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Abstract:

Two-degree-of-freedom (2DOF) fully passive motion of a flapping foil at a low Reynolds num-
ber Re = 10,000 is studied numerically. The simulations are conducted using open source
computational fluid dynamics (CFD) toolbox OpenFOAM. The present research is mainly fo-
cused on the self-sustained limit-cycle oscillations of a flapping foil with potential application
as a hydro-energy harvester. The effect of different parameters on the onset of linear flutter,
the characteristics of the system response, the available power from a flapping foil and the flow
patterns are investigated. It is found that given a small initial perturbation, the response of the
foil is similar to that of classical linear flutter i.e., the oscillations converged to a constant value
at reduced velocities lower than the flutter velocity and limit-cycle oscillations (LCOs) are ob-
served once the reduced velocities are greater than the flutter velocity. The reduced frequency
of the LCOs exhibits a decreasing trend with increasing reduced velocity. In contrast, the phase
difference between pitch and plunge increases with the increase of the reduced velocity. The
feasibility of power extraction is demonstrated and the time-averaged power shows a single
peak at an intermediate reduced velocity. Limit-cycle oscillations are found to be influenced by
leading-edge vortex shedding as well as trailing-edge flow separation.

Keywords: energy harvesting, leading edge vortices, flapping wings, CFD, fluid structure
interaction

1 INTRODUCTION

Ever-increasing energy demand coupled with the need to reduce greenhouse gas emissions has
made innovative measures for energy generation necessary. Replacement of coal, oil and gas in
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the generation of electric power can only be achieved by a mix of renewable strategies. Water (in
the form of tides, oceanic currents and rivers) has the potential to provide up to three terawatts
of power globally [1]. It is more predictable than wind and is an attractive option for countries
with long coastlines. The majority of existing designs for water-based energy harvesting devices
utilize horizontal-axis or vertical-axis turbines. These designs present several challenges related
to economic viability as well as environmental impact [2]. Recently, novel energy harvesters
mimicking the motion of fish tails have been developed, using the motion of a flapping wing to
drive a generator [1]. The flapping-wing energy harvester offers promise of power generation
at lower flow velocities, with no centrifugal stress associated with rotating blades, and with
lesser noise generation and impact on the environment owing to lower tip speeds [1, 2]. In
this concept, a constrained flapping wing, undergoes sustained oscillations when subject to
adequate freestream flow velocity. Unlike conventional aerodynamic wings and rotary turbines
which require smooth attached flow for maximum efficiency, these energy harvesters mimic
fish swimming in nature by promoting the formation of large vortical structures. In particular, a
leading-edge vortex is periodically formed and shed to achieve high instantaneous forces [3–6]
and high propulsive [7] and power-extraction [8] efficiencies. The sustained oscillation of the
flapping wing results from fluid dynamic flutter, at freestream velocities at and above the linear
flutter velocity.

Early works on theory of flutter based on linear aerodynamic formulations by Theodorsen [9]
and Theodorsen and Garrick [10] can predict the flutter velocity for the case of 2DOF wing.
However, fluid dynamics nonlinearities may result from viscous effects [11] at low Reynolds
numbers such as those considered in this study. Amandolese et al. [12] conducted wind tunnel
tests to study the low speed flutter and limit-cycle oscillations of a 2DOF flat plate at Re ∼
2.5× 104. Their experimental results revealed the significant effect of nonlinear aerodynamics
on the flutter boundary and the post-critical behavior. Ramesh et al. [13] investigated the effect
of aerodynamic and structural parameters on the response of a 2DOF flat plate using a discrete-
vortex method that allows for intermittent leading-edge vortex shedding through a leading-
edge suction parameter (LESP). Their research showed that nonlinearity in the aerodynamics
resulting from leading-edge vortex shedding is sufficient to result in limit-cycle behavior. At
velocities just over the linear flutter velocity, single-period LCOs were seen, while at higher
velocities, multi-period LCOs and subsequently divergent behavior were seen. It was also shows
that the addition of positive cubic stiffening to the system, a structural nonlinearity, resulted in
a larger velocity range of single-period LCOs (albeit of smaller amplitudes) and increased the
velocity at which divergent behavior occurs.

High-fidelity CFD methods have also been used to model 2DOF fully passive flapping of a foil.
Peng and Zhu [14] used a Navier-Stokes model to study energy harvesting through flow-induced
oscillations of a fully passive foil. They found that the interaction between the leading-edge
vortex and the foil can enhance the energy harvesting performance in fully passive motions.
Moreover, they suggest that the pivot location is an important factor to the energy harvesting
capacity. Young et al. [15] used commercial CFD package ANSYS FLUENT 14.0 [16] to
study the power generation from a fully passive flapping foil. The authors reported that the key
to improving the efficiency of energy extraction from the flow is to control the timing of the
formation and location of the leading-edge vortex at crucial times during the flapping cycle and
the interaction of the vortex with the trailing edge. A a more recent numerical study by Wang et
al. [17] suggested that high-efficiency case in fully passive flapping motions is associated with
a large pitch-plunge phase and a ”2S” wake pattern composed of two strong single leading-edge
vortices shed per cycle.
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In this paper, the open source computational fluid dynamics (CFD) toolbox OpenFOAM [18]
is coupled with a 2DOF structural model to study the fluid-structure interaction and limit-cycle
oscillations of a flat plate at a low Reynolds number Re = 10,000. The outline of the rest of
the paper is as follows. A detailed introduction to the numerical methods is provided in Section
2. In Section 3, the problem descriptions are summarized. The numerical results and presented
and analyzed in Section 4 and this paper concludes in Section 5.

2 NUMERICAL METHODS

A sketch of the physical configuration of the aeroelastic system is shown in Figure 1(a). The
fluid flow around the flat plate is modeled by solving the unsteady incompressible Navier-Stokes
equations in conjunction with the Spalart-Allmaras turbulence model [19]. The basic governing
equations are as follows.

∂ui

∂xi

= 0 (1)

∂ui

∂t
+ uj

∂ui

∂xj

= −1

ρ

∂p

∂xi

+
∂

∂xj

(2νSij − u′
ju

′
i) (2)

where ui is the velocity component in the xi direction, t is the time, ρ is the fluid density, p is
the pressure, ν is the kinematic viscosity of the fluid, and Sij is the rate of strain tensor.

Sij =
1

2
(
∂ui

∂xj

+
∂uj

∂xi

) (3)

The quantity τij = −u′
ju

′
i is the Reynolds stress tensor. In the Spalart-Allmaras model, the

Boussinesq approximation is employed to related the Reynolds stress tensor to the rate of strain
tensor.

τij = 2νTSij (4)

where νT is the turbulent eddy viscosity and the related defining equations are νT = ν̃fv1,
fv1 = χ3/χ3 + c3v1, χ = ν̃/ν, ν̃ is an intermediate working variable of the turbulence model
and obeys the following transport equation.

∂ν̃

∂t
+ uj

∂ν̃

∂xj

= cb1S̃ν̃ − cw1fw(
ν̃

d
)2 +

1

σ
{ ∂

∂xj

[(ν + ν̃)
∂ν̃

∂xj

] + cb2
∂ν̃

∂xi

∂ν̃

∂xi

} (5)

where cb1, cw1, cb2 and cv1 are model coefficients and the values are cb1 = 0.1355, cw1 =
cb1
κ2 + 1+cb2

σ
, cb2 = 0.622, cv1 = 7.1, where κ = 0.41 and σ = 2/3. In this study, the trip terms

ft1 and ft2 in the originally published version are turned off and at the same time the ’Trip-less’
initial condition for ν̃ is used following Travin et al. [20].

The governing equations are solved using the open source CFD toolbox OpenFOAM based on a
finite volume method (FVM). A second-order backward implicit scheme is adopted to discretise
the transient terms, while second-order Gaussian integration schemes with linear interpolation
for the face-centered values of the variables are used for the gradient, divergence and Laplacian
terms. The pressure implicit with splitting of operators (PISO) algorithm is employed to achieve
pressure-velocity coupling.
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A close-up of the computational mesh is presented in Figure 1(b). There are 560 nodes along
the circumference of the flat plate and the minimum mesh size next to the flat plate surface in
the radial direction is 0.001c, where c is the chord length of the flat plate. The non-dimensional
mesh size next to the flat plate surface is found to be y+ < 1, where y+ is defined as y+ = ufy/ν
with uf being the friction velocity and y being the distance to the nearest wall. The boundary
conditions for the governing equations are as follows. The surface of the flat plate is assumed to
be smooth, where no-slip boundary condition is employed. The inflow velocity and turbulence
properties are set to be the same as the freestream values. At the outflow boundary, the gradients
of the flow velocity in the streamwise direction is set to zero and the same turbulence properties
as the freestream ones are considered. On the two transverse boundaries, the velocity in the
direction normal to the boundary is zero and the freestream turbulence properties are adopted.
As for the pressure boundary conditions, zero normal gradient of the pressure is applied to all
the boundaries expect the outflow boundary where the pressure is given a reference value of
zero.

α
h

M
L

CG

x

kh

kα

U

(a) (b)
Figure 1: (a) Sketch of the physical configuration and (b) computational mesh.

The plunging and pitching motions of the flat plate can be described by the second-order oscil-
lators:

mḧ− Sα cosα + Sαα̇
2 sinα+ khh = L (6)

−Sα cosα + Iαα̈ + kαα = M (7)

where m is the mass of the flat plate, h is the plunge displacement, kh = mω2
h is the plunge

stiffness, ωh is the characteristic frequency of plunge mode, Iα is the moment of inertia about
the elastic axis, α is the pitch angle, kα = Iαω

2
α is the pitch stiffness and ωα is the characteristic

frequency of the pitch mode. Sα is the static moment of the flat-plate model about the elastic
axis. L and M are the lift and pitching moment about the elastic axis, respectively. Eqs. (6) and
(7) are solved using a Newmark integration method [21] with α(0) = 10◦ and α̇(0) = h(0) =
ḣ(0) = 0.

The fluid-structure interaction is based on a loosely coupled approach in which information
is exchanged at each time step, but no subiterations are included. Within each time step, the
flow equations are solved to obtain the forces and moments on the flat plate. The forces and
moments are then applied to the structural dynamic equations to yield the motion quantities of
the flat plate. After that, spherical linear interpolation (SLERP) of the motion quantities as a
function of distance to the objective surfaces is performed to update the computational mesh
and the next time step begins with solving the flow equations on the updated mesh.
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3 PROBLEM DESCRIPTION

The structural and aerodynamic parameters of the 2DOF flat plate are defined in this section.
The Reynolds number based on the freestream velocity U = 0.1312 m/s and the chord length c
= 0.0762 m of the flat plate is Re = Uc/ν = 10, 000. The base parameter set for the present
simulations are summarized in Table 1. A 2.3%-thick flat plate with semi-circular leading and
trailing edges is considered. The chord length is chosen as a reference length scale. The non-
dimensional distance of the pivot aft of the leading edge is xp = 0.35, the non-dimensional
static unbalance of the flat plate is xα = 0.05, the non-dimensional radius of gyration of the
flat plate about its pivot is rα = 2

√
Iα/mc2 = 0.5, the inverse mass ratio is κ = πρc2/4m,

where m is mass per unit span of the flat plate and different frequency ratios ω = ωh/ωα are
considered.

Table 1: Base parameter set used in the present study.

Parameter Symbol Value
Distance of pivot aft of leading edge xp 0.35c

Static unbalance xα 0.05c
Radius of gyration rα 0.5
Inverse mass ratio κ 0.05

The mesh dependency study is conducted by simulating the fully passive flapping of a flat plate
with a frequency ratio ω = 0.25 at a reduced velocity U∗ = U/ωαc = 1.6. The properties of
the three meshes are listed in Table 1, where Nnode, Nc, ∆r are the total number of nodes, the
node number along the circumference of the flat plate and the minimum mesh size near the flat
plate surface in the radial direction, respectively.

Table 2: Comparison of results from the three meshes.

Mesh Nnode Nc ∆r/c h/c α (deg) k
1 24488 560 0.005 0.2429 64.1864 0.3341
2 48590 1120 0.001 0.2405 65.8029 0.3341
3 99576 2240 0.0005 0.2402 65.9132 0.3341

It can be seen from Table 2 that the reduced frequency k computed from the three meshes are
identical. The maximum difference between Mesh 1 and Mesh 2 is 2.46% which is observed in
pitch angle α, while it reduces to only 0.17% between Mesh 2 and Mesh 3. In the consideration
of both accuracy and computational efforts, Mesh 2 is used in the CFD simulations of the
present study.

4 RESULTS AND DISCUSSIONS

Numerical simulations are performed to investigate the response of a 2DOF fully passive foil
subject to uniform flow at a low Reynolds number Re = 10,000.

4.1 Bifurcation Behavior of Pitch and Plunge Response

Figure 2 shows the bifurcation characteristics of α and h/c as a function of the reduced velocity
U∗ for different frequency ratios. It can be seen that for all the frequency ratios considered in
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Figure 2: Bifurcation characteristics of α and h/c as a function of the reduced velocity U∗ (values are taken at

dα/dt = 0 and dh/dt = 0): (a) α for ω = 0.25, (b) h/c for ω = 0.25, (c) α for ω = 0.5, (d) h/c for
ω = 0.5, (e) α for ω = 0.75, (f) h/c for ω = 0.75, (g) α for ω = 1 and (h) h/c for ω = 1.
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the present study, the oscillatory behavior of the flat plate is convergent at small U∗. Flutter
occurs when U∗ reaches the flutter velocity U∗

F . For ω = 0.25 - 0.75, the flutter response is
single-period constant-amplitude limit-cycle oscillation. α decreases and h/c increases with
the increase of U∗. In contrast, α and h/c both increase with U∗ when ω = 1. Other evident
difference in the response of the flat plate between ω = 1 and the other three frequency ratios
considered in the present study are that there exist offsets in α and h/c and multi-amplitude
oscillation is observed when U∗ is high. As previous results for ω = 1 were quite limited, the
present results for ω = 1 need to be further investigated.

0 0.25 0.5 0.75 1 1.25 1.5
ω

0

0.5

1

1.5

2

2.5

3
U

F*

Murua et al. (2010)
Present

Figure 3: Flutter-onset velocities compared with data by Murua et al. (2010).

Figure 3 shows the comparison of the flutter-onset velocities at different frequencies ratios be-
tween the present results and the data published by Murua et al. [22]. As shown in the figure,
the decreasing trend of U∗

F with the increase of ω for ω = 0.25 - 0.75 in the present results
agrees with that of Murua et al. with the values U∗

F in the present study being higher than those
by Murua et al. As ω increases to 1, the results of Murua et al. exhibit a further decrease in
U∗
F , whereas U∗

F in the present study increases to around 1.82. The discrepancies between the
present results and the results of Murua et al. can be attributed to the viscous effects which is
taken into account in the present CFD simulation but neglected in [22].

4.2 Detailed Study of Limit-Cycle Behavior

Figures 4 and 5 demonstrate the response of the flat plate for ω = 0.25 at U∗ = 1.6 and 3,
respectively. It is apparent that the limit-cycle oscillations of the flat plate at these two reduced
velocities are single period. The single-period response is further affirmed by the PSD plots
in Figures 4(g) and 5(g). Higher harmonic components are observed in the force and moment
coefficients. According the Gsell et al. [23], these higher harmonics impact the transfer of
energy between the flow and the moving body. A nearly circular shape phase-plane plot is
observed for U∗ = 1.6 reflecting that dα/dt∗ is almost sinusoidal. The shape of the phase-plane
plot changes when U∗ increases to 3. The shape of the phase plane plot in Figure 5(f) indicates
that dα/dt∗ is no longer sinusoidal at U∗ = 3.

The response of the flat plate for ω = 1 at U∗ = 1.84 and 1.92 is presented in Figures 6 and
7. It can be seen from Figure 7 that the response of the flat plate shows single-period limit-
cycle oscillation as well. However, the higher harmonic components in the force and moment
coefficients disappear. Moreover, the phase-plane plot are not as coincident as those for ω =
0.25 indicating the modulations in dα/dt∗. As for U∗ = 1.92, the response of the flat plate is
multi-amplitude. Several frequencies are observed in the PSD plot and the phase-plane plot is
irregular.
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Figure 8: Spanwise vorticity ωz contours at different time instants in one cycle for U∗ = 1.6 and ω = 0.25.

We examined the flow around the flat plate when it is undergoing limit-cycle oscillations by
plotting the spanwise vorticity (ωz) contours. Figure 8 exhibits ωz contours at different time
instants in one cycle for U∗ = 1.6 and ω = 0.25. It is observed that the flow is characterized
by leading-edge vortex shedding, which agrees with the conclusions by Zhu [24] and Ramesh
et al. [13]. In fact the leading-edge vortices play a key role in preventing the oscillations from
diverging.

4.3 Effect of Initial Condition

A study on the effect of the initial conditions has also be conducted. Two initial conditions are
considered (i.e., α0 = 10◦ and α̇0 = 60◦/s) and CFD simulations are carried out for U∗ = 1.5
and ω = 0.25. The comparison of the responses under the two initial conditions are given in
Figure 9. It can be seen that the oscillations converge to zero when a small initial perturbation
α0 = 10◦ is given. In contrast, the response of the flat plate develops into limit-cycle oscillations
if it is subject to a larger initial perturbation of α̇0 = 60◦/s. This is in accordance with the
subcritical limit-cycle oscillations reported by Sarkar and Bijl [25] at low reduced frequencies,
likely resulting from the aerodynamic nonlinearity of trailing-edge flow separation.

4.4 Summary of limit-cycle characteristics

A summary of the limit-cycle characteristics for ω = 0.25 - 0.75 is shown in Figure 10. It can
be seen from Figures 10(a) and (b) that limit-cycle oscillations of the flat plate occur at reduced
velocities at and above the flutter velocity (i.e., U∗ ≥ U∗

F ). The oscillation amplitude increases
slightly with the increase of ω. Figures 10(c) and (d) demonstrates the variation of the reduced
frequency k and the phase difference between pitch and plunge ϕ with U∗/U∗

F for different
frequency ratios. For all the three frequency ratios, k decreases with the increase of U∗/U∗

F

while ϕ increases with the increasing U∗/U∗
F . Moreover, higher ω results in higher k and larger

ϕ.
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Figure 9: Effect of initial conditions on the response at U∗ = 1.5 and ω = 0.25: (a) α for α0 = 0◦, (b) α for

α̇0 = 60◦/s,(c) h/c for α0 = 0◦ and (d) h/c for α̇0 = 60◦/s.
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Figure 10: Summary of limit-cycle characteristics for ω = 0.25 - 0.75: (a) α, (b) h/c, (c) k, (d) ϕ.
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4.5 Analysis of Available Power
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Figure 11: Comparison of responses of the flat plate with or without damping at U∗ = 1.6 and ω = 0.25: (a) α

and (b) h/c.
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Figure 12: Variation of time-average power P with U∗: (a) ω = 0.25, (b) ω = 0.5 and ω = 0.75.

The ideal regime for harvesting power from the 2DOF aeroelastic system is in the supercritical,
single-period LCOs that occur above the flutter velocity. The time-averaged power from the
flapping motion is examined. According to Xiao and Zhu (2014) [2], for self-sustained sys-
tems, if the motions are periodic, the time-averaged power from the plunging motion P can be
calculated from the following equation.

P =
1

T

∫ t+T

t

c0ḣ
2dt (8)
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where c0 is the plunge damping coefficient. Although we neglected damping in the parametric
study, we still want to illustrate the variation trend of P with U∗. Therefore, we considered a
very low damping ratio ζ = 0.002 to calculate the time-averaged power in each case so that the
system dynamics are not changed.

Figure 11 shows the comparison of the response of the flat plate for ζ = 0 and ζ = 0.002.
As shown in the figure, the effect of such a low damping on the response of the flat plate is
almost negligible. Therefore, ζ = 0.002 and the ḣ for ζ = 0 are used to estimate the available
time-averaged power. Figure 12 shows the time-averaged power extractable from the plunging
motion for ω = 0.25 - 0.75. For all the three frequency ratios, P first increases with increasing
U∗ then it decreases with the increase of U∗ after it reaches its peak value. We noted that the
present Re = 10,000 corresponds to a small wing of chord length of 0.0762 m in water flowing
at 0.1312 m/s. This and the low value of damping employed (for illustration purposes) result in
the small values of power observed. In actual implementation, such devices must be used in a
large arrays for a good output.

5 CONCLUSIONS

Numerical simulations are performed to investigate limit-cycle oscillations of a 2DOF fully
passive flat plate at Re = 10,000. The effect of different parameters on the onset of linear flutter,
the characteristics of the system response and the flow patterns are investigated.

For all the frequency ratios considered, the response of the flat plate converge to a constant value
if the reduced velocity is lower than the flutter velocity. Subcritical limit-cycle oscillations may
also occur if a large initial perturbation is applied. At reduced velocity immediately greater
than the flutter velocity, the flat plate’s motion exhibits single-period limit-cycle behavior. The
response of the flat plate for the high ω = 1 was an outlier.

The reduced frequency of the post-flutter LCOs decreases with the increase of the reduced ve-
locity whereas the phase difference between pitch and plunge increases as the reduced velocity
is increased.

The time-averaged power increases with the reduced velocity when the reduced velocity is low.
After it reaches its peak value at an intermediate reduced velocity which designs of energy
harvesters may take advantage of, it starts to decrease with the increasing reduced velocity.

Leading-edge vortex shedding and trailing-edge flow separation are found to be associated with
the limit-cycle oscillations. Overall, the present CFD results showed general agreement with
previous studies. Significant data has been generated which provides a proof-of-concept for the
flapping-foil generator, and also informs design for maximizing output and efficiency. Our fu-
ture research includes the effects of structural nonlinearities and the freestream flow conditions
on the performance of flapping-wing energy harvester.
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