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A deterministic compartmental sex-structured HIV/AIDS model for assessing the effects
of homosexuals and bisexuals in heterosexual settings in which homosexuality and
bisexuality issues have remained taboo is presented. We extend the model to focus on the
effects of condom use as a single strategy approach in HIV prevention in the absence of
any other intervention strategies. Initially, we model the use of male condoms, followed
by incorporating the use of both the female and male condoms. The model includes two
primary factors in condom use to control HIV which are condom efficacy and
compliance. Reproductive numbers for these models are computed and compared to
assess the effectiveness of male and female condom use in a community. We also extend
the basic model to consider the effects of antiretroviral therapy as a single strategy.
The results from the study show that condoms can reduce the number of secondary
infectives and thus can slow the development of the HIV/AIDS epidemic. Further, we
note from the study that treatment of AIDS patients may enlarge the epidemic when the
treatment drugs are not 100% effective and when treated AIDS patients indulge in risky
sexual behaviour. Thus, the treatment with amelioration of AIDS patients should be
accompanied with intense public health educational programs, which are capable of
changing the attitude of treated AIDS patients towards safe sex. It is also shown from the
study that the use of condoms in settings with the treatment may help in reducing the
number of secondary infections thus slowing the epidemic.

Keywords: HIV/AIDS model; heterosexual; homosexual; bisexual; treatment;
condoms

AMS Subject Classification: 34D05; 34D23; 92B05

1. Introduction

We begin by revisiting a deterministic compartmental sex-structured HIV/AIDS model for
assessing the effects of homosexuals and bisexuals on the intrinsic dynamics of the disease
in heterosexual settings in which homosexuality and bisexuality issues have remained
taboo, partially studied in [18]. Due to criminalization of homosexual and bisexual
activities in many countries in Africa and the lack of substantial research to map this
high-risk population, it is not clear to what extent homosexual and bisexual activities have
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contributed to the epidemic in this region and also to implement intervention strategies
targeting such groups. Thus, in this paper, we extend the model in [18] to consider condom
use and antiretroviral treatment as HIV/AIDS intervention strategies. The model sub-
divides the sexually active population at time ¢ into the following classes: S¢(#), susceptible
female; I¢(¢), infected female; A¢(¢), female AIDS cases; Sy, (f), susceptible heterosexual
male population; Sp,(f), susceptible homosexual male population; Iy, (#), infected
heterosexual male population; Iy, (f), infected homosexual male population; Iy, (%),
infected bisexual male population; Ay, (¢), male AIDS cases. AIDS cases in the male and
female populations are assumed to be sexually inactive, and so do not influence the
dynamics of the virus. Individuals are referred to as male or female only in connection
with features peculiar to their sex and in particular, the male to female infectivity rate is
greater than that for female to male. The inclusion of male bisexuals in the model makes it
suit most heterosexual settings (especially in Africa) in the sense that in these settings most
of the homosexuals resort to bisexuality due to the fact that homosexual and bisexual
activities are regarded as taboo, thus by so doing homosexuals will also not meet denial in
the community. The population is assumed to be uniform and homogeneously mixed.
The total population is given by

N(t) = Sp(t) + It(t) + Ae(t) + Sm, () + S, (£) + I, () + I, (1) + I (1) + A (2).

It is assumed that, at any moment in time, new recruits enter the sexually active population
at a rate A. A proportion 7 of these individuals are assumed to be female susceptibles
(categorized in the Sy class) and the complementary proportion (1 — 7)), are male
susceptibles and categorized in the male susceptible classes Sy, (f) and Sy, (f) with
proportions 7y and 7, respectively, thus 7y 4+ 7 + 7 = 1. Female susceptibles acquire
infection at a time-dependent rate

_ IBme{Iml () + n1m3(t)}
a N(0) '

Ar ey

The force of infection A; depends on the probability that an infected male infects his
female sexual partner By, the rate at which a female acquires new sexual partners per unit
time c¢f and the proportion of infected males in each category (I, and In,).
The enhancement factor, > 1 models the relative infectiousness of the purely
heterosexual individuals to bisexuals [14,15]. Here, we assume that a group of bisexuals
are more at risk because they are part of a high-risk homosexual group and further, due to
the fact that homosexuality and bisexuality issues have remained taboo in African
heterosexual settings. To date, no intervention strategies have been implemented to target
or address such groups. In (1), the total sexually active heterosexual and bisexual
population is given by Ny = Sy, (f) + I, (t) + I, (f). Heterosexual male susceptibles
acquire infection at a time-dependent rate

_ Is(1)
/\ml - :chml m ()

In (2), B is the probability that an infected female infects her male sexual partner, ¢y, is
the rate at which heterosexually active male population acquires new sexual partners per
unit time and N¢(f) = S¢(¢) + I1(¢) denotes the sexually interacting female population.
Upon infection, a proportion §; of the heterosexually infected male population moves to
class Iy, of purely heterosexual active infected male population and the complementary
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proportion, 1 — §; moves to class Iy, of male bisexuals. Homosexual male population
acquires infection at a time-dependent rate

Imz(t)
Nmz ([) ’

3

/\mz = thmz

where (3, is the probability that an infected homosexual infects his sexual partner, ¢y, is
the rate at which heterosexually active homosexual population acquires new sexual
partners per unit time and Ny, (f) = Sm,(f) + Im,(f) denotes the total sexually interacting
homosexual population. Upon infection, a proportion, &, of the homosexually infected
male population moves to class I, of purely homosexual active infected male population
and the complementary proportion, 1 — 6, moves to class /,,, of male bisexuals. For
simplicity, the model does not explicitly consider a category for susceptible bisexuals
(Sm,) and it assumes that bisexual infectives only arise when a certain proportion of
heterosexuals and homosexuals become bisexuals upon HIV infection.

There is a constant emigration rate & > 0 of individuals to other countries except for
the AIDS patients. This assumption makes the model more appropriate for African settings
(especially Zimbabwe) where a significant proportion of the population emigrates to
developed countries for better educational facilities and in search of employment. HIV
infected individuals progress to AIDS stage at a constant rate, y > 0. The natural death
rate is assumed to be proportional to the number in each class, w > 0. AIDS patients have
an additional disease-induced mortality rate, » > 0 and are easily recognized in the
population, and thus are not a threat in the spread of the epidemic. The model flow diagram
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Figure 1. Model flow diagram.
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is shown in Figure 1. The arrow (<) in Figure 1 denotes sexual interaction of the male and
female populations.

Putting the formulations and the assumptions together gives the following system of
differential equations,

S
dch; = ’/'ToA — )\fo([) - (O[ + M)Sf(t)a (4)

1
il = ASi(t) — (y + o+ wli(0),

d
d

A
dd{ = YIt(D) — (v + WA(),

S
% = 771A — )\m]Sm] ([) - (a + ,U«)Sml (t)a

S,
% = mA — Ay S, (1) — (@ + w)Sm, (1),

I
_31; = 81 Am, S, (1) — (y+ a+ Wiy, (1),
I
% = 52Am,Sm, (1) — (¥ + a + Wi, (),
I
d—=2= (1 = 8)Am, S, (1) + (1 = 82) Ay S, (1) — (¥ + @ + W)y (1),

dr

d% = W, (O) + Iy (1) + I, (1) = (11 + V)AR(D).

The mathematical properties of model system (4) including stabilities of equilibria are
studied in [18]. The disease-free equilibrium (DFE) for model system (4) is,

€0 = (80,80, .80 10,19, 1019, A%, AD)

' Pmyr Pmyo mp? Tmy?  ms?

:<7T°A M mA ,0,0,0,0,0,0). )
atp atpu at+pp

The linear stability of £° is governed by the basic reproductive number Ry [1,6,9,12]. The
stability of this equilibrium will be investigated using the next generation operator [10,20].
Using the notation in [20] on the model system (4), the matrices F and V, for the new
infection terms and the remaining transfer terms are, respectively, given by

0 70 B Ct 0 Mo NPmCt
Il l
d Tf)fcml 0 0 0
F =
0 0 8 BnCm, 0

Udomben (1 = 8)Byem, O

™
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and
a+y+u 0 0 0
0 aty+u 0 0
V= 0 0 aty+p 0
0 0 0 aty+p

It follows that the basic reproduction number for model system (4), denoted by R is
given by

Ro=p(FV™") = max{ 92PnCm, \/ BtBmcrcm,

a+y+M7 (a+y+M)2f(8177])}:maX{R017R02}7 (6)
where f(6;,m) = 8, + (1 — 8;) measures the combined effects of homosexuality and
bisexuality in heterosexual settings. Next, we extend model system (4) to incorporate
condom use. The basic reproduction number () measures the average number of new
infections generated by a single infected individual in a completely susceptible population.
The partial reproductive number Rg; (homosexuality-induced reproductive number)
defines the number of secondary infections due to purely homosexual transmission and
Rz (heterosexuality and bisexuality-induced reproductive number) defines the number of
secondary infections due to heterosexual and bisexual transmission.

2. Condom use
2.1 Male condom use

A male condom is a sheath worn on an erect penis to prevent the exchange of body fluids
during sexual intercourse. One disadvantage of the male condom lies in the fact that, by
definition, men control its use. Effectiveness of the condoms has been the subject of
several studies; most of these studies portray that the proper and consistent use of condoms
during sexual intercourse results in an 80% reduction in HIV incidence, a level slightly
less than for pregnancy [17]. Model system (4) is extended to incorporate male condom
use. We assume that the male condom is used by heterosexuals, homosexuals and
bisexuals as the only intervention strategy to prevent the spread of the epidemic.
The parameter o,,, models male condom use and by considering this intervention for model
system (4), female susceptibles acquire infection at a time-dependent rate

_ (TmBme{Iml(t) + T)Img(t)}
- N ’ @

Ag

heterosexual male susceptibles acquire infection at a time-dependent rate

)
/\m] - UmeCm| Nf(t), (8)

and homosexual male population acquire infection at a time-dependent rate

Imz(t)
N, (1)

€))

)\mz = Om thmz
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The parameter oy, = | — €, 0wy, Where €, and oy, denote the male condom efficacy and
compliance, respectively [16,17]. We define the product p,, = €nw, as the condom-
induced preventability of HIV transmission per year [17]. Thus, the per exposure risk of
infection, say I'c, becomes;

I'c =Bl — €qwy) fori=form (10)

and G; is the exposure risk of infection when no protection of any kind is used. The male
condom-induced reproductive number R, becomes,

m‘s m FPmtftm
R = max { Tn02Pucm [ PibmCicm s s
aty+tpu (a+vy+w

= max{onmRo1, omRo2} = max{Rum,, Rm, }. (11)
The male condom-induced reproductive number (R.,) can be presented as,
Rm(€m, o) = (1 — €nwn)Ro.

The above expression emphasizes the role of efficacy and compliance of a male condom in
preventing HIV transmission. We also observe that Ry,(0, wn) = Rm(€m,0) =
Rm(0,0) =Ry and that Ry(€n, wn) =Ry for all €, w, =0. Thus, the basic
reproductive number (reproductive number in the absence of male condoms and any
other interventions) Ry is greater than the male condom-induced reproductive number,
(Ro > Ru). Thus, the use of male condoms as a prevention strategy can reduce the spread
of HIV in a community.
In an analogous fashion, to the analysis used in [17], we state and prove Lemma 1.

LeMMA 1. HIV can be eradicated from the community if the preventability p, = €nwn,
exceeds the threshold value py..
Proof.

RWMM#P%%W,mZLO“% (12)

then R(emc) = 1 assuming wy,, > 0. If

1 1

then R, (wme) = 1, assuming €, > 0. Since R, is a decreasing function of both €., and w,,
it follows that R, < 1 whenever €, > € Or Wy, > wne. In addition, it is also essential to
note that R, is also a decreasing function of py,. This implies that HIV can be eradicated in
the community if pp, > pPme = €me Ome- O

2.2 Effects of male condom use on R

The male condom-induced reproductive number R, is expressed in terms of R. Thus, we
write Ry, = Rm(Ro) to emphasize the dependence of Ry, on Ry. The obtained results in
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Figure 2. Simulation results showing trends of R, against compliance wy,. The corresponding
values of the reproductive number R, are obtained by varying R from 1 to 10 in step 1 and wy, from
0.1 to 1 in the step 0.1. Efficacy €, = 0.85. The dashed line is R, = 1. The illustration shows that
there are certain values of R, at which the introduction of male condoms will not reduce R, to
values below unity even if compliance of 100% is achieved.

Figure 2 illustrate that there are certain values for Ry at which the introduction of male
condoms may not reduce R, to values below unity, even if 100% condom compliance is
achieved. Further, for the values of Ry which R, can be reduced to values below one
(Rm < 1), the compliance is high (o, > 90%) and perhaps unattainable for high-values
of Ry suggesting that for such a population, HIV/AIDS may not be controlled using male
condoms alone. Note that in our computations of the values of R, we vary Ry to obtain
the corresponding values of Ry, which we plot against compliance.

2.3 Male and female condoms use

A female condom is a loose-fitting polyurethane sheath with a flexible sheath at either end.
The inner, closed ring is pushed into the vagina, while the outer, open ring rests outside the
vagina. The female condom came into existence when it became clear that women were
both biologically and socioculturally more vulnerable to HIV infection [16,17]. We extend
the model system (4) to model the effect of both the male and female condoms in a
community as the only intervention strategy. The parameter oy, models the effect of
female and male condom use. We note that the introduction of the female condom in a
setting with male condom use will benefit the other classes in the population except the
homosexuals. Thus, in this section, we will focus on the effects of the female condom on
the male condom heterosexuality and bisexuality-induced partial reproductive number



208 N. Malunguza et al.

(Rm,)- The rate of infection for different classes will be represented as follows, female
susceptibles acquire infection at a time-dependent rate

_ O-fm,Bme{Iml(t) + n1m3(t)}

A 14
f Nm ( t) 3 ( )
heterosexual male susceptibles acquire infection at a time-dependent rate
I+(1)
/\m = Ofm m y 15
| = OfmBrcm, 0 (15)

where the parameter oy, = oroy, = (1 — €rwp)(1 — €noy). We assume that the use of
female and male condoms confer protection independently. The parameters oy and oy,
measure the effectiveness of both the female and male condoms in reducing the
probability of transmission 3; for i = f,m. We define the condom efficacy as €; and
condom compliance as w; for i = f, m. The parameters wy, and w¢ model the compliance of
the male and female condoms, respectively. If the male and female condoms are used
correctly and consistently, the exposure risk of infection becomes,

I'e = Bi(1 — (erwr + €nwy — €r€qwrwy)) fori = form. (16)

The male and female condoms heterosexuality and bisexuality-induced partial
reproductive number becomes,

Rim, = Ufm\/%[& +n(1 = 8] = gmRo2. 17)
Rim, measures the average number of new infections generated by a single infected
heterosexual or bisexual infected individual in a completely susceptible population.
Analysis of the reproductive number shows that HIV/AIDS can be reduced through the use
of both the condoms since Ry, < Rm, < Roo.

The male and female condoms heterosexuality and bisexuality-induced partial
reproductive number Ry, can be presented as,

Rim, (€5, €Emwy, wy) = (1 — (€rwr + €nown — €r€nwrwn))Roz
= Rm, — (€rwf — €r€qwiwn)Ro, (18)

where R, is the basic heterosexuality and bisexuality-induced partial reproductive
number and R, is the male condom heterosexuality and bisexuality-induced partial
reproductive number. We also note that

Rfm2(07 €m, Of, W) = Rfmz(Eﬁ €m, 0, o) = Rme(O» €m, 0, on) = Roz

and Rem, < Rm, for all €, wf, wm, €m > 0. Thus, we can safely deduce that Ry, <
Rm, < Ry for all €;, w; for i = f, m which clearly shows that the proper and consistent
use of both the male and female condoms in the community would help in containing the
HIV/AIDS epidemic much better than the use of only the male condom among
heterosexuals and bisexuals.

In Figure 3, we illustrate the relationship and behaviour of Ro1, Ro2, Rm,» Rm, and
Rim, for increasing number of sexual partners per unit time (cm, = ¢m, = cf). The
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Figure 3. Simulation results showing trends of the reproductive numbers R, Ro2, Rm, s R, > Rim,
for varying number of sexual partners. Sexual partners are varied from 1 to 10 per unit time.
Parameters used are in Table 1. The trends show the relationship and behaviour of R, Rz, R, » Rm,
and Ry, for increasing the number of sexual partners.

illustration shows that Ry, < Ro1 and Rm, < Rm, < Ro2 remains the relationship for
the reproductive numbers as obtained from the analytic approach when male condom only
is presented and when both the female and male condoms are presented. The results further
confirm that the use of both the female and male condoms would benefit the heterosexuals
and bisexuals in the community much more than the use of the male condom only since
Rem, < Rm, for all €;, w; > 0 for i = f,m.

2.4 Numerical simulations

Numerical simulations of the extension of model system (4) with condom use are carried
out using a set of parameter values given in Table 1. We use a fourth order Runge-Kutta
numerical scheme coded in C** programming language for the numerical simulations.

Figure 4 shows a decrease in the number of infectives for homosexuals, heterosexuals
and bisexuals when male and female condoms compliance increases from 0.1 to 1. The
results show that when compliance increases the number of infectives decreases and this
reduces HIV/AIDS prevalence in a community if male and female condoms are used
correctly and consistently by a large proportion of infectives.

3. Treatment

We extend model system (4) to incorporate the treatment of AIDS patients, in which we
consider the treatment to be given to AIDS individuals who are ill and have experienced
AIDS-defining symptoms, or whose CD4 + T cell count is below 200 wl ™', which is the
recommended AIDS defining stage [21]. It is assumed that treated AIDS patients are
capable of sexual interaction with the rest of the community. Now the model will include
the following classes: treated female population Ay, treated heterosexual male population
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Table 1. Data for the HIV/AIDS models.

Parameter Symbol Value Source

Recruitment rate A 100,000/year [18]

Proportion of mature females ry 0.5 [18]

Proportion of mature T 0.4 [18]]
heterosexual male

Proportion of mature homosexuals P 0.1 [18]

Proportion of purely (61, 62) (0.8, 0.4) [18]

(heterosexuals, homosexuals)

Natural death rate I 0.02/year [16,17]

AIDS-related death rate % 0.333/year [16,17]

Emigration rate e 0.01/year [16,17]

Rate of progression to y 8/year [16,17]
AIDS

Probability of transmission (Bt, Bm, Bn) (0.0497, 0.1637, 0.2456)  [4,5,16—18]

Rate of acquiring sexual (ct, Cm,; Cm,) (3, 3, 3) partners/year [16-18]
partners

Enhancement factor n 1.5 [18]

Condom efficacy (€r = €n) 0.92 [16,17,19]

Condom compliance (wf = wy) 0.2,04) [17]

The basic reproductive number (Ro1, Roz) (1.901, 1.8312)

The reproductive numbers (Rm,, Rmys Rim,)  (1.2014, 1.1573, 0.9490)

Aim,, treated homosexual male population Ay, and treated bisexual male population Ay,.
The treatment rate of AIDS females and males who seek treatment is denoted by ¢. Treated
AIDS patients have a constant disease-induced mortality rate 7v > 0, with 7 (0 < 7 < 1),
a factor which models the reduced-mortality rate of the treated AIDS individuals in
comparison with the untreated AIDS individuals. The model system (22) assumes that the
treated AIDS patients (A, A, , A, » A, ) are capable of sexually interacting with the rest
of the community spreading the disease with no change in behaviour. The relative
infectiousness of the treated AIDS patients is modelled by the parameter 6 = ey (0 =
0 = 1) which is a product of drug efficacy (€) and proportion of the treated AIDS patients
who indulge in risk sexual behaviour (i). The value € = 0 means that the drug is
completely effective and € = 1 means the drug is useless in stopping HIV transmission.
Considering the above explanation, the rates of infection for different classes are given as
follows, female susceptibles acquire infection at a time-dependent rate

_ Bt Lo, (1) + iy (1) + OAwm, (1) + A, (1)}

A 19)
' Nin, (0
heterosexual male susceptibles acquire infection at a time-dependent rate
m, {6 (1) + OA (2
Ay = Brcm, {11(1) + 6A( )}, 20)
Ni (1)
homosexual male population acquire infection at a time-dependent rate
I, (1) + 0A, (2
= Prcm: U0+ Oan (0} o

N, (1)

The model flow diagram is given in Figure 5.
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Figure 4. Simulation of model system (4) showing plots of infected female (/f), heterosexually
infected male (/,, ), homosexually infected male (/;,,) and infected male bisexual population (I, )
with compliance (w, = wy) increasing from 0.1 to 1 in step 0.1 when only male condom is in use.
Parameters used are from Table 1. The arrow in the figures illustrates the direction of increase in
compliance, with assumed initial conditions S; = 500,000, I; = 450,000, A= 250,000,
Sm, = 400,000, S, = 380,000, I, =250,000, I, =250,000, I, =250,000 and
A = 250,000. The graphs shows that, an increase in compliance in the use of male and female
condoms reduces the population of infectives, thus reducing the spread of HIV/AIDS.

Putting the formulations and the assumptions together gives the following system of
differential equations,

S
dd_j = 770/\ — /\fo([) - (Ol + ,U«)Sf(t)a (22)

I
d = ASi(t) = (y+ e+ (),

A
dd_; = yIt(t) — (v+ ¢ + wA(),

Ay

dE = QA1) — (Tv + wWAg(1),
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Figure 5. Model flow diagram.

Sm,

d? =mA — /\m|Sm| ) — (a+ M)Sml ),
% = 772A — /\szmz(I) - (CY + M)sz(t)u
I,

d dr = 81)\m|Sm| O —(yv+a+ ,Uv)Iml ®,
I,

da = 82/\szmz(t) - (7‘1‘ o+ ,U,)Imz(l),

I
dg = (1= 80, Siny (1) + (1 = 89)AmsSina(1) = (v + @ )i, (0,

d

2 = Y, (1)~ (0 b+ WA (0,
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An,
d—== YIn,(1) = (v+ ¢+ WA, (),

dr
A,
A== dAm, () = (70 + WA, (),
Aim,
d TS = PpAn, (1) — (v + WAm, (D),
A,
=7 = GAm () = (70 + ) Am, ().

Next, we consider the equilibria, reproductive numbers and stabilities of the model.

3.1 DFE and reproductive number
Model system (22) has a DFE given by,

0= (80,80 S0 .0 10 10 JAD AG A (AD AD AD

myp?¥my? T fmyp fmyr Tmyo tf 2t myp 24t my o “tms 2 “ ttmy 0

Ap A

tm3

(23)

_ ( ’7T()A ’7T|A 772A

) ) 707070707070707010505050 N
at+u at+u at+p

The linear stability of £ is governed by the reproductive number R [1,6,9,12]. Using the
notation in [20] on the model system (22), the matrices F and V, for the new infection
terms and the remaining transfer terms are, respectively, given by

00 0 ki 0 m 000 6k 0 6k
0 O 0 0 000 0 0 0
0 O 0 0 000 0 0 0
k» 0 66 0 0 0 000 0 0 0
00 0 0 k 0 000 0 65 0
ke O 6ks O ks O 0 0 O O 6ks O
F=1690 0 00 0000 0 0 o0
00 0 00 0 000 0 0 0
00 0 00 0 000 0 0 0
00 0 00 0 000 0 0 0
00 0 00 0 000 0 0 0
00 0 00 0 000 0 0 0
Here
k1=M, kzzm, k3 = 62BnCm2,
T 0
ky = LT OO 1 508

o
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and
b 0 0 0O O O O O 0 000
-y a 0 0 O O O O 0 000
0O -¢d 0 0 O O O 0O 0O0O
o 0 0 » 0 O O O 0 00O
o 0 0 0 » 0O O O 0 00O
o 0 0 0 O b O O 0 0O0O
V=10 0 0 -y 0 0 a 0 0 000
O 0 0 0 -y 0 O a 0 00O
0O 0 0 0 0 -—vy 0 a 000
0O 0 0 0 0 0 —¢ O d 0 0
O 0 0 0 0 0O 0 —-¢ 0 0dO
O 0 0 0 0 O O 0 —-¢ 00 d

Here a=¢+v+pu, b=a+ v+ p and d = 7v+ p. It follows that the treatment-
induced reproductive number (R;) for the model system (22) is given by

R = p(FV ") = max{R,,, Ry, }, (24)
where
_ 02BuCm2 _
Ri = oyt 169 = Roif1(6.9)
. v0d
= with f1(0’¢){1+(¢+M+v)(7v+u)}’ (25)
and
Rey = f2(0, ), | -PHPmCn (5 4 nl = 81)] = Roaf2(6, ), 26)
’ (a+y+ p?
with

vp Y0d
0,6)=4/41 I '
J2(6,9) \/{ +(¢+M+v)(rv+u)}{ +(¢+,U«+V)(TV_|-,U~)[51+77(1_81)]}

The parameters (0, ¢) and f»(0, ¢) are a measure of the effectiveness of treatment in a
community. Using Theorem 2 in [20], the following result is established.

LemMA 2. The DFE of model system (22) is locally asymptotically stable (LAS) if R, < 1
and unstable if R, > 1.
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It is also important to note that (f1(6, ¢), f2(0, ¢)) > 1, which shows that the treatment
increases the average number of new infections generated by a single infected individual
in a completely susceptible population thus may enlarge the epidemic. We analyse R, for
the following cases.

Case 1. When 0 =0

%2 BnCm BtBmCiCm,
Ry = Ror = —2Pm2_ o Ry = | LIPRGEm s 1 — 8,
4 0=yt ¢ 02 \/(a_i_y_i_M)Q[l n( Bl

where R, is the treatment-induced reproductive number for homosexuals and R, is the
treatment-induced reproductive number for heterosexuals and bisexuals. Note that Ry
and R, are the basic reproductive numbers when there are no HIV/AIDS intervention
strategies in a community, for homosexuals and for both the heterosexuals and bisexuals,
respectively. We note that the factor multiplying the basic reproductive number (Ry; and
Roz) is equal to unity (f (6, ¢) and f2(6, ) = 1), suggesting that either the treatment drug
is 100% effective (e = 0) and /or treated patients are not indulging in risk sexual activities
(i = 0). Thus the intervention has no effect on the basic reproductive number but helps the
community by lengthening the lives of AIDS patients, reducing morbidity/mortality and
reducing the number of orphans in affected communities.

Case 2. When0 < =1

_ SZBhCmZ _
Ry = atytp Mfl(G» b) = Roif1(0, b)
where
ybd
(7] =<1
and
Bt BmCrcm,
 — ) —— [0 1-9 = ’ )
R, = f2(0 ¢)\/(a+y+,u)2[ 1+ n( D] = Roaf2(6, d)
where

0 pAiks
0,¢)= /{1 1 '
206, ¢) \/{ +(¢+M+ y)(Tv+M)}{ +(¢+IJ«+ V)(Tv+M)[51+77(1_31)]}

We note that the factor multiplying the basic reproductive number (Ro; and R;) is greater
than unity (f{(6, ¢) and f2(6, ¢) > 1) and this is when the treatment drug is not 100%
effective (0 < € = 1) and when treated AIDS patients indulge in risk sexual behaviour
(0 <y =1). This is a realistic scenario which suggests that the treatment of AIDS
patients enlarges the epidemic. Clinical trials with highly active antiretroviral therapy
(HAART) have shown that treatment reduces the plasma HIV-RNA to undetectable levels,
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and thus due to the reduction in seminal viral load, heterosexual transmission of HIV
(infectiousness) may be reduced [11]. However, the main function of current HAART is to
increase the life expectancy of infected individuals and over time this causes the pool of
potential transmitters of infection to grow, thus the two factors, decreased infectivity but
increased duration of infectiousness, have opposing effects on transmission [3].

3.2 Effects of condom use in settings with the treatment

Introducing condom use to model system (22) gives the condom and treatment-induced
reproductive number as

Re = maX{UmRtl s O-metz }

and we note here that R, < R since (om, o1m) < 1. Note that here we consider the use of
male condoms only (modelled by a,) by the homosexuals and the use of male and female
condoms by the bisexuals and heterosexuals (modelled by o). Thus we conclude that the
use of condoms in settings with the treatment will help significantly in slowing the epidemic.

3.3 Global stability of the DFE

Lemma 2 implies that HIV/AIDS can be eliminated from the community (when R, < 1) if
the initial sizes of the sub-populations of the model are in the basin of attraction of the DFE.
To ensure that the elimination of the virus is independent of the initial sizes of the sub-
populations, it is necessary to show that the DFE is globally asymptotically stable (GAS).
Here, we examine the global stability of model system (22) at the DFE when a considerable
number of infectives are introduced in a totally susceptible population using the method in
[9] LetX = (vasml ) Smg) andZ = (1f71m1 ;1m271m3;AfaAtfaAm1 aAmg»AmgaAtm] )Atmsztmg)’
thus F(X, 0) and G(X ,Z) are given as follows:

G X,z
moA — (a+ w)Ss A“ )
R Gy(X,2)
FX,0)= | mA —(a+wSn | and G(X,2) = X 2) =0,
mA — (& + w)Sm, T
Gi(X,2)
with
G (X, Z) = BuciUm, + My + 0Aum, + Amy)) (2 — St
1 ) — PmtfUm; MNm; tmy tmg3 P Sm| +Im| +Im3+Atm| +Atm3 )
A T Sm
Go(X,2) = 8, Brem (Is + 0Ag) [ 2 — —2m )
2(X,Z) 1 Brem, (I + ﬁ)(ﬂo Sf+If+A[f)
G3(X,2) = 8:BuCmy(Imy + 0Aumy) (1 — _ Sm
’ B : Smy + Iy + Aty )’
N m Sm
G.X,2)=(1 -5 I+ A (™ - Om
4X,2) = ( 1Brcm, (U tf)(m) Sf+1f+A[f>

Sm
1= 82)Bncim, Iy + Awn) | 1 = o ).
+ ( Z)th 2( 2 + t 2)< sz + Im2+Atmz>

Since G(X ,Z2) =0 £Y is GAS. We summarize the result in Lemma 3.
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LemMma 3. If R < 1, the DFE of model system (22) is GAS and unstable if R; > 1.

3.4 Endemic equilibrium (EE)
Model system (22) has an EE given by,

S* — oA S* — m A S* — mA I* 770/\/\
77 abptAl? ST akpdAy 0 Tme T adudAn, 0 T T (e ytm(atptA) !
I* 517T[A/\ I.k 527T2A)\
m (a+7+pb)(a+pt+)\m] )7 Tmy (a+y+u)(oz+u+)\,“2)
J— A (1=81)m )\;1 + (1_52)77”\"12 A = moAyA;
m3 " (aty+uw) C!+H/+)L;l atpthy,, )7 7 (utv)(aty+wlatdtuti)’
A* 8] 1T]A/\ A* 52772/\/\
m <a+7+M><a+u+Am1 (V+d>+u)’ m; (a+y+m<a+u+)\m,>(v+¢+m>
. A = A (A=8)m Ny, | (1=8)mAy,
&= m; T (atytw) \atpty, atpthy, | ()’
A = moAYA; &
7 (utv)(aty+)atdutap) (rrtp)?
A* 51 7T]AA d)
tmy (a+y+u)(a+u+)\ml (V+¢+}L) (Tr+p)°
A* 527T';AA ¢
tmy (a+7+u)(a+u+)\m2) (V+¢+P«) (tv+p)?
A* = A (A=8)mA,, | (I=&)mA;, v & 27)
ms T (atytp) \atpty, + atpthy, ) (hdtw) (rr+p)
where
N Bmee{Ly, + nly, + 0AL, + A} X = e U7+ 04y
£ = + 5 m, — Pfem; =/ %
le l Nf
£3 *
)\fn = thmz (Im2 +*6A—[m2) .
2 Nm2

We now apply the centre manifold theory [7] as described in [8] (Theorem 4.1) to
establish the local asymptotic stability of the EE. We make the following change of
variables, Sy =xi,It = x2,Ar = x3,A¢ = X4, Sm, = X5,1m, = Xg, I;m; = X7 = )@,Atml =
X105 Aty = X11, Sm, = %12, Imy, = X13,Am, = X14 and Ay, = x35 so that N = Zn X,
Ny =x1 +x3 + x4, Nm, = X5 + X6 +x7 +x10 + X11, Nm, = X12 + x13 +x15. Using the
vector notation X = (xl,xz,x3,x4,x5,x6,x7,xg,x9,xlo,x“,xlz,x13,x14,x15)T, model
system (22) can be written in the form dX/dt =F = (f1,f2,f3, 4./ 5:.f6:/7:/ 8, 9,/ 105
fi1.f12:.f13.f14,£15)", such that;

_ Bmer{xe + mx7 + 00x10 + x11)} _ (x2 + 6x3)
Af = N s Am; = BrCm, N
m ! (28)
_ (x13 + 6x15)
m; thmz -

)
Nm,
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X0 = f1 = mA — A (1) — (@ + wx (), (29)
(1) = f2 = Aexi (1) — (v + a + wxa (D),
X0 = f3 = ) — (v+ ¢+ wxs(0),
X0 = fa = dx3(t) — (v + wxa(0),
X5(1) = f5 = mA — An,x5(1) — (a+ w)xs(0),
Xo(1) = f6 = 81 Am,x5(1) — (y + a4+ wxe(?),
(1) = f7= (1 = 8)An,x5(1) + (1 = 8)Am,X12(1) = (Y + @ + wxs (0),
(1) = fs = yxe(t) — (v + b+ wixs(0),
xo(1) = fo = yx7(1) — (v + ¢+ wxo(1),
Xo(0) = fro = ¢g(t) — (v + wixio(0),
X0 = fii = ¢xo(t) — (v + woxn (o),
(1) = f12 = A — A, x12(0) — (@ + w)xi2(1),
X3(0) = f13 = S dm,x12(0) — (¥ + a + wxi3(1),
Xy = fra = yx3(0) — (v + &+ w14 (o),
Xy5(0) = f15 = dxpa(t) — (v + wxis(0).

Consider the equations x),(¢), x\5(7), x},(t) and x| 5(¢) which describe purely homosexuals,
that is;

X0 = fr2 = mA = Apyx12(1) = (@ + wxi2(0), (30)
Xp3(0) = f13 = S Ampx12(0) = (v + a+ wxi(2),
X () = f1a = yxi3(0) — (v + ¢+ wxia(),
X5(t) = fis = dxia(t) — (v + wxis(0).

The Jacobian of the system (30) is given by,

—a— W Bncm, 0 0BhCm,
0 02 BhCm, — (a+ v+ ) 0 020BnCm,
F= 0 ) e 0 . 3D
0 0 o) —u— TV

From (31) it can be shown that,

R, = % Bncm v0p }
s { ST TeEnY & G2
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If By is taken as a bifurcation point and if we consider the case Ry = 1 and solving for Sy
gives,

(a+y+w (p+ p+v)(tv+ @
&r¢m,  [Y0b+ (p+ pn+ v)(Tv+ wl

Brn=B"= (33)

Then the linearized system of the transformed Equation (30) with 8, = 8" has a simple
zero eigenvalue. Hence the centre manifold theory [7] can be used to analyse the dynamics
of (30) near B. It can be shown that the Jacobian (31) at 8" = By has a right eigenvector
associated with the zero eigenvalue given by u = (u12, u13, U4, uis)T, where

d’oﬁ *sz { 823 *sz }
= 1+ , , 34
T | @ty m - e Gv
up = $0%2cn; Upg, 1y = ugg >0, us = ————uy
T (v wla+ y+p) — &HBCm,] ’ (v + W)

The left eigenvector of J (6'0) (31) associated with the zero eigenvalue at * = By, is given
by v = (v12,v13, V14, v1s)", where

Y
= 0 = =
Vi2 VI3 @t v+ 1) — 5B, Vig, Vig = Via,
" (35
_ 70523 Cm,
Vi5s = Vig.

(rv+ wlla+ v+ w) — &B%m,]

In order to establish the conditions for the existence of a bifurcation, we use Theorem 1
proven in [8].

THEOREM 1. Consider the following general system of ordinary differential equations with
a parameter ¢,

o =fx,$).f: R"XR— and f € C}(R"XR), (36)

where 0 is an equilibrium of the system that is f(0, ¢) = 0 for all ¢ and assume

Al A= D,f(0,0) = (3f;/9x,)(0,0) is the linearization of system (36) around the
equilibrium 0 with ¢ evaluated at 0. Zero is a simple eigenvalue of A and other
eigenvalues of A have negative real parts.

A2 Matrix A has a right eigenvector u and a left eigenvector v corresponding to the
zero eigenvalue.

Let f; be the kth component of f and

a= Z vkuluja a (0 0), b= kau,a a¢>(0 ,0). (37)

k,ij=1

The local dynamics of (36) around O are totally governed by a and b.

(i) @a>0,b > 0. When ¢ <0 with |¢| < 1, 0 is LAS and there exists a positive
unstable equilibrium; when 0 < ¢ < 1, 0 is unstable and there exists a negative LAS
equilibrium.
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(il) @ < 0,b < 0. When ¢ <0 with |¢| <1, 0 is unstable; when 0 < ¢ <1,
asymptotically stable and there exists a positive unstable equilibrium.

(iii) @ > 0,b < 0. When ¢ < 0 with |¢| < 1, 0 is unstable and there exists a negative
LAS equilibrium; when 0 < ¢ < 1, 0 is stable and a positive unstable equilibrium
appears.

(iv) a < 0,b > 0. When ¢ changes from negative to positive, 0 changes its stability from
stable to unstable. Correspondingly, a negative equilibrium becomes positive and
LAS.

Computations of a and b. For system (30), the associated non zero partial derivatives of F
at the DFE are given by,

0fin _ AetwPlem,  0F12 _ 9F _ (et w1+ 0)Bn,
aleg A772 ’ 8x13ax15 ax158x13 A7T2 ’
9712 _ 2(a+ w)6B e, 9713 _ ~2a+ wdBem,
62)615 A7T2 ’ 6%613 AﬂTz ’
iz iz —(a+ w1+ 05Bm, 0F1i3  —2a+ w)5Bm,
= = ; = . (39)
0X130X15  0X150X(3 Am 3%615 Am
From (38) it follows that
2 e 0 —2vis(a+ w08 B,
a= Z Viltillj - &)= (13 + u1s)(ur3 + Ours)
P X;0x; Am
A
<0. (39)

From (39), a < 0 and for the sign of b, it is associated with the following non-vanishing
partial derivatives of F,

-5 , =6 . 40
()X13a,8* 26m, a.X13a,8* 26m; ( )
It follows from expressions in (40) that
15
313 0 %13
b= Vi3l (E7) = u3vis - > 0. 41
k;Z (")Xia‘B (")X13a‘8

Thus a < 0 and b > 0 from computations of a and b. Using Theorem 1 above item (i) and
(iv) we establish the following result Lemma 4.

LeMMA 4. Since a < 0 and b > 0, then model system (22) has a transcritical bifurcation at
R: =1, and a unique EE (") guaranteed by Theorem 1 is LAS for R; > 1 and unstable
otherwise.

4. Summary and concluding remarks

In this paper, we presented a sex-structured HIV/AIDS model for assessing the effects of
homosexuals and bisexuals on the intrinsic dynamics of the disease in heterosexual
settings. We extend the model to investigate separately the effects of condom use and
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antiretroviral therapy on controlling HIV/AIDS in a community. The epidemic thresholds
for the resulting models are computed and used to assess the effects of condom use and
antiretroviral therapy on the transmission dynamics of HIV/AIDS among homosexuals,
heterosexuals and bisexuals.

The study shows that the use of male condoms is of significant importance for
homosexuals, heterosexuals and bisexuals since it reduces the partial reproductive
numbers Ry, < Ror and Ry, < Roz. The use of both the male and female condom was
noted to further reduce HIV/AIDS among the heterosexuals and bisexuals since
Rim, < Rm, < Rop. The results obtained also suggest that there are certain values of R
at which the use of condoms will not reduce the reproductive numbers Rm,, Rm, to values
below unity even if compliance of 100% is achieved. Furthermore, for the values of R, for
which Ry, and R, can be reduced to values below a unity (Rpm,, Rm, < 1), the
compliance may be high and perhaps unattainable, implying that for such populations,
HIV/AIDS may not be controlled using female and male condoms only, instead other
preventive and therapeutic strategies should be adopted (a similar result obtained in [17]).

We have presented a deterministic compartmental model of HIV/AIDS in a
community where those with AIDS symptoms are treated and become sexually active.
Similar to [2,13], our results show that the treatment which prolongs the incubation
period but does not reduce HIV transmission rate may even enlarge the epidemic.
The results show that the treatment with amelioration of AIDS patients will only help the
community if the drugs used are 100% effective in stopping HIV transmission,
suggesting that medical researchers should focus more on reducing HIV transmission
rates when developing new treatment drugs [13]. Further, treated AIDS patients should
not be involved in risk sexual behaviour defined in terms of inconsistent condom use or
having multiple sex partners. The possibility of widescale use of the treatment drugs
leading to changes in patterns of risk behaviour, particularly a disinhibition effect, has
been of considerable concern. There are competing possible effects at individual level,
treated AIDS patients may increase the frequency of sexual activity due to the severity of
their symptoms decreasing, but may receive effective prevention counselling upon
treatment initiation, which would decrease the frequency of risky activities [3]. If drugs
used for therapy are 100% effective and a positive change in the behaviour of treated
individuals is achieved, the use of therapeutic drugs will not affect the development of
HIV/AIDS in communities but will help communities by lengthening the lives of the
infected (reducing morbidity/mortality and socio-economic costs), and such communities
would benefit more if people are to know their HIV/AIDS status and if treatment drugs
are to be affordable, thus more people would be treated. The treatment with amelioration
of AIDS patients should be accompanied with intense public health educational programs
which are capable of changing the attitude of treated AIDS patients towards safe sex,
since there is no 100% effective drug in stopping HIV transmission currently in sight.
We conclude from the study that the holistic use of the condoms and the treatment as
intervention strategies can help contain the HIV/AIDS epidemic and reduce its burden
among heterosexuals, homosexuals and bisexuals if implemented strategically in affected
communities.
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