphism described in Lemma 3.23. Then ¢ normalizes E' and every member
of the normalizer tower of £ in S. Let M be the unique maximal subgroup of S
containing E. Then M # S; and M # Cg(Z2(S)) by Lemma 3.19. So the morphism
¢ normalizes the distinct groups Sy, Cg(Z2(5)) and M and since S/S; = C, x C,
we deduce that ¢ acts as a scalar on S/S,. If B = pi*? then by Lemma 3.23 the
morphism ¢ acts on S; /Sy as A" 2. Thus we have n —2 = —1 mod (p — 1), that is
n =1 mod (p—1). In particular n is odd, as p — 1 is even. Therefore by Theorem
3.7 we conclude S; = Cg(Zy(S)), contradicting the assumptions. Hence we have
E = C, x C,. In this case, the morphism ¢ acts on S;/Sy as A"™'. Son—1= —1
mod (p — 1), that is n =0 mod (p —1). So the group S has order p*®~Y for some

a € N. By Theorem 3.7 we also have 6 < a(p —1) < p+ 1. Thus @ = 1 and
S| =pr.

1) Since |S| = pP~!, by Lemma 3.8 we have S? < Z(S) and S5 = 1. Let ¢ € Autz(S)
be the F-automorphism of S normalizing E described in Lemma 3.23. We first show

that for every ¢ > 1 we can choose s; € 5;\S;41 such that s;p = sz’-\_i.

For every 1 < i < n — 2 the morphism ¢ acts on the quotient S;/S;12 = C, x C,,
normalizing the maximal subgroup S;;1/S;12. Hence by Theorem 1.15 there exists
a subgroup V; < S; containing ;2 and distinct from S;yq, such that V;/S; o is
normalized by ¢. More precisely, ¢ acts on V;/S; o as on S;/S;;1 (so as W71 =

A7), If i # 1, then V;/S; 13 = C, x C, (because S, has exponent p) and we can find
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a subgroup W; < V; distinct from S;,5 such that ¢ normalizes W;/S;,3 and acts on
it as A7%. Iterating this process we find a subgroup U of S; having order p such that
S; = US;;1 and ¢ acts on U as A™°. In other words, for every ¢ > 2 we can find

s; € S;\Si41 such that s;p = sf‘_i.

If ¢ = 1 then from S? < Z(S) we get that we can repeat the same argument to
find a subgroup U of S; of order p? not contained in Sy and containing Z(.S) such
that ¢ normalizes U and acts on U/Z(S) as A~!. Recall that ¢ acts as A on Z(95).
Hence U cannot be cyclic and so it is elementary abelian. In particular S; = US,

has exponent p (by Lemma 1.9) and we can find s; € S;\ S, such that s;p = s} .

We now want to prove that [s;,s;] = 1 for every i < p — 3 (so for every i such that
si & Sp—g = Z(S)). Assume for a contradiction [sq,s;] # 1 for some i < p — 3 and
let k& < p — 2 be such that [sq,s;] € Sk\Skr1. Since [Si,S;] < Sii2 by Theorem

3.6(2), we also have i +2 < k. By Lemma 1.4 we have

[s1, 81l = [S?_lys?_i] = [s1, Si]kl_l
On the other hand, we have [s1,s;]¢ = [sl,si]xk mod Skyq. Since [s1,s;] # 1

mod Sgi1, we get —k =—1—4 mod p—1. So k=1+7¢ mod p — 1, contradicting
the fact that ¢ + 2 < k < p — 2. Thus we deduce [s1, s;] = 1.

If S; = Cg(Zs(S)) then [s1,s,_3] =1 (note S,_3 = Z2(5)) and so s; € Z(Sy). Since
Z(S1) = S; for some ¢ and s; ¢ Sy we get S; = Z(S1), contradicting the assumption
that S; is not abelian. Hence we have Sy # Cg(Z2(S)) and [s1,s,-3] # 1. In
particular s,_s ¢ Z(S;) and so Z(S1) = Z(.5).

Consider the group S/Z(S), which has maximal nilpotency class by Lemma 3.4. Let
Z be the preimage in S of Z(S1/Z(S)). Then Z < Sy and Z < S, so Z = S; for

some i. Also, s; € Z by what was proved above. Since s; ¢ Sy we conclude Z = 5.
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Therefore the group S;/Z(S) is abelian. Hence [S1, S1] = Z(S) = Z(S;) and since

S1 has exponent p we get [Sy, S1] = ®(S51). Thus S is extraspecial.

Note that S = S;E and if S; is extraspecial then both E and S; have exponent p (as
we saw in the proof of (3 = 1)). Since |S| = pP~!, by Lemma 1.9 we conclude that S has

exponent p. Also, by Lemma 3.7 we have |S| > p5 sop > 7. ]
In order to prove the second part of Theorem 3, we need the next lemma.

Lemma 3.26. Let p € {5,7} and let S be a p-group of mazximal nilpotency class and
order pb such that S, = p}r+4 and Cg(Zs(S)) has exponent p. Then S is isomorphic to a

Sylow p-subgroup of the group Ga(p).

Proof. We use Magma to establish the isomorphism type of S.
Suppose p = 5 and consider the code in Table 3.1. Then S is uniquely determined

and isomorphic to the group SmallGroup(5°, 643).

N:=[];
for i in [1..NumberO0fSmallGroups(576)] do S:=SmallGroup(576,1i);
if NilpotencyClass(S) eq 5 and
M : M in MaximalSubgroups(S) | IsExtraSpecial(M‘subgroup) eq true
and Exponent (M‘subgroup) eq 5] ne 0 and
Exponent (Centralizer (S, UpperCentralSeries(S)[3])) eq 5 then
Append(~N,1i);

end if; end for; N;

Output: [643]

Table 3.1

Suppose p = 7. Then |S| < 77 and S = Cg(Z2(S))S; is generated by elements of order
7. Therefore by Lemma 1.9 we deduce that S has exponent 7. Consider the code in Table
3.2.
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N:=[1;
for i in [1..Number0fSmallGroups(7°6)] do S:=SmallGroup(776,i);
if NilpotencyClass(S) eq 5 and
Exponent(S) eq 7 and
M : M in MaximalSubgroups(S) |
IsExtraSpecial (M‘subgroup) eq true] ne O then
Append(~N,1i);

end if; end for; N;

Output: [807]

Table 3.2

This shows that S is uniquely determined and isomorphic to the group SmallGroup(7¢,807).
It is now easy to check (with the command IsIsomorphic) that in both cases S is

isomorphic to a Sylow p-subgroup of Gs(p). O]

Theorem 3.27. Let F be a saturated fusion system on a p-group S, that has maximal
nilpotency class. Suppose that O,(F) =1, Sy is extraspecial and that the group Cg(Za(S))
is F-essential. Then p > 5 and S is isomorphic to a Sylow p-subgroup of the group Ga(p)
(with p = 7 if there is a pearl) and F is one of the fusion systems determined by Parker
and Semeraro in [PS16].

Proof. Note that since S; is extraspecial we have Z(S;) = Z(S) and so Cg(Za(S)) # 5.
Thus p° < |S] < pP™! by Lemma 3.7 and so p > 5. By Lemma 3.20 we have |S| = p°® and
Cs(Z2(9))/Z(S) = pi*t2. Also the group S, and the quotient S/Z(S) have exponent p by

Lemma 3.8.

Suppose S contains a pearl. By Theorem 3.25 we get that |[S| = pP~! and S has
exponent p. Since |S| = p® we deduce that p = 7. Therefore by Lemma 3.26 the group S

is isomorphic to a Sylow 7-subgroup of the group Go(7).
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Suppose that none of the F-essential subgroups of S is a pearl. By Lemma 2.28 the
assumption O,(F) = 1 implies that there exists an F-essential subgroup E of S such
that either Zy(S) € E or Zy(S) is not F-characteristic in E. By Theorem 3.22 and the
fact that S is extraspecial, either ' = S; or E < Cg(Z2(S)) and [E: Zs(S)] = p. In
the second case E is abelian of rank at most 3 and by Lemma 2.41 it is not contained in
any other F-essential subgroup of S, contradicting the fact that Cg(Z2(S)) is F-essential.
Therefore Cg(Z2(S)) and Sy are the only F-essential subgroups of S.

Set C' = Cg(Z2(S)). Since S/Z(S) has exponent p, we have C? < Z(S) = Z(S).
The assumption O,(F) = 1 then implies C? = 1. Also, since C'/Z5(S) is not elementary
abelian and ®(C') = S; for some j > 2 by Theorem 3.4, the only possibility is ®(C) = S.

Thus C' has rank 2. In particular by Theorem 1 we deduce

SLy(p) < Outx(C) < GLa(p).

Let ¢ € Outz(S) be the F-automorphism that normalizes C
-1

1

and acts on C/®(C) as , for some p € GF(p) of order

p — 1. Then v acts on S, which is characteristic in S. Note
Ss that [C, S;] = S;_1, for every 1 <i < 3 and [S1,Z2(5)] = Z(95).

22(9) Hence by Lemma 1.4 we deduce that 1 acts as u? on S1/ 852,
-1

: centralizes S3/7Z2(S) and acts as (ﬂ O) on Zs(S).
Z(S) 0 u

Since S < Z(S) and p? # u mod p, we deduce that s§ = 1. Since S, is elementary
abelian, S; = (s1)S, and |S;| = p® < pP, by Lemma 1.9 we deduce that S; has exponent

p. So Sl = p}f_+4.
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If p=>5or p=7then by Lemma 3.26 we conclude that S is isomorphic to a Sylow
p-subgroup of the group Gy(p).

Suppose p > 11. Let Gy and G be models for Nz(C') and N£(S}), respectively (whose
existence is guaranteed by Theorem 2.30), and set A; = (S%). Let G2 be a model for
N£(S). Then by Lemma 2.32 the triple of groups A = A(G1, G2, G12) is an amalgam of
rank 2. We want to prove that A = A(G1, Gy, G2, A1, As) is a weak BN-pair of rank 2.

Let P < C'N Sy be such that P is normal in both G; and GG. Then P is normal in
S and since S has maximal nilpotency class we have P = S;, for some ¢ > 2. Thus P is
characteristic in S. Since S; and C are the only F-essential subgroups of S, by Lemma
2.28 we deduce that P < F. Hence P = 1 by assumption. Thus no non-trivial subgroup

of S; N C is normal in both G; and GS.

We first show that A is a symplectic amalgam.

We have ((C'NS;)41) = (S51) = C and following the axioms of Definition 1.43 we get

1. If H < Gy is normal in both G and G then HNS =1 and so [H,S] < HNS = 1.

Thus H acts trivially on S, which implies H = 1.
2. 5 € Syl,(G1) N Syl (G2);
3. Cg,(C) < C and Cg,(S1) < 51, by Theorem 2.30;
4. A;/C = SLy(p);
5. G2 = Ng,(S) by Lemma 2.31;

6. Ga = N, (5) Az = Ny (S)N, (S)((5)2) = N, (S)(C72) and Ay /(C42) = 51 /((C42)N

Sp) is a p-group, so OP(Ay) < (C42);

7. Z(S) = Z(S;) is normalized by Gy and so it is centralized by A; = (S¢2);
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8. Zs(S) < S1. Suppose for a contradiction that for every g € Gy we have Zy(S) < CY.
This is equivalent to Zs(S5)? < C for every g € Go. In particular the group X =
(Z2(S5)%2) is a subgroup of CNS; = S, properly containing Z,(S) and normalized by
(5. Note that X is normal in S, so by Lemma 3.4 the group X is characteristic in
S. Since G5/S1 = Outz(S1) we deduce that X is F-characteristic in S;. However,
Z(S) is the only non-trivial proper F-characteristic subgroup of S; and we have a

contradiction. So there exists g € Gy such that Z,(S) £ CY.

Therefore A is a symplectic amalgam. Also, the only subgroups of C' that are normal in
G are Zs(S), S3 and C. Since [S3: Zo(S)] = p, we deduce that Zy(S) and C are the only
non-central chief factors of G; in C. Hence, recalling that p > 11, by Theorem 1.44 we get
that Ay = pi™.SLy(p). Hence Ay/S; = Ay /C = SLy(p). Thus A(G, H,GN H, Ag, Ay) is
a weak BN-pair of rank 2 by Theorem 2.34 and so S is isomorphic to a Sylow p-subgroup
of one of the groups listed in by Theorem 1.42. Recalling that |S| = p° and the maximal
subgroup S; of S is extraspecial, we conclude that S is isomorphic to a Sylow p-subgroup

of the group Gy(p). O]

We now prove Theorem 5, which characterizes the F-essential subgroups of a p-group

S that contains a pearl depending on the nature of the group .5;.

Proof of Theorem 5. The group S has maximal nilpotency class by Lemma 3.3. When
S is neither abelian nor extraspecial, then the order of Autz(S) is at most p"~'(p — 1)
as a consequence of Theorem 3.11 and the fact that S/Z(S) = Inn(S) € Syl,(Autz(S)).
By assumption there exists an F-essential subgroup E of S that is a pearl. In particular
p — 1 divides the order of Ny, (g)(Auts(£)). Hence p — 1 divides the order of Autz(S)
by Lemma 3.18 and we conclude that |Autz(S)| = p" ' (p — 1).
The remaining statements follow by Theorems 3.22; 3.25 and 3.27 and Lemma 3.26.
0
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3.3 Fusion systems on p-groups of sectional rank 3

containing pearls

Let p be an odd prime and let F be a saturated fusion system on a p-group S. Suppose
that F contains a pearl and S has sectional rank 3. By Lemma 3.13 and Theorem 3.12
we get that either p = 3 and |S| = 3% or p > 5 and |S| < pb, with strict inequality if
S1 = Cg(Zy(S)). Thus we start studying p-groups containing pearls and having order at

most pb.

Theorem 3.28. Let p be an odd prime and let F be a saturated fusion system on a p-
group S containing a pearl. Suppose that S has order p* and sectional rank greater than

2. Then S is isomorphic to a Sylow p-subgroup of the group Sp,(p).

Proof. Let E < S be a pearl. Since E has exponent p and is not contained in S; by
Lemma 3.19, we deduce that S; # €©,(S). Hence the statement follows from Lemma

3.14. [l

Theorem 3.29. Let p be an odd prime and let F be a saturated fusion system on a p-
group S containing a pearl E. Suppose that S has order p° and sectional rank greater

than 2. Then p > 5, S has exponent p, S1 = Cs(Zo(S)) and one of the following holds:
1. Sy is elementary abelian and S has sectional rank 4;

2.p =17 F =2 C; x C; and S is isomorphic to the group indexed in Magma as
SmallGroup(7°,37), which has sectional rank 3.

Proof. The p-group S has maximal nilpotency class by Lemma 3.3 and the fact that Sy
centralizes Zs(.S) follows from Theorem 3.7. Let ¢ € Autz(S) be the F-automorphism of

S normalizing E described in Lemma 3.23.
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N? Sy
)\4
S2
N* \ 23
Zs(S)
E
A° A
VN #s) %(8)
\ 1
1 1
Action of ¢ for £ = C, x C, Action of ¢ for B = pi*?

Since S has sectional rank at least 3, by Lemma 3.13 we have p > 5. In particular
by Lemma 3.8 the group Sy and the quotient S/Z(S) have exponent p. Let z € S;\Ss.
Then x¢ = 22, with z € Z(S) and a = M if £ = C, x C, and a = \* otherwise. Thus

by Lemma 1.3 we have
(a”)p = (wp)? = (z°)P2P [z, 2T = ()"

However, =P € Z(S), so if 2P # 1 then
o either E =~ C, x C, and A* = X\ mod p;
e or K %pfr” and A3 =1 mod p.

Since neither of the cases above can occur, we get 2 = 1. Thus S = ESy(x) is generated
by elements of order p and so it has exponent p by Lemma 1.9.
Let y € S5\Z»(S). Since S is elementary abelian we have yo = y° for b = A3 if

E = C, x C, and b = A\? otherwise. Note that [z,y] € Z(S) by definition of S;. Hence we
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can apply Lemma 1.4 and we get

[z, Y] = [2°2,y"] = [z, y]*".

If [z,y] # 1 then:
o either E~ C, x C, and A" =\ mod p;
e or E=pi? and A° =1 mod p.

Hence either [z, y] = 1 and S is elementary abelian or p = 7 and E = C; x C;. If Sy is
elementary abelian then, since |S;| = p* and S is not abelian of order p°, we deduce that
S has sectional rank 4. In the second case, S is a 7-group having order 7°, nilpotency class
4, exponent 7, and such that the group S; = Cg(Z2(S)) is non abelian. We can use this
information to prove, using Magma, that S is uniquely determined (up to isomorphism)

and isomorphic to the group SmallGroup(7°, 37).

N:=[];

for i in [1..Number0fSmallGroups(7~5)] do S:=SmallGroup(775,1i);

if NilpotencyClass(S) eq 4 and
Exponent(S) eq 7 and
IsAbelian(Centralizer(S,UpperCentralSeries(S) [3])) eq false then
Append (~N, i) ;

end if; end for; N;

Ouput: [37]
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Theorem 3.30. Let p be an odd prime and let F be a saturated fusion system on a p-

group S containing a pearl E. Suppose that S has order p® and sectional rank greater

than 2. Then

1. either Sy is extraspecial, p =7, E = C; xC; and S isomorphic to a Sylow 7-subgroup
Of G2<7);

2. or Sy is elementary abelian of order p* and one of the following holds:

(a) Sy is abelian;

(b) p=5, E=Csx Cs, S3="7(S1) and S = SmallGroup(5°,636),

(c) p=5, E=CsxCs, S3=7(S1), S = SmallGroup(5°,i), fori € {639,640, 641,642}
and if P € P(F) then P € E (also S has exponent 25 and Sy has exponent 5
if and only if i = 639);

(d) p=7,E =712 7,(8) = Z(S)), Si has exponent 7 and S = SmallGroup(7°,813);

(e) p="T, BT 7Z3(S) =7Z(S1), S; has exponent 7 and S = SmallGroup(7°,798).
In particular S has sectional rank at least 4.

Proof. The p-group S has maximal nilpotency class by Lemma 3.3 and since the sectional
rank of S is at least 3, by Lemma 3.13 we conclude that p > 5.

If Sy is extraspecial, then Theorem 3.25 implies that £ = C, x C, and that S has
order pP~! and exponent p. So p = 7 and by Lemma 3.26 the group S is isomorphic to a
Sylow 7-subgroup of G(7).

Suppose S; is not extraspecial. In particular S; = Cg(Z3(S)) by Theorem 3.25. Let

¢ € Autx(5) be the automorphism of S normalizing F described in Lemma 3.23.
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S ) ()
A 1
1 1
Action of ¢ for £ = C, x C, Action of ¢ for B = pi?

Note that the group Ss is abelian. Since |S| = p® and p > 5, the group S, has exponent
p by Lemma 3.8. Thus Sj is elementary abelian.

Let M be the maximal subgroup of S containing £. Then M has sectional rank at
least 3 (since S3 < Sy < M) and order p°. Also ¢|yy € Autz(M). This is enough to
allow us to apply Theorem 3.29 to M. Let M; denote the i-th term of the lower central
series of M and let M; be the centralizer in M of My/My = S3/7Z(S). Then M; = S,
and either Sy is elementary abelian or p = 7 and F = C; x C;. In the latter case,
since |S| = 7%, by Theorem 3.25 we conclude that S; is extraspecial, contradicting the
assumption. Therefore if S; is not extraspecial then the group S, is elementary abelian
of order p*.

Let u € Sy be such that s;¢ = sbu, where b = \° if E =~ C, x C, and b = \* otherwise.

Then by Lemma 1.4 we get

[517 33]90 - [ I{u’ Sg] = [517 83]ab'
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Since [s1, s3] € Z(S) by the definition of S, if [sq, s3] # 1 then
o either £~ C, x C, and A* =\ mod p;
e or E=~pi™ and A5 =1 mod p.

Thus either S3 < Z(S;) or p = 7 and E = 712 (and in the latter we are in case 2(d)).
Suppose S3 < Z(5)).

We now study [s1, sa]. Set ¢ = A\t if B = Cp, xC,and c= A% otherwise. Then

[317 52](;0 = [Sliu7 35] = [817 SQ]bc-

Thus either [sq, so] = 1 or, since [s1, s9] € Z2(S) one of the following holds:
« E=C,xC,and \? modulo p is equal to either \* or \;
e E=pi™ and A" modulo p is equal to either X or 1.

Therefore either S; is abelian (and case 2(a) holds), or S3 = Z(S1) and either E =
Cs x Cs (and we are in cases 2(b) and 2(c)) or £ = 7472 (and case 2(e) holds).
If p=>5and F = Cs x Cs then \> = X mod 5 and so the group S; can have exponent

25. If p=T7and F = 7.7 then A # 1 mod 7 and so the group S; has exponent 7.

Note that we proved that either S, is elementary abelian (in case 2) or S;/Z(S) is
elementary abelian (in case 1). Since |Sy| = [S: Z(S)] = p?, we deduce that S has

sectional rank at least 4.

We now use Magma to determine the isomorphism type of S when p =5, E = C5 x Cjy
and S3 = Z(S)) or p=7, E = 7\ Zy(S) < Z(S;) < S5 and S; has exponent 7.
If p=>5 then S = SmallGroup(5°,4) for i € {636,639, 640,641,642} (see Table 3.3).
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N:=[];
for i in [1..Number0fSmallGroups(5°6)] do S:=SmallGroup(576,i);
L:=LowerCentralSeries(S);
if NilpotencyClass(S) eq 5 and
IsAbelian(L[2]) eq true and
Exponent(L[2]) eq 5 and
Center(Centralizer(S,L[4])) eq L[3] and
#[E : E in Subgroups(S)| fE‘subgroup eq 25 and Exponent (E‘subgroup) eq 5
and Centralizer(S,E‘subgroup) eq E‘subgroup] ne O then
Append (~N,1i) ;

end if; end for; N;

Output:

(636,639, 640, 641, 642]

Table 3.3: Isomorphism type of S for p =5

We can also check that if ¢ # 636 then there is a unique S-conjugacy class of groups
isomorphic to Cs x Cj that are self-centralizing in S (i.e. fH eq 1). Thus if P € P(F)
then P = C5 x Cs by what we proved above and so P € E7.

Moreover the group S; = Cg(Z2(S)) has exponent 5 if and only if i = 639.

If p = 7 then either S = SmallGroup(7%, 798), and in this case we have Z(S;) = S3, or
S = SmallGroup(7%,813) and Z(S;) = Z,(S) (see Table 3.4).
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N:=[];
for i in [1..Number0fSmallGroups(7°6)] do S:=SmallGroup(776,i);
L:=LowerCentralSeries(S);
if NilpotencyClass(S) eq 5 and
IsAbelian(L[2]) eq true and
IsAbelian(Centralizer(S,L[4])) eq false and
Exponent (Centralizer(S,L[4])) eq 7 and
f[E : E in Subgroups(S)| IsExtraSpecial(E‘subgroup) eq true
and Exponent (E‘subgroup) eq 7 and fE‘subgroup eq 343
and Centralizer(S,E‘subgroup) subset E‘subgroup] ne 0
then Append(~N,i);

end if; end for; N;

Output:

[798, 813]

Table 3.4: Isomorphism type of S for p =7

Proof of Theorem 6. Suppose that S contains a pearl, has sectional rank greater than 2
and |S] < pb. If |S]| = p* then S is isomorphic to a Sylow p-subgroup of the group Sp,(p)
by Theorem 3.28. If p° < |S| < pb then the statement follows by Theorem 3.29 and

Theorem 3.30. [

We end this chapter with the classification of the saturated fusion systems on p-groups

of sectional rank 3 containing a pearl (Theorem 7).
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Theorem 3.31. Let p be an odd prime and let F be a saturated fusion system on a p-
group S. Suppose that S has sectional rank 3 and there exists a subgroup E of S that is a

pearl. Then either S is isomorphic to a Sylow p-subgroup of Sp,(p) or the following hold:

1.p =17 E =2 C; x C; and S is isomorphic to the group indexed in Magma as
SmallGroup(7°,37) (in particular S has order 7°, exponent 7 and none of its maxi-

mal subgroups is abelian);
2. Autx(E) = SLy(7);
3. Autz(S) = Inn(S) (), where ¢ is a morphism of order 6 normalizing E;
4. F = (Autz(9), Autz(E))s;
5. F is simple;
6. F is exotic.

Proof. By Lemma 3.3 the group S has maximal nilpotency class and by Lemma 3.13 and
Theorem 3.12 we have that either p = 3 and |S| = 3% or p > 5 and |S| < p°®. Hence by
Theorems 3.28, 3.29 and 3.30 either S is isomorphic to a Sylow p-subgroup of Sp,(p) or
S is isomorphic to the group indexed in Magma as SmallGroup(7°,37) and E = C; x Cs.

Suppose we are in the second case. Note that |Aut(S)| = 77 - 6 (as expected because
of Theorem 3.11). Since E has rank 2 and O7;(Autz(E)) = 1, by Lemma 2.26 we get
SLy(7) < Auty(E) < GL(7). By Lemma 3.18 every morphism in Nay, () (Auts(E)) is
the restriction of a morphism in Autz(S). Since 62 does not divide the order of Aut(95),
we get Autz(E) = SLo(7) and Autz(S) = Inn(S)(p) where ¢ is a morphism of order 6
such that ¢|g € Nau () (Auts(£)). Thus we can choose ¢ as the morphism that acts on

A1

0
E as 0 A for some A € GF(7) of order 6. In particular the action of ¢ is described

in Lemma 3.23.
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N2 S1 = Cs(Z2(5))
b
Sa
Nl \\ )\‘J
Z2(S)
E
)\2
)
AN zs)
A

—_

Action of ¢ on S

By the Alperin-Goldschmidt Fusion Theorem, to show that F is completely determined
by Autz(S) and Autz(E), we have to prove that E is the unique F-essential subgroup
of S up to F-conjugation. Suppose there exists an F-essential subgroup P of S not
F-conjugate to E. Note that S has sectional rank 3, so P has rank at most 3 and
[Ng(P): P] =7 by Theorem 2.40. By Theorem 3.22 either P < S} or P is a pearl.

e Suppose P < 5. If P < S then |P| = 7* and so P = S;. Note that Zy(S) = Z(P)
and Z(S) = ®(P). Thus Outx(P) acts reducibly on P/®(P) and by Theorem 1 we
get

SLy(7) < Outz(P) < GL(7) x GL4(7).
A\

“lo
we deduce that GLy(7) < Outz(P). In particular |[Noy,(p)(Outs(P))| = 7 - 62

Note that the morphism ¢ acts on P/Zy(S) a . Since A" =X #1 mod 7,

Since P is receptive and S = Ng(P), every morphism in Ny, (p)(Auts(P)) is the
restriction of a morphism in Autz(S). Therefore 6% divides the order of Autz(S),

which is a contradiction. Hence P is not normal in S.
Since P < Cg(Z2(S)) and P is F-centric we have Zy(S) < P < S;. Thus the only
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option is P = C; x C7 x Cy (recall that S has exponent 7) and P # S,. Note that ¢
normalizes the quotient S7/Z5(S) = C; x C7 and its maximal subgroup Ss/Zs(5).
Hence by Theorem 1.15 there exists a maximal subgroup @ of S} such that Q/Z2(.5)
is normalized by . Since S, is the unique normal subgroup of S of order 73 and the
group S1/Z2(S) has 8 proper non-trivial subgroups, the group S acts transitively
on the maximal subgroups of S; containing Z,(.S) that are distinct from S;. Thus

Q € P7 and by Lemma 2.26 the group @ is F-essential.

By Theorem 1 we have that either O (Outz(Q)) = SLy(7) or O7(Out#(Q)) =
PSLy(7). Since |Nau,(0)(Auts(Q))| < 6 we conclude that Out#(Q) = O (Out#(Q)).

Note that the morphism ¢ acts on () as the matrix

A0 o0
D=0 X 0
0 0 A

Since none of the sections of @) is centralized by ¢ we deduce that Outz(Q) =
PSL,(7). However the determinant of the matrix D is A7 = A mod 7, that is not

congruent to 1 modulo 7, and we reach a contradiction.
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o Suppose P is a pearl. Then by Theorem 3.31 we have P = C; x C;. Also, since P
is not F-conjugate to E, by Theorem 1.27 the maximal subgroup of S containing F
is distinct from the maximal subgroup of S containing P, i.e. N*(F) # N?(P). Let
¢ € Autz(S) be an F-automorphism of S of order 6 normalizing P (whose existence
is guaranteed by Lemma 3.18). Hence Autx(S) = Inn(S5)(¢)). So there exists x € S
and 1 < i < 5 such that ¢ = ¢, - ¢. In particular ¢ normalizes N?(E), N?(P) and

S1, so it acts as scalar on S/S,. Thus A = A™' mod 7, which is a contradiction.

Therefore E is the unique F-essential subgroup of S up to F-conjugation and F is
completely determined by Autz(S) and Autz(F). Furthermore, Autz(S) is determined

by the inner automorphisms of S and by the lifts of elements in Ny, (z)(Auts(E)).

We now prove that F is simple. Assume for a contradiction that there exists a proper
normal fusion subsystem & C F on some subgroup P < S. Since E7 is the unique class
of F-essential subgroups of S, if P = S then either £ = F (and we get a contradiction)
or £ = (Autg(S))s = Ne(S5). Let ¢ € Autz(F) be an F-automorphism of E such that
Z(S) # Z(S). Then we cannot write ¢ as the composition of a morphism « € Autz(S)
and a morphism 5 € Homg(FE,S). Hence £ does not satisfy the Frattini condition and
is therefore not weakly normal. Thus we have P < S. By definition P must be strongly
F-closed. So it has to be normal in S. Note that every normal subgroup of S contains
the center Z(S) and

(Z(S)a | @« € Homg(Z(S),S)) = E.

Therefore P is a normal subgroup of S containing E. So P = N2, that is the unique
maximal subgroup of S containing F.
The Frattini condition in the definition of normal fusion subsystem (definition 2.13)

implies that Aute(E) = Autz(E) = SLy(7) and so E is an E-essential subgroup of N2.
p £ F group
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Let h € S\N%. Then ¢;, € Autz(N?)\Aute(N?) (since £ is defined on N? and so
Inn(N?) € Syl,(Autz(N?))). We have

(Autg(E)) < Aute(E™).

Also, E" is E-centric and fully normalized, therefore £-essential. Hence E" € P(€) and
E" ¢ Ef. In particular by Theorem 1.27 we have NY(E) # NY(E") and NY(E") # S,
(because S = S;). Note that [Autg(N?)| = 73 6. Let ¢ € Autz(S) be the morphism of
order 6 described above. Since £ is a saturated fusion system on N2, with the same argu-
ment used to show that E' is the unique F-essential subgroup of S (up to F-conjugation)
we can prove that the morphism ¢ normalizes N*(E), N*(E") and S,. However ¢ does
not act as scalar on N?/Z,(S) and we get a contradiction.

Therefore F is a simple fusion system.

Finally, we show that F is exotic using the Classification of Finite Simple Groups..
Suppose for a contradiction that F = Fg(G) for some finite group G such that S €
Syl;(G). Since F is simple, we may assume that G is simple ([Crall, Theorem 5.71]).
Thus we are looking for a finite simple group having a non-abelian Sylow 7-subgroup of
order 7°.

The only sporadic group whose order is divisible by 7° is the Monster group, that has
Sylow 7-subgroups of order 7° (indeed our 7-group S is isomorphic to a maximal subgroup
of such groups). Thus G is not sporadic.

Suppose G is alternating. Since 7° is the larger power of 7 dividing the order of G, we

have G = Alt(n) for 35 < n < 41. Consider the following subgroup of G:

P={((1234567), (89101112 13 14), (15 16 17 18 19 20 21),

(22 23 24 25 26 27 28), (29 30 31 32 33 34 35)).
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Then P = C; xC; x Cy; x C7 xCr and P is a Sylow 7-subgroup of G. Since P is abelian it is
not isomorphic to S. Hence S is not a Sylow 7-subgroup of G and we get a contradiction.
Thus G is not an alternating group.

Suppose G is of Lie type in characteristic r # 7. Note that S has 7-rank 3. Therefore
by [GLS98, Theorem 4.10.3(c)] the group S haves to have a unique elementary abelian
subgroup of rank 3. However, every proper subgroup of S; containing Z,(S) is elementary
abelian, since S; has exponent 7, and we get a contradiction.

Therefore GG is a group of Lie Type in characteristic 7 having a Sylow 7-subgroup of
order 7°, and this is a contradiction by [GLS98, Theorem 2.2.9 and Table 2.2]. n

It remains to show that the fusion system described in the previous theorem exists.

To do this, we need the next result.

Lemma 3.32. [BLOO0G6, Proposition 5.1] Let G be a finite group, let S be a Sylow p-
subgroup of G and let Ey, ... F,, be subgroups of S such that no E; is G-conjugate to a
subgroup of E; fori # j. For each i, set K; = Outg(E;), and fix subgroups A; < Out(E;)
which contain K;. Set F = (Mor(Fs(QG)), Ay, ..., An)s. Assume for each i that

1. |Az K’L’p = 1;

2. E; is p-centric in G but no proper subgroup P < FE; is F-centric or an essential

p-subgroup of G; and
3. for all « € A\K; we have |[K; Na ' K;al, = 1.
Then F is a saturated fusion system on S.

Lemma 3.33 (Existence of F). Let S be the T-group indexed in Magma as SmallGroup(7°,37).
Then there exists a saturated fusion system F on S and a subgroup E < .S isomorphic to

C7 x C7 such that E is F-essential.
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Proof. Using Magma we prove that there exists a subgroup E of S isomorphic to C; x C;
30

that is self-centralizing in S and an automorphism ¢ of S that acts on E as (0 5|

Input: Output:

S:=SmallGroup(7°,37);
S; GrpPC : S of order 16807 = 775
PC-Relations:

S.27S.1 =

~

-

~

-

~

0 n wm

S W W

0 wnwnnwn
INERERES
* X * X
0 wnnnn
oo w

0 N n
=N e

E:=sub<S | S.1, S.5 >;
E; GrpPC : E of order 49 = 772
PC-Relations:

E.1°7 = Id(E),

E.277 = Id(E)

Centralizer(S,E) eq E; true
A:=AutomorphismGroup(S) ;
A.1; Automorphism of GrpPC : S which maps:
S.1 |->8.173
S.2 |->8.272
S.3 |->S.376 * 5.476 * 5.575
S.4 |->S.474 x S.5
S.5 |-> 8.575
Order(A.1); 6
Table 3.5

Set G = S: (p) and let A be a subgroup of Out(£) = GLy(7) containing Out(F) and
isomorphic to SLy(7). Note that |Outg(E)| = 76 and Outg(E) = Na(Outg(£)). Then
by Lemma 3.32 the fusion system F = (Mor(Fs(G)), A)g is saturated and E is F-essential

(because Outg(F) is a strongly 7-embedded subgroup of Outz(E) = A = SLy(7)). O
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CHAPTER 4

CHARACTERIZATION OF THE F-ESSENTIAL
SUBGROUPS.

‘It is only with the heart that one can see rightly;

what is essential is invisible to the eyes.’

[Antoine de Saint Exupéry]

Let p be an odd prime, let S be a p-group having sectional rank 3 and let F be a

saturated fusion system on S.

In this chapter we investigate the structure of the F-essential subgroups of S and we

determine their F-automorphism groups.

Since S has sectional rank 3, every F-essential subgroup £ of S has rank 2 or 3 (recall
that an F-essential subgroup cannot be cyclic). Therefore Theorem 1 tells us that the
group O (Out#(FE)) is isomorphic to either SLy(p), or PSLy(p) or 13: 3 (and p = 3 in the

last case). In Section 4.1 we improve this result, proving the following theorem.
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Theorem 8. Let E < S be an F-essential subgroup.

e If E is F-characteristic in S and there exists an F-essential subgroup P of S,
P # E, such that every morphism in Nayu,(p)(Auts(P)) is a restriction of an F-

automorphism of S, then

— either O (Outz(E)) =2 SLy(p)

— or OP (Outx(E)) = PSLy(p), OF (Outx(P)) = SLy(p) and S has rank 2.
e If E is not F-characteristic in S then O (Outx(E)) = SLy(p) and

— either [E: ®(E)] = p* and SLy(p) < Outz(F) < GLa(p);

— or [E: ®(E)] = p® and SLy(p) < Outz(E) < GLa(p) x GLy(p).

Note that the assumptions on P are always satisfied when P is F-characteristic in 5,
by Lemma 2.8.

If £ <5 is F-essential and F is F-characteristic in Ng(F), then F < Ng(Ng(E)). So
Ng(E) = S and FE is F-characteristic in S. Thus for every F-essential subgroup E that is
not F-characteristic in S there exists an F-automorphism « of Ng(E) such that E # Ea.
Note that Ea is an F-essential subgroup of S by Theorem 2.26(5).

To prove Theorem 8 we study the interplay of two distinct F-essential subgroups F;
and Fy satisfying Ng(FE;) = Ng(Es), where either Ey = Eja for some a € Autz(Ng(FE1))
or both E; and E5 are F-characteristic in S.

Note that if 7" and U are subgroups of E; N E, that are F-characteristic in F, Ey
and Ng(E7) then UT < E; N E, is F-characteristic in Fy, Fs and Ng(E;). Thus we can
talk about the largest subgroup of E; N Ey that is F-characteristic in £y, Ey and Ng(E).

This subgroup plays a key role in most of the results proved in this chapter.

Definition 4.1. Let £y < S and E; < S be F-essential subgroups of S such that

Ng(E1) = Ng(E;). We define the F-core of Ey and Es, denoted corex(E, Es), as the
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largest subgroup of F; N E5 that is F-characteristic in £y, Ey and Ng(E)).
We set corer(FE7) = corer(F1, Fy) and we call it the F-core of Ej.

Note that in general the F-core of an F-essential subgroup F is not normal in the

fusion system F (but it is normal in the fusion subsystems Nz(E) and Nz(Ng(E£))).

Section 4.2 aims to study the properties of the F-core of two distinct F-essential
subgroups of S.

Note that an F-essential subgroup F < S is F-characteristic in S if and only if
corer(F) = E. In Lemma 4.11 we prove that if F is not F-characteristic in S then
corer(E) = corex(E, Ea), for every a € Autz(Ng(F)). In particular the F-core of an
F-essential subgroup F not F-characteristic in .S can always be seen as the F-core of two

distinct F-essential subgroups of S.

Theorem 9. Let Fy and Es be distinct F-essential subgroups of S such that Ng(E;) =
Ng(E2). Set N = Ng(Ey), Eia = E1 N Ey and T = coreg(Fy, Ey). Then for every

i €{1,2} we have
1. Cu(T) £ T
2. Cx(T) £ Ena;
3. if Cn(T) £ E; then O (Outz(E;)) centralizes T’

4. either T < ®(E;) or O (Outz(E;)) = SLa(p), [T®(E;): ®(E;)] = p and

T®(E,)/®(E,) = Cg,jas, (07 (Out(E)).

We also prove that whenever E is not F-characteristic in S and T' = corez(FE), we

have Cx1(T) £ E and so N = ECn(T) and OF (Out#(E)) centralizes T (Lemma 4.14).
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We close this section by proving that under certain assumptions on the F-essential
subgroups E; and FEs of S, always satisfied when FE; is not JF-characteristic in S and
corer(Ey, Ey) = corex(E;), the F-core T of E; and E, is abelian and there exists a

subgroup T} < T of order p such that T'/T} is a cyclic group.

Theorem 10. Let E; and Ey be distinct F-essential subgroups of S such that Ng(F1) =
Ng(Ey). Set T = corer(Ey, Ey). Suppose that OP (Outz(E,)) is isomorphic to SLy(p)
and centralizes T, and there exists a subgroup V- < FEy such that V' is F-characteristic in

Ey, V/T is a natural SLy(p)-module for OY (Outz(E;)) and V < Cg, (T)T. Then

T is abelian, T < Z(V),|[V, V]| < p and the group T/[V,V] is cyclic.

In Section 4.3 we focus on F-essential subgroups that are not F-characteristic in S.
We first apply Stellmacher’s Theorem (Theorem 1.26) and the results of Section 4.2 to

describe the shape of such F-essential subgroups.

Theorem 11. Let E be an F-essential subgroup of S not F-characteristic in S and let
T = corer(E). Set V = [E,O" (Outx(E))|T. Then

1. VJT is a natural SLy(p)-module for O (Outz(E));

2. Ng(E)/T has exponent p;

3. E/T is elementary abelian and p* < [E: T| < p?;

4. [E/T: Z(Ns(E)/T)] = p;

5. T is abelian, T < Z(V), |[[V, V]| < p and T/[V, V] is a cyclic group.

Moreover, if [E: T] = p?, then T < Z(Ng(F)).
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A= (NG)
\\'N:NS(E)

<p
$V = [E, AT

pPXDp
[} T
(e}

p

1.V

<p

o1

Structure of an F-essential subgroup E of S not F-characteristic in .5,
where G is a model for Nz (FE).

The characterization of F-essential subgroups given by Theorem 4.17 allows us to prove

that F-essential subgroups of S of rank 2 (and not F-characteristic in S) are pearls.

Theorem 12. Let E < S be an F-essential subgroup of S not F-characteristic in S. If
E has rank 2 then E is a pearl and F is one of the fusion systems described in Theorem

7.

For the rest of this section we focus on F-essential subgroups of rank 3.

By Theorem 11 we know the shape of E. Also, we get that the F-core T of E has
index either p? or p® in E. We study these two cases separately, aiming to find a bound

for the index of £ in S.

Theorem 13. Suppose that E < S is an F-essential subgroup of S and let T = corez(E).
If[E: T] = p? and |T| = p* then
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e cither E = C, x Cp X Cpa;

~ Q1 (E)xT ~ 142 .
o OTE_(Z(Ql(lE)W_p—"_ OCpa7

e or = p}fz X Cpa-1.

Lemma 4.2. Suppose that E < S is an F-essential subgroup of S not F-characteristic in
S and let T = corer(E). If E has rank 3 and [E: T| = p? then either E < S orp =3 and
if we set N = Ng(E) and N* = Ng(N'), then T is F-characteristic in N?, T < Z(N?),
O(E) < N2, the quotient N?/®(E) has exponent 9 and one of the following holds

1. either [S: E] = 3%, N! charz S and S/®(E) = SmallGroup(3°,52);
2. or N?2/®(E) = SmallGroup(3°,53).

Note that the group SmallGroup(3°,53) is isomorphic to a section of a Sylow 3-
subgroup of the group SL4(19) and of a Sylow 3-subgroup of the group SL4(109). This
fact suggests to look at the Sylow 3-subgroups of the group SL4(q) where ¢ is an odd

prime power such that ¢ =1 mod 3.

Lemma 4.3. Let g be an odd prime power such that ¢ =1 mod 3 and let S be a Sylow
3 of the group G = SLy4(q). Let k > 1 is such that 3% is the largest power of 3 dividing

q — 1. Then there exist Fs(G)-essential subgroups A and E of S such that

o A= Cae x Cap X Cgi is the unique abelian subgroup of S having index 3 in S, and

is therefore characteristic in S;

Cgk X 3}F+2
(21(C3x)=2(31"%))

has index 3% in E.

e X > Cyr 0 3472 s such that coreryc)(E) = Z(E) = Z(S) = Ca

Also, every Fs(G)-essential subgroup of S is of this form.
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As a consequence of the previous theorem we conclude that there is no hope to bound
the index of an F-essential subgroup F in S when the group Ng(Ng(F)) is isomorphic to
the group SmallGroup(3°, 53).

As for F-essential subgroups having F-core of index p3, we prove the following result.

Lemma 4.4. Suppose that E < S is an F-essential subgroup of S not F-characteristic
in S and let T = corex(E). If [E: T| = p® then either E < S or p = 3 and if we set
N! = Ng(F) and N? = Ng(N') then T is F-characteristic in N* and one of the following
holds:

1. [S: E] = 3% N! charr S, Cg/r(®(S/T)) has exponent 3 and

S/T = | a,b, 2,9,z € F3 p = SmallGroup(3°, 56);

> QRO
Q = O O
_ o O O

e ] =

2. [S: E] =32, N! charg S, Cg/7(®(S/T)) has exponent9 and S/T = SmallGroup(3°, 57);

3. Cnzyr(®(N?/T)) has exponent 9, N?/T = SmallGroup(3°,58) and if N* < S then
Ns(N?)/T is isomorphic to a Sylow 3-subgroup of the group PTL3(64).

We also show that if N < S then the group Ng(N?) is the normalizer in S of T
(Lemma 4.30). In particular, if 7= 1 and E is not normal in .S, then we deduce that
p=3,3> < |S] <3%and if |S| = 3% then S is isomorphic to a Sylow 3-subgroup of the
group PI'L3(64).

This fact suggests to look at the Sylow 3-subgroups of the group G = PI'Lg (q?’k), where
g =1 mod 3. We claim that if P € Syl;(G) then there exists a unique G-conjugacy
class of Fp(G)-essential subgroups of P and that the groups belonging to this class are

isomorphic to the group C3 x C3 x Cgs.
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In particular, in analogy with what we saw for F-essential subgroups with F-core
of index p?, given an F-essential subgroup E with F-core of index p3, if p = 3 and

Ng(Ng(E)) < S then we cannot bound the index of E in S.

As a corollary of Lemmas 4.2 and 4.4 we get the following

Theorem 14. Suppose that E < S is an F-essential subgroup of S having rank 3. If

p>5then E<S.

Proof. If E is F-characteristic in S then FE is normal in S. Suppose that p > 5 and E is

not F-characteristic in S. Then Lemmas 4.2 and 4.4 imply that £ < S. [

In Section 4.4 we suppose there are two F-essential subgroups F; and E, of S that
are J-characteristic in .S and we study their interplay to describe the isomorphism type
of S.

We first note that either the quotient S/corez(F1, Es) is extraspecial of exponent p,
or there exists a weak BN-pair associated to the fusion system F and the F-essential
subgroups E; and Ej, as we saw in Theorem 2.34. This enables us to determine the

isomorphism type of the quotient S/corez(F1, Fy) and some properties of £y and FEj.

Theorem 15. Let £y < S and Ey < S be distinct F-essential subgroups F-characteristic

in S and let T = corer(Ey, Ey). Then
e cither S/T = p™ and for every 1 < i < 2 the group E; is abelian and O (Outz(E;)) =

SLQ (p);

e or S/T is isomorphic to a Sylow p-subgroup of Sp,(p) and there exist 1 < i,j < 2
such that © # j, Z(S) = Z(E;) is the preimage in S of Z(S/T') and the following
hold:

1. E;/T = pi™ and O” (Outz(E;)) = SLy(p);
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2. E; is abelian, T = ®(E;) and O (Outz(E;)) = PSLy(p).

Using the characterization given by Theorem 15 we then show that the group corex(E;, Es)

is normal in the fusion system F. In particular if O,(F) = 1 then we have 7" = 1 and
since the group p}r“ has sectional rank 2, the only possibility is that S is isomorphic to

a Sylow p-subgroup of the group Sp,(p). Also, we get E; = pi*? so Ej; is a pearl.

Theorem 16. Let E; < S and Ey < S be distinct F-essential subgroups F-characteristic
in S. Then the group corer(Ey, Ey) is normal in F. In particular, if O,(F) =1 then S is
isomorphic to a Sylow p-subgroup of the group Sp,(p), E; = p}r+2 and E; = C, x C, x G,

for some i,j € {1,2}, 1 # j, and F is one of the fusion systems classified in [COS16].
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4.1 Automorphism groups of the F-essential subgroups

In this section we determine the automorphism groups of the F-essential subgroups of a
p-group S that has sectional rank 3.

Recall that if E is a subgroup of S then N*(FE) denotes the i-th term of the normalizer
tower of £ in S.

We start with some results implying that the group SLy(p) is a subgroup of the outer

F-automorphism group of certain F-essential subgroups of S.

Lemma 4.5. Let E < S be an F-essential subgroup. If N' = N'(E) has rank 3 then
O (Outr(E)) 2 SLy(p).

Proof. By Lemma 2.35 we have ®(F) < [E,NY®(E) < ®(N'). Since S has sectional
rank 3, the group E has rank at most 3 and by Theorem 1 we get [N': E] = p. So
[E: ®(NY)] = p?, that implies [®(N'): ®(E)] = p. Thus

[E,N1®(E) = ®(N') and [E,N'N']|<®(E).

Hence the group Outg(E) = N!'/E acts quadratically on the elementary abelian p-group
E/®(E). Also, Outz(FE) acts faithfully on £/®(FE) by Theorem 2.26 and O,(Outz(E)) =
1 since E is F-essential. Therefore by Theorem 1.23 we get that the group Outz(E)
involves SLy(p) and by Theorem 1 we conclude O (Outx(E)) = SLy(p). O

Let E be an F-essential subgroup of S. Then by Theorem 2.30 there exists a finite
group G that is a model for the saturated fusion system Nz(E) defined on N!'(E). In
particular N'(E) € Syl (G), E = O,(G) and G/E = Outz(E).
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Lemma 4.6. Let E < S be an F-essential subgroup, let G be a model for Nx(E) and set
N! = NYE) and A = ((NY)E). Let T be a subgroup of E that is F-characteristic in E
and N' and set N' = N'/T and E = E/T. Assume that there exist subgroups H < NI
and V < Qi (Z(E)) such that H £ E, V is normal in G = G/T and H acts quadratically
onV. Then

07 (Outz(E)) = S (p)

Proof. To simplify notation we assume 7" = 1. First notice that the group V' is elementary
abelian. By Theorem 1 the quotient N'/E has order p, so from H &« E we get N = EH.
Since H acts quadratically on V, we have [V, H] # 1. In particular H £ Z(N') and
E = Cxi1(V). Thus

N'/E~H/(ENH)=H/Cy(V) and N'/E = C4(V)N'/Ca(V).

A
Ca(V)N?
Nl
Ca(V)
H
E
Cu(V)
T

Therefore N'/E is isomorphic to a p-subgroup of A/C4(V) that acts quadratically on
V. Note that A/C4(V) acts faithfully on V. Since FE is F-essential, the group G/E has
a strongly p-embedded subgroup. Thus by Lemmas 1.32 and 1.36 we get O,(A/E) = 1.
Also, N' € Syl (A), thus O,(A/Ca(V)) = 1. By Theorem 1.23 we deduce that A/C4(V)
involves SLy(p). Hence A/E = O (Outz(E)) involves SLy(p) and by Theorem 1 we

115



conclude that O (Outz(E)) = SLy(p). O

Lemma 4.7. Let E < S be an F-essential subgroup of S and set N' = NY(E). Let T be
a subgroup of E that is F-characteristic in E and N' and set N = N*/T and E = E/T.
If J(NY) £ E and Q(Z(E)) # Q(Z(N1)) then

O” (Outz(E)) = SLy(p)-

Proof. To simplify notation assume 7' = 1. Recall that J(N') = (A(N')), where A(N?!)
is the set of abelian subgroups of N' having maximal order. Set V = Q;(Z(F)) and
let H € A(N') be such that H <« E and |V N H| is maximal. By Theorem 1 we have
IN': E] = p. So N! = EH and since V # Q;(Z(N')) and H is abelian we deduce that
[V, H] # 1. In particular V & H.

Note that V' is normal in N!, so it is normalized by H. If V normalizes H then
\V,H,H|] < [H,H| = 1. So H acts quadratically on V' and by Lemma 4.6 we conclude
O” (Out(E)) = SLy(p).

Suppose for a contradiction that V' does not normalize H. Then by the Thompson
replacement theorem (Theorem 1.18) there exists an abelian subgroup H* € A(N') such
that VN H <V N H* and H* normalizes H. Since |V N H| is maximal by the choice of
H, we have H* < E. Therefore V' < H*, by maximality of |H*|, and so V normalizes H,

that is a contradiction. O
We can now characterize the F-automorphism group of every F-essential subgroup of

S not F-characteristic in S. Recall that when we write A < Outz(F) < C we mean that

Outz(FE) is isomorphic to a group B such that A < B < C.
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Theorem 4.8. Let E < S be an F-essential subgroup and set N' = NY(E). Suppose that
E is not F-characteristic in S. Then OP (Outz(E)) = SLy(p) and

o cither [E: ®(E)] = p* and SLy(p) < Outz(E) < GLa(p);
e or[E: ®(E)] =p® and SLy(p) < Outz(E) < GLy(p) x GL;(p).

Proof. Let a € Autx(N') be such that £ # Fa. By Theorem 2.26(6) the group Ea is
an F-essential subgroup of S. Set T = corex(E, Ea) and NI = N!/T. If the Thompson
subgroup J(N?) is contained in £ N Ea then J(N') = J(E) = J(Ea) and so J(N?) = 1
by the maximality of 7', which is a contradiction. Hence J(NT) < E N Ea and since
JINT) = J(NDa, we deduce that J(N') < FE. Note that Q(Z(E)) # Qi(Z(N1)) by
maximality of 7. Therefore by Lemma 4.7 we get that O (Outz(E)) = SLy(p) and we

conclude by Theorem 1. O

Next, we prove that when there are two F-essential subgroups of S that are F-
characteristic in S, then the F-automorphism group of at least one of them contains

a subgroup isomorphic to SLy(p).

Theorem 4.9. Let E; < S and Ey < S be distinct F-essential subgroups of S that are

F-characteristic in S. Then there exists i € {1,2} such that

O¥ (Outz(E;)) & SLa(p).

Proof. Let G; be a model for Nz(E;), whose existence is guaranteed by Theorem 2.30.

Set T' = corex(E, Es). To simplify notation we assume 7' = 1. Set

7 =0 (Z(9)) and V;=(Z°) <N (Z(E))).

Let J(S) be the Thompson subgroup of S. If J(S) < E; N Ey then J(S) = J(Ey) =

117



J(E3) = 1 by maximality of 7', giving a contradiction. Thus we may assume J(S) £ E.
Hence by Lemma 4.7 if Q1 (Z(E,)) # Z then O (Outx(E;)) = SLy(p) and we are done.

Suppose 3 (Z(E,)) = Z. By maximality of T the group Z is not F-characteristic in
FE5. In particular Z < V5. Note that V5 is an elementary abelian subgroup of .S, that has
sectional rank 3. Therefore either |V3| = p? (and |Z| = p) or |Va| = p°.

Suppose |Vs| = p%. Then G5 /Cg,(V5) is isomorphic to a subgroup of GLy(p). Note that
S ¢ Cg, (V) (otherwise V < Z) and Ej € Syl (Cg,(V2)). So ((S)“?)/E, acts non-trivially
on V5 and by Theorem 1 we deduce that O (Outz(Ey)) = ((S)%2)/Ey = SLy(p).

Suppose |Va] = p3.

o If Vo £ E; then S = E1 V4, since [S: Ej] = p. Also [Ey, S| £ ®(F) by Lemma 2.35,
so [Ey, Vo] £ ®(E). On the other hand, since V5 is abelian and normal in S we
get [Eq, Vo, Vo] = 1. Thus Vo®(FE)/P(E)) acts quadratically on E;/®(FE;) and by
Lemma 4.6 we conclude that O (Outx(E;)) = SLy(p).

o Assume V5, < E;. By the maximality of T the group V5 is not normalized by Gj.
Hence there exists g € G1\Ng, (S) such that V2 # V3. Note that Vi < E;. If
[VJ, V5] = 1 then V,V{ is an elementary abelian subgroup of E; and so [VoV5| < p?
because S has sectional rank 3, contradicting the fact that V5 < VoV and |V3| = p*.
Thus [Vy, V5] # 1. In particular Vi £ E,. On the other hand [V, VJ] < VaN VY, so
Vo, Vi, VS = 1. Hence V3 acts quadratically on V; and by Lemma 4.6 we conclude
that OP' (Outr(E,)) = SLy(p).

We can finally prove the first part of Theorem 8.

Theorem 4.10. Let E; < S and Ey < S be distinct F-essential subgroups of S. Suppose
that Ey is F-characteristic in S and Es is such that every morphism in Naye - (m,) (Auts(Es))

is a restriction of an F-automorphism of S. Then
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1. either O (Outz(E)) = SLy(p);

2. or OP (Outz(E))) = PSLy(p), O (Outx(E,)) = SLo(p) and S has rank 2.

Proof. If S has rank 3 then O (Outr(E,)) = SLy(p) by Lemma 4.5. Suppose S has
rank 2 and OP' (Outz(F})) is not isomorphic to SLy(p). By Theorems 4.8 (if E is not F-
characteristic in S) and 4.9 (if E is F-characteristic in S) we deduce that O (Out z(F,)) =
SLy(p). By Theorem 1 we have [E;: ®(E;)] = p* and either O (Outx(E,)) = PSLy(p) or
p=3and O¥(Outz(F,)) = 13: 3.

Suppose for a contradiction that the latter holds. Let 7 € Z(O¥ (Outr(E,))) be an
involution and let 7 € Outz(S) be such that 7|z, = 7 (that exists by assumption). Since
E, is F-characteristic in S, we deduce that 7|g, € Outz(E;). So Outz(E;) = (13: 3) x Cy
(as 13: Cg is not a subgroup of GL3(3)). In particular 7 € Z(Outz(E;)) and so it acts
trivially on the quotient S/E;. By assumption T acts trivially on S/Ey = Ey/(E1 N Es).

Consider the following sequence of F-characteristic subgroups of S:

®(S)< EyNE,< Ey < 8.

Since S has rank 2 we have ®(S) = F; N Ey and by Lemma 1.34 we deduce that 7 €
O3(Outx(5)). However, O3(Outz(.S)) = Inn(S) since S is fully normalized, and we get a

contradiction. O

Note that the assumptions of the previous theorem are always satisfied when there
are two JF-essential subgroups that are JF-characteristic in S. If there is only one F-
essential subgroup F that is F-characteristic in S and F-essential subgroups of S not
F-characteristic in S that do not satisfy the hypothesis of the theorem, then a priori the

group Outx(FE) might involve the group 13: 3.
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4.2 Properties of the F-core

Lemma 4.11. Let E be an F-essential subgroup of S not F-characteristic in S, set
T = corer(F) and let « € Homz(N'(E), S). Then Ta = corer(Ea).

In particular corer(E) = corer(E, Ea) = corer(Ea) for every a € Autz(N'(E)).

Proof. If E = FEa then alg € Autz(E) and so Ta =T = corex(E).

Suppose E # Fa. Clearly Ta is a subgroup of Fa. Note that Autz(Fa) =
a tAutz(E)a (by Lemma 2.7). Since [N'(E): E] = p, by Theorem 2.26(5) the group
Ea is F-essential in S (not F-characteristic in S) and we have N*(E)a = N'(E«). Thus
Autz(NY(E)a) = a tAut (N} (E))a. It’s now easy to see that Ta = corer(Ea).

Assume o € Autz(N'(E)). Since corez(E, Ea) < E, by maximality of T" we have
corer(FE, Fa) < T. On the other hand, 7' = Ta = corer(Fa), so T is contained in
E N Ea and is F-characteristic in E, Ea and N*(F). Hence T < corer(E, Ea), which

implies 7' = corex(E, Ea). O

In particular, whenever F is an F-essential subgroup of S not F-characteristic in 5,

we can write corex(FE) as the F-core of two distinct F-essential subgroups of S.

Lemma 4.12. Let By and E, be distinct F-essential subgroups of S such that N*(E;) =
NY(E,). Set N' = NY(E,) = NY(E,), E19 = Ey N Ey and T = corer(Ey, Ey). Then for

every i € {1,2} the following hold:
1. Cp,(T) £ T;
2. Cxi(T) £ Ehoy
3. if Cxi(T) £ E; then O (Outx(FE;)) centralizes T

Proof. Let G; be a model for Nz(E;) (whose existence is guaranteed by Theorem 2.30).

As an intermediate step we show that Cg,(T") £ T for every i € {1, 2}.
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Suppose for a contradiction that Cg,(T) < T. Then Cxi1(T) < T. In particular
Cni(T) < Cg,(T) for every i € {1,2}. Let g € Cg,(T). Note that [Es, g] < EoNCeq,(T) =
Cp,(T) <T. Thus g centralizes every quotient of consecutive subgroups in the sequence
1 < T < E,. Hence by Lemma 2.24 we deduce that g € E,, and so g € Cg,(T) < T.
Therefore Cg,(T) < T. Hence we have Cg,(T) < T for every i € {1,2}.

Let g € Gy be such that [T, g] € ®(T'). Then the order of g is a power of p (otherwise g
centralizes T' by Theorem 1.10 contradicting the fact that Cg, (T7') < T'). Hence the group
Cq, (T/®(T)) is a normal p-subgroup of G; and so Cg, (T/®(T")) < E,. With the same
argument we can prove that Cg,(T/®(T)) < E,. Therefore Cx:1(T/®(T')) < E; N Ey and
Cni(T/®(T)) = Cg,(T/P(T)) for every i. By the maximality of 7" and the fact that T’

centralizes T'/®(T') we conclude that

T = Co,(T/®(T)) = Co, (T/(T))-

Thus the quotient N'/(E; N Ey) acts non-trivially on T//®(T). Since [N': (EyNEy)] =
p? and S has sectional rank 3, we deduce that [T: ®(T)] = p*. Also for every i € {1,2}
the quotient G;/T is isomorphic to a subgroup of Aut(T/®(T)) = GL3(p), and so N! /T =
piT2. In particular [(E} N Ey): T] = p and E;/T = C, x C,, for every i € {1,2}. Note that
[T: [NL,T|®(T)] = p and if Z/®(T) = Z(N'/®(T)) then [Z: ®(T)] = p.

Nl
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Note that [E;, T]®(T) < [N}, T)®(T) for every i € {1,2} and [N, T = [Ey, T|[Ea, T).
If [E,, T|®(T) = [E», T)®(T) then [Ey, T|®(T) = [N, T|®(T) and N'/(E; N Es) is iso-
morphic to a subgroup of Aut([N*, T'|®(T)/®(T)), that is a contradiction.

Thus [Ey, T|®(T) # [Ey, T]®(T). We have Z < [E;, T|®(T) < [N}, T|®(T) for every

7. So we may assume that

[Ey, T)®(T) = Z and [Ey, T|®(T) = [N', T|®(T).

Let x € (Fy N Ey)\T and let t € T. Note that [z,t] € [Ey,T|®(T) = Z, so [z,1]

commutes with ¢ and  modulo ®(7"). Hence by Theorem 1.3 we have

(xt)? = tpxp[x,t]@ =2’ mod ®(T).
Since F1NEy = (x)T we deduce that (EyNEy)PO(T) = (2P)(T). Thus (E1NELY)PP(T) =
Z and the quotient (Ey N Fy)/Z is elementary abelian of order p3.

Note that ®(F;) < T and so either E; has rank 2 (and T'= ®(E,)) or [T: ®(E)] = p.
In particular by Theorem 1 we have ((N!)¢1)/E; = Sly(p). Also, G acts transitively
on the maximal subgroups of E; containing 7" and normalizes [T, E,]®(T). Hence we
conclude that E1/[T, E1]®(T) = E1/Z has exponent p.

Let 7 € ((N1)%1) be an involution that inverts E;/T. Note that T//Z is a natural
SLy(p)-module for (N)1)/E; (otherwise ((N})1) would centralize every quotient of
two consecutive subgroups in the sequence ®(T) < Z < T and so ((N!)¢1) would be a
p-group by Lemma 1.34, that is a contradiction). Hence 7 inverts the quotient 7/Z. In

other words 7 acts as —1 on every quotient of two consecutive subgroups in the sequence

Z < INLT|®(T)<T < E\NE, < E\.
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Therefore the group E;/Z is abelian and so elementary abelian of order p?, contradicting

the fact that S has sectional rank 3.

Hence we have Cg, (T") £ T for every i. Now suppose for a contradiction that Cg, (T') <
T for some i. Then Cg,(T) is a normal subgroup of G; not contained in E; = O,(G;).
Hence Cg,(7T) is not a p-group and there exists a non trivial element g € Cg,(T") of order
prime to p. Note that the direct product (g) x T" acts by conjugation on FE;. Then by
Lemma 1.14 we get [g, Cg,(T))] # 1, contradicting the fact that Cg,(T) < T < Cg,(9).
Thus Cg,(T) £ T for every i.

Suppose for a contradiction that Cxi1 (7)) < E1NEy. Then Cxi(T) = Cg, (T) = Cg,(T)

and by maximality of 7" we conclude Cg, (T') < T, contradicting what was proved above.

Finally, assume that Cx1(T) £ E; for some i. Then N' = E;Cx1(T), since [N*: E;] =p
by Theorem 1. In particular Outg(E;) = N'/E; = Cx1(T)/Cg,(T) centralizes T. Hence
O (Out£(E;)) = (Outg(E;)O"F(FD) centralizes T'. O

Lemma 4.13. Let Ey and E, be distinct F-essential subgroups of S such that N'(E;) =
NY(Ey). Set T = corer(Fy, Fy). Then for every 1 < i < 2 either T < ®(E;) or
O (Out£(E;)) = SLy(p), [T®(E;): ®(E;)] = p and

T®(E,)/®(E,) = Cg,jas,) (07 (Outr(E)).

Proof. Fix i and set F = FE; and N!' = N'(FE). Note that ®(E)T is a proper F-
characteristic subgroup of E. If the action of Outz(E) on E/®(F) is irreducible, then
we have ®(E)T = ®(F), and so T" < ®(E). Suppose the action is reducible. Then
[E: ®(E)] = p* and by Theorem 1 we get that Outz(E) is isomorphic to a subgroup of
GLy(p) x GLy(p) containing SLy(p). Let 7 € O (Outx(E)) be an involution. Then by
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coprime action (Theorem 1.11) we have

E/®(E) = Crjam)(T) x [E/P(E), T].

Note that the groups Cgja(r)(7) and [E/®(E), 7] are the only subgroups of £/®(E) that
are normalized by Outz(E). Thus Cg/ap)(T) = Crja@e) (O (Outx(E))) and [E/®(E), 7] =
[E/®(E),O" (Outx(E))]. Also, either T < ®(E) or T®(E) is the preimage in E of one

of these two subgroups of E/®(E).

It remains to prove that 7®(E) cannot be the preimage in E of [E/®(E), O (Out#(E))].
Suppose for a contradiction that it is. Then T'/(T'N ®(E)) = TP(E)/P(F) is a natural
SLy(p)-module for OF (Out#(E)). So O (Outx(E)) does not centralize T' and, by Lemma
4.12, we have Cxi(T) < E. Since T®(F) < Ey N Ey and [E: ®(F)| = p?, we deduce that
T®(E)=E NE;. Let j#4,1<j <2 Then Cg,(T) < Cya(T) < E and

Cp (T) = Cxi(T) N E; = Cp(T) N TH(E).

J

Thus Cp, (T) is F-characteristic in . Moreover ®(E)T = ®(N")T, so Cg, (T) = Cn1 (T)N
®(N')T' is F-characteristic in N'. Clearly Cg, (T) is F-characteristic in E; and we get

Cg,(T) < T by the maximality of T', contradicting Lemma 4.12.

Thus either T < ®(E) or T®(FE) is the preimage in E of Cg/p(m)(OF (Outx(E))). O

All properties listed in Lemmas 4.12 and 4.13 hold when E' is not F-characteristic in

S and T' = corex(F). We collect them in the next lemma.
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Lemma 4.14. Let E < S be an F-essential subgroup not F-characteristic in S and set

N' = NY(E) and T = corer(E). Then
1. Cp(T) £ T;
2. Cxi(T) £ E and N' = ECxi(T);
3. OY (Outz(E)) centralizes T’
4. either T < ®(E) or T/®(E) = Cg/am) (O (Outz(E))) and [TO(E): ®(E)] = p.

Proof. Note that T' = corer(E, Fa), for some o € Autp(Ng(F)) such that F # Fa.
Therefore we can apply Lemmas 4.12 and 4.13.
For point 2, note that Cxi1(7T") £ £N Ea and the fact that Cyi (7)) is F-characteristic

in N' implies that Cx1(T) £ E. From [N': E] = p, we then deduce N' = EC\1(T). [

We end this section proving that under certain conditions the F-core T of F; and FE,
is an abelian group of rank at most 2, and if it has rank 2 then 7" = C,. x C,,, for some

a € N.

Theorem 4.15. Let Ey and Es be distinct F-essential subgroups of S such that N'(E;) =
NY(Ey). Set N = NY(E)) = NY(E,), E1s = E1NEy and T = corer(Ey, Ey). Suppose that
O” (Outx(E,)) is isomorphic to SLy(p) and centralizes T, and there exists a subgroup
V < E; such that V' is F-characteristic in Ey, V/T is a natural SLs(p)-module for
OP (Outy(E,)) and V < Cg (T)T. Then T is abelian, T < Z(V),|[V,V]| < p and the

group T/[V, V] is cyclic.

Proof. Set E = FE;. Since V < Cg(T)T, we get

Cy(T)T = (VN Cr(T)T =V N Cp(T)T = V.
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Note that Cy(T') N T = Z(T") and so

V/Z(T) = T/Z(T) x Cy(T)/Z(T).

Since Cy(T)/Z(T) = V/T = C, x C, and S has sectional rank 3, we deduce that
T/Z(T) has to be cyclic. Thus by Lemma 1.6 the group 7' is abelian. In particular
T < Cy(T) and so V = Cy(T). Hence T < Z(V) and since [V: T| = p* by Lemma 1.6
we get that |[V, V]| < p.

Let 7 € O (Outz(E)) be an involution. Then by assumption 7 acts on V and T is

the centralizer in V of 7. Thus by coprime action (Theorem 1.11) we get

V/IV.VI=T/[V.V] < [V/[V.V],7].

Since [V/[V,V],7] =2 C, x C, and S has sectional rank 3, we deduce that the group
T/[V,V] is cyclic. O
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4.3 Structure of the F-essential subgroups that are

not F-characteristic in S

Throughout this section we work under the following assumptions.

Main Hypothesis A. Let p be an odd prime and let F be a saturated fusion system
on the p-group S, that has sectional rank 3. Let E be an F-essential subgroup of S, not

F-characteristic in S, and let T' = corez(E).

We write N? for the i-th term of the normalizer tower of F in S. Since S has sectional

rank 3 and E is not F-characteristic in S, by Theorem 4.8 we have that

o cither E has rank 2 and SLy(p) < Outx(E) < GLa(p);

o or F has rank 3 and SLy(p) < Outz(E) < GLa(p) x GL41(p).

In particular [N': E] = p. Also recall that we can always find a finite group G that is a
model for the fusion system Nz(E) on N! (by Theorem 2.34). For the rest of this section,

we are going to use these important facts without referencing the relevant theorems.

In order to describe the structure of F, we intend to apply Stellmacher’s Pushing Up
Theorem (Theorem 1.26). We first show that the quotient group N!/T" is non-abelian.
Lemma 4.16. The quotient group N'/T®(E) is non-abelian.

Proof. Consider the following sequence of F-characteristic subgroups of E:

®(E) < T®(E) < E.

By Lemma 4.14 we have [T®(E): ®(E)] < p. So N! centralizes the quotient T®(F)/®(E).
Since Inn(E) # Autg(E), by Lemma 2.24 the group N' cannot centralize the quotient
E/T®(E). Thus the quotient group N'/T®(F) is not abelian. O
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Theorem 4.17. Set V = [E, 0" (Autx(E))|T. Then
1. VJT is a natural SLy(p)-module for O (Outz(E));
2. NY/T has exponent p;
3. E/T is elementary abelian and p* < [E: T] < p3;
4. [EJT: Z(NY/T)] = p;
5. T is abelian, T < Z(V), |[V, V]| < p and T/[V,V] is a cyclic group.

Moreover, if [E: T| = p?, then T < Z(N%).

A= (N1F)
\\,Nl

P

<p

V= [B, AT

pXp

0T

o]

Structure of an F-essential subgroup E of S not F-characteristic in 9,
where G is a model for Nz(E).

Proof. Let G be amodel for Nx(E) and let A = (N'9) < G. Then A/E = O¥ (Out£(E)) =

SLy(p). We intend to apply Stellmacher’s Pushing Up Theorem (Theorem 1.26) to the
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group A/T and to its Sylow p-subgroup N!/T. Note that the quotient N* /7" is non-abelian
by Lemma 4.16.

Let T < W < N! be such that W/T char N' /T and W/T < A/T. Then W < E =
O,(A), W charz N! and W < Ng(N')A = G. So W = T by maximality of T and
W/T = 1. By Theorem 4.8 the quotient A/F is isomorphic to SLy(p). Thus by Theorem
1.26 and the fact that S has sectional rank 3, we get that V/T < Z(E/T) and V/T is a
natural SLy(p)-module for A/E. In particular [E: T] > p*.

Let Qn < N! be the preimage in N* of Q;(Z(N'/T)) and let Qg be the preimage in F
of Q1 (Z(E/T)). Then Theorem 1.26 tells us that N'/Qy is elementary abelian. Since S
has sectional rank 3 we deduce [N': Qy] < p?.

If Qn £ F then N!' = FQy and

[N,N] = [E,N] = [E, E|[E,Qy] < ®(E)T,

contradicting the fact that N/T'®(E) is non-abelian by Lemma 4.16. Therefore Qy < E

and so Qy < Qp. By maximality of T, we also have Qy # Qg. In particular

[E: Qp] < [E: Qn] =p '[N': Qn] < p.

Therefore [E: Qg| < p, which implies that £/T is abelian.
Let 7 € OY (Autz(E)) & A/Z(E) be an involution and let C' < E be the preimage of

Cgr(7). Then by coprime action (Theorem 1.11) we get

E/T = C/T x [E/T, 7).

Note that [E/T,7] < V/T and since V/T is an SLy(p)-module for O (Outx(E)), we
deduce that E/T = C/T x V/T. Thus N!'/C is isomorphic to a Sylow p-subgroup of
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the group (C, x C,): SLy(p). Thus N'/C = pl*? and so (N')? < C. Hence (N})PT is
a subgroup of F that is F-characteristic in N! and normalized by G = ANg(N'). By
maximality of 7" we get (N*)? < T. Hence N'/T has exponent p and E/T is elementary
abelian. In particular [E: T] < p3.

Since E/T is elementary abelian we have Qy/T = Qi(Z(N'/T)) = Z(N'/T). Let «
be an F-automorphism of N' such that £ # Fa. Then N' = FEa and Fa/T = E/T is
abelian. Hence Qy = FN Ea and [E: Qy] = p.

Point 5. is a consequence of Theorem 4.15, once we have shown that V' < Cg(T)T.
Note that the group Cg(T')T is a F-characteristic subgroup of F not contained in 7" (by
Lemma 4.14). Since ®(F) < T and Outz(E) < GLa(p) x GL1(p), either V < Cg(T)T or
T = ®(E) and [Cg(T)T: T) = p. Suppose for a contradiction that the latter holds. Since
Cp(T)T < N! we deduce Cg(T)T < Qn. Also Cg(T)T = (Cxi (T)NE)T = Caa (T)TNE.
Therefore Cg(T)T = Cx1(T)TNQy. In particular Cg(T')T is normalized by Autz(E) and
Autz(N'), contradicting the maximality of T. Therefore V < Cg(T)T and we conclude

by Theorem 4.15.

Finally, if [F: T] = p? then V = E so E = Cg(T). Since N* = ECx:1(T) by Lemma
4.14, we deduce that N' = Cx1(T) and so T' < Z(N'). O

Lemma 4.18. Let V = [E,OY (Autz(E))|T. Then VP = T? and V = O (V)T. In
particular Q;(N') £ E.

—1
tionally 7 centralizes T' by Lemma 4.14. Let x € V\T. Then x7 = 27!t for some t € T.

/ -1 0
Proof. Let 7 € O (Autz(F)) be the involution that acts on V/T as ( 0 ) Addi-

Also by Theorem 4.17 we have 2 € T and T' < Z(V'). So by Theorem 1.3 we get
2P = ()7 = (27)P = (27 1)P = (2F) ">,

Hence aP € T? and since TP < VP, we conclude VP = TP,
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Let M =T(z) <V. Thus M is abelian, since [M: T| = p, and

(2 (M)| = [M: M?| = [M:T"| = p|T: T*| = p|(T)].

Therefore Q4 (T) < Q;(M). Thus in every maximal subgroup of M containing 7" there
are elements of order p not belonging to T'. In particular V = Q; (V)T

Note that [E: V] < p, so the group € (E)T is either equal to V or to E. If Q;(N') < F
then Q(E)T = Q;(N')T is F-characteristic in F and N, contradicting the maximality

of T. Thus Q;(N') £ E. O

We can now prove that F-essential subgroups of rank 2 of p-groups having sectional

rank 3 are pearls.
Theorem 4.19. Suppose that E has rank 2. Then E is a pearl.

Proof. By Theorem 4.17 we have T' = ®(F). By Lemma 4.18 we get E? = T? and
TP = ®(T') since T is abelian. Therefore

T = ®(E) = E°[E, E] = ®(T)[E, E.

Hence T = [E, E]. In particular |T| < p and either E = C, x C, or E = pi™. So F is a

pearl. O

Fusion systems on p-groups containing F-essential subgroups that are pearls have been
studied in Chapter 3. Therefore from now on we focus on F-essential subgroups that have

rank 3.

We see another consequence of Lemma 4.18.

Lemma 4.20. Let Z be the preimage in N' of Z(N'/®(E)). Then [E: Z] = p, the group
N'/®(E) has exponent p and ®(E) chary N'. Also, if E has rank 3 then N' has rank 3.
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Proof. If ®(E) =T then the first statement follows from Theorem 4.17.
Suppose ®(E) # T. Then E hasrank 3, [E: T = p? and T/®(E) = Cga(r) (0¥ (Aut£(E)))
(Lemma 4.14(4)). Let 7 € O” (Autx(E)) be an involution. Then by coprime action (The-

orem 1.11) we have
E/®(E) = Cg o)1) x [E/®(E), 7] = T/®(E) x [E/®(E), O (Aut#(E))].
Note that 7/®(E) and [E/®(E), O (Autx(E))] are normal subgroups of N'/®(E), so
[B/®(E),0” (Autz(E)| NZ(N'/®(E)) # 1 # T/®(E)NZ(N'/P(E)).

Hence we have |Z(N'/®(FE))| > p? and since [N', E] £ ®(E) by Lemma 2.35, we conclude
that |Z(N'/®(FE))| = p*. In other words [E: Z] = p.

Since [N': Z] = p? and the group N'/Z is not cyclic by Lemma 1.6, we get ®(N') < Z.
By Lemma 4.18 there exists an element h € N! of order p such that h ¢ E. Since
[N: E] = p we deduce that N* = E(h). Thus every element g of N can be written as a
product eh’ for some e € E and 1 < i < p. Since [e, hf] € ®(N) < Z, by Theorem 1.3 we
get

p(p—1)

g" = (eh)P = (h")Pef[h',e] 2 =1 mod ®(E).

Hence the group N!/®(E) has exponent p.

Suppose that E has rank 3. We now prove that N! has rank 3. By Lemma 1.6
the group [N!/®(E),N!/®(E)] has order p and since N!/®(E) has exponent p we have
O(N'/®(FE)) = [N'/®(E),N'/®(F)]. Therefore [N'/®(F): ®(N!'/®(E))] = p*. Since the
group ®(N') is contained in the preimage in N' of ®(N'/®(E)) and S has sectional rank

3, we deduce that [N': ®(N)] = p? and so N! has rank 3.
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Finally we show that ®(FE) charz N'. If ®(FE) = T then this follows from the definition
of T. Thus we may assume ®(E) < T and so [E: T] = p* and E has rank 3. Suppose
for a contradiction that there exists o € Autz(N') such that ®(E)a # ®(FE). Thus
T = ®(E)®(E)a. In particular T < ®(N') and since N*/T" is non abelian by Lemma
4.16, we deduce T' < ®(N'). Hence [N': ®(N')] < p?, contradicting the fact that N' has

rank 3. Therefore ®(FE) is F-characteristic in N'. O

Thanks to Theorems 4.17 and 4.22 we have a better understanding of the shape of
E. The next step toward the classification of saturated fusion systems on p-groups of

sectional rank 3 is to bound the index of E/ in S.

The key idea to achieve this is to study the action of an F-automorphism ¢ of E of
order p — 1 that is a restriction of an F-automorphism of N, for some 7 > 2 (ideally ¢
will be a restriction of an F-automorphism of ).

We already know that every morphism ¢ in Nay,(g)(Auts(£)) is the restriction of
an F-automorphism of N! (Lemma 2.8). Indeed, Lemma 2.41 applied to N/ = N? and

K =T, implies the next result.

Lemma 4.21. Suppose N' < S. Then [N?: N'| = p, Autz(N') = Autg(N")N ety (E)

and every morphism in Ny () (Autg(E)) is a restriction of an F-automorphism of N2,
We now consider separately the cases in which 7" has index p? or p® in E.

4.3.1 F-essential subgroups with F-core of index p’.

In this subsection we work under the assumption of Hypothesis B.

Main Hypothesis B. Let p be an odd prime and let F be a saturated fusion system
on the p-group S, that has sectional rank 3. Let E be an F-essential subgroup of .S, let

T = corer(F) and suppose that [E: T| = p?.
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Note that the assumption [E: T| = p? implies that E is not F-characteristic in S. In
particular, by Theorem 4.17 we have T' < Z(FE). We start determining the isomorphism

type of E, proving Theorem 13.

Theorem 4.22. Suppose that E < S is an F-essential subgroup of S and let T =

corer(E). If [E: T] =p? and |T| = p® then
e cither E = C, x Cp X Cpa;

~ A (E)XT o~ 142 .
e or B = (Z(Q1%E)=>;21(T)) = pi " 0 Cpe,

142

e or E=p ™ X Cpa-r.

Proof. By Lemma 4.18 we have £ = TQ(E). Thus (E)/4(T) = E/T = C, x C,.
Let x,y € E be such that Qy(E) = (z,y)Q(T). By Theorem 4.17 we have T' < Z(E).

Suppose E is abelian. Then (z,y) = C, x C, and

E=(z,y) xT=C, x C, x Cpa.

Suppose E is non-abelian. Then [z,y] # 1, [E, E] = ([z,y]) and (z,y) = p*t2

By Theorem 4.17 the group T is either cyclic or isomorphic to the group C' x [E, E|,

for some cyclic group C of order p*~!. If T is cyclic then ([z,y]) = [F, E] = Q1(T') and so

I

N (E)xT

BE uom) =1

= pi+2 (@) Cpa .

If T =C x [E,E] then (x,y) NT = [E, E] and

E = pi+2 X Cpafl.
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Note that the group E/T is a self-centralizing subgroup of the group Ng(T")/T, iso-
morphic to the group C, x C,. Thus the group Ng(7")/T has maximal nilpotency class

by Lemma 3.2. Also E/T is a natural SLy(p)-module for O (Out#(FE)), so there exists

A0
NI for some A € GF(p) of order
p — 1. Let Z; be the preimage in Ng(T) of the group Z;(N*/T). If the morphism ¢ is a

an F-automorphism ¢ of E that acts on £/T as

restriction of a morphism of N*, then it acts on the quotient Z;/Z;_; for every j < i and
the action is the one described in Lemma 3.23. We will use this fact to find elementary
abelian sections of S and so bound the index of F in S.

Recall that 7' < N2 by the definition of 7.
Lemma 4.23. Suppose that [E: T] = p* and N' < S. Then T < Z(N?).

Proof. Let Z; < E be the preimage in E of Z;(N?/T) for i € {1,2}. The group N?/T
has maximal nilpotency class (since E/T = C, x C, is self-centralizing in N?/T") and so
(Zy: Z1) = [Zy: T] = p and Zy < N

By Lemma 4.21 and the fact that OP (Outx(E)) = SLy(p), there exists a morphism
0

—1
7 € Autz(N?) such that 7| € Autz(E) and 7 acts on E/T as ( 0 ) Then 7 acts

as 1 on NY/E = Z,/7Z; and as —1 on N?/N!'. Also, by Lemma 4.14 the morphism 7

centralizes T

N? Let C' < N? be the preimage in N? of Cyz/p(Z>/T). By The-
\ orem 4.17 we have T' < Z(N'), so it is enough to prove that
A e
\ . Let * € C be such that C = (x)Z,. Note that 7 = x7ly
E ] for some y € Z, and for every t € T we have [z,t] € T and
\ 7 ly,t] = 1. So by Theorem 1.3 we get
-1
! [z,t] = [2,t]7 = [o7,t7] = [27 'y, t] = [271,1].
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Therefore by Lemma 1.5 we deduce [z,t] = 1. Since this is true for every t € T', we

conclude that T < Z(C) and so T' < Z(N?). O

The next lemma shows that if [E: T| = p? then T is F-characteristic in N?. As a con-
sequence we get N* < Ng(T') and by Lemma 2.41 every morphism in Npy, () (Auts(E))

is a restriction of an F-automorphism of the group N3,
Lemma 4.24. If [E: T| = p* and N' < S then T chary N?.

Proof. By Lemma 4.23 we have T' < Z(N?). If T =1 or T = Z(N?) then T char N%. Sup-
pose 1 # T < Z(N?). Then [E: Z(N?)] = p and so FE is abelian. Hence by Corollary 2.42
the group F has maximal normalizer tower in S and every morphism in Ny, gy (Autg(E))
is a restriction of an F-automorphism of S. Also, E satisfies all the properties listed in
Theorem 1.27.

Suppose for a contradiction that there exists a € Autz(N?) such that Ta # T. Then

Nla # N' NY(N'a) = N2 NN N'a = Z5(N?) and TTa = Z(N?).

-1 0
-1/

Note that the action of 7 is the one described by Lemma 3.23.

Let 7 € Autz(S) be morphism that acts on E/T as

In particular 7 acts as a scalar on N?/Zy(N?). Hence 7 nor-
malizes N'a, Taw and TN T'o. By Lemma 4.14, the morphism
7 centralizes T. Let z € N'a\Zy(N?) and y € Zo(N?)\Z(N?).
Then 27 = 2712, and y7 = yz, for some 21, 2y € Z(S). Hence

by Lemma 1.4 we get

TNTa

[J:’y]T = ['T_lzlayZQ] = [I’,y]_l.
In particular, since 7 centralizes Z(N?)/Ta, we conclude that [x,y] € Ta and so
Nl'a/Ta is abelian.

By Theorem 1.15 there exists a maximal subgroup P of Nla containing Z(N?) and
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distinct from Z(N?) that is normalized by 7. Note that such P is conjugate in N? to
Ea and so is F-conjugate to E. Thus P is F-essential by Theorem 2.26(5). Note that
N'a = Ng(Fa) = Ng(P) and Ta = corer(Ea) = corer(P) by Lemma 4.11. Thus the
group N'a/Ta = Ng(P)/corez(P) cannot be abelian by Lemma 4.16 and we have a

contradiction. Therefore T'= To and T charr N2. O

A priori the group N?/T might have sectional rank 2. In the next lemma we show
that if p > 5 and N! < S then the group N?/T has sectional rank 3 and is isomorphic to

a Sylow p-subgroup of the group Sp,(p).

Lemma 4.25. Suppose [E: T] = p* and N* < S. Let C be the preimage of Cxz(Zo(N?/T)).
If p > 5 then C/T has exponent p and N?/T is isomorphic to a Sylow p-subgroup of the

group Sp,(p).

Proof. To simplify notation, suppose 7' = 1 (this is equivalent to work with the quotient
group N?/T). Note E = C,, x C, is self-centralizing in N?, so N? has maximal nilpotency
class (by Lemma 3.2) and order p*. Set C' = Cy2(Z2(N?)).

Let ¢ € Aut#(N?) be the morphism that acts on E as )\(;1 ?\) for some A € GF(p)

of order p — 1. Then the action of ¢ is described in Lemma 3.23.

Nl
)\3
Z2(N?)
E
)\2
—1
A Z(N?)
A
T=1

Action of ¢ on N?
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By Lemma 3.8 we have Zy(N?)? = 1 and C? < Z(N?). Also notice that the group C' is
abelian. Let ¢ € C'\Zy(N?) and let z € Z,(N?) be such that cp = ¢**z. Then by Theorem
1.3 we have

p(p—1)

() = (2 = ()N 2] = (@)

If ¢ # 1 then we have A> = A\ mod p and so p = 3. Hence if p > 5 the group C is
elementary abelian. In particular the group N? has sectional rank 3 and since £ £ C,

by Lemma 3.14 we deduce that N? is isomorphic to a Sylow p-subgroup of the group

Sp4(p). u

We are now ready to determine a bound for the index of E in S when p > 5 and
the isomorphism type of the group N?/®(E) when p = 3 and N?/T has sectional rank 2

(completing the proof of Lemma 4.2).

Lemma 4.26. Suppose [E: T] = p* and E has rank 3. Then either E < S or p = 3,

N2/T has exponent 9 and one of the following holds:
1. either N* = S, N! charr S and S/®(E) = SmallGroup(3°, 52);
2. or N?/®(F) = SmallGroup(3°, 53).

Proof. Suppose that N! < S and set ® = ®(F). By Lemma 4.20 we have ® < N? and we
can consider the group N?/®.

Note that E/® is a soft subgroup of N?/®, so E/® satisfies the properties of Theorem
1.27 as a subgroup of N?/®. In particular, if we denote by Z; the preimage in N? of
Z(N'/®) and we set Zy = [N* N?]Z;, then N'/Z; 2 N?/Z, =2 C, x C,,.

-1
Let ¢ € Autz(N?) be the morphism that acts on E/T as ()\0 ())\) for some A € GF(p)

of order p— 1. Such a morphism exists by Lemma 4.21 and the fact that O” (Outz(E)) =
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SLa(p). Then ¢ acts on N?/T as described in Lemma 4.25 and centralizes T' by Lemma
4.14.

N2

N\
N\

Action of ¢ on N?/®(E)

Let C' < N? be the preimage in N of Cnz/7(Z2(N?/T)). We aim to prove that C? £ T.

By Lemma 4.20 the group N'/® has exponent p. In particular the quotient Z,/® is
elementary abelian of order p3.

From [N': E] = p and the fact that E/® is abelian, we deduce that [[N', N!]®: @] =
p. Also, [N!,N'|® = ®(N'), since N'/® has exponent p and T # ®(N!) by Lemma
4.16. Therefore T/® and ®(N')/® are normal subgroup of N?/® of order p and we get
TO®(NY)/® < Z(N?/®) < Z;/®. Therefore Z; is the preimage of Z(N?/®). In particular
Z,/® is in the center of C'/®. By definition of C, we have [C, Z;] < T. Let ¢ € C'\Zy and
z € Zy\Z;. Then, recalling that C/Z; and Z,/® are elementary abelian, we may assume
cp = v for some v € Z; and zp = 2" u for some u € ®. Since lc,z] € T < Z(N?) and

© centralizes T, by Lemma 1.4 we get

A

¢, 2] = [c, 2]p = [Mv, 2u] = [¢, 2] mod ®.
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Since A% # 1 mod p, we deduce that [c, z] € .

Therefore the group C/® is abelian of order p*. Also,

() = (M) = (@) ["U,CA?)]% = (") mod P.

Suppose that C? < T. Since A\* # 1 mod p, we deduce that ¢? € ® and so the group
C/T is elementary abelian of order p*, contradicting the fact that S has sectional rank 3.
Hence C? £ T.

In particular by Lemma 4.25 we conclude that if N! < S then p = 3.

Suppose N' < S and p = 3 and consider the group N2 = N2/®. Note that C is
abelian and Q(C) = Z,. So |C°| = 3. Since C3 # T and the groups T, C° and ®(N1) are
subgroups of Z; normalized by ¢, we have C3® = ®(N!). Since S has sectional rank 3
we deduce ®(C) = ®(N!). Let g € N2 Then g = xc for some x € N and ¢ € C and by

Theorem 1.3 we have
g* = (vc)® = 2*[r, > =1 mod &(CO).

Hence the group N?/®(C') has exponent 3.

Recall that we showed that Z; = Z(N2) and since N?/Z; is non-abelian (otherwise
E < N?), we conclude that the group N2 has nilpotency class 3, that Z = Z,(N?) and
C = C@(Z) Finally note that the group N! is a maximal subgroup of N2 having
exponent 3.

We enter this information in the computer program Magma to prove that N2 is iso-

morphic to either SmallGroup(3®,52) or SmallGroup(3°,53).
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N:=[];
for i in [1..Number0fSmallGroups(3~5)] do S:=SmallGroup(375,i);
if NilpotencyClass(S) eq 3 then
C:=Centralizer(S,UpperCentralSeries(S) [3]);
if Exponent(C) eq 9 and
IsAbelian(C) eq true and
Exponent (S/FrattiniSubgroup(C)) eq 3 then
M:=[M : M in MaximalSubgroups(S) | Exponent(M‘subgroup) eq 3];
if M ne O then
Append (~N, i) ;
end if; end if; end if;

end for; N;

Ouput: [52, 53]

Suppose that N2 is isomorphic to the group SmallGroup(3®,52). Then there is a
unique maximal subgroup of N2 having exponent 3, namely N!. Note that if M is a
maximal subgroup of N2 and M/T has exponent 3, then M? < T and since N2’ has
order 3 and is not contained in 7', we deduce that M3 = 1 and so M = NI. Thus the
group N'/® is the unique maximal subgroup of N?/® having exponent 3, and is therefore
characteristic in N?/T. Since T charz N? by Lemma 4.24, we conclude that N! charz N?

and so N2 = S. m

We end this subsection showing that if we are in case 2 of Theorem 4.26 then we
cannot bound the index of E in S.

Note that the group SmallGroup(3°,53) is isomorphic to a section of a Sylow 3-
subgroup of the group SL4(19) and of a Sylow 3-subgroup of the group SL4(109) (this
can be checked with a computer program, for example Magma). In general, let ¢ be an

odd prime power such that ¢ =1 mod 3 and let S be a Sylow 3-subgroup of the group
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G = SL4(q). Then S = Cyx 2 C3 is a 3-group of sectional rank 3 and order 3***1 where
k > 1 is such that 3* is the largest power of 3 dividing ¢ — 1. In the next lemma we

characterize the Fg(G)-essential subgroups of S.

Lemma 4.27. Let q be a prime power such that ¢ = 1 mod 3 and let S be a Sylow
3-subgroup of the group G = SLy4(q). Let k > 1 is such that 3* is the largest power of 3

dividing g — 1. Then there exist Fs(G)-essential subgroups A and E of S such that

o A= Car X Cqr X Car s the unique abelian subgroup of S having index 3 in S, and

is therefore characteristic in S;

Cyp X312
(Q1(Cyr)=2(3"7))

e B (Cy 032 = is such that coreryc)(E) = Z(E) = Z(S) = Ca

has index 3% in E.
Also, every Fs(G)-essential subgroup of S is of this form.

Proof. Let A € GF(q) be an element of order 3* and consider the following elements of G:

A0 O O 100 O 100 0 0010

010 0 0OAxO0 O 010 O 1000
ay = g = as = T =

001 0 001 O 00X O 0100

000 A 000 A1t 000 At 0001

Set A := (ay,as,a3). Then A= Csr x Csr X C3r and we may assume S = A: (x).

If uw € Z(S), then v commutes with = and since every matrix in G has determinant

w 0 0 0
0 4 0 0 .
1, we deduce that u = 00 , for some p € GF(q) having order a power of 3.
]
00 0 u
A0 0 0
) ) 0O X0 0
Thus the group Z(.5) is cyclic and generated by z = 00 % 0
00 0 X3
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Finally, let

p 000
0 0 0 -

Y= 0 /(; 1 0 ) Whereﬂ/:)\sk 5 and set I/ := <$7y72>‘
0O 0 01

Then Z(S) = (2) = Z(E), [z,y] = 2% " and E = Cy 0 3142,

It is easy to see that Cg(A) = A (since A has index 3 in S and S is not abelian)
and Cg(E) = Z(E) (because every element of S centralizing x is a power of z, as shown
before).

We can also prove that
Outg(A) = Sym(4) = PGLy(3) and Outg(F) = SLy(3).

Thus Outs(A) and Outg(F) have a strongly 3-embedded subgroup.

Finally, A is normal in S and so is fully normalized in Fg(G). As for E, it is G-
conjugate to a fully normalized subgroup P of S (since Fs(G) is saturated) and we can
show [Ng(P): P] =3, so E is fully normalized in Fg(G).

Hence A and E are Fg(G)-essential subgroups of S.

Also note that A is F-characteristic in S and Z(E) = Z(S) = corezyq)(#) has index
32 in E.

We now prove that if P is an Fg(G)-essential subgroup of S, then P is either A or it
is isomorphic to F. The proof of this statement is based on the results and terminology

used in[AF90].
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Suppose P < S is Fg(G)-essential. Then P is Fg(G)-radical and so P = O3(Ng(P)).
Thus P is a 3-radical subgroup of G, according to the definition given in [AF90]. Let
X = 03(Z(GL4(q))) = Cge. Note that there is a bijection:

{3-radical subgroups of GL4(¢q)} — {3-radical subgroups of SL4(q)}

QxX +— @

We first determine the 3-radical subgroups of GL4(q). Set R = P x X and let V be a
vector space of dimension 4 over GF(q) so that GL4(q) = GL4(V). By [AF90, Theorem

(4A)] there exist decompositions

V:‘/(]@‘/l@"'@‘/saﬂdR:R()XRlX"-XRS,

such that Vo = Cy(R), Ry is the trivial subgroup of GL(V,) and R; is a basic subgroup
of GL(V;). Note that GL(V;) = GL4(¢) with d < 4.
Following the notation of [AF90], let B = R,, 4. be a basic subgroup of GL(d, q).

Then d = m3*t7*¢. Since d < 4, one of the following holds:

e a=v=c=0and B = Cg;

e d=3m=a=1,vy=c=0and B = Cg1;

e d=3m=y=1,a=c=0and B2 Cy o3}"%
e d=3 m=c=1,a=y=0and B = Cs1Cs.

Note that Z(S x X) = Z(S5) x X < R. In particular Vj = Cy(R) < Cy(Z(S) x X) =0.
Thus V=V, & ---dV, with s < 4.
We write 4 = a; + as + ag + a4 where a; = dim(V;) and we get the following charac-

terizations of R depending on the partition of dim(V') = 4.
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4:1—|—1+1+1andR%C3kXCgkXCgkXC3I@;

4=1+14+2and R= Cgr X C3r X Cgs;

4:2+2 anngC;J,kXCgk;

4=1+3and

1. R= C3k X C3k+1 or
2. R Cy x (Cgr 0317 or

3. RgC:))kXCngngXXS.

By assumption P = R/Csw and P < S. Also, P has rank 3 (since S is not a 3-group

of maximal nilpotency class). Therefore either P = Cgr X Car X Csr (and so P = A) or

P~Cyo3iPxE.
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4.3.2 F-essential subgroups with F-core of index p’.

We continue our analysis considering the F-essential subgroups E with F-core T of index
p>. Note that this implies that E has rank 3, T = ®(FE) and F is not F-characteristic in
S.

For the rest of this subsection we assume the following.

Main Hypothesis C. Let p be an odd prime and let F be a saturated fusion system
on the p-group S, that has sectional rank 3. Let E be an F-essential subgroup of S, let

T = corer(F) and suppose that [E: T| = p>.

We first assume that E is not normal in S and we describe the structure of the group

N?/T, showing that the only possibility is p = 3 and proving the first part of Lemma 4.4.

Theorem 4.28. Suppose that N' < S and write Z; for the preimage in N? of the group
Z;(N?/T). Thenp =3 and if C is the preimage in N* of Cxz,7(®(N?)), then the following
holds

1. Zy=®(NY and [Z,: T) = 3;
2. N2 =N!C and Z, = N' N C;
8. ZyJT is elementary abelian of order 33;
4. ®(N?)/T =Z(C/T) and |Z(C/T)| = 3?;

5. N?/T has exponent 9 and (N?)3T = Z;;

6. there exists ¢ € Autx(N?) such that p|p € Autz(E) and

© normalizes N* and C and acts as in Figure 4.1.

Figure 4.1

The proof of this theorem is long and mostly technical. Again, the key idea is that

the structure of the group N?/T is determined by the action of an F-automorphism ¢ of
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N2 that acts on E/T as

AP0 0
0 X 0], for some A € GF(p) of order p — 1.
0 01

Proof. First notice that T <I N? so we can consider the group N2/T'. To simplify notation
we assume T = 1 (this will not create any problem since we are going to work on the quo-
tient N2 /T, considering normal subgroups and groups normalized by an F-automorphism
of N? that centralizes T).

Recall that by Theorem 4.8 we have
SLa(p) < Outx(E) < GLa(p) x GL1(p).

Set C' = Cg(O¥ (Autx(E))). Then |C| = p and by maximality of 7" the group C'is not F-
characteristic in N'. By Lemma 4.21 we have Autz(N') = Autg(N')Nyyue, i) (E). Since
Autg(N') = N2/Z(N') and C is F-characteristic in F, we deduce that C' is not normal
in N2. In particular C' £ Z;. By Theorem 4.17 we have |Z(N')| = p?. Also, C' < Z(N?).
Hence we have Z; < Z(N') and so |Z;| = p.

Let ¢ € Autz(N?) be the morphism that centralizes C' and acts on E/C' as

-1
()\0 ?\) , for some A € GF(p) of order p — 1,

with respect to the basis {zC, 2C'}, where x € E\Z(N') and z € Z(N")\C. Note that ¢
centralizes T by Theorem 4.14, so every characteristic subgroup of N2 /T is normalized by
. Thus we can keep working under the assumption 7" = 1.

Since F is abelian and [N': E] = p, the group E is a soft subgroup of N2. In particular
if we set H = Z(N')[N? N?], then by Theorem 1.27 we have H < N', N*/H = C, x C,
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and H is normalized by ¢. Hence by Theorem 1.15 there exists a maximal subgroup M
of N? containing H and distinct from N! that is normalized by .

We now study the action of ¢ on N2

Since the action of ¢ on Z(N?') is not scalar, we deduce
that C and Z; are the only maximal subgroups of Z(N?')
normalized by . Note that N! has exponent p by Theorem
4.17 and [N': Z(NY)] = p%. Thus by Lemma 1.6 we have
|®(NY)| = p. Also, ®(N') < Z(N') is normalized by ¢ and
normal in N2, Thus we have ®(N') = Z;. In particular

[E, H| = Z; (since N! is non-abelian by Lemma 4.16).

We first prove that ¢ acts as A on H/Z(N') and as A\*> on M/H.
Let = € E\Z(N') and h € H\Z(N'). Then zo = 2* ' and hy = h®z for some

z € Z(N'). Thus by Lemma 1.4 we have
[z, h] = [z, ko = [z* ", hoz] = [z, h]* 2.

Hence a = \2.

Note that H = Z(N')[N', M] and H/Z(N') = Z(N?/Z(N")). Let y € N'\H and
g € M\H. Then yo = y* 'z for some z € Z(N') and gy = ¢°h for some h € H. Hence
by Lemma 1.4 and the fact that [y, g] £ Z(N'), we have

v, 9] = [y 2, ¢°h = [y, g * mod Z(N").

Hence b = \3.
Therefore ¢ acts as A\? on H/Z(N') and as \* on M/H.
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Consider the quotient M/Z;. If h € H\Z(N'), g € M\H and k € H is such that

g = g’\3k:, then we have
[h7g] = [hmg]SO = [h/\27g/\3k5] = [h,g])‘B mod Zl-

Since \° # 1 mod p, we deduce that [g,h] € Z; and the group M/Z; is abelian. In
particular H/Z, = Z(N?/Z,) and so H = Z,. Also, the group Z, is elementary abelian

(since N! has exponent p and [H: Z(N1)] = p).

Next step is to prove that p = 3 (and so we can choose A = —1). Let ¢ € C and

g € M\H. Then cp = c and gp = g*k for some k € H and we have

e, gl = [, " k] = [c, g]".

Note that [c,g] € [Z(N'),M] = Z; (since [Z(N'), M] is a proper subgroup of Z(N')
normalized by ¢ and C is not normal in M). If A> # X\ mod p, then [c,g] = 1 and
C < Z(M), contradicting the fact that C' is not normal in N*> = N'A/. Thus we have

A% = X mod p, that implies p = 3. In particular we can choose A = —1.

Recall that the group M/Z; is abelian and Z5/Z; is elementary abelian. Since ¢
inverts M/H and centralizes Z(N')/Z;, we deduce that M/Z, is elementary abelian.
Every element u of N? can be written as a product xg, where x € N* and g € M. So by
Lemma 1.3 we have

u? = (29)® = ¢*°2%[g,2)> =1 mod Z,.

Thus N?/Z; has exponent 3.
In particular ®(N?/Z;) = [N?/Z;,N?/Z,] and since [N?: Z,] = 32, by Lemma 1.6 we
deduce that |®(N?/Z;)| = 3. Since Z; = ®(N') < ®(N?) we deduce that ®(N?/7Z;) =
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®(N?)/Zy and so ®(N?)/Z; = 3. Also, ®(N?) # Z(N') because E is not normal in N2.

N2

Note that ®(N?) = C3 x Cj is a normal subgroup of N? not centralized by N2. Hence
N2/Cy2(®(N?)) is isomorphic to a subgroup of Aut(®(N?)) = GLy(3). Therefore the group
Cxz(®(N?)) has index 3 in N2, is distinct from N* and contains Z,. Also, Cyz(®(N?)) is
characteristic in N? and so is normalized by (. Therefore we can assume M = Cy2(®(N?)).

Since M is non-abelian (we saw that C' £ Z(M)), we conclude that ®(N?) = Z(M).

Note that M3 < (N?)3 < Z;. It remains to prove that N* has exponent 9.

If M has exponent 9 then M3 = Z; and N? has exponent 9.
Suppose that M has exponent 3. Since M/®(N?) =

C, x C,, by Theorem 1.15 there exists a maximal sub-
group W of M such that ®(N?) < W, W # Zy and W
is normalized by ¢. From [W: Z(M)] = 3, we deduce
that W is abelian. Hence W is elementary abelian.
Also, W = Cy2(W) since M = Cyz(®(N?)) is non-

abelian, and W is normal in N? because it contains

T—1 d(N?).
Thus N? /W acts faithfully on W and is therefore isomorphic to a subgroup of a Sylow
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3-subgroup of the group GL3(3). Hence every element of N?/TV can be written in the

following form:

for some a, b, c € F3.

o = O
_ O O

1
a
b

Note that both ®(N?) and W/Z; are not centralized by N?/M. Since N?/W has order

3%, we have

100\ (100
NZ2/W  =([1 1 0],]0 1 0])
011/ \1 01

Finally notice that if we take ej,es € E such that E = (ej,e5)Z;, then (e, es) =

Cs x O3 is a complement for W in N2, acting on W as described above. Therefore

1 0 00
1
N2 = y 09 |a7baxay7z€]F3
y a 1 0
z b a1

In particular N? has exponent 9 (take for example the matrix witha =b=2=y =2 =

1).

U

For the rest of this subsection we focus on 3-groups.
Lemma 4.29. Suppose that p =3, [E: T| = 3% and N' < S. Then T charz N2

Proof. By Theorem 4.28 we know almost all the structure of the group N?/T and the

action on N?/T of the F-automorphism ¢ of N? that acts on E/T as

-1 0 0
0 -1 0
0 0 1

Note in particular that ®(N?)/T = C3 x Cs.
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Suppose for a contradiction that 7" is not F-characteristic in N2. Set

D2(N?) = O(B(N?)).

Then ®2(N?) < T and since S has sectional rank 3 we have [T: ®*(N?)] = 3. Let
a € Autx(N?) be such that T'# Ta. Then N'a # N', Ea # E and T N Ta = ®?(N?).

Write Z; for the preimage in N? of Z;(N?/T). Then by Theorem 4.28(1,3) we have
[Z1: T] = 3 and [N?: Z,] = 32. Since T' < N? and is not F-characteristic in N2, the group
T /®*(N?) is properly contained in the center of N?/®*(N?). Hence we deduce that Z; is
the preimage of Z(N?/®?(N?)) and Z, is the preimage of Zy(N?/®?*(N?)). In particular
Z1=Z1a0=TTa and Zy = Zya = N' N Nla.
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Since ¢ acts as scalar on N?/Z,, it normalizes the group N'a. Note that Fa is an
F-essential subgroup of S by Lemma 2.26(5), N'a = Ng(Fa) and Ta = corez(Ea) by
Lemma 4.11. Thus T« is F-characteristic in N'a and so it is normalized by ¢.

Let K be the preimage in N' of Z(N'/T). Then Ka is the preimage in N'a of
Z(N'a/Ta) and both K/Z; and Ka/Z, are centralized by ¢ (not that we might have
K = Ka). Since N'a/Ka = N'/K = C3 x C3 and ¢ normalizes Z,, by Theorem 1.15
there exists a maximal subgroups @ of N'a containing Ko and distinct from Z, that
is normalized by ¢. Note that @ is conjugate to Fa by an element g of N2, So @ is
F-essential by Lemma 2.26(5) and T'aw = corex((Q)) by Lemma 4.11. Thus we may assume
Q) = Ea (by replacing a by c,a). Hence Fa is normalized by ¢. Looking at the action of ¢
on N'a and using Lemma 1.4, we deduce that the group N'a/T« is abelian, contradicting

Lemma 4.16. Therefore T' has to be F-characteristic in N2. O
In the next lemma we show that the group N3 is the normalizer in S of T.
Lemma 4.30. Suppose that p=3 and [E: T] = 33. If N*> < S then N3 = Ng(T).

Proof. Note that T'< N® by Lemma 4.29. If N® = S then N3 = Ng(T). Suppose N* < S.
By Lemma 2.41 applied to N/ = N® and K = T we get that [N®: N?| = 3 and every
morphism of Nay,(g)(Auts(E)) is a restriction of an F-automorphism of N?.

To simplify notation we assume T = 1, taking care to not use the fact that 1 is
characteristic in N3,

Set Z; = Z;(N?). By Theorem 4.28 we know the structure of the group N2 In
particular |Z;| = 3, Zy = C3 x C3 x C3 and Cnz2(Zs) = Zs.

Set H = Z(N')[N3,N3]. Since E is abelian and [N': E] = 3, by Theorem 1.27 we have
N3/H = C3 x C3 and Z, < H.
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Since T' charz N2 by Lemma 4.29, the group Z, is F-characteristic in N and therefore

normal in N3. Hence Cys(Z3) < N? and

[Cns(Z2),N'] < Cs(Z2) N [N?,N?] < Cs(Z2) NN? = Z, <N

Therefore Cy3(Z;) < Ng(N') = N? and so Cy3(Z2) = Zs.

Suppose that Z, < N*. Then

[Cxnt(Z5), N < COna(Zo) N [N*, NP < Cna(Zy) NN? = Zy < N

So Cna(Zs) = Z,. Hence N*/Z, is isomorphic to a subgroup of Aut(Z,). However Zy =

C3 x O3 x C3 and [N*: Z,] > 3%, giving a contradiction.

Therefore we have Z, # Z3 for some g € N4,

Suppose that Z,Z = H and let h € H. Then h = zy for some x € Z, and y € Z3.
Note that Z, and Z§ are elementary abelian and [Z, Z§] < Z; = Z(N3) by definition of
Z5. Hence

W= (zy)® = y’2’ly, 2] = 1.

Thus the group H has exponent 3. Note that the maximal subgroups of N? containing
Zy are H and the conjugates of N, all having of exponent 3. Therefore N? has exponent
3, contradicting Lemma 4.28(5).

Thus Z,Z§ # H. In particular H is not normal in N*. By Theorem 1.27 the group

H/T is characteristic in N3/T, so the group T is not normal in N*.

We can now complete the proof of Lemma 4.4.
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Lemma 4.31. Suppose that p = 3 and [E: T| = 33. Then either E < S or one of the

following holds:

1. N> =S, N! charr S, Cgyr(®(S/T)) has exponent 3 and

1 0 00
1
S/T = * 00 | a,b,z,y, 2 € F3 p = SmallGroup(3°, 56);
y a 1 0
z b a1

2. N* =S, N! charz S, Cgyr(®(S/T)) has ezponent 9 and S/T = SmallGroup(3°, 57);

3. Cnzyr(®(N?/T)) has exponent 9, N?/T = SmallGroup(3°,58) and if N* < S then

N3/T is isomorphic to a Sylow 3-subgroup of the group PI'L3(64).

Proof. Suppose that F is not normal in S. Hence N! < S. We enter the information col-
lected in Theorem 4.28 into the computer program Magma to determine the isomorphism
type of the group N?/T. More precisely, we look for a group of order 3° having nilpotency
class 3, exponent 9, center of order 3 and at least one maximal subgroup (N'/T') having

exponent 3.

N:=[];
for i in [1..Number0fSmallGroups(375)] do S:=SmallGroup(375,1i);
if NilpotencyClass(S) eq 3 and
Exponent(S) eq 9 and
fCenter(S) eq 3 and
M : M in MaximalSubgroups(S)| Exponent(M‘subgroup) eq 3] ne O then
Append (~N, i) ;

end if; end for; N;

Quput: [56,57,58]
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Thus N?/T = SmallGroup(3°,7) for ¢ € {56,57,58}.

o If7 = 56 then the centralizer in N? /T of the Frattini subgroup ®(N?/T') has exponent
3 and N?/T is isomorphic to the matrix group presented in the statement of the
corollary, as we saw at the end of the proof of Theorem 4.28. Also N'/T is the
only other maximal subgroup of N?/T' containing Z,(N?/T) and having exponent
3. Thus N'/T is characteristic in N?/T and since T is F-characteristic in N? by

Lemma 4.29, we deduce that N! charr N? and N2 = S.

If i = 57 then N'/T is the unique maximal subgroup of N?/T" containing Zs(N?/T)
and having exponent 3. So, as in the previous case, we have N! charz N? and N? =

S. Also, the centralizer in N?/T of the Frattini subgroup ®(N?/T') has exponent 9.

If i = 58 then there are 3 maximal subgroups of N?/T having exponent 3 so the
group N'/T is not necessarily characteristic in N?/T. Finally, the centralizer in

N?/T of the Frattini subgroup ®(N?/T') has exponent 9.

Now suppose that N2 < S. Then by what was proved above we have p = 3 and

N?/T = SmallGroup(3°,58). Also, T is F-characteristic in N? by Lemma 4.29, so it is

normal in N3 and we can consider the group N®/7T. By Lemma 2.41 applied to N/ = N3

and K = T, we get that [N*: N?| = 3 and every morphism in Nay, (g (Auts(E)) is a

restriction of an F-automorphism of N3. To simplify notation, we assume 7' = 1.

Let 7 € Autz(N?) be the morphism that acts on F as

-1 0 0
0 -1 0
0 0 1

Then the structure of N? and the action of 7 on N? are described in Theorem 4.28.
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N3

N’ C'=Cnxa(®(N*)  The Frattini subgroup ®(N?) of N? is normal in N*
1
s (B(N?)). and has order 3%. Thus [N?: Cys(®(N?))] = 3. Set

C = Cn3(®(N?)). Then C is a maximal subgroup

Z2(N?)

of N3, distinct form N? and normalized by 7. Also,

N2, C] < (N2 N C)\N!, since N! is not normal in N3.
Hence using Lemma 1.4 on the quotient N3 /Zy(N?) we

deduce that T centralizes the quotient C'/Cyz(®(N?)).

Note that Zy(N?) < Zy(N?). In particular we have

[Z3(N3)’ Nl] < ZQ(N3) < va

so Z3(N3) < Ng(N') = N2, Thus N? has nilpotency class at least 4.
We now use the computer program Magma to identify the groups of order 3° containing
a maximal subgroup isomorphic to the group SmallGroup(3®,58) and having nilpotency
class at least 4. We find that N® & SmallGroup(3%,1) for i € {411,413}.
The only difference between the presentations of SmallGroup(3¢,411) and SmallGroup(3%, 413)
given by Magma is the description of the 3-rd power of the element x = S.2 (see Table
4.1). Tt is easy to check that z € C, h = S.5 € ®(N?)\Z(N?) and z = 5.6 € Z(N?).

We have 23 = h?z7 for j = 0 if S = SmallGroup(3°,411) and j = 1 otherwise. Then

()7 = (h7)*(27) = R?(27) ' = 227,
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S:=SmallGroup(376,411); S:=SmallGroup(376,413);
S; S5

GrpPC : S of order 729 = 376 | GrpPC : S of order 729 = 376
PC-Relations: PC-Relations:

(8.2)73 = (8.5)72, (s.2)73 = (8.5)72 * S.6,
(8.4)"3 = (8.6)72, (5.4)"3 = (8.6)72,
(s.1,8.2) = 5.4, (s.1,8.2) = 5.4,
(8.2,5.3) = S.5, (8.2,5.3) = 8.5,
(8.1,5.4) = S.5, (8.1,5.4) = S.5,

(8.3, S.4) = S.672, (5.3, S.4) = S.672,
(8.1,8.56) = S.6 (s.1,8.5) = 8.6

Table 4.1: Presentations of the groups SmallGroup(376,411) and SmallGroup(376,413)

On the other hand x7 = xy for some y € Zy(N?) and since Z(C) = ®(N?) = &(C) (we

can check this with Magma), by Theorem 1.3 we get

(a7)* = (2y)* = y’2’[y, ]’ = 2°.
Thus we have z° = 327, which implies 7 = 0 and so S = SmallGroup(3%, 411).
Finally notice that the group SmallGroup(3%, 411) is isomorphic to a Sylow 3-subgroup
of the group PI'L3(64). O

Let P be a Sylow 3-subgroup of the group G = PI'L3(64). If E = C3 x C3 x C3 and
T = 1 then either S = P or S is isomorphic to a maximal subgroup of P (the unique
one isomorphic to the group indexed in Magma as SmallGroup(3°, 58)). If S = P, then
we can check with Magma that there exists a unique Fp(G)-essential subgroup of P (up
to G-conjugation) and that such group is isomorphic to the group Cz x Csz x C3 and has

trivial Fp(G)-core (as we expected).
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Let ¢ be a prime power such that ¢ =1 mod 3. We claim that the fusion category of
the group G = PTL3(¢*") on one of its Sylow 3-subgroups P contains a unique Fp(G)-
essential subgroup (up to G-conjugation) and that such subgroup is isomorphic to the
group Csz x Cg x Csk.

Set X = PGL3(q) and let Sx be a Sylow 3-subgroup of X. Take v € G such that v
centralizes Sx and G = PGL(¢*")(y). Such 7 exists because the iterate of the Frobenius
morphism acts trivially on Sx.

Note that there exist a natural projection 7 and a map ¢ defined as follows:

GLs(¢*) & PGL3(¢*) 4 PGLy(¢* ) (1) = G.

N
Z(GLs(¢*"))CGLs(q) & PGLg(q) = X - PGLs(q)(7).

Let H = GL3(¢*") and let Sy € Syly(H). With a technique similar to the one used in
the proof of Lemma 4.27 we can show that there exists an Fg,, (H)-essential subgroup @

of H isomorphic to the group Cs: o 312, where 3! is the largest power of 3 dividing q?’k.

Note that Q) € Z(GLg,(q?’k))GL;;(q). Hence Qm € X and we may assume Qm < Sx. Since
v was chosen to centralize Sx, we conclude that (Qm)t = Qn x C, where C' < (v) is a

cyclic group of order 3*. Hence
(QTF)L = Cg X Cg X Cgk.

We claim that £ = (Qm)c is an Fp(G)-essential subgroup of P and that its G-

conjugacy class is the unique G-conjugacy class of Fp(G)-essential subgroups of P.

The previous example suggests that when p = 3 and F is an F-essential subgroup of

the 3-group S having F-core of index 33, then we cannot bound the index of £ in S.
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4.4 Interplay of F-characteristic F-essential subgroups

In this last section of Chapter 4 we suppose that there are two F-essential subgroup FE;
and Fs of S that are F-characteristic in .S and we determine the isomorphism type of the

quotient S/corex(FEy, Es).

Main Hypothesis D. Let p be an odd prime, let S be a p-group having sectional rank
3 and let F be a saturated fusion system on S. Let F; and F, be distinct F-essential

subgroups of S that are F-characteristic in S and let T' = corex(E}, Es).
In this section we assume Main Hypothesis D holds.

Lemma 4.32. Let G; be a model for Nz(E;) and let A; = (S%). Then
Cy,(E;/T) < E;JT  forevery1 <i<2

and
1. either Cg,(E;/T) < E;/T for every i,

2. or ®(E)) = ®(Ey), ®(E,) < T, S/T = pit? and for every 1 < i < 2 the group
E; has rank 3 and Outz(E;) contains a subgroup isomorphic to SLy(p) x (0), where
0 € Outx(S) is a morphism of order dividing p — 1 that centralizes S/T and acts
non trivially on T/®(E;) = C,.

An example of the situation described in part 2 is given by the fusion category of the

group G = (C,: C,_1) x PSL3(p) on one of its Sylow p-subgroups S = C, x pi™.

Proof. Fix 1 <i<2andset £ =E;, G=G; and A= A,. Note that E/T = O,(G/T).
Hence if C¢(E/T) is a p-group then Cq(E/T) < E/T.
Suppose there exists a non-trivial element g € Co(E/T) of order coprime to p. If T' <

O (F) then g centralizes F/®(E) and so g = 1 by Theorem 1.10, which is a contradiction.
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Thus we have T' £ ®(E). By Lemma 4.13 we have A/E = SLy(p), [T®(E): ®(E)] =p
and T®(E)/®(E) = Cgjam)(A/E). If g € A then g centralizes every quotient in the
sequence of subgroups:

®(E) < TO(E) < E.

Thus ¢g € Inn(E) by Lemma 2.24, which is a contradiction.

Therefore C4(E/T) < E/T and g ¢ A. By the Frattini argument we have G =
ANg(S). Thus we may assume that g € Ng(S)\Na(S). Also, g does not centralize
E/®(E), thus it acts non-trivially on T®(E)/®(E) = C,. In particular g has order
dividing p — 1.

Suppose that g does not centralize S/T. Then E/T = Cg/r(g) and since [S: E] = p

by Theorem 1, by Lemma 1.13 we get

S/T =~ E/T x [S/T, g].

Thus [S, g|T is a subgroup of S centralizing £/T. Since T®(E)/®(E) = C, and [5, ¢g]T is
a p-group, we deduce that [S, g|T centralizes every quotient in the sequence of subgroups
O(FE) < TO®(E) < E, all F-characteristic in E. Hence by Lemma 2.24 we have [S, g|T <
E, which is a contradiction.

Thus ¢ centralizes the group S/T. Note that S/T®(FE) is a Sylow p-subgroup of the
group A/T®(E) = (C, x C,): SLy(p). Thus S/TP®(E) = pit?. Also, since g centralizes
S/T but acts non-trivially on T®(E)/P(E), every element of T®(E)/P(F) is not a p-th
power of an element in S/®(E). Hence the group S/®(FE) has exponent p.

Let P = E; for j # i and consider the group P/®(FE), that has order p* and exponent
p. Since g centralizes P/T®(FE) and acts non-trivially on T®(E)/®(E), we deduce that
P/®(FE) is elementary abelian. Since S has sectional rank 3, we conclude ®(E) = ®(P).

In particular ®(E) < T by maximality of T and S/T = p!*?. Also, by Lemma 4.13 we
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have O7 (Outz(P)) = SLy(p).
Set 6 = c,Inn(S) € Outz(S). Then 6|z € Outz(E;)\OP (Outx(E;)) for every i. By
Theorem 1 we have SLy(p) < Outz(E) < GL2(p) x C,_1, so we conclude that Outz(E;)

contains a subgroup isomorphic to the group SLy(p) x (6). O

Theorem 4.33. Either S/T = p'™ or S/T is isomorphic to a Sylow p-subgroup of the

group Sp,(p).

Proof. Let G; be a model for Nz(E;) and let G5 be a model for Nz(S). Set A; = (S%).
By Lemma 4.32 either S/T = p'™? or Cq,(E;/T) < E;/T for every i. Suppose we are in
the second case. Then by Lemma 2.34 the amalgam A = A(A, /T, Ay/T, (A1NAy)/T) is a
weak BN-pair of rank 2 and the quotient S/T' is isomorphic to a Sylow p-subgroup of one
of the groups listed in Theorem 1.42. Since p is odd and S/T has sectional rank at most
3, by [GLS98, Theorem 3.3.3] we deduce that S/T" is isomorphic to a Sylow p-subgroup
of either PSL3(p) or PSp,(p). Finally notice that every Sylow p-subgroup of PSL3(p) is
142

isomorphic to the grou and that the Sylow p-subgroups o are isomorphic
i phic to the group p3 d that the Sylow p-subgroups of PSp,(p) i phi

to the Sylow p-subgroups of Sp,(p). O

Theorem 4.34. If S/T = p**? then E, and Fy are abelian, Ey N Ey = 7(S) and T is the

centralizer in 7(S) of O (Autz(E;)), for every 1 <i < 2.

Proof. Note that Ey/T = Ey/T = C, x C,. Thus ®(E;) < T and by Theorem 1 and
Lemma 4.13 we have O (Outz(F;)) = SLy(p). In particular E;/T is a natural SLy(p)-
module for O” (Out#(E;)). By Lemma 4.12 we have E; = Cg,(T)T and Cs(T) % E;N E.
Thus we may assume Cg(T) £ E; and so OP (Outz(E;)) centralizes T' (again by Lemma
4.12). Therefore by Theorem 4.15 we deduce that T' is abelian, T < Z(E)), |[E1, Er]| < p
and T/[Ey, E4] is cyclic. Note that Ey = Cg,(T), so T' < Z(FE>) and since S = F1 Ey we
conclude T < Z(S5).
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—1
Since S/T = p:*? we have [Ey, E]T = E; N F,. Thus the morphism 7 centralizes the

-1 0
Let 7 € Autz(S) be a morphism that acts on E;/T as the involution ( 0 )

quotient Fy/(Ey N Es).

Let € (Ey N Ey)\T and y € Ey\(Ey N Ey). Then
x7 = x7't; and y7 = yts, for some ti,t, € T. Since

T < Z(S) and 7 centralizes T, by Lemma 1.4 we have

[z, y] = [z,y]T = [l’_ltl,th] = [x,y]_l.

Thus [z,y] = 1 and the group Es is abelian.

Action of T on S

Note that Cs(T) = S % E so OF (Autz(E,)) centralizes T' by Lemma 4.12. Hence

we can repeat the same argument with Fs in place of E; to prove that E; is abelian.

Since F; and Es are abelian, we have E; N Ey = Z(S). Also, since there exists an
involution of O (Outx(E;)) that inverts the quotient Z(S)/T, we conclude that T is the

centralizer in Z(S) of OP (Autx(E;)), for every 1 < i < 2.
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Theorem 4.35. If S/T is isomorphic to a Sylow p-subgroup of Spy(p) then there exist
1 <4,5 <2 withi # j such that Z(S) = Z(E;) is the preimage in S of Z(S/T) and the
following hold:

1. E;/T = pi™ and OY (Outz(E;)) = SLy(p);
2. E; is abelian, T = ®(E;) and O (Outz(E;)) = PSLy(p).

Proof. Let Z be the preimage in S of Z(S/T). Then [Z: T| = p. In particular, there
exists ¢ such that E;/T is not abelian. Thus E;/T is extraspecial. Also, T £ ®(E;)
and so by Lemma 4.13 we get O (Outz(E;)) = SLy(p) and [T®(E;): T] = p. Note that
®(E;)T is normal in S, so T®(E;) = Z. If E;/T has exponent p?, then there exists an
F-characteristic subgroup of E; containing T®(E;) and of index p in F;. In particular
Autg(E) = Inn(E) by Lemma 2.24, giving a contradiction. Thus E;/T & pi*2.

Let j # 4. If T £ ®(E;) then by Lemma 4.13 we have [T®(E;): T] = p. Thus
TO(E;) = Z = T®(E;), contradicting the maximality of 7. Therefore ' < ®(E;) < Z

and since S has sectional rank 3 we deduce that T'= ®(E;).

Suppose that Outz(E;) acts reducibly on E;/T. Then by Theorem 1 the group
OP (Outz(E;)) is isomorphic to SLy(p) and if C < E; is the preimage in E; of the
group Cg,,7(O7 (Autz(E;))), then [C: T] = p. Note that C <4 S so C = Z. Hence C is
F-characteristic in Fy, E; and S, contradicting the maximality of 7. Therefore Outz(E;)
acts irreducibly on E;/T and by Theorem 4.10 we deduce that O (Outz(E;)) = PSLy(p).
In particular, since Cg,(T) £ T by Lemma 4.12 and T'Cg, (T) is F-characteristic in Ej,
we have T'Cg, (T) = Ej.

If C5(T) < E; then E; < TCgq(T) < E;, that is a contradiction. Thus Cg(T) £ E;
and O (Outz(F;)) centralizes T by Lemma 4.12. Also, F; N E; < E; < TCs(T). So

E;,NE; <TCg(T) and recalling that Z < E; N E; is F-characteristic in E; we conclude
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that El = TCEZ<T) and S = TCS(T)

Note that F;/Z(T) = T/Z(T) x Cg,(T)/Z(T) and Cg,/Z(T) = E;/T = p}*?. Since S
has sectional rank 3, we deduce that the group T'/Z(T) is cyclic and so T is abelian by
Lemma 1.6. Hence S = Cg(7T) and T' < Z(95).

Let 7 € Autz(S) be the morphism that acts on E;/Z as the involution <_01 0 )

—1
Then 7 centralizes Z/T and since [E;, E;|T = E; N Ej;, the morphism 7 centralizes the

quotient E;/(E; N Ej;).

L Z = ®(E)T

y T

Action of 7 on S

Let x € (E;NE;)\Z. Since (z)Z/Z is the only section of E; that is not centralized by 7,
we deduce that € Z(E;) ( for example using Lemma 1.4). Since Z(Ej;) is F-characteristic
in E; and Outz(E}) acts irreducibly on E; /T, the only possibility is E; = Z(E;). Thus
E; is abelian. Similarly, since T' < Z(S) and Z/T is the only section of E;/T not inverted
by 7, we deduce that Z < Z(E;). Finally, the group E; is non abelian (E;/T = pl*?) so
Z = 7(E;) = Z(S). O
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We end this section proving that if there are two F-essential subgroups of S that are

JF-characteristic in S and O,(F) = 1 then S is isomorphic to a Sylow p-subgroup of the

group Spy(p).

Theorem 4.36. Let Fy and Esy be distinct F-essential subgroups of S that are F-characteristic
in S and set T := corex(Ey, Ey). Then T is normal in F. In particular, if Oy,(F) =1

then S is isomorphic to a Sylow p-subgroup of the group Sp,(p).

Proof. By Theorem 4.33 either S/T = p*? or S/T is isomorphic to a Sylow p-subgroup
of the group Sp,(p). Note that the group p™? has sectional rank 2, so if O,(F) = 1 and
T < F then T = 1 and the second statement follows from the fact that S has sectional
rank 3. Our goal is to prove that 7" is normal in F. Note that by Theorems 4.34 and 4.35
we have T' < Z(S). So T is contained in every F-essential subgroup of S. By Lemma 2.28

we have to show that T is F-characteristic in every F-essential subgroup of S.

« Suppose S/T = p}*t2. Then by Theorem 4.34 the group T is the centralizer is S of

O (Autz(E;)), for every 1 <4 < 2. Let E3 be an F-essential subgroup of S distinct

from F;. Then Z(S) < Ej, so Ej is abelian.

Suppose Ej is F-characteristic in S and set T3 = corer(E7, E3). Since both F;
and Ej3 are abelian, by Theorems 4.33 and 4.35 we have S/T3 = p1++2. Thus T3 is
the centralizer in Z(S) of OP (Outz(E})), which implies T3 = T. Therefore T is

F-characteristic in Ej3.

Suppose Fj is not F-characteristic in S (so F3 # Fy). Then OF (Outz(Fs)) =
SLy(p) by Theorem 4.8 and there exists a morphism ¢ € Autz(S) that inverts
E3/7(S) and centralizes S/FE3. In particular the action of ¢ on S/Z(S) is not

scalar. However, ¢ normalizes F;, Ey and F3 and we get a contradiction.

Hence T is F-characteristic in every JF-essential subgroup of S and is therefore

normal in F.
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« Suppose S/T is isomorphic to a Sylow p-subgroup of the group Sp,(p). Then by
Theorem 4.35 we can assume that £ /T = p}ﬁQ and FEsy is abelian. Let E3 be an

F-essential subgroup of S distinct from E; and Fy. Note that [E3: Z(S)] < p?.

Suppose [F3: Z(S)] = p®. Then Fj is normal in S. If Z(S) is not F-characteristic in
Es, then Z(S) < Z(Es5) and so Ej3 is abelian. In particular Z(S) = F;N E3 has index
p in Ej3, which is a contradiction. Thus Z(S) is F-characteristic in F3. Let G3 be a
model for Nx(Ej3). Then T9 < Z(S) for every g € G3. Since T is F-characteristic in
S and Gz = (S9)Ng,(S) by the Frattini argument, we conclude that G5 normalizes

T and so T is F-characteristic in Ej.

Suppose [E3: Z(S)] = p. Then Ej is abelian and not normal in S. Set T3 =
corexr(Es3) and suppose T # T3. Note that Z(S)/T3 = Z(S/T3). In particular by
Theorem 4.28(1) we have [F3: T3] = p®. So F3/T3 is a self-centralizing subgroup of

the p-group S/T5 isomorphic to the group C, x C,.

Let ¢ € Autz(FEs3) be a morphism that inverts the
quotient F3/T3 and centralizes T3. Such morphism ex-
ists because O (Outz(Es3)) = SLy(p) (Theorem 4.8)
and Ty is centralized by OF (Outz(F3)) (Lemma 4.14).
Note that ¢ is a restriction of an F-automorphism of

S by Lemma 4.21. With abuse of notation, we as-

sume that ¢ acts on S. Then the action of ¢ is the

TsNT

one described in Lemma 3.23 (see Figure 4.2).

Figure 4.2
Looking at the action of ¢ on E;/T we deduce that E;/T is abelian, contradicting

the assumption that F;/T is extraspecial.

Hence T' is F-characteristic in every F-essential subgroup of S and so 7" < F.
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CHAPTER 5

CLASSIFICATION OF SIMPLE FUSION SYSTEMS
ON p-GROUPS OF SECTIONAL RANK 3

‘Little by little does the trick.’

[Aesop]

We are ready to use the information patiently collected in the previous chapters to
determine the saturated fusion systems JF on p-groups of sectional rank 3 satisfying

O,(F) =1 when p is an odd prime.

Let p be an odd prime, let S be a p-group of sectional rank 3 and let F be a saturated

fusion system on S such that O,(F) = 1.

For every subgroup P < S containing Z(S) we define
Zp = (Qu(Z(5)) 7)),

Note that Zs = Q1(Z(95)) and Zg < Zp < 4 (Z(P)). In particular Zp is elementary

abelian and since S has sectional rank 3 we deduce |Zp| < p*.
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Since O,(F) = 1 and Zg is an F-characteristic subgroup of S contained in every
F-essential subgroup of S (recall that every F-essential subgroup is F-centric), then by
Lemma 2.28 there exists and F-essential subgroup E of S such that Zg < Zg (when this

happens we say that F moves Zg).

In Section 5.1 we characterize non-F-characteristic F-essential subgroups of S that

move the group Zs.

Theorem 17. Let E < S be an F-essential subgroup of S not F-characteristic in S.
Then
Zs = Zg if and only if Zg < corer(FE).

We also prove that if ¥ moves Zg then E is abelian. Note that since E is not F-
characteristic in S, we deduce that if £ < S then S has at least two abelian subgroups
of index p. We show that when O,(F) = 1 this implies S & pl*?  contradicting the fact

that S has sectional rank 3. Therefore we have the following result.

Theorem 18. Let E < S be an F-essential subgroup of S not F-characteristic in S. If

Zs < Zg then E is abelian and if O,(F) =1 then E is not normal in S.

In Section 5.2 we prove our final results concerning simple fusion systems on p-groups

of sectional rank 3, for p odd.

Theorem 19. Suppose that O,(F) = 1. Then one of the following holds:
1. S is isomorphic to a Sylow p-subgroup of the group Sp,(p);
2. there exists an F-essential subgroup of S that is not normal in S.

Theorem 20. Let p > 5 be a prime, let S be a p-group having sectional rank 3 and let F

be a saturated fusion system on S such that O,(F) = 1. Then F contains a pearl.

As we saw on page xvii this is the last ingredient required to prove our Main Theorem.
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5.1 Essential subgroups moving the center of S

In this section we characterize the F-essential subgroups of S whose automorphism group
does not normalize the center of S.

We start proving Theorem 17.

Theorem 5.1. Let E < S be an F-essential subgroup of S not F-characteristic in S.
Then
Zs = Zg if and only if Zg < corex(FE).

Proof.

e Suppose Zg = Zp and set T' = corex(E). Then T Zg is a subgroup of E containing

T and normalized by Autz(E). Note that Zg is an F-characteristic subgroup of S.

If £ < S then T'Zg is F-characteristic in .S and by maximality of T" we have Zg < T'.
Suppose E is not normal in S. Note that TZg < N? soTZg # E. If [E: T| = p? this
implies TZg = T and so Zg < T. Suppose [E: T| = p3. Since (T Zs)/T < Z(N?*/T),
by Theorem 4.28(1) we get [TZs: T) < p and if [TZs: T] = p then TZg = ®(N!).

Since ®(N!) charz N, by maximality of T' we deduce that TZg = T and so Zg < T.

« We want to prove that if Zg < Zg then Zg £ corex(E), for every F-essential
subgroup E not F-characteristic in S. Aiming for a contradiction, assume there
exists an F-essential subgroup F of S, not F-characteirstic in S, such that Z¢s < Zg
and Zg < corex(E). We can choose E such that if £ < P and P is an F-essential

subgroup of S moving Zg then either P is F-characteristic in S or Zg £ corez(P).
Set T' = corex(E). From Zg < T we get Zrp <T. So Zr < ;(T) and by Theorem

11 and the fact that Zg < Zg we conclude |Zg| = p* and |Zs| = p.

By Theorem 4.14 the group OP (Outy(E)) centralizes T. Note that Inn(S) acts

trivially on Zg, so the group OP (Autz(E)) centralizes Zg. By the Frattini argument
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we have

Autz(E) = O” (Aut7(E)) Ny, () (Auts(E)).

Then we may assume that there exists a € Ny, (g)(Auts(£)) of order prime to p
such that Zsa # Zs. Note that a can be viewed as an F-automorphism of Ng(F)
(by Lemma 2.8) but it is not a restriction of an F-automorphism of S (otherwise it

normalizes Zg). In particular the group E is not abelian (Corollary 2.42).

By Alperin’s Fusion Theorem there exist subgroups Py, Ps,..., P, of S and mor-

phisms ¢; € Autz(F;) for every 1 < i < n such that

— every P; is either F-essential or equal to S,
- NS(-E) S-lepnv
— and @1 - 2+ On|Ng(E) = ONg(B)(EB)-

Suppose Zsp; = Zg. Note that E¢, is an F-essential subgroup of S isomorphic
to E (by Theorem 2.26(5)) and Autz(E¢;) = ¢ Autz(E)¢. In particular Zg is
not normalized by Autz(E¢;) and we can replace E by E¢;. Thus we may assume
Zsop1 # Zg. In particular P = P; is an F-essential subgroup of S containing Ng(F)

such that Zg < Zp.

Suppose P is not F-characteristic in S and set Tp = corex(P). Then by the choice
of E we have Zg &« Tp. In particular T £ Tp and since ®(E) < &(P) < Tp, we
deduce that [E: T] = p?. Since E is not abelian and T' < Z(FE) by Theorem 11,
we conclude T' = Z(E). If [P: Tp] = p?, then Tp < Z(P) and since E is F-centric
we get Tp < Z(E) = T. Hence [P: T] < [P: Tp] = p?, contradicting the fact
that P contains Ng(E). Thus we have [P: Tp| = p3. Note that [TpZs: Tp] = p
and by maximality of Tp we deduce [TpZp: Tp| > p*. Since Zp < Zp < T we

conclude [TTp: Tp] > p?. However, T NTp = ®(F) and so [T: T NTp| = p, giving
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a contradiction.

Hence the F-essential subgroup P has to be F-characteristic in S. If Zp < T then
Zp = Q(T) (since Zs < Zp and |Q(T)| = p*). So [E,E] < Zp and by Lemma
2.41 with K = Zp we conclude that E has maximal normalizer tower in S, P
is the maximal subgroup of S containing E and P is not F-essential, which is a
contradiction. Thus Zp £ T'. In particular Q(Z(E)) £« T and so Zp < 4 (Z(E)).
Since | Zg| = p?, we get | (Z(E))| = p* and

[T(Z(E)): T] = [W(Z(E)): TN (Z(E))] = [W(Z(E)): Zg] = p.

Recall that by Theorem 11 either E = Cg(T) or [Cg(T): T] = p*. Since TQ4(Z(E)) <
Cg(T) and it is F-characteristic in F, we deduce that T < Z(E). Also T # Z(FE)
(otherwise (Z(FE)) < T) and E is not abelian, so [E: Z(F)] = p*. Note that
Ng(E) = ECg(T) by Lemma 4.14 so T" < Z(Ng(FE)). Also, Z(Ng(E)) < Z(FE)
by maximality of 7" and we conclude T' = Z(Ng(F)). In particular Zp < Z(P) <

Z(Ng(E)) < T, and we get a contradiction.

Therefore whenever E is not F-characteristic in S and Zg < Zg the group Zg is

not contained in the F-core of E.
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We now prove the first part of Theorem 18.

Theorem 5.2. Let E < S be an F-essential subgroup of S not F-characteristic in S. If

Zg < Zg then E is abelian.

Proof. Set T = coreg(F). If T = 1 then FE is elementary abelian, so we can assume
T # 1. By Theorem 5.1 we have Zg £ T. So Zp £ T.

Suppose ZsT = ZgT. If Ng(E) = S then ZgT is F-characteristic in Ng(F) and
so 45T = ZgT = T by the maximality of T. Thus Zg < T, that is a contradiction.
If Ng(E) < S then Autz(Ng(E)) = Autg(E)Naue,(ng(E)(£) by Lemma 4.21 and since
ZsT is normal in Ng(Ng(E)) we deduce that ZgT' is F-characteristic in Ng(F). Hence
ZsT = ZgT =T by the maximality of T"and Zg < T, giving a contradiction.

So we have T' < Z¢T < ZgT. In particular [ZgT: T] > p*. If T < Z(FE) then
ZpgT < Z(FE) and so E is abelian. Suppose T' £ Z(E). Hence ZgT = Cg(T) = 4 (Z(E))T
and [ZgT: T| = p*. In particular, since S has sectional rank 3 and T'N Q,(Z(E))) # 1,
we deduce that |Q,(Z(E))| = p*, U(Z(E)) = Qi (E) and |, (T)| = p, so T is cyclic.

Let y € E be of minimal order such that £ = (y)Q(E)T. We want to show that
y commutes with T, contradicting the fact that T £ Z(E). Note that y* € ®(E) = T.
Suppose that (y)T" has rank 2. Then there exists a normal subgroup of (y)T" isomorphic
to the group C, x C,. In particular y has order p and so y € Qy(E). Thus E = Q,(E)T =
Cg(T) contradicting the assumptions. Thus the group (y)7T has to be cyclic. In particular

y commutes with 7" and so F' = Cg(T), which is a contradiction. [
The second part of Theorem 18 is a consequence of the following lemma.

Lemma 5.3. Let E < S be an F-essential subgroup of S not F-characteristic in S.
Suppose that E is abelian and normal in S. Then E has rank 3 and if C' is the preimage
in E of the group Cgawm)(OP (Autz(E))) then S/C = pit? and for every F-essential

subgroup P of S we have C' = corex(P). In particular C' I F and O,(F) # 1.
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Proof. Since E is normal in S we have [S: E] = p by Theorem 1. If E has rank 2 then E
is a pearl by Theorem 12 so E = C, x C, and |S| = p?, contradicting the fact that S has
sectional rank 3. Therefore E has rank 3. Let v € Aut#(S) be such that Fa # E. Then
S = EFa and since FE is abelian we deduce that Fa is abelian and Z(S) = EN Ea. Thus
[S: Z(S)] = p* and by Lemma 1.6 we get |[S,S]| = p. Also by Lemma 4.20 the group
S/®(E) has exponent p, ®(£) charr S and S has rank 3 (®(S) = ®(£)[S, 5]).

Let C < E be the preimage in E of Cg/apm) (O (Autz(E))). Then C/®(E) <
Z(S/P(E)) = Z(S)/®(E) and so C < Z(S). In particular C' is contained in every F-
essential subgroup of S. Also, C' # ®(S) otherwise Autg(E) centralizes every quotient of
consecutive subgroups in the sequence ®(F) < C' < E, contradicting Lemma 2.24. Since
S/C has exponent p and order p®, we deduce that S/C = pi™2.

-1 0
Let 7 € Autz(S) be the morphism that acts as ( 0 . ] om E/C and centralizes

C/®(E). Then 7 normalizes ®(S)/®(F) and does not act as scalar on Z(.S)/®(F). In par-
ticular C/®(E) and ®(S)/P(E) are the only maximal subgroups of Z(5)/®(FE) that can
be F-characteristic in S. Since the inner automorphisms of S act trivially on Z(S)/®(E)
and S is fully automized, the group Autz(S)/Causr(s)(Z(S)/P(E)) has order prime to p.
Since ®(.S5) is F-characteristic in S, by Theorem 1.15 there exists a maximal subgroup
of Z(S)/®(F) distinct from ®(S)/P(FE) that is F-characteristic in S. Hence C and ®(5)

are the only maximal subgroups of Z(S) containing ®(£) that are F-characteristic in S.

By the definition of the F-core we get C' = corex(FE).
FEa

2(5)




Let P be an F-essential subgroup of S. Then Z(S) < P < S. So [P: Z(S)] = p and
P/®(FE) is elementary abelian (since S/®(F) has exponent p). Since S has sectional rank
3 we deduce that ®(E) = &(P). Thus ®(F) is F-characteristic in P. By Theorem 8, since
S has rank 3, we deduce that O (Outz(P)) = SLy(p). In particular if H is the preimage

in P of Cpjap)(O¥ (Autz(P))), then [H: ®(P)] = p. So H/®(E) is a maximal subgroup
-1 0
0 -1
and centralizes H/®(FE). Then p does not act as scalar on Z(S)/®(FE) and normalizes

of Z(S)/®(F). Let p € Autz(S) be the morphism that acts on P/H as

C/®(E),H/®(F) and ®(S)/P(FE). Since P is F-essential, the group S/H is not abelian
and so H # ®(S). Hence H = C. In particular C' = corez(P).

Therefore the group C'is F-characteristic in .S and in every JF-essential subgroup of S
and by Lemma 2.28 we conclude that C' I F. Also, since E has rank 3 we have |C| > p,

and so O,(F) # 1. O

5.2 Final results
We show that if p > 5 and O,(F) = 1 then F contains a pearl.
Lemma 5.4. Let E < S be a normal F-essential subgroup of S such that E has rank 3

and is not F-characteristic in S. Let P < S be an F-characteristic F-essential subgroup

of S. Then ®(P) = ®(F).

5!

Proof. Let C < E be the preimage in E of Cgaz) (O (Autz(E))). Then [C: ®(E)] =
—1
0 -1

, so0 C < S, and since

p and there exists an F-automorphism 7 of S that acts as on E/C and

N/

centralizes S/FE and C/®(E). Also note that C charr E <
|C'/®(E)| = p we conclude C/P(E) < Z(S/P(F)).
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Case 1: suppose C' < P. Then C < EN P and 7 acts on P/®(E) as illustrated
in Figure 5.1. Let x € P\E and y € (EN P)\C. Then z7 = zc for some ¢ € C and

y1 =y~ lu for some u € ®(F). Hence by Lemma 1.4 we get

[z,y]7 = [ze,y 'u] = [z,y] " mod ®(E).

P(E)

Figure 5.1

Since 7 centralizes C'/®(E) and [z,y] € C (note that S/C = p!*?), we deduce that
[z,y] =1 mod ®(E) and so the group P/®(FE) is abelian. Since S has sectional rank 3

and the group S/®(F) has exponent p by Lemma 4.20, we conclude that ®(F) = ®(P).

Case 2: suppose C' « P. Then E/®(E) = C/®(E) x (EN P)/P(E) and so (E N
P)/®(E) is an SLy(p)-module for O (Outz(E)). Suppose for a contradiction that ®(E) #
®(P). By Lemma 4.20 the group S has rank 3. Since P is F-essential, by Lemma 2.35

we have

®(P) < [S, S]B(P) < &(S).

Thus S/®(P) is non-abelian, P has rank 3 and ®(5) = ®(E)®(P). By Lemma 4.14, the

morphism 7 centralizes ®(FE). Hence it centralizes ®(S)/P(P).
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Let z € E\P and y € (ENP)\®(S). Then 27 = xu for some u € ®(S) and y7 =y~ v

for some v € ®(P). Therefore by Lemma 1.4 we get

[z,y]7 = [zu,y 0] = [z,y]"" mod ®(P).

Since [z, y] € ®(S), we deduce that [z,y] € ®(P) and so the group E/P(P) is abelian. In
particular (E'N P)/®(P) < Z(S/P(P)).

Since S/®(P) is non-abelian, we get (£ N P)®(P) = Z(S/®(P)) and since P is F-
characteristic in S, we deduce that (E'N P) chary S. Thus £ N P < corex(E) < C and

we get a contradiction. Therefore we have ®(E) = &(P). O

Proof of Theorem 19. Suppose that all the F-essential subgroups of S are normal in S.
Set Zg = Q1(Z(S)). Then Zg is F-characteristic in S and contained in every F-essential
subgroup of S. Since O,(F) = 1, by Lemma 2.28 there exists an F-essential subgroup P
of S such that Zg is not F-characteristic in P.

By Theorem 18 the group P has to be F-characteristic in S. Also, since O,(F) = 1,
there exists an JF-essential subgroup of S distinct from P.

Suppose that every F-essential subgroup of S distinct from P is not F-characteristic
in S and has rank 3. Then by Lemma 5.4 the group ®(P) is the Frattini subgroup of

every F-essential subgroup of S. Since O,(F) = 1, by Lemma 2.28 we get ®(P) = 1.
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Thus there is an elementary abelian F-essential subgroup of S that is normal in S but
not F-characteristic in S and by Lemma 5.3 we get O,(F) # 1, which is a contradiction.

Hence there exists an F-essential subgroup E of S, distinct from P, that is either
F-characteristic in S or has rank 2. Therefore S is isomorphic to a Sylow p-subgroup of
Sp4(p) (by Theorem 16 if E is F-characteristic in S and by Theorems 12 and 7 if E has
rank 2). O

Proof of Theorem 20. Note that the Sylow p-subgroups of the group Sp,(p) have sectional
rank 3.

« If S is isomorphic to a Sylow p-subgroup of Sp,(p) then S has maximal nilpotency
class. Also, the group Sy = Cg(Zy(95)) is abelian. Since O,(F) = 1, the group Sy, if
F-essential, cannot be the only F-essential subgroup of S (by Lemma 2.28). Thus
there exists an F-essential subgroup F of S distinct from S, and by Theorem 3 we

deduce that E is a pearl.

« If S is not isomorphic to a Sylow p-subgroup of Sp,(p), then by Theorem 19 there
exists a subgroup E of S not normal in S. Thus £ has rank 2 by Theorem 14 and

so it is a pearl by Theorem 12.

[]

Remark 5.5. As a consequence of Theorem 20, if p > 5, S has sectional rank 3, O,(F) =1
and S is not isomorphic to a Sylow p-subgroup of Sp,(p), then F is the simple exotic fusion
system described in Theorem 7.

If S is isomorphic to a Sylow p-subgroup of Sp,(p) and F is a simple fusion system
on S, then F is reduced (as defined in [AKO11, Definition II1.6.2]) and F is among the
fusion systems described in [Olil4] and [COS16].
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CHAPTER 6

CONCLUSION AND FUTURE PROJECTS

‘We shall not cease from exploration, and the end of all our exploring will be to arrive

where we started and know the place for the first time.’
[T. S. Eliot]

This work aimed to investigate the saturated fusion systems on p-groups of sectional
rank 3, for p odd. Let F be a saturated fusion system on a p-group S having sectional
rank 3. We showed that if O,(F) =1 and p > 5 then F contains a pearl and so either S
is isomorphic to a Sylow p-subgroup of the group Sp,(p) and F, if reduced, is one of the
fusion systems classified in [Olil4] and [COS16], or p = 7, S is isomorphic to a maximal
subgroup of the Sylow 7-subgroup of the group Go(7) and F is a simple exotic fusion
system completely determined by Inn(S), Outz(S) = Cg and Outxz(E) = SLy(7), where

E is an F-essential subgroup of S isomorphic to the group C; x Cj.

Let S be a 3-group of sectional rank 3 and let F be a saturated fusion system on S such
that O3(F) = 1. Since every F-essential subgroup of S of rank 2 is a pearl (Theorem
12), if S contains an F-essential subgroup of rank 2 then S is isomorphic to a Sylow

3-subgroup of the group Sp,(3) (Theorem 7).
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Suppose that all the F-essential subgroups of S have rank 3 (in particular S is not
isomorphic to a Sylow 3-subgroup of Sp,(3), that contains a pearl). Then by Theorem 19

there exists an F-essential subgroup of S that is not normal in S (and so |S| > 3%).

If there exists an F-essential subgroup E of S such that [E: corex(E)] = 3 and
corer(E) < S, then [S: E] < 3% (Theorem 4.30). In particular, if |S| > 3%, E =
C3 x C3 x C3 and coreg(F) = 1 then S is isomorphic to either a Sylow 3-subgroup of
the group PI'L3(64) or to the group indexed in Magma as SmallGroup(3°, 58) (that is

isomorphic to a maximal subgroup of a Sylow 3-subgroup of the group PI'L3(64)).

If every F-essential subgroup of S has index at most 3% in S then the results presented
in the Appendix (in particular Theorem C) show that |S| < 37 and the isomorphism type

of S can be determined using the computer program Magma.

The case in which the F-essential subgroups of S have arbitrary index in S is still open.
We know that if F < S is an F-essential subgroup of S having rank 3 and [S: E] > 33
then, if we set N? = Ng(Ng(E)) and N3 = Ng(N?), either the quotient group N?/®(FE) is
isomorphic to the group SmallGroup(3®, 53) or the quotient group N3 /®(E) is isomorphic
to a Sylow 3-subgroup of the group PT'L3(64) (Theorems 4.2 and 4.4). Examples of this
situations are given by the fusion categories of the groups Sl4(g) and PFLg(QSk) (with
g = 1 mod 3) on one of their Sylow 3-subgroups. In particular, neither the order of S

nor the index of the F-essential subgroups in S can be bound.
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The methodology developed in this thesis gives a general approach to the classification
of simple fusion systems on p-groups of small sectional rank. The natural continuation of
this project is the determination of the simple fusion systems on p-groups having sectional
rank 4, for p odd. We will start working on this project during a 6 months PostDoc at the

University of Aberdeen, supported by the LMS Postgraduate Mobility Grant 2016-2017.

One of the main differences between sectional rank 3 and sectional rank 4 groups is
that the automorphism group of F-essential subgroups of p-groups having sectional rank
4 can contain a subgroup isomorphic to the group SLy(p?). In particular, we can find
F-essential subgroups having index p? in their normalizer (note that this is in accordance

with Theorem 2.40).

In the fortuitous case in which the p-group S considered has sectional rank 4 and F
contains a pearl, then Theorems 2 and 4 assure that p # 3 and either p = 5 or S has order
at most p’. Moreover, if |S| < p® then either S contains an abelian subgroup of index p
(and F is one of the fusion systems studied in [Olil4] and [COS16]) or the isomorphism
type of S is known (Theorem 6). This gives a very good starting point to classify simple

fusion systems on p-groups having sectional rank 4 and containing pearls.

The classification of simple fusion systems containing pearls on p-groups of arbitrary
sectional rank, for p odd, is another subject that we wish to investigate, using the results

and the theory developed in Chapter 3.
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APPENDIX: SOME RESULTS FOR p =3

We present here some results about saturated fusion systems on 3-groups having sectional

rank 3, that might be used for future research projects.

Let p = 3, let S be a 3-group having sectional rank 3 and let F be a saturated fusion

system on S such that O3(F) = 1.

If all the F-essential subgroups of S are normal in S, then by Theorem 19 we conclude
that S is isomorphic to a Sylow 3-subgroup of the group Sp,(3).

If |S| = 3% and there exists an F-essential subgroup E of S not normal in S, then F
is a pearl and so by Theorem 7 the group S is isomorphic to a Sylow 3-subgroup of the
group Sp,(3).

If |S| > 3° then the situation is more complicated. As we saw in Chapter 4, there is
no hope to bound the order of S when p = 3. However, we can find a bound for |S] if all

the F-essential subgroups of S have index at most 32 in S.

Lemma A. Suppose p = 3 and all the F-essential subgroups of S have rank 3. Let
E,P < 8 be F-essential subgroups of S such that [S: E] = 3% and P < S. Set N! =
Ns(E). Then ®(N') = &(P).

Proof. By Theorems 4.2 and 4.4 we know that the group S = S/®(F) is isomorphic to the
group indexed in Magma as SmallGroup(3®, j), where j € {52,53} if [E: corer(F)| = 3?

and j € {56,57,58} otherwise. Using Magma we can also check that there exists a
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subgroup H < S of order 3 such that for every maximal subgroup M of S either ®(M) =
®(S) or (M) = H. Note that ®(E) < ®(S) < M for every maximal subgroup M of S.
Since S has sectional rank 3 we deduce that for every maximal subgroup M of S either
O(M) = ®(S) or ®(M) = H, where H < S is the preimage in S of H.

Note that the group N' has rank 3 by Lemma 4.20. In particular ®(N') < ®(S) and
so ®(N') = H. Since P is F-essential, by Lemma 2.35 we have ®(P) < ®(5). Therefore
®(P) = H = B(N). O

Theorem B. Suppose thatp = 3, O3(F) = 1 and that there exists an F -essential subgroup
E of S of rank 3 such that Zs < Zg and [S: E] = 3%. Set T = corex(E) and suppose
T # 1. Then E is abelian and

1. either T'= C3; or

2. ®(E) < T, T =Cy and there exists an F-essential subgroup P of S that is abelian

and F-characteristic in S and such that Qy(T') is not F-characteristic in P.
In particular |S| < 3°.

Proof. By Theorem 5.2 the group FE is abelian and so T is cyclic by Theorem 11. By
Lemmas 4.24 and 4.29 the group 7 is F-characteristic in S. Since [€,(T")| = 3 we conclude
that the group (7" is an F-characteristic subgroup of S contained in Z(.S), and so in
every J-centric subgroup of S. By Lemma 2.28, there exists an F-essential subgroup P
of S such that Q;(7") is not F-characteristic in P. In particular, no non-trivial subgroup
of T is F-characteristic in P. Set Tp = corer(P) and N! = Ng(E). Let C < E be

the preimage in £ of Cpje(p) (OF (Autz(E)) and let 7 be the F-automorphism of S that
0

—1
centralizes C'/®(F) and acts on E/C as ( 0 .

). Then 7 acts as —1 on S/N' and

centralizes T (by Lemma 4.14).

« Suppose [E: T] = 3%, Then by Lemma 4.23 and the fact that Zg < Zp we get
T < Z(S). Thus [S: Z(S)] = 3 which implies 3 < [S: P] < 32.
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Assume [S: P] = 32. Thus [P: Z(S)] = 3, P is abelian, Tp is cyclic by Theorem 11
and we have T'NTp = 1. Since P is not normal in S, we have Z(S)Tp < P and so
Tp < Z(S). Also, by Theorem 4.28(1) we deduce [P: Tp] = 3% From [Z(S): T] =3
we conclude Z(S) = TTp and so |T| = [Z(S): Tp| = 3.

Assume [S: P| = 3, so [P: Z(S)] = 3% If Z(P) = Z(S) then ®(T) = ®(Z(S)) = 1,
so |T'| = 3. Suppose Z(S) < Z(P). Then P is abelian. If there exists o € Autz(.S)
such that P # Pa, then Z(S) = PN Pa and [S: Z(S)] = 3%, that is a contradiction.
Thus P is F-characteristic in S and by Lemma A we have ®(N') = ®(P). Thus
O(P(P)) = ®(P(N')) = ®(®(T)) = 1. Therefore |T| < 32.

P

Py

Tp O(Py) = B(N1)

(1) = &(Z(5))
O(0(T)) = 2(2(N1))

Structure of S for [E: T] = 3% and P;, P, F-essential subgroups.

 Suppose [E: T] = 33. By Lemma 4.14 we have N! = ECx1(T). Since F is abelian
we conclude T' < Z(N?). Since 7 centralizes T' and inverts S/N! and T' < S, we can
show (using Lemma 1.4) that 7" < Z(S). By assumption Zg is not F-characteristic
in £. Therefore T" < Z(S) and by Theorem 4.28(1) we get [Z(S): T] = 3. Thus
[S:Z(S)] =3 and s0 3 < [S: P] < 33.
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Ps

P
Z(S) = d(N)

Tp, Tp

2

(T) = ®(2(5))

Structure of S for [E: T] = 3% and P;, P, P3 F-essential subgroups.

Assume [S: P] = 3%. Then P is abelian, Tp is cyclic and T NTp = 1. Since P is
not normal in S we have Z(S)Tp < P, and so Tp < Z(S). Therefore Z(S) = TTp
and since [P: Z(S)] = p, by Theorem 4.28(1) we get [P: Tp] = 3?. Hence |T| =
[Z(S): Tp] = 3.

Assume [S: P] = 3% If [P: Tp] = 3* then by Lemma 4.23 we have Tp = Z(S).
Hence ®(T') = ®(Z(S)) = ®(Tp) =1 and |T| = 3.

Suppose [P: Tp] = 33. By Lemma 4.28(1) we have [P: Z(S)Tp] > 3%, s0 Tp < Z(S5).
By maximality of T}, we have Z(S) < Z(P), so P is abelian and Tp is cyclic. Thus

T NTp =1 and since Z(S) = TT, we conclude |T| = 3.

Assume [S: P] = 3. Then P < S and by Lemma A we have ®(P) = ®(N'). Note
that ®(N') = Z(S). So ®(®(P)) = ®(Z(S)) = ®(T) =1 and |T| = 3.
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Theorem C. Suppose that p = 3, O3(F) = 1 and all the F-essential subgroups of S have
index at most 3% in S. Then |S| < 37.

Moreover, if |S| = 37 then there exists an F-characteristic F-essential subgroup P of
S such that Zg < Zp and ®(P(P)) = 1, and Zg = Zg for every F-essential subgroup E
of S distinct from P.

Proof. 1f there exists an F-essential subgroup of S having rank 2, then S contains a pearl
by Theorem 12 and |S| = 3* by Theorem 7.

Suppose that all the F-essential subgroups of S have rank 3. Since O3(F) = 1 there
exists an F-essential subgroup P of S such that Zg is not F-characteristic in P.

Case 1: suppose P is not F-characteristic in S. Then by Theorem 18 the group P
is not normal in S and by assumption we deduce [S: P] = 3%. Hence by Theorem B we
conclude |S| < 3°.

Case 2: suppose P is F-characteristic in S. Since O3(F) = 1, there exists an F-
essential subgroup E < § distinct from P. If E is F-characteristic in S then S is
isomorphic to a Sylow 3-subgroup of Sp,(3) by Theorem 16, and so |S| = 3%.

Suppose F is not F-characteristic in S. If £ < S then ®(E) = ®&(P) by Lemma 5.4
and if [S: E] = 32 then ®(Ng(F)) = ®(P) by Lemma A. Set T = corez(E). Then either
O(P(P)) = (T) or &(P(P)) = ®(P(T")). Therefore in any case the group ¢(P(P)) is
F-characteristic in £. Note that this holds for every F-essential subgroup of S not F-
characteristic in S. Since O3(F) = 1 we deduce that ®(®(P)) = 1. Hence |P| < 35 and

|S| < 37, with equality only if P is the only F-essential subgroup of S moving Zs. ]

We end this Appendix identifying the isomorphism type of S when p =3, O3(F) =1

and for every F-essential subgroup E of S we have [S: E] < 3%
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Lemma D. Suppose that p = 3, O3(F) = 1, |S| > 3* and all the F-essential subgroups of
S have rank 3 and index at most 3* in S. Let i € N be such that S = SmallGroup(|S|,i).
Then S has order at most 37 and if E < S is an F-essential subgroup of S not normal in

S and j € N is such that S/®(E) = SmallGroup(3°,j), then one of the following holds:
1.1S| =35, EXCyx Cy x Cy, j =i and i € {52,53,56,57,58).
2. |S| = 3% and one of the following holds:
(a) E = CoxCyxCy, [E: corer(E)] = 32, Zs < Zg and[j,4] € {[52,277], [53, 278]}.

(b)) E = CyxCyxCoy,|[E: corer(E) = 3% Zs < Zg and [j,1] is one of the following

(56, 183], [56, 210,
[57,184), [57, 212], [57, 281], [57, 356],

[58,182], [58, 214], [58, 282], [58, 355]

(c) E =312 x C3, corer(E) = Z(S) = C3 x Cs and [j,1] € {[53,394],[53,395]};

(d) E =312 0Cy, corer(E) = 7Z(S) = Cy and [j,1] = [53,397] (thus S isomorphic

to a mazimal subgroup of a Sylow 3-subgroup of the group SL4(19)).

(e) corer(E) = ®(F) =7(S) = C;z and [j,1] € {[58,411],[58,412],[58,413], [58,414]}.

3. |S| =37, B~ Cy x 3172, Z(S) = corer(E), there exists an F-essential subgroup P

of S that is F-characteristic in S and such that Zs < Zp, and

(CL) either Z(S) = C3 X Cg, P= Cg X Cg X Cg, 1€ {5402,5403} andj = 53,

(b) or Z(S) = C3 x Cs, j = 58 and there are 66 possibilities for i.

Also, when j € {52,53} there exists an abelian F-essential subgroup of S having index

3 in S and so F is among the fusion systems described in [COS16].
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Proof. By Theorem C we have |S| < 3". Let E be an F-essential subgroup F of S that
is not normal in S (whose existence is guaranteed by Theorem 5.2). By assumption we
have [S: E] = 3%

If ®(E) =1 then |S| = 3° and by Theorems 4.2 and 4.4 we deduce that the group S
is isomorphic to SmallGroup(3°,i) for i € {52,53,56,57,58}. In particular if i = 52 or
1 = b3 then there exists an abelian subgroup A of S having index 3 in .S and if A is not
F-essential then by [Olil4, Theorem 2.8] we have |Z(S)| = 3, that is false. Thus A is an

F-essential subgroup of S and F is among the fusion systems described in [COS16].
Set T = corer(E) and assume ®(F) # 1.
Case 1: suppose |S| = 3% Thus |®(F)| =3 and |E| = 3%.

Case la: suppose [E: T| = 3% and Zs < Zg. Then by Theorem B we have T = Cj,
E = C3 x C3 x Cy, and there exists a maximal subgroup A of S that is abelian. Also,
by Theorem 5.1 and Lemma 4.23 we have T' < Z(S) < E. From E = TQ;(F) (Lemma
4.18) we get Z(S) = C3 x Cy. Note that [E,Z5(S)] < Z(S) < E so Zy(S) < Ng(FE) and
S = Ng(Ng(F)) has nilpotency class 3.

We enter this information in Magma, recalling that S has sectional rank 3 and S/®(F)
is isomorphic to either SmallGroup(3®,52) or SmallGroup(3°, 53) (see Table 1). As output
we get [52,277] and [53,278].

Finally, if A is not F-essential then by [Olil4, Theorem 2.8] we have |Z(S)| = 3, that
is false. Thus A is an F-essential subgroup of S and F is among the fusion systems

described in [COS16].
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for j in [52,53] do
for i in [1..NumberOfSmallGroups(376)] do S:=SmallGroup(376,i);
if IsIsomorphic(Center(S), DirectProduct(CyclicGroup(3), CyclicGroup(9)))
eq true and NilpotencyClass(S) eq 3 and
M : M in MaximalSubgroups(S)| IsAbelian(M‘subgroup) eq true] ne 0O and
f[M : M in Subgroups(S) |
f(M‘subgroup/ FrattiniSubgroup(M‘subgroup)) ge 81] eq 0 and
f[C : C in Subgroups(Center(S))| fC‘subgroup eq 3 and
IsIsomorphic(S/C‘subgroup, SmallGroup(37~5,j)) eq true] ne O then
[j,1i];
end if; end for; end for;

Table 1

Case 1b: suppose [E: T] = 3% and Zs < Zg. Then by Theorem B we have Z(S) =
C3 x C3 and E = Cg x C3 x Cs. Also note that Zy(S) < Ng(E), so S has nilpotency
class at least 3. Moreover, the group S/®(F) is isomorphic to SmallGroup(3°, j), for

j € {56,57,58}. We enter this information in Magma to find the isomorphism type of S.

for j in [56,57, 58] do
for i in [1..Number0fSmallGroups(376)] do S:=SmallGroup(376,i);
if fCenter(S) eq 9 and NilpotencyClass(S) ge 3 and Exponent(Center(S)) eq 3
and f[E: E in Subgroups(S)| fE‘subgroup eq 81 and
IsAbelian(E‘subgroup) eq true and
FrattiniSubgroup (E‘subgroup) subset Center(S) and
IsIsomorphic(S/FrattiniSubgroup (E‘subgroup), SmallGroup(375,j)) eq true
and Centralizer(S,E‘subgroup) subset E‘subgroup and
fNormalizer (S,E‘subgroup) eq 3*fE‘subgroup] ne 0
and f[H : H in Subgroups(S) |
f(H¢subgroup/FrattiniSubgroup (H‘subgroup)) ge 81] eq O
then [j,1i];
end if; end for; end for;
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As output we get:

« [56,183], [56,210];

« [57,184],[57,212],[57,281], [57, 356];
« [58,182],[58,214], [58, 282], [58, 355].

Case 1c: assume [E: T| = 3% and Zg = Zg. Then Zg = T = C3. We use Magma to

identify the group S.

for j in [56,57,58] do
for i in [1..NumberOfSmallGroups(3~6)] do S:=SmallGroup(376,i);
if fOmega(Center(S),1) eq 3 and NilpotencyClass(S) ge 3 and
IsIsomorphic(S/Omegal(Center(S),1),SmallGroup(375,j)) eq true and
f[E: E in Subgroups(S)| (4E‘subgroup eq 81) and
Centralizer(S,E‘subgroup) subset E‘subgroup and
fNormalizer (S,E‘subgroup) eq 3+*fE‘subgroup] ne O and
f[H : H in Subgroups(S) |
f (Hsubgroup/FrattiniSubgroup (H‘subgroup)) ge 81] eq O then
(j,1i];

end if; end for;

As output we get
[58,411], [58,412], [58, 413], [58, 414].

Also, all the groups listed have center of order 3, so we have T' = Z(5).

Case 1d: assume [E: T| = 3% and Zg = Zg. Then by Theorem 5.1 we have Zg < T.
Also T' < Z(S) by Lemma 4.23 and F = Q;(E)T by Lemma 4.18, so we have T' = Z(S) =
Co.

Since O3(F) = 1, there exists an F-essential subgroup P < S such that Zg < Zp. If P

is not normal in S then [S: P] = 3? by assumption and so we are in one of the situations
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described above (with P in place of E). So we may assume that P is normal in S (and
the F-automorphism group of all non-normal essential subgroups of S normalizes Zg).
Hence by Theorem B we can assume that P is F-characteristic in S. Since the group
Ng(E)/Z(S) is not abelian by Lemma 4.16, we have Zy(S) < E. Thus Z3(S) < Ng(E)
and S has nilpotency class 4.

We enter this information in Magma, recalling that S has sectional rank 3 and S/®(E)

is isomorphic to either SmallGroup(3°, 52) or SmallGroup(3®,53).

for j in [52,53] do
for i in [1..504] do S:=SmallGroup(376,i);
if fCenter(S) eq 9 and
NilpotencyClass(S) eq 4 and
g[C : C in Subgroups(Center(S))| f#C‘subgroup eq 3 and
IsIsomorphic(S/C‘subgroup, SmallGroup(3~5,j)) eq true] ne O and
£[M : M in Subgroups(S)) |
§(M‘subgroup/FrattiniSubgroup(M‘subgroup)) ge 81] eq O then
(j,1i];

end if; end for; end for;

As output we get j = 53 and i € {394, 395, 396, 397,402, 403, 404, 405} .
Recall that ®(P) = ®(Ng(F)) by Lemma A. So TN ®(P) = ®(F). We can check

with Magma that if M is a maximal subgroup of S containing Z3(.S) then
o either |Z(M)| =9 (and so Z(M) = Z(95));
o ori € {394,395,396,397} and M is abelian;
e or i € {402,403,404, 405} and |Z(M)| = 27.

Since Zg < Zp, we deduce that either P is abelian or [P: Z(P)] = 3%. Suppose

for a contradiction that P is not abelian. In the second case, by Lemma 1.6 we have
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I[P, P]| = 3. So [P, P] <Z(S)N®(P)=d(E).

If there exists an F-essential subgroup @ < S such that [S: Q] = 3% and [Q: corer(Q)] =
33, then we are in the situation described at the previous point (with @ in place of E).
Thus we may assume that every F-essential subgroup of S not normal in S has F-core
of index 3% in it. Thus [P, P] is F-characteristic in every F-essential subgroup of S
not normal in S. If @ < S is F-essential then ®(Q) = ®(P) by Lemma 5.4 and so
[P, P] = ®(Q) NZ(S) is F-characteristic in (). Hence we conclude that [P, P] < F,
contradicting the fact that O3(F) = 1.

Therefore the group P has to be abelian and i € {394, 395, 396, 397}.

Also, since [E: (ENP)] =3,5 = EP and [E: Z(S)] = 3%, we deduce that ENP # Z(95)
and so E is non abelian. Thus £ = 317 x Cy if Z(S) = C3 x C3 and E = 312 0 Cy if
Z(S) = Cy. Using Magma we can check the exponent of the center of S and the order of

the group Q (M), for every maximal subgroup M of S containing the group Z3(S5).

for i in [394, 395, 396, 397] do S:=SmallGroup(376,i);
Exponent (Center(S));
[fOmega (M‘subgroup,1) : M in MaximalSubgroups(S) |

UpperCentralSeries(S) [4] subset M‘subgroup];

end for;

Output:

3, [243, 27, 27, 27]

3, [243, 243, 243, 27]

3, [27, 27, 27, 27]

9, [243, 243, 243, 27]

Note that if the center of S has exponent 3 then E = Q,(E)T = Q;(E)Z(S) = 4 (F)
and by the maximality of T" we deduce Q;(Ng(F)) = Ng(F). Thus Ng(FE) is a maximal
subgroup of S containing Z3(S) and such that |Q;(Ng(E))| = 3°. In particular i # 396.
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Case 2: suppose |S| = 37. Then by Theorem C there exists an F-characteristic F-
essential subgroup P of S such that Zg < Zp and ®(®(P)) = 1 and Zg = Z for every
F-essential subgroup @ distinct from P. In particular Zg = Zg. Also, T is not cyclic
(look at the proof of Theorem C).

Case 2a: suppose [E: T] = 3%. Then Z(S)T < ®(N') and since ®(N') is elementary
abelian we deduce that 7" and Z(S) are elementary abelian and so Z(S) = Zg < T. So
T = C3 x Cyand Z(S) < T. Also, if V = [E,OF (Aut(E))]T, then by Lemma 4.18 we
get V3 =T3 =1. So V has exponent 3 and [Q1(S)| > |V| = 3*.

Recall that the quotient S/®(FE) is isomorphic to the group SmallGroup(35,j), for
j € {56,57,58}. Using Magma we can prove that indeed Z(S) = T, that the quotient
S/7(S) is isomorphic to the group SmallGroup(3°, 58) and that there are 154 possibilities

for the isomorphism type of S.

for j in [56,57,58] do
for i in [1..Number0fSmallGroups(3~7)] do S:=SmallGroup(377,i);
if fCenter(S) le 9 and
Exponent (Center(S)) eq 3 and
NilpotencyClass(S) ge 4 and
i0mega(S,1) ge 374 and
£[M : M in Subgroups(S)) |
#(M‘subgroup/FrattiniSubgroup(M‘subgroup) ) ge 81] eq 0 and;
#[C : C in NormalSubgroups(S)| C‘subgroup subset FrattiniSubgroup(S)
and fC‘subgroup eq 9 and
IsIsomorphic(S/C‘subgroup, SmallGroup(3~5,j)) eq truel] ne O and
#[P : P in MaximalSubgroups(S) |
fFrattiniSubgroup (FrattiniSubgroup (P ‘subgroup)) eq 1] ne 0 then
(i, i1;
end if; end for; end for;

Since T' = Z(S), we can prove that Z(E) is the preimage in E of Cp/r(O* (Outz(E))

and so |Z(FE)| = 3%. We now determine the isomorphism type of E.

xxxii



for i in [1..Number0fSmallGroups(3°5)] do E:=SmallGroup(375,i);
if fCenter(E) eq 27 and
Exponent (FrattiniSubgroup(E)) eq 3 and
f(FrattiniSubgroup(E)) eq 9 and
i0mega(E,1) ge 374 then

i; end for; end for;

Output: [32, 35]

We now impose that S has a subgroup E that contains its centralizer in S, is isomorphic
to the group SmallGroup(3°, k), for k € {32,35}, and such that S/®(F) is isomorphic
to SmallGroup(3°,58). Out of the 154 possibilities for S calculated before, 66 of them

satisfy this condition, and only for & = 35. Thus F = SmallGroup(3°, 35) = 3172 x Cj.

Case 2b: suppose that [E: T] = 3%. Then Zg < T < Z(S) by Lemmas 4.23 and 5.1.
Also, E = Q,(E)T by Lemma 4.18. Therefore we conclude that 7" = Z(S). finally, since
|S| = 37 and ®(®(T)) = 1 we conclude T' = Z(S) = C3 x Cy. Thus by Theorem 13 we
have E = 332 x Cy. Also, by what we proved above, all the F-essential subgroups of S
distinct from P have F-core of index 3% in them. Since E® = T° and Q;(Ng(E)) £ E by
Lemma 4.18, we deduce that |Q;(S)| > Q. (Ns(E))| > [ (F)] > 3%

If P is not abelian, then [Z(P): Z(S)] = 3 and so Z(P) < Zy(S) < E. Thus Z(P) =
Z5(S) and ®(Z(P)) = P(Z(S)). Since O3(F) = 1 and Z(S) = corex(Q) for every essential
subgroup @ of S, we get ®(Z(S)) = 1, that is a contradiction. Thus if there exists an
essential subgroup F of S such that [E: corer(FE)] = 3? then the group P is abelian.

Recall that the quotient S/®(E) is isomorphic to the group SmallGroup(35, j), for
j € {52,53}. We enter the information in Magma to determine the isomorphism type of

the 3-group S.
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for j in [52, 53] do
for i in [1..NumberO0fSmallGroups(3~7)] do S:=SmallGroup(3~7,i);
if fCenter(S) eq 27 and
Exponent (Center(S)) eq 9 and
NilpotencyClass(S) eq 4 and
fO0mega(S,1) ge 374 and
M : M in Subgroups(S) |
#(M‘subgroup/FrattiniSubgroup(M‘subgroup)) ge 81l]leq 0 and
g[C : C in Subgroups(Center(S)) | fC‘subgroup eq 9 and
IsIsomorphic(S/C‘subgroup, SmallGroup(375,j)) eq true] ne O and
#[P : P in MaximalSubgroups(S))| IsAbelian(P‘subgroup) eq true
and fFrattiniSubgroup(FrattiniSubgroup(P‘subgroup)) eq 1] ne O then
(i, il;
end if;

end for; end for;

As output we get [53,5402], [53, 5403]. In particular the quotient S/®(E) is isomorphic

to the group SmallGroup(3°, 53). O]

XXXV



[AF90]

[AKO11]

[Alp67]

[Asc08]

[Ber08]

[BH97]

[BLOO3]

[BLOO06]

[COS16]

[CP10]

[Crall]

REFERENCES

J. L. Alperin and P. Fong. Weights for symmetric and general linear groups. J.
Algebra, 131(1), 1990.

Michael Aschbacher, Radha Kessar, and Bob Oliver. Fusion systems in algebra
and topology, volume 391 of London Mathematical Society Lecture Note Series.
Cambridge University Press, Cambridge, 2011.

J. L. Alperin. Sylow intersections and fusion. J. Algebra, 6:222-241, 1967.

Michael Aschbacher. Normal subsystems of fusion systems. Proc. Lond. Math.
Soc. (8), 97(1):239-271, 2008.

Yakov Berkovich. Groups of prime power order. Vol. 1, volume 46 of de Gruyter
Expositions in Mathematics. Walter de Gruyter GmbH & Co. KG, Berlin, 2008.
With a foreword by Zvonimir Janko.

N. Blackburn and L. Héthelyi. Some further properties of soft subgroups. Arch.
Math., 69:365-371, 1997.

Carles Broto, Ran Levi, and Bob Oliver. The homotopy theory of fusion sys-
tems. J. Amer. Math. Soc., 16(4):779-856, 2003.

Carles Broto, Ran Levi, and Bob Oliver. A geometric construction of saturated
fusion systems. In An alpine anthology of homotopy theory, volume 399 of
Contemp. Math., pages 11-40. Amer. Math. Soc., Providence, RI, 2006.

David Craven, Bob Oliver, and Jason Semeraro. Reduced fu-

sion systems over p-groups with abelian subgroup of index p: 1L
https://arziv.org/pdf/1606.05133.pdf, 2016.

Murray Clelland and Christopher Parker. Two families of exotic fusion systems.
J. Algebra, 323(2):287-304, 2010.

David A. Craven. The theory of fusion systems, volume 131 of Cambridge
Studies in Advanced Mathematics. Cambridge University Press, Cambridge,
2011. An algebraic approach.

XXXV



[DGS85] A. Delgado, D. Goldschmidt, and B. Stellmacher. Groups and graphs: new
results and methods, volume 6 of DMV Seminar. Birkhéuser Verlag, Basel,
1985. With a preface by the authors and Bernd Fischer.

[DRV07] Antonio Diaz, Albert Ruiz, and Antonio Viruel. All p-local finite groups of rank
two for odd prime p. Trans. Amer. Math. Soc., 359(4):1725-1764 (electronic),
2007.

[GLS98] Daniel Gorenstein, Richard Lyons, and Ronald Solomon. The classification of
the finite simple groups. Number 3. Part I. Chapter A, volume 40 of Mathemat-
ical Surveys and Monographs. American Mathematical Society, Providence, R1I,
1998. Almost simple K-groups.

[Gol70] David M. Goldschmidt. A conjugation family for finite groups. J. Algebra,
16:138-142, 1970.

[Gor80] Daniel Gorenstein. Finite groups. Chelsea Publishing Co., New York, second
edition, 1980.

[Hét84] L. Héthelyi. Soft subgroups of p-groups. Ann. Univ. Sci. Budapest. Eétvos Sect.
Math., 27:81-85 (1985), 1984.

[Hét90] L. Héthelyi. On subgroups of p-groups having soft subgroups. J. London Math.
Soc. (2), 41(3):425-437, 1990.

[HSZ17] L. Héthelyi, M Szoke, and A. Zalesski. On p-stablility in groups and fusion
systems. 2017.

[Hup67] B. Huppert. Endliche Gruppen. I. Die Grundlehren der Mathematischen Wis-
senschaften, Band 134. Springer-Verlag, Berlin-New York, 1967.

[KS04] Hans Kurzweil and Bernd Stellmacher. The theory of finite groups. Universitext.
Springer-Verlag, New York, 2004. An introduction, Translated from the 1998
German original.

[LGMO02] C. R. Leedham-Green and S. McKay. The structure of groups of prime power
order, volume 27 of London Mathematical Society Monographs. New Series.
Oxford University Press, Oxford, 2002. Oxford Science Publications.

[Nil79] Richard Niles. Pushing-up in finite groups. J. Algebra, 57(1):26-63, 1979.

[Olil4] Bob Oliver. Simple fusion systems over p-groups with abelian subgroup of index
p: L. J. Algebra, 398:527-541, 2014.

[01i16] Bob Oliver. Reduced fusion systems over 2-groups of sectional rank at most 4.
Mem. Amer. Math. Soc., 239(1131):v+100, 2016.

XXXV



[PRO2]

[PS15]

[PS16]

[Pui06]

[R.06]

[RS09]

[RVO4]

[Sam14]

[Ste86]

Christopher Parker and Peter Rowley. Symplectic amalgams. Springer Mono-
graphs in Mathematics. Springer-Verlag London, Ltd., London, 2002.

Chris Parker and Gernot Stroth. A family of fusion systems related to the
groups Sp,(p®) and Go(p®). Arch. Math. (Basel), 104(4):311-323, 2015.

Chris Parker and Jason Semeraro. Fusion systems over a Sylow p-subgroup of
Go(p). hitps://arxiv.org/pdf/1608.08399.pdf, 2016.

Lluis Puig. Frobenius categories. J. Algebra, 303(1):309-357, 2006.

Stancu R. Control of fusion in fusion systems. J. Algebra Appl., 5:817-837,
2006.

K. Roberts and S. Shpectorov. On the definition of saturated fusion systems.
J. Group Theory, 12(5):679-687, 2009.

Albert Ruiz and Antonio Viruel. The classification of p-local finite groups over
the extraspecial group of order p* and exponent p. Math. Z., 248(1):45-65,
2004.

Benjamin Sambale. Blocks of finite groups and their invariants, volume 2127 of
Lecture Notes in Mathematics. Springer, Cham, 2014.

Bernd Stellmacher. Pushing up. Arch. Math. (Basel), 46(1):8-17, 1986.

XXXVil





