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Abstract

In most stochastic dynamical systems which describe process in engineering,
physics and economics, stochastic components and random noise are often in-
volved. Stochastic effects of these models are often used to capture the uncer-
tainty about the operating systems. Motivated by the development of analysis
and theory of stochastic processes, as well as the studies of natural sciences, the
theory of stochastic differential equations in infinite dimensional spaces evolves
gradually into a branch of modern analysis. In the analysis of such systems, we
want to investigate their stabilities.

This thesis is mainly concerned about the studies of the stability property of
stochastic differential equations in infinite dimensional spaces, mainly in Hilbert
spaces. Chapter 1 is an overview of the studies. In Chapter 2, we recall basic
notations, definitions and preliminaries, especially those on stochastic integration
and stochastic differential equations in infinite dimensional spaces. In this way,
such notions as ()-Wiener processes, stochastic integrals, mild solutions will be
reviewed. We also introduce the concepts of several types of stability. In Chapter
3, we are mainly concerned about the moment exponential stability of neutral
impulsive stochastic delay partial differential equations with Poisson jumps. By
employing the fixed point theorem, the p-th moment exponential stability of
mild solutions to system is obtained. In Chapter 4, we firstly attempt to recall
an impulsive-integral inequality by considering impulsive effects in stochastic sys-
tems. Then we define an attracting set and study the exponential stability of mild

solutions to impulsive neutral stochastic delay partial differential equations with



Poisson jumps by employing impulsive-integral inequality. Chapter 5 investigates
p-th moment exponential stability and almost sure asymptotic behaviours of mild
solutions to stochastic delay integro-differential equations. Finally in Chapter 6,
we study the exponential stability of neutral impulsive stochastic delay partial

differential equations driven by a fractional Brownian motion.
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Notations

[l end of proof

= equality of definition

Xy the indictor function

R real field of real numbers

C complex field of complex numbers

R+ nonnegative real numbers

ReA real part of A € C

A linear operator

D(A) domain of A

R(A) range of A

B(X) Borel o-filed of X

L(X) the set of all bounded linear operators on X

L(X,Y) the set of all bounded linear operators from X into Y
L1(X,Y) the set of all nuclear operators from X into Y
Lo(X,Y) the set of all Hilbert-Schmidt operators from X into YV
C(X,Y) the set of all continuous functions from X to Y
D(X,Y) the set of all cadlag functions from X to Y
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Chapter 1

Introduction

This thesis mainly works on the stability of stochastic differential equations in
infinite dimensional spaces. We attempt to investigate stability properties such as
asymptotic stability, mean square exponential stability, p-th moment exponential
stability and almost sure exponential stability. We concentrate on various types
of stochastic differential equations such as neutral stochastic functional partial
equations with Poisson point processes and delays, stochastic integro-differential
equations and impulsive delay neutral stochastic partial differential equations
driven by a fractional Brownian motion.

In Chapter 2, we recall some standard concepts of the theory of stochas-
tic differential equations in infinite dimensional spaces. In this chapter, we
firstly introduce some basic definitions and preliminaries in functional analysis
and Hilbert spaces valued stochastic differential equations, such as )-Wiener
processes, stochastic integral with respect to Wiener processes, jump processes,
stochastic integral with respect to Poisson random measures. We also introduce
mild solutions of stochastic differential equations and various types of stabilities.
The required knowledge of this chapter is necessarily presented in order to help
readers to understand the following chapters. Moreover, some of important math-
ematical tools are given in this chapter. The main source of reference of this thesis

are based on the books Da Prato and Zabczyk [42], Kreyszig [67], Liu [80] and



Pazy [109]. As for applications of semigroup approaches to infinite dimensional
stochastic systems, the variational method can be found in many literatures such
as Chow [33], Métivier [100].

Stochastic partial differential equations driven by Wiener processes have been
studied by many researchers. To the best of my knowledge, there have not been
much studies of stochastic delayed partial differential equations with Jump pro-
cesses and impulsive effects. The classical technique applied in the studies of
stability of stochastic differential equations is based on a stochastic version of
Lyapunov’s method. However, it may be difficult to apply Lyapunov’s direct
method to specific issues on exponential stability of mild solutions of delayed
stochastic differential equations. It is worth pointing out that Luo [?] employed
the fixed point theory to study the exponential stability of mild solutions in
stochastic systems, where the conditions do not require the boundedness of de-
lays. Cui, Yan and Sun [36] proved the existence and exponential stability in
mean square of mild solutions for a class of neutral partial differential equations
with delays and Poisson jump. In Chapter 3, we are concerned about the sta-
bility of mild solutions to impulsive neutral stochastic partial delay differential
equations driven by Poisson point process. In this class of equations, we do not
only consider delay effects, but also the impulsive effects will be investigated.

When one talks about stability, or stability in the sense of Lyapunov, it is
enough to investigate the stability problem for the null solution of some rele-
vant systems. In Chapter 4, we firstly recall an impulsive-integral inequality
which takes impulsive effects into account in our system. By using the impulsive-
integral inequality, we obtain an attracting set of neutral stochastic partial dif-
ferential equations with delays driven by Poisson point process. Moreover, we
investigate the sufficient conditions for the p-th moment exponential stability of
mild solutions of systems under investigation.

Caraballo and Liu [26] established the exponential stability of mild solutions



of stochastic partial differential equations with delays by using the Gronwall in-
equality. Mao [96] discussed the stability of solutions of finite dimensional spaces
valued stochastic differential equations by employing the same method in his
book. We refer the reader to [96] for more details. In many applications, due to
the complex random nature of situation, the stochastic problems could be for-
mulated as some integro-differential systems. Recently, the existence, uniqueness
and stability of integro-differential equations have been considered by some in-
vestigators, such as Diop and his cooperators [48], [49], [47], [50]. In Chapter 5,
we are interested in the moment and almost sure stability properties of stochas-
tic integro-differential equations with delays. We assume that the linear part of
the system under consideration has a resolvent operator which has been given by
Grimmer[54]. For more details on resolvent operators, we refer readers to [54]
and [55]. In order to obtain sufficient conditions for the exponential stability
of solutions of stochastic differential equations with delays, we shall employ a
technique which has been developed by Caraballo [20].

We would like to mention that the theory for stochastic differential equations
driven by a fractional Brownian motion (fBm) has recently been discussed inten-
sively. The case of finite-dimensional equations driven by a fBm has been studied
by many researchers such as Neuenkirch (2008), Boufoussi and Hajji (2011), Leon
and Tindel (2012) and many others. The case of Hilbert spaces valued stochastic
equalitions driven by a fBm has been studied by Caraballo and his cooperators
[21]. They investigated the existence and uniqueness of mild solutions to stochas-
tic differential equations driven by a fBm by using Lyapunov’s method. Shortly,
Boufoussi and Hajji [12] studied neutral stochastic functional differential equa-
tions with finite delay driven by a fBm in a Hilbert space. In Chapter 6, we shall
study the stability of neutral stochastic functional differential equations driven
by a fBm. In most of the work, finite delay is considered. This work is based on

the one of Boufoussi and Hajji [12]. The difficulty in our work is the inclusion of



impulsive effects and infinite delay in our system.

Finally, a conclusion chapter of this thesis is presented in Chapter 7.



Chapter 2

Stochastic Differential Equations

in Infinite Dimensions

This thesis deals with stochastic differential equations with delay in infinite di-
mensional spaces. More specifically, we study solutions of stochastic differential
equations, in which we are especially interested in stability of stochastic systems.

This chapter is devoted to the background knowledge in regard to the con-
cepts of stochastic integrals and stochastic differential equations. We shall study
stochastic differential equations driven by Wiener processes or Poisson processes.
Firstly, we introduce some basic definitions and preliminaries from stochastic
analysis in Section 2.1. In Section 2.2, we define Hilbert space valued Wiener
processes and stochastic integrals with respect to them. The aim of Section 2.3 is
to introduce jump processes and stochastic integrals with respect to compensated
Poisson random measures. We shall deal with these equations which are driven
by jump processes. In Section 2.4, we start from the definitions of strong and
mild solutions of stochastic differential equations and establish their properties.
At the end, we give some concepts of different stabilities of stochastic systems in
Section 2.5. The material of this chapter is standard. The book, Liu [80] con-
tributes to the development of this thesis as the main source of reference and we

refer the reader to the books: Da Prato and Zabzcyk [42], Mao [96], Pazy [109]



for more details. Proofs of the results presented in this chapter will not be given

as they are available in the existing literature (c.f. Section 2.6).

2.1 Notations, Definitions and Preliminaries

Let H and K be two real separable Hilbert spaces with norms and their inner
products denoted by (H, || - |lg), (K, - |lx) and (-, ")k, (-,-)u respectively. We
denote by L(K, H) the set of all linear bounded operators from K — H, equipped
with the usual operator norm || -[|. In this thesis, we use the symbol || -|| to denote
norms of operators regardless of the spaces potentially involved when no confusion
possibly arises. The set L(K, H) is a linear space and equipped with the operator
norm. It becomes a Banach space. Unfortunately, if both the spaces K and H
are infinite dimensional, the space L(K, H) is not generally separable. A direct
consequence of this inseparability is that the usual Bochner’s integral definition
cannot be applied to L(K, H)-valued random variables. We denote by K* and

H* the dual space of K and H respectively.

Definition 2.1.1. (Nuclear operator or compact operator) An element
A e L(K, H) is said to be a nuclear operator (or compact operator) if there exist

two sequences {a;} C H, {b;} C K* such that
> lagll - llbsll < oo, (2.1.1)
j=1

and A has the representation

Az = ajbi(x), z€K. (2.1.2)

j=1
The space of all nuclear operators from K into H, endowed with the norm
[All 2y (rc.ry = inf { D llagll - [1b]| = Az = ajbj(l‘)}, (2.1.3)
j=1 j=1

is a Banach space, and will be denoted by £,(K, H).



Let H be a separable Hilbert space and {e;} be a complete orthonormal
system in H. If A€ £,(H, H), then we define trace of A by

TrA=> (Aej e;) (2.1.4)
j=1
(c.f. Da Prato and Zabczyk (1992), Appendix C).
Definition 2.1.2. (Hilbert-Schmidt operator) Let K and H be two separable

Hilbert spaces with complete orhonormal bases {e;} C K, {f;} € H. A linear
bounded operator A : K — H is called Hilbert-Schmidt if

> [l Aeg]* < oo (2.1.5)
k=1

It may be shown the sum (2.1.5) is independent of the basis {e;}. We define a

Hilbert-Schmidt operator norm by

Al = < > ||Aek||2) | (2.16)

Since
Dl Ae® = ZZ [{Aex, f)I* = Z 1A* £311%, (2.1.7)
k=1 k=1 j=1
thus, [[Allz, = |47z,
(c.f. Da Prato and Zabczyk (1992), Appendix C).
One checks easily that the set Lo( K, H) of all Hilbert-Schmidt operators from
K into H, equipped with the norm (2.1.6), is a separable Hilbert space, with the

inner product
= (Ser, Aey), ST € Lo(K, H), {e;} CK. (2.1.8)
k=1

Let A: D(A) € X — X be a linear operator on a Banach space X. The
resolvent set p(A) of A is a set of all complex numbers A € C such that (A\[ —A)~!
exists and (A\[—A)~! € L(X) where [ is the identity operator on X. For A € p(A),

we write R(\, A) = (A — A)~! and it is called the resolvent operator of A. The

7



spectrum of A is defined to be o(A) = C\ p(A). It may be shown that the

resolvent set p(A) is open in C.
Definition 2.1.3. Let A be a linear operator on Banach space X. Define

(i) 0,(A) = {\ € C: M — A is not injective}, and 0,(A) is called the point
spectrum of A. Moreover, each X € 0,(A) is called the eigenvalue, and each
nonzero x € D(A) satisfying (A — A)z = 0 is called the eigenvector of A

corresponding to A.

(i) 0.(A) = {\ € C: Al — A is injective, R(A] — A) # X and R(\] — A) =

X}, and 0.(A) is called the continuous spectrum of A.

(iii) 0,.(A) = {X € C: AI — A is injective and R(A] — A) # X}, and 0,(A) is

called the residual spectrum of A.

From this definition, it is immediate that 0,(A), o0.(A) and 0,(A) are mutually
exclusive and their union is o(A). If A is self-adjoint, we have 0,.(A) = . Note
that if dim X < oo, all the linear operators A on X are compact and in this case
0(A) = 0,(A), a fact which is extendable to any compact operators in infinite

dimensional spaces.

Theorem 2.1.1. Let X be a Banach space. If A € L(X) is compact, then
(i) 0 € o(A);
(i) o(A)N\{0} = {X: A #0, X is eigenvalue of A};

(iii) one of the following cases holds:

(a) o(A) = {0},
(b) a(A)\{0} is a finite set,

(c) a(A)\{0} is a sequence with the only possible point of accumulation 0.



In this thesis, we shall employ the theory of linear semigroups which usually
allows a uniform treatment of many systems such as some parabolic, hyperbolic

and delay equations.

Definition 2.1.4. A strongly continuous or Cy-semigroup S(t) € L(X), t > 0,
on a Banach space X is a family of bounded linear operators S(t) : X — X, ¢ > 0,
satisfying:

(i) S(0)z =z for all z € X

(i) S(t+s) = S(t)S(s) for all t,s > 0;

(iii) S(t) is strongly continuous, i.e., for any = € X, S(-)x : [0,00) — X is

continuous.

For any Cp-semigroup S(¢) on X, there exist constants M > 1 and u € R

such that
I1S@)|| < Me, ¢ >0. (2.1.9)

In particular, the semigroup S(t) is called (uniformly) bounded if ||S(t)|| < M
for all ¢ > 0. The semigroup S(t), t > 0, is called norm continuous if the map
t — S(t) is continuous from (0,00) to £(X). If M =1 in (2.1.9), the semigroup
S(t), t >0, is called a pseudo-contraction Cy-semigroup, and if further g = 0, it
is called a contraction Cy-semigroup.

In association with the Cy-semigroup S(t), we may define a linear operator

A:D(A) C X — X by

D(A) = {x € X :lim T exists in X},

Az = lim S(t)x — S(0)x

i ; , x € D(A).

The operator A is called the infinitesimal generator, or simply generator, of
the semigroup {S(t)};>o which is frequently written as !4, ¢ > 0, in this thesis.

It may be shown that A is densely defined and closed.

9



Theorem 2.1.2. (Hille-Yosida Theorem) Let X be a Banach space and A :

D(A) € X — X be a linear operator. Then the following are equivalent:

(i) A generates a Cy-semigroup e*, t > 0, on X such that (2.1.9) holds for

some M > 1 and p € R.

(ii) A is densely defined, closed and there exist constants up € R, M > 1 such
that p(A) D {\ € C: Re\ > pu} and

M

[R(A, A)"[| < (Re)\——u)”

(2.1.10)

for anyn € Ny, Rel > pu.

Furthermore, we review some specific types of Cy-semigroups with delicate

properties.

Definition 2.1.5. Let e'4, ¢ > 0, be a Cy-semigroup on a Banach space X with

the generator A: D(A) C X — X.

(i) The semigroup e*4, ¢ > 0, is called (eventually) compact if there exists

r > 0 such that et € £(X) is compact for any t € (1, 00).

(ii) The semigroup e, t > 0, is called analytic if it admits an extension e*4

on z € Ay :={z € C: |argz| < 6} for some 6 € (0, 7], such that z — e*4 is

analytic on Ay and satisfies:

(a) etz = ende24 for any 2, 2y € Ay;

(b) lima, 5.0 |6z — z||x =0 for all z € X and 0 < 6 < 6.

Moreover, we define fractional powers of certain unbounded linear operators
and study some of their properties which will play an important role in this thesis.
We concentrate mainly on fractional powers if operators A for which —A is the
infinitesimal generator of an exponentially stable analytic semigroup. The results
of this section will be used on the study of solutions of semilinear initial value

problems.

10



Theorem 2.1.3. Let S(t) = 4, t > 0, be a Cy-semigroup with generator A on
X. The semigroup e, t > 0, is analytic if there exists M > 0 and p € R such

that

p(A) D{A: ReX > pu} and ||R(M A) for all ReX > p.

<M
1+ |l

Assume that A generates an exponentially stable analytic semigroup and the
spectrum of A lies entirely in the (open) left half-plane. For any 5 € (0, 1), we
define

1
—A) P =——— [ XBN+ A)td\ 2.1.11

where I is a curve from ocoe™ to ooe®, 0 € (7/2,7/2 + 6) for some & > 0, such
that the spectrum of —A lies to the right and the origin lies to the left of I". It

can be shown that (—A)~” is bounded and one-to-one. The inverse (—A)” of

(—A)~7 is called fractional power of —A with domain D((—A)?).
Lemma 2.1.1. There exists a constant C such that

I(=A) P <C  for0<B<L (2.1.12)

Proof. The proof can be found in Lemma 6.3, Pazy [109]. a

Theorem 2.1.4. Let A be the infinitesimal generator of an exponentially stable

analytic semigroup S(t). For any 0 < § < 1, the following equality holds:
(a) S(t): X — D((—A)?) for every t >0 and a > 0.

(b) For every x € D((—A)?) we have

S(t)(—A)x = (—A)PS(t)x. (2.1.13)

(¢c) For every t > 0 the operator (—A)PS(t) is bounded. There exist numbers
Mpg > 0 such that

I(=A)’S()|| < Mgt=Pe" (2.1.14)

11



(d) Let 0 < 8 <1, and x € D((—A)?) then
IStz — 2|l < Cat™[[(=A)zll, ¢ >0, (2.1.15)

where Czg > 0 s a constant dependent on 3.

Proof. The proof can be found in Theorem 6.13, Pazy [109]. O
A fized point of a mapping T : X — X of a complete space X into itself is an

x € X which is mapped onto itself, that is
Tx =x.

The Banach fixed point theorem plays an important role as a source of exis-
tence and uniqueness theorems in different branches of analysis. In this way the
theorem provides an impressive illustration of the unifying power of functional
analytic methods and usefulness of fixed point theorems in analysis.

The Banach fixed point theorem, sometimes, called contraction theorem, con-
cerns certain contraction mappings from a complete metric space into itself. It
gives sufficient conditions for the existence and uniqueness of a fixed point. The
theorem also gives an iterative process by which we can obtain approximations

to the fixed point.

Definition 2.1.6. (Contraction) Let X = (X, d) be a complete metric space.
A mapping T : X — X is called a contraction on X if there is a positive real

number o < 1 such that for all z,y € X
d(Tz,Ty) < ad(x,y), a<1. (2.1.16)

Geometrically, this means that any points x and y have images that are closer
together that those points z and y. More precisely, the ratio d(Tz, Ty)/d(z,y)

does not exceed a constant a which is strictly less than 1.

Theorem 2.1.5. (Banach Fixed Point Theorem) Consider a metric space

X = (X,d), where X # &. Suppose that X is complete and let T': X — X be a

12



contraction on X. Then T has a unique fixed point.

Let (X,S,m) be a measurable space and 1 < p < oo. The collection of

all measurable functions f(-) for which || f(-)||P is integrable will be denoted by

0 ={ 1+ [ I@lrmin < oo},

Then L'(X) is the space of all Lebesgue integrable functions on X. The space

LP(X), that is

LP(X) is a Banach space. If 1 <p < oo, f, g € LP(X) and o, € R then
(a). af +Bg € LP(X);

(b). [[f1lp = 0;

(©)- llefllp = lel [l F1lp-

Theorem 2.1.6. (Holder’s Inequality) Let 1 < p < 0o and 1 < ¢ < o0
be real values, such that % +% = 1. If f() € LP(X) and g(-) € LX) then

f()g(-) € LY(X) and

[ W@l < ([ 1 dx)l/p-( / Hg<x>uqm<dx>)l/q

= £ @)pllg(@)]lq-
(2.1.17)

In particular, if p = ¢ = 2, Holder’s inequality is the so-called Schwarz’s inequal-
ity.
Theorem 2.1.7. (Minikowski’s Inequality) Let 1 < p < co. Then for every

pair f,g € LP,

1F+ gl < 171+ llgllp- (2.1.18)

A measurable space is a pair (€2, F) where €2 is a set and F is a o-field, also
called a g-algebra, of subsets of ). This means that the family F contains the set

Q) and is closed under the operation of taking complements and countable unions

13



of its elements. If (Q2, F) and (S5,S) are two measurable spaces, then a mapping
¢ from Q into S such that the set {w € Q: {(w) € A} = {& € A} belongs to F for
arbitrary A € S is called a random variable from (2, F) into (5,S). A random
variable is called simple if it takes on only a finite number of values. In this
thesis, we shall only be concerned with the case where S is a complete, separable
metric space. Then we always take S = B(S), the Borel o-field of S which is the
smallest o-field containing all closed (or open) subsets of S. If S is a separable
Banach, we shall denote its norm by || - ||s and its topological dual by S*.

A probability measure on a measurable space (€2, F) is a o-additive function P
from F into [0, 1] such that P(Q2) = 1. The triplet (2, F,P) is called a probability

space. If (Q, F,P) is a probability space, we set
F={ACQ:3B,CcF, BC AcCC, P(B)=P(0)}.

Then F is a o-field, called the completion of F. If F = F, the probability space
(Q, F,P) is said to be complete.

Let (Q, F,P) denote a complete probability space. A family {F;},¢ > 0, for
which all the F; are sub-o-fields of F and form an increasing family of o-fields, is
called a filtration if Fy C Fy C F for s < t. With {F;}:>0, one can associate two

other filtration by setting: F,_ = \/,_, Fsif t > 0, Foy = (,o, Fs if t > 0, where

s>t

V< Fs is the smallest o-filed containing | J,_, Fs. The o-field Fy_ is not defined

s<t
and, by convention, we put JFo_ = JFy, and also F, = \/tzo]-"t. An increasing
family {F; }i>o is right-continuous if for each t > 0, Fpy = F;.

For many purposes we need to assume that JF;y contains all P-null sets in F.
Unless otherwise stated, completeness of (£2, F,P) and the above assumptions

will always be assumed to hold in this thesis. Sometimes, we also call a filtration

{Fi }1>0 satisfying usual conditions if
(i) for each t > 0, {F;}1>0 is a right-continuous and increasing family.

(ii) Fo contains all P—null sets in F.

14



If £ is a random variable from (2, F) into (S,S) and P a probability measure on

2, then by Q(§)(-) we will denote the image of P under the mapping &:
QI)(A) =PlweN:&w) e A}, VAEeS.

We say that the measure Q is the distribution or the law of &.

A mapping ®(-) from Q into L(K, H) is said to be strongly measurable if for
arbitrary k € K, ®(-)k is measurable as a mapping from (2, F) into (H,B(H)).
Let F(L(K, H)) be the smallest o-field of subsets of L(K, H) containing all sets
of the form

{Pe L(K,H): Pk e A}, ke K, AecB(H).

Elements of (F(L(K, H))) are called strongly measurable. Then & : Q) — L(K, H)

is a strongly measurable mapping from (2, F) into the space (L(K, H), F(L(K, H))).
Mapping @ is said to be Bochner integrable with respect to the measure P if for
arbitrary k, the mapping ®(-)k is Bochner integrable and there exists a bounded
linear operator ¥ € L(K, H) such that

/ B(w)KP(dw) = Tk, k€ K.
Q
The operator V¥ is then denoted as
- / () P(dw)
Q

and called the strong Bochner integral of ®. This integral has many of the prop-
erties of the Lebesgue integral. For instance, it is easy to show that if K and H

are both separable, then ||®(+)|| is a measurable function and

o) < / () |P(dw).

Assume that E is a Banach space with norm ||-|| g and let B(E) be the o-field of
its Borel subsets. Let (€2, F,P) be a probability space. A family X = {X(¢) }+>0

of E-valued random variables X (¢), t > 0, defined on  is called a E-valued
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stochastic process. Sometimes, we also write X (t,w) = X(¢) for all ¢ > 0 and
w € Q. The functions X (-,w) are called the trajectories of X. We now introduce
several definitions of regularity for a process X on I = [0,7T), where T could be

finite or infinite.
(a). X is measurable if the mapping X (-,-) : I xQ — E is B(I) x F-measurable;

(b). Let {F}, t € I, be an increasing family of o-fields. The process X is
{Fi}ier-adapted if each X (t) is measurable with respect to F; for every

tel;
(¢c). X is stochastically continuous at ty € I if Ve > 0, V6 > 0 3p > 0 such that

PEIX () = X (o)l = e} <0, VEe[to—p,to+pl N[0, T);

(d). X is stochastically continuous in I if it is stochastically continuous at every

point of I;

(e). X is continuous with probability one if its trajectories X (-, w) are continuous

almost surely;

(f). X is cadlag (right-continuous and left limit) if it is right-continuous and for

almost all w € € the left limit X (t—, w) = limyy X (s,w) exists for all t > 0.

Let E be a separable Banach space with norm ||-||g and M = M(t), t € [0,T],
an F-valued stochastic process defined on (€2, F, { F; }icjo,r1, P). HE||M(1)||g < 0o
for all ¢ € [0, 7], then the process is called integrable. An integrable and adapted

E-valued process M(t), t € [0,T), is said to be a martingale with respect to
{ft}te[o,T} if

E(M(t)|Fs)=M(s) P—a.s. (2.1.19)

for arbitrary t > s, t,s € [0,T]. If E||M(t)||% < oo, for all ¢ € [0,T] then M,

is called square integrable. By the definition of conditional expectations, the
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equality (2.1.19) is equivalent to the following statement
/M(t)dP: / M(s)dP, VFeF, s<t, s, te|0,T] (2.1.20)
F F

A real-valued integrable and adapted process M(t), t € [0,7T], is said to be a

submartingale with respect to {F;}icpr if
E(M(t)| Fs) > M(s), P—a.s. (2.1.21)

for any s < t, s, t € [0,T]. The process M(t), t € [0,T], is said to be a super-

martingale with respect to {F }ejo,r if
E(M(t)|Fs) < M(s), P—a.s. (2.1.22)

for any s <t, s, t €10,T].

Let [0,7T], 0 < T < oo, be a subinterval of [0,00). A continuous E-valued
stochastic process M (t), t € [0, 7], defined on (Q, F, {F;}ecjo,r), P), is a continu-
ous square integrable with respect to {F;}icp 1 if it is a martingale with almost
surely continuous trajectories and satisfies, in addition, supep 7 B[ M (t)||3 < oo.
Let us denote by M2 (E) the space of all E-valued continuous, square integrable

martingales M.

Theorem 2.1.8. The space MZ(E), equipped with the norm

1/2
1M g ) = (E sup \|M<t>u%) | (2.1.23)
t€[0,T

18 a Banach space.

Proof. The proof can be found in Theorem 1.1.8 Liu [80] or Proposition 3.9 Da
Prato and Zabczyk [42]. a

An L;-valued process V(-) is said to be increasing if the operators V (t), t €
[0, 77, are nonnegative, denoted by V; > 0, i.e., for any k € K, (V(t)k,k)x >
0,t€[0,7],and 0 < V(s) = V(t)if 0 <t < s <T. An L;-valued continuous,

adapted and increasing process V'(t) such that V5 = 0 is said to be a tensor
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quadratic variation process of the martingale M (t) € MZ(K) if and only if for

arbitrary a,b € K, the process
(M(t),a) g (M(t),b)x — (V(t)a,b)k, t €[0,7T],
is a continuous JF;-martingale, or equivalently, if and only if the process
M(t) @ M(t) — V(t), t € 0,7,

is a continuous F;-martingale, where (a ® b)k := a(b, k)i for any k € K and
a,b € K. One can show that the process V; is uniquely determined and can be
denoted therefore by < M (t) >, t € [0,T7.

On the other hand, one can also show that there exists a real-valued, in-
creasing, continuous process which is uniquely determined up to probability one,
denoted by [M(t)] with [My] = 0, called the quadratic variation of M(t), such
that

IM@IE — M)

is an Fi-martingale.
With regard to the relation between < M; > and [M;] of M;, we have the

following theorem:

Theorem 2.1.9. For arbitrary M(t) € M3.(K), there exists a unique predictable,

positive symmetric element Qpr(w,t), or simply Q(w,t) of L1(K) such that
t
<K M(t) > = / Qnrr(w, s)d[M(s)], (2.1.24)
0

for all t € [0,T]. In particular, we also call the K-valued stochastic process

M(t), t >0, a Qu(w,t)-martingale process.

Proof. The proof can be found in Theorem 21.6 Metivier [99]. O
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2.2 Hilbert Space Valued Wiener Processes and
Stochastic Integration

Let K be a real separable Hilbert space with norm || - || and inner product
(-, )k, respectively. A probability measure N on (K, B(K)) is called Gaussian if

for arbitrary v € K, there exist numbers y € R, ¢ > 0, such that
N{z € K : (u,x)g € A} = N(u,0?)(A), Ac B[R,

where N (1, 0?) is the usual one dimensional normal distribution with mean u and
variance o2. It can be proved that if A is Gaussian, then there exist an element

m € K and a symmetric nonnegative trace class operator @) € £4(K) such that

/(k:,x>K./\/'(dx) — k), ke, (2.2.1)
K
/ ()i (s 2N (d) — {im K ie (m, Ko
K (2.2.2)
= <Qk17 k2>K7 th kQ S K7
and the characteristic function of N takes the form:
N\ = / MK N (da) = eImir— @K )\ e K (2.2.3)
K

Therefore, the measure A is uniquely determined by m and @ and denoted also
by N(m, Q). In particular, in this case we call m the mean and Q the covariance
operator of N.

We assume that the probability space (£2, F,P) is equipped with a right con-
tinuous filtration {F;};>0 such that Fy contains all sets of P-measure zero. We
consider two Hilbert spaces K and H, and a symmetric nonnegative operator
Q € Ly(K). We will firstly consider the case that Tr@Q) < 4+o00. Then there exists

a complete orthonormal system {ej}r>; in space K, and a bounded sequence of
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positive real numbers {\}x>1 such that
Qek:)\keka k:1727

Definition 2.2.1. (K-valued -Wiener process) A K-valued stochastic pro-

cess W(t), t > 0, is called a @Q-Wiener process if

(b). W(t) has continuous trajectories;
(c). W(t) has independent increments;

(d). E(W(t)) =0 and Cov(W(t) — W(s)) = (t — s)Q for all t > s > 0, where
Cov(X) denotes the covariance operator of X € H (cf. Da Prato and
Zabczyk [42]).

If the covariance @ is the identity operator I, then the Wiener process W(t)

is called a cylindrical Wiener process in K.

Proposition 2.2.1. Assume that W (t) is a Q-Wiener process with Tr@Q < +oo.
Then the following statements hold:

(a) W (t) is a Gaussian process on K and
E(W(t)) =0, Cov(W(t)) =tQ, t>0. (2.2.4)
(b) For arbitrary t > 0, W(t) has the ezpansion
Wi =3 VA e (225)
j=1

where

1
Vi

are real valued Brownian motions mutually independent on (2, F,P) and the se-

B;(t) =

<W(t)7 €j>= J=12-, (226)

ries in (2.2.5) is convergent in L*(Q, F,P).
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Proposition 2.2.2. For an arbitrary trace class symmetric nonnegative operator

Q) on the separable Hilbert space K, there ezists a Q- Wiener process W (t), t > 0.

Proof. The proof can be found in Proposition 4.1 Da Prato and Zabczyk [42].
|

Theorem 2.2.1. Let W(t) be a Q-Wiener process such that (2.2.4) holds. Then

the series (2.2.5) is uniformly convergent on [0,T] P-a.s., for arbitrary T > 0.

Proof. The proof can be found in Theorem 4.3 Da Prato and Zabczyk [42].
a
We may also derive the following direct generalization of Lévy’s celebrated

characterization result.

Theorem 2.2.2. A continuous martingale M € MA(K), M(0) = 0, is a Q-
Wiener process on [0,T] adapted to the filtration {F;}i>0 and with increments

M(t) — M(s), 0 <t <s<T, independent of F, for s € [0,T), if and only if
< M{t)> =tQ, t € [0,T].

Proof. The proof can be found in Theorem 4.4 Da Prato and Zabczyk (1992).
|
Let (2, F,{Fi}+>0,P) be a complete probability space, with a normal filtra-
tion {F;}+>0 satisfying the usual conditions. Let W (¢),¢ > 0 denote a K-valued
Wiener process defined on the probability space (2, F, {F;}i>0, P), with covari-

ance operator (), that is
EW (@), x)x(W(s),y)xk = (t N s)(Qz,y)k, forall z,ye K,

where t A s = min{t, s} and @ is a positive, self-adjoint, trace class operator on
K. To define stochastic integrals with respect to the Q-Wiener process W (),
we introduce the subspace Ky = Q%K of K endowed with the inner product
(U, V) e, = <Q’%u,Q’%v)K which is a Hilbert space. We assume that there ex-

ist a complete orthonormal system {e;};>1 in K, a bounded sequence of positive
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numbers \; such that Qe; = \e;, i = 1,2,..., and sequence {f;(t)}i>1 of inde-

pendent standard real Brownian motions such that

“+o0o
W(t) =Y VApi(t)e; for >0

i=1

and
-Ft = —EW7
where F}V is the o-algebra generated by {W(t) : t € [0,00)}.
Roughly speaking, the stochastic integral f(f O (s,w)dW (s) may be defined

in the following way. Let L3(Ky, H) denote the sapce of all Hilbert-Schmidt

operators from K into H. Then L£9(K,, H) turns out to be a separable Hilbert

space under the inner product
(L P) g,y = T [LQ% (PQé) 1

for any L, P € LY(Ky, H). For arbitrarily given 7" > 0, let ®(t,w), t € [0,7T],
be an Fi-adapted, £9(Ky, H)-valued process. We define the following norm for

arbitrary ¢ € [0, 7],

o= {2 [ ||<1><s,w>uigds}%
fefrf(on ) o ) oY

In general, we denote all £9( Ky, H)-valued predictable process ® such that |®|r <

(2.2.7)

oo by W2([0,T]; £9). In particular, if ®(t,w) € LY(Ky, H), t € [0,T], is an F;-
adapted, L(K, H)-valued process, (2.2.7) turns out to be

B, = {]E/OtTr(@(s,w)@@(s,w)*)ds}é, te0,7] (2.2.8)

Proposition 2.2.3. For arbitrary T > 0 and ® € W?([0,T]; L3), the stochastic

integral fot O(s,w)dW (s) is a continuous, square integrable H-valued martingale
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on [0,T] and

2
— |2,  telo,T). (2.2.9)

:
H

[ ot

As a matter of fact, the stochastic integral
t
/ O(s,w)dW(s), t=>0, (2.2.10)
0
may be generalized for any £9(K,, H)-valued adapted process ®(-,w) satisfying
t
IP’{/ |®(s,w)[|Zgds < 00, 0<t< T} =1 (2.2.11)
0
Moreover, we may deduce the following generalized relation of (2.2.9)
:

t 2 t
/ (s, w)dW (s) gE/ ||¢(s,w)||igds, 0<t<T. (2.2.12)
0 H 0

with the equality holding in (2.2.12) if the right hand side is finite.

Proposition 2.2.4. Let ® € W2([0,T]; £3), then [, ®(s,w)dW (s) is a continu-

ous square integrable martingale, and its tensor quadratic variance is of the form

< /OtCD(s,w)dW(s) > = /Ot Qo(s,w)ds, (2.2.13)

where

Qo(t,w) = (@(t,w)Qé) (@(t,w)Q%)*, t €0, 7). (2.2.14)

Theorem 2.2.3. (Fubini Theorem) Let (Z,,m) be a measurable space and

(P(t, 2)¢t,2)ep0,mx2z) be a L3-valued stochastic process. Assume that

T
/ / |D(s, 2)||20dsm(dz) < +o0, (2.2.15)
zJo 2

then with probability one

/Z ( /OTCP(S,Z)dW(S))m(dZ): /0 T( /Z @(S7z)u(dz))dW(s). (2.2.16)
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Theorem 2.2.4. (Doob’s inequalities) Assume T > 0 and
T
IE/ [®(s,w)|0ds < oo.
0 2

(i) For arbitrary p > 1 and X\ > 0,

t p 1 T p
P{ sup / O(s,w)dW(s)|| > )\} < —]EH/ O (s,w)dW (s)
o<t<7 || Jo o AP 0 H
(ii) For arbitrary p > 1,
t P p T P
IE< sup / O(s,w)dW (s) ) < —]E‘ / O(s,w)dW(s)
o<t<T || Jo H p—1 0 H

Proof. The proof can be found in Theorem 7.1 Da Prato and Zabczyk [42]. O

Theorem 2.2.5. (Burkholder-Davis-Gundy) For arbitrary p > 0, and let ®

be a L9—valued process such that

E(/OTH@(S)Hggds) < 400,

Then there exists a constant C, > 0, dependent only on p, such that for any

T >0,

E{ sup
0<t<T

Proof. The proof can be found in Theorem 7.2 Da Prato and Zabczyk [42]. O

p T p/2
} < CpE{/ ||<I>(s,w)||%gds} . (2.2.17)
0

H

/0 (s 0)dV(s)

Assume A is a linear operator, generally unbounded, on H and S(t), t > 0,
is a strongly continuous semigroup of bounded linear operator with infinitesimal
generator A. Suppose ®(t,w) € W?([0,T); £Y), t € [0,T], is an LYKy, H)-valued

process such that the stochastic integral
t
/ S(t — 5)®(s,w)dW(s) = Wi(t,w), te]l0,T],
0

is well defined. Then the process W (t,w) is called the stochastic convolution
of ®. In general, the stochastic convolution is no longer a martingale. However,

we have the following result which could be regarded as an infinite dimensional
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version of Burkholder-Davis-Gundy type of inequality for stochastic convolutions.

Proposition 2.2.5. [42] Let p > 2, T > 0 and ® be a L3-valued process such

o [ 1elzyds) < oo

There exists a value Cr > 0 such that

that

2 sw 156 - vy ) <cre( [ o). @21

te[0,T

Moreover, if Tr@) < oo, then

lim E sup [|[W3(t) — W, ()P =0, (2.2.19)

n=o0 10,7

where W (t) and W2, (t) are defined as

W) = /O " S(t — 5)B(s)dW(s). (2.2.20)

t
W20 = [ St = s)2()aW(s) te 0.1, (2.2.21)

0
where S,(t — s) is the Cy-semigroup generated by A, which are the Yosida ap-

prozimation of A.

Proof. The proof can be found in Proposition 7.3 Da Prato and Zabczyk [42].
a

Theorem 2.2.6. Let p > 2 and assume that A generates a contraction semigroup
S(t), t > 0, and ®(t,w) € W2([0,T]; LY), t € [0,T), is an LYKo, H)-valued
process. Then the stochastic convolution W (t,w) has a continuous modification

and there exists a constant C,r > 0, dependent of p and T, such that

2 T p/2
ben Bl [CieGaa)
H 0

(2.2.22)

/o S(t—s)P(s,w)dW (s)

]E{ sup
0<t<T

Proof. The proof can be found in Theorem 7.4 Da Prato and Zabczyk [42]. O

Moreover, if A generates a contraction Cy-semigroup the number Crj, > 0 may

25



be chosen to depend on p > 2 only.

Note that in Proposition 2.2.5, there is a restriction on the condition p > 2 to
secure the validness of (2.2.18) for any Cy-semigroup S(t), ¢ > 0, on H. A version
of Theorem 2.2.6 is possible to cover the case p = 2. However, we have to restrict

in this case the Cy-semigroup S(t), ¢ > 0, to a pseudo-contraction one.

Lemma 2.2.1. For any p > 2, let ® € W([0,T), LYKo, H), t € [0,T], is an
LY(Ky, H)-valued process, then

p

/th)(syw)dw(s) < Cp(/OT (E||<I>(S,w)”ig)wpds)pﬂ’ (2.2.23)

sup E‘

s€[0,T] H

2

P
where C), = <M> , t€]0,77.

Proof. The proof can be found in Lemma 7.7 Da Prato and Zabczyk [42]. O

As another important tool, we mention the following infinite dimensional ver-
sion of the classic 1to’s formula which plays an essential role in stochastic pro-
cesses studies. Suppose that V(¢,z) : I x H — R is a continuous function with

properties:
(i). V(t, ) is differentiable in ¢ and V; (¢, z) is continuous on I x H;

(ii). V(t,z) is twice Fréchet differentiable in z, V,' (t,z) € H and V; (t,z) € L(H)

are continuous on I x H, where I = [0,T], T > 0.

Assume that ®(¢,w) € W2([0,T]; £Y) is an LKy, H)-valued process, ¢(t,w)
is an H-valued continuous, Bochner integrable process on [0,7], and z( is an

Fo-measurable, H-valued random variable. Then the following H-valued process

t t
X(t) = xo +/ P(s,w)ds +/ O(s,w)dW(s), te€[0,T], (2.2.24)
0 0
can be well defined.

Theorem 2.2.7. (It6’s formula) Suppose the above condition (i) and (ii) hold,
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then for allt € [0,T], Z(t) = V(t, X(t)) has the stochastic differential
a2(0) ={ Vi (t.2) + 000, XC0). 00D
3T [v;;@, X(1))(2(H)Q"?) (cp(t)@w)*] }dt (2.2.25)

+ (Vo (t, X (8)), ®(6)dW (£)) &
2.3 Jump Process

Let U be a Hilbert space with its norm || - || and inner product (-, ). Suppose
that Z = {Z(t)}, t > 0, is an U-valued Lévy process so that Z has stationary
and independent increments, is stochastically continuous and satisfies Z(0) = 0
almost surely. Let p; be the law of Z(t) for each ¢t > 0, then (p;,t > 0) is a weakly
continuous convolution semigroup of probability measures on U. Associated with
the Lévy process Z, we have the following Lévy-Khintchine formula or infinitely

divisible distribution: for any ¢ > 0 and h € U,
E(eiﬁuz(t)h) _ etnb,cg,u(h)7 (2.3.1)

with the exponent

M) =i(b, b — 5 (h, Qh)o

| (2.3.2)
+/ {GZW)U —1—ilh,z)u - Xyjay <1y (@) |v(dz),
U

where b € U, @ is a positive, self-adjoint and trace class operator on U. And v

is the so-called Lévy measure on U, satisfying the relations that

J({0}) =0  and /U(||x|\2U A)(dz) < oo. (2.3.3)

Here we use the symbol Xg(z) to denote the characteristic function on set £ C U,
e, Xp(z) =1if x € E and Xg(x) =0 if z ¢ E. We call the triple (b, Q,v) the
characteristics of the process Z, and mapping 7, ¢ ., the characteristic exponent of

Z. It can be shown that Lévy process has a cadlag version which, unless otherwise
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specified, will be always assumed to be the case in this thesis. We also strengthen
the independent increment requirement on Z by assuming that Z(t) — Z(s) is
independent of F; for all 0 < s <t < o0.

If Z is a Lévy process on U, we write AZ(t) = Z(t) — Z(t—) for all t > 0
where Z(t—) := limy Z(s). We obtain then a counting Poisson random measure

N on U\{0} by
Nt,E)=#{0<s<t:AZ(s) e E} <oo, >0, (2.3.4)

almost surely for any E € B(U\{0}) with 0 ¢ E, the closure of E in U. Here the
symbol # means the counting and B(U\{0}) is the Borel o-field on U\{0}. The

associated compensated Poisson random measure N is defined by

N(t,dx) = N(t,dx) — tv(dx). (2.3.5)

Let O € B(U\{0}) with 0 ¢ O and v denote the restriction of measure v to
O, still denote it by v, so that v is finite on O. Let V([0,T] x O; H) denote the

spaces of all predictable mappings L : [0,7] x O x Q — H with

/OT /OEHLu,a:)n%Iu(dx)dt o

We may then define the following stochastic integral

/ : / Lt o)N(dtde) = S Lt AZ(1)10(AZ(2)),

0<t<T

which enables us to define further the stochastic integral

/OT/OL(t,x)N(dt, dz) = /OT/OL(t,x)N(dt,dx) —/OT/OL(t,l’)I/(dx)dt.

By standard arguments, it is known that

M) :/Ot/OL(s,x)N(ds,dx), £>0,
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is actually an H-valued square-integrable martingale, for each 7' > 0, satisfying

]E(H/OT/OL(t,m)N(dt, dr) :) g/OT/OIEHL(t,x)H%{u(da:)dt.

Theorem 2.3.1. (Lévy-It6 decomposition) Suppose that Z(t), t > 0, is a

cadlag U-valued Lévy process with characteristic exponent given by (2.5.2), then
for each t >0,

N (t,dz) + / xN(t,dx), (2.3.6)

lzllv>1

Z(t) = bt + Wo(t) + /

llzllv<1

where Wy (t) is a Q-Wiener process, independent of N.

Proof. The proof can be found in Theorem 4.1 Albeverio and Riidiger (2005).
a
In many situations, the term in equation (2.3.6) involving large jumps maybe
handled by using an interlacing technique (c.f. Applebaum (2004)). In the rest
of this thesis, for the sake of simplicity, we proceed by omitting this term and

concentrate on the study of the equation with small jumps.

2.4 Semigroup Approach and Mild Solutions of
Stochastic Differential Equations

In this section, we consider the following semilinear stochastic differential equa-
tionon I =1[0,7], T > 0,

dX(t) = (AX(t) + F(t, X (t)))dt + G(t, X (t))dW (¢),
(2.4.1)

X():JZ()GH,

where A is the infinitesimal generator of a Cy-semigroup S(t), ¢ > 0, of bounded
linear operators on the Hilbert space H. The coefficients F' and G are two non-

linear measurable mappings from [0,7] x H — H and [0,T] x H — L(K, H),
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respectively, satisfying the following Lipschitz continuity conditions:

1F(ty) = F(t2)|lu < a(D)lly = 2lla,  o(T) >0, y,z€ H, t€[0,T], 242)
IG(t.y) = G, 2)lleg < By = 2llu,  B(T) >0, y,z€ H, t€[0,T].

Definition 2.4.1. A stochastic process X (t), t € I, defined on (2, F, {F;}i>0, P),
is called a strong solution of equation (2.4.1) if
(i) X(t) € D(A), 0 <t <T, almost surely and is adapted to F, t € I;

(il) X (¢) is continuous in t € I almost surely. For arbitrary 0 <t < T,

t
P{w ; / 1X (5, 0)|yds < oo} 1
0

and
X(t) =z + /0 (AX(s) + F(s,X(s)) + /0 G(s, X(s))dW (s), (2.4.3)
for any xo € D(A) almost surely.

In most situations, one finds that the concept of strong solution is too limited
to include important examples. There is a weaker concept, mild solution, which

is found to be more appropriate for practical purposes.

Definition 2.4.2. A stochastic process X (t), t € I, define on (Q, F,{F;}i>0,P)
is called a mild solution of equation (2.4.1) if
(i) X (t) is adapted to F, t > 0;

(i) For arbitrary 0 <t < T,

t
P{w : / 1 X (s,w)3ds < oo} =1,
0

and
X(t) = S(t)xo—l—/o S(t—s)F(s,X(s))ds—i—/O S(t—s)G(s, X(s))dW (s), (2.4.4)
for any xg € H almost surely.

As a direct application of the properties of semigroup theory, it may be proved
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that:

Proposition 2.4.1. For arbitrary xo € D(A), the domain of A, assume X (t) €

D(A), t €1, is a solution of equation (2.4.1) in the sense of satisfying
t t
X(t) =z + / (AX(s) + F(s,X(s)))ds +/ G(s, X (s))dW (s), (2.4.5)
0 0
then it is also a mild solution.

By a straightforward argument, it is possible to establish the following result.

Proposition 2.4.2. Assume that the Lipschitz condition (2.4.2) holds, then there
exists at most one mild solution of equation (2.4.1). In other words, under the

condition (2.4.2) the mild solution of (2.4.1) is unique.

The following stochastic version of the classic Fubini theorem will be fre-
quently used in the thesis and its proof can be found in Da Prato and Zabczyk
[42].

Proposition 2.4.3. Let [ = [0,7], T > 0, and
G:IxIxQ— (LK, H),F(L(K,H))),

be strongly measurable in the sense of Section 2.1. such that G(s,t) is {Fi}-

measurable for each s > 0 with

/OT /OTHG(s,t)Higdsdt <00 a.s. (2.4.6)
Then
/OT /OT G(s, t)dW (t)ds = /OT /OT G(s, t)dsdW(t)  a.s. (2.4.7)

The following result gives sufficient conditions for a mild solution to be also

a strong solution.

Proposition 2.4.4. Suppose that the following conditions hold:
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(a) xog € D(A), S(t — s)F(s,t) € D(A), S(t — s)G(s,t)k € D(A) for each

r€e€H, ke K, andt > s;
(b) [[AS(t = s)F (s, 2)ll < f(t = s)llzllm,  f(-) € L0, T3 Ry);
(c) [[AS(t = 5)G (s, 7)l|cg < g(t = s)|l=llm,  g(-) € L*(0, T3 R+).

Then a mild solution X (t), t € I, of equation (2.4.1) is also a strong solution
with X (t) € D(A), t € I, in the sense of Definition 2.2.3.

Proof. The proof can be in Proposition 1.3.5 Liu [80]. O

Theorem 2.4.1. [80] Assume that the conditions (2.4.2) hold. Suppose that
xo € H is an arbitrarily given Fo-measurable random variable with E||xol|%, < oo

for some integer p > 2. Then there exists a unique mild solution of (2.4.1) in the

space C(0,T; LP(Q2, F,P; H)).

As we pointed out in Section 2.2, the stochastic convolution in (2.4.4) is
no longer a martingale. A remarkable consequence of this fact is that we cannot
employ [t0’s formula for mild solutions directly in most of our arguments. We can
deal with this problem, however, by introducing approximating systems of strong
solutions to which Itd’s formula can be well applied. In particular, by virtue of
Proportion 2.4.4, we may obtain an approximation result of mild solutions. To

this end, we introduce an approximating system of (2.4.1) as follows:

dX (1) = AX(O)dt + RI)F(t, X ())dt + RIG(E, X (1))dW (2), 18

Xo = R(Z)Qfo, Xo € H,

where [ € p(A), the resolvent set of A and R(l) := IR(l,A), R(l,A) is the resol-

vent of A.

Proposition 2.4.5. Let xq be an arbitrarily given random variable in H with
El|zo|l5 < oo for some integer p > 2. Suppose the nonlinear terms F(-,-),

G(-,-) in (2.4.1) satisfy the Lipschitz condition (2.4.2). Then, for each | €
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p(A), the stochastic differential equation (2.4.8) has a unique strong solution
X(t,l) € D(A), which lies in LP(Q, F,P;C(0,T;H)) for all T > 0 and p > 2.
Moreover, there exist a subsequence, denoted by X" (t), such that for arbitrary

T >0, X"(t) — X(t) almost surely as n — oo, uniformly with respect to [0, T].

Proof. The proof can be in Proposition 1.3.6 Liu [80]. a

2.5 Definitions and Methods of Stability

In 1892, A.M. Lyapunov introduced the concept of stability of a dynamic system.
Roughly speaking, stability means insensitivity of the state of the system to small
changes in the initial state or the parameters of the system. Indeed, an individual
predictable process can be physically realized only when it is stable in a natural
sense. If a system can be solved explicitly, it would be rather easy to determine
whether the trivial solution is stable. But only in very special cases, the equations
can be solved explicitly. However, Lyapunov introduced a method to determine
stability without necessarily solving the equation. This method is now well-known
as the Lyapunov direct method.

Let us study the following system to motivate the stability ideas. We now
consider the solutions of Y (¢,y0), t > 0, of a deterministic differential equation
on the Hilbert space H,

dY (1) = g(t, Y ()dt, >0,
(2.5.1)

}/E) =Yo € H7
where g(-,-) is some given function. Let Y (¢), t > 0, be a particular solution of
system (2.5.1). The system associated with other solutions Y'(¢,yo) are regarded
as perturbed ones. When one talks about stability of the solution }N/(t), t >0,
it means that the norm ||Y (t) — Y (¢)||z could be made small enough under some

suitable assumptions, for instance, that the initial perturbation scale || Yy — Y| i
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is small enough or ¢ is very large. Let X (t) = Y (t) — Y (t), then the equation

(2.5.1) can be written as:

dX (t) = dY (t) — dY (t) = (g(t, Y (t)) — g(t, Y (1)))dt
= (g(t, X (1) + Y (1)) — g(t, Y (t)))dt := G(t, X (t))dt,
(2.5.2)

where G(t,0) = 0, t > 0. Therefore, we could content ourselves with defining and

studying stability for the null solution of (2.5.2).

Definition 2.5.1. (Stability) The null solution of (2.5.2) is said to be stable, if

for arbitrarily given € > 0, there exists § = d(¢) > 0 such that if ||z¢||g < 9, then
Xt zo)llr < &
for all £ > 0.

Definition 2.5.2. (Asymptotic Stability) The null solution of (2.5.2) is said to be
asymptotically stable if it is stable and there exists § > 0 such that if ||zg||g < 9,
then

lim [ (t, 20) 11 = 0.

Definition 2.5.3. (Exponential Stability) The null solution of (2.5.2) is said
to be exponentially stable if it is asymptotically stable and there exists some

numbers a > 0 and § > 0 such that
1X (¢, wo)ll < Bllwoll e,
for all £ > 0.

When we try to carry over the principles of the Lyapunov stability theory
from deterministic systems to stochastic ones, we may need to consider what is
the proper definition of stochastic stability. There are at least three basic types

of stochastic stabilities: stability in probability, moment stability and almost sure
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stability. Stochastic stability has been one of the most active areas in stochastic
analysis and many researchers have contributed a lot in this field. We here men-
tion Arnold [4], Chow [33], Curtain [39], Da Prato and Zabczyk [42], Khas'minskii
[62], Liu [80], Mao [96], Mohammed [101], Truman [117] among others.
Consider the following semilinear stochastic differential equation in H:

dX(t) = (AX(t) + F(t, X (t)))dt + G(t, X (t))dW (¢),
(2.5.3)

Xo=1x9 € H,
where A is the infinitesimal generator of a Cy—semigroup S(t), t > 0, of bounded
linear operators on the Hilbert space H. The coefficients F, G are two nonlinear
measurable mappings from [0,7] x H — H and [0,T] x H — L(Ky, H), respec-
tively, satisfying the following Lipschitz condition:
(H1) [F(t,z) = F(t,y)lln < a(D)|z —ylla, oT)>0, z,y€H,
(H2) [|G(t,2) = G(t,y)lleg < B(T)llw = yllw,  B(T) >0, x,y € H,
for all ¢ € [0, 7.

Definition 2.5.4. A stochastic process X (t), t € [0, 7], defined on (Q, F, {F }+>0, P)
is called a mild solution of (2.5.3) if (a) X; is adapted to F;, t > 0;
(b) For arbitrary t € [0, 7],

t
P{w ; / 1X (s, w) | %ds < oo} _1
0

and
X(t) = S(t)x0+/0 S(t—s)F(s,X(s))ds+/0 S(t—s)G(s, X(s))dW(s), (2.5.4)
for any xq € H almost surely.

Definition 2.5.5. (Stable in Probability) The null solution of (2.5.4) is said to

be stable in probability, if for arbitrarily given e, € > 0, there exists 6(e,&’) > 0

35



such that if ||zo||g < d, then

P{HX(t,l’o)”H > 6/} <¢€
for all t > 0.

Definition 2.5.6. (Stability in p-th Moment) The null solution of (2.5.4) is said
to be stable in p-th moment, p > 0, if for arbitrarily given € > 0, there exists

d(e) > 0 such that if ||zg||g < 6, then
B[ X (¢, zo) |l <€
for all t > 0.

Definition 2.5.7. (Almost Sure Stability) The null solution of (2.5.4) is said to
be almost sure stable, if for each € > 0, there exists d(¢) > 0 such that ||zq||g < 9,

then
IP’{HX(t,xO)H’}I < 5} =1

for all t > 0.
We now define the asymptotic stability and exponential stability.

Definition 2.5.8. (Asymptotic Stability in Probability) The null solution of
(2.5.4) is said to be asymptotically stable in probability, if it is stable in probabil-

ity and for each € > 0, there exists 6 = d(¢) > 0 such that ||z||g < 0 guarantees
lim P{|| X (t,0)||n > €} = 0.

Definition 2.5.9. (Asymptotic Stability in p-th Moment) The null solution of
(2.5.4) is said to be asymptotically stable in p-th moment, p > 0, if it is stable in

p-th moment and there exists d > 0 such that ||zo||g < 0 guarantees

: p __
lim EJ|X(t, 7o) [ = 0.
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Definition 2.5.10. (Asymptotic Almost Sure Stability) The null solution of
(2.5.4) is said to be asymptotic almost sure stable if it is stable in probability and

there exists § > 0 such that ||xo||g < 0 guarantees

p{ i X ()l =0} =1

Definition 2.5.11. (p-th Moment Exponential Stability) The null solution of
(2.5.4) is said to be p-th moment exponentially stable, p > 0, if there exist

positive numbers o > 0 and [ > 0 such that
E[|X (2, z0) 5 < Bllzollfe™"
for all t > 0.

Definition 2.5.12. (Almost Sure Exponential Stability) The null solution of
(2.5.4) is said to be almost sure exponentially stable, if there exist positive num-

bers a > 0 and 8 > 0 such that

IED{HX(ter)”H S BHI(]HHeat} = 1.

for all £ > 0.

2.6 Notes and Remarks

The material of this chapter is classical and standard. The concepts in Section
2.1 are adapted from Kreszig [67] and Pazy [109]. The result in Section 2.2, 2.4
and 2.5 are taken mainly from Liu [79]. For the material of Section 2.3, we refer
the reader for Da Prato and Zabczyk [42]. For more details of this chapter, see
also Kallianpur [62], Kozin [66], Rozovskii [63], Teman [117], Wu [120], Yosida
[125]. For finite dimensional stochastic differential equations, see also Arnold [5],

Mao [96].
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Chapter 3

Moment Exponential Stability of
Neutral Impulsive Stochastic

Delay Partial Differential

Equations with Poisson Jumps

3.1 Introduction

In recent years, studies on stochastic partial differential equations (SPDEs) have
been widely noticed in the literature. Stochastic partial differential equations
have received much attention, since many real world issues can be modelled by
SPDEs. SPDEs can be used in many applications, such as finance, engineering,
and science.

Mao [96] has given some results for the stability of solutions to stochastic
differential equations in finite dimensional spaces, as well as among others. Cara-
ballo and Liu [26] have studied the exponential stability of mild solutions of
SPDEs with delays by stochastic analysis technique. As we known, the Lya-

punov’s direct method is a classic and powerful tool to investigate the existence,
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uniqueness and asymptotic behaviour of solutions of the stochastic systems. But
it is not useful to discuss those problems such as delay systems. However, many
dynamical systems not only depend on present and past states, but also involve
derivatives with delays. The neutral SPDEs with delays are more often used to
describe such systems. Luo [87] has applied the Banach fixed point theorem to
deal with the asymptotical stability in mean square of SPDEs with delays. This
valuable method has also been employed by Burton and his co-authors ([13],
[14], [15], [16]) to investigate the stability of both deterministic and stochastic
differential equations.

In practical applications, impulsive differential equations have been used to
model interesting problems. Sakthivel and Luo [110] [111] have discussed asymp-
totic stability of nonlinear impulsive stochastic differential equations and asymp-
totic stability of impulsive SPDEs with infinite delays. Zhang and his co-authors
[129] have investigated moment exponential stability of neutral impulsive nonlin-
ear SPDEs with delays. Maheswari and Karunanithi [92] have studied asymptotic
stability of stochastic impulsive neutral partial functional differential equations.
The study of SPDEs with impulsive effects is a new area of research, which can
be found in the literature.

Recently, SPDEs driven by jump processes have received attentions. Cui [35]
has discussed exponential stability for neutral SPDEs with delays and Poisson
jumps. Some results on SDEs or SPDEs with Poisson jumps have been noticed
in the literature. To the best of my knowledge, there are only a few papers on
stability analysis for impulsive neutral SPDEs with delays and Poisson jumps. We
study in this chapter the moment exponential stability of mild solution of neutral
impulsive stochastic delay partial differential equations with Poisson jumps under
natural conditions. Here we shall apply the so-called fixed point theorem to
investigate the existence and uniqueness moment exponential stability of mild

solutions of this class of systems.

39



3.2 Problem Formulation and Assumptions

Let H and K be two real separable Hilbert spaces with norms (H, | - ||g) and
(K,|| - ||x), and their inner products denoted by (-, )k, (-,-)y. We denote by
L(K, H) the set of all linear bounded operators from K — H, equipped with
the usual operator norm || - ||. In this chapter, we use the symbol | - || to denote
norms of operators regardless of the spaces potentially involved when no confusion
possibly arises.

Let (Q, F,{F:}t>0,P) be a filtered complete probability space, with a normal
filtration {F;};>¢ satisfying the usual conditions ( i.e. The filtration is a right
continuous increasing family and Fy contains all P-null sets). Let r > 0 and
D := D([-r,0]; H) be the space of all bounded, cadlag (i.e, is right continuous
and has left limits) functions from [—r, 0] into H, equipped with the norm ||¢||p =
SUPye(—r0) |#(t)||m, ¢ € D. It can be shown that the space D, under the norm

[¢llp = sup |[6(t)]lm, ¢ € D,
te[—r,0]
is a Banach space.
Let W(t),t > 0 denote a K-valued Wiener process defined on the probability

space (§2, F,{Fi}it>0,P), with covariance operator @, that is

EW(t), 2)xk(W(s),y)x = (t Ns){(Qz,y)k, Y,y €K,

where t A s = min{t, s} and @ is a positive, self-adjoint, trace class operator on
K. We assume that there exists a complete orthonormal system {e;};>1 in K, a
bounded sequence of positive numbers A; such that Qe; = \je;,7 = 1,2, ..., and

sequence {f;(t)}i>1 of independent standard real Brownian motions such that

W) = 3 VRADe 120

and

‘Ft:‘/—_;fwa
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where F}V is the o-algebra generated by {W(t) : t € [0,00)}. We introduce
the subspace Ky = Q:K of K endowed with the inner product (u,v) g, =
(Q'2u, Q~2v) which is a Hilbert space. Furthermore, let £3(Ky, H) denotes the

space of all Hilbert-Schmidt operators from Ky to H with the norm

(€l == tr(EQP(€Q'?)") <00, & € L3(Ko, H).

For the construction of stochastic integral in Hilbert space, see Da. Prato and
Zabczyk [42].

Let A be a linear operator from H to H. Assume that {S(¢),t > 0} is
an exponentially stable analytic semigroup with its infinitesimal generator A.
Then it is possible (see[109]), under some circumstances, to define the fractional
power (—A)® for any « € (0, 1] which is a closed linear operator with its domain

D((—A)%), furthermore, the subspace D((—A)“) is dense in H and the expression
lzlla = 1(=A4)"2la, = €D(=A)"),

defines a norm on D((—A)%).

Let U be a Hilbert space with norm || - ||y and inner product (-,-)y. For a
Borel set O € B(U — {0}), we consider the following impulsive neutral stochastic
delay partial differential equation with both Poisson point process and Brownian

motions in the form:

(

dlz(t) + u(t,z(t —r))] = [Az(t) + f(t,z(t —r))]dt + g(t,z(t —r))dW (1)
+/ h(t,x(t —r),2)N(dt,dz), t>0, t#t
(@]
Az(ty) = z(tf) —x(ty) = L(z(ty)), t=tr,k=1,2,...,

o(t) = ¢(t) € D([—r,0]; H).

\

(3.2.1)

where D := D([—r,0]; H) is the space of all cadlag functions from [—r,0] into

H, equipped with the supremum norm |[¢[[p = sup;e_,.q |9(t)||z. Here u, f :
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[0,+00) x H — H, g:[0,+00) x H — LYKo, H), h: [0,+00) x Hx U — H
are measurable functions and I, : H — H is measurable and 0 < ¢; < ... <{; <
im0t = 00, z(t)) and z(t, ) represent the right and left limits of z(t) at
t =t k=1,2,..., respectively. The mapping I represents the size of the jump

at tk,k’zl,Q,....

Definition 3.2.1. A stochastic process {z(t),t € [0,7]},0 < T, is called a mild

solution of equation (3.2.1) if:

(i). z(t) is adapted to F;, for each ¢ > 0, and
T
P{w : / |z(t, w)||5dt < oo} =1, T>0
0

(ii). z(t) € H has cadlag path on ¢ € [0,7] a.s and for each ¢t € [0,T], x(t)

satisfies the following integral equation.

x(t) =S(t)[o(0) + u(0, )] — u(t,z(t —r)) — /0 AS(t — s)u(s,x(s —r))ds

+ / (t—s)f(s,z(s—7))ds+ [ S(t—s)g(s,z(s—1))dW(s)

0

// (t — s)h(t,x(s — 1), z)N(ds, dz)

+ Z S(t — tk)fk(l’(t;?))?

O<trp<t

z(0) =¢ € D([-r,0]; H).
(3.2.2)

We are mainly concerned about the p-th moment exponentially stable of mild
solutions to stochastic systems in this chapter. We shall recall the following

stability notation which is the definition of exponential stability in p-th moment.

Definition 3.2.2. The mild solution of equation (3.2.1) is said to be exponentially

stable in the p-th moment, if for any initial ¢ € D, there exist a pair of numbers
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My > 0 and v > 0 such that
Ellz@)]% < Mo([lolfp)e™™, ¢ =0.

In order to obtain the main result, we impose the following reasonable as-

sumptions:

(H1) Ais the infinitesimal generater of an exponentially stable analytic semigroup
of bounded linear operators {S(t),t > 0} in H such that the following
inequality holds

IS@I < Me™, >0,

for v > 0.

(H2) The coefficients f, g, h satisfy the Lipschitz conditions, i.e. there exist some
positive constants p > 2, K1 > 0, Ky > 0 and K3 > 0 such that for any

r,y € Hand t >0,
1t 2) = Ft )l < Kalle =yl

lg(t, x) = gt y)ll g < Kallz =yl
/O Ih(t, 2, 2) — ht, 9, 2) 5w (dz) < K2z — il

Moreover, we assume that f(¢,0) = g(t,0) = h(t,0,2) = 0.

(H3) There exist constants « € (0, 1] and K4 > 0 such that for any x € H and

t >0, u(t,z) € D((—A)*)
I(=A)*u(t, z) = (=A)*ut,y)lly < Kallz = ylly, 2y €H,
with u(¢,0) =0 for ¢t > 0.

(H4) There exist a series {qx}, gx > 0, k € {1,2,3,...}, such that > 7, gy =k <
oo and

k(@) = L)l < arllz —yll, =y € H,
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and I(0) =0, k=1,2,---.

Theorem 3.2.1. Suppose that the assumptions (H2)-(H4) are satisfied. Let
o(t,w) : [-r,0] x Q — H and r > 0 is some given initial datum such that ¢(t)
is Fo-measurable for any t € [—r,0] and sup_,.,o E||¢(s)|/}; < oo. Then, there

exists a unique mild solution to equation (3.2.1) on [0,T] for all T > 0.

Proof. Ast—r for all t > 0, so we have that t —r < 0 for ¢ € [0, 7] and therefore

the problem on [0, 7] can be rewritten as

z(t) = S()[0(0) + u(0, 9)] — u(t, ¢(t — 1)) — /0 AS(t = s)uls, ¢(s —r))ds

+ /0 S(t—s)f(s,d(s—1))ds + i S(t—s)g(s,d(s —1))dW(s)

+/0 /OS(t—s)h(t,qﬁ(s—T),Z) (ds, dz)
+ Z St —tp)Ik(x(t))),

0<tp<t

(3.2.3)

which is a nondelay problem. We then obtain the existence of a unique mild
solution on [0, r]. By induction, the problem can be solved on [r, 2r], [2r,3r], - - -,

[nr, (n + 1)r] for all natural numbers n > 0 and therefore on [0,00). Then there

exist a unique mild solution to equation (3.2.1). |

In the deterministic framework, there exist a large literature on the existence
of solutions to stochastic differential equations (see [37], [112], [116], [108], [108]).
Caraballo, Liu and Truman [29] established conditions to ensure existence and
uniqueness of solutions of general stochastic functional differential equations. The
theorem of an infinite-dimensional Bichteler-Jacod inequality for stochastic inte-
gral with respect to Poisson random measures has been established in Marineli,

Prévot, Rockner [97]. We shall recall the following theorem.
Lemma 3.2.1. (Marineli [97]) Let p > 2. Assume that h: [0,T] — H is a mea-
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surable process such that the expectation on the right-hand side of (3.2.4) below

is finite. Then for all p € [2,00) there exists a constant C, > 0 such that

sup E h(s, z)N(ds dz)
te[0,T]
iy (3.2.4)
SCpE/ [/Hhsz” (/||hsz||Hl/dz)) }ds,
where C), = ( p2 D)
Proof. The proof can be found in Lemma 3.1. Marineli et al. [97].
O

The inequality (3.2.4) can be extended also to stochastic convolutions, even
though in general that the stochastic convolutions are not martingales. Recalled
that an operator A on H is called dissipative if Re(Az,x)y < 0 for all z €
D(A) C H. An operator A on H is called m-dissipative if A is dissipative and

(I — A) is surjective.

Proposition 3.2.1. (Marineli [97]) Let A be m-dissipative on H and h satisfies
the hypotheses of Lemma 3.2.1. Then for all p € [2,00), there exists a constant
Cp > 0 such that

sup E e=)4n(s, 2) N (ds, d,z)
t€[0,T]
y (3.2.5)
§CPE/ [/Hhsz” (/HhszHHl/dz)) ]ds,
where C), = ( p2 1)>
Proof. The proof can be found in Proposition 3.3 Marineli et al. [97]. O

Lemma 3.2.2. (Pazy [109]) Suppose that the assumption (H1) holds. Then for

any 0 < B <1, the following equality holds:

St)(~A)x = (—APSH)z, =€ D((—A)P), (3.2.6)
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and there exists a positive value Mg such that
[(—=A)PSH)|| < Mgt Pe, ¢ >0. (3.2.7)

Proof. The proof can be found in Theorem 6.13 Pazy [109]. O

3.3 Exponential Stability in p-th Moment of Mild
Solutions

In this section, the exponential stability in p-th moment of mild solutions of equa-

tion (3.2.1) will be considered by employing the contraction mapping theorem.

Theorem 3.3.1. Suppose that the assumptions (H1)-(H4) hold for some o €

(0,1), p > 2. Assume further that
60V | KP|l(= A) P + MY Ky (D1 +pla = 1)/(p = 1))

-9 p/2—1
+ MPK{y™? 4+ C,MPKY (i—_ 1) (27)1*1”/27*1
—2)/2
C MPKP(~~P p/2 p—2 w2/ MPP~"P 1
+Cp s\ ) + M Py <1,

2(p—1
(3.3.1)

where I'(+) is the standard Gamma function, M,_,, is the corresponding number in

D
Lemma 3.2.2, and C, = (@)2, % + é = 1. Then the mild solution of equation

(8.2.1) is exponentially stable in the p-th moment. In other words, there exist
some numbers My(¢) > 0 and > 0 such that

Elly@)lf < Mo(¢)e™, =0

Proof.  Firstly, we define a space S as the family of all stochastic process z(t),

t € [—r,00), such that

Ella(t)|}, < ME[g|he ™, ¢ >0, (3.3.2)
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for some constants M > 0 and v > n > 0, where 7y is the constant in condition
(H1). It can be shown that S, under this norm
lzlls == sup Efz(t)|f, z€S,
te[0,00)
is a Banach space.
Now, we define a nonlinear operator m on S by 7 (x)(t) = ¢(t) for ¢t € [—r,0]

and for t > 0,

m(z)(t) = +u(0,0)] — u(t, z(t —r))

+/St—5 ,x(s —r))ds

(3.3.3)
+ /0 (t—s)g(s,z(s —r))dW(s)

+/ /S(t—s)h(t,x(s—r),z)N(ds,dz)

+ > St = ) el (ty)).

0<tr<t
To prove the p-th moment stability of mild solutions, it is enough to prove that
the operator 7 has a fixed point in space §. In order to show this result, we are
going to use the usual contraction mapping theorem.

We first show that 7 is a mapping from S into S. Let z(t) € S, then from the
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definition of 7w, we have for t > r that

Ellm () ()| < 7 ES#)[6(0) + u(0, )]l + 7 Eflult, x(t — )|

t
+7p_1E/ASt—s (s,x(s —r))ds

+ 7R /St—s (S—T))dsp
+ 7P7E / (t—9)g(s,z(s —r))dW(s) ’ (3:54)

p

+ 7R / / (t — s)h(s, z(s — ), 2)N(ds, dz)

P 7

=T L),

i=1

H

+ 7R Z S(t —te) Ik (z(ty))

O<trp<t

H

By the definition of & and assumption (H3) it follows that for each t > r,

L(t) = E[|S(£)[6(0) + u(0, =r)]lI%
< [IS@OIPE[S(0) + u(0, =)l (3.3.5)
< MPe ™"E[[¢(0) + u(0, —r)|7.
Moreover, by taking (3.3.2), assumptions (H2) and (H3) into account, for each

t > r, we have that

L(t) = El|u(t, (t — )|
=E|[(—A)"*(—A)u(t, z(t — 7’))”?{

(3.3.6)
< (A IPE([(=A)*ult, ot — ) [;
< KFN(=A)I"Eflz(t — )%
Since x € S, x satisfies the relation
E|z(t —r)||5 < Me™E||¢|[2e™,  t>r. (3.3.7)
Substituting (3.3.7) into (3.3.6), we get that
L(t) < KY||(=A)|"MemEl|gl[pe ™,  t>r. (3.3.8)
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Under assumption (H3), and « € (0, 1), we have that, for each ¢ > r,

t

(—A)S(t — s)u(s,z(s —r))ds

p

L(t)=E

H

< EH/ ~a(ZA)S(E — syuls, ol — r))ds

p

< (/u —«( WS@—ﬁw&ﬂs—ﬂWH%YJ Y

<E(/W| -t — s)](~ )M&M&—ﬂWH%)é

Thus, in view of Lemma 3.2.2 and Holder inequality, for each t > r, we get

— g)"(1=a)g=r(t=s) S, T(s —T Hsp
o) <B( [ 10heat— o) = Ayt s ) s 3.2.10)

< a7 B [ 0= 9t A s nts = ) )

On the other hand, by using Lipschitz condition (H3), we have the following

inequality for ¢t > r

t _ p—1 t
I3(t) < M{’_a(/ (t —s) = e_V(t_S)ds> K4p/ e_”’(t_S)EHx(s — 1) |%ds
0 0
-1 p—=1 ot
< MP_ K Pyt (F (1 + p(oz—))) / e TR 2(s — 1|2 ds.
0

p—1
(3.3.11)
Since x € S, x satisfies that
Ellz(t —r)||5 < Me"E|¢|[he™,  t>r (3.3.12)
Substituting inequality (3.3.12) into (3.3.11), for each t > r, we get that
Iy(t) < ME_ Ky (P14 pla = D)/ (= 1))
t
/ e V=) MR ¢||n e ds
0 (3.3.13)

= MP_ Ky P (D(1+ pla— 1) /(p — 1))

¢
-ME||¢||%67776_7'5/ M3 s,
0
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The inequality (3.3.13) turns to be

Iy(t) = MP_, Ky 7 (D1 + pla = 1)/ (p = 1))

~ _ 1 _
ME|§llpee ™ —— (7" - 1)

< MP_ KP4 P (T(1 4 pla— 1) /(p— 1)) (3.3.14)
~ 1
. ME’|¢|‘%€nve—vt_evte—nt
F}/ E—

p-1 ME[ 8|
Y=

= M_ K"y P (C(1+ pla = 1)/(p — 1))

Now employing assumption (H1), similarly we have that for each t > r,

p

L(t) = E' /Ot S(t— 8)f(s,2(s — ))ds

H

<2 [ 159l 1sats = rlas ) (33.15)
< E(/Ot Me ") ||la(s — r)|IHds)p.

On the other hand, by using Lipschitz condition (H2) and Hélder inequality, for

each t > r, we obtain

t p=1  rt
I(t) < MpKf(/ e_w_s)ds) / e VIR z(s — )| ds
0 0

t
< MpKﬁl—p/ e VIR (s — 7|5, ds (3.3.16)
0

ME|glber
TN

< MPK{y'™? .

On the other hand, by taking (H1) into account, we have for each t > r,

p

15@):15' /0 St — 8)g(s, (s — r))dW (s)

H
p/2

<50, ([ (1506 - ohts.a(s i) s
<w,( | t||s<t—s>||2(ug<s,x<s—r>>uig)””ds)p/2

t p/2
<2y [ (e Bl - ) 1) s
0

(3.3.17)

Under the Lipschitz condition (H2), Lemma 2.2.1 and Holder inequality, for
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t > r, the inequality (3.3.17) turns to be

p/2
) < C,MPK¥ ’2“ E|x(s — % )2/pds)

0

p—1 t
<CMpr< R el s>ds) / IR (s — 1|7 ds
0 0

p— A LA
e TRz (s — )| ds
=s) (s — )

<C Mpr<‘ — )p/g_lME—WH%eme"t.
- 2v(p—1) Y=

(3.3.18)
< C,MPKY¥

Further, taking into account Lemma 3.2.1, for ¢ > r, we obtain that

p

S(t — s)h(s,z(s —r), z) N(ds, dz)

<EC, U / 1S(t — $)h(s, (s — ), 2)[Pv(d=)ds (3.3.19)

- (/0 /OHS(t — s)h(s, x(s — r)’z)||2V(dz)d5>p/2}

Under the assumption (H1) and Holder inequality, for ¢ > r, one can have

fﬁ<t>SEcp[ [ st = s ts.ats = . 2)evtaz)as

([ [ 15— oPlns.ats -, z>||2u<dz>ds)p/2]

t
< MpCp[/ /e‘m(t_S)IEHh(s,x(s—r),z)||pl/(dz)ds
0 Jo

" (/0 /(9 e IR (s, a(s = ), z>||2v<dz>ds>p/2} |

By using Lipschitz condition (H2), for ¢ > r, we further have that,

(3.3.20)

t
I(t) < MPC, [ (1-) / e U=IE 2 (s — r)|Pds
0

p— 2 (p—2)/2 t
g (—2 = 1)7) /0 e EIE (s — r)des}
b2 N\
< MPC, K3 (v(”’) + (—) ) > / e IR | (s — ) |[Pds

2(p— 1)y 0
_ (p—2)/2 Y P nr
2(p — 1)y Y=

(3.3.21)
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Now, we estimate the impulsive term, from assumption (H1), we get for ¢ > r

that,
p
L(t) =E| Y S(t—te)lk(x(t;))
O<trp<t H
’ » (3.3.22)
SE( ) Me“““qkux(mnzf) .
0<tr <t

On the other hand, by employing assumption (H4) for each ¢ > r, we obtain
t p
I;(t) < E(H/ Me”(ts)Hx(s)HHds)
0
t =1 pt
: Mp“p</ e_w_s)d‘s) | e Bl s (3:3.23)
0 0
¢
< Mp/fpv(l_p)/ e VIR z(s)||% ds.
0
Since x € S, x satisfies that for s > 0,
E|lz(s)| < ME| 6] e ™. (3.3.24)

Substituting (3.3.24) into (3.3.23), we get that for t > r,

o ME|Blher .

I;(t) < MPRPy(1-
TN

(3.3.25)

Recalling inequality (3.3.4), from inequalities (3.3.5) to (3.3.25), one can see that

there exists numbers M; > 0 and 7; > 0 such that,
E[(rz)(®)|f < MiE[¢llpe ™" (3.3.26)

Thus, we conclude that 7(S) C S.
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Next, we show the mapping 7 is contractive. For any z,y € S, we have,

El(w2)(t) — (ry) ()|
< 6P Efult, w(t — 1)) —ult,y(t — )%

p

+ 6P 'E / AS(t —s)(u(s,z(s — 1)) —u(s,y(s —r)))ds

0

H
p

+ 6P E /0 St —s)(f(s,x(s—r)) = f(s,y(s —7)))ds

H
p

+ 6P 'E / S(t—s)(g(s,x(s — 7)) — g(s,y(s —r)))dWs

H
p

+ 6" 'E //St—s (s,z(s—r),z) —h(s,y(s —r), ))N(ds,dz)

+6 TR Y S — ) Ik (x(ty) — y(ty ))
=671 Jilt)
- (3.3.27)

Noting that z(s) = y(s) = ¢(s) for s € [—r,0], then from assumption (H3), we

have

Jl(t) :]EHU(t,fL'(t_r)) _u(t7y(t_r))||1;l (3328)
< KYI(=A)PE[lz(t — r) — y(t — )|l

By using Lemma 3.2.2 and assumption (H4), for ¢t > r, one can be

p

Jo(t) =E

/o (—A)S(t — s)(u(s,z(s — 7)) —u(s,y(s — 7)))ds

t

(—A)1 Y(=A)*S(t — s) (u(s, z(s—1)) —u(s,y(s — r)))ds

H
p

H

(/n A0 A s (5~ 1) s (5 )

< ( / My o(t — 5)~(=)g=t=)
0
p

WMwM%Max@—r»—u@w@—w»wH“)'
(3.3.29)
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Under assumption (H3) and by using Holder’s inequality, for ¢ > r, inequality

(3.3.29) turns out to be

t b1
J2(t) < Mf_a( / (t — 5P/ -D(a-D (=) ds)
0

t (3.3.30)
, /0 eV E ||u(s, 2(s — 1)) — u(s, y(s — )| ds.

By the definition of Gamma function T'(z) = [~ 2 'e~"dzx, for t > r, we get

Jo(t) < MP_ KyPy =7 (D(1 + pla — 1) /(p — 1))
) /0 e VIR (s — 1)) — y(s —7)|%,ds
< M KPP (P +pla—1)/(p— 1)
. / e =) sup Ella(s —r)) — y(s — r)||%ds
0 —r<s<oo (3331)
= MY JPy P (D1 +pla— 1)/(p — 1))
s Blle(s 1)~ yls )l / e =ds

< MKy (P4 pla = 1)/ (p = 1)

1

sup Ella(s — ) — y(s — r)|[lyds.

—r<s<oo

By employing assumption (H1), for ¢ > r, we have that

p

Jo(t) = IE’ /0 S(t — ) (F(s,2(s — 1)) — f(s,y(s —)))ds

H

<& [ 15t = 7ot =) = S5 = Dllads) (3332
< B [ e sl = 1)~ 5905 — ) s )

On the other hand, using the Lipschitz condition (H2) and Hoélder’s inequality,
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for t > r, we get

t p=1 pt
J3(t) < MpKf(/ eV(tS)ds> / e VIR z(s — r) —y(s —7)|[5ds
0 0
t

< MPKPAIP / e ) sup Ellz(s —r) —y(s —r)|}ds

0 —r<s<oo

t
= MR sup Blols =)~ yls =)ty [ e s
0

—r<s<oo

< MPKYy™ sup Ellw(s —r) —y(s — )l

—r<s<oco

(3.3.33)

By taking Lemma 2.2.1 and condition (H2) into account, for ¢t > r, we have that

p

J4<t>:E' [ 8= ) ats.nts = 1) = gl (s = D) aws)

H
p/2

= ECP(/O (ISt =) (g(s,2(s = 7)) = g(s.y(s = 7)) \I%)2/pd8>
! p/2

< Ecp(/o |S(t — S)HZ(HQ(S’ z(s—1))—g(s,y(s — T))||ig)2/pd8) .
(3.3.34)

Under condition (H1), for ¢ > r, we get that

p/2

Ja(t) < MPCP(/O (e IE|g(s,2(s — 1)) — g(s,y(s — 7"))||123)2/pd3)

p/2

t

< C,M'K} ( | e B ot = 1) = (s - T)||’}{)2/pds>
0

(3.3.35)

Now employing Holder inequality, we have that

t p—1
PP —20=Dy(t-s)
Ju(t) < C,MP K]} e 2 ds
0

¢
. / e~ 1(t=5) sup Ellxz(s —7) —y(s—r)|%ds
0

—r<s<00

P_1q t
p—2 \? (-
= C MPKY| ———— sup Ellz(s—7r)—y(s—7r p/ew(t ds
Y (GE2E) T s Blats =) - ols -l |

/2—1
p—2\" o2 -
<Garkg(E22)7 @t s Bllels - 1) - ols - 1)l

p— —r<s<oo
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(3.3.36)

Further, by employing the Lemma 3.2.1, for ¢t > r, we get

p

S(t—s)(h(s,z(s —7),2) — h(s,y(s — ), 2))N(ds, dz)

H

<EC, M /O 1St — 8)(h(s, 2(s — 7). 2) — h(s,y(s — ), 2))||Pw(d=)ds

" (//o |S(t = s)(h(s, 2(s = 1), 2) = h(s,y(s 7). z>>u2v<d2>ds)p/2] |

(3.3.37)

Thus, under the assumption (H1) and using Holder inequality, for ¢ > r, we have

that

J5<t>s1acp[ / /O 15(t — )[PIIA(s, 2(s — 1), ) — (s, y(s — ), 2)|Pr(dz)ds

' </0t/o 1St = s)I* (s, 2(s = 7),2) = h(s,y(s — 1), Z)||2V(dz)d8)p/2}

< MpC’p{ / t / e IE||h(s, 2(s — 1), 2) — h(s, y(s — 1), 2)|[Pv(dz)ds

(/ / VIR (s, z(s — 1), 2) — h(s,y(s — T)jz)”?y(dz)ds)m]'

(3.3.38)

On the other hand, by using the Lipschitz condition (H2), for ¢ > r, we also have

t
J5(t) < MPC, {Kgfy(lp) / e’V(t’S)EHx(s —r)—y(s—r)|Pds
0

p_2 (p—2)/2 t (t—s)
+Kp(—) /e'7 E|x(s—71) —y(s —r pds]
N\ 2=y i (s —r) —y(s —7)||

t
< M?C, { p)/ e sup Ellz(s —r) —y(s —r)|*ds
0

—r<s<oco

p_2 \P s
—f-Kp(—) /e_7 % sup Elx(s—r)—y(s—1r pds}.
(oo=rs) [ s Blats—n)—uls =)l

(3.3.39)
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By combining the coefficient, for ¢t > r, inequality (3.3.39) turns to be
1) p—2 (p—2)/2
s (s (222 )7
() e 2(p — 1)y

¢
. / e V(t=s) sup El||z(s—1r)—y(s—r)|Pds
0

—r<s<oo

b2 \"D2
= MG (V(H)) i (2(29 - 1)7) )

t
sup Elz(s—1)—y(s — r)||p/ e 1179 s
0

—r<s<0c0
p— 2 (p—2)/2
SM”CKP<]’+<—) > sup El|lz(s —7) —y(s —1r)|P.
(74 (sE=a) ) s Bla(s =)=yl )]
(3.3.40)
Now, from the assumption (H1) and (H4), for ¢ > r, we have
p
Jo(t) =E|| Y S(t—te)i(z(ty) — y(&;))
0<tp<t H
p
= E( > Me g (x () _y(tk>>HH) (3.3.41)
0<tp<t

p

SE(MRAZwWSWa$—y@me).

By using Holder inequality and inequality (3.3.2) for each t > 0, we get

t p—1 rt
Jo(t) SMW( / e”(”’ds) / e IR x(s) — y(s) | ds
0 0
t p—1 pt
SMW( / e—w<t—s>ds> / e sup  Ellz(s) — y(s)|fds
0 0

—r<s<oo
t p—1 t
= Mpmp(/ ew(ts)d(s) sup E|z(s) — y(s)||§1/ e 1t=9 s
0 —r<s<oco 0

SMp/fp")/(_p) sup EH%’(S)_?J(S)”%dS

—r<s<0c0

(3.3.42)
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Now we are in a position to show that 7 is a contraction mapping.

() = (my)ls

< 00 KUY P 4 MK (N4 e = /(0= 1)

_9 p/2—1
+ MPEPyP + Mpcng’( b ) (29)1P/25 1

(p—=1)
[ p—2 P
2 CRE (vt 4025 ) ) e -yl

(3.3.43)

where C, = (p(pgl))g, for p > 2, is a constant. Therefore, 7 is a contraction

mapping and hence there exists a unique fixed point z(-) in & which is the mild
solution of the equation (3.2.1) with x(0) = 0 and E|z(¢)|% — 0, as t — .

This completes the proof. O

3.4 Illustrative Example

Let us consider the following neutral stochastic impulsive partial functional dif-

ferential equation with delays and Poisson jumps of the form:

d[x(t) + ao( — aa_;) : z(t — r)} = {g—;x(t) + oqz(t —r) |dt + asx(t — r)dB(t)
—|—/ aszr(t —r)N(dz, dt), t>0, t # t
@
Az(ty) = x(t]) —z(ty) = auz(ty,), t=tr,k=1,2,....m

wo(s) = ¢(s) € D([—r,0); H),

\

(3.4.1)

where a; >0, i =0,1,2,3,4, a € (0,1), 5(t) denotes the one-dimensional Brow-
nian motion and O = {z e R,0 < |z| < ¢, ¢ > 0}

We rewrite equation (3.4.1) into the abstract form of (3.2.1). Let H =
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2

L*(0,7). We shall define A: H — H by A = % with domain

D(A) = {x € H : z,z are absolutely continous, # € H and z(0) = z(x) = 0},

(3.4.2)
then
Ax = Z —n*(x,en) yen, € D(A), (3.4.3)
n=1

where €, () = \/gsin n&, n = 1,2,... is the set of eigenvector of —A. It is well
known that A is the infinitesimal generator of an analytic semigroup S(¢),t > 0,

in H and

o0

S(t)x = Z e, en)yen, T € H.

n=1

Moreover, [|S(¢)|| < Me ¢t > 0.

For t > r, let
u(t,z(t —r)) = ap(—A) %zt —r), f(t,z(t—7)) =zt —r),
gt,x(t — 7)) = agz(t — 1), h(t,x(t —7),y) = azyz(t —r), (3.4.4)
z(ty) = aux(ty).

It is obvious that all the assumptions (H1)-(H6) are satisfied with

M=1, v=1, Ki=ai, Ky =ay, K3= CY3/ 22v(dz),
o
Ky = aol|[(=A)"[], & = au.

Thus, by Theorem 3.3.1, for ¢t € [—r, 0], if

Elly(®)lI% < Mo(d)e™,
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where My(¢) > 0,1 > p > 0 are some constants. If p > 2, then
—Q —Q -1
[a@Ht—A) 17+ MY_q o | (= A) P (T(1 + pla = 1)/(p — 1))))"

+of + <@)pa§ ( (]]; — i))p/2_121p/2 (3.4.5)

(p—2)/2
plr =1\, p—2 1
p\p—1) 1 Pl e 2
+ ( 2 ) 063 + 2(p — 1) + 053 < 6(17_1)’

so the mild solution of equation (3.4.1) is exponentially stable in p-th moment.
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Chapter 4

Attracting Set of Neutral
Impulsive Stochastic Delay
Partial Differential Equations

with Poisson Jumps

4.1 Introduction

A stochastic dynamical system can be frequently described by some stochastic
differential equations. The equation of a given system specifies its behaviour over
any given short period of time. To determine the system’s behaviour for a long
period, we often study the integration of the equations. When we investigate
real world systems, we are interested in settling the system into its typical be-
haviour. The subset of the phase space of the dynamical system corresponding
to the typical behaviour is the attractor, also known as the attracting set. In
the mathematical field of dynamical systems, an attractor is a set of numerical
values toward which a system tends to evolve, for a wide variety of starting con-

ditions of the system. System values that get close enough to the attractor values
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remain close even if slightly disturbed. The attracting set of a stochastic dynam-
ical system has been extensively studied over the past several years. Although,
some results have been given in finite dimensional space valued systems in Li and
Xu [69], Liao, Luo and Zeng [72], Xu [121] and among others . However, not
many investigations of attracting set of stochastic systems in infinite dimensional
spaces. Chen [30] has studied the exponential stability for stochastic partial dif-
ferential equations with delays by establishing an impulsive-integral inequality in
the following form

(

da(t) = [Azx(t) + f(t,z(t —r(s))]dt + g(t, z(t —r(s)))dW (t), t>0, t#t,
Az(ty) = z(t)) — z(t,) = I(z(ty,)), t=tg, k=1,2,...,

zo(t) = o(t), t e [-r0].

(4.1.1)

Recently, Long and his co-authors [85] studied a class of stochastic neural partial
differential equations with impulsive. The impulsive effects also have been consid-
ered in this chapter. Motivated by the above discussions and based on the result
in Chen [30] and Long [85]. We firstly recall an impulsive-integral inequality to
deal with impulsive effects. Next, by employing the impulsive-integral inequality,
we shall study the existence, uniqueness and stability of mild solutions of neutral

stochastic impulsive partial differential equations with delay and jumps.

4.2 Problem Formulation and Assumptions

Let P(I, H) ={¢ : I — H is continuous for all but at accountable number of
points ¢ € I and at these points t € I, ¥(t7) and ¢ (t7) exist, ¥(tT) = ()},
where I C H is a bounded interval, ¢ (¢t*) and ¢ (¢~) denote the right-hand and
left-hand limits of the function v (t), respectively.

Let D := Db ([—r,0], H) denotes the space of all bounded Fy-measurable

62



cadlag functions from [—r, 0] into H, equipped with the supremum norm

9llp = sup. E|o(t)||z < oo.

te[—r,0]
Let P := P% ([—r,0], H) denotes the family of all bounded Fy-measurable, P([—r,
0], H)-valued random variables ¢, equipped with the supremum norm
16/, = sup E[¢(0)[} < oo, forp>0.
9e[—r,0]
We consider a class of neutral stochastic partial differential delay equation

with impulsive and Poisson jumps in following form:

(

dlz(t) +u(t,z(t —r))] = [Az(t) + f(t, z(t —r))]|dt + g(t, z(t — r))dW ()
+/ h(t,z(t —r),2)N(dt,dz), t>0, tF#ty,

Aw(ty) = a(tf) — a(ty) = L(z(ty)), t=ty, k=12,

°

zo(t) = o(t) € Dﬂ’ro([—r, 0]; H).

\

(4.2.1)

where A : D(A) C H — H is the infinitesimal generator of an analytic semigroup
of linear operator (S(t))s>o on a Hilbert space H. Here u, f : [0,400) x H —
H, g:[0,+00)x H — LYKy, H), h:[0,+00)x HxU — H are measurable func-
tions and I, : H — H ismeasurableand 0 < t; < ... <ty < ..., limy_ .o tp = 00,
z(t}) and z(t; ) represent the right and left limits of z(¢) at t = ¢, k =1,2,...,

respectively. The mapping [ represents the size of the jump at ¢y, £k =1,2,.. ..

Definition 4.2.1. A stochastic process {z(t),t € [0,7]},0 < T, is called a mild

solution of the equation (4.2.1) if:

(i) «(t) is adapted to F;, for each ¢ > 0, and

T
P{w : / |z(t, w)||5dt < oo} =1, T>0;
0
(ii) x(t) € H has cadlag path on ¢ € [0, T] almost surely.
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(iii) For each t € [0, T], z(t) satisfies the following integral equation,
z(t) = S(0)[0(0) + w(0,9)] — ult, z(t — 7))
_ /Ot AS(t = s)u(s, 2(s — r))ds
+ /Ot S(t — 5)f(s,2(s — r))ds
+ /0 St — 8)g(s,a(s — 1)dW () (4.2.2)
+ /0 /O S(t — s)h(t, a(s — 1), 2)N(ds, dz)
+ O;NS@ — ti) le(x(ty),

x<0) =¢ € Dg—'o([_r> 0]7H)'

We shall introduce two classes of notations: one is the definition of the at-

tracting set and other is the definition of exponentially stable in p-th moment.

Definition 4.2.2. A set A C H is called an attracting set of equation (4.2.1),
if for any initial value ¢ € D% ([—r,0], H), the solution x(t,¢) converges to the

attracting set A as t is large enough. That is,
d(z(t, ), A) — 0, as t— +oo0,

where

(e, A) = inf E(la(t, 6) - ylf}).

Definition 4.2.3. For any p > 2, the mild solution of equation (4.2.1) is said to
be exponentially stable in p-th moment if there exists a pair of positive constants
v > 0 and M, > 1 such that for any solution (¢, ¢) with the initial condition
¢ € D, ([=r,0], H),

E(llz(t, o)llf) < Mo(llgllp)e™™,  t=0. (4.2.3)
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In particular, when p = 2, the equation (4.2.3) is said to be exponentially stable

in mean square.

In order to obtain the main result, for system (4.2.1), we impose the following

assumptions:

(H1)

(H2)

A is the infinitesimal generator of an analytic semigroup of bounded linear

operator {S(t) t > 0} in H such that the following inequality holds
IS@I < Me™,  t>0,
for some constants M > 0 and v > 0.

The coefficients f, g, h satisfy Lipschitz conditions, i.e. there exist some
positive constants p > 2, K; > 0, Ky > 0, K3 > 0 such that for any

r,y € Hand t >0,
1f(t,x) = FE )y < Kalle —ylly, (O < by,

lg(t,z) = gt )l g < Kollz = yllg, 119t 0)llzg < by,
/ 1h(t, z, 2) = h(t,y, 2)|[v(dz) < K|z —yllf,  [[h(t,0,2)]| < by,
@

where by > 0, by > 0 and b, > 0 are some constants.

There exist a positive series {qy} for each k& € {1,2,3,...}, such that

Y ore i qr =K < oo and
1e(z) = L)l < arllz —yll, =,y € H,
and I(0) =0, k=1,2,....

There exist some constants « € (0, 1] and K, > 0 such that for any z € H,

t >0, u(t,z) € D(—A)*) and

I(=A)%u(t, z) = (=A)*ut,y)l| g < Kalle = ylly, =y € H,
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with u(¢,0) =0 for ¢t > 0.

4.3 Impulsive-integral Inequality

In this section, in order to get an attracting set and exponential stability in p-
th moment for mild solutions of system (4.2.1). We shall recall the following
impulsive-integral inequality [85] to overcome the difficulty when the impulsive

effects are presented.

Lemma 4.3.1. [85] Suppose y : [—r,+00) — [0,400) is a measurable function

satisfying the following impulsive-integral inequality:

;

t
ol ) gl x| e s

to
y(t) < + Y e Ty + T, >, (4.3.1)

tr€(0,t)

w(t), t e [to -, to],

\

where ¥ (t) € P([to—r,t0], RT) and some nonnegative constants ay, as, cx, (k=

1,2,...), u and J satisfying,
P—
aéa1+—2+ch<1. (4.3.2)
-

Then there ezist some positive constants X € (0, ) and K < N such that

y(t) S Ne?70) 4 =\t > 1o, (4.3.3)
—0
where A and N satisfy that
a e)\T +oo
A Ar 2
= <1 d N> , 4.3.4
o)\ £ are +M_/\+k§:1ck an > o (4.3.4)

or as # 0 and

=K = 5

ox<1 and N > X
age

(4.3.5)
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Proof. From (4.3.2) to (4.3.5), for any N > N, we shall prove that,

) J
y(t) < Ne At-to) 4 = v(t), t>t. (4.3.6)
— 0

Now we prove the above inequality (4.3.6) by contradiction. If the inequality

(4.3.16) is not true, from our condition N > K > |[/||,, there must exist a ¢ > t,

such that
y(t) <w(t), yt)>v(t), Vtelty—r,t). (4.3.7)

From inequality (4.3.1), we obtain the following inequality,
(1) For y(®) < [yl = sup_,<yco ly(E + D)l by using (43.2), (43.1), (4.33),
(4.3.4) and (4.3.5), we have that,

y(t) < Ke #7104 g lNe—A(f—to)exr n : JU}

1—0

i
+ az/ e H(t=s) [Ne_’\(s_to)e’\r + J }ds
to

B J
+ Z cre —p(t— tk)|:N6 At — to)_l_l_g} +J
tetot (438)
Ar 3.
< ( — _ & N) e~ Mi—to)
1—0 h— A

\r

+ (ale +

+ch>Ne (t=to)
a9 J

—i—(al—l———i—ch) +J.
- l-o

Under the condition (4.3.4), by substituting o, and ¢ into the inequality (4.3.8),

we have that,

- azJ aze™ (-t T, —A(E— oJ
)< (K- — N et 4 gy NeMimto)  —= 4 J
y(t) < d—0) n-X )e +o\Ne t—+
< Ke M) 4 g Ko N . 9 2o (4.3.9)
l1-0 l—0o
< Ke Mito) 4 O’)\Ne_)‘(f_t()) + 1 ig.
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Supposing that the condition (4.3.5) is satisfied. Similarly, we obtain that

R Ar AT R R N J
y(t) < (a2€ )\N _ ag€ )\N) e—)\(t—to) + UANB_)‘(t_tO) + 10_ +J
H= H= 9 (4.3.10)
< UANe*A(tA*tO) + L
- l1—0

Thus, under the conditions (4.3.4) and (4.3.5), one can have,

N N . J N
(i) < Ne 0 4 2 = (), (4.3.11)
— g

which contradicts with assumption (4.3.7).
(2) For y(t) = |||, by using (4.3.2), (4.3.1), (4.3.3), (4.3.4) and (4.3.5), we have

that,

. A ‘ - J
y(t) < Ke M0 4 ogyy(t) + (12/ e H=9) {Ne‘“s_t‘))e’\r + 1—} ds
to -0

+ Z cpe ) {Nek(t’“m) +

trE(to,b)

~ asJ aze™ <\ i—to)
galyt)+<K— — N)e (t=to
( pl—o) p—2A

+ ( + ck) Ne Aito) 4 (— + ck) +J
p—A e l-o

Under condition (4.3.4), by substituting o, and o into the inequality (4.3.8), we

[+

— 0

(4.3.12)

have that,

> > ; NG J
y(t) < ary(t) + Ke M%) 4 (gy — a,M)Ne M0 4 (5 — ay) N

; o J
< ay(t) + (K + (o — CL1€AT))N€7’\(t*t°) + (0 —ay) .

Next, supposing that condition (4.3.5) is satisfied. Similarly, we have

+J. (4.3.14)

, . - ; J
y(f) < ary(t) + (1 — a1e)Ne 2710 4 (0 — a1)1

Since under condition (4.3.4), we have that K < (1 — o5)N. And for any A > 0,
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we have that 1 —a; > 1 — a;e’", then inequality (4.3.12) implies that

AP J A
y(f) < Ne M-t 4 T =vd), x>t (4.3.15)
— 0

which contradicts with inequality (4.3.7). Therefore, the following inequality

- J .
y(t) < Ne M=t 4 = v(f), t>to, (4.3.16)
— 0

is true. Letting N — N, we complete the proof to get inequality (4.3.3). |

4.4 Attracting Set of the System

Theorem 4.4.1. Assume that (H1) — (H4) hold and the following inequality

& ATPRY|(—A) | 4+ 7P MPRPACP) 4 7Py YOy + G + C) )
F MY Ky P14 pla— 1)/ (p— 1)) < 1,

holds for a € (0,1] and p > 2, then the attracting set of system (4.2.1) is

S = {:c eH: ||z|| <{/(1- a—)—lj}, (4.4.2)

where J £ 7~Y(Cy + Cy + Cg), C, = (p(pz_l))%and when by >0, b, > 0, by, > 0,

_9 p/2—1
Cl = 2P—1MPK{’,)/1—I7’ 04 — 2P—1Mp0p (%) (2,}/)1—]2/27—1()])’

g

-1

1 . b2 D2
v, (0 + (22 ),
’ o 2(p— 1)y

1 (1—p) p—2 (b=2)/2 1
Co — 21 MPC, (7 » 4 (—) )7— 0.
‘ g 2(p—1)y "

_9 p/2—1
Co = 2P MPy W, O = 2P ' MPKTC, (i—) (2y)+ 772,
(4.4.3)
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Proof. From the definition (4.2.1), we have the following inequality,

El|m () ()5 <7 EIS®)[6(0) +u(0, )]l + 7 Ellut, 2(t — )|l

+ ™7 'E /OtAS(t — s)u(s,z(s —r))ds

H

+ 7 E /Ot S(t— 8)f(s,2(s — ))ds

. " p 4.4.4
+77'E /S(t—s)g(s (s —r))dW (s) e

H

+7”‘1E// (t — $)h(s,2(s — ), 2)N (ds, dz)||

H
p
+ 7R Y S — te) I(x(ty))

0<tp<t

By assumption (H3) it follows that for each ¢ > r,

1(t) = EIS®6(0) + u(0, )]l
< ISl 6(0) + u(0, —r) 1% (4.4.5)
< MPePIE|6(0) + u(0, —r) 1.

Moreover, under assumption (H3), for each ¢ > r, we have

L(t) = Ellu(t, z(t — )|y
= E||(—A)"*(=A)*u(t, z(t — )|

(4.4.6)
< [[(=A)PE[(=A)*u(t, z(t —7))|I%
< KIN-AI s Ellole - 1)l
Under assumption (H3), and « € (0, 1), we have that for each ¢t > r,
I(t)=E /0 (—A)S(t — s)u(s,z(s —r))ds ;

<E ( A= A)S(t — s)u(s, x(s —1))ds

LN (4.4.7)
<E (/ I(=A) " (=A)*S(t — s)u(s, (s — 7"))|]Hds)

(/ I(=A)=25( = s)[lI(=4)" u(s,w(s,—r))HHds)p.
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On the other hand, by using Lemma (2.1.4), we get that, for each ¢ > r

_ g) (=) =y (t=9) u(s,z(s—r Hsp
I5(t) <E(/HM1 alt —35)” [[](—=A)%u(s, x( i d) (4.4.8)

t p
< Mt B[ (6= e A (s s~ ) s )

0
Moreover, by employing Holder inequality, for each ¢ > 7, inequality (4.4.8) turns

to be

-1

‘ p
0

t
< MY K3y (D14 pla—1)/(p — 1)))p_1/0 e sup  Ella(s —r)||3ds.

—r<s<oo

t
K? / IR 2 (s — )| ds
0

(4.4.9)

Now employing assumption (H2) and Hélder inequality, we similarly have that

for each t > r,

L(t)=E S(t—s)f(s z(s —r))ds };
(/ ISt —s)| - 1If(s, x(s—r))”ds) (4.4.10)

| /\

([ Mo als =l + (. 0)ds)
<

Since || f(¢,0)]|
(4.4.10) implies that

by by the condition (H2), for by > 0 and ¢t > r, inequality

t
I(t) < ZPIMPKf’ylp/ e VIR z(s — r)||bds + 2P~ MPA P,

. 0 (4.4.11)
< C’l/ e =) sup  Ellx(s —r)||5ds + Cy,
0 —r<s<oo
where
Cy =20 VMPKPY P Cp =207 MPy PRI (4.4.12)

On the other hand, by taking into account (H1), Lemma (2.2.1), for t > r, we

71



have that

I5(t) = E' /0 S(t—s)g(s,z(s—r))dW(s) ;
t p/2
<6 (2 [ (15t = 9t als = ll) s (1.4.13)

t p/2
2/
<G (E [ 15— o)l (lats.als - 1)) s
0
Moreover, by the definition of stability and Holder inequality, for ¢ > r, we obtain

p/2

10 < G [ (eI ats = ) s
< ([ (Rt a(s — )y as)

t L p—1 ¢
scww(/' @>Wsw9 | e Blg(s.ats — ) s
0 0
(4.4.14)

p/2

Since ||g(¢,0)]| < b, by the condition (H2), for b, > 0 and ¢ > r, then inequality
(4.4.14) implies that

-9 p/2—1
I5(t) < 2p1MpK§Cp<p—)) / e’w(t’s)EHx(s —r)||%ds

2y(p—1 0
op— 1MPC b—=2 2 p/2-1 9~)1-P/2 —1pp (44 15>

t
< Cg/ e "9 sup  Elz(s — r)|5ds + Cy,
0

—r<s<oo
where
p— 2 p/2—1
Cy = 2p_1MpK§’C’p (F) (27)1—10/27

(4.4.16)

Cy = 221 MG, p—2\""" 9~y ) 1=P/2~1pp
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By employing Lemma (3.2.1), for ¢ > r, we obtain

p

Is(t) = ]E' /Ot /O S(t — s)h(s,z(s —r), 2)N(ds, dz)

H

gECp{ /0 t /o 1St — $)h(s, 2(s — 1), 2)|Pw(dz)ds (4.4.17)

: (/Ot /O 15 = s)h(s, x(s — 1), z)HQV(dz)dé’)p/T :

Further, by Holder inequality, for t > r, we have that

Is(t) <EC, {/0 /O 1S = s)IPlh(s, 2(s — 7), 2)|[Pv(dz)ds

([ [ ste=siFGssts ), Z)||2V(dz)d8)p/2]

¢
<G, [/ / MPe PSR h(s, z(s — 1), 2)||Pv(dz)ds
0 JO

" (/ [ e B s ats =), z>||2v<dz>ds> m] |

By using assumption (H2) and ||A(t, 0, 2)|| < by, for by, > 0 and ¢t > r, we have

(4.4.18)

-9 B t
Ie(t) < 2"'MPKLC, (7(1_”) + (p_)) ) / e VIR z(s — r)||Pds
g 0

2(p—1
p—2
_ _ p—2 \ 2\ _
4 or 1Mpc<(1 p)+<—) ) 1p
t
< 6’5/ e ) sup Elz(s —r)||%ds + Cs,
0 —r<s<oo
(4.4.19)
where
p— 2 (p—2)/2
=2 G (30 () )
1 (1-p) p—2 v 1 20
Gy = 2 07C, (407 +(—> ) .
6 p('y 20— 1) T
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Now, we estimate the impulsive term, for each ¢t > r, we obtain

L(t)=E|| > S(t—t)(a(t;)) Z
Ostst ) (4.4.21)
SE( ) e‘”(t‘t’“)qkIIx(t;)IIH) :

Thus, by using condition(H2) and Hélder inequality, for ¢ > r, we get
t
I:(t) < IE(/{/ e_”’(t_S)Hx(s)HHds)
0
t p—1 rt
< /#’(/ eV(ts)ds> / e VIR z(s)||b,ds (4.4.22)
0 0

t
Sﬁpfy(lp)/ 677(1‘/78) sup ]EH‘T;(S)”%dS
0

—r<s<oo

p

Finally, by substituting (4.4.5)-(4.4.22) into (4.4.4), we have that,

Ela()|P < 7 M|o|Pe™ + 7KF(=A) " sup Ella(t —r)llf

—r<s<

t
+7P—1,{P7(1—p)/ e =) sup  Elx(s)||bds
0

—r<s<oo

-1 p—1
Y S (S (RRICEE)y
p J—

¢
/ e sup Elz(s —r)|%ds
0

—r<s<oo

t
T UC + Cy+ Cy) / ) sup Blla(s — r)|ds + J,
0

—r<s<oo
(4.4.23)
where J = 77~1(Cy + Cy + Cs). Let
a £ UL, g & PR A) P, 2T,
iy & TPMP_ KPP (T(1 4 pla— 1)/ (p— 1)) (4.4.24)
+ 7P HC + Cy+ C5) + J.
From (4.4.1), we know
sy N
&é&1+$+26k< 1. (4.4.25)
k=1
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We can choose such ¢ € D% ([—r,0], H), so that there exist K>0, N>0, Ae
(0, pt) such that
. o™ X
aollllf, < K, oy £ @ + /jj +y <1 (4.4.26)
k=1

and

(:u - )‘) {K - M(&fj&)}
<

N. (4.4.27)

&26)\7"
We are combining above results with Lemma (4.3.1), from inequality (4.3.3),

there exist constant A € (0, u) such that for any t > ¢,

~

. K
Ez(t)[? < Ne ) 4 ——

A

1—06

as t — oo, Ellz(t)]|P < %, then we have that the set
A= {x(t) € H, Eljz(t)||” < (1 — &)_1j}

is an attracting set of system (4.2.1). Now, we know the conclusion of Theorem

(4.4.1) is true. |

4.5 Illustrative Example

Let us consider a class of neutral stochastic impulsive partial functional differen-

tial equation with delays and Poisson jumps in the following form:

1)



X Q —8—22 _aflf — T = 8—22513 a1 r — 7T 1
d{ (t) + ( ) (t >>} [ (1) + ane(t — ) + By di
+(062£E(t — 7”) + ﬂQ)dﬁ(t)
—l—/@(agz:c(t—r)—irﬁg) (dz,dt),
tzoat#tka

Ax(ty) = x(tf) —x(t;) = cux(ty), t=tp,k=12,....m

zo(t) = (t) € DY ([—r,0], L0, 7]), «(t,0) =z(t,m) =0, —r<t<0,
(4.5.1)

\

where a; >0, i =0,1,2,3,4, 8, >0, j=1,2,3, are constants, 3(¢) denotes the
one-dimensional Brownian motion and O = {z e R: 0 < |z| < ¢, ¢ > 0}.

We rewrite (4.5.1) into the abstract form of (4.2.1). Let H = L?(0, 7). Define
bounded linear operator A : D(A) € H — H by Az = &5 Vz € D(A). Then

Ox?
we get
+oo
Az = Z —n*(z,en)gen, € D(A),
n=1

where e, () = \/gsin nz,n = 1,2,... s the set of eigenvector of —A. It is well
known that A is the infinitesimal generator of an analytic semigroup S(t),¢ > 0,

in H and

x—E e a:enHen, r e H.

Moreover, ||S(t)]| < e, ¢ > 0, the unbounded linear operator (—A)7 is given by

3 é
4 g n2 Z, en HEn,

with domain
—+oco

D((-A)i) ={z € H, Zn% (z,en)men € H}.

n=1
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Let

u(t,z(t —r)) = ag(—A)%x(t —7r), f(t,x(t—71))=arx(t —r)+ b1, (45.2)
gt,z(t —7)) = ax(t — 1) + B2, h(t,x(t —7r),y) = agyz(t — 1) + Bs.

It is obvious that all the assumptions are satisfied with

M=~=1, Ky=a||[(-A)7%|, K1 = a1, Ko =ay, K3= ag/ z21/(dz),
o

R = Oy, bfzﬁla bg:ﬁ% bh:63‘

Thus, let p > 2,

o 27 afll(=A) T + 7l + 147 o

() ()
+1M4%(ﬂ%;2) O+(é&iio ) (4.5.3)

FTPIME bl (—A) P (DL + pla—1)/(p— 1) < 1,

R B - —1) £ p—2 £-1
R Yy ?
! 61+ ( 2 20-1)) 7

() () )

From employing Theorem 4.4.1, for a € (3, 1], the attracting set of system (4.5.1)

2
2

is

S:{xeﬂ:mmgWu—&yU} (4.5.4)

In addition, let bg, by, b, — 0, by Theorem 4.4.1, we know that the mild

7



solution of system (4.5.1) is exponential stability in p-th moment provided that:

& 2T 1P (—A) |7 4 TPk 4+ 147 P

+ 147 1o (p(pz_ 1)) : (259—_2”) 51

w2 (- (%))

H M Al A) P (DL pa = D/ - 1) < L

A

J =0
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Chapter 5

Exponential Stability of
Stochastic Partial
Integro-differential Equations

with Delays

5.1 Introduction

Stochastic partial differential equations find their applications in a various ar-
eas. In the past several years, existence, uniqueness and stability of solutions of
stochastic differential equations with delays have been investigated by many re-
searchers. Taniguchi [116] has investigated the almost sure exponential stability
of mild solutions of a class of stochastic partial differential equations. Shortly, Liu
and Truman [83] have improved their result by using some analytic techniques.
Stochastic integro-differential equations are more general. Stochastic delay
integro-differential equations can model many real world problems, such as pop-
ulation dynamics, optional control, biotechnology, biological and many others

in science and engineering. More recently, existence, uniqueness and stability
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of mild solutions of stochastic integro-differential equations with delays seem to
be receiving more attention by many investigators. In particular, Diop, Ezzinbi
and Lo [47] studied the existence and exponential stability for some stochastic
partial functional integro-differential equations. The exponential and asymptotic
stability of mild solutions of stochastic integro-differential equations with delays
have been considered by Diop [48]. Diop, Ezzinbi and Lo [49] have employed
the Banach fixed point approach for the existence of mild solutions of stochastic
integro-differential equations with delays to achieve the required result.

In this chapter, we consider the following stochastic integro-differential equa-
tion with delays
(

d(t) = [Ax<t)+ /0 B(t — 8)a(s) + F(a(oy () | dt + G(x(o(t))dW (),

t>0,

(5.1.1)

where r > 0,4 : D(A) € H — H is a generator of some Cy-semigroup e*4,

B(t) is a closed linear operator with domain D(B(t)) D D(A), for each ¢t > 0.
The process W(t) is a Wiener process on the separable Hilbert space K with
covariance operator () € L1(K). The mappings F : [0,400) x H — H, G :
0, +00) x H — LY(Ky, H) are measurable, oy, a5 : [0, +00] — [—r, T) are suitable
delay functions, and ¢ : [—r, +00) x Q@ — H is the initial value.

The theory of integro-differential equations with resolvent operators is an
important branch of differential equations, which has an extensive physical back-
ground. The resolvent operator is similar to the semigroup operator for abstract
differential equations in Banach spaces. Caraballo and Liu [26] studied the ex-

ponential stability of mild solution of the following stochastic partial differential
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equation with delays:

dx(t) = Az(t)dt + F(z(o1(t)))dt + G(x(o2(t)))dW (t), t>0,
(5.1.2)

zo(t) = o(t), te[-r0]
by employing Gronwall inequality. The main purpose of this chapter is to obtain
the sufficient condition for p-th moment exponential stability of mild solutions to

integro-differential delay equations.

5.2 Stochastic Integro-differential Equations in
Banach Spaces

Throughout this chapter, let K and H be two real separable Hilbert spaces. And
L(K, H) denotes the space of all bounded linear operators from K into H. We
denote by (-,) g, (-,:)y their inner products and by || - ||, || - ||z their norms
respectively. We shall assume that (€2, F,{F:},,,P) is a complete probability
space with a normal filtration {F;},.,. Let {W(t),t > 0} denote a K-valued
Wiener process defined on the probability spaces (€2, F,{Fi},5(,P), and Q €
L1(K) is the incremental covariance operator of W (t) which is a positive, self-
adjoint, trace class operator on K.

Now for the question of existence and uniqueness of mild solution of the
integro-differential equation (5.1.1), we recall some fundamental results needed.
Regarding the theory of resolvent operators, we refer the reader to Grimmer [54].
At the moment, let X be a Banach space, A and B(t), t > 0, are closed linear
operators on X. Let D(A) denotes the domain of A, equipped with the graph

norm defined by

[Ylloay = [ Ayllx + [lyllx,  for y € D(A).

The notations C([0,7T]; D(A)) and L(D(A), X) stand for the spaces of all con-
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tinuous functions from [0, 7] into D(A), and the set of all bounded linear operators
from D(A) into X.
We consider the following Cauchy problem,

V() = Av(t) + /OtB(t —s)u(s)ds, ¢=0, (5.2.1)

v(0) =vy € H.
Definition 5.2.1. [55] A resolvent operator for equation (5.2.1) is a bounded lin-

ear operator valued function R(t) € L(X) for t > 0 with the following properties:

(a) R(0) = I and [|R(t)|| < Net* for some constants N > 0, p € R and all

t>0.
(b) For each z € X, R(t)z is strongly continuous for ¢t > 0.
(c) For z € D(A), R(-)x € C*([0,T); X) N C([0,T]; D(A)) and

R'(t)x = AR(t)x + /t B(t — s)R(s)xds
"t (5.2.2)
= R(t)Az + / R(t — s)B(s)xds.

The resolvent operator R(-) plays an important role in the study of the exis-
tence and uniqueness of solutions and establishes a variation of constants formula
for many systems. For additional details on resolvent operators, we refer the read
to [54] and [55]. We need to know when the linear system (5.1.1) has a resolvent
operator. Theorem 5.2.1 below provides a satisfactory answer to this problem.

In what follows, we impose the following assumptions:

(H1) A is the infinitesimal generater of a Cy-semigroup S(t);>o on X.

(H2) For each 0 < t < T, B(t) is a continuous linear operator from (D(A), || -
|pay) into (X, ||-||x). Moreover, there is an integrable function ¢ : [0,7] —
R such that for any y € D(A), ¢t — B(t)y belongs to W([0,T], X) and

< ellyllow. ¢ €[0T, (5.2.3)

o],
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Theorem 5.2.1. Assume that the assumptions (H1) and (H2) hold. Then

(5.2.1) admits a unique resolvent operator R(t);>.

Proof. The proof can be found in Theorem 2.5. Grimmer [55].
|
In the following, we give some results on the existence of solutions for the

following integro-differential equation:

V'(t) = Av(t) + /t B(t —s)v(s)ds+ f(t), t>0,
0 (5.2.4)
v(0) =vy € X,

where f:[0,7) — X is a continuous function.

Definition 5.2.2. [55] A continuous function v : [0,7") — X is said to be a strict

solution of (5.2.4) if
(a) ve CY([0,T]; X) N C([0,T]; D(A)),
(b) v satisfies (5.2.4) for ¢ > 0.

Theorem 5.2.2. Assume that (H1) and (H2) hold. If v(t) is a strict solution

of equation (5.2.4), then the following variation of constants formula holds
t
v(t) = R(t)vy + / R(t—s)f(s)ds, t>0. (5.2.5)
0

Proof. The proof can be found in Theorem 2.7. Grimmer [55].

Accordingly, we introduce the following definitions.

Definition 5.2.3. [55] For vy € X. A function v : [0,+00) — X is called a
mild solution of equation (5.2.4), if v satisfies the variation of constants formula

(5.2.5).

The next theorem provides sufficient conditions for the regularity of solutions

of equation (5.2.4).

83



Theorem 5.2.3. Let f € C1([0,T]; X) and v be defined by (5.2.4). If vy € D(A),

then v is a strict solution of equation (5.2.4).

Proof. The proof can be found in Theorem 5.4. Grimmer [55]. O
In the sequel, we suppose that X is a Hilbert space H and (H1)-(H2) hold.

Moreover, we suppose the following assumptions:

(H3) There exist some constants M > 0 and v > 0, such that for ¢ > 0,

IR < Me™".

(H4) There exist some constants K, K5, C' > 0 such that for any ¢t > 0, the

coefficients F, G satisfy the following conditions:
|1F(t, ) = Fty)lln < Killz —ylla, 2,y € H,
1G(t,2) = G(t,y)lleg < Kollz —ylla, =yeH,
IF(t )7 + Gt o)l < CA+ llF), =y € H.

(H5) The initial value ¢ : [—r,0] x Q@ — H satisfies that ¢(t) is Fo-measurable

for all ¢t € [—r,0] and

sup E[l¢(t)|[3 < +oo.

—r<t<0

(H6) The delays functions o1(t) = t — p1(t) and o3(t) = t — pa(t): [0,400) —

[—7,T),r > 0 are continuously differentiable and satisfy that for any ¢t > 0
pr(1) <0, py(t) <O0and —r <oy(t) <t —r < oo(t) <t.

Note that the functions oy =t — ry, 09 =t — ro with r{, 79 > 0 satisfy the

precedent hypotheses by setting r = max{ry, 73 }.

Remark 5.2.1. From (H6), we observe that there exist a constant k > 0 for any
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t > —r such that

o (t) > 1, 0,(t) > 1, and o7 (t) <t +k, o (t) <t+k (5.2.6)

5.3 Existence Uniqueness and Exponential Sta-
bility in p-th Mean of Mild Solutions

Definition 5.3.1. Let (R(t));>0 be a resolvent operator for equation (5.2.1). An
H-valued stochastic process {z(t), t > 0} is called a mild solution of stochastic

integro-differential equation (5.1.1) for 7" > 0 such that

(i) x(t) is adapted to F; and
T
P{w ; / |z (t, w)||Fdt < +oo} =1, T >0,
0

(ii) xz(t) € H and for each t € [0, T, x(t) satisfies the following integral equation

(5.3.1)

Theorem 5.3.1. Suppose that the assumptions (H1)-(HY4) are satisfied. Then
there exist a unique mild solution to stochastic partial integro-differential equation

(5.1.1).

Proof. The proof can be find in Theorem 3.3 Diop et al. [48]. a

Caraballo and Liu [26] established the exponentially stable of mild solutions
of stochastic partial differential equations with delays by using the Gronwall in-
equality. In this section, we shall discuss the exponential stability in p-th moment

of mild solutions of stochastic partial integro-differential equation (5.1.1).

Definition 5.3.2. Let p > 2, the mild solution z,(t) of equation (5.1.1) is said to
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be exponentially stable in the p-th moment if there exist n > 0 and My > 1 such

that, for any mild solution of equation (5.1.1) z,(¢) corresponding to an initial
0

value ¢ with E||¢(0)[/%; —I—/ El|¢(s)]|%ds < oo, the following inequality holds:

—-r

E|lzg(t) — xo ()l < Molld — @llffe™, ¢ =0, (5.3.2)

where

16— @lI? = max {Ech(O) — o0l [ Ellots) - w(s)l!%ds}- (5.33)

Theorem 5.3.2. Let p > 2 be an integer and x(t) = x4(t) and y(t) = y,(t) be
solutions of equation (5.3.1) with initial values ¢ and ¢ respectively. Assume that

conditions (H3)-(HG6) are satisfied. Then, the following inequality holds:
Ellz(t) =yl < ol — @lfe 0P >0, (5.3.4)

where

2—p

/2 2-p
p(p_1)>p -1 ( 1- k p—2 ?
C :(— Ca=3 M (144 PR 4o KPP :
’ p ' T\ - 1)

2-p
_ B p—2 -
B =3 tMP (f PKYe* + C, K% (—) )
' T\ 2y(p - 1)

Proof. Since z(t) and y(t) are two solutions of equation (5.3.1). We have that for
t>0,

x(t) = R(t)o(0) +/0 R(t—s)F(m(ol(s)))der/O R(t—s)G(x(02(s)))dW (s),
(5.3.5)

u(t) = R(t)p(0) + / R(t — 5)F(y(o(s)))ds + / R(t — )G (y(0a(s)))dIV (3).
(5.3.6)
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Thus, it follows that for any =,y € S,

Ellz(t) -yl < 3 E[RE)($(0) — 9(0)%

p

+ 3R /0 R(t — s)[F(z(o1(s))) — F(y(o1(s)))]ds ;
+ 3R /0 R(t — s) [G(:L’(JQ(S))) — G(y(ag(s)))}dW(s) )
=3 'y L.
- (5.3.7)
By the assumption (H3), it follows that for each t > 7,
LI(t) = E[|R(t)(6(0) — ¢(0)) ][5
(5.3.8)

< MPe7P6(0) — o(0)]%-

By employing the assumption (H3), we have that, for ¢t > r,

p

/0 R(t = s)[F(x(01(s))) — F(y(o1(s)))]ds

H

< E(/O IR(t — 9)||| F(z(s — 01(s))) — F(y(s — Ul(s)))HHds)p (5.3.9)
< E(/o Me 79| F(z(0y(s))) — F(y(al(s)))HHds)p‘

One the other hand, by using Holder’s inequality, we have for t > r,

p

In(t) < MpE( [ e e (o (o)) - F<y<al<s>>>||Hds)

p—1
p
p)

! P
< M%([ / (e DE=)/p) 551 ds}
0

: {/Ot (G_W(t‘S)/”I\F(a:(al(s))) B F(y(Ul(S)))HHYds}

=

(5.3.10)
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Moreover, under the Lipschitz condition (H4), we get for ¢ > r,

t p—1 t
L(t) < Kf]\/[p(/ e_V(t_S)ds) ]E/ e_V(t_s)Hx(al(s)) —y(o1(9))|%ds
0 0

t
< KfM”'yl‘pJE/ e (01(s)) = y(ou(s))|[ds,
0
(5.3.11)

Let u = o1(s) in (5.3.9), from Remark 5.2.1, for ¢ > r, we have that

s=o; (u) <u+k and o' (u) = _du (5.3.12)

oy (o7 ()

By substituting (5.3.12) into (5.3.11) and using assumption (H5), for ¢ > r, we

have that
1 Gl(t) -1 du
L(t) < KY My 7E / e () — y(u) |l
71(0) oy (o7 (u))
Ul(t)
< KIMPTE [ e Bt - yu) fdu (5:313)
01(0)

t
< KPMP e B [ () - g fdu

-T

The equation (5.3.13) can be re-written in the following form

t
L(0) < KEM R [ e aw) gl du
o (5.3.14)
+ KO 7V [ e aw) — yla)

Since z(u) = ¢(u), y(u) = p(u) for any u € [—r, 0], we have that,
t
B(0) < KM R [0 o) -yl du
0

. (5.3.15)
+ KMy [ e o) — o)

T
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As e <1 for any u € [—r, 0], then we get,
¢
B(t) < KMyt [ e afu) — y(w)fdu
0

0
| KPMPA Ptk / () — (a2 du
~ (5.3.16)

t
< KPMPA PME / 1) z(w) — y(u)|[%du
0
+ KYMPy Pk e — of|F.

By taking Lemma 2.2.1 and assumption (H3) into account, we have for ¢t > r

that

p

L(t) = IE'

H

/0 R(t — s)[G(z(02(s))) — G(y(0a(s)))]dW (s)
t p/2

<G ( [ (1G9 [Glaloalo)) - Gluloale)] [5)ds

t p/2
<G ( [ (1R = PGl - GluloalNly) ds)
(5.3.17)

On the other hand, by using assumptions (H3) and (H4), for ¢t > r, we get

! p/2
I3(t) < CPM”( /0 (e IE|G(w(02(5)) — G(y(az(s)))ugg)?/pds)

J, (5318)

< cngMp( / (e IEa(oa(s) - y<—02<s>>|r%)2/”ds)

Now employing Holder inequality, one can have that, for ¢t > r,
t 2/p \ P/?
() < CREM” ([ [ B a(au(e) - y(oalo) ds)
0

< O,,K;’MP({ /O t e - >§p”ﬂ<t—5>ds}p2 { /O t (le—%t—S)EHx(ag(s))
- o] 2/p)p/2ds] W)

o[22 N I a(on(s)) — v(oa(sDIP ds
<omy(G25) [ e Bl - woale s

(5.3.19)

89



Let u = 09(s) in (5.3.19), from Remak 5.2.1, for ¢ > r, we have that

du

‘71(02 l(u))

Similarly by using the method which we employ in (5.3.11), we have that, for

s=o0y, (u) <u+k and o;'(u) = (5.3.20)

t=>r,

_ p/2—1  pt
13<t>scpK§(p—21)) / e R [ 2(03(s)) — y(oa(s)) [ ds

2v(p —

g A (5.3.21)
< D - vk —v(t—u) . P )
<omy(22E) e [ e e -

As e < 1, for all u € [—r,0], we get,
-9 p/2—1 t
L) < GiY (225 ) B [ e et - vl
/2—1
p—2 \’
+CpK5<m,—_1) e ”tﬂ“?/ [ (u )| du
(5.3.22)

< K(ﬁ>/ B [ at0) = vy

p_2 p/2—1
o o] g — |
e ) B

where ||¢ — ¢} is given in (5.3.3).
Recalling inequality (5.3.7) and (5.3.8)-(5.3.22) we can have that

Ellz(t) — y (@)

_9 p/2—1
< 3p—1 MPe—PVt 1 P \fP~AL—P vk =t C KP —p -7t — p
< ( e + Ky MP~yFee " + O, K 27— 1) e "¢ — ey

2—1
+ 319—1 (K:{?Mp,yl—pevk + Cng (ﬁ)p/ )
2v(p—1)

t
E / e () — y(u) Ly du
0

/2-1
_ _ _ p—2 \” N
< 3P 1M”<1+Kp71 Ptk 7t—i—C’K”(—) )e o — plf

4 ariar ( Kryiret 4 oo L2 TN
! P\ 2v(p - 1)

E / () — () %y d
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(5.3.23)

Then for any t > 0, we have that,
Bz (t) — y(t)|

-9 p/2—1
R ey R [ TR
27(p—1)
(5.3.24)

1 1 k p—2 bt
+ 3P~ Mp<Kp7 P L C Kp(—> )
' T\ 2v(p - 1)
t
E [ O"afu) - y(w)lfydu
0

Now employing Gronwall’s inequality, one can have
"Ellx(t) -yt

/2—1
_ N _ p—2 \’
< 3P 1Mp(1+Kp”yl Peke Vt+OKP<—) ) gb_@p 9
1 EE iy | 17 (5.3.25)

1 1 k p—2 bt
Cexpd 310 (pr et 4 K(—) >t}
{ ' T\ 2v(p - 1)

Hence we have that
Ellz(t) — y(t)|[f; < all¢ —@lffe =71 ¢ >0. (5.3.26)
where

1 1 k —n~t p—2 P2t
—gplpe (14 kPl rerket o gr( P2
“ ( T Tere TGy 2<2v(p—1)) )

and
B =3Pt aMP (Kfvl_pew“ + (J,,Kg).

This completes the proof. O

Remark 5.3.1. Observe that the constant 3 in Theorem 5.5.2 depends on values
M, ~, Ky, Ko, and k. Therefore, if the problem we are dealing with is such that
v > B3, then we can assure that all mild solutions to this problem are exponentially

stable in p-th mean.
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5.4 Almost Sure Asymptotic Stability

In this section, we study the almost sure asymptotic stability for the mild solution
of equation (5.1.1) by using the technique close to Haussmann’s [58]. Firstly, we

recall two useful lemmas which were proved by Da Prato and Zabczyk[42].

Lemma 5.4.1. [42] Let ||S(t)|| < M for all t > 0, p > 2 be an integer and
t

P : [0,400) — LI be an Fi-adapted process with / E[|®(s)||%ds < 400, for all
0 2

t > 0. There exists a constant ¢; > 0 such that for any natural number n, we

have

E ( sup
te[n,n+1]

Proof. The proof can be found in Da Prato and Zabczyk [42], p.144. a

p

t n+1
/ S(t — $)®(s)dW (s) ) Scl/ E[|@(s)|hyds.  (5.4.1)

H

Lemma 5.4.2. [/2] Assume that operator A generates a strongly continuous

constraction semigroup. Let W : [0,+00) — LS be an F;-adapted process with
t

/ EHCI)(S)H%gdS < 400, for any t > 0. There exists a constant ca > 0 such that
0

for any natural number n, we have

/St—s $)dW (s)

n+1
) gcz/ E|l0(s)|2ds.  (54.2)
H n

( sup
t€n,n+1]
Proof. The proof can be found in Da Prato and Zabczyk [42], p.160. O
Now, we prove the following new version of Lemma 5.4.1 by using the resolvent
operator R(t) instead of the semigroup S(¢). Let p > 2, ¥ : [0,4+00) — L be a

Fi-adapted process. The stochastic convolution is defined by

Wi g(t) = /Ot R(t — s)U(s)dW(s), t>0. (5.4.3)

Lemma 5.4.3. Let [|[R(t)|| < M for allt > 0 and let ¥ : [0,+00) — LI be an
t

Fi-adapted process with / E[[W(s)|[0ds < +oo, for some integer p > 2. Then
0 2

there exists a constant Cp > 0 such that for any natural number n, we have

p

/ R(t — s)U(s)dW (s) ) < CT/n E[|W(s) [hyds. (5.4.4)

E ( sup
te[n,n+1] H
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Proof. We shall use the factorization method. Let 6 € (%, %) and % + % =1, we

E(/:H 10 (s)[I% ds) < +00.

And for any n < h <t <n+ 1, we have

suppose that

™

/h (t— )7\ (s — h)"ds (5.4.5)

sinmh’

By substituting (5.4.5) into (5.4.3), we give the following stochastic convolution

WY,
WY p(t) = Sm:e / R(t — h)T(h) [/ht(t $)0=Y(s — h)~%ds|dW (h) t > 0.
’ (5.4.6)
Taking stochastic Fubini Theorem 2.2.3 into account, we have that
WY (1) = S“;”e /h (t—s)'"1Z(s)ds t >0, (5.4.7)
where
_ / “R(s— h)(s — B CU(R)AW(R) 0<s<T. (5.4.8)

Since 0 € ( —), applying Holder’s inequality, we can obtain that there exists a

constant Cp, > 0 such that

sin w6

W] < /h (t =) I Z(s)|7ds

gS”;”e{ /h (= si0- %} [ / 1Z()|E, ds] "’ (5.4.9)

. 0—7 p
< sin 0 1 [/ 12()II, ds] '
T (g0 — 1)+ 1)

n+1

sup [WEp(Ol < Cn [ 12() s (5.4.10)

te[n,n+1] n

Thus,
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Moreover, by Lemma 2.2.1, there exist a constant Cp;, > 0 such that

s p/2
B2l < ([ = n 2 umizm) (5.411)

Substituting (5.4.11) into (5.4.10), we obtain the following inequality

E( sup HWXB@)Hz)
(S

[n,n+1]

; p ph—1 n+1 s p/2
< CTQ(SIMQ> I pE/ (/ (s—h)%u\y(h)uiodh) ds.
T ) @o—-1)+1)i n 2
(5.4.12)

From which, using the classic Young inequality, there exist a constant Cp, > 0

such that

/nnH < / (5= h)wH‘I’(h)Higdh)p/st

n+1 p/2  pn+l

< ( / (s — h)29ds) / 19 (s) |2 ds (5.4.13)
" n+1 "

< CTS/ 10 ()7 ls.

Replacing the above expression in (5.4.12), there exists a constant Cr > 0, we

have that
sinwd\” TPo—1 n+1
E( sup W‘I’tp>§CC( ) ,,IE/ U ()P ds
(ks ) < cnon () o Em [ e
n+1
< CT]E/ ||\If(s)||igds.
(5.4.14)
This finishes the proof of Lemma 5.4.3. 0O

We shall recall the Borel-Cantelli’s Lemma which plays important role in our

argument.

Lemma 5.4.4. (Borel-Cantelli’s Lemma) Let (2, F,P) be a probability space
and Ay, As,---, are a group of events. Let A = N, UX_ A, be the event that

infinitely many of the A, occur. Then:
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(a). P(A) =0 if )y P(A,) < oo,
(b). P(A) =1if ) P(A,) =00 and Ay, As,--- are independent events.

If the assumption of independence is dropped, the statement (b) could be
false. For example, consider some event F with 0 < P(E) < 1 and let A, = E

for all n. Then A = FE and P(A) = P(F).

Theorem 5.4.1. Suppose that all assumptions (H1)-(H6) of Theorem 5.3.2 are
hold with p > 2. Let x(t) and y(t) are solutions of equation (5.1.1) with initial
values ¢ and ¢ respectively. Ifv > B, then there exists a random variable T(w) > 0

such that for all t > 7(w)
lz(t) =yl < llé - @llfe” "2 P as. (5.4.15)

Proof.  Let ny be an integer such that o1(ng) > 0, oa(ng) > 0. Since the
assumption (H5) is satisfied, we have that o;(n) > 0 and o3(n) > 0. Let n > ny,

we denote [, the interval [n,n + 1]. For any ¢ € [n,n + 1], we have

t t

z(t) = R(t—n)x(n)+/ R(t—s)F(w(aﬂs)))ds—k/ R(t—3s)G(x(02(s)))dW (s),

n n

(5.4.16)

t

Rt=s)Flylor(9)ds+ | R(t=9)G((ma(s)dV (o)

’ ’ (5.4.17)
It follows that
e (6) — w(o) I
< IR (= m)le(n) — vl
| [ R wlFeon - Fotons| A1
+| [ Re= w6l - Gueenan )|
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For any constant € > 0, we have

P s o) - y(0lf > )

n<t<n+1

<[ s A= n)lato) —u(oly > 5
-+ P[n<stl<1£)+l / R(t —n) [F(:U(al(s))) — F(y(ol(s)))}ds ) > %
+ IF’Lgst;l?[l)+1 /n R(t — n)[G(z(0a(s))) — G(y(o2(s)))]dW (s) ; > g
(5.4.19)

By using Markov inequality in the above inequality (5.4.19), one follows that

P s o) -0l > ¢)

n<t<n+1

< (2)E| sw_ 1r6- e - yolly]

n<t<n+1

3 p

+ (—) IE[ sup
€ n<t<n+1
3 p

+ (—) E[ sup
€ n<t<n+1

() ey

A

/ R(t —n) [G(x(02(s))) — G(y(o2(5))) | dW (s)

/ R(t —n)[F(z(01(s))) — F(y(o1(s)))] ds

A

(5.4.20)

By employing Theorem 5.4.1, assumption (H3) and Hélder inequality, we have

that

n<t<n41

HIZE{ sup ||R<t—n>[x<n>—y<n>]|rz]

<E| sup MPe P |z(n) —y(n p}
|:n§t§n+1 lr(m) =yl (5.4.21)

< MPE||z(n) — y(n)||%

< MPalj¢ — |07,
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Applying assumptions (H3), we can see that

y=E| swp | [ R =) [Flalor(s)) = Flu(oa(s)] ds ]

n<t<n+1 H

(5.4.22)

<k s ( / IR(t —n) [F(e(or(s))) - F<y<m<s>>>]qus)p].

n<t<n+1

Under the Lipschitz condition (H4) and by using Hélder inequality, we have,

o< e E| s (et - y<m<s>>uﬂds)p]

n<t<n+1

< (MEL)'E| sup (/ntl X [lz(o1(s)) — y(Ul(S))HHds)p]

n<t<n+1

(5.4.23)

n<t<n+1

< (MEL)'E| sup (t—n)(p_”/”/ [z(o1(s)) —y(al(S))H’}{dS]

<K [ Elafon(s) — uon () s

Let u = o04(s), then the above expression (5.4.23) implies

o1(n+1)

I, < (MK, / Ella () — y(u)|[%d(o7 (u))

< (MK / El|(u) — y(u)|[%du
o1(n)
o1(n+1) (5.4.24)
< (MK, / ollé — pllfe Mgy

1(n)
o1(n+1)

< (MEPallé— ol / 0By,

o1(n)

Since v > 3, we have

Q

I, < (MKy)P ( )||¢ ¢||P —(y=B)a(n) _ o—(v- ﬁ)a(n+1))

Q

l¢ — gl =7t

)Has ol =0

\Q
Q

(5.4.25)

Q

Q
Q

Q

e(r— B)TH(b <PHp (y=B)n_

< (MKy)? (
< (MKq)P (
< (MKq)P (

\Q
E
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On the other hand, by taking Lemma 5.5.1 into account, we have that

II; = E[ sup / R(t — n)[G(z(0a(s))) — G(y(o2(s))) ] dW (s) ]

n<t<n+1 :—H H (5426)

< (MKz)pCT/ Eljz(o2(s)) — y(o2(s)) [ ds.

By using the change of variable u = o5(s) in (5.4.26), we get
o1(n+1)
ty= QK7 [ Bla(u) ~ gy

o1(n) (5.4.27)

< (MKy)P (Vaf%)e(wﬁ)rl\aﬁ —plffe-tmm,

Recalling (5.4.19), from (5.4.21) to (5.4.27), one can see that there exist a M; > 0

such that

M —(v—B)n
P( sup |lz(t) — y(8)[[} > 6) < —l¢ - pllfe P (5.4.28)
ten,n+1] €

where M; = (3M )P« (1 + Kfﬁe”‘ﬁ)r + ngcf’be(“/_ﬁ)v :
For each integer n > ng, we set €, = ||¢ — ¢|l1e""=#"/?_ Then one can have

that

P( sup |lz(t) —y(@)|u > [l¢ - wllle‘“_m"m”) < Myem 02 (5.4.29)

te[n,n+1]
Hence, the Lemma 5.5.2 implies that there exist a random variable 7(w), t > 0

such that for all ¢t > 7(w)

lz(t) =yl < ll¢ = @llfe” P2 P as. (5.4.30)
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5.5 Illustrative Example

We consider the following system
(Ou(t,z)  O*u(t,z) ¢ 0? u(oy(t), z)
) _ ) t— -~ d . )
ot B2 +/0 alt = s)gzls s = 0 o )

u(o2(t), 7)
1+ |u(oa(t), x)ldﬁ( h 120 (5.5.1)

u(t,0) =u(t,m) =0, >0,

Ku(t,m) =uy(t,z), te[-r0], zel0,n].

where r > 0, 5(t) is a real standard Wiener process and o : Rt — R is
a continuous function. Let H = L?([0,7]) with the norm || - || and e, :=
\/g sin(nz), n =1,2,3,--- denote the completed orthonormal basis in H. Let
W(t) = 3207 VAndu(t)e,, where §,(t) are one dimensional standard Brownian
motion mutually independent on a complete probability space (2, F, Fi>o, P).
Define A : D(A) C H - H by A = %, with domain D(A) = H?[0, 7] N

H}[0, 7.
Then
Ah = Z 2(h,en)en, h e D(A),
where e,, n=1,2,3,---, is also the orthonormal set of eigenvectors of A. It is

well-known that A is the infinitesimal generator of a strongly continuous semi-

group S(t) on H, given by
(Hh=> e hey)en, heH,

which is compact.

Let B(t) : D(A) C H — H, t > 0, be the operator defined by

B(t)(z) =a(t)Az t >0, z € D(A).
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If we put
(5.5.2)

Then the equation (5.5.1) takes the following abstract from

dx(t) = {Ax(t) +/0 B(t — s)x(s) + F(xz(o1(t))) |dt + G(x(o2(t)))dW (t), t >0,

xo(t) = o(t) te[-r0].
(5.5.3)

We suppose b is bounded and b is bounded and uniformly continuous, which
implies that the operator B(t) satisfies conditions (H1) and (H2) and hence, by
Theorem (5.2.1), equation (5.2.1) has a resolvent operator (R(t));>o on H. By

Lipchiz condition (H4), we suppose that for all ¢ > 0,
IRy < Me™, M >1, v>0,

then all the assumptions of Theorem 5.3.2 are fulfilled. Therefore, the stochastic
integro-differential equation (5.5.1) has a unique mild solution which is exponen-
tially stable in p-th moment provided
_ p—2 \7\_ 1
MP11 e L O ——— < — 5.5.4
( e p(Q(p—m) ) 3t 54

for any p > 2 and there exists a

C, = (p<p2_ 1)),3/2. (5.5.5)
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Chapter 6

Exponential Stability of Neutral
Impulsive Stochastic Delay
Partial Differential Equations
Driven by a Fractional Brownian

Motion

6.1 Introduction

The fractional Brownian motion is a special stochastic process. It differs signifi-
cantly from the standard Brownian motion and semi-martingales in the theory of
stochastic processes. As a family of centered Gaussian processes, it is character-
ized by the stationarity of its increments and a medium or long-memory property.
It also exhibits power scaling with exponent H. Its paths are Holder continuous
of any order H € (0,1). When H = %, the fractional Brownian motion becomes
the standard Brownian motion. However, when H # %, fBm B behaves in a

completely different way from the standard Brownian motion. In particular, it is
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neither a semi-martingale nor a Markov process.

We shall define the stochastic integral with respect to fractional Brownian
motion in infinite dimensional spaces in the same way as in Caraballo et al. [21].
They have also discussed the existence and exponential behaviour of mild solu-
tions. Although, stochastic functional differential equations driven by a fractional
Brownian motion have recently been studied intensively, as far as we know, there
are only a few satisfactory results. The following stochastic functional differential
equation driven by a fractional Brownian motion in a Hilbert space with finite
delay has been studied by Boufoussi and Hajji [12]

(

dlx(t) +u(t,z(t — r(t))] = [Az(t) + f(t,x(t —r(t)))]dt + o(t)dB(¢),

t>0,

(6.1.1)

R. Maheswari and S. Karunanithi [93] have discussed the existence, uniqueness
and asymptotic behaviors of mild solutions for a neutral stochastic differential
equation with finite delays driven by fractional Bownian motion in the following

form

(

dlz(t) +u(t,z(t — r(t)))] = [Az(t) + f(t,z(t — r(t)))]dt

+g(t,x(t —r(t)dW(t) + o(t)dBH(t), t>0,

(6.1.2)

Moreover, in addition to stochastic effects, it is known that the impulsive ef-
fects exist in many different areas of real world such as mechanics, medicine and
biology, economics and finance. Impulsive effects often make systems under in-

vestigation unstable. Therefore, impulsive effects should be taken into account in
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the research of stochastic delay differential equations driven by fractional Brow-
nian motion. However, to our best knowledge, so far not many works have been
reported on the corresponding problems for impulsive stochastic neutral stochas-
tic differential equations driven by a fractional Brownian motion. Motivated by
this consideration in this chapter, we are interested in existence, uniqueness and
asymptotic behaviors of mild solutions for the following Hilbert space valued
neutral impulsive stochastic differential equation driven by a fractional Brownian

motion with finite (r > 0) or infinite delays (r = +00):

.

dlz(t) +u(t,z(t — 7(t)))] = [Ax(t) + f(t,z(t — 7(2)))]dt + g(t, x(t — 7(t)))dW (t)
+o(t)dBH(t), t>0, t#t,

Az(ty) = z(t)) — z(t;) = I(z(ty)), t=tr,k=1,2,...,

z(t) = ¢(t), te(—r0].
(6.1.3)

where A is the infinitesimal generator of an analytic semigroup of bounded liner
operators (S(t));>o in a Hilbert space Y with norm || - ||, B¥(¢) is a fractional

Brownian motion with H > = on a real and separable Hilbert space K, 7 :

N =

[0,00) — [0,7) is continuous. Here u, f :[0,4+00) XY =Y, g:[0,+00) XY —
LY(Ky,Y), are measurable functions, mapping o : [0,4+00) - Y and [,: Y — Y
is measurable and 0 < t; < ... < tx < ..., limp o tp = o0, z(t)) and z(t;)
represent the right and left limits of x(t) at ¢t = tx, k = 1,2,..., respectively.
The mapping [ represents the size of the jump at tx, £ = 1,2,.... The initial
value ¢ € P((—r,0],Y) the space of all continuous functions from (—r,0) to Y,
but ¢(t7) and ¢(¢7) exist at accountable number of points on (—r,0). ¢(¢t7) and

¢(t™) denote the right-hand and left-hand limits of the function v (t), respectively.
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6.2 Fractional Brownian Motion

In this section, let (€2, F,P) be a complete probability space. We recall the
definition of Wiener integral with respect to fractional Brownian motions with
Hurst parameter H > % We also establish some definitions and lemmas which

play an important role throughout this chapter.

Definition 6.2.1. An one-dimensional fractional Brownian motion with Hurst
parameter H € (0,1) is a continuous centered Gaussian process 37 (t), t € R,

with the covariance function

Ru(t,s) = E[B7(1)8" (s)] = = (|t + |s|* — |t — s[*"), t,s€R, (6.2.1)

l\DI»—t

where H is the Hurst parameter. The process above is called a two-side one-

dimensional fractional Brownian motion.

We shall define the stochastic integral with respect to fractional Brownian
motion in infinite dimensional spaces in the same way as in Caraballo et al.
[21]. Firstly, we introduce stochastic integral with respect to the one-dimensional
fractional Brownian motion 3. Let T > 0 and denote by A the linear space of

R-valued step functions on [0, 7], that is, ¢ € A if

n—1
P(t) =Y 1iXjg, 1) (1), (6.2.2)
=1

where t € [0,T], z; e Rand 0 =1t; <ty < --- <t, =T. For ¢ € A we define its

stochastic integral with respect to % as

/O (s)dB™ (s) Z 2 (8™ (ti1) — BH (L)) (6.2.3)

Let H be a Hilbert space defined as the closure of A with respect to the scalar

product
(X4, Xo,s))n = Rul(t,s)

104



It can be shown that the mapping

Z Tt ti01) / (s)dB™(s) (6.2.4)

is an isometry between A and the linear space span {8%,t € [0,7]}, which can
be extended to an isometry between H and the first Wiener chaos of the fBm
span” {7 t € [0,T]}. The image of an element ¢ € H by this ismetry is
called the stochastic integral of ¢ with respect to 3.

Next, we will give an explicit expression of this integral. To this end, we

consider the kernel function

t
Ky(t,s) = cHséH/ (u— S)H’%uH’%du, t <s, (6.2.5)
0
o H(QH—l) . . . . .
where cy = Ba—2H AT}’ with B denoting the Beta function. It is not difficult
to see that
0K t\" 2
atH (t,s) = ci (g) (t—s)¥ 2. (6.2.6)

Consider the linear operator K3 : A — L%([0,T)]) defined by

(K%0)(s) = / t @(t)agH (t,s)dt o€ A. (6.2.7)
Then
(K}'}X{O’t])(s) = KH<Zf, S)X[O,t](s). (628)

It can be shown that K} is an isometry between A and L?[0,7] that can be
extended to ‘H. We define that

W(t) = B"((K;) ' Xoy), te0,T). (6.2.9)

It turns out that W (t) is a Wiener process and 37 has the following Wiener
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integral representation:
t
B (t) = / Ku(t,s)dW(s), t>0. (6.2.10)
0
In addition, for any ¢ € H, it can be shown that

| etz = [ wiemaw o, (6.2.11)

if and only if Kj;¢ € L*([0,T]).
Also denoting L3,([0,T]) = {¢ € H, K¢ € L*([0,T])} and noticing H > 3, we

have
LYH([0,T)) < L4,([0,T)), (6.2.12)

for more details, we refer reader to [98]. Moreover, the following result can be

shown.

Lemma 6.2.1. For ¢ € LYH(]0,T)),

H(2H — 1) / / ip@)lls — ul2dsdu < cu @20z, (6.213)

H2H-1)

Ba—2H,H-1)’ with B denoting the Beta function.

where ¢y =

Proof. The proof can be found in Nualart, D. [107]. a
Further, we shall introduce the Hilbert space valued fractional Brownian mo-
tion and give the definition of the corresponding stochastic integral.
Let (Y| - ||y, (-,-)y) and (K, || - ||, (-, -)x) be separable Hilbert spaces. Let
L1(K,Y) denote the space of all bounded linear operators from K to Y. Let
Q € L,(K, K) be a positive self-adjoint operator. Denote by £3(K,,Y") the space

of all Hilbert-Schmidt operator from Ky to Y. The norm is given by

€l = Tr(€QY*(€QY?)") < 00, € € L3(Ko,Y).

Let {85 (t)}nen be a sequence of two-sided one-dimensional standard fractional

Brownian motion mutually independent on (2, F,P). We consider a K-valued
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stochastic process B (t) given formally by the following series:
() =3 Bl (1HQ%e,, t>0.
n=1

If @ is a non-negative self-adjoint trace class operator, then this series converges
in the space Y, this is, it holds that BH(t) € L%*(Q, K). Then, we say that
the above B (t) is a K-valued Q fractional Brownian motion with covariance
operator ). For example, if {0, },en is a bounded sequence of non-negative real
numbers such that Qe, = o,e, and assume that () is a nuclear operator in K

(that is, Y 0, < 00), then the stochastic process

ZBH Z@BH e, >0, (6.2.14)

is well-defined as a K-valued @) fractional Brownian motion. Let ¢ : [0,7] —
L9(K,,Y) be a measurable map such that

o] . .
Z ||KH(SOQ2€n)||L2([0,T];Y) < O0. (6.2.15)

n=1
Definition 6.2.2. Suppose that ¢ : [0,7] — L£3(Ky,Y) satisfies (6.2.15). Tts
stochastic integral with respect to the fractional Brownian motion B is defined,

for t > 0, as follows

/ot $dB(s Z/ (5)Q%ends = Z/ (K (pQben))()dB(s).

(6.2.16)

where (3(s) is the standard Brownian motion used to present B (s) as in 6.2.10.

Notice that if

G 1
H90||z:g = Z H90Q2€n||L1/H([0,T};Y) < o0, (6.2.17)

n=1

then (6.2.15) holds, which follows immediately from (6.2.12).

Now we close this subsection by stating the following result which is funda-

mental to prove our result.
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Lemma 6.2.2. For any o : [0,T] — L(Ky,Y) satisfies

T
Audﬂ@%ﬂ%<w

then the above sum in (6.2.17) is well defined as a Y -valued random variable and

we have

2

t
chH(2H—1)t2H1/ lo ()1 2grepvyds — (6.2.18)
0

5| [ otsnes

Y
Proof. Lemma 6.2.2 is obtained as an application of Lemma 6.2.1. The proof

can be found in Lemma 2 Caraballo et al. [17].
|

A similar lemma has also been proved in Lemma 2 by Boufoussi and Hajji [12].

6.3 The Existence of Mild Solutions for the Sys-
tem with Finite Delays

In this section, we establish the result for the system with finite delays by using
contraction mapping principle.

Let 0 < t < 00, we have the following definition of mild solutions for system

(6.1.3).

Definition 6.3.1. A stochastic process {z(t),t € (—r,00)} is called a mild solu-

tion of equation (6.1.3) if the following conditions hold:
(i) x(t) is continuous on (0, ;] and each interval (tg,tr+1], £k =1,2,3,...,

(ii) For each ty, z(t)) = lim |+ x(t) exists,
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(iii) For each t € [0,T], x(t) satisfies the following integral equation
2(t) = S(8) [$(0) + u(0, 6(=7(0)))] — u(t, x(t - 7(t)))
~ /Ot AS(t = s)u(s, 2(s — 7(s)))ds
[ (=)0l = vl (63.1)
[0 gt = )W)
; /O (= )o)ABT() + 3 Sttt L),

0<ti <t
and z(0) = ¢ € P([-r,0];Y).
In order to prove the main results, we assume the following assumptions:

(H1) Ais the infinitesimal generater of an exponentially stable analytic semigroup

of bounded linear operators {S(t),¢ > 0} in X, such that the following

inequality holds
ISl < Me™,  t=0,

for M > 0 and v > 0.

(H2) The coefficients f, ¢ satisfy Lipschitz conditions, i.e. there exist some pos-

itive constants C, (5 and Ky, K5 such that for any z,y € H and t > 0,
@) 1ft2) = fEGy)lly < Killz —ylly,
(i) [fE )y < i1+ flzlly),
(iii) [lg(t,2) = gt y)llcg < Kollz = yllv,
(iv) [lg(t, 2)[lzg < Co(1 + [|z[ly).
Moreover, we assume that f(t,0) = g(¢,0) =0, for z,y € Y.
(H3) There exist constants a € (0,1] and K3 > 0 such that for any € Y and
t>0,u(t,z) € D((—A)*) and
[(=A)*u(t, z) = (=A)%u(t,y)lly < Ksllz—ylly, =, yeY,
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with u(t,0) = 0.

(H4) There exist a positive constant series {qx} for each k € {1,2,3,...}, such

that > 7~ qx = k < 0o and

1e(z) = L)l < arllz —yll,
with I;(0) = 0 for each z,y € Y.
(H5) The function o : [0, 00) — L3(Kj,Y) satisfies

/ eZAsHo(s)Higds < oo for some A > 0.
0
Theorem 6.3.1. Suppose the assumptions (H1)-(H5) hold for some o € (0,1),
p > 2. We further assume that
5| KNP M2 oy ra - )
(6.3.2)

+ M?K3y 2 4+ MP K2y 2 + M?kPy 72| < 1,

where I'(+) is the Gamma function, M,_, is the corresponding number in Lemma
(2.1.4). Then the mild solution to (6.5.1) is exponential stability in mean square.

In other words, there exists some constants My(¢) > 0, u > 0 such that
Elly(t)} < Mo(g)e™, ¢t >0.
Proof. First we define a space S as the family of all stochastic process z(t),

t € [—r,00), such that

Elz()|} < ME[¢|*e™, ¢>0, (6.3.3)

for some constants M > 0 and 7 > 0, where 7 < v with a norm
|zlls := sup E|lz(®)|}, z€S8.
te[0,00)

It can be shown that S, under this norm, is a Banach space.
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Now we define a nonlinear map m on S by 7(z)(t) = ¢(t) for t € [-r,0] and

for t > 0,

m(2)(t) = S(B)[9(0) + u(0, ¢(=7(0))] — ult, z(t — 7(t)))
/ AS(t — s)u(s,z(s — 7(t)))ds + /0 S(t—s)f(s,z(s—7(t)))ds

0

—i—/o S(t—s)g(s,x(s —7(t )))dW(S)—l—/O S(t— s)o(t)dB" (s)
+ Z S(t—te) Ik (z(t),))

0<tp<t

(6.3.4)

Then it is clear that to prove stability of mild solutions to equation (6.1.3), it
suffices to find a fixed point for the operator 7 in space §. In order to show that
7 has a unique fixed point, we shall employ Banach fixed point theorem.
We first show that 7 is a mapping from S into S. Let z(t) € S, from the
definition of © we have for ¢ > 0
E|m(2)(®)]ly <TE|S®)[@(0) + u(0, d)]|5; + TE[ult, 2(t — 7(s)))ll5

2

+7E /o AS(t — s)u(s,xz(s — 7(s)))ds

Y

+7E /0 S(t— 8)f (s, 2(s — 7(s)))ds

Y

+7E / S(t—s)g(s,z(s —7(s)))dW(s)

2 (6.3.5)

Y

+ 7E /St—s dBH()

Y

+TE| Y St —t)Ii(x

0<trp<t

_721

By the definition of S and assumption (H3) it follows that for each ¢ > 0,

Li(t) = E[IS®)[¢(0) +u(0, = (0)][I¥
< [IS®)IPEll¢(0) + u(0, —m(0))I3 (6.3.6)

< M2 2"E||¢(0) + u(0, —7(0))||3.
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Moreover, by using (6.3.3), (H2) and (H3) for t > r, we have

Ly(t) = Elju(t, (t — 7(s)))|>
=E|(—=A)"*(—A)Yu(t, z(t — 7'(5)))H§/

(6.3.7)
< (=4 PE[(—A) ult, z(t — ()3
a2
< K3ll(=A)"I"Ellz(t — ()5
Since x € S, x satisfies the relation
El|z(t — 7(s))||2 < Me™E|p||%e™™, t>r (6.3.8)
Substituting (6.3.8) into (6.3.7), we get that
L(t) < K3||(~A) "M B¢l e, t 2 (6.3.9)

By employing Theorem 2.1.4 and assumption (H4), for ¢ > r, we have that

t 2

L) =E ( A)S(t — s)u(s,z(s — 7(s)))ds y
< EH / TH=A)*S(t — s)u(s,x(s — 7(s)))ds y (6.3.10)
<E(/Wr S(t - )~ >Maxw—7@»my@).

Under the assumption (H3), we obtain for ¢ > r that

15(t) <E(/WMLaa—$<1®e%tﬂm< ><sﬂs—ﬂ@mww)

2

< Mf_a]E(/O (t — s)“_le_W(t_S)H(—A)au(s, x(s — T(s)))Hyds) )
(6.3.11)

Moreover, by using Holder inequality, we get that, for t > r

t t
L) < Mfa( /0 (t—s)2<a—l>e—v<t—s>ds) K2 /0 e =IE |35 — r(s)) |2 ds

t
< M2 Ky29"T(20 — 1) / IR |3(s — 7(s))||2ds.
0

(6.3.12)
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Since x € S, x satisfies that
E|z(t — 7(t)||3 < Me™E|¢|?e™™, t>r. (6.3.13)
Substituting (6.3.13) into (6.3.12), for ¢t > r, we get that
Li(t) < M} K2y'"T(2a — 1) /t e "IN E||¢||2e " ds
0

~ 1
< M} K3 TT (20 — DIE|G[feme ! ot (63.14)

ME| &||2em
— M127QK3271—20¢F(2O[ . 1) ||¢|| € €_nt.
TN

Now employing assumptions (H1), (H2), we similarly have that for each t > r,

2

L(t) = E' /Ot St — 8)f(s,2(s — 7(s)))ds

Y

< [ 15— 911705005~ )l ) (63.15)
< E(/Ot Me= =9 [a(s — T(s))||yds)2.

Furthermore, by using Holder inequality and substituting (6.3.13) into (6.3.15),

for t > r, we get that

t t
I4(t)§M2K12( / e'Y(ts)ds> / IRz (s — 7(s))|[2ds
0 0

t
< M2K2y! / eI |z(s — 7(s)) |2 ds (6.3.16)
0

Y 2 nr
< M2K127*1W€*nt.
7=

On the other hand, by taking (H1) into account, we have for each t > r,

2

15@):15' /0 S(t— 8)g(s, (s — 7(s)))dIW (s)

Y

SE/(W@—WM%@—#WM%%
0 (6.3.17)
SEAHawwm%w@w@—ﬂ@m@ws

t
< [ 82Ol a(s = rls)) g
0 2
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Moreover, under Lipschitz condition (H2), Lemma (2.2.1) and Hélder inequality,

for t > r, the above inequality (6.3.17) turns to be
t
1) < 223 [ e 9B - r(o)l s
0

t t
gm«;( / e—w—sms) / B o (s — 7(s)) |2 ds
0 0

/ (6.3.18)
< M2K§/ e B ||z (s — 7(s))|[3-ds
0

ME||g||*e™
—6
7=

< M’Kj

Furthermore, by taking (H1), Lemma 6.2.2 and Hélder inequality into account,

we have for each t > r,

2

Io(t) = E' /Ot S(t — )o(s)dBH (s)

v (6.3.19)
< M2y H(2H — 1)128-1 / 2195 (8) [Zuds.
0 2

From inequality (6.3.19), we can deduce that

t
Io(t) = MeeHH — 1P [ et 2o o(s) 2y ds
0 2

;

t
M2ey H(2H — 1)2H-1¢-20 / P o(s)|2yds, 7 <A,
< 0
— t
M?cyH(2H — 1)t2H—1/ e’zvte@”’”)tez\sHa(s)H%gds, 7> A,
\ 0
( t
M?*cyH(2H — 1)t2H1627t/ e?5||o(s)||Zds, v < A,
< 0, ’
M?*cyH(2H — l)tZH_le_Q)‘t/ 62)\s||0'(8)||%gd8, v >,
0

\

(6.3.20)

Since sup;s (127 1e= (") < oo, by taking (H5) into account, inequality (6.3.20)

turns to be
Ig(t) < Mae™ 07V (6.3.21)

where ¥ A XA = min{\, v}.
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Now, we estimate the impulsive term. From the condition (H1), for each t > r,

we obtain
2
L(t)=E Z S(t —ty) Ik (2(ty))
0<tp<t Y
B ) (6.3.22)
< IEJ( 3 Me—7<t‘t’“)qkll(éﬂ(tz§)||Y) :
0<trp<t

Now by taking assumption (H4) and Hélder inequality into account, we have for

each t > r,

2

t
I;(t) < M°E (/f/ e_V(t_s)Hx(s)Hyds)
0
t t
§M2/€2</ e_V(t_S)ds>/ e VIR z(s)]|2 ds (6.3.23)
0 0
t
§M2/€27_1/ e VIR 2 (s)]|2 ds.
0

Since x € S, x satisfies that for t > r,
E|lz(t)|} < ME|¢|%e™. (6.3.24)

Substituting (6.3.24) into (6.3.22), we get that for t > 7,

MBI

I(t) < M?k*y71
TN

(6.3.25)

Recalling (6.3.5) and combining from (6.3.6) to (6.3.25), one can see that there

exist some numbers M. > 0 and n; > 0 such that,
E|[(r2) ()|} < MCE|[g]]?e™™, (6.3.26)

thus, we conclude that 7(S) C S.
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Next, we show that the mapping 7 is contractive. For any x,y € S, we have,
El|(mz)(t) — (my) (1)
< SE[u(t, z(t — 7(s))) — ult,y(t — 7(s)) Iy

+ 5E /0 AS(t = s)(u(s,z(s — 7(s))) — u(s,y(s — 7(s))))ds

2

Y
2

(6.3.27)

Y

+ 5E /0 S(t—s) (f(s,a:(s —7(3)) = f(s,y(s — T(s))))ds

+5E / S(t —s)(g(s, (s —7(5))) — g(s,y(s — 7(5))))dW (s)

0

£5E| S S -t al) - ()

O<tp<t

Noting that z(s) = y(s) = ¢(s) for s € [—r,0], then from assumption (H3), we

have for ¢t > r that

Ji(t) = Ellu(t,z(t = 7(s))) — ult,y(t = 7()))lly
< K3ll(=A)IPEllz(t — 7(s)) — y(t — 7(s)) Iy (6.3.28)

< K3l (=A) P sup Elle(t) — y(®)lly

By using Lemma (2.1.4) and Holder’s inequality, we have for ¢t > r

2

Jo(t) =E /0 AS(t = s)[u(s,z(s — 7(s))) — u(s,y(s — 7(s)))] ds

Y

t
< MfaKg/ (t — s)Q(Q_l)e_V(t_s)ds
0
t
[ eI s = (5) — yls = ()l
0
< M12—04K32F(2a - 1),}/1—204

3AeﬂW@Mu@—T@»—yw—r@m@w

(6.3.29)

< M7 KiT(20 — 1)y StggEllﬂf(t) —y(®)|3-
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By employing the assumption (H1), we have for ¢ > r that

2

Jy(t) = E] [ 8t (1Gsats = 7(6D) = FGssals = ()

Y

< E(/O 1St — s)|1f (s, (s — 7(5))) — f(s,y(s _T(smuyds) (6.3.30)
< E(/O M2 79| f(s,2(s — 7(s))) — f(s,y(s — T(S))Hyds) _

Furthermore, by taking assumption (H2) and Holder’s inequality into account,

for t > r, one can get,

t
Bit) < MK [0 sup Blals - 7(s) — yls — 7(5)Rds
0

—r<s<oo

¢
= M’K}y' sup El|z(s—7(s)) —y(s — 7‘(5))||§,/ e 79 ds (6.3.31)
0

—r<s<oo

< MPKiy™ sup Ellz(s — 7(s)) —y(s — 7(s))[I¥-

—r<s<oco

By employing Lemma (2.2.1) and condition (H2), we have for ¢t > r

2

Jat) = E‘ /0 St —s)(g(s,2(s = 7(s))) — g(s,y(s — 7(s))))dW (s)

Y

< E/O 15(t = 5)(g(s, 2(s — 7(5))) — g(s,y(s — 7(s)))) | Sds ~ (6.3.32)
< E/o 1St — 8)|]*lg(s,z(s — 7(s))) — g(s,y(s — T(S)))Higds.

By taking condition (H1) Holder inequality into account, for ¢ > r, we have that

Ju(t) < (/0 Mze_QV(t_s)]EHg(s,x(s —7(5))) —g(s,y(s — T(S)))H%gdS)

t
< M2K22/ e sup Elja(s — 7(s)) — y(s — 7(s))||3-ds (6.3.33)
0

—r<s<0co

t
< M’K? sup Elle(s —1(s)) — y(s — () / =9 g
0

—r<s<oo

< MPE3(29)7" sup Ella(s —7(s)) — y(s — 7(s))II3-

—r<s<oo
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Now, from assumptions (H1)and (H4), for ¢ > r, we get

2

B =E| 3 80— t0L(a() - ultp)
gM?E( 5 e-w-tquH(w(t;)—y(t;))ﬂy) (6.3.34)

0<tp<t
t 2
< M’E (K,/ e =92 (s) — y(s)Hyds) :
0

By using Holder inequality, for t > 0, we have
t t
J5(t) < M2ﬁ2< / e‘”“‘s)ds) / e IE|2(s) — y(s)[3ds
0 0
t t
< M( / e—w—sus) [ e sw Blat) - y(s)lds
0 0

—r<s<00

t (6.3.35)
< M?k*y71 sup IEHx(s)—y(s)H?// et s
0

—r<s<co

< MP&*P sup Efa(s) — y(s)||Tds.

—r<s<o0

We proved that 7 is a contraction mapping.
() = (my)|I5
<5 {Kgﬂr(—A)-aHQ M2 KB T (20— 1) (6.3.36)
+ MPKPy ™2+ MPK3(2y) 7 + MQHQ’Y(Z)} 2 = yl|%-
Since,
5| KA 4 21220~ 1)

(6.3.37)

+ MKy + M2K22(27)_1 + M2 D < 1,

7 is a contraction mapping and hence there exists a unique fixed point which is
a mild solution of the equation (6.1.3) on (—r,00). This completes the proof.

a
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6.4 The Mild Solution of the System with Infi-
nite Delays

Theorem 6.4.1. Under the assumptions of (H1) to (H5), the mild solution to

system (6.1.3) exists uniquely and converges to zero in mean square, i.e.,
. 2
lim Ella(1)]* = 0.

Proof. Denote by S’ the space of all stochastic processes x(t,w) : (—o0, 00) x 2 —

Y satisfying z(t) = ¢(t), t € (—o0,0] and the definition (6.3.1) and
lim Eflz(1)]* = 0. (6.4.1)
We define a nonlinear the operator ¥ on S by (¥z)(t) = ¢(t), —oo < ¢t < 0 and
(Wz)(t) = S(B)[6(0) + u(0, o(=7(0))] — u(t, z(t — 7(1)))
/0 AS(t — syu(s, (s — 7(s)))ds + /Ot S(t—s)f(s,2(s — 7(s)))ds
+/0 S(t — s)g(s,x(s — 7(s)))dW (s) + /OtS(t — s)o(t)dB™(s)

7

(6.4.2)

Since (Vx)(t) = (wz)(t) on [0,00), this implies that W is contractive. Hence, it
remains to check Wz C S In order to obtain this result, we shall prove that for
allz e S,

lim E[[(¥2)(1)]* = 0.

By definition of S, assumption (H5) and the fact ¢ — 7(t) — oo, t — 0o, we

get

lim E||I1;()||* = lim E|[TI(¢)||* = lim E||Is(¢)||* = 0. (6.4.3)
t—o0 t—o0 t—o0
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We further have

E[|IL;(t)”
2

< E' /Ot AS(t — s)u(s, (s — 7(s)))ds

Y

¢ t
< Mf_aKg/ (t— s)o‘_le_”’(t_s)ds/ (t — 5)* e VIR z(s — 7(s))||>ds
0 0

t
<M KIT@a = Dy [ (= 9l B (s - r() R ds.
0
(6.4.4)

For any z € S" and ¢ > 0, it follows from (6.4.1) that there exists s; > 0 such

that E||z(s — 7(s))||> < € for all s > s;. Thus we obtain

E||Ts(6)|* <M K3T (20 — 1)7‘“/ (t =) e IR (s — 7(s))lI5ds
0

+ MIQ_GK?)QFQ(QQ/ - 1)7—20457
(6.4.5)

which proves limy . E||TI3(¢)||* < ME  K3T%(2a — 1)y %%.
Similarly, we also have

2

B0 ~ | [ 56— 917655 = rls))as

Y

t t
§M2K12/ ev(té‘)ds/ e’V(t’S)EHx(s—T(S)H%dS (6.4.6)
0 0
t
<MK [ B a(s - 1) ds.
0

For any z € 8" and & > 0, it follows from (6.4.1) that there exists s; > 0 such

that E||z(s — 7(s))||* < ¢ for all s > s;. We have that
S1
INAGIE SMQKEV_I/ e VEIE||z(s — 7(s)||2ds + M?K?y ™%, (6.4.7)
0
which proves that

lim E||4(t)|)* < M?K?vy~ 2%, (6.4.8)
— 00
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Moreover, we have

2

L, (1)) = EH / (1 — 8)gls, 2(s — 7(5)))dW (s)

Y

< 023 [ B a(s — 7o),
0
and
BINs(0)|? <MKE [ eI als — 1) R ds + KR )
0
which proves that
Jim E|I(1)? < M2K3(29) "=
Let £ — 0, we have lim;_,, E||II5(¢)||* = 0. Furthermore, since

E[L(0)1° =Ell ) S(t—te)(z(t;))]?

O<tr<t

2
§M2E< > e‘”“‘tk)qk||x<t,:>||y)

O<tp<t

t 2
< M2E<m/ 6_7“_5)||x(s)||yds)
0

t t
< MQ,%Z/ e_v(t_s)ds/ e IRz (s)]|2 ds
0 0

S1
< M%nyl/ e =) ds + M2y %,
0

(6.4.9)

(6.4.10)

(6.4.11)

(6.4.12)

thus, limy . E||IT;(¢)|> < M?k*y~%e. Since ¢ is arbitrary, let ¢ — 0, we have

limy_yo0 E||TI- ()| = 0.

Once again, We complete the proof of the theorem by employing the Banach

fixed point theorem.
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6.5 Illustrative Example

In this section, we consider the following neutral stochastic partial differential

equation with delays and impulsive effects

dlz(t) + a0< - aa_;) = ()] = aa—;:c(t) +ana(t — (1)t

ooz (t —7(1))dB(t) + e tdpr (t)
t>0, t#t,

Ax(ty) = x(ty) — x(ty) = asz(ty), t=ty, keN,

xo(t) = @(t), te[-r0], xe€]l0,n],
(6.5.1)

where a; > 0, i = 0,1,2,3, a € (0,1) are constants and 3(¢) denotes the one-
dimetional Brownian motion.
Let X = L*([0,7]) with the norm || - || and inner product (-,-). Define A :

X — X by Az = 2 with domain
D(A) :={z € X : x,2 are absolutely continuous = € X, z(0) = z(r) = 0}.

Then the equation (6.5.1) can be written in the form of the system (6.1.3) with
the coefficients

u(t, x(t —7(t))) = ao(=A)""z(t —7(1)),

ft 2t —7(t)) = anz(t — 7(1)),

g(t,z(t = 7(1))) = apa(t — (1)),

Li(z(ty) = asx(ty), o(t)=¢e".

(6.5.2)

Thus, the assumptions (H1)-(H6) are satisfied with
M == 1, Kg = CY()H(—A)_aH, Kl = q, K2 = 09, K = (3, k’ € N

For the operator A, it is known from Pazy [109] that the following properties
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hold:
(1) Ax = >0 —n?(x, en)e,, x € D(A), where e,(t) = \/gsin(nt), n=12--

is the set of eigenvector of A.

(2) A is the infinitesimal generator of an analytic semigroup S(t), ¢t > 0, in X:

Ze (x,e,)en, for all z € X and every t > 0.

n=1

(3) The unbounded linear operator (—A)7 is well defined and given by

»MCO
W

Z 2(x,en)e,, € X,
with domain
D((—A)3) == {x €X:) nizene, € X}.

Consequently, we can conclude, by Theorem 6.3.2, that the stochastic partial
equation (6.5.1) has a unique mild solution and that this solution converges to zero

in mean square if the parameters oy, ao, and az satisfy the following relation:

—Q —Q 1
agll(=A) "t + ag || (—A) " PME T (2a — 1) + o + 205 + a3 < = (6.5.3)
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Chapter 7

Conclusion

In this chapter, we summarize the material presented in this thesis. We have
studied and analysed some properties of stability of mild solutions to several dif-
ferent stochastic models in infinite dimensional spaces, mainly in Hilbert space.
The stochastic models have been investigated such as neutral stochastic impul-
sive partial differential delay equations with Poisson jumps, stochastic partial
integro-differential equations with delays and impulsive stochastic partial differ-
ential equations driven by a fractional Brownian motion with infinite delays.

In Chapter 3, we have discussed the stability of mild solutions to neutral
stochastic impulsive partial differential delay equations with Poisson jumps. Un-
der some natural conditions, by employing the Banach fixed point theorem, we
have given the condition for p-th moment exponential stability of mild solutions
to the system. The existence, uniqueness and asymptotic behaviour of solutions
of the stochastic differential equations have been studied by using Lyapunov’s
direct method in Liu and Truman [82], Tanguchi [114] and among others. Com-
paring to their works, we applied fixed point theory to discuss the stability of
mild solutions to stochastic delay systems, where the conditions do not require
the boundedness of delays. In contrast with Cui and Yan [36] [35], we have studied
more general type of equations which include both Poisson point processes and

impulsive effects with delays. Moreover, we have also considered p-th moment
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exponential stability of mild solutions.

The main difficulty in studying the exponential stability of mild solutions to
the case of impulsive stochastic differential delay equations comes from impulsive
effects in the system. Those type of stochastic models have not been fully devel-
oped. Although the investigation of asymptotic stability of nonlinear impulsive
stochastic impulsive stochastic differential equations has been given in Sakthivel
and Lou [87]. Chen [30] established an impulsive-integral inequality, some suf-
ficient conditions about the exponential stability of mild solutions for impulsive
stochastic partial differential equations with delays are obtained. Comparing to
Chen [30], Chapter 4 developed an impulsive-integral inequality for a more gen-
eral type of system which contains impulsive effects, delays and Poisson jumps.
We have also studied the p-th exponential stability of mild solutions to system
with more general conditions.

Stochastic partial differential equations have applied in a various of application
areas. Stochastic partial integro-differential equations are more general. The
existence, uniqueness and asymptotic behaviours of mild solution to stochastic
integro-differential equations has been investigated by using Banach fixed point
theorem in Diop et al. [48], [49], [47], [50], [17]. Comparing to their studies,
Chapter 5 mainly concerns the p-th moment and almost surely stability properties
of the stochastic partial integro-differential system with delays. We have obtained
the sufficient condition for p-th moment exponential stability of mild solutions
to delay equations by using Theorem 5.5.2 which based on the properties of
stochastic convolution. We have proved this theorem by using resolvent operator
instead of the semigroup.

Finally, in Chapter 6, we have studied the exponential stability of mild so-
lutions to neutral stochastic partial differential equations driven by a fractional
Brownian motion with impulsive effects. Defining the stochastic integral with

respect to fractional Brownian motion in infinite dimensional spaces in the same
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way as in Caraballo et al. [21], we have given the analysis of existence, uniqueness
and exponential stability of mild solutions to a more general class of equations
(6.1.3) in Theorem 6.3.1. In most of the works, the delays are finite. Compar-
ing to Boufoussi and Hajji [12] and Maheswari and Karunanithi [93], we have

considered infinite delays and impulsive effects in the stochastic system.
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