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Abstract

This thesis is centred around the striking phenomenon of non-Markovianity

which emanates from exact dynamical descriptions of open quantum systems. Non-

Markovianity is associated with the existence of memory effects in the environment

and leads to a partial recovery of information of the system, temporarily counteract-

ing the deleterious effect of the surrounding environment. We devote this thesis to

addressing two fundamental questions surrounding the topic of non-Markovianity.

The first is concerned with how to evaluate the extent to which a specific dynamics is

non-Markovian, in terms of a physically meaningful and easily computable measure.

In literature, the desire to quantify non-Markovianity has motivated a plethora of

measures which provide unique, albeit potentially contradicting, interpretations of

memory effects. In an attempt to consolidate the literature, we introduce and criti-

cally compare several recently proposed non-Markovianity measures for single qubit

and two qubit systems in both pure dephasing and dissipative scenarios. The second

question explores the natural optimism of the usefulness of non-Markovianity as a

resource in quantum information protocols. In more detail, we study whether mem-

ory effects combined with external control techniques offer a possibility to exploit

non-Markovianity for an overall superior technique to combat decoherence. The

standard approach for Markovian dynamics involves the critical assumption of dis-

sipative dynamics which are fixed in the presence of control. We expose the serious

pitfalls in experimentally implementing such a strategy in realistic non-Markovian

scenarios and accentuate the importance of using exact approaches in non-Markovian

control theory. Using an exact description of a pure dephasing system subject to dy-

namical decoupling protocols, we demonstrate that contrary to intuitive reasoning,

non-Markovianity is not trivially a resource.
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Chapter 1

Introduction

The idealised description of closed quantum systems comprises pure quantum states

evolving according to unitary dynamics, determined by the solution of the Schrödinger

equation. However, in reality, it is a simplification to assume a quantum system is

entirely isolated from its surrounding environment because this in general is never

true. The impossibility of legitimately isolating a quantum system from the environ-

ment has led to the theory of open quantum systems distending into all subfields of

quantum physics [9]-[11]. The adverse influence of the environment induces the so-

called quantum to classical transition, destroying the two defining features of quan-

tum mechanics, namely, quantum superpositions and entanglement [12]. Hence, the

obstacle in the development of quantum technologies is only apparent when the ef-

fect of the environmental noise is incorporated into the system dynamics. In order

for quantum technologies to reach the market, environmental-induced decoherence

must be understood and minimised to an acceptable degree below the threshold

for quantum error correction. Tremendous progress in quantum technologies has

encouraged an endeavour to minimise environment-induced decoherence effects [13]-

[18]. Moreover, the role of non-Markovianity in biological systems has been recently

identified [19]-[20]. In light of this, we study non-Markovianity from two funda-

mental points of view. Specifically, the characterisation of non-Markovianity in an

easily computable and physically relevant quantifier [1], and also, the possibility of

exploiting non-Markovianity as a resource in quantum protocols [2]-[3].

The dynamics of an open quantum system is described by a completely posi-

tive and trace-preserving map, known as the dynamical map, and is classified into

Markovian and non-Markovian regimes. However, Markovian memoryless dynamics

generally rely on the validity of certain assumptions and are often only an approx-

imation of exact non-Markovian descriptions when memory effects are intertwined

with the dynamics in a non-negligible way. Indeed, Markovian descriptions im-

ply a continuous loss of quantum information from the system to the environment

and fail to describe scenarios with strong system-environment couplings or when

the timescales characterising the environment and system are comparable. Non-

1



CHAPTER 1. INTRODUCTION

Markovian dynamics are derived in the absence of approximations and are marked

by revivals of information for intervals of time, temporarily combating the stripping

effect of the environment. While the defining features of a Markovian evolution

are firmly established, the definition of a non-Markovian evolution has given rise to

a heated debate. Specifically, for Markovian dynamics, the non-unitary dynamics

must necessarily correspond to a completely positive and trace-preserving dynami-

cal map which can be concatenated into a collection of individual dynamical maps

governing respective time intervals. The mathematical property is coined divisibility

and corresponds to the physical intuition of memoryless dynamics being independent

of past dynamics. In Chapter 3, we introduce several recently proposed measures of

non-Markovianity and critically compare the merit of each measure [1]. More specif-

ically we investigate and compare their computability, their physical meaning, their

Markovian to non-Markovian crossover, and their additivity properties with respect

to the number of qubits. Following the characterisation of Markovian dynamics, it is

clear that when the dynamics is divisible any well-founded non-Markovianity mea-

sure must take zero value, but the converse is not required to be true. Only the Rivas,

Huelga and Plenio (RHP) [21] measure quantifies non-Markovianity as the degree of

deviation from divisible dynamics and so entirely characterises every non-divisible

dynamics as non-Markovian. Alternatively, non-Markovianity can be based on the

non-monotonicity of the evolution of a certain quantum quantity when the dynamics

is non-divisible. In this framework, we consider the Breuer, Laine and Piilo (BLP)

[22]-[23], Luo, Fu, Song (LFS) [24] measure and the Bylicka, Chruściński, Manis-

calco (BCM) [16] measures. We study the qualitative behaviour of the measures

for one and two qubit systems for dephasing and dissipative dynamics, particularly

focusing on the Markovian/non-Markovian crossover for experimental system pa-

rameters. We find for the dephasing models [25]-[27], the measures always agree

in terms of crossover but the contrary is not always true for the dissipative models

[9],[28]. Our comparison is not motivated by a desire to appoint one measure the

single defining measure of non-Markovianity, but to instead bring to light the useful

insights of non-Markovianity each measure offers.

Recently, many efficient schemes have been developed which utilise external pro-

tocols, such as the quantum Zeno effect [29]-[31], dynamical decoupling strategies

[130]-[131] and optimal control [34], [35]-[45], in order to compensate for the harmful

noise in quantum systems. Generally, the theoretical description of these techniques

in the presence of noise is a daunting task and as a consequence, control techniques

have been studied almost exclusively in the so-called Markovian limit. In this limit,

the dynamics are either derived using microscopic approaches involving assumptions

concerning the type of environments the system is interacting with as well as the typ-

ical time-scales or found phenomenologically. It is therefore important to extend the

investigation of control protocols in open quantum systems to the non-Markovian

2



CHAPTER 1. INTRODUCTION

regime, where strong and long lasting memory effects become apparent in the dy-

namics and play an important role in describing realistic experimental scenarios.

Moreover, many have naturally wondered whether memory effects combined with

external control techniques offer a possibility to design an overall superior technique

to combat decoherence [46]-[48]. The aim of Chapter 4 is to expose the serious

pitfall of applying the most widespread assumption in the theoretical description

of coherent control strategies to non-Markovian open systems. In more detail, it is

common in literature related to control theory, to assume that the description of

the dephasing or dissipative dynamics of the system is fixed when we add a uni-

tary control Hamiltonian term. This assumption is always valid in the Markovian

limit as it does not change the physicality of the solutions of the master equation

but we show the converse is not in general true. In Chapter 4, we first explore

the phenomenological case seen in literature for a non-Markovian system, where the

dissipator is fixed under the control sequence [2]. In analogy to the control protocol

introduced in Ref. [34], we seek a control Hamiltonian that, on average, optimally

upholds the coherence between the ground and excited state of a qubit for the time

the system markedly evolves. Our results expose the unsurmountable difficulties in

implementing such an approach experimentally and further, we show, in general,

the origin of the physical uncertainty that exists. Indeed, we are able to link the

potential failure of such a strategy directly to the intrinsic defining feature of all non-

Markovian dynamics, namely non-divisibility. We show that the only way to avoid

this problem is a full microscopic description of the controlled system in the pres-

ence of noise. Hence the typical theoretical approaches to quantum control theory

cannot be used in the framework of non-Markovian open quantum systems, and only

a full microscopic derivation leads to physically meaningful results. In general, it is

clear that, in absence of the fixed dissipator approximation, constructing superior

trajectories (i.e. trajectories which are optimally controlled with varying degrees of

rotation) will never be a feasible task. A possible solution to this impasse might be

the discovery of certain special forms of non-Markovian dissipators that may not be

changing sensibly in the presence of some specific coherent control schemes, perhaps

exploiting specific symmetries of the dissipator and control Hamiltonian.

In Chapter 5, we study an exact description of a purely dephasing qubit sub-

ject to dynamical decoupling (DD) protocols [3]-[4], first introduced in Ref. [49].

DD techniques are among one of the most successful control protocols to suppress

decoherence in qubit systems [50, 51] and rely on the application of a sequence of

external pulses to a system in order to reverse the catastrophic effects of the en-

vironment for the duration of the sequence. For the first time, we investigate this

model in order to connect the efficiency of dynamical decoupling with the reservoir

spectral density through an experimental parameter of the environment, namely

the Ohmicity parameter. Specifically, through this parameter, one has the ability

3



CHAPTER 1. INTRODUCTION

to model both Markovian and non-Markovian dynamics. With this in mind, we

are curious to establish the role of non-Markovianity as a resource in DD protocols,

quantifying dynamical decoupling efficiency as the average coherence preservation

over the pulse sequence. We find that simultaneous use of non-Markovian reservoir

engineering and DD protocols is counterproductive for coherence preservation. With

a shift in perspective, we further reveal how dynamical decoupling techniques can

be harnessed to engineer non-Markovianity and control it. In more detail, any sys-

tem subject to DD will provide a testbed for further investigation of non-Markovian

dynamics, independently of the Ohmicity parameter. With a relationship between

DD and non-Markovianity well established, we explore the implications in a quan-

tum information scenario. It has been shown that the use of either DD techniques

or non-Markovian effects prolongs the preservation of quantum correlations in the

presence of environmental noise [52]-[57]. With this in mind, we consider two qubits

undergoing local dephasing and in the spirit of reservoir engineering, attempt to

identify the optimal conditions for sustaining quantum correlations. In more detail,

we focus on modifying the spectrum to enhance either the efficiency of DD protocols

or the non-Markovian character of the dynamics. In particular, we study the cre-

ation of time-invariant discord. Quantum discord is a measure for the total quantum

correlations in a quantum state, beyond those captured by entanglement and has

been shown to be crucial for e.g., distribution of entanglement [58]-[61], quantum

locking [62], entanglement irreversibility [63] and many other tasks [64]-[65]. We

show that given the choice, DD protocols are capable of creating higher values of

time-invariant discord for a wider range of system parameters compared to that

achieved with non-Markovianity [66].

In Chapter 7, we summarise and conclude the thesis.

4



Chapter 2

The Theory of Open Quantum

Systems

The impossibility of entirely isolating a quantum system has made the theory of

open quantum systems fundamental to developing quantum devices which are robust

against the inevitable destructive effects of the environment. This chapter is devoted

to introducing the basic principles and mathematical formalism developed for open

quantum systems. More specifically, I first introduce the idealised description of

closed quantum systems, where the modification of the environment to the dynamics

is not included. The open quantum system theory is then constructed by reducing

the total closed system dynamics to the description of the system of interest only.

2.1 Closed Quantum Systems

The most complete description of the state of a quantum system at a given time

t = t0 is provided by a state vector |ψ(t0)〉, belonging to a Hilbert space H asso-

ciated to the physical system. According to the superposition principle, any linear

superposition of N quantum states is also a quantum state:

|ψ〉 =
N∑
n=1

an |ψn〉 . (2.1)

The probability of finding the system |ψ〉 in the state |ψn〉 after an appropriate

measurement is |an|2 if |ψ〉 is normalised and |ψn〉 are orthonormal states so the

coefficients an satisfy the constrain
∑N

n=1 |an|2 = 1.

The time evolution of the state vector is determined by the solution of the

Schrödinger equation,

i~
d

dt
|ψ(t)〉 = H |ψ(t)〉 (2.2)

where H is the Hamiltonian of the system and ~ is Planck’s constant. The dynamics

generated by Eq. 2.2 is unitary and the solution may be represented in terms of the

5
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unitary time-evolution operator U(t, t0) which transforms the state |ψ(t0)〉 at some

initial time t0 to the state |ψ(t)〉 at time t,

|ψ(t)〉 = U(t, t0) |ψ(t0)〉 , U†(t, t0) = U−1(t, t0). (2.3)

The evolution operator for a time-independent Hamiltonian takes the simple form

U(t, t0) = exp{−iH(t− t0)/~}.

2.1.1 Density Operator Formulation

It possible to interpret the wavefunction ψ as a statistical ensemble ε of identi-

cally prepared quantum systems S(1), S(2), ..., S(N) that could possibly result from a

specific set of experimental conditions [9],

ε = {S(1), S(2), ...., S(N)}. (2.4)

Observations on each individual system define the abstract set of probabilities for

the various observables. In realistic situations, where the state preparation is not

fully known, it is convenient to consider an ensemble composed of M ensembles

ε1, ε2, ..., εM , each described by a normalised state vector ψα, α = 1, 2, ...,M in

the underlying Hilbert space H. The statistics of the total ensemble is given as a

weighted sum of the individual ensembles, where the respective weights wα satisfy

wα ≥ 0,
M∑
α=1

wα = 1. (2.5)

In order to describe the total statistical ensemble ε, we introduce the density oper-

ator,

ρ =
∑
α

wα |ψα〉 〈ψα| , (2.6)

where the states |ψα〉 are not assumed to be orthogonal vectors. The diagonalised

form of the density matrix is then given as,

ρ =
∑
i

λi |Ψi〉 〈Ψi| ,
∑
i

λi = 1, λi ≥ 0, (2.7)

with λi the non-negative real eigenvalues of the density matrix and |Ψi〉 the as-

sociated orthogonal eigenvectors of the Hilbert space H, i.e. 〈Ψi|Ψj〉 = δij and∑
i |Ψi〉 〈Ψi| = I where I is the identity operator. The strictly positive eigenvalues

λi are finitely degenerate, and 0 is the only possible infinitely degenerate eigenvalue.

The trace of an operator ρ i.e., the sum of the diagonal elements, is given as:

Tr[ρ] =
∑
i

〈Ψi| ρ |Ψi〉 = 1, (2.8)

6



CHAPTER 2. THE THEORY OF OPEN QUANTUM SYSTEMS

and it is straightforward to show that the trace operation is independent of the choice

of orthogonal basis. The diagonal elements (coined the populations) 〈Ψi| ρ |Ψi〉
represent the probability of occupying state |Ψi〉. As well as unit trace, the density

matrix must be Hermitian ρ = ρ† and positive ρ ≥ 0. In more detail, a Hermitian

matrix satisfies:

〈Ψi| ρ |Ψj〉∗ = 〈Ψj| ρ |Ψi〉 , (2.9)

where the complex off-diagonal elements (coined coherences) 〈Ψj| ρ |Ψi〉 represent

the quantum interference between the states |Ψj〉 and |Ψi〉. From the condition, 2.9,

it is clear that the diagonal elements of the density operator must necessarily be

real. The purity of a density matrix is calculated as follows:

µ = Tr[ρ2] ≤ Tr[ρ]. (2.10)

The system is unambiguously described by the pure state |ψi〉 if one of the proba-

bilities is unit pi = 1 and the purity of the density matrix is then given as µ = 1.

Otherwise the density operator is a so-called mixed state and 1
d
≤ µ < 1 where d is

the dimension of the Hilbert space of the system.

The dynamical equations governing the time evolution of the density operator

for a closed quantum system is straightforward to obtain from Eq. 2.2 and is known

as the von Neumann equation,

d

dt
ρ(t) = − i

~
[H, ρ] (2.11)

where [A,B] = AB −BA is the commutator of operators A and B. The solution is

represented as follows,

ρ(t) = U†(t, t0)ρ(t0)U(t, t0), (2.12)

corresponding to unitary dynamics, preserving the purity of the state throughout

the evolution.

2.1.2 Bloch Vector Notation

A qubit refers to a fundamental quantum system ψ, described by a two-dimensional

complex vector space, where the two states of the system can be physically realised

for e.g., by two spin states of a spin-1
2

particle, the vertical and horizontal polarisa-

tion states of a single photon or the ground and excited states of an atom. Analogous

to the classical bit, i.e., the fundamental concept in classical computation and in-

formation theory, the qubit is the building block of quantum information protocols.

However, while the qubit can be in either states |0〉 or |1〉, contrary to its classical

counterpart, it can also be in a superposition of these states. The most general state

7
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of a qubit is given as,

|ψ〉 = α |0〉+ β |1〉 (2.13)

with |α|2 + |β|2 = 1. Introducing the spherical polar coordinates 0 ≤ θ ≤ π and

0 ≤ φ ≤ 2π, any pure state can be equivalently written as:

|ψ〉 = cos
θ

2
|0〉+ sin

θ

2
eiφ |1〉 . (2.14)

The parameters θ and φ define a point on the surface of a unit three-dimensional

sphere called the Bloch sphere. In general, including also the arbitrary mixed state

qubit describing points within the Bloch sphere, the density matrix may be written

as:

ρ =
I + ~r.~σ

2
, (2.15)

where ~σ = {σx, σy, σz} is the Pauli vector with,

σx =

(
0 1

1 0

)
, σy =

(
0 −i
i 0

)
, σz

(
1 0

0 −1

)
(2.16)

and ~r = {rx, ry, rz} is the Bloch vector i.e., a real three-dimensional vector satisfying

the condition ||~r|| ≤ 1 with Bloch vector components,

rx = r cosφ sin θ, ry = r sinφ sin θ, rz = r cos θ. (2.17)

2.2 Open Quantum Systems

The observation and experimental control of characteristic quantum properties of

physical systems is often strongly hindered by the coupling of the system to a noisy

environment [67]. The inevitable environmental interaction creates non-negligible

system-environment correlations leading to vanishing quantum features and/or dissi-

pation of energy. Realistic quantum systems are therefore open systems governed by

a non-unitary time evolution. In order to take into account the interaction with the

environment in the dynamical description of the system, we first consider a closed

bipartite environment consisting of the system of interest S and an environment E.

Hence, the dynamics can be written as:

ρSE(t) = U†SE(t, t0)ρSE(t0)USE(t, t0), (2.18)

where ρSE(t0) is the initial state of the full system plus environment. We can

define the state of each subsystem by performing the partial trace operation on the

8
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composite state ρSE ∈ D(H) with H = HS ⊗HE,

ρS(t) = TrE[ρSE] =
∑
j

〈ΨE
j | ρSE |ΨE

j 〉 (2.19)

where {|ΨE
j 〉 , j = 1, 2, ...} is an orthogonal basis in HE. In this way, one can define

the non-unitary dynamics of the reduced state ρS(t) as

ρS(t) = Φt,t0ρS(t0), (2.20)

where Φt,t0 is t−parametrised completely positive and trace preserving (CPTP) map,

known as the dynamical map [68]-[70]. In contrast to closed system dynamics, the

states evolving according to the dynamical map experience decoherence, describing

the transformation from coherent superpositions (pure states) to incoherent super-

positions, i.e. statistical mixtures (mixed states) [71]-[73]. To restrict the transfor-

mations associated with the dynamical map to the space of physical states, the map

must be completely positive and trace-preserving, i.e., it must be linear. Complete

positivity means that not only is Φ positive, i.e., Φ(ρ) > 0, but also the combined

operation Φ ⊗ Id for all dimensions d [74]-[75]. Physically, the combined map acts

locally on only one of the two separated systems while the second system evolves

without effect. The functional form of any completely positive map Φt,t0 can be

characterised by the operator sum representation or the Kraus representation [76],

Φt,t0 =
∑
i,j

Wij(t)ρ(t0)W †
ij(t)

∑
i,j

W †
ij(t)Wij(t) = I (2.21)

where from the spectral decomposition of the environment ρE =
∑

i λ
E
i |ΨE

i 〉 〈ΨE
i |,∑

i λ
E
i = 1, the Kraus operators Wij(t) are

Wij(t) =
√
λEj 〈ΨE

i |USE(t, t0) |ΨE
j 〉 . (2.22)

2.3 Markovian Master Equations

We now examine an equivalent approach to determine the dynamics of the open

quantum system, using an equation of motion for the reduced system dynamics,

known as the master equation. In more detail, we provide the general microscopic

derivation of a local in time master equation, valid for weakly coupled systems [9].

The most general open system model can be described by the following Hamil-

tonian structure:

H = HS ⊗ IE + IS ⊗HE + αHI(t) (2.23)

where HS is the system free Hamiltonian, HE is the reservoir free Hamiltonian,

α is a dimensionless constant and HI(t) is the interaction term. For convenience,

9
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we consider the dynamics in the interaction picture where the transformations for

interaction Hamiltonian and density matrix of the total system ρSE(t) are given as,

H̃I(t) = ei(HS+HE)tHI(t)e−i(HS+HE)t

ρ̃SE(t) = ei(HS+HE)tρSE(t)e−i(HS+HE)t (2.24)

The von Neumann equation in the interaction picture, now dependent only on the

interaction Hamiltonian and the state of the system plus environment, reads,

d

dt
ρ̃SE(t) = −iα[H̃I(t), ρ̃SE(t)]. (2.25)

A formal integration of the equation of motion above leads to,

ρ̃SE(t) = ρ̃SE(0)− iα
∫ t

0

ds [H̃I(s), ρ̃SE(s)]. (2.26)

Inserting Eq. 2.26 into Eq. 2.25, we have

d

dt
ρ̃SE(t) = −iα[H̃I(t), ρ̃SE(0)]− α2

∫ t

0

ds [H̃I(t), [H̃I(s), ρ̃SE(0)]] +O(α3), (2.27)

where we assumed the initial time t0 = 0 without any lack of generality. We as-

sume that the system can be prepared in a state that is not correlated with its

environment, i.e. the initial state of the system and the environment is factorised

ρ̃SE(0) = ρ̃S(0) ⊗ ρ̃E(0). Dynamics derived under this assumption describe well

realistic experimental scenarios. Indeed, when the initial state is not factorised,

complete positivity is only guaranteed for classically correlated initial states [77]-

[79]. Further, in some cases, it is not even possible to define a dynamical map as its

expression depends on the structure and amount of correlations in the initial state

of the system.

In the Markovian regime, we adopt the weak coupling/Born approximation.

More precisely, we assume that the coupling between the system and environment is

weak α << 1, allowing terms higher than second order in Eq. 2.27 to be discarded.

Further, in the weak coupling regime, the correlations established between the sys-

tem and environment do not appreciably affect the reduced dynamics of the open sys-

tem. Hence, the environment does not significantly evolve i.e. ρ̃E(t) = ρ̃E(0) ≡ ρ̃E

for all times t ≥ 0, i.e., the environment has no memory of past states of the system.

Moreover, it is justified, from Eq. 2.26, to replace the initial state of the system

with the current state of the system. It follows that the system and environment

remain uncorrelated at any successive time so that ρ̃SE(t) = ρ̃S(t) ⊗ ρ̃E, where ρ̃E

is a stationary state for the environment usually taken to be a thermal state.

To obtain the master equation, we apply the partial trace rule to both sides of

10
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Eq. 2.27, obtaining:

d

dt
ρ̃S(t) = −

∫ t

0

ds TrE{[H̃I(t), [H̃I(s), ρ̃SE(0)]]} (2.28)

where ρ̃S(t) is the state of the system in the interaction picture and we assumed the

condition TrE{[H̃I(t), ρ(0)]} = 0. For the sake of simplicity, the coupling constant

has now been incorporated into the interaction Hamiltonian. Following this, we now

obtain the Redfield equation,

d

dt
ρ̃S(t) = −

∫ t

0

ds TrE{[H̃I(t), [H̃I(s), ρ̃S(t)⊗ ρ̃E]]} (2.29)

which is a master equation at second order in the interaction and in a time local

form, i.e. the solution at time t depends only on the value of the system state at

time t.

We now consider the Markov approximation which is concerned with two time

scales of the dynamics of the total system. In more detail, we consider the time

characterising the decay of the reservoir correlation function of the environment τE

and the relaxation time τR over which the state of the system varies appreciably due

to the interaction with the environment. The Markov approximation holds when

τR >> τE and amounts to replacing the upper limit of the integration in Eq. 2.29

with infinity. Finally, we perform the secular approximation to eliminate rapidly

oscillating terms appearing into the integral of Eq. 2.29. This approximation can

be performed when associated time scales of the system τS satisfy τS << τR. With

these approximations and after some calculation, we can transform back to the

Schrödinger picture to find the Lindblad master equation [80, 81]:

dρS(t)

dt
= LρS(t) = −i[HS, ρS(t)] +

d2−1∑
k=1

γk(AkρS(t)A†k −
1

2
{A†kAk, ρS(t)}), (2.30)

where {A,B} = AB + BA is the anti-commutator of operators A and B, HS is

the system free Hamiltonian, Ak are the jump of Lindblad operators, the positive

constant coefficients γk are called decay rates and L a superoperator corresponding

to the map Φt,0 = Φt = eLt. The first term in the right hand side represents the

unitary dynamics induced by the Hamiltonian of the system HS while the second

term, coined the dissipator, describes the effect of the environment on the system.

The dynamical map corresponding to the Lindblad master equation in Eq. 2.30

has two interesting properties. Indeed, the map is time-homogenous

Φt0,t = Φt−t0,0 ≡ Φt−t0 , (2.31)

11
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and it obeys the semi-group property [80, 81]

Φt+s = ΦtΦs. (2.32)

Therefore, from the semi-group property, the dynamical map can be divided into

infinitely many time-steps, each identical and independent of the past and future

steps [82]. Physically this is an intuitive interpretation of memoryless dynamics.

The Lindblad master equation, given in Eq. 2.30 is the most general form of the

generator of a quantum dynamical semi-group for a finite-dimensional Hilbert space,

obtained by Gorini, Kossakowki and Sudarshan [81] and Lindblad [80]. This com-

mon result (referred to as the GKSL theorem) implies that for every t-parametrised,

completely positive map which fulfils the semi-group property (Eq. 2.32), the cor-

responding generator is of the Lindblad form. Conversely, the theorem implies that

if the equation of motion is in the Lindblad form, then the time evolution of the

density matrix is always physical. The theorem relies on the assumption that the

operators H and Ak are bounded and indeed, a Lindblad theorem for unbounded op-

erators does not exist. However, in physical applications, the Hamiltonian HS of the

reduced system as well as the Lindblad operators are, in general, unbounded, e.g.,

harmonic oscillators. Nevertheless, all known examples for generators of quantum

dynamical semigroups are either of Lindblad form, or with suitable approximations

can be recast into the Lindblad form.

While certain physical systems sufficiently satisfy the approximations associated

with Eq. 2.30 [83], and therefore are naturally consistent with a Markovian de-

scription, other systems are intrinsically non-Markovian. The study of the exact

dynamics of open quantum systems is therefore of fundamental importance. It is

widely accepted that Lindblad theory fails in describing the open system dynamics

in various physical situations, e.g. in solid state systems at low temperature [84], or

in superconducting circuits [85], as well as with Photonic Band Gap (PBG) mate-

rials [28, 86, 87]. Moreover, recently, a non-Markovian approach has been used to

describe a scenario in nature, specifically excitonic energy transfer in large photo-

synthetic complexes [19]-[20].
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Chapter 3

Defining Non-Markovianity

In this chapter, we rigorously explore the boundary between the two different classes

of dynamical behaviour, known as Markovian and non-Markovian regimes. While

a consistent characterisation of Markovianity exists, it is not possible to quantify

non-Markovianity in a single definition [67, 88]. Here, we introduce the concept

of non-Markovianity and critically evaluate and compare several recently proposed

non-Markovianity measures using models amendable to exact solutions. Specifically,

we study the qualitative behaviour1 of the measures and the Markovian to non-

Markovian crossover when certain physical parameters of the model are changed.

The results from this chapter are based on those obtained in Publication i [1].

3.1 Non-Markovian Master Equations

The Lindblad master equation and associated semi-group property are convention-

ally recognised as the prototype of Markovian, memoryless dynamics, following from

the Born-Markov approximation [80, 81]. The severe assumption in Markovian de-

scriptions as a result of this approximation is the absence of memory effects in

the environment. In many natural processes, such as strong system-environment

couplings, structured and finite reservoirs and low temperatures, the Markovian

description of the dynamics is no longer justified [84]-[87]. Indeed, in exact (non-

Markovian) descriptions, the evolution of future states is influenced by significant

memory effects of past states. Hence, while in a Markovian process, an open quan-

tum system irretrievably loses information to the environment, non-Markovian pro-

cesses feature a partial back flow of information from the environment to the open

quantum system. As a non-Markovian generalisation of the Lindblad theorem does

not exist, phenomenological master equations can lead to unphysical conditions in-

dicated by the violation of positivity and complete positivity [89, 90]. Therefore,

to study dynamics influenced by memory, we must consider the microscopic deriva-

1As there is no general monotonicity relation between the different non-Markovianity measures,
we do not compare their absolute values and instead renormalise all measures to take values between
zero and unity.
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tion of the master equation without making the Born-Markov approximation. As

a consequence, the equations describing the dynamics of the reduced system are

mathematically more complicated and thus become more difficult to handle analyt-

ically, often requiring the implementation of numerical algorithms. Exact solutions

exist only for simple open quantum systems models such as the well-known Jaynes-

Cummings model [91], the quantum Brownian motion model [92], and certain pure

dephasing models [25]-[27]. Despite the fact that these models are generally idealised

versions of what can be accomplished within present experimental limitations, it is

undoubtedly important to fully understand and study these systems and compare

the theoretical predictions with experimental implementations. It may be expected

that the mathematical formulation of quantum processes describing effects of finite

memory times in the system must necessarily involve equations of motion which are

non-local in time. Specifically, we refer to memory-kernel master equations which

contain an integral over the past history of the system associated to memory effects

in the dynamics and hence, in the past, have been considered as synonymous with

non-Markovianity [93, 94]. However, it is now known that there exist exact (and

hence non-Markovian) master equations having local in time form, i.e. the time

derivative of the reduced density matrix at time t depends only on the state of the

system at that time and not on the previous history of the system. The ensuing

master equation has the same structure as the Lindblad master equation but with

time-dependent coefficients γk = γk(t):

dρ(t)

dt
= −i[HS, ρ(t)] +

d2−1∑
k=1

γk(t)(Akρ(t)A†k −
1

2
{A†kAk, ρ(t)}). (3.1)

The corresponding dynamical map is given as Φt = T exp(
∫ t

0
Lτdτ) where t ≥ 0 and

T denotes the chronological time-ordering operator. Such a map is no longer time-

homogenous and hence, the semi-group property is violated. However, if γk(t) > 0

for each k and t ≥ t0, one speaks of time-dependent Markovian master equations, in

the sense that at each time instant the master equation is in the Lindblad form. The

dynamical map is now divisible, thus can be concatenated into a collection of other

dynamical maps and analogously to the semi-group property, this concatenation has

the intuitive interpretation of memoryless dynamics (∀t′ < t):

Φt = Φt,t′Φt′,0. (3.2)

Non-divisibility therefore occurs if there exist times t′ at which an intermediate map

Φt,t′ is not completely positive and trace preserving (CPTP), defying the composition

law and corresponding to γk(t
′) < 0. The inability to write the dynamical map Φt

as a concatenation of independent CPTP maps connects with intuitive reasoning

of present dynamics being dependent on memory effects. The manifestation of
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such memory effects, stemming from long lasting and non-negligible system-reservoir

correlations, leads to a partial recovery of quantum quantities previously lost due

to the deleterious effects of environmental noise. It is important to note that the

dynamical map, and hence the open system dynamics depends, not only on the

form of the environmental spectral density but also on the type and strength of

coupling between the system and the environment. Therefore, one cannot properly

talk of non-Markovian environments because the system-environment interaction

Hamiltonian also plays a crucial role.

3.2 Non-Markovianity Measures

Recently, an abundance of non-Markovianity measures have emerged in literature in

an attempt to characterise memory effects. In this section, we introduce the mathe-

matical and physical features of several measures. With the exception of the Rivas,

Huelga and Plenio measure [21], the non-Markovianity measures described in this

chapter capture the non-monotonic time evolution of certain quantities, occurring if

the dynamics is non-divisible [22, 24, 16]. Other measures not included in this work,

are based on the behaviour of quantities such as fidelity [95], Fisher information

[96] and the volume of accessible physical states of the system [97]. While the non-

monotonic behaviour of such quantities always implies non-divisibility, the inverse is

not true, i.e., there can be non-divisible maps consistent with monotonic dynamics

[98]-[100]. In this sense, if one would accept divisibility as the characterisation of

non-Markovianity, measures associated to non-monotonicity should be considered

as witnesses capturing specific aspects of non-Markovianity.

3.2.1 Rivas, Huelga, Plenio Measure

With the defining attribute of all non-Markovian dynamics in mind, namely the

violation of the divisibility property, Rivas, Huelga and Plenio (RHP) constructed

a measure based on the Choi-Jamiolkowski isomorphism [74]-[75]. The RHP mea-

sure quantifies the non-Markovian character of a quantum evolution avoiding stan-

dard optimisation procedures over the state space to exclude dependence of the

initial state. Such an independence is crucial in non-Markovian quantifiers as non-

Markovianity should be a property associated to only the dynamical map.

According to the Choi-Jamiolkowski isomorphism [74], Φt,t′ is completely positive

iff:

(Φt,t′ ⊗ 1l) |Ω〉 〈Ω| ≥ 0, (3.3)

where |Ω〉 = 1√
d

∑d−1
n=1 |n〉 |n〉 is a maximally entangled state of dimension d of the

open system with an ancilla. Hence, given the trace preserving property of the map,
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we can take the following expression as a measure of the non-CP character of Φt,t′ :

fNCP(t, t′) = ||(Φt,t′ ⊗ 1l)(|Ω〉 〈Ω|)||1, (3.4)

where ||...||1 refers to the trace norm and the time elapsed between the time t′ and

t, denoted ε, is infinitesimal. Now, Φt,t′ is CP iff fNCP(t, t′) = 1 and otherwise

fNCP(t, t′) > 1. To construct the RHP measure, we define the right derivative of

fNCP (t, t′),

g(t) = lim
ε→0+

fNCP (t, t′)− 1

ε
, (3.5)

noticing that g(t) ≥ 0, with g(t) = 0 iff Φ(t, t′) is CP. In the limit ε→ 0, Φ(t, t′)→
eLtε and so we can write (up to first order),

g(t) = lim
ε→0+

||[1l⊗ 1l + (Lt ⊗ 1l)ε] |Ω〉 〈Ω| ||1 − 1

ε
. (3.6)

Non-Markovianity is then quantified as the extent to which the intermediate map

departs from a map which is completely positive [21]:

NRHP =

∫ ∞
0

dt g(t). (3.7)

The measure is most simple to calculate using only the specific form of the master

equation or the intermediate dynamical map Φt,t′ . However, the measure is often

criticised for not having a clear physical interpretation and for being a mathematical

definition rather than a physical one. Here we would like to conjecture, however,

that a physical interpretation can be given in terms of the non-Markovian quantum

jumps unravelling [101]. It is shown in Ref. [101] that when the decay rates become

negative, i.e., the dynamical map is non-divisible and the RHP measure is non-

zero, reverse quantum jumps restoring previously lost coherence occur. In this sense

reverse jumps would be the physical manifestation2 of memory effects quantified by

the RHP definition.

3.2.2 Breuer, Laine, Piilo Measure

The Breuer, Laine, Piilo (BLP) measure, proposed in Ref. [22], conceptualises the

physical nature of non-Markovianity in terms of information exchange between the

system and environment. Information flow can be interpreted as the dynamical

change of the distinguishability of the states of the system and determined by the

time evolution of the trace distance. To understand how trace distance D can be

interpreted as distinguishability, we suppose that Alice prepares a quantum state in

one of two states ρ1 and ρ2, each with a probability 1
2
. Alice then gives her system

2Reverse quantum jumps always cancel or undo previously occurred jumps and therefore a
jump-reverse jump pair describes a virtual process that is in principle not directly observable.
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to Bob who must perform a measurement in order to determine the state. It can be

shown that the probability p of Bob successfully identifying the state of the system

is given as:

p =
1

2
[1 +D(ρ1, ρ2)]. (3.8)

The trace distance provides a natural metric on the space S(H) of physical states

and satisfies 0 ≤ D ≤ 1 where D(ρ1, ρ2) = 0 iff ρ1 = ρ2 while the upper bound is

reached i.e. D(ρ1, ρ2) = 1 iff ρ1 and ρ2 are orthogonal. For a Markovian processes,

any two quantum states become decreasingly distinguishable under the dynamics,

leading to a perpetual loss of information from the environment to the system3. For

a non-Markovian process the converse is true and information flowing back from

the environment has an effect on the later dynamics of the system. We emphasis

however, as the BLP definition is based only on quantities defined on the Hilbert

space of the system and in no way takes into account the information content of the

environment or how it is modified by system-environment correlations, the back flow

of information can not be interpreted solely as a recovery of information previously

lost in the environment.

The construction of the measure is based on the non-monotonicity of the trace

distance, given by

D(ρ1, ρ2) =
1

2
tr|ρ1 − ρ2|, (3.9)

where |A| =
√
A†A. The derivative of the trace distance determines the temporal

change of information content on the system, i.e. the information flux and is given

as:

σ(t, ρ1,2(0)) =
d

dt
D(ρ1(t), ρ2(t)). (3.10)

Dynamics are classified as non-Markovian if, for certain time intervals, σ(t, ρ1,2(0)) >

0, i.e., information flows back into the system. Following this, the measure of non-

Markovianity NBLP is found by summing over all periods of non-monotonicity of

the information flux, following an optimisation over all pairs of initial states of the

system ρ1,2(0):

NBLP(Φt) = max
ρ1,2(0)

∫
σ>0

dt σ(ρ1,2(0),Φt). (3.11)

Proofs of specific mathematical attributes of the optimal state pairs have to some

degree eased the numerical challenges of this calculation by eliminating the require-

ment for optimisation in specific regions of the d-dimensional Hilbert space [102].

Indeed, it has been shown that the states which maximise the measure must lie

on the boundary of the space of physical states and must be orthogonal (however,

beyond the one qubit case, each state has more than one orthogonal state). Finally,

we note that in the spirit of this measure, trace distance is not a unique monotone

3The trace distance is preserved under unitary transformations D(Uρ1U
†, Uρ2U

†) = D(ρ1ρ2).
The invariance under unitary transformations indicates that information is preserved under the
dynamics of closed systems.
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distance and one may also use others such as the statistical distance [103].

Any quantum process taking values NBLP 6= 0, must necessarily be described by

a non-divisible dynamical map as a result of the following contraction property, true

only for CPT dynamical maps (t > s),

D(Φtρ1(t),Φtρ2(t)) ≤ D(Φsρ1(s),Φsρ1(s)). (3.12)

The converse is not true however and there exist non-divisible processes which are

Markovian in the sense of the BLP definition. Indeed, if the contribution of the decay

channels with a negative rate is over compensated by the channels with a positive

decay rate, the net information flow will be from the open system to the environment.

A rigorous mathematical theory linking the RHP and the BLP measures has been

presented in Ref. [104].

3.2.3 Luo, Fu, Song Measure

The Luo, Fu, Song (LFS) measure is based on the monotonic dynamical evolution of

the total correlations between system and ancilla, when the dynamics is divisible [24].

Quantum mutual information captures both quantum and classical correlations in a

bipartite system ρSA shared between the system and an arbitrary ancillary system

and is given by:

I(ρSA) = S(ρS) + S(ρA)− S(ρSA), (3.13)

where ρS = trAρSA and ρA = trSρSA are marginal states of a system and ancilla,

respectively, and

S(ρ) = −trρ log2 ρ = −
∑
i

ρilog2(ρi), (3.14)

is von Neumann entropy of state ρ with eigenvalues pi. The von Neumann entropy

quantifies the mixedness of a state and takes values 0 ≤ S(ρ) ≤ log2d where d is the

dimension of the Hilbert space of the system and the lower and upper bound corre-

spond to a pure state and maximally mixed state respectively. The LFS measure is

defined as:

NLFS(Φt) = max
ρSA(0)

∫
d
dt
I>0

d

dt
I(ρSA(t))dt, (3.15)

with optimisation over all possible initial states ρSA(0) with arbitrary Hilbert space

of the ancilla and ρSA(t) = (Φt⊗ I)ρSA(0). Acknowledging the exhaustive nature of

the original optimisation, the authors propose the following reduction,

NLFS0(Φt) =

∫
d
dt
I>0

d

dt
I(ρSA(t))dt, (3.16)

where ρSA(t) = (Φt ⊗ I)|Ψ〉〈Ψ| and |Ψ〉 is an arbitrary maximally entangled state.

When the initial state ρSA(0) is pure, and also the initial state of the environ-
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ment with which the system is interacting, it is possible to rewrite I(ρSA) as the

mutual information between the input and output of the channel defining the system

evolution,

I(ρ(0),Φt) = S(ρ(0)) + S(Φtρ(0))− S(ρ(0),Φt), (3.17)

with S(ρ(0)) the von Neumann entropy of the input state, S(Φtρ(0)) the entropy of

the output state and S(ρ(0),Φt) = S(Φ̃tρ(0)) the entropy exchange, i.e., the entropy

at the output of the complementary channel4, Φ̃t. Hence, to generalise Eq. 3.16 but

avoid the difficulties faced in Eq. 3.15, we introduce an alternative optimisation

considering only the initial state of the system ρ(0),

NI(Φt) = max
ρ(0)

∫
d
dt
I>0

d

dt
I(ρ(0),Φt)dt. (3.19)

The entropy exchange term in Eq. 3.17 encapsulates the change in the information

content of the environment due to the interaction of the system. Hence, the LFS

measure in terms of mutual information associates non-Markovianity to a memory-

induced restoration of previously lost total (quantum and classical) correlations

between an open quantum system and an ancilla. We note that, in analogy to Eq.

3.12, the following inequality for mutual information, i.e. I(ρ(0),Φt) ≤ I(ρ(0),Φs)

for times t > s, is true for CPT dynamical maps.

3.2.4 Bylicka, Chruściński, Maniscalco Measure

The Bylicka, Chruściński and Maniscalco (BCM) measures provide a general theory

connecting non-Markovianity to an increase in the efficiency of quantum information

processing and communication. Channel capacity quantifies the maximum amount

of information (classical or quantum) that can be reliably transmitted along a noisy

quantum channel between a sender, Alice and receiver, Bob. The BCM measures

capture features of non-Markovianity connected with the non-monotonic evolution

of two types of capacities, namely the entanglement assisted capacity Cea and quan-

tum channel capacity Q. From the data processing inequality [105], monotonic

evolution of channel capacities always implies divisible channels, intuitively stat-

ing that processing quantum information always reduces the amount of correlations

between the input and output. As a consequence, for divisible quantum channels,

both the entanglement assisted capacity and quantum capacity decrease monoton-

ically with time. The time t the quantum state encoding the classical or quantum

information is subject to a noisy channel is incorporated in the quantum channel

4 Physically the complementary channel ΦC
t captures the environment’s view of the channel,

and is defined by taking the partial trace on the composite system ρSE ∈ D(H) with H = HS⊗HE ,

ΦC
t (ρ) = TrSUρSEU

† (3.18)
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Φt. In experimental implementations of quantum protocols e.g. with trapped ion

systems, this time t is the duration of the experiment and is connected to the length

of the channel, i.e. the length of an optical fibre in optical systems. Therefore, the

revivals of quantum channel capacities physically measure the total increase, due to

memory effects, of the maximum rate at which information can be transferred in

noisy channels for a fixed time interval or a fixed length of the transmission link.

The BCM measures expose the potential enhancement in quantum information

processing and communication protocols attained for non-Markovian maps. While

Markovian dynamical maps prompt irretrievable deterioration of the channel capac-

ity as the length of the channel increases, non-Markovian dynamical maps may lead

to i) increase of the channel capacities for a given channel length, ii) revivals of the

channel capacities, hence increasing the length of the channel over which capaci-

ties are non-zero, iii) length-independent finite capacity channels (residual channel

capacities), i.e., channels for which the quantum and/or entanglement assisted ca-

pacity takes non zero positive values after a certain threshold length [16].

3.2.4.1 Entanglement-Assisted Classical Capacity

The entanglement-assisted classical capacity, Cea, sets a bound on the amount of

classical information that can be transmitted along a quantum channel when one

allows Alice and Bob to share an unlimited amount of entanglement [106]. It is

defined in terms of the quantum mutual information I(ρ(0),Φt) between the input

and the output of the channel, as given by Eq. 3.17, with an optimisation over all

initial states ρ(0),

Cea(Φt) = max
ρ
I(ρ(0),Φt). (3.20)

Revivals in the entanglement-assisted classical capacity indicate violation of the

divisibility property and can be considered a witness of non-Markovianity. In light

of this, the following measure can be introduced:

NC(Φt) =

∫
dCea(Φt)

dt
>0

dCea(Φt)

dt
dt, (3.21)

where the integral is extended to all time intervals over which dCea/dt is positive

and the optimisation is performed over only one input state ρ(0). Calculating the

measure for n identical independent channels can be found directly as a consequence

of the additivity property of mutual information, i.e., NC(Φ⊗nt ) = nNC(Φt).

3.2.4.2 Quantum Capacity

The quantum capacity gives the limit to the rate at which quantum information can

be reliably sent down a quantum channel and is defined in terms of the coherent

information Ic between the input and output of the quantum channel Ic(ρ(0),Φt).
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For n successive uses of the channel, the quantum channel capacity is defined as,

Q(Φt) = lim
n→∞

[max
ρn

Ic(ρn,Φ
⊗n
t )]/n, (3.22)

with coherent information [107],

Ic(ρ(0),Φt) = S(Φtρ(0))− S(ρ(0),Φt). (3.23)

The associated non-Markovianity measure is then introduced as follows:

NQ(Φt) =

∫
dQ(Φt)
dt

>0

dQ(Φt)

dt
dt. (3.24)

Contrarily to the entanglement-assisted classical capacity, the quantum channel ca-

pacity is in general not additive. However, for degradable channels5 [108], the general

definition coincides with the one-shot capacity, Q(Φt) = maxρ(0) Ic(ρ(0),Φt), and for

identical independent channels, additivity (i.e. Ic(ρn(0),Φ⊗n) = nIc(ρ(0),Φ)) holds.

3.3 Comparison for Pure Dephasing Dynamics

We begin our analysis by studying the purely dephasing dynamics of one and two

qubits interacting with a reservoir with spectral density of the Ohmic class. A

microscopic model of the total system-environment dynamics is presented in Refs.

[25]-[27]. For one qubit, the behaviour of all non-Markovianity measures has been

studied in Refs. [21]-[22], [96], [109]. In the case of two qubits in both independent

and common environments, both BLP and RHP measures have been studied also in

this case in Ref. [5], [110]-[111].

We note that further mathematical details of the models, specifically the form

of the Kraus operators and complementary map, are found in the Appendix A.1.

Moreover, the optimisation evidence is found in the Appendix B.

3.3.1 Single qubit: The Model

The Hamiltonian of the system is given as [26]:

H = ω0σz +
∑
k

ωka
†
kak +

∑
k

σz(gzak + g∗ka
†
k), (3.26)

5A classical degraded broadcast channel is a single-sender, two receiver broadcast channel in
which one receiver can degrade his/her output to simulate the output of the other receiver. The
quantum analogue of this channel was introduced by Devetak and Shor and a channel is degradable
if there is another CPT map Ψ such that,

ΨΦ̇ = ΦC . (3.25)
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with ω0 the qubit frequency, ωk the frequencies of the reservoir modes, ak(a
†
k)

the annihilation (creation) operators of the bosonic environment and gk the cou-

pling constant between each reservoir mode and the qubit. In the continuum limit∑
k |gk|2 →

∫
dωJ(ω)δ(ωk−ω), where J(ω) is the reservoir spectral density [26, 109].

The dynamics of a purely dephasing single qubit is captured by the time-local master

equation [9]:

Ltρt = γ1(t) [σzρtσz − ρt] , (3.27)

with γ1(t) the time-dependent dephasing rate and σz the Pauli spin operator. The

decay of the off-diagonal elements of the density matrix is described by the deco-

herence factor e−Γ(t), where Γ(t) ≥ 0. For zero-temperature environments we have

[26],

Γ(t) = 2

∫ t

0

dt′ γ1(t′)

= 2

∫
dω J(ω)

1− cos(ωt)

ω2
, (3.28)

with J(ω) the reservoir spectral density [26, 109]. We consider a reservoir spectral

density of the form,

J(ω) =
ωs

ωs−1
c

e−ω/ωc , (3.29)

where ωc is the cutoff frequency and s is the Ohmicity parameter. Following this,

the explicit form of Γ(t), given in dimensional units by introducing ω−1
c , is,

Γ(t) =
2Γ̃[s]

−1 + s
(1− (1 + t2)−s/2(cos(s arctan(t)) + t sin(s arctan(t))), (3.30)

where Γ[x] is the Euler gamma function. Ohmic spectrum corresponds to s = 1,

while super-Ohmic spectra correspond to s > 1 and sub-Ohmic to s < 1.

Recoherence occurs when Γ(t) temporarily decreases for certain time intervals,

corresponding to a negative value of the dephasing rate γ1(t). One may analytically

determine the times t ∈ [ai, bi] encapsulating non-monotonic intervals of Γ(t), i.e.

corresponding to γ1(t) = 0, with i = 1, 2, 3, ... the number of such time intervals.

The extremes of the time intervals, ai and bi, will depend on the Ohmicity parameter

s, as changing s one changes the form of the reservoir spectral density. We give here

the analytical expressions of Γ(t) at times ai and bi as these will be used in the

following.

Γ(a1) =
2Γ̃[s][1 + coss(π/s)]

s− 1
(3.31)

Γ(b1) =
2Γ̃[s][1− coss(2π/s)]

s− 1
4 < s ≤ 6 (3.32)

Γ(b1) = 2Γ̃[s− 1] 2 < s ≤ 4, (3.33)
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where Γ̃[x] is the Euler gamma function. In Ref. [66] it is shown that, for s ≤ 2,

γ1(t) > 0 at all times, or equivalently Γ(t) increases monotonically. For 2 < s ≤ 4 :

a1 = tan π/s, b1 = ∞ and for 4 < s ≤ 6 : a1 = tan π/s, b1 = tan 2π/s, i.e., we only

have one time interval of non-monotonic behaviour. For s > 6, i > 1, i.e., there are

more than one interval of time for which the dephasing rates become negative. For

the sake of simplicity we look at values of the Ohmicity parameter in the interval

0 ≤ s ≤ 6. In this case there is only one interval of negativity of the decay rates

and the only values needed are Γ(a1) and Γ(b1), defined in Eqs. 3.31-3.33
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Figure 3.1: Non-Markovianity measures for a single purely dephasing qubit as a
function of the Ohmicity parameter s. We show the RHP Measure (red star), the
BLP (blue asterisk), the LFS measure (green circle), the quantum capacity measure
(purple triangle) and the entanglement-assisted capacity measure (orange diamond).
Note that the last three measures in this case coincide. All the measures in this case
are normalised to unity. Note that the value of all measures for s > 2 is always
non-zero, even if all measures except RHP take very small values for s > 4.

3.3.2 Single qubit: The Measures

RHP Measure

It is straightforward, from the form of the master equation, to immediately obtain

the analytical expression for the RHP non-Markovianity measure. In more detail,

the calculation involves inserting the master equation, given in Eq. 3.27 into Eq.

3.6 and using Eq. 3.7. We obtain the simple expression:

NRHP = −2

∫
γ1(t)<0

dt γ1(t) =
∑
i

(Γ(ai)− Γ(bi)). (3.34)

In Fig. 3.1, we plot the measure NRHP as a function of the Ohmicity parameter s

(red stars). From the plot, it is immediate to see, that for s > 2, the RHP measure

monotonically increases for higher and higher values of s. More precisely, the mea-

sure captures, for increasing s, the increasing area of the region of negativity of the

dephasing rate γ1(t).

BLP Measure

Recalling the properties of the density matrix it is simple, for a single qubit, to define

the density matrix in terms of two independent parameters, specifically a diagonal

and off-diagonal element, ρjj and ρjk respectively with (j, k = 1, 2). From this, a
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simple expression for the BLP measure NBLP follows,

NBLP = −2 max
m,n

∫
γ1<0

dt γ1(t)
|n|2e−2Γ(t)√

m2 + |n|2e−2Γ(t)
, (3.35)

where the only two independent elements are defined as m = ρ1
11(0) − ρ2

11(0) and

n = ρ1
12(0)− ρ2

12(0), with ρi11(0) the diagonal element of the initial density matrices

of the pair and ρi12(0) their off diagonal element, with i = 1, 2. Following the simple

characterisation of this model, it is possible to analytically solve the optimisation

problem of Eq. 3.35 [112]. The pair of states optimising the increase of the trace

distance are antipodal states lying on the equatorial plane, e.g., the states |±〉 =
1√
2
(|0〉 ± |1〉), with |0〉 and |1〉 the two states forming the qubit. The BLP measure

is then defined as:

NBLP = −2

∫
γ1<0

dt γ1(t)e−Γ(t). (3.36)

This expression shows immediately that σ(t) > 0 iff γ1(t) < 0; i.e NBLP 6= 0 only

when the dynamical map is non-divisible [22]. Solving Eq. 3.36, we have:

NBLP =
∑
i

(e−Γ(bi) − e−Γ(ai)), (3.37)

where again t ∈ [ai, bi] indicates the time intervals when γ1(t) < 0.

Figure 3.1 shows the behaviour of NBLP for different s values (blue asterix). The

measure remains non-zero for increasing values of s but, contrarily to the RHP mea-

sure it starts decreasing, taking increasingly small but finite values for s > 3.2.

LFS Measure and BCM Measures

We merge the discussions of the LFS and BCM measures based on the knowledge

that for the case of a single pure dephasing qubit, all three measures coincide. Fol-

lowing extensive numerical optimisation to identify the optimising states, an explicit

analytical relation between all three measures can be attained. Numerical evidence

establishes that the time-independent optimising state for all three measures is the

maximally mixed state I
2

[16]. For the pure dephasing single qubit model, the mutual

information for the maximally mixed state is given as:

I

(
I
2
,Φt

)
= 2−H2

(
1

2
+
e−Γ(t)

2

)
, (3.38)

where H2(X) = −X log2X− (1− p) log2(1− p) is the binary Shannon entropy. The

LFS measure is the time-derivative of this expression:

NI = −1

2

∫
d
dt
I( I

2
,Φt)>0

γ1(t)e−Γ(t) log2

(
1 + e−Γ(t)

1− e−Γ(t)

)
. (3.39)
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It is clear that the measure NI takes non zero values iff γ(t) < 0, capturing non-

Markovianity for all non-divisible dynamics. The explicit expression for the measure

NI is written as

NI =
∑
i

[
H2

(
1

2
+
e−Γ(ai)

2

)
−H2

(
1

2
+
e−Γ(bi)

2

)]
. (3.40)

We mention, that for the dephasing channel, NI = NLFS0 .

From the numerical optimisation, it is immediate to see that the classical entan-

glement assisted capacity is CD
ea = I( I

2
,Φt) [113] and so NC = NI. The optimisation

is simplified for the quantum capacity for the dephasing channel, which is degradable

for all admissible dephasing rates γ(t), determined by Γ(t) ≥ 0. With knowledge of

the optimising state, one can show Cea(t) = 1 + Q(t) (directly from Eq. 3.17 and

3.23). It follows immediately that NQ = NC = NI .
In Fig. 3.1 we plot the three equivalent measures NI, NC and NQ as a function of

s (green circles, purple triangles and orange diamonds respectively). We note that

the behaviour of these measures is qualitatively similar to that of NBLP.

We summarise by restating that, for the single qubit dephasing case, all non-

Markovianity measures detect non-divisibility, occurring for s > 2. The different

qualitative behaviour shown by the RHP measure and measures capturing non-

monotonic properties is realised through the analytical expressions shown in Eqs.

3.34, 3.37 and 3.40. Specifically, the RHP measure increases monotonically with s

as the number and area of the periods of negativity of the dephasing rate increases

and with it, the terms contributing to the sum of Eq. 3.34. Conversely, the other

measures depend on the dephasing factors e−Γ(t) during time intervals at which the

direction of information flow changes i.e. t = ai and t = bi. For increasing values

of s, in the s & 3 parameter space, however, e−Γ(ai) ' e−Γ(bi), hence the values of

both NBLP and NI = NQ = NC decreases, as one can easily see from Eqs. 3.37

and 3.40. Physically, we can interpret the qualitative behaviour in terms of reverse

jumps and information back flow. Specifically, while the number of reverse jumps

always increases with s, the information back flow has a maximum for a certain

value s ' 3 and then decreases due the fact that the amplitude of the oscillations

in the decay rates becomes increasingly small.
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3.3.3 Two qubits: The Model

The Hamiltonian which describes the two qubits i, j for the purely dephasing case

is as follows: [26]:

H = ωi0σ
i
z + ωj0σ

j
z +

∑
k

ωka
†
kak +

∑
k

σiz(g
i
ka
†
k + gi∗k ak) +

∑
k

σjz(g
j
ka
†
k + gj∗k ak).

(3.41)

We consider the dynamics for both the following scenarios. The first is a purely de-

phasing bipartite system consisting of two qubits, A and B, individually coupled to

their own identical and non-correlated environments. Their dynamics are governed

by the dynamical map given by ΦAB
t = ΦA

t ⊗ΦB
t . The master equation is simply the

sum of two identical Lindblad terms of the form of Eq. 3.27, describing the dynamics

of each qubit, both characterised by the same dephasing rate γ1(t). We then con-

sider the scenario of both qubits occupying a common environment, specifically the

model described in Ref. [26]. The deviation of the dynamics is encapsulating in a

single “cross-talk” term, denoted γ2(t) which acts as an effective reservoir-mediated

interaction between the qubits. Intuitively one would expect that the presence of

this term may affect the additivity property of the measures and additivity is more

likely to be realised for qubits in individual environments. In the common scenario,

the density matrix at time t takes the form [26],

ρt =



1 e−Γ(t) e−Γ(t) e−Γ−(t)

e−Γ(t) 1 e−Γ+(t) e−Γ(t)

e−Γ(t) e−Γ+(t) 1 e−Γ(t)

e−Γ−(t) e−Γ(t) e−Γ(t) 1


◦ ρ(0), (3.42)

where ◦ is the Hadamard product and,

Γ±(t) = 2Γ(t)± δ(t)

= 8

∫
dω J(ω)

1− cos(ωt)

ω2
(1± cosωts) ,

(3.43)

with Γ(t) given by Eq. 3.28 and

δ(t) = 4

∫ t

0

dt′ γ2(t′). (3.44)
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The transit time ts describes the time it takes for a wave propagating at the char-

acteristic speed of sound to travel from one qubit to the other, given that the qubit

distance is R [26]. As before, for the sake of simplicity, we consider only the zero

temperature reservoir case. The expression for the “cross-talk” term δ(t) is given

below:

δ(t) =
2Γ[s]

−1 + s
({(1 + t2s)[1 + (ts − t)2]}−

s
2{[1 + (ts − t)2]

s
2

× cos[sarctan(ts)] + ts[1 + (ts − t)2]
s
2 sin[sarctan(q)]

− (1 + t2s)
s
2 (cos[sarctan(ts − t)] + (ts − t) sin[sarctan(ts − t)])}

+ {(1 + t2s)[1 + (ts + t)2]}−
s
2{[1 + (ts + t)2]

s
2

× cos[sarctan(ts)] + ts[1 + (ts + t)2]
s
2 sin[sarctan(ts)]

− (1 + t2s)
s
2 [cos[sarctan(ts + t)] + (ts + t) sin{sarctan(ts + t)}]}).(3.45)

The master equation describing the dynamics of the composite system comprising

two qubits, a and b, is given by [114]:

dρ(t)

dt
=

γ+(t)

2

[
(σaz − σbz)ρ(σaz − σbz)−

1

2
{(σaz − σbz)(σaz − σbz), ρ}

]
+

γ−(t)

2

[
(σaz + σbz)ρ(σaz + σbz)−

1

2
{(σaz + σbz)(σ

a
z + σbz), ρ}

]
, (3.46)

where γ±(t) = γ1(t) ± γ2(t). Dynamics associated to independent environments

emerge in the limit, R→∞ corresponding to δ(t)→ 0.

3.3.4 Two qubits in independent environment: The Mea-

sures

RHP Measure

The master equation, consisting of two single qubit Lindblad terms, immediately

implies the RHP measure is additive i.e. the measure is exactly twice that of one

qubit. In general for pure dephasing, the measure has a simple analytical expression

for any form of spectral density with a corresponding dephasing rate γ1(t).

BLP Measure

Contrary to the analytical optimisation achieved for the single qubit channel, for

two qubits in independent identical environments the numerical optimisation is non-

trival. In this case, the pair maximising the trace distance is dependent on the form

of the environmental spectral density. We chose the entire time interval over which

the system markedly evolves and perform extensive numerical optimisation using

random pairs of states. We have compelling evidence that the optimal states in this

case are |±±〉 〈±±|, i.e., product states of the single qubit optimal pairs. For com-
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parison purposes, we recall in passing, the pure dephasing model we studied in Ref.

[5]. Despite the identical pure dephasing operational form of this model, the opti-

mal pair is instead a pair of Bell states, highlighting the strong dependence on the

spectral density. Specifically, in this study, the spectral density is one corresponding

to the Bose-Einstein condensate reservoir [115].

Having the optimal state in mind, and recalling the form of the dynamical map

ΦAB
t , one immediately can see the non-apparent change of the information flux as

a result of an additional qubit. Specifically, the BLP measure for two independent

qubits is exactly that of one qubit, i.e., it is given by Eq. 3.37. Nonetheless, this

result is physically counterintuitive and contrary to what one would expect. We

stress once again that this result relies on the specific form of the decoherence fac-

tors that we have calculated for the Ohmic class of reservoir spectral densities. On

the contrary, for the pure dephasing model previously mentioned of Ref. [5], the

measure is sub-additive.

LFS Measure and BCM Measures

Once again, we find that the LFS and BCM measures are equivalent for the case of

two qubits in independent environments and moreover additive in all cases. Numer-

ical evidence indicates that the optimising state, for the measure NI, is the product

state of states optimising the single qubit channel, i.e., the two-qubit maximally

mixed state. With this knowledge, one can realise easily that the additivity prop-

erty is satisfied. As with the single qubit case, we have again NLFS0 = NI . Both

measures based on capacities of quantum channels are additive for any number of n

qubits interacting with n independent identical environments. The additivity prop-

erty is straightforward to realise as the dephasing channel is degradable for all values

of parameters.

We conclude by observing that for two qubits in independent environments the

qualitative behaviour of all renormalised measures is identical to that of one qubit

and we observe no new features. Moreover, all measures we study are additive,

except for the BLP measure which is identical to that of one qubit.

3.3.5 Two qubits in common environment: The Measures

RHP Measure

For two qubits occupying a common purely dephasing environment, the RHP mea-

sure is found, directly from the form of the master equation:

NRHP = −2

∫
γ+(t)<0

dt γ+(t)− 2

∫
γ−(t)<0

dt γ−(t). (3.47)
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Figure 3.2: Non-Markovianity measures for two-qubit systems interacting with a
common pure dephasing environments for transit times ts i) 0.25, ii) 2 and iii) 6.
We plot the RHP measure (red star), the BLP measure (blue asterisk), the LFS
measure (green circle), the quantum capacity measure (purple triangle) and the
entanglement-assisted capacity measure (orange diamond). All the measures in this
case are normalised to unity and plotted against the Ohmic parameter s.

For pure dephasing, the form of the RHP measure shown in Eq. 3.47 is general. On

the contrary, the additivity of the measure must be studied numerically for specific

spectral densities. In more detail, for our analysis of Ohmic class spectral densities,

we numerically prove that the measure is super-additive for any value of s.

In Fig. 3.2 we plot NRHP versus s (red stars) for increasing values of separation

between the qubits. Although not clearly visible from the plots, there exists a critical

value, denoted sc, marking the Ohmicity parameter for which the dynamics change

from Markovian to non-Markovian. This value depends on the distance between the

qubits, specifically, numerically we show that the critical value sc is ' 6.5 × 10−2

for case i), ' 6.6 × 10−2 for case ii) and ' 6.9 × 10−2 for case iii) where the time

interval is the time over which the system markedly evolves. We notice sc increases

for increasing values of distance between the qubits, attaining its maximum value

sc = 2 for R → ∞ when δ(t) → 0 and we re-obtain the case of independent en-

vironments. Therefore, for R → ∞, the measure is additive in the sense that the

measure of the two qubit case is equal to twice the measure for each individual qubit.

BLP Measure

The common dephasing environment involves optimisation dependent on system pa-

rameters, illustrating the complexities connected to calculating the BLP measure for

higher dimensional systems. In this case, we prove numerically that the optimising

pair depends on both the value of s and on the distance R between the qubits i.e.,

the parameters included in the effective spectrum seen by the qubits. More precisely,

the changes in the optimising pair stem from the complex evolution of the cross-talk

term δ(t). We show that the maximising states in this case are either the super

or sub-decoherent Bell states |Ψ±〉 = 1√
2
(|01〉 ± |10〉) and |Φ±〉 = 1√

2
(|00〉 ± |11〉),

depending on s and R, for any finite value of R. From the form of the dynamical
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map in Eq. 3.42, the decoherence factors of the super- and sub-decoherent states

are Γ+(t) and Γ−(t), respectively. The analytical expression for the BLP measure

can be written as:

NBLP = max{NΦ,NΨ}, (3.48)

where NΦ =
∑

i e
−Γ−(bi) − e−Γ−(ai) is the measure if the sub-decoherent Bell states

form the maximising pair andNΨ =
∑

i e
−Γ+(bi)−e−Γ+(ai) is the measure if the super-

decoherent Bell states form the maximising pair. Time intervals t ∈ [ai, bi] again

indicate the periods of information back flow, manifested as dΓ±(t)/dt ∼ γ±(t) < 0.

From the analytic expression of NBLP one sees immediately that, also in this

case, BLP non-Markovianity coincides with non-divisibility. However, the qual-

itative behaviour of the BLP measure when changing the reservoir spectrum is

different from that of NRHP, as shown in Fig. 3.2. Numerical investigation also

shows that the measure is super-additive as a result of the qubit dephasing collec-

tively through environment-mediated interactions, in contrast to the independent-

environment case. For R → ∞ the measure reverts to the independent case with

optimal pairs |±±〉 〈±±| and super-additivity is lost.

BCM and LFS Measures

The effect of the cross-talk term present in the common scenario influences the mea-

sures, most severely when the qubits are closer together, ts = 0.25 (see Fig. 3.2, i)

compared to when the qubits becoming increasingly separated, ts = 2, 6 (see Fig.

3.2, ii) and iii)). Indeed, the qualitative difference between the two channel capacity

measures and the LFS measure is most distinct for the case of ts = 0.25, particularly

for the classical capacity measure NC. Specifically, the NC measure has two peaks,

a large one for s ' 3 and a small one for s ' 0.75. However, as the distance be-

tween the qubits increases, the amplitude of the small peak decreases and eventually

vanishes, while the bigger peak moves towards the value typical of the independent

environments case, i.e., s = 2.75.

We now reveal the influence of the cross-talk term which is reflected in the states

optimising the relevant quantities. Numerical investigation reveals that when the

qubits are close-by (Fig. 3.2, i)), the optimising states of all three measures are of

rank 2 with eigenvalues λ1,2 = 0.5± ε, where ε ∈ [0, 0.1). The corresponding values

of NLFS and NQ differ significantly from the values obtained if the maximally mixed

state was optimal. On the contrary, due to the presence of the term S(ρ(0)) in the

definition of the entanglement assisted capacity, NC takes a value similar to the one

obtained if the maximally mixed state was the optimising state. As the presence of

the cross-talk term decreases, i.e., for ts = 2, 6, the BCM measures are optimised

by the states identified in the independent scenario, i.e., the maximally mixed two

qubit state for all values s (see Fig. 3.2, ii) and iii)). On the other hand, while the

optimal state is close to the maximally mixed state, for the NLFS, the optimising
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states are states of rank 4 with eigenvalues given by 0.25± εi, where εi ∈ [−0.1, 0.1)

for i = 1, ..., 4 are such that the normalisation condition is satisfied. Hence, for

increasing transit times, or equivalently, increasing separation between the qubits,

the closer the model is to the independent environment case and the closer the

optimising states become to the maximally mixed state. Numerically we can show,

that similarly to the BLP measure, the LFS and BCM measures are super-additive.

3.4 Comparison for the Amplitude Damping Chan-

nel

We now consider a quantum system which exchanges both energy and information

with the surrounding environment, resulting in dissipative open system dynamics.

As in Sec. 3.3, we focus on an exemplary open system model amenable to an exact

analytical solution as this allows us to gain a solid understanding of the physical

phenomena associated with reservoir memory. In more detail, we consider a single

qubit interacting with a quantised bosonic field with both Lorentzian and Photonic

Band Gap (PBG) spectra. For the single qubit Lorentzian case, both the BLP and

BCM measures have been studied numerically in Refs. [16] and [22], respectively.

For the Photonic Band Gap model, the BCM measure has been investigated in

Ref. [16]. We then discuss for the first time, for both models, the generalisation to

the case of two qubits immersed in two independent identical environments. The

common environment scenario is not considered here because both the LFS and

quantum capacity measures present a high level of difficulty in this case. For the

BCM measures, the complexity of the optimisation is amplified by the fact that it

should be performed at each time instant of the evolution.

We note that further mathematical details of the models, specifically the form

of the Kraus operators and complementary map, are found in the Appendix A.2.

Moreover, the optimisation evidence is found in the Appendix B.

3.4.1 Single qubit: The Model

The following microscopic Hamiltonian model describing a two-state system inter-

acting with a bosonic quantum reservoir at zero temperature is given by [9]

H = ωoσz +
∑
k

ωka
†
kak +

∑
k

(gkakσ+ + g∗ka
†
kσ−). (3.49)

As usual, σ± are standard raising and lowering operators respectively. The dynamics

of a single amplitude damped qubit is captured by the time-local master equation

[9]:
dρt
dt

= γ1(t)

[
σ−ρtσ+ −

1

2
{σ+σ−, ρt}

]
, (3.50)
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where

γ1(t) = −2<Ġ(t)

G(t)
. (3.51)

The state of the density matrix of the qubit at time t can be written in terms of the

initial density matrix elements ρij (i, j = 1, 2) as follows

ρt =

|G(t)|2ρ11 G(t)ρ12

G∗(t)ρ∗12 1− |G(t)|2ρ11

 . (3.52)

The function G(t) depends on the form of the reservoir spectral density6. We con-

sider first the case of a Lorentzian spectrum

J(ω) =
γMλ

2

2π[(ω − ωc)2 + λ2]
, (3.53)

with γM an effective coupling constant, λ the width of the Lorentzian and ωc the

peak frequency. When the qubit frequency, denoted ω0, coincides with ωc (resonant

Jaynes-Cummings model), the dynamical map is non-divisible for r > rcrit = 0.5,

with r = γM/λ [9]. Then, the function GL(t) takes the form:

GL(t) = e−
(λ−i∆L)t

2

[
cosh

(
Ωt

2

)
+
λ− i∆L

Ω
sinh

(
Ωt

2

)]
, (3.54)

with

Ω =
√
λ2 − 2i∆Lλ− 4$2 (3.55)

where $ = γMλ/2 + ∆2
L/4 and ∆L = ω0 − ωc.

For ∆L = 0, one obtains the following solution,

GL(t) = e−λt/2
[
cosh

(√
1− 2r

λt

2

)
+

1√
1− 2r

sinh

(√
1− 2r

λt

2

)]
(3.56)

with r = γM/λ.

For the Photonic Band Gap model, the specific form of GP (t) is as follows [28]:

GP (t) = 2v1x1e
βx2

1+i∆P t + v2(x2 + |x2|)eβx
2
2t+i∆P t

−
3∑
j=1

vj|xj|[1− Φ(
√
βx2

j t)]e
βx2

j t+i∆P t, (3.57)

where ∆P = ω̃0−ωe is the detuning of the qubit frequency from the edge frequency

ωe of the band gap spectrum, set to equal zero as we consider only the resonant

case and Φ(x) is the error function, whose series and asymptotic representations are

6We note, that G(t) satisfies the non-local equation Ġ(t) = −
∫ t

0
f(t − t′)G(t′)dt′ with initial

condition G(0) = 1, and f(t) is the reservoir correlation function which is related via the Fourier
transform with a spectral density J(ω).
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given in Ref. [116]. In addition:

x1 = (A+ + A−)ei(π/4),

x2 = (A+e
−i(π/6) − A−ei(π/6))e−i(π/4),

x3 = (A+e
i(π/6) − A−e−i(π/6))ei(3π/4), (3.58)

A± =

[
1

2
± 1

2

[
1 +

4

27

∆3
P

β3

]1/2
]1/3

, (3.59)

v1 =
x1

(x1 − x2)(x1 − x3)
(3.60)

v2 =
x2

(x2 − x1)(x2 − x3)
, (3.61)

β3/2 = ω̃
7/2
0 d2/6πε0~c3. (3.62)

The coefficient β is defined as the characteristic frequency, ε0 the Coulomb constant

and d the atomic dipole moment. We have defined in our results z = ∆P/β.

For the PBG model [28], the Markovian to non-Markovian crossover is defined

in terms of the reservoir parameter z = ∆P/β. Positive values of z correspond to

the case in which the qubit is outside the band gap region while negative values of

z correspond to the qubit in the band gap region. In the latter case the well-known

phenomenon of population trapping occurs as the emission of energy in the reservoir

is strongly inhibited. In the asymptotic long time limit and for z � zcrit, population

trapping leads to small amplitude oscillations between positive and negative values

which persist in the asymptotic limit t→∞. This eventually leads to divergency in

all non-Markovianity measures which, by definition, aim to encapsulate information

back flow for the entire time interval the system markedly evolves. For this reason,

we aim to study a practical experimental time interval which is finite. The time

interval we use is longer compared to the typical times of the system but shorter

than the system reservoir correlation time which in this case is ∞.

3.4.2 Single qubit: The Measures

RHP Measure

For master equations in the Lindblad form with time-dependent coefficients and

corresponding to amplitude damped dynamics, the RHP measure is straightforward

to calculate for a generic spectral density [117]:

NRHP = −
∫
γ1(t)<0

dt γ1(t). (3.63)
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Figure 3.3: Non-Markovianity measures for a qubit undergoing amplitude damping
for i) Lorentzian spectrum and ii) Photonic Band Gap model. We plot the RHP
measure (red star), the BLP measure (blue asterisk), the LFS measure (green cir-
cle), the quantum capacity measure (purple triangle) and the entanglement-assisted
capacity measure (orange diamond). All the measures in this case are normalised to
unity. We consider the following times periods: i) 0 ≤ λt ≤ 40 and ii) 0 ≤ βt ≤ 20.
For the Lorentzian spectrum, the RHP measure is zero for r ≤ 0.5 while it diverges
for r > 0.5.

For the Lorentzian spectrum, the dynamical map is non-divisible for r = rcrit > 0.5.

Above this critical value, NRHP diverges as a direct consequence of the divergent

behaviour of the decay rate γ1(t). Conversely, in the Markovian regime, r < 0.5, the

decay rate is positive at all times and hence the channel is always divisible and the

RHP measure is zero.

In the Photonic Band Gap (PBG) model, the critical value corresponding to

the crossover in regimes is given by zcrit = 1.7, where for z < zc, the map is non-

divisible. In Fig. 3.3 ii) we plot the RHP measure (red stars) for the PBG reservoir

as a function of the parameter z. The measure has a sudden peak at values of z

close to the edge z = 0, reaching its maximum value for z = 1.0 before vanishing for

z = 1.7. For increasingly negative values of z under the critical point, the measure

decreases to small but finite values. This is due to the decreasing amplitude of the

oscillations in the decay rate.

BLP Measure

Analytically, the BLP measure NBLP takes the form [117]:

NBLP = −max
m,n

∫
γ1<0

dt γ1(t)
|G(t)|3m2 + 0.5|G(t)||n|2√

|G(t)|2m2 + |n|2
, (3.64)

wherem = ρ1
11(0)−ρ2

11(0) and n = ρ1
12(0)−ρ2

12(0) are coefficients to be optimised. We

have compelling numerical evidence that the maximising states are the orthogonal

states |+〉 〈+| and |−〉 〈−| for both the Lorentzian and the PBG spectral densities,
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hence, we have:

NBLP = −1

2

∫
γ1<0

dt γ1(t)|G(t)|. (3.65)

We see immediately that the BLP measure coincides with non-divisibility and takes

non-zero values only for γ1(t) < 0.

Figure 3.3 shows NBLP (blue asterisk) for different values of i) r and ii) z for

the Lorentzian and PBG spectra, respectively. For the PBG model, the behaviour

is qualitatively similar to the one of the RHP measure but with the peak of non-

Markovianity slightly shifted towards more negative values of z. In Ref. [118], the

BLP measure and RHP witness are calculated for quantum harmonic oscillators in

a band gap showing that both measures are sensitive to the edge of the gap, which

is what we also observe.

BCM and LFS Measures

For the amplitude damping channel, the optimisation procedure for the entanglement-

assisted classical and quantum capacities identifies optimal states which are time-

dependent [119, 120]. One finds [121] the following:

Cea = max
p∈[0,1]

{
H2(p) +H2(|G(t)|2p)−H2([1− |G(t)|2]p)

}
, (3.66)

Q = max
p∈[0,1]

{
H2(|G(t)|2p)−H2([1− |G(t)|2]p)

}
, (3.67)

which require optimisation over the probability p ∈ [0, 1]. The latter formula holds

only for |G(t)|2 > 1
2
, otherwise Q ≡ 0. This is due to the fact that the ampli-

tude damping channel is degradable for |G(t)|2 > 1
2
, while for |G(t)|2 ≤ 1

2
is anti-

degradable with zero quantum capacity.

Numerically, it can be proved that for both the Lorentzian reservoir spectrum

and the PBG model, the measures NC and NI take non-zero values if and only if the

amplitude damping channel is non-divisible (see. Fig. 3.3). Both measures based

on quantum mutual information (NI and NC) take very close values to each other,

however no mathematical relation exists between them for the amplitude damped

model. We notice a strong dependence on the form of the environmental spectrum

through these two measures. In more detail, in the case of the Lorentzian spectrum

we have NC > NI, while in the PBG model the opposite relation holds (see Fig. 3.3

i) and 3.3 ii), respectively).

From Fig. 3.3, it is immediate to notice the difference in the behaviour of NQ for

the Lorentzian reservoir. In more detail, unlike the other measures, NQ is equal to

zero even when the channel is non-divisible and instead, detects non-Markovianity

only in the very strong coupling regime, i.e. for r > 43. This is due to the fact

that the amplitude damping channel is anti-degradable for |G(t)|2 < 1
2

so, from
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a quantum information processing point of view, only revivals that occur in the

region |G(t)|2 > 1
2

are important. This result is consistent with the intuitive idea

that the transmission of quantum information along a quantum channel is more

sensitive to noise than the transmission of classical information (although assisted by

entanglement shared between Alice and Bob). Once again however, this conclusion is

spectrum-dependent. For the PBG model, it is possible to set the system parameter

z such that the noise in the channel has almost the same effect on both kinds of

information. This occurs for z < 0 as |G(t)|2 in this regime oscillates only above the

value 1
2

but is no longer possible for 0 ≤ z < 2 as shown in Fig. 3.3 ii), the biggest

difference occurring for z = 0.

3.4.3 Two qubits: The Model

For the amplitude damped channel, we consider the Hamiltonian:

H = ωoσ
A
z + ωoσ

B
z +

∑
k

ωka
†
kak +

∑
k

(gkakσ
A
+ + g∗ka

†
kσ

A
−) +

∑
k

(gkakσ
B
+ + g∗ka

†
kσ

B
−).

(3.68)

For two qubits interacting with identical non-correlated environments the time evo-

lution can still be calculated analytically [122]. The diagonal elements of the ampli-

tude damping channel ΦA,B
t are written as follows [123]:

ρ11(t) = |G(t)|4ρ11(0)

ρ22(t) = |G(t)|2ρ11(0)(1− |G(t)|2) + ρ22(0)|G(t)|2

ρ33(t) = |G(t)|2ρ11(0)(1− |G(t)|2) + ρ33(0)|G(t)|2

ρ44(t) = 1− (ρ11(t)− ρ22(t)− ρ33(t)) (3.69)

For the off-diagonal elements, we have:

ρ12(t) = |G(t)|2G(t)ρ12(0)

ρ13(t) = |G(t)|2G(t)ρ13(0)

ρ14(t) = G(t)2ρ14(0)

ρ23(t) = |G(t)|2ρ23(0)

ρ24(t) = ρ13(0)G(t)(1− |G(t)|2) + ρ24(0)G(t)

ρ34(t) = ρ12(0)G(t)(1− |G(t)|2) + ρ34(0)G(t)

(3.70)

It is straightforward to confirm that, as for the pure dephasing case, the correspond-

ing master equation can be written as the sum of two Lindblad-like terms, describing

the dynamics of each qubit respectively, with time-dependent coefficient γ1(t) given
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by Eq. 3.51.

3.4.4 Two qubits in independent environment: The Mea-

sures

RHP Measure

Directly from the form of the master equation, we immediately can show that

NRHP = −2

∫
γ1(t)<0

dt γ1(t). (3.71)

For the general operative form of the amplitude damping channel, the measure is

additive, hence, for the PBG model, the renormalised measure behaves identically to

the single qubit cases of Fig. 3.3. On the other hand, for the Lorentzian spectrum,

NRHP =∞ when the dynamical map is non-divisible as it is in the one qubit case.

BLP Measure

For the Lorentzian spectrum, we conjecture that the maximising pair is |±±〉 〈±±|.
Following this, we obtain the following expression for the BLP measure,

NBLP = −
∫
γ1<0

dt γ1(t)
|G(t)| − 2|G(t)|3 + 1.5|G(t)|5√

2− 2|G(t)|2 + |G(t)|4
. (3.72)

Numerically, we prove that the measure is sub-additive in this case, however, we

notice that the qualitative behaviour as r changes is exactly that of the one qubit

case. Hence the renormalised value of the BLP measure for two qubits in indepen-

dent environments gives exactly the same curve as the one shown in Fig. 3.3 i) (blue

asterisk).

The Photonic Band Gap model presents a number of difficulties and we do not

identify precisely the optimal state in this case. Indeed, in this model, the pair of

states maximising the increase in trace distance is very strongly dependent on the

time interval chosen. Numerical investigation shows that the measure is maximised

for initial pairs of mixed and pure states (blue dots) for −15 ≤ z ≤ −3, maximally

entangled (purple dots) for −2 ≤ z ≤ −1, pure (pink dots) for z = 0 and the tensor

product state |±〉 〈±| (yellow dots) for z = 1. We have not been able to exactly

identify the states for which the increase in trace distance is maximal, even for a

fixed time interval. By comparing the numerical value of NBLP with the single qubit

case of Fig. 3.3 ii), we see however that also in this case the renormalised quantity

has the same qualitative behaviour for one and two qubits. In this case we have

verified that the BLP is super-additive for −15 ≤ z ≤ −2 and sub-additive for

−1 ≤ z ≤ 1. Moreover, the measure is zero if and only if the channel is divisible.

LFS Measure and BCM Measures

For two qubits in independent environments for the amplitude damped channel, we
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realise the LFS and BCM measures are additive. Compelling numerical evidence

identifies the state optimising the LFS measure, for both the Lorentzian and PBG

spectral densities, as ρ∗AB = ρ∗ ⊗ ρ∗ where ρ∗ is the maximising state for the one-

qubit channel. Therefore, the renormalised measure for two qubits is identical to

the measure of one qubit, shown in Fig. 3.3. Having in mind that whenever the am-

plitude damping channel is not degradable it is anti-degradable, and hence has zero

quantum capacity, one can clearly see that the measures NC and NQ are additive

and therefore display identical behaviour with respect to the system parameters as

the one discussed in the one qubit scenario, shown in Fig. 3.3.

3.5 Discussions

3.5.1 Comparison of the Measures

We now discuss the qualitative behaviour of the measures for the single and com-

posite scenarios we have studied in this chapter. It is evident that in general, the

behaviour of the RHP measure is different from measures capturing non-monotonic

quantum quantities (see. Figs. 3.1, 3.2, and 3.3 ii)). Indeed, in the non-divisible

regime, the behaviour of the RHP measure is generally monotonically increasing,

while for the other measures studied, there exists specific system parameters for

which the memory effects peak. This behaviour can be traced back to the defini-

tion of the RHP measure, which counts and sums the areas of negativity of the

time-dependent decay rates in the master equation. Precisely, as the environment

becomes increasingly structured, the number of negativity intervals increase and sub-

sequently the RHP measure increases. Physically, as the RHP measure increases, the

number of reverse jumps increase, leading to greater recoherence. While the mea-

sure is easily computable, indeed amendable to analytical expressions in all models

we have studied, we find the measure diverges for the Lorentzian spectrum. The

problematic divergent behaviour is a direct consequence of the decay rate diverging

when the dynamics is non-divisible. Moreover, the measure is additive in all models

for independent reservoirs (and finite decay rates) and the qualitative behaviour

for two qubits in either independent and common (dephasing) environments is the

same.

We now discuss the measures based on the non-monotonic time evolution of cer-

tain quantum properties. All measures, excluding the BLP measure, i.e. LFS and

BCM measures, are additive for two qubits interacting in independent environments.

This demonstrates the difficulties in optimising the BLP measure for higher dimen-

sional systems, and in fact calculations for systems comprising even three qubits

are most likely impractical. In the pure dephasing cases, Fig. 3.1 (single qubit and

two qubits in independent environment) and Fig. 3.2 (two qubits in common envi-

ronment), the behaviour of all non-monotonic measures is similar, in the sense that
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they all have a maximal value in the parameter range 2 < s < 4. Hence, the mani-

festations of memory in terms of increase of information on the system, increase of

system-ancilla total correlations, or in terms of increase of channel capacities arise

in a similar way when modifying the form of the spectrum. In the common environ-

ment case of Fig. 3.2, contrarily to the RHP measure, the other measures show a

stronger sensitivity to the distance between the qubits, which in turn is connected

to the cross-talk term, i.e. the environment mediated interaction that is known to

contribute to the overall memory effects [124]. The BLP, LFS and BCM measures

seem to show a narrower peak as the distance is increased, consistently with the

independent qubit case of Fig. 3.1.

The amplitude damping case presents clear differences and, interestingly, con-

trary to the pure dephasing case, the measures do not always detect non-Markovianity

for the full range of system parameters corresponding to the non-divisible regime.

Specifically, for the Lorentzian case, the quantum channel capacity measure takes

non-zero values only when the coupling of the system with the environment is suf-

ficiently strong. Our result is intuitive, as quantum information is more sensitive

to environmental noise than classical information, hence a much stronger memory

effect is required for a partial increase to occur in the maximum rate of information

transfer for increasing times or length of channel. The presence of energy exchange

between the system and the environment introduces a new relevant time scale, or

frequency, i.e. the Bohr frequency ω0 of the two-level system forming the qubit. In

the dephasing case the structure of the spectral density and the presence of peaks

in resonance with ω0 is not related to the occurrence of non-Markovian dynamics.

Rather, it is the form of the spectrum at the origin ω = 0 that dictates the pres-

ence or not of re-coherence and revivals of information [66]. The situation is clearly

different in the dissipative case where the qubit is more likely to interact with envi-

ronmental modes of the same frequency of ω0. A clear sign of this behaviour is shown

in Fig. 3.3 ii) for the Photonic Band Gap case. Here all non-Markovianity indica-

tors display the same key feature, i.e., they have their maximum around ω0 = ωe,

where the coupling between the qubit and the modes is the strongest [91]. In this

case, indeed, the qubit exchanges periodically energy with the environment and

its population shows Rabi oscillations. Consistently, memory effects associated to

the energy exchange between system and environment also lead to oscillations of

the information content of the system (back flow of information), total correlations

between system and ancilla, and channel capacities.

3.5.2 Practical Applications of Non-Markovianity

The simulation of open quantum systems in both Markovian and non-Markovian

regimes can now be realised within modern experimental limitations [125]-[128].

Theoretically, it is therefore important to define non-Markovian quantifiers from an
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experimental perspective with the minimum practical requirements possible. In this

chapter, all non-Markovianity measures are not defined in terms of observables of

the system. Indeed, at present, all proposed witnesses of non-Markovianity rely on

the full knowledge of the density matrix at all times t [129]. Hence, for experimental

detection, quantum process tomography, i.e., a practical process for constructing

the density matrix, must be performed. On the one hand, the RHP measure is

the only quantifier which does not require optimisation over the space of states,

however assumes the knowledge of either the dynamical map or the explicit form of

the master equation. On the other hand, the BLP, LFS and BCM measures do not

in principle require an assumption on the specific model of open quantum system

dynamics if one decides to instead perform the heavy optimisation experimentally.

Indeed, in this case, every quantum state in the state space should be prepared and

subject to the environment whilst quantum state tomography is performed at all

times. In this way, the non-monotonicity of certain quantum properties would be

determined for all states and the optimal identified. Alternatively, one may assume

the validity of a given model and solve the optimisation problem either numerically or

analytically. Hence, experimentally, it is then sufficient to only prepare the optimal

state(s) and perform process tomography once to acquire the evolution of the density

matrix. From this more realistic perspective the requirements for experimental

implementation are comparable for all measures. At present, the BLP and the RHP

measures have been experimentally observed in optical experiments simulating pure

dephasing environments [25]-[27].

The potential advantage of non-Markovianity as an exploitable resource in quan-

tum technologies is a non-trivial focus of ongoing research. Recent results have

shown that, in certain circumstances, the manipulation of reservoir spectral prop-

erties may lead to improvements in certain quantum technologies [13]-[18]. The

improvements demonstrated for quantum metrology [13] and for quantum key dis-

tribution [14] are realised also when the dynamical map is divisible and so can not

be attributed to the presence of memory effects. Other results work instead in the

specific case of correlated dephasing environments, where the effect of the noise is

known, such as the quantum teleportation scheme of Ref. [15]. Generally, the con-

nection between certain quantum technologies and non-Markovian memory effects

is found in Ref. [16] and was indeed the motivation behind the introduction to the

channel capacity measures.

3.6 Conclusion

In this chapter, we have presented an extensive comparative study of several mea-

sures of non-Markovianity through calculations for one and two qubits subject to

purely dephasing and amplitude damped dynamics. The emerging picture is that,
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despite the obvious differences between the measures, their corresponding physi-

cal mechanisms contributing to memory effects often appear correlated and show

a similar connection with the reservoir spectral features. The insights gained from

each measure can be compared to the perceptions found in the old Indian tale of

the “Blind Men and the Elephant”. The story illustrates how perception is based

on what a person is able to see or touch, specifically blind men touching an ele-

phant and determining what they think the elephant is. In our case the elephant is

non-Markovian dynamics and the blind men are the different measures. Although

each man touches the same animal, his determination of the elephant is based only

on what he is able to perceive or, in our terms, on what physical phenomenon

stemming from reservoir memory the measure is revealing. In conclusion, the non-

Markovianity measures give different perspectives on the same complex physical

process, a full understanding of which requires them all.
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Chapter 4

Optimal Control in

Non-Markovian Systems

In this chapter, we investigate the potential usefulness of non-Markovianity for ad-

vancing quantum protocols aimed at optimally counteracting decoherence. Efficient

schemes for compensating harmful noise in quantum systems have been developed

utilising the quantum Zeno effect [29, 30], dynamical decoupling strategies [130, 131]

and optimal control [34]-[45]. Generally, the theoretical description of these tech-

niques in the presence of noise is a daunting task, therefore they are typically studied

under a number of assumptions concerning the type of environments the system is

interacting with as well as the typical time-scales. Specifically, optimal control tech-

niques have been so far studied, almost exclusively, in the so-called Markovian limit,

that is whenever the system-environment interaction is weak and the correlations

short living. In this case the master equations describing the open system dynamics

are found phenomenologically or derived with microscopic approaches using numer-

ous approximations [34]-[45]. However, in order to understand control theory with

realistic experimental scenarios [9],[132]-[136] in mind, Markovian descriptions must

be replaced with non-Markovian descriptions. Moreover, intuitively, one may won-

der whether the ability of non-Markovian systems to retrieve information previously

lost to decoherence can be exploited in quantum information tasks by means of

reservoir engineering techniques [13]-[18]. The results from this chapter are based

on the those obtained in Publication ii [2].

4.1 Markovian Optimal Control

For the sake of concreteness, we focus on a novel approach to optimal control,

recently proposed in Ref. [34]. In this context, the aim is to seek a control Hamil-

tonian that optimally upholds, on asymptotic time scales, a given target property

(e.g. coherence, entanglement or fidelity w.r.t. a target state) [34]. The feasibility

of this approach crucially relies on the fact that it is physically admissible to fix the
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dissipative part of the master equation. Specifically, that one can assume that the

dissipative dynamics is governed by external circumstances only and does not change

in the presence of a control Hamiltonian. In order to identify the control Hamilto-

nian that optimally counteracts the detrimental effect of decoherence, an indirect

method of optimisation must be found. The complexity of the optimisation arises

from the fact that the space of Hamiltonians can not be efficiently parametrised and

so the problem must be approached from a different perspective. Instead, we aim

to identify the optimal asymptotic cycle compatible with a given dissipator. More

precisely, we sample in the set of stabilizable cycles S	 which comprises all closed

trajectories of arbitrary period T , for which a suitable Hamiltonian H(t) exists that

turns the trajectory into a solution of the following Markovian master equation

(~ = 1),

ρ̇ = −i[H(t), ρ] +D(ρ), (4.1)

with a fixed dissipator D(ρ) =
∑

k γk[LkρL
†
k − 1

2
{L†kLk, ρ}] composed of Lindblad

operators Lk and time independent decay rates γk. The crucial insight behind this is

that physically admissible trajectories in state space are exclusively constrained by

the dissipative part D of the dynamics alone. In light of this, given an asymptotic

cycle ρ(t) ∈ S	, the corresponding Hamiltonian H(t) which stabilises the cycle

can be determined in terms of ρ =
∑

α pα |α〉 〈α|, where pα and |α〉 denote the

instantaneous eigenvalues and eigenstates of ρ(t), i.e., at time instant t:

H(t) =
∑
pα 6=pβ

i 〈α| (D(ρ)− ρ̇) |β〉
pα − pβ

|α〉 〈β| . (4.2)

It is straightforward, directly from Eq. 4.1, to define a simple criterion, for which

a time-dependent control Hamiltonian H(t) exists such that ρ(t) solves the master

equation:

∀t ∀n : Tr[ρn−1(t)D(ρ(t))] =
1

n
δtTr[ρ(t)n], (4.3)

which holds for any ρ(t) with non-degenerate eigenvalues and n ∈ {2, .., d}, with

d = dimH the dimension of the system [34]. The criteria in Eq. 4.3 implies that

only the dissipative dynamics can modify the spectrum µn of the density matrix ρ,

defined as,

µn = Tr(ρn) =
d∑

α=1

(pα)n. n, 1, 2...d (4.4)

More precisely, the temporal change of µn exclusively depends on the quantity

fn(ρ(t)) = n.Tr(ρ(t)n−1D(ρ(t))), (4.5)

identifying fn(ρ(t) as a dissipative flux generated at the time instant t at the specific

point ρ(t) in the state space, i.e. fn(ρ(t)) = µ̇n(ρ(t)). In order to satisfy the criteria
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set in Eq. 4.5, µn must necessarily increase (decrease) if ρ(t) occupies a region

of state space corresponding to positive (negative) flux. If ρ(t) occupies points of

vanishing flux, µn(ρ(t)) must remain constant.

To explicate these concepts, we focus on the simplest case of a single qubit. The

desirable objective to optimise in this case is the coherence between the ground and

excited state, i.e., the capability of ρ to show interference phenomena in the |0〉 / |1〉
basis:

C(ρ) = 2| 〈0| ρ |1〉 |. (4.6)

In Bloch notation, the Bloch vector ~r of single qubit state ρ is given as ~r = tr(~σρ) and

coherence can be geometrically interpreted as the distance of Bloch vector from the

z-axis, C(ρ) =
√
r2
x + r2

y. Immediately, Eq. 4.5 simplifies, imposing only a constraint

on the evolution of the purity µ2 = tr(ρ2) of the state, defined in Bloch notation as

µ2 = 1
2
(|~r|2 + 1). In Bloch notation, an admissible trajectory {ρ(t) : t ∈ [0, T )}, or

{~rt} in the Bloch ball, must then satisfy at all times the following criterion [34]:

~rt.(D~rt + ~δ)︸ ︷︷ ︸
f(~rt)

=
1

2
δt|~rt|2︸ ︷︷ ︸
µ̇(~rt)

, (4.7)

where the term D~r + ~δ reflects the dissipative part of the dynamics, precisely:

(D)ij = tr(σiD(σj))/2, (~δ)i = tr(σiD(I))/2. (4.8)

Hence, Eq. 4.7 implies that only the dissipative flux can change the radial component

of the Bloch vector ~rt. The challenge now remains to identify the cycle that optimises

the time average Ō(ρ) of an objective O(ρ(t)),

Ō(ρ) =
1

T

∫ T

0

dt O(ρ(t)), (4.9)

where T is the period of the cycle. Despite the simplification achieved with the

characterisation of stabilizable cycles, the complexity of the remaining optimisation

over the vast and unstructured set ρ(t) ∈ S	 still requires further reduction to be

feasible.

4.1.1 Two-Point Cycles

In Ref. [34], it is shown that the optimisation over all stabilizable cycles can be re-

duced to the tractable class of two point cycles (TPC). The validity of this statement

is twofold. Without loss of generality, it must be possible to limit the investigation

to specific cycles, which undergo a single monotonic purity gain (loss) followed by an

equivalent monotonic loss (gain). Moreover, nontrivially, the physical feasibility of

implementing a TPC relies on the ability to reduce a full cycle to a cycle containing
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a pair of Bloch vectors of purity p and experiencing a flux equivalent to that of the

full cycle. To explain in detail, we will briefly outline the formalism of TPCs, with

the full explanation given in Ref. [137]. For cycles undergoing a single purity in-

creasing stage during the time interval [t0, t1], followed by a single purity decreasing

during the time interval [t1, T ], the cycle can be purity parametrised and just as well

described by the following pair ~r±,

~r(t) with t ∈ [t0, T ]→ (~r+(p), ~r−(p)) with p ∈ [p0, p1], (4.10)

where p0 (p1) dictates the minimum (maximum) purity obtained in the cycle. With

this in mind, it is possible to define the following inequality [137],

Ō[~r] =

∫ p1

p0

(
O(~r+(p))
|f(~r+(p))| + O(~r−(p))

|f(~r−(p))|

)
dp∫ p1

p0

(
1

|f(~r+(p))| + 1
|f(~r−(p))|

)
dp
≤ max

p
ŌTPC(~r+(p), ~r−(p)), (4.11)

where,

ŌTPC(~r+(p), ~r−(p)) =
O(~r+(p))|f(~r−(p))|+O(~r−(p))|f(~r+(p))|

|f(~r+(p))|+ |f(~r−(p))|
. (4.12)

The inequality can be interpreted as follows: The time-averaged objective function

Ō[~r] of a general cycle, with purity values in [p0, p1], is equal to, or smaller than

the quantity ŌTPC(~r+, ~r−), evaluated for the pair ~r±(p) at the optimal intermediate

purity value p [137]. Hence any stabilizable cycle is always outperformed by one of

the TPCs that it contains. The TPC is understood as a minimalistic cycle, which

instantaneously jumps back and forth between ~r±(p), dwelling in the neighbour-

hood of each point for a time δt± → 0. This is always possible with sufficiently

strong Hamiltonian control, capable of generating purity-preserving unitary “kicks”

on timescales smaller than the time scales related to the system. In spite of this

limit, it is always possible to define Eq. 4.12, as the ratio of the dwell times remains

finite,
δt+
δt−

=
δp/|f(~r+(p))|
δp/|f(~r−(p))|

=
|f(~r−(p))|
|f(~r+(p))|

. (4.13)

Hence, optimisation over TPCs involves identifying only the optimal pair of equal

purity Bloch vectors ~r±(p) which occupy purity increasing (decreasing) regions of

the state space, i.e. f(~r+) > 0 and f(~r−) < 0 respectively. In this new framework,

the sampling, now restricted to the subset of TPCs, becomes a manageable task.

We now briefly discuss the generality of the inequality Eq. 4.11, specifically,

the feasibility of implementing a TPC for time-dependent decay rates. In Ref.

[34], the optimal control protocol is applied to a single qubit, exposed to the three

most common incoherent processes: decay of the excited state, absorption from the

ground state and dephasing between ground and excited state. For time-independent
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and positive (Markovian) decay rates, they find that the optimal TPC degenerates

to a single point, implying periodic Hamiltonians offer no advantage compared to

stationary ones. Therefore, in this limit, the optimal value of coherence achievable is

equal to
√

1/2. In Ref. [137], an artificially modified decay rate is proposed in order

to achieve superior optimal values. In more detail, by applying a time-dependent

amplification to the incoherent dynamics, occurring when the cycle transverses a

purity-increasing region, the incoherent rates γk must temporarily increase, in a

control manner, by a factor α > 1. It can be easily seen that the purity flux

f(~r+(p)) will be rescaled by the same factor α, and hence we can write [137]:

ŌTPC(~r+(p), ~r−(p)) =
O(~r+(p))|f(~r−(p))|+ αO(~r−(p))|f(~r+(p))|

α|f(~r+(p))|+ |f(~r−(p))|
(4.14)

The optimal pair is now dependent on α and in the extreme case of infinite ampli-

fication α → ∞. the TPC effectively reduces to a single point of perfect coherence

~r = (1, 0, 0) [137]. More in general, for arbitrary time-dependent decay rates ex-

cluding this special case, it is straightforward to convince ones self that the two-fold

statement for the validity of Eq. 4.11 is no longer true. Hence, one must complete

full cycle optimisation in this case.

Nevertheless, in light of the astonishingly simple characterisation of optimal con-

trol schemes in the present of fixed dissipation given in Eq. 4.7, the following ques-

tion stands: Is it possible to determine a time-dependent control Hamiltonian for a

fixed non-Markovian dissipator (with temporarily negative decay rates) to optimise

some target property?

4.2 Non-Markovian Optimal Control: Phenomeno-

logical Case

4.2.1 Optimal Control in a Dephasing Model

In order to tackle this question, we concentrate on a simple example of a single

qubit in a dephasing environment. We begin by exploring the phenomenological

case, where the qubit dissipator is fixed under the control sequence. In contrast to

Ref. [34], we seek a control Hamiltonian that, on average, optimally upholds the

coherence of the single qubit for the time T the system markedly evolves rather than

for asymptotic time scales. The natural dephasing of the system ends for t ≥ T and

in the absence of control, when the Hamiltonian vanishes, the states cease to evolve.

For the single qubit, an admissible trajectory {ρ(t) : t ∈ [0, T )}, or {~rt} in the Bloch

ball, must then satisfy at all times the criterion of Eq. 4.7 [34].

For a Markovian dephasing process, for which the dynamics is generated by the
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dissipator

Ltρt =
γ(t)

2
(σzρtσz − ρt), (4.15)

with γ(t) > 0, the dissipative dynamics in Bloch notation is (from Eq. 4.8):

D(t) = −

γ(t)

γ(t)

0

 , ~δ(t) =

0

0

0

 . (4.16)

Hence, we obtain at all times negative purity flux f(~r, t) generated by:

f(~r, t) = ~r.(D(t)~r + ~δ(t)) = −γ(t)(rx(t)
2 + ry(t)

2). (4.17)

Moreover, recognising that the flux and coherence are independent of the azimuthal

angle contained in rx and ry, we choose θ = 0 and Eq. 4.17 becomes,

f(~r, t) = −γ(t)(r sinφ)2 < 0 (4.18)

where r ∈ {0, 1} and φ ∈ {0, π} is the polar angle. From Eq. 4.18, trajectories

with purity-increasing sections are physically inconsistent in a purely dephasing

Markovian system. As a consequence, any trajectory will, after sufficient evolution,

inevitably be devoid of coherence, irrespective of any conceivable coherent control

strategy. To achieve positive purity flux, it is necessary to utilise non-Markovian

dynamics where, for intervals of time, the decay rates take negative values. As

the entire state space can be governed by negative and positive flux for separate

intervals of time, one may naively assume that optimal control trajectories may now

be implemented anywhere in the Bloch sphere.

Let us assume that there exists an implementation strategy, where we choose

a non-Markovian dephasing process which is fixed in the presence of control. We

consider a decay rate of the form1

γ(t) = [1 + t2]−s/2Γ[s] sin[s arctan(t)], (4.19)

which is obtained in the exact model of a qubit interacting with a bosonic zero

temperature environment with the following spectral density [25]-[27],

J(ω) =
ωs

ωs−1
c

e−ω/ωc , (4.20)

where s is the Ohmicity parameter and ωc a cutoff frequency. The form of spectral

density can be modified through the parameter s. Specifically, for s > 2, the decay

rate takes temporarily negative values for certain time intervals [66] which temporar-

1Γ[x] is the Euler gamma function.
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ily reverses the direction of the purity flux f(~r, t). The purity flux associated to this

model is shown in Fig. 4.1 for intervals of time when the decay rate is positive (i)

and negative (ii) respectively and choosing s = 3 for illustrative purposes.

Figure 4.1: Snapshots of the purity flux f(~r) for the purely dephasing dynamics
(4.15) with the non-Markovian rate (4.19) for s = 3 and time instances corresponding
to positive (i) and negative (ii) values of the decay rate. The set of stabilizable states
S [35] corresponding to vanishing purity flux is time-independent and forms a line
along rx = 0 (shown in black). For γ(t) > 0, it is immediate to see that f(~r, t) < 0
(i). On the contrary, f(~r, t) > 0 whenever γ(t) < 0 (ii).

In order to achieve an optimal control protocol, it is sufficient to restrict to

trajectories containing two intervals of free evolution (evolution without control),

interrupted by a single unitary rotation at the instant t̃ at which the decay rate

changes sign. In more detail, the trajectories consist of an initial period of positive

decay rate for which f(~r, t) < 0, followed by a single time period in which the decay

rate is negative, and hence f(~r, t) > 0. For this reason, we study the Ohmicity range

2 < s ≤ 5 where information back flow occurs in the time interval t ∈ [t1, t2] and

t1 = tan(π/s) and t2 = ∞(tan(2π/s) for 2 < s ≤ 4 and 4 < s ≤ 5 respectively.

We note in passing, that in general, decay rates with n intervals of information

back flow (associated with Ohmicity values s > 6), can be implemented as n cycles

through a series of unitary transformations. Our strategy is in close analogy to the

two-point cycles considered in [34], i.e. a “two-point cycle” with finite dwell times.

We assume the single rotation interrupting the trajectory is instantaneous, i.e. fast

compared to the incoherent dynamics so that no purity is lost in that instant. This

is a satisfactory assumption provided the duration of the pulse is much shorter than

any other time scale relevant to the system [138, 139]. Moreover, we perform the

fixed-dissipator assumption, assuming that for times t > t̃, the dynamics can still

be described with the original Lindbladian Lt, shown in Eq. 4.15.

In order to indicate the apparent drastic improvement that can be achieved with

the control protocol described above, we compare in Fig. 4.2, for various values of

s, the best possible average coherence C̄(s) that is achievable in the presence and

absence of control.

The initial Bloch vectors of the trajectory are as follows: rx(0) = sinφin(s), ry(0) =
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Figure 4.2: Comparison of the optimal trajectories without i) and with ii) coherent
control pulses. In the upper panel, we illustrate, for s = 4, the trajectories in the
stages t < t̃ (red line) and t > t̃ (blue line), where γ(t̃) = 0. The unitary rotation
in the controlled trajectory is shown in green. In the lower panel, we show the
optimal average coherence C̄(s) (iii) and corresponding azimuthal angle φin(s) for
the initial Bloch vectors, rx(0), ry(0) = ry(t) = 0, rz(0) (iv) for the uncontrolled
(black) and controlled (red) evolution. For 2 < s ≤ 4, we consider a finite dephasing
interval 0 ≤ ωct ≤ 30. For 4 < s ≤ 5, the decay is naturally bound by a time
T determined by the Ohmicity parameter s. One can clearly see the coherence
enhancement obtained in the controlled case.
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ry(t) = 0, rz(0) = cosφin(s) where the evolution of rx(t) and rz(t) is determined by

the dynamics given in Eq. 4.15 . While the respective initial polar angle φin(s) varies

in the controlled case, in the uncontrolled case, the optimal initial state is always

an eigenstate of σx, for all values of s. It is not possible to obtain on the Bloch ball,

regions of weak flux corresponding to high values of coherence, i.e., the two desired

quantities exist as a trade-off. The physical intuition behind the control protocol is

to initially “kick” the state into the region of weak flux for the time it is exposed

to detrimental purity-decreasing dynamics, and to return it to the equator region

of maximal flux when it undergoes supportive purity-increasing dynamics. Strictly

speaking, the initial “kick” is equivalent to a different initial state preparation pro-

cess so is not included in Fig. 4.2. It is immediate to see from Fig. 4.2 iii), that the

optimal controlled trajectories are superior in obtaining higher average coherence

values as compared to the optimal uncontrolled evolution. In the Ohmicity range

2 < s ≤ 4, recalling the long time nature of dephasing in this range, we choose

to consider optimal trajectories confined to a finite time interval 0 ≤ t ≤ T > t̃

where γ(t ≥ T ) ≈ 0. We note that for longer times T , the values of optimal average

coherence increase but retain the same dependence on the Ohmicity parameter s.

Naturally, the non-Markovian revivals are weak in a sense that they will never be

strong enough to fully regain the initial state, i.e., the initial state is only reached

asymptotically (see Fig. 4.2, i). We choose the intermediate rotation to optimally

compensate for the weak non-Markovian revivals, ensuring that the purity lost in

the red stage is fully regained in the blue stage. Moreover, with optimal coherence

in mind, we choose to always start the cycle from the surface of the Bloch sphere

(|r(0)| = 1). The optimal average coherence C̄(s) and corresponding initial angle

φin(s) (fixed by the constraint |r(0)| = |r(T )| = 1) increase with s as the strength

of the purity flux increases and t̃ decreases. For 4 < s ≤ 6, the initial angle φin

continues to increase (due to the increasing purity flux) but the average coherence

C̄(s) decreases (see Fig. 4.2 iii, iv)) at T decreases. For t ≥ T , the state remains

at the surface of the Bloch sphere with perfect coherence. Hence, for asymptotic

timescales, coherence can be maximally exploited as a resource.

These results illustrate the enhanced ability of coherent control schemes to

achieve high values of average coherence as a consequence of non-Markovian noise.

However, the corresponding trajectories are admissible only if the fixed-dissipator

assumption is satisfied and such protocols are experimentally realisable. The purely

dephasing model is particularly remarkable as the scheme can not even be applied in

any form in the Markovian case. On the other hand, for incoherent processes where

the method does work in the Markovian case, a wider portion of the state space

becomes available for trajectories in the presence of memory effects. In more detail,

in Ref. [34], for the incoherent dynamics studied, positive and negative flux exist

simultaneously, separated by a boundary of zero flux. Hence, admissible trajectories
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must necessarily pass through both spaces, restricting the set of all possible trajec-

tories. For the same incoherent processes, but with time-dependent non-Markovian

decay rates, a wider portion of the state space becomes available for trajectories in

the presence of memory effects as the direction of the flux on each side of the zero

flux boundary corresponds to the change of sign of the decay rate.

4.2.2 Generality of Fixed Dissipator Assumption

Unfortunately, the promise of utilising non-Markovian dynamics to achieve such

high average coherence values can never be reached experimentally. To demonstrate

the problem, let us now examine the physical feasibility of the above strategy by

critically examining the fixed dissipator assumption in full generality.

We consider a fixed dissipator Dt generating, in the absence of any coherent

control, a t-parametrised family of completely positive and trace preserving (CPTP)

maps {Φt}, such that,

ρ(t) = Φtρ(0). (4.21)

Explicitly, non-divisibility implies that the propagator Φt,s = ΦtΦ
−1
s , defined via the

relation Φt = Φt,sΦs, is not completely positive. Since Φt is, however, CPTP, one

should conclude that on a restricted space of initial states (space of accessible states)

defined by ρ(s) = Φsρ(0) the intermediate map Φt,s is completely positive. Now, if

we use the widespread assumption that the dissipator remains fixed under a unitary

(coherent) interruption U of the dynamics at time s, we can write the dynamical map

in the controlled case as Φ̃t = Φt,sUΦs = ΦtΦ
−1
s UΦs. Unless the original dynamical

maps are covariant, i.e., UΦt = ΦtU , the object Φ̃t is no longer guaranteed to be a

CP map because the unitary can move the intermediate state ρ(s) outside the space

of accessible states. Loosing complete positivity of the dynamical map means that

the dynamics is never physical or, stated another way, no physical implementation

of the master equation exists. It is worth noticing that, for Markovian and therefore

divisible dynamics this problem does not occur because the intermediate propagator

Φt,s is always CP and therefore the modified map Φ̃t in presence of coherent control

unitaries is always CP and therefore physical.

Thus, in general, knowing the open system dynamics in the absence of control

does not give enough information to construct a physically meaningful open system

dynamics in the presence of control, even if the control field is completely known.

In general, the full exact dynamics of the system plus the environment needs to be

solved, taking into account the control field in the microscopic derivation, in order

to tackle the problem of optimal control in the non-Markovian case.
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4.3 Non-Markovian Optimal Control: Exact Case

To illustrate the physical relevance of our result, we return to the exact pure dephas-

ing model, and determine the system dynamics following an instantaneous rotation

[25]-[27]. The exact nature of the microscopic derivation is not threatened by assum-

ing instantaneous control, if the pulse duration is much shorter than any other time

scale relevant to the system. Our aim is to show how the presence of even a single

unitary rotation drastically alters the form of the dissipator in a non-negligible way.

We compare the correct microscopically derived dynamics with the phenomenolog-

ical approach using the fixed dissipator assumption.

In the absence of control the dynamics are described by the dissipator in Eq. 4.15

with the decay rate given by Eq. 4.19. The decay rate is related to the decoherence

function Γ(t), defined by ρij(t) = ρij(0)e−Γ(t) (i 6= j), through the relation γ(t) =
dΓ(t)
dt

. For the Ohmic class of spectral densities here considered the decoherence

function takes the form,

Γ(t) =
Γ[s]

s− 1
[1− (1 + t2)−s/2 × (cos(s arctan(t)) + t sin(s arctan(t)))].(4.22)

We now derive the new resultant dynamics once control has been applied in the

form of a single pulse, inducing an instantaneous rotation of polar angle φ around

the y-axis. The initial state, composed by the qubit and the field is given by,

|Ψ(0)〉 = (ce |e〉+ cg |g〉)⊗ |0〉 , (4.23)

with |0〉 =
⊗

k |0〉k.The system evolves for 0 < t < t̃ as follows [25]-[27]:

|Ψ(t)〉 = U(t, 0) |Ψ(0)〉

= ce |e〉 ⊗ |Ψe(t)〉+ cg |g〉 ⊗ |Ψg(t)〉 ,

(4.24)

with |Ψe〉 =
⊗

k Ue(t, 0) |0k〉 and |Ψg〉 =
⊗

k Ug(t, 0) |0k〉. The time evolution oper-

ator (in the interaction picture) takes the form:

U(t) = exp

{
−i
∫ t

0

∑
k

σz(gkb
†
ke
iωkt

′
+ g∗kbke

−iωkt′)dt′

}

= exp

{
σz

1

2

∑
k

(b†kξk(t)− bkξ
∗
k(t))

}
, (4.25)

with

ξk(t) = 2gk
1− eiωkt

ωk
. (4.26)

Here, U(t) can be described as a conditional displacement operator, the sign of the
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displacement being dependent on the logical value of the qubit, denoted Ue and Ug

for the respective values. In particular, for any pure state |Φ〉 of the field:

U(t) |g〉 ⊗ |Φ〉 = |g〉 ⊗
∏
k

D

(
−1

2
ξk(t)

)
|Φ〉

U(t) |e〉 ⊗ |Φ〉 = |e〉 ⊗
∏
k

D

(
1

2
ξk(t)

)
|Φ〉 (4.27)

where the displacement operator D(ξk) is defined as:

D(ξk) = exp{b†kξk − bkξ
∗
k}, (4.28)

and where |1
2
ξk(t)〉 is a coherent state of amplitude 1

2
ξk(t). If a rotation occurs at t̃,

we have:

|Ψ(t̃)〉 = Ry(θ) |Ψ(t̃)〉

= |e〉 ⊗ [ce cos

(
θ

2

)
Ue(t̃, 0) |0〉 − cg sin

(
θ

2

)
Ug(t̃, 0) |0〉]

+ |g〉 ⊗ [ce sin

(
θ

2

)
Ue(t̃, 0) |0〉+ cg cos

(
θ

2

)
Ug(t̃, 0) |0〉].

(4.29)

and Ry(θ) = e−i
θ
2
σy = cos θ

2
I − i sin θ

2
σy. For times t > t̃, the combined system

evolves according to:

U(t, t̃)Ry(θ)U(t̃, 0) |Ψ(0)〉 = |e〉 ⊗ [ce cos

(
φ

2

)
|Ψee(t)〉 − cg sin

(
φ

2

)
|Ψeg(t, t̃)〉]

+ |g〉 ⊗ [ce sin

(
φ

2

)
|Ψge(t, t̃)〉+ cg cos

(
φ

2

)
|Ψgg(t)〉],

, (4.30)

where we have:

|Ψee(t)〉 = Ue(t, t̃)Ue(t̃, 0) |0〉 , |Ψge(t, t̃)〉 = Ug(t, t̃)Ue(t̃, 0) |0〉 ,

|Ψeg(t, t̃)〉 = Ue(t, t̃)Ug(t̃, 0) |0〉 , |Ψgg(t)〉 = Ug(t, t̃)Ug(t̃, 0) |0〉 .

(4.31)

The matrix elements of the reduced density matrix of the qubit are defined as:

ρij(t, t̃) = 〈i|TrEU(t, t̃)Ry(Φ)U(t, 0)ρ(0)U †(t, 0)R†y(Φ)U †(t, t̃) |j〉 . (4.32)
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We have,

ρee(t, t̃) = |ce|2 cos2

(
φ

2

)
+ |cg|2 sin2

(
φ

2

)
− (cec

∗
g〈Ψeg(t, t̃)|Ψee(t)〉+ c∗ecg〈Ψee(t)|Ψeg(t, t̃)〉 sin

(
φ

2

)
cos

(
φ

2

)
(4.33)

ρeg(t, t̃) = cos

(
φ

2

)
sin

(
φ

2

)
(|ce|2〈Ψee(t)|Ψge(t, t̃)〉 − |cg|2〈Ψeg(t, t̃)|Ψgg(t)〉)

+ c∗ecg cos2

(
φ

2

)
〈Ψee(t)|Ψgg(t)〉 − cec∗g sin2

(
φ

2

)
〈Ψeg(t, t̃)|Ψge(t, t̃)〉.

(4.34)

where ρgg = 1 − ρee and ρge = ρ∗eg. After some simple calculations we get (after a

rotation of angle θ around the y-axis) the resultant Bloch vectors:

rx(t, t̃) = rz(0) sin(θ)e−Γ(t−t̃) cos[y(t)] + rx(0)e−Γ(t)

× [cos2

(
θ

2

)
− sin2

(
θ

2

)
e2[Γ(t)−Γ(t̃)−Γ(t−t̃)]],

(4.35)

ry(t, t̃) = rz(0) sin(θ)e−Γ(t−t̃) sin[y(t)] + ry(0)e−Γ(t)

× [cos2

(
θ

2

)
− sin2

(
θ

2

)
e2[Γ(t)−Γ(t̃)−Γ(t−t̃)]],

(4.36)

rz(t̃) = rz(0) cos(φ)− rx(0) sin(φ)e−Γ(t̃). (4.37)

where y(t) = Im(Γ̃(t)− Γ̃(t̃)− Γ̃(t− t̃)) and

Γ̃(t) = 4Γ[s− 1]

× (1− t2)−s/2[sin(s arctan(t))− t cos(s arctan(t)].

(4.38)
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Figure 4.3: Dynamics of the qubit obtained from i) the exact model in the presence
of a control pulse and ii) assuming a fixed dissipator. The trajectory is divided into
three stages: t < t̃ (top red line), t > t̃ (bottom blue line) and the unitary jump
between the two (middle green line). For illustrative purposes, we have chosen s = 4
and initial polar angle Φin(s) > Φ̃in = 0.2π.

In Fig. 4.3 i), we plot the true evolution of the system, when the dissipator is not

fixed but instead the unitary rotation is incorporated into the microscopic deriva-

tion. The dynamics remain purely dephasing as rz remains time-independent but a

new time-dependence in the y-direction results in a spiral evolution. The purity flux

is therefore not reversed, but the dephasing is altered after the control pulse such

that no advantage can be obtained with respect to the Markovian case. This dy-

namics should be contrasted with the corresponding trajectory on the Bloch sphere

in the fixed dissipator assumption, as shown in Fig. 4.3 ii). The latter dynamics are

obviously not CP, since the trajectory falls outside the Bloch sphere. Such trajec-

tories can be achieved, for example, by choosing initial polar angles φ̃in < φin(s),

where φin(s) is the angle fixed by the constraint |r(0)| = |r(T )| = 1, shown in Fig.

4.2 iv).

To conclude, we briefly comment on the special case in which the fixed dissipator

assumption is used but the qubit undergoes a covariant dynamics [140]. It is easy

to convince oneself that coherent control will never be useful in such a case, since

by definition applying the control pulse before, during, or after the non-unitary

evolution leads to the very same state. Hence, choosing a different initial state is

equivalent to implementing any coherent control sequence during the evolution.
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4.4 Conclusion

Summarising, our results show that the appealing idea of using optimal control

strategies in the presence of non-Markovian noise may lead to formidable difficulties.

We have revealed that the only physically meaningful description of the reduced

purely dephasing dynamics in the presence of control pulses, is the one obtained via

an exact microscopic model entailing system plus controlled pulses plus interaction

with the environment. If the decay rate in the dissipator changes markedly after each

pulse, it is likely that, in general, constructing superior trajectories (i.e. trajectories

which are optimally controlled with varying degrees of rotation) will never be a

feasible task. A possible solution to this impasse might be the discovery of certain

special forms of non-Markovian dissipators that may not be changing sensibly in

the presence of some specific coherent control schemes, perhaps exploiting specific

symmetries of the dissipator and control Hamiltonian.

57



Chapter 5

Dynamical Decoupling in

Non-Markovian Systems

In Chapter 4, we realised that in order to investigate optimal control protocols in the

non-Markovian regime, a full microscopic derivation of the dynamics in the presence

of control is required. Now, we turn our attention to an exact dynamical description

of unitary control in purely dephasing systems. In more detail, we aim to inves-

tigate the relationship between non-Markovianity and the efficiency of dynamical

decoupling protocols. In this context, recently many have wondered whether mem-

ory effects combined with external control techniques offer a possibility to design

an overall superior technique to combat decoherence [46]-[48]. With the relation-

ship firmly established, we provide an example of the connotation of our result for

quantum information protocols requiring quantum correlations. The results from

this chapter are based on those obtained in Publications iii and iv [3, 4].

5.1 Introduction to Dynamical Decoupling

Dynamical decoupling (DD) techniques for open quantum systems are considered

one of the most successful control protocols to suppress decoherence in qubit sys-

tems [50, 51]. The scheme is inspired by the idea of coherently averaging unwanted

interactions, as established in the nuclear magnetic resonance (NMR) community

following the breakthrough discovery of the spin-echo effect [141]. Analogous to

the spin-echo effect, dynamical decoupling relies on the application of a sequence

of external pulses to the system which induce unitary rotations in order to counter

the harmful effects of the environment [130]-[143]. Specifically, “bang bang” peri-

odic dynamical decoupling (PDD) schemes can be exploited to prolong coherence

times and restore monotonically decaying correlations in quantum systems which

are undergoing decoherence [139]. However, sophisticated control designs have su-

perseded this early scheme involving simple periodic application of pulses [51] and

its time-symmetrised version [144]-[147]. Most prominently, periodic “supercycle”
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techniques from NMR [148] have been incorporated in “concatenated” DD (CDD)

protocols to counter decoherence for general noise scenarios [142, 143]. Moreover,

qualitatively different approaches to synthesising pulse sequences which attempt to

minimise errors in specific noise settings, including “randomised” DD schemes, have

emerged [142] such as the so-called Uhrig DD (UDD) for a single qubit undergo-

ing pure dephasing. It is well known in all these cases, that the performance of

the protocol crucially depends on the careful tuning of pulse timings. Moreover,

the performance depends on the timescale of the environment correlation function,

highlighting the important role played by spectral properties of the noise causing

decoherence and introducing errors [149].

In Ref. [31], a formal mathematical equivalence of the quantum Zeno effect

(QZE) and “bang-bang” decoupling protocol has been established. Analogously to

DD, the quantum Zeno effect (QZE) occurs when frequent observations or “mea-

surements” of a quantum system, in order to ascertain whether the system is still in

its initial state, slow down the decay of a quantum state. Conversely, by exploiting

first the short-time features of the quantum system, one can accelerate the decay

with a series of less frequent measurements, resulting in the inverse quantum Zeno

effect (IZE). One can define a characteristic time, the quantum Zeno time τ ∗, where

for ∆t < τ ∗ one obtains a QZE and conversely for ∆t > τ ∗ one obtains a IZE.

Decoherence is suppressed in the former case while it is enhanced in the latter. On

the other hand, if ∆t = τ ∗, the system decays naturally as if no measurements were

performed.

5.2 Dynamical Decoupling: The model

In this section, we describe the model, originally introduced in Ref. [49], for a single

purely dephasing qubit subject to PDD and interacting with a bosonic environment

with spectral density of the Ohmic class. In Ref. [49], with reservoir engineering in

mind [131], a comparative study was presented regarding the efficiency of certain DD

protocols on Ohmic, sub-Ohmic and super-Ohmic environments. In this chapter,

we exploit the Ohmic parameterisation of the model to study the efficiency of DD

in the presence of memory effects. In particular, we are curious to establish the

role of non-Markovianity as a resource in such protocols by considering coherence

preservation to be synonymous to dynamical decoupling efficiency in a simple one

qubit system.

We now recall the exact dynamics obtained in Ref. [49] which address the

qubit behaviour in the presence of an arbitrary sequence of instantaneous bang-

bang pulses:

ρ01(t) = ρ∗10(t) = ρ01(0)e−Γ(t), (5.1)

where γ(t) = dΓ(t)/dt. Each pulse is modelled as an instantaneous π-rotation
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around the x-axis. We consider an arbitrary storage time, t, during which a total

number of N pulses are applied at instants {t1, ...tn, ...tf}, with 0 < t1 < t2 < ... <

tf < t. As shown by Uhrig [150, 151], the controlled coherence function Γ(t) can be

worked out as,

Γ(t) =


Γ0(t) t ≤ t1

Γn(t) tn < t ≤ tn+1, 0 < n < N

ΓN(t) tf < t

, (5.2)

where the exact representation of the controlled decoherence function Γn(t) for 1 ≤
n ≤ N , can be written in the following form:

Γn(t) =

∫ ∞
0

J(ω)

2ω2
|yn(ωt)|2dω, n ≥ 0, (5.3)

where

J(ω) =
ωs

ωs−1
c

e−ω/ωc , (5.4)

is the spectral density function characterising the interaction of the qubit with the

oscillator bath (this is assumed to be at zero temperature) with s the Ohmicity

parameter and ωc a cutoff frequency. Further, from Eq. 5.3, |y0(ωt)|2 = |1 − eiωt|2

and for n > 1,

yn(z) = 1 + (−1)n+1eiz + 2
n∑

m=1

(−1)meizδm , z > 0. (5.5)

The expression for Γ0(t) can be calculated analytically1 and is given by

Γ0(t) =
Γ̃[s]

s− 1

[
1− (1 + t2)−s/2 cos(s arctan(t)) + t sin(s arctan(t))

]
, (5.6)

with Γ̃[s] the Euler Gamma function. Ohmic spectrum corresponds to s = 1, while

super-Ohmic spectra correspond to s > 1 and sub-Ohmic to s < 1. Here, it is

understood that the nth pulse occurs at time tn = δnt and 0 < δ1 < ... < δn < ... <

δs < 1. In order to express the controlled decoherence function Γn(t) in terms of its

uncontrolled counterpart Γ0(t), we simply relate |y1(ωt)|2 to |y0(ωt)|2 to write,

Γ1(t) = −Γ0(t) + 2Γ0(t1) + 2Γ0(t− t1). (5.7)

1We note that Eq. 5.6 is written in dimensionless units by introducing ω−1c as a time scale.
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Upon continuation of this iteration, this yields,

Γ2(t) = −Γ1(t) + 2Γ1(t2) + 2Γ0(t− t1) (5.8)

...

Γn(t) = −Γn−1(t) + 2Γn−1(tn) + 2Γ0(t− tn)

By relating again, |yn(ωt)|2 to |y0(ωt)|2, we find the decoherence rate for n pulses,

Γn(t) = 2
n∑

m=1

(−1)m+1Γ0(tm)

+ 4
n∑

m=2

∑
j<m

Γ0(tm − tj)(−1)m−1+j

+ 2
n∑

m=1

(−1)m+nΓ0(t− tm) + (−1)nΓ0(t). (5.9)

While here, the dynamics have been derived for a qubit interacting with a quan-

tum bosonic bath, the exact representation holds also for arbitrary Gaussian phase

randomisation processes. Hence the main conclusions of our study are applicable

also to experimental settings such as trapped ions [152, 153] and solid-state qubits

[154, 155, 161].

5.3 Relationship between non-Markovianity and

Dynamical Decoupling Protocols

5.3.1 Pulse-induced information flow reversal

In this chapter, we choose to quantify non-Markovianity using the BLP measure in

order to establish a relationship between dynamical decoupling and information flow

between the system and environment. The BLP measure, in terms of the analytical

expression for the pure dephasing model, is given as [112].

N = −
∫
γ<0

dt γ(t)e−Γ(t), (5.10)

where the integral is extended over the time intervals such that γ(t)< 0. Further,

we recall that for Γ(t)=Γ0(t), the onset of non-Markovianity is intimately linked to

the form of the spectral density Eq. 5.4 through the Ohmicity parameter, i.e. for

s > 2 [66].

In order to study the influence of dynamical decoupling on the direction of in-

formation flow, we derive a relation connecting γn(tn), i.e., Γ̇n(tn) at the moment tn

when the system is pulsed and the corresponding quantity at the previous instant.
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The relation is straightforward to derive from Eq. 5.8 [49],

γn(tn) = −γn−1(tn), (5.11)

where for 1 ≤ n ≤ N ,

γn(t) = 2
n∑

m=1

(−1)m+nγ0(t− txm) + (−1)nγ0(t). (5.12)

Interestingly, from Eq. 5.11, an explicit connection between the direction of infor-

mation flow and DD is apparent. In more detail, simply from noticing the change

of sign of the decay rate, one can identify a reversal of information flow occuring

at the same time instant the pulse interrupts the free-system dynamics. This result

implies that Markovian open system dynamics will always be transformed to a non-

Markovian dynamics, although in some cases the resulting BLP measure can take

negligible values.

Figure 5.1: Time evolution of the controlled coherence e−Γn(t) for: i. ∆t=0.3 (short
pulse spacing regime) and ii. ∆t=3 (long pulse spacing regime), in units of ω−1

c . The
Ohmicity parameters are s = 1 (blue dashed line) and s = 4 (red solid line), which
are respectively an instance of Markovian and non-Markovian dynamics. In the
inset, we display the free uncontrolled coherences e−Γ0(t), which shows in particular
that t̃=1 for s=4. All times are expressed in units of ω−1

c .

To study this relationship in detail, we plot in Fig. 5.1, the time evolution of

the coherences e−Γn(t) of the purely dephasing system subject to DD protocols. We

determine the efficiency of a DD scheme by the ability of the protocol to preserve

coherences over the time interval the system is pulsed. For the sake of simplicity, we

restrict our investigation to equally-spaced DD pulses applied at times tn = n∆t,

which n = 1, 2, 3, .... In the Ohmicity range 2 ≤ s ≤ 6, we recall that t̃ = tan(π/s)

is the time instant connected to information reversal in the unperturbed dynamics

(γ0(t̃) = 0), i.e. the onset of non-Markovianity [66]. In Fig. 5.1, we consider the

cases s=1 and s=4 as paradigmatic instances of a Markovian and non-Markovian
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(free) dynamics respectively. We first note that, for any time t < t̃, before revivals

associated to non-Markovianity occur, the unperturbed coherences are always higher

for s ≤ 2 (Markovian case) than for s > 2 (non-Markovian case). We define two

pulse intervals with respect to the onset of non-Markovian dynamics. In more detail,

short pulse intervals are defined as ∆t < t̃ and conversely for long pulse intervals.

For divisible (Markovian) dynamics in the quantum Zeno regime, i.e. ∆t < τ ∗, the

shorter is the interval between the DD pulses, the higher is the efficiency of the DD

scheme [29, 30] (see Fig. 5.1 i, blue line). For non-Markovian ones the same holds,

if information back flow has not yet occurred, ie. provided that ∆t < t̃ (see Fig. 5.1

i red line).

From the relation of Eq. 5.11, we conjecture that, in the short-pulsing regime,

Markovian environments are more favourable to protect coherences via DD com-

pared to non-Markovian ones. In more detail, as the effect of the pulses is always

to reverse information flow, the ideal unperturbed dynamics would be those char-

acterised by information flowing from the system to the environment. Moreover, in

the Markovian case, DD inhibits loss of coherence compared to the unpulsed free

evolution. This can be proved numerically, confirmed by Fig. 5.1 showing that

pulsing is fully successful in inhibiting the coherence decay for the s=1 case, while

it is not in the s=4 case.

Now considering the long-pulsing regime (see Fig. 5.1 ii), we show that the effi-

ciency of the DD scheme here considered is drastically reduced in both the Markovian

and non-Markovian case. In this case, the time evolution of the coherence greatly

depends on the details of the dynamics, specifically the interplay between the DD

and non-Markovian influence on the direction of information flow, and so no general

conclusion can be drawn. In particular, in this regime, reversing information flow

can have disastrous consequences for non-Markovian environments: If the first pulse

occurs during a time of re-coherence (information back flow), it will indeed induce an

even faster coherence decay. This effect can be seen in Fig. 5.1 ii, red line, where in

particular we study the case s=4 for a pulse spacing such that ∆t> t̃ = 1. One can

note that the occurrence of the first pulse induces an extremely rapid deterioration

of coherences (when compared to the unpulsed free dynamics).

5.3.2 Efficiency versus Non-Markovianity measure

To elucidate the relationship between the non-Markovian character of the free dy-

namics and the efficiency of dynamical decoupling techniques, we perform a numer-

ical investigation based on their respective measures. In literature, the efficiency of

DD is commonly quantified by means of the fidelity function, measuring the overlap

between the state at time t and the initial state ρ(0) = |Φ(0)〉 〈Φ(0)|:

F(t) = 〈Φ(0)| ρ(t) |Φ(0)〉 , (5.13)
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where 1/2 ≤ F ≤ 1. In the weak-coupling approximation, the coherences decay as

C(t) = e−R(t)t where R(t) is the overlap interval of the noise spectral density and

the filter function generated by the DD sequence [162]. In this framework, fidelity

is defined as:

F(t) = ρ11(0)2 + ρ22(0)2 + 2ρ12(0)ρ21(0)e−R(t)t, (5.14)

with ρij(0) the density matrix elements of the initial state. It is worth stressing

that in this chapter, we use an exact approach that allows us to write the most

general form of the decoherence factor as C(t) = e−Γ(t), with Γ(t) given by Eq. 5.2.

In the weak coupling limit Γ(t) reduces to R(t)t and one obtains Eq. 5.14. In

contrast to this measure, our aim is to instead capture DD efficiency in a quantifier

comparable to a non-Markovianity quantifier. In more detail, we require a measure

which captures how well the DD sequences protect the system from decoherence

at all times and independently of the initial state. Hence, rather than the fidelity,

which is both time-dependent and state dependent, we introduce the following as a

new quantifier of DD efficiency:

D(tf ) =

∫ tf
0
e−Γ(t)

tf
. (5.15)

The measure is bounded between zero (ineffective DD) and unity (ideal DD) and is

based only on preserving the evolution of coherence undergoing dynamical decou-

pling up to some time tf , which is assumed to be the duration of the DD pulsing

scheme.

In Fig. 5.2, we compare the DD efficiency measure D(tf ), as defined by Eq. 5.15

with Γ(t) given by Eq. 5.2, and the non-Markovianity N of the unperturbed dynam-

ics, as defined by Eq. 5.10 with free decoherence Γ0(t) given by Eq. 5.6, as functions

of the Ohmicity parameter s. With optimal DD efficiency in mind, we focus on the

short-pulsing regime, specifically, ∆t = 0.3ω−1
c . We find that the DD efficiency

sharply decreases for s > 2, corresponding to the onset of non-Markovianity. We

note however that the quantity is only sensitive to the Markovian to non-Markovian

crossover rather that the specific values of the BLP measure. In more detail, the

DD efficiency decreases monotonically for s > 2 while the BLP measure has its

maximum value at s'3.7. We note in passing, that the RHP measure in this case

increases monotonically for s > 2 and may be considered to be more closely related

to the DD efficiency. For increasingly longer times tf , the efficiency becomes in-

creasingly sensitive to the onset of non-Markovian dynamics, indeed, for tf → ∞,

we conjecture that D will decrease to smaller and smaller values for s > 2. We have

purposely chosen sufficiently large values of tf to capture properly the dynamical

decoupling efficiency dependence on s. Particularly, if tf is too short, the measure

will yield an almost uniform dependence on s, since in this case, the coherences will
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Figure 5.2: Non-Markovianity measure N of the free (unpulsed) dynamics (black
solid line) and dynamical decoupling efficiency D against the Ohmicity parameter
s for ∆t = 0.3 (in units of ω−1

c ). Dynamical decoupling efficiency is plotted for
ωctf = 9.9 (red dot), 19.8 (green square) and 30 (blue diamond). For comparison
purposes, we have rescaled N to its maximum value.

still be high for any s value. Moreover, we wish to investigate the supreme potential

of DD, specifically, the preservation of coherences for long times. Hence, in Fig. 5.2,

we have aimed to calculate efficiency for increasingly long times up until the limit

of our computational capabilities.

We now widen our investigation to study how the DD efficiency depends on the

time spacing between pulses when ∆t < τ ∗ (see Fig. 5.3). While the values of

DD efficiency decrease as the pulses become further apart, the dependency on the

Ohmicity parameter s remains rather insensitive and we observe similar behaviour

to that seen in Fig. 5.2. We have numerically checked that this conclusion is not

dependent on the specific value chosen for tf . In conclusion, our investigation shows

that for maximal protection of the coherence, ideally, one would strive for a Marko-

vian unperturbed dynamics, subject to a DD scheme imposing unitary rotations on

the system in short succession. In more detail, the maximum efficiency of PDD

is obtained for pulse spacings ∆t < t̃ with Markovian dynamics (s < 2). As the

formalism used to describe the dynamics holds for any arbitrary Gaussian phase

randomisation process, our conclusions hold in general for these types of models

[49]. For ∆t> t̃ and for s>2, non-Markovian effects become relevant in the overall

free dynamics and the amount of coherence preservation will depend on a combined

effect of both the presence of information back flow connected to the unperturbed

dynamics and DD. An intricate dependence on the time interval ∆t as well as on

tf emerges in this case from numerical studies. This can be traced back to the fact

that for dynamics in the non-Markovian regime, for the Ohmicity range we study,

a single time interval exists where information flow is reversed to flow from the en-
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Figure 5.3: Dynamical decoupling efficiency D against the Ohmicity parameter s
for different values of the pulsing period (in units of ω−1

c ): ∆t=0.3 (red), ∆t=0.4
(dark green), ∆t=0.5 (blue), ∆t=0.8 (purple) and ∆t=1 (brown). The final pulse is
applied at ωctf = Nmaxωc∆t < 10.05 where Nmax is the maximum number of pulses
that can be applied within the time interval 0 ≤ ωct ≤ 10.05.

vironment to the system. Hence, in the quantum Zeno regime, pulses will either

enhance decoherence or preserve coherence depending on whether or not they occur

in this time interval of back flow.

5.3.3 Non-Markovianity Engineering by Dynamical Decou-

pling

While Markovian open quantum systems have been extensively studied and are very

well characterised, non-Markovian systems remain relatively unexplored and many

fundamental questions remain unanswered. We recall that for Markovian dynamics

fulfilling the semigroup property, the Lindblad-Gorini-Kossakowski-Sudarshan theo-

rem identifies the general form of master equation and affirms the physical evolution

of the system [80, 81]. However, no such generalisation exists in the non-Markovian

regime. Moreover, in the Markovian limit, quantum state diffusion methods allow

to unravel the dynamics in terms of homodyne or heterodyne measurements on the

environment [163]. Further, the Monte Carlo wave function approach provides both

a powerful numerical technique to study the dynamics of Markovian systems and

a deep interpretation in terms of quantum jumps for individual quantum systems,

like ions or cavity modes [164]. On the other hand, the existence of a measurement

scheme interpretation guaranteeing a physical meaning to individual trajectories in

the non-Markovian regime is still under investigation. Also, the extension of the

Monte Carlo wave function approach to the non-Markovian regime has been deter-

mined only for certain classes of time-local master equations [101]. Nevertheless,
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the interest in developing techniques for engineering non-Markovian dynamics to be

used as testbeds for experimental and theoretical investigations is increasing [25],

[125].

From our previous investigations of DD, we have shown that, in addition to

its traditional employment as a method to hamper decoherence, DD can also be

exploited as a simple tool for engineering non-Markovian dynamics. Independently

of system parameters, a Markovian system will always become non-Markovian when

subject to PDD. More in general, PDD will change the non-Markovian character of

the open system regardless of whether the free dynamics were Markovian or not.

The exact degree of the pulse-induced non-Markovianity depends on both the pulsing

parameters, i.e. pulse spacing ∆t and environmental parameters, specifically in this

case, the Ohmicity parameter s. Hence, a testbed for further investigating non-

Markovianity is always obtained using PDD. Engineering non-Markovianity here

refers specifically to the information-theoretical approach which has been proven

useful for quantum technologies [13]-[17]. In this sense, our results should not simply

be understood as another variant of the well known idea that DD modifies the

reservoir spectrum by making it more structured. On the contrary, they are an

exploration on the ability to controllably modify and enhance quantities such as the

channel capacities [16], mutual information [24], Fisher information [96], etc. This

in turn provides a way to control the efficiency of quantum communication protocols

[16], quantum metrology [13], and work extraction [165].

Figure 5.4: Non-Markovianity measure against the Ohmicity parameter for the dy-
namically decoupled system (blue dotted line) for time intervals i) ∆t = 0.3 and ii.
∆t = 3 (in units of ω−1

c ) and the non-Markovianity for the free system (red solid
line). The final pulse is applied at time ωctf = 9. We draw attention to the fact
that N 6= 0 for all values of s when the system is subject to DD but may take very
small values as shown in ii) for 2 ≤ s < 2.6.

In Fig. 5.4, we investigate the non-Markovianity, in terms of the BLP measure,

induced by PDD in the absence and presence of pulses and for both the short-pulse

and long pulse regimes. In the short pulse regime, for any value of the Ohmicity
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parameter s, the effect of the pulses is to create non-Markovianity by inducing

information back flow when it is initially absent, or in any case to increase the

non-Markovian character (see Fig. 5.4 i). In the long-pulsing regime, the situation

is more variegated as pulses can also, under certain conditions, decrease the non-

Markovian character of the dynamics as seen in the example of Fig. 5.4 ii.

5.4 Dynamical Decoupling with Quantum Corre-

lations

We now investigate the implications of the relationship between DD techniques and

non-Markovianity in a quantum information scenario. It is well known that the use

of either DD techniques or non-Markovian effects prolongs the preservation of both

entanglement and discord in the presence of environmental noise [52]-[57]. While

entanglement has long been established as the principle resource in quantum proto-

cols (for e.g., in quantum cryptography [166], teleportation [167], Shor’s algorithm

[168]), numerous examples have demonstrated that quantum discord is also crucial

for, e.g., distribution of entanglement [58]-[61], quantum locking [62], entanglement

irreversibility [63] and many other tasks [64]-[65]. With this in mind, we study the

preservation of quantum and classical correlations and the possibility of creating

time-invariant discord through PDD techniques in relation to the initial conditions

(unperturbed dynamics). On the one hand, the use of either DD techniques or non-

Markovian effects prolongs the preservation of both entanglement and discord in the

presence of environmental noise [52]-[57]. On the other hand, we have shown that

the simultaneous use of non-Markovian reservoir engineering and DD protocols is

counterproductive for avoiding decoherence. We now study two qubits experiencing

local dephasing with an Ohmic class spectrum and subject to dynamical decoupling

protocols. In more detail, we aim to investigate the connection between the preser-

vation of quantum correlations and the direction of information flow between the

system and environment, controlled by DD and non-Markovianity.

5.4.1 Introduction to Quantum Correlations

Before presenting the results of this section, we now provide the necessary prelimi-

nary introductions to quantum entanglement and time-invariant discord.

5.4.1.1 Entanglement

Entanglement, coined “spooky action at a distance” by Albert Einstein [169] cap-

tures a quantum correlation not found in the classical world [170]. The state of a

multipartite system is said to be entangled if it is not possible to write the state as

the product of its component states. More precisely, the global description given
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by the total entangled state of the system, comprises information that the single

reduced states do not contain. A bipartite quantum system ρAB composed of re-

duced states ρA and ρB is said to be entangled if it is not possible to write it in the

factorised form,

ρAB 6=
∑
k

pkρ
(A)
k ⊗ ρ

(B)
k , (5.16)

with {|Ψ(A),(B)
k 〉} being an orthonormal basis in HA,B.

In this work, we use a well-known measure to quantify entanglement, namely

concurrence C(ρ) [171]-[174], defined as follows:

C(ρ) = max{0,
√
λ1 −

√
λ2 −

√
λ3 −

√
λ4}, (5.17)

where λi are the eigenvalues of the matrix

R = ρ(σAy ⊗ σB)ρ∗(σAy ⊗ σB), (5.18)

and with ρ∗ the complex conjugate of ρ and σ
A/B
y , the Pauli matrices for the qubits

A and B. The quantity is conveniently bound between zero (separable states) and

1 (maximally entangled states). Moreover, for the wide class of states, known as

X-states, having the following form,

ρ(t) =


a(t) 0 0 w(t)

0 b(t) z(t) 0

0 z∗(t) c(t) 0

w∗(t) 0 0 d(t)

 (5.19)

concurrence attains a simple expression,

C(t) = max{0, C1(t), C2(t)} (5.20)

where

C1(t) = 2|w(t)| − 2
√
b(t), c(t),

C2(t) = 2|z(t)| − 2
√
a(t), d(t). (5.21)

In our case, the states are initially as Eq. 5.19 and are preserved in this form for

the duration of the time evolution.

5.4.1.2 Quantum Discord

Genuine quantum correlations of a more general type than entanglement are defined

as quantum discord [175], originally introduced by Ollivier and Zurek [176] and in-

dependently identified by Henderson and Vedral [177]. The definition of quantum

69



CHAPTER 5. DYNAMICAL DECOUPLING IN NON-MARKOVIAN SYSTEMS

discord is based on the difference between the quantum analogues of two classically

equivalent concepts of mutual information of a bipartite system. The classical ex-

pressions for mutual information are given, for two classical random variables A and

B as follows,

I(AB) = H(A) +H(B)−H(AB), (5.22)

and

J(AB) = H(A)−H(A|B), (5.23)

where H(A) and H(B) are Shannon entropies, and H(A|B) is the conditional en-

tropy on A when B is known. The first quantum generalisation of mutual information

is the so-called quantum mutual information which quantifies the total amount of

classical and quantum correlations in a bipartite system:

I(ρAB) = S(ρA) + S(ρB)− S(ρAB), (5.24)

where ρAB and ρA(B) are the density matrix of the total system and reduced den-

sity matrix of subsystem A(B) respectively and S(ρ) = −Tr{ρ log2 ρ} is the von

Neumann entropy. On the other hand, in Ref. [177], Henderson and Vedral show

that the second quantum extension of mutual information can be interpreted as a

measure of the classical correlations of the state following a maximisation over all

possible sets of measurements. Hence we have,

C(ρAB) = max
{ΠBk }

{
S (ρA)−

∑
k

pkS
(
ρA|k,

)}
(5.25)

where {ΠB
k } is a positive operator valued measure (POVM) acting only on the

subsystem B, and ρA|k = TrB(ΠB
k ρABΠB

k )/pk is the remaining state of the subsys-

tem A after obtaining the outcome k with probability pk = TrAB(ΠB
k ρABΠB

k ) in

the subsystem B. Therefore, the difference between the quantum mutual informa-

tion I(ρAB) describing total correlations and the measurement-based definition of

quantum mutual information C(ρAB), capturing classical correlations, defines the

quantum discord,

D(ρAB) = I(ρAB)− C(ρAB). (5.26)

Analytically, quantum discord is defined for two qubit systems [178, 179], and also

continuous variable systems [180, 181]. From this point of view, discord has been

studied extensively in literature from a mathematical perspective, particularly the

time evolution of discord in the presence of (Markovian and non-Markovian) envi-

ronments [182]-[185]. In more detail, it has been demonstrated that discord never

disappears completely after a finite time [183, 186] while total loss of entanglement

is possible, known as the so-called entanglement sudden death phenomenon (ESD)
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[187, 188]. Moreover, discord can exhibit sudden transitions if certain parameters

characteristic of the system are abruptly changed. The most striking difference

which we study in this chapter is the possibility of discord remaining constant for

long times, completely unaffected by the presence of the environment. Indeed, quan-

tum discord has been shown to be frozen for a finite time for a certain time interval

[189] or even forever [66], depending on the properties of the initial state and the

specifics of the interaction with the environment. In particular, for two qubits in

Bell-diagonal states and independently interacting with dephasing environments,

while frozen discord manifests itself for both Markovian [189] and non-Markovian

[190] environments, the emergence of time-invariant discord is more closely related to

the presence of memory [66], i.e. occurring for only non-Markovian regimes. A clear

merit in creating time-invariant discord is in the execution of quantum protocols

based on discord, which become unaffected by noise under the specific conditions.

5.4.2 Time Invariant Discord

We now recall the details of the two relevant studies which motivate this work.

Specifically, the first encounter of frozen discord in Markovian environments and

further, the complementary non-Markovian generalisation of this work. The mys-

terious phenomenon of frozen discord was introduced in Ref. [189], for a class of

Bell-diagonal states, interacting locally with Markovian dephasing environments. It

was demonstrated, that for certain initial states, initial time periods 0 < t < t̄ exist

for which quantum discord remains frozen at finite values while classical correlations

decay. For times following t̄ > t, classical correlations remain constant while discord

is subject to noise-induced decay. The transition time t̄ can be found analytically

and characterised by a single parameter of the initial state. This unanticipated phe-

nomenon, coined the sudden transition between classical and quantum decoherence,

is contrary to what one might expect intuitively, i.e. the initial resilience of discord

compared to classical correlations in a Markovian environment. For non-Markovian

environments, the existence of a transition time t̄ crucially depends not only on the

initial state of the bipartite system but now, also on the specific properties of the

spectral density of the environment [66]. Interestingly, it was demonstrated that for

specific parameters of the spectral density, a transition time t̄ does not exist and

therefore discord remains frozen forever [66].

We now consider reservoir engineering from an additional perspective with the

aim of optimally controlling the direction of information flow for the purpose of

creating time-invariant discord. In more detail, we consider two types of engineering,

one based on a modification of the reservoir density through the Ohmicity parameter

in order to change the Markovian character of the dynamics, and secondly, one

exploiting dynamical decoupling (which in turn, can also be seen as effective filtering

of the spectral density). In order to determine a set of necessary conditions for which
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time-invariant discord manifests when the system is periodically pulsed, we focus

on initial Bell-diagonal states of the form,

ρAB =
(1 + c)

2
|Φ±〉 〈Φ±|+ (1− c)

2
|Ψ±〉 〈Ψ±| (5.27)

where |Φ〉 = (|00〉±|11〉)/
√

2 and |Ψ〉 = (|01〉±|10〉)/
√

2 are the four Bell states and

|c| < 1. For a more detailed insight, we consider two different cases of local dephasing

noise in the presence of DD. Firstly, we consider the scenario where both qubits A

and B interact locally with identical dephasing environments with an Ohmic type

spectral density. In this case, the expressions for the mutual information I(ρAB)

and classical correlations C(ρAB) are given by [178]:

C[ρAB] =
2∑
j=1

1 + (−1)jχ

2
log2[1 + (−1)jχ(t)], (5.28)

I[ρAB(t)] =
2∑
j=1

1 + (−1)jc

2
log2[1 + (−1)jc]

+
2∑
j=1

1 + (−1)je−2Γ(t)

2
log2[1 + (−1)je−2Γ(t)], (5.29)

where χ(t) = max{e−2Γ(t), c}. Secondly, we consider the case where only one of the

qubits interacts with the dephasing environment while the other qubit is entirely

protected from decoherence. The corresponding expressions for mutual information

I(ρAB) and classical correlations C(ρAB) are straightforward to obtain from Eq.

5.29 by replacing e−2Γ(t) with e−Γ(t). It is also important to realise that for one-sided

noise, DD pulses are applied only to the qubit experiencing dephasing through the

modified dephasing model, while for two-sided noise, both qubits are subject to

pulsing. Now, from the expressions given in Eqs. 5.28-5.29, it is straightforward to

realise that when e−2Γ(t) > c, classical correlations decay while the discord, given

by the first term in Eq. 5.29, remains constant. The transition time t̄, marking the

sudden transition phenomenon, exists only if e−2Γ(t̄) = c. Note, the same is true for

one-sided noise, again replacing e−2Γ(t̄) by e−Γ(t̄).

Without the possibility of analytically or numerically defining continuously pulsed

dynamics in the asymptotic time limit, we focus on discord which remains “time-

invariant” within a chosen experimental time interval rather than forever. The val-

ues of invariant discord are easily found from the difference of Eqs 5.28-5.29 when

χ(t) = {e−Γ(t), e−2Γ(t)} for one-sided noise and two-sided noise respectively:

D = (1 + c)log2(1 + c)/2 + (1− c)log2(1− c)/2. (5.30)

Immediately from this expression, one can see that discord acquires a significant

value for larger values of c. We now study the regions of s and c for which time-
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Figure 5.5: The black region shows the range of s and c parameters for which the
discord is frozen forever for a free system evolving without pulsing. The grey region
shows the range of s and c for dynamical decoupled systems with small interval
spacing ∆t = 0.3ω−1

c (i) and long interval spacing ∆t = 3ω−1
c (ii). The plots in (a)

are for the case where both qubits are affected by noise, as the plots in (b) are for
single qubit noise. Outside these regions, one will always observe a transition from
classical to quantum decoherence and thus no time-invariant discord. The final pulse
is applied at tf = Nmax∆t ≤ 25ω−1

c where Nmax is the maximum number of pulses
that can be applied within the time interval 0 ≤ t ≤ 25ω−1

c . Quantities plotted are
dimensionless.

invariant discord exists for both the pulsed and unperturbed case. In Fig. 5.5 a

i), we show that for two-sided local dephasing noise and short pulse intervals (e.g.

ωc∆t = 0.3), time-invariant discord is created for a wider range of both c and s

compared to the unperturbed case. Particularly, time-invariant discord is created

for sub-Ohmic values of s, (s < 1) for up to very high values of c, only when the

system is subject for DD. Generally, one can see from the plot, that increasingly

significant values of time-invariant discord (corresponding to large values of c), occur

for s < 2. Numerical investigation proves these conclusions are independent of the

specific pulse interval chosen, provided that ∆t < t̃. Moreover, we conjecture that in

the asymptotic long time limit (tf →∞), DD will only create time-invariant discord

for s . 1. This is based on the knowledge from numerical investigation, specifically,

that no degradation of the coherence is shown to occur within computable times.

Hence, it is natural to think that in the asymptotic long time limit, coherence is

maintained for values close to unity and a transition time therefore will not exist.

On the other hand, for s ≥ 1, as tf increases, the region of time-invariant discord
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Figure 5.6: The boundary between the sudden transition and the time-invariant dis-
cord as a function of the Ohmicity parameter s and the minimum value of decoher-
ence factor throughout the time evolution, for two-sided (i) and one-sided (ii) dephas-
ing noise. We show pulse intervals ∆t = 0.3ω−1

c (red triangles), ∆t = 0.4ω−1
c (blue

squares), ∆t = 0.5ω−1
c (orange circles), ∆t = 0.6ω−1

c (green diamonds), ∆t = 1ω−1
c

(blue plus signs), ∆t = 1.5ω−1
c (purple crosses) and ∆t = 2ω−1

c (grey stars). The
final pulse is applied at tf = Nmax∆t ≤ 25ω−1

c where Nmax is the maximum number
of pulses that can be applied within the time interval 0 ≤ t ≤ 25ω−1

c . Quantities
plotted are dimensionless.

will decrease as the coherence decays to increasingly small values.

We have so far shown the potential high values of discord that can be achieved

if one entirely avoids non-Markovianity and instead exploits dynamical decoupling.

However, we now demonstrate the destructive influence of DD on time-invariant

discord for large pulse intervals. Indeed, in Fig. 5.5 a ii), we show that time-

invariant discord is completely non-existent for large pulse intervals (e.g, ωc∆t = 3)

in the case of two-sided noise. Once again, we have extensively investigated this

regime numerically to ensure this behaviour is characteristic of large pulse intervals

∆t > t̃. Our conclusion follows intuitively from the results of Sec. 5.3. Indeed,

we find that short pulse interval DD schemes paired with Markovian environments

(specifically s < 1), are optimal for the creation of time-invariant discord for a

larger range of initial states and compared to relying on non-Markovianity alone as

a resource.

For the sake of comparison, we show in Fig. 5.5 b i) and b ii) corresponding

plots illustrating the same conclusions for when only one of the qubits is affected

by dephasing noise. Although we observe similar results to the previous case, in

general, we note that the regions of invariant discord, in the absence and presence

of control, become larger. Physically, this result is self-evident as in this case, one

of the qubits in the pair is fully protected against noise. However, we note that

whereas the difference in the regions of s and c between the one-sided and two-sided

noise is significant in the case of unpulsed non-Markovian dynamics, the difference

is less pronounced when we implement the DD pulses.
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Let us now extend our investigation by considering the region of parameters c

and s giving rise to time-invariant discord for intermediate values of pulse interval

∆t. The behaviour of the boundary between the sudden transition and the time-

invariant discord for different values of the pulse interval is displayed in Fig. 5.6 (i)

and Fig. 5.6 (ii) for two-sided and one-sided local dephasing noise, respectively. We

plot the transition boundary: below which, discord is time-invariant and classical

correlations decay and above which, the converse is true. Given that e−2Γ(0) = 1 and

considering a fixed value of s, if the initial state parameter 0 ≤ c ≤ 1 is chosen so that

it is smaller than the minimum value of the decoherence factor e−2Γ(t) at any point

during the pulsed dynamics, there occurs no sudden transition and consequently,

discord remains invariant at all times. On the other hand, if c > min(e−2Γ(t)), a

sudden transition takes place and discord begins to decay after the critical time

instant t̄, which can be obtained analytically from the solution of the equation

min(e−2Γ(t)) = c. For one-sided noise, the same is true, replacing e−2Γ(t) with e−Γ(t).

Therefore, Fig. 5.6 actually demonstrates how the region of parameters s and c

creating time-invariant discord are affected as the pulse interval changes between

the short and long interval limits. It is clear, that as the pulse interval ∆t increases,

the overlap between the regions of uncontrolled and controlled time-invariant discord

becomes smaller. Following this, one can say that relying only on non-Markovianity

as a resource of time-invariant discord becomes more preferable in general as the

pulse interval ∆t increases.

5.4.3 Dynamically Decoupled Correlations

We conclude this chapter by studying, for a specific initial state, i.e. c = 0.5, the time

evolution of quantum and classical correlations. Specifically, we are interested in

how DD pulses affect the sudden transition and time-invariant discord dynamics for

small and large pulse intervals with Markovian/non-Markovian regimes. Moreover,

for completeness, we compare the behaviour of discord and classical correlations to

the dynamics of entanglement as measured by concurrence:

C =
1

2
max{0, |e−Γ(t)(1− c)| − 1− c, |e−Γ(t)(1 + c)| − 1 + c}, (5.31)

where we assume that only one of the qubits is locally interacting with the environ-

ment. In line with results from Sec. 5.3, we observe that for short pulse intervals

(∆t < tan(π/s)), and Markovian dynamics (s < 2), both classical correlations and

entanglement are well preserved while discord remains invariant at a non-zero value

for the experimental time interval considered (see. Fig. 5.7 a (i)). Indeed, we re-

alise that both conditions are necessary and leaving even one unsatisfied leads to

vanishing time-invariant discord due to the sudden transition between classical and

quantum decoherence. Moreover, we see that entanglement decays to zero. Natu-
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Figure 5.7: Dynamics of entanglement (dotted green), classical correlations (solid
red) and quantum discord (dashed blue) for i) short pulse spacing ∆t = 0.3 and ii)
long pulse spacing ∆t = 3 (in units of ω−1

c ) and a) Markovian environments (s=1.01)
and b) non-Markovian environments (s=4). The plots are for local dephasing noise
on one qubit and c = 0.5. Quantities plotted are dimensionless.

rally, in order to preserve entanglement through dynamical decoupling, a pulse must

occur before entanglement decays to zero (see Fig. 5.7 (ii)).

More in general, as one can see from Fig. 5.6, for c = 0.5, time-invariant discord

only occurs for small pulse spacings, specifically, ωc∆t / 1. Moreover, in the most

destructive scenario, time-invariant discord can be created in the non-Markovian

regime only for pulse spacings satisfying ωc∆t < 0.4. Once discord becomes invari-

ant, the value depends only on the initial state through the parameter c.

5.5 Conclusions

In this chapter, we have studied an exact dynamical description of dynamical de-

coupling in order to connect the efficiency of DD protocols to the reservoir spectral

density. Particularly, we have studied the direction of information flow between the

system and environment, determined by the interplay of DD and the unperturbed

dynamics. We have explored this connection to shed light on the phenomena respon-

sible for revivals in coherence, specifically, to define the role of non-Markovianity as

a resource in such protocols. Contrary to intuitive reasoning, we found that non-

Markovianity is not trivially a resource for control protocols and instead, memory
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effects are detrimental in the presence of control. Also, in Ref. [48], in the case

of amplitude damping channels, the existence of regimes where non-Markovianity

can be either beneficial or detrimental to optimal control strategies were revealed.

Having efficient error correction in mind, we have focused on the short pulse regime.

In this case, we have found that a Markovian environment is necessary to optimise

the DD performance. With a shift in perspective, we have shown how dynamical

decoupling techniques can be harnessed to engineer and control the non-Markovian

character of the dynamics.

Knowing that it is counterproductive to exploit both DD and non-Markovianity

simultaneously, we investigated the optimal conditions in a quantum information set-

ting. In more detail, we studied the competition between exploiting non-Markovianity

or DD to best preserve quantum correlations. In the absence of control, time-

invariant discord mainly occurs in the non-Markovian regime [66]. In this work,

we studied the intriguing phenomenon of time-invariant discord with the aim of

understanding whether the presence of DD pulses might lead to a wider range of

parameters for which it occurs and if, in this way, one can obtain higher values of

“protected” discord. We have shown that, in the presence of control, the optimal

conditions to achieve significant values of time-invariant discord, persisting for ex-

perimental time scales, are obtained for Markovian reservoirs (s < 2) in the short

pulse regime. Further, we conjecture that for discord to remain invariant to non-

zero values forever, i.e. in the limit tf → ∞, the Ohmicity parameter is further

restricted to s < 1. On the contrary, utilising large pulse spacing and free non-

Markovian dynamics are detrimental to the creation of time-invariant discord, in

the pulsed scenario. In order to achieve the maximum values of discord, and given

the choice, DD techniques are best compared to relying on non-Markovianity alone

as a resource, albeit, for a restricted Ohmicity range (s < 2).
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Chapter 6

Conclusions

The collection of results presented in this thesis are centralised around the multi-

faceted phenomenon of non-Markovianity. The first part of this thesis is devoted

to an extensive comparison of the definitions and associated quantifiers of non-

Markovianity. The following chapters investigate optimal control in non-Markovian

scenarios. Specifically, we exposed the failure of applying the crucial assumption in

control theory, to non-Markovian dynamics. Avoiding this assumption in an exact

microscopic description of control, we investigated the relationship between dynam-

ical decoupling techniques and non-Markovianity, revealing the detrimental role of

non-Markovianity in such schemes. We now examine the conclusions of this thesis

in more detail.

In Chapter 3, we revealed distinct aspects of non-Markovianity through several

recently proposed definitions and associated quantifiers. Particularly, we studied

the RHP, BLP, LFS and BCM measures in relation to their computability, additiv-

ity, and physical interpretation. While all measures are associated with a relevant

physical interpretation, the additivity and computability properties vary. We found

that while all measures excluding the BLP measure are additive (in the sense that

the measure for two qubits in independent environments is twice that for one qubit),

only the RHP measure can be determined analytically. All other measures require

extensive sampling over initial states with formidable difficulties in the optimisation

occurring for higher dimensional systems. Despite the variations between the mea-

sures, the connection between the memory effects each measure captures and the

form of the spectral density is, in most cases, similar. We note, however, that while

in the pure dephasing case, all non-Markovian measures detect non-Markovianity

for the same range of system parameters, the converse is not true in the ampli-

tude damped case. We conclude our comparison by acknowledging that in order to

fully understand the complex physical process, non-Markovianity, each perspective

offered by the measures is valuable.

In the following chapters, we investigated the usefulness of non-Markovianity

in optimal control protocols. In Chapter 4, we studied a simple optimal control
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strategy in the form of a single unitary pulse, in the presence of non-Markovian

noise. In this regime, the widespread assumption in control theory, mainly, that the

dissipator remains fixed in the presence of control, can lead to physical uncertainty

in the resultant dynamics. For pure dephasing dynamics, we found that the only

physically meaningful description of the reduced dynamics in the presence of control

is the one obtained via a microscopic model including the controlled system plus the

environment. In general, if the dissipator changes markedly after each pulse, creating

trajectories with superior properties compared to the uncontrolled trajectories will

not be possible. The only possible solution to this impasse might be the discovery of

certain special forms of non-Markovian dissipators that may not be changing sensibly

in the presence of some specific coherent control schemes, perhaps exploiting specific

symmetries of the dissipator and control Hamiltonian.

In Chapter 5, we studied an exact dynamical description of a purely dephas-

ing system subject to periodic dynamical decoupling protocols. We explored the

relationship between non-Markovianity and DD in terms of information flow to es-

tablish the role of non-Markovianity as a resource in such protocols. With sufficient

error correction in mind, we focused on defining the optimal conditions in the short

pulse regime and demonstrated that a Markovian environment is essential for effi-

cient DD schemes. Indeed, simultaneous use of a non-Markovian dynamics and DD

protocols is counterproductive for coherence preservation. With a shift in perspec-

tive, we demonstrated how dynamical decoupling techniques can be harnessed to

engineer quantum non-Markovianity and control it. With the counterintuitive rela-

tionship between non-Markovianity and DD established, we focused on the preser-

vation of quantum correlations with quantum information tasks in mind. While

in the unpulsed regime, significant values of time-invariant discord mainly occur in

the non-Markovian regime, the converse is true in the pulsed regime, if the spacing

between pulses is small. On the other hand, if the space between pulses is large,

time-invariant discord is completely destroyed.

Our results contribute to the two central themes related to non-Markovianity

regarding its characterisation and role as a resource. While we believe that extending

the GKSL theorem to non-Markovian cases may not be easy to achieve in general,

the possible means to exploit non-Markovianity as a resource should still be further

explored. Indeed, the potential resourcefulness of non-Markovianity in applications

useful for quantum technologies remains an open question. A key line of research

in this approach lies in realising how nature utilises memory effects to preserve

quantum quantities [19, 20].
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Further Dynamical Description

In this section, we define the Kraus operators and complementary maps required for

Chapter 2.

A.1 Pure Dephasing Model

Recalling the operator-sum representation of the dynamical map Φt(ρ) =
∑2

i=1Ki(t)ρK
†
i (t)

with time-dependent Kraus operators, we define for the single qubit dephasing maps:

K1(t) =

√
1 + e−Γ(t)

2
I

K2(t) =

√
1− e−Γ(t)

2
I

Knowledge of the Kraus operators allows one to immediately also write the comple-

mentary map, needed to calculate both the coherent information and the entropy

exchange which appears in the definition of the mutual information of the channel:

Φ̃t[ρ] =
1

2

[
(1 + e−Γ(t)) |1〉E 〈1|+ (1− eΓ(t)) |2〉E 〈2|

]
+

1

2

√
1− e2Γ(t)Tr(ρσz) (|1〉E 〈2|+ |2〉E 〈1|) . (A.1)

For two qubits, the form of the Kraus operators is as follows

K1 =


e−

1
2

Γ−(t) 0 0 0

0 e−
1
2

Γ+(t) 0 0

0 0 e−
1
2

Γ+(t) 0

0 0 0 e−
1
2

Γ−(t)
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K2 = (e−Γ−(t) − 1)
√
e−Γ−(t) + 1


1 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0



K3 =
√

1− e−Γ−(t)


−e−Γ−(t) 0 0 0

0 0 0 0

0 0 0 0

0 0 0 1



K4 = (e−Γ+(t) − 1)
√
e−Γ+(t) + 1


0 0 0 0

0 1 0 0

0 0 0 0

0 0 0 0



K5 =
√

1− e−Γ+(t)


0 0 0 0

0 −e−Γ+(t) 0 0

0 0 1 0

0 0 0 0

 .

We note that for two qubits occupying independent environments, the Kraus oper-

ators are of the above form with Γ±(t)→ Γ(t).

A.2 Amplitude Damped Model

The Kraus representation Φt(ρ) =
∑2

i=1Ki(t)ρK
†
i (t) for the amplitude damping

channel is given by

K1 =

(
1 0

0 G

)

K2 =

(
0
√

1− |G|2

0 0

)
which gives us a complementary map defined by:

Φ̃A
t (ρ) = [1− (1− |G(t)|2)ρ22] |1〉E 〈1|

+ (1− |G(t)|2)ρ22 |2〉E 〈2|

+
√

1− |G(t)|2(ρ12 |1〉E 〈2|+ ρ21 |2〉E 〈1|). (A.2)

For two independent identical environments, the Kraus operators are the tensor

products of Kraus operators of the one qubit case, Kij = Ki ⊗Kj, for i, j = 1, 2.
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Optimisation Evidence

This section contains graphical evidence of the optimisation procedures used in the

calculation of the non-Markovianity measures of Chapter 2. The states sampled are

shown as single points on the plots with the top points corresponding to the points

maximising the measure.

Figure B.1: Non-Markovianity Measure (the largest value in each column for each
plot) for independent two qubit systems for the following reservoir spectra: i) Pure
dephasing, ii) Lorentzian and iii) Photonic Band Gap model. We define the dynam-
ics using a) the Breuer, Laine, Piilo Measure and b) the Luo, Fu, Song Measure.
All the measures are plotted against an environmental parameter which may be
modifed. In general, to maximize each measure, random states are used, including
maximally entangled (purple), pure (pink), mixed states (red) and product states
(green). For the Breuer, Laine and Piilo measure we include combinations of mixed
and pure states (blue), Bell states (black) and the tensor product state |±±〉 〈±±|
(yellow). For all other measures we include separable states other than product
states (dark green), the maximally mixed state (brown) and tensor product state of
the optimizing states for the one qubit case (gold), which is parameter dependent.
We consider for the Pure dephasing, Lorentzian and Photonic the following times
periods: t ∈ [0, 20] in units of ωct, t ∈ [0, 40] in units of λt and t ∈ [0, 20] in units of
βt.
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Figure B.2: Non-Markovianity Measure (the largest value in each column for each
plot) for common two purely dephasing qubit systems for transit times ts i) 0.25,
ii) 2 and iii) 6. We define the dynamics using a) the Breuer, Laine, Piilo Measure,
b) the Luo, Fu, Song Measure, c) the Quantum Capacity Measure and d) the the
Entanglement-Assisted Classical Capacity Measure. All the measures are plotted
against the Ohmicity parameter s which may be modified. In general, to maximize
each measure, random states are used, including maximally entangled (purple), pure
(pink), mixed states (red) and product states (green). For the Breuer, Laine and
Piilo measure we include combinations of mixed and pure states (blue), Bell states
(black) and the tensor product state |±±〉 〈±±| (yellow). For all other measures
we include separable states other than product states (dark green), mixed states of
rank 2 with eigenvalues close to 1

2
(dark red), the maximally mixed state (brown).

We consider a time interval t ∈ [0, 20] in units of ωct. Note for rows c) and d) we
optimize for t = 5 for the Quantum Capacity Q and the Entanglement-Assisted
Classical Capacity Cea respectively.
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