-

View metadata, citation and similar papers at core.ac.uk brought to you byfz CORE

provided by Edinburgh Research Explorer

Edinburgh Research Explorer

Conditioned random walks and interaction-driven condensation

Citation for published version:

Szavits-Nossan, J, Evans, MR & Majumdar, SN 2016, 'Conditioned random walks and interaction-driven
condensation' Journal of Physics A: Mathematical and Theoretical, vol. 50, no. 2, 024005. DOI:
10.1088/1751-8121/50/2/024005

Digital Object Identifier (DOI):
10.1088/1751-8121/50/2/024005

Link:
Link to publication record in Edinburgh Research Explorer

Document Version: _
Early version, also known as pre-print

Published In:
Journal of Physics A: Mathematical and Theoretical

General rights

Copyright for the publications made accessible via the Edinburgh Research Explorer is retained by the author(s)
and / or other copyright owners and it is a condition of accessing these publications that users recognise and
abide by the legal requirements associated with these rights.

Take down policy

The University of Edinburgh has made every reasonable effort to ensure that Edinburgh Research Explorer
content complies with UK legislation. If you believe that the public display of this file breaches copyright please
contact openaccess@ed.ac.uk providing details, and we will remove access to the work immediately and
investigate your claim.

OPEN ACCESS

Download date: 05. Apr. 2019


https://core.ac.uk/display/131080548?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
https://doi.org/10.1088/1751-8121/50/2/024005
https://www.research.ed.ac.uk/portal/en/publications/conditioned-random-walks-and-interactiondriven-condensation(6f0585eb-4654-40f3-a558-ba95fb7fd65d).html

1608.03264v2 [cond-mat.stat-mech] 21 Oct 2016

arxXiv

Conditioned random walks and interaction-driven
condensation

Juraj Szavits-Nossan', Martin R Evans' and Satya N
Majumdar?

L SUPA, School of Physics and Astronomy, University of Edinburgh, Peter
Guthrie Tait Road, Edinburgh EH9 3FD, United Kingdom

2 Laboratoire de Physique Théorique et Modeles Statistiques, UMR 8626,
Université Paris Sud 11 and CNRS, Batiment 100, Orsay F-91405, France

E-mail: jszavits@staffmail.ed.ac.uk
E-mail: mevans@staffmail.ed.ac.uk

E-mail: majumdar@lptms.u-psud.fr

Abstract. We consider a discrete-time continuous-space random walk under the
constraints that the number of returns to the origin (local time) and the total area
under the walk are fixed. We first compute the joint probability of an excursion
having area a and returning to the origin for the first time after time 7. We then
show how condensation occurs when the total area constraint is increased: an
excursion containing a finite fraction of the area emerges. Finally we show how
the phenomena generalises previously studied cases of condensation induced by
several constraints and how it is related to interaction-driven condensation which
allows us to explain the phenomenon in the framework of large deviation theory.

PACS numbers: 05.40.-a, 05.50.4+q, 05.60.k

Submitted to: Journal of Physics A: Mathematical and Theoretical



1. Introduction

Recent years have witnessed an increased interest in the mathematical theory of large
deviations, putting the theory at the fore of research in statistical physics. Roughly
speaking, large deviation theory is concerned with probabilities of sums of random

variables which are far away from their expected (mean) value [1]. In physics, these
sums are typically extensive variables such as energy and mass [2], but can also
be time-integrated observables such as currents [3-5]. In most cases with short-
range correlations between the random variables, the probability density that a sum
of random variables Sy = Zf\]:l x; takes a large value Sy = aN (meaning that
a # (Sn)/N) is found to decay exponentially

P(Sy = aN) < e NI(a), N — oo, (1)

where < denotes asymptotic behaviour in the sense that

I(a) = — 1\}51100 InP(Sy =aN)/N (2)

is the rate function characterising the exponential decay. When (1) holds, P(Sy =
aN) is said to satisfy the large deviation principle.

While exceptions to this principle in physics are rare (at least for short-range
correlated variables), their occurrence indicates a strikingly different behaviour. A
prominent example is that of condensation phenomenon, where one of the random
variables takes a macroscopic fraction of the sum [6—8]. The simplest realisation is
found in sums of independent and identically distributed (iid) random variables whose
common probability density f(z;) is heavy-tailed, i.e. has tails that decay slower than
exponential. In that case it is well known that the probability density P(Sy = alN)
is dominated by a single contribution to the sum [9-14],

P(Sy =aN)~ Nf((a—a.)N), N — (3)

where a, = E¢[z] is the mean with respect to f(z;) and the factor N indicates that
any of the random variables can take the role of the condensate.
In physics, condensation phenomena have been extensively studied in mass-
transport models such as the zero-range process (ZRP) and several related models [6,
—22]. These models comprise masses m; (discrete or continuous) that are exchanged
locally between neighbouring sites, typically on a one-dimensional lattice. Despite non-
trivial (and generally non-equilibrium) dynamics, under certain conditions the steady
state in a class of mass-trasport models (such as in ZRP) takes a simple factorised
form [6],

L L
P(ml,...,mL):ZL(lle:[lf(mi)]é ;mj—M . (4)

Here f(m;) is the single-site weight, the delta function ensures that the total mass
My = Zle m; is conserved and equal to M, and Z,(M) is the normalisation constant
(partition function) given by

ZL<M) :/ [Hdml f(ml)l ) ij - M 5 (5)
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where [ denotes the integral (for continuous masses) or the sum (for discrete masses).
The condensation take place provided f(m;) is heavy-tailed and the density p = M/L
is greater than p., which is given by [14, 15]

_ IS dmmf(m)
© f dmf(m)
The heavy-tailed condition required for condensation is that f(m) (modulo any

exponentially decreasing dependence on m) should decay to zero faster than m™2
but slower than exponentially [15]. Thus

f(m) ~ Am™" with ~>2 (1)

(6)

fulfils the criterion as does a stretched exponential distribution
f(m) ~ AmP exp(—em®) with o < 1. (8)

Recently, we showed that iid random variables with a light-tailed distribution can
also exhibit condensation if there is an additional constraint on their linear statistics,
such as the variance }, m? [23]. In that case f(m;) does not need to be heavy-
tailed, since it acquires an additional factor through the second constraint that has a
Weibull-like heavy tail [24].

In this paper we take a step further and study correlated random variables
conditioned on two constraints. As a prototype model belonging to this class, we
study a discrete-time (continuous-space) reflected random walk on a line. A walker
starts at the origin at time ¢ = 0, and undergoes independent jumps at each instant.
If a jump takes it to the negative site, its position is reset to the origin (reflecting
boundary condition) (see Figure 1 for a typical sample path). In this model, the
relevant random variables are the positions x;’s of the walker at different times. Even
though the increments (jumps) at each instant are independent, the positions z;’s at
different times are strongly correlated. We are interested in paths of this process that
realise fixed values of A7 and I defined by

T T
Arp :Zﬂfm lr :Z&:t,o, 9)
t=1 =1

where Ar is the area under the path and /1 is the number of returns to the origin,
which is also known as (discrete) local time. One of our main results is to show that
these two constraints together can generate a single random walk excursion—a path
between two successive returns to the origin—which takes a macroscopic fraction of
the total area Ap. In this context, this single excursion is the analogue of a condensate.
We will discuss when and how this form of condensation occurs.

This condensation phenomenon is seemingly different from the standard one
studied for ii.d. random variables in the literature [0, 14], considering that the
condensate spans more than one random variable x;. However, we show how to recast
the process in terms of random walk excursions, i.e., the paths between successive
returns to the origin, which are mutually independent (due to the Markov nature of
the process), thus connecting this condensation phenomenon to the standard one for
iid random variables. Even though our conclusion holds for generic short-range jump
distribution, in this paper we will present explicit results for the double exponential (or
Laplace) jump distribution for which the transition line (between fluid and condensed
phases) can be found exactly. Indeed, this particular jump distribution has played
an important role already in computing exactly the probability distribution of several
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interesting variables, such as the area under an excursion of a discrete-time random
walk [25]. In our case also, it turns out that this special choice of the jump distribution
makes analytical calculations possible.

Finally, we establish a direct connection between the conditioned random walk
paths discussed above and the mass-transfer models in which the steady state assumes
a pair-factorised form [26] given by

L L
1
P(ml,...,mL) = ZL(M) Hg(mi,miJrl)é ij —pL s (10)
i=1 j=1

where the pair function g(m;, m;+1) consists of the interaction part —J|m;y1 — my]
and the single-site potential Ud,, o

1 1
g(mi,miﬂ) = exp [—J|mi+1 — ml\ + iU(smi’O + 2U5m7;+1,0:| . (11)

The most striking feature of the steady state (10) is that it exhibits spatially-
extended (or interaction-driven) condensation for particle density p above some critical
density p., given in (96). However, a precise understanding of this novel type of
condensation within the theory of large deviations is still lacking.

To fill this gap, we show that the phenomenon of interaction-driven condensation
is related to the standard condensation, albeit one that is driven by two constraints
rather than one. We arrive at this result by mapping the problem to a random walk
that stays non-negative and using recent results on the equivalence of nonequilibrium
path ensembles [27,28]. Our results therefore unify these two seemingly disparate
condensation phenomena and lead us to think that other, more complex condensation
phenomena may have a similar origin [29, 30].

The paper is organised as follows. In Section 2 we study a discrete-time and
continuous-space reflected random walk conditioned on the fixed total area A7 and
number of returns to the origin I7. After recasting the process in terms of successive
random walk excursions, in Section 3 we show how fixing Ap causes a single excursion
to take a finite fraction of the total area, thus signalling a condensation transition.
In Section 4 we establish a direct connection between the conditioned random walk
discussed above and the mass-transfer models with pair-factorised steady states that
exhibit interaction-driven condensation. Finally we conclude in Section 5 with a
summary and discussion. Some details are relegated to the Appendices.

2. Reflected random walk conditioned on area and local time

We consider a discrete-time, continuous space random walk on a line. The walker starts
at the origin at time ¢ = 0. In this model, when the position of the walker becomes
negative, its position is instantaneously reset to the origin. The process, which we
refer to as the reflected random walk, is described by the following recurrence equation

xy = max{0,zs_ 1 + 1}, (12)

where x; is position of the random walker at time step ¢ and n, t = 1,2,...,
are independent and identically distributed (iid) random variables with a common
probability density K (7;). We note that the process (12) is well known in queuing
theory, where it is called the Lindley process [31,32]. Here we are interested in paths
X = (xo,...,27) that start from xg = x at t = 0 and return to the same position



Figure 1. A sample path for the reflected random walk with the double
exponential (Laplace) jump distribution K(n:) = exp(—|n¢|)/2. The path starts
at xop = 2 at time ¢ = 0 and ends at 1 = g = 2 at time ¢t = T = 50; it consists
of three excursions denoted by numbers 1,2 and 3 that are represented by three
different colours.

xr = x9 = x at time T'. In the mathematical literature, these are known as stochastic
bridges. For a reflected random walk, stochastic bridges coincide with stochastic
excursions, which are defined as bridges that stay non-negative.

For a given path X = {zo,...,zr}, we are interested in the following two
functionals of X: the total area Ap[X]

T
Ar[X] =Y an, (13)
t=1

and the number of returns to the origin Ir[X], also known as local time,

Ir[X] = XT: 3ay0- (14)

In addition, we are interested in all paths that achieve fixed values of Ar = A and
Il = N, where both A and N are proportional to the total duration T of the walk,

A=(o/WT.  N=(/pT. (15)

and o and p are positive constants. Generally we choose values of ¢ and p which
correspond to large deviations of the unconstrained walk.

Our main goal in this paper is to show that conditioning paths on their total area
and local time, both set proportional to the total duration T' of the walk, leads to the
emergence of a single large excursion, which we refer to as the condensate, that takes a
macroscopic fraction of the fixed total area A. This condensation phenomenon occurs
when o (defined in (15)) is larger than the critical o, (for a fixed p), which we calculate
explicitly for the double exponential (also known as the Laplace) jump distribution
K(n) = exp(—|n])/2 (normalised to unity). We also show that conditioning on Iy = N
alone does not cause the transition—it is only when both A7 and [y are fixed that
the condensate emerges.
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We start by writing down the path probability P[X|Ar = A,lr = N] of observing
a path X conditioned on the events Ar = A and I = N, which reads
1 T
PX|Ar = Al =N]= ——— _1)0(lr = N)§(Ar — A 16
[X[|Ar = A,lr = N] ZN(AvT)Ew(:vt\mt 1)0(lr — N)é(Ar — A),  (16)
where Zn(A,T) and w(x¢|zi—1) are the normalisation constant and the transition
probability, respectively,

In(AT) = /Ooo dzs ... /OOO dor [ wlodlze1)8(z — N)S(Az — 4), (17)
t=1

—Tt—1

woioes) = 8apo [ Kl + Ko~ 1), (18)
—0o0

We note that the variable x; in (12) is neither a continuous nor a discrete random
variable, but a mixture of both. Such mixed random variables are described by a
generalised transition probability (18) that involves the Dirac delta function. The
form in (18) takes into account the fact that if a jump at time ¢ — 1 takes the walker
to the negative side, its position at x; is instantaneously reset to 0.

Instead of writing the delta function 6(Ir — N) in (17) and integrating over all
paths, we can take N returns explicitly into account, as follows. Let us denote with
ti;,1=1,..., N, the time of the i-th return to the origin. Then the path between t;_;
and t; is a random walk excursion and we let 7; and a; denote its duration and area,
respectively,

T, = ti — ti—17 a; = Z Tt. (19)

(Note that since z7 = z, the duration and area of the first excursion are given by
1=t1+ (T —tn) and (xty +...27) + (21 + ... + x4, ), respectively; see Figure 1 for
more details.) The partition function Zy(A,T) can then be written in an alternative
form

© N ., N N
ZN(AT) = Y H/O da; f(ai, )8 | Y _a;— A 5<ZTk—T> (20)
j=1 k=1

{ri=1}i=1

where f(a;,7;) is the joint probability density for the duration 7; and area a; of
excursion 1.

The expression (20) for the partition function Zy(A,T) is central to our paper.
The advantage of introducing new random variables a; and 7; is that the pairs {a;, 7; },
for different ¢ = 1,..., N are mutually independent (except for the global constraints
on their sums), in contrast to the positions x;, t = 1,...,T, which depend on z;_.
This formulation thus exploits explicitly the renewal nature of the process (see Figure

1).
Here we compute the joint probability density f(a,7) for the discrete-time and
continuous-space random walk with the double exponential jump probability density

K(m) = el (21)

To the best of our knowledge, explicit calculations of f(a,7) have been made
so far only for the simple (Bernoulli) random walk (discrete time and space) by
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Takdcs [33] and for the Brownian motion (continuous time and space) by Kearney
and Majumdar [34]. In that context, our results present a novel calculation for the
discrete-time and continuous-space random walk.

2.1. Explicit calculation for the double exponential jump distribution

To calculate f(a,7), we need to study the probability of the following event. We
consider a free random walker starting at the origin that makes successive jumps,
stays positive till step 7 — 1 and at time 7 becomes negative for the first time. Thus 7
is the first-passage time and is a random variable. Let a = ZZ;& x; denote the ‘area’
contained under the walk up to this first-passage time. Then f(a, ) denotes the joint
probability density of the area a till the first-passage time and the first-passage time 7
itself. Problems where one is interested in computing distributions of functionals
of a random walk till its first-passage time are generally referred to first-passage
functionals [35]. To compute these distributions, it turns out to be advantageous to
use a backward Fokker-Planck approach, suitably adapted [35,36]. For this purpose,
we will consider the starting position of the random walker xo = x > 0 as a variable,
calculate distributions of the functionals for a given x > 0, and eventually set x = 0
to obtain our desired result.

A
X

o

=

N

w

. ,,
« O

ty

Figure 2. A schematic sample path for the random walk that starts at the
initial position xg = > 0 at time ¢ = 0 and its position evolves via successive
independent jumps. It crosses 0 to the negative side for the first time at 7 = 6.

The total area till the first-passage time 7 = 6 is defined as a = :;01:5 Tt.

Let f(x,a,7) denote the joint probability density of a and 7, starting at xg = z,
where, as before, a = 22;01 2¢. To find f(x, a, 7) we have to integrate over all positions
xy, t =1,...,7, where z; is strictly positive at £ = 1,...,7 — 1 and negative or zero
at t = 7 (see Figure 2 for a schematic representation):

o0
f(z,a,7) :/ dey...dz,—1 K(z1 —2) ... K(27—1 — ,-2)
0

0 T—1
X / dz, K(z; —x;-1)0 (tha>
t=0

— 00

:/OodxlK(xl—x)f(:yl,a—x,T—l), T>1 (22)
0
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This integral equation has a simple interpretation: in the first step the walker jumps
from the initial position = to a new point at z; > 0 (the probability of this event
is simply K (x1 — x)dzq). Following this first step the process renews itself with x;
being the new starting position. For the subsequent evolution starting at x1, the area
should be a — x and the first-passage time should be 7 — 1, explaining the factor
f(xz1,a — 2,7 —1) on the rhs. Finally, one needs to integrate over all possible z1; > 0.
A separate case to consider is for 7 = 1 for which f(x,a,7) is given by

0
f(zya,1) =6(x — a)/_ dz1 K (z1 — ). (23)

This happens if at the first step the walker jumps to the negative side. Note that the
recursion equations (22) and (23) hold for arbitrary jump distribution K (7).

To make further progress, it is useful to consider the Laplace transform/moment-
generating function G(z,p, z) defined as

G(z,p,z) = /000 da e™P? if(%a,T)zT. (24)
T=1

The equation for G(x,p, z) is obtained by inserting (24) into (22) and (23), yielding

G(l‘,p, Z) = ze—pr/ dxl K(xl - l‘)G(l‘l’p, Z)
0

0
+ ze”P¥ / dz1 K (21 — ). (25)
— 00
These integral equations (where the limits of the integrals on the right hand side
are over a semi-infinite line) are generally known as Weiner-Hopf equations and they
are notoriously hard to solve explicitly for arbitrary jump distribution K(n) (for a
discussion see [36]). However, in the special case of the double exponential distribution
(21), one can make progress, as we now show.
A key simplification for the double exponential case that allows us to solve the
above integral equation is the following identity
d2
dz?
By taking the second derivative of (25) and making use of the identity (26) gives the
following differential equation for G(z,p, 2)
2
% + Zpg + (p* — 14 2eP")G = 0. (27)
In order to reduce this second order ordinary differential equation to a standard form,
we first make a change of variable u = 22'/2¢7P%/2/p and then define W (u,p,z) =
eP*G(x, p, z). Tt is then easy to see that W (u) satisfies Bessel’s differential equation
2
u? CL;QV + u% + [u? = (2/p)*]W = 0. (28)
Hence, the general solution to the original differential equation (27) can be written as

W(w,p,2) = Alp,2) Jojy (21727772 p) + B(p,2) Nayy, (22127722 p) , (29)

where J, and N, are Bessel functions of the first and second kind respectively, and
A and B are arbitrary constants independent of x (they are however functions of p

e lv—zl — o—ly—=z| _ 26(x — ). (26)
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and z). Since G must not diverge as x — oo, we can discard the second solution (set
B = 0) to obtain

Glep.2) = Alp.2) e Ty (22127712 p) (30)

Determining the constant A(p, z) is however far from trivial. To fix this, we substitute
the solution (30) back into the original integral equation (25), and after somewhat
laborious algebra described in Appendix A, we finally obtain A(p, z) in the convenient
closed form

S1/2

- J2/p—1(221/2/p). oy

Equation (30) together with (31) are the main result of this section. In particular,
setting x = 0 gives the desired Laplace transform/moment-generating function g(p, z)
for the joint probability density f(a,7) = f(x =0,a,7)

A(p, 2)

21/2J2/p(221/2/p)
Joyp—1(2212/p)

The Laplace transform/moment-generating function g(p, z) in (32) is sufficient to show
that the partition function Zy(A,T) exhibits a condensation transition, which we
prove in the next Section.

For later usage in the next section, it is convenient to define at this point the
inverse Laplace transform (with respect to p) of g(p, z) in (32)

Fla,2) = if(a,r) . /

where the contour v is the usual Bromwich contour taken parallel to the imaginary
axis and to the right of any singularities in the complex p plane.

9(p,2) =G(x=0,p,z) = /000 dae™ P Zf(a,T)ZT = (32)
=1

~y+ioo dp

ap
5 e g(p, z) (33)

—100

3. Analysis of the partition function and the condensation transition

In this Section we analyse the partition function Zy(A,T) defined in (20) and the
circumstances under which the condensation occurs. To this end, we study the Laplace
transform/moment-generating function Zy(p, z) defined as

Zn(p2) =) 2" / T4 Zy(AT) = g ) (34)
T=0 0

where g(p, z) is given in (32). We first show that fixing either the local time Ir or
the total area Ar, while allowing the other observable to fluctuate, does not lead to
condensation.

3.1. No condensation transition when either local time or total area is fized

Fixing only the local time Iy amounts to setting p = 0 in (34) since

T=0 0

Y " Zn(T) = [9(p=0,2)", (35)
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where Zn(T) is given by

ZN(T) = Z HfT(TZ)(S ZTj -T (36)

{Tizl} =1

and f-(7) = [;* f(a,7)da is the (marginal) distribution of the first-passage time 7.
Also, g(p = 0,2z) = > 72, f+(7) 27 is just the generating function of the first-passage
time distribution.

Note that Eq. (36) is similar to the standard form of the partition function in
(5) with a single site weight f,(7;). Hence, from the general criterion for condensation
discussed in Section 1, we expect condensation to happen if f.(7) decays for large 7
slower than exponential (for example, algebraically with an exponent more than 2).
We show below that this is not the case.

To compute f,(7), we compute its generating function g(p = 0, z) by taking the
limit p — 0 of ¢g(p, z) defined in (32). Alternatively, we can compute g(p = 0, z) by
going back to the equation for G(z,p,z), which becomes much simpler when p = 0
yielding

d2G
—_— —1)G=0. 37
4 (e - 1) (37)
The general solution to this equation is
G(z,0,2) = Ag(2)e V177 4 By(z)e* V1%, (38)

from which we discard the second solution as being nonphysical so that By(z) = 0.
The constant Ag(z) can be then calculated by inserting (38) into the integral equation
for G(z,p,z) in (25) and following the same steps as before, which are detailed in
Appendix A. The final result for G(z,0, 2) is

G(z,0,2) = [1 = V1 —z]e V177 (39)

from which the moment-generating function of the first-passage time 7 is obtained by
letting = = 0 yielding

g(sz,z):ZfT(T)zT:1—\/1—2. (40)
T=1

Expanding ¢(0, z) around z = 0 gives the following expression for the first-passage
time distribution f,(7) and its tail for large 7,

1 27 — 2 1

fT(T)=W<7_1>NW7 T — 0. (41)
The distribution f.(7) has a power-law tail with the exponent 3/2, which is less than
the value 2 required for condensation to happen. We thus conclude that fixing local
time [ alone is not enough to induce condensation.

Importantly, this conclusion extends to jump distributions other than the double
exponential distribution studied here. It is due to the remarkable fact that the
first-passage time distribution f,(7) in (41) is universal for a discrete-time random
walk with arbitrary continuous jump distribution, which is contained in the Sparre
Andersen theorem [37-39].
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In a similar fashion, we consider the case in which only the total area Ar is fixed.
This amounts to setting z = 1 in (34) since

Zn(p,z=1)= Z/ dA eipAZN(A,T)
T7=0"0

= /000 dA e PAZN(A) = [g(p, z = )]V, (42)

where Zy(A) is given by

00 0o N N
ZN(A):/O dal.../o daNil;[lfa(ai)é ;aj—A (43)

and fu(a) = Y77, f(a,7) is the (marginal) probability density of the area under an
excursion. Setting z = 1 in the expression (32) for g(p, z) gives

J2/5(2/p) 1
g(p,z=1) = = , ; (44)
J _ 2 p JQ/p(Q/p)
2/p 1( / ) 1+ AR
where in the last step we used the relation
Jy_1(u) = g.fy(u) T (). (45)
We can apply the following asymptotic expansion of J),(v) and J, (v) when v — oo [40],
22/3A1'(0) 1
!
J,~ — 373 +O<1/4/3> vV — 00,
2173 Ai(0) 1
JVN1/1/3+O<V)7 vV — 00, (46)

where Ai(x) and Ai’(x) are the Airy function and its first derivative, respectively,
which upon inserting into (44) finally yields

iy
=1- Wpl/S + O(p2/3>7 p— 0. (47)

It is well known that the existence of non-integer powers in the moment-generating
function around p = 0 means that the corresponding probability distribution has
power-law tails (see, for example, [11]). Omitting here the details, the tail of f(a)
when « is large is given by

1 1
fa(a)’vmma a — 0. (48)
A similar expression has been obtained for the Brownian motion in Ref. [31]. As

before, the exponent 4/3 is less than 2 and hence, there is no condensation transition.
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3.2. Condensation transition when both local time and total area are fized

When both [ and A are fixed, we have to study the full partition function Zy (A, T)
which can be obtained by inverting Zn(p, z) in (34)

ZN(A’T) — /C+i°° dl GPA% dz [g(pa z)]N (49)

2mi omi 2T+l 7

c—100

where 7 is a contour around z = 0 where g(p, z) is analytic and ¢ is a real number such
that ¢ is greater than the real part of all the singularities of the integrand. Setting

T = uN, A=0oN, (50)
the partition function Zn (7T, A) can be written as

ZN(AT) = /

c—100

c+ioo d 1
D f a1 ownpe), (51)
2mi ), 2mi 2
where h(p, z) is given by
h(p, %) = Ing(p, 2) — plnz + por (52)

The standard technique to evaluate the integral (51) for large N is to use the
saddle-point method, which amounts to solving the following saddle-point equations

0
H= Zglng(Pa z) (53a)
0
o= — a—plng(p, z). (53b)

In general, if both saddle-point equations admit a solution denoted by z = zy
and p = pg then Zy(oN,uN) can be found by the saddle-point method yielding
ZN(oN, uN) ~ exp[Nh(po, z9)] for large N. On the other hand, if one or both saddle-
points have no solution, then the saddle-point method is no longer applicable, which
typically signals a condensation transition. We show below that the equation (53a) has
a solution for any p > 1, while the equation (53b) has a solution only for 0 < o < o.(),
where the transition point o.(u) is given by (66b).

To analyse the saddle-point equations, it proves convenient to consider an
auxiliary probability density w(a, )
fla,7) 27 e P

9(p, 2)
This auxiliary joint distribution, whose arguments are a and 7 and which is

parametrised by p and z, indeed corresponds to the grand canonical ensemble when p
and z are chosen appropriately. The first saddle-point equation (53a) is then simply

p=Ey[7], (55)

where the average is taken with respect to the probability density w. In Appendix C
we show that the function E, [7](p, z) for fixed p increases monotonically from 1 to oo
for 0 < z < (pja/p—1,1/2)%, where j, 1, is the k-th zero of the Bessel function .J,. This
means that equation (55) can be solved for any p > 1 and we denote its solution by
2o(p, )

Using the probability density w(a,T;p, z), we can write the second saddle-point
equation (530) as

o =E,la]. (56)

w(a,r;p, z) = (54)
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In Appendix C we show that E,[a](p, z0(p, 1)) is monotonically decreasing in p and
decays to 0 when p — oo.

To summarise, saddle-point equation (53a) can always be satisfied for 1 < p < oo
whereas saddle-point equation (53b) can only be satisfied for sufficiently small 0. The
maximal value of o, which we denote o, for which equation (53b) can be satisfied is
given by taking p — 0 in the right hand side and replacing z by the value zg which
solves equation (53a) as p — 0:

oo = E. [al(0, 20(p = 0, ). (57)

To find o, we thus need to analyse (32) in the p — 0 limit. We use the following
asymptotic expansions of the Bessel function J,(r2'/?) and its derivative J (vz'/?)

when v — oo [40], (in our case we will identify v = 2/p)
4 \ M TAIW3¢) _
1/2y 5/3
T (vzt?) ~ <1_z> [ e +o(y / )] (58a)
2 [ 4¢ O\ YATAY (0230 _
AV N R . ALPTT6) 4/3
J (vz/?) ~ i/ (1 — z) NTE +0 (u ) , (58b)

where Ai(x) is the Airy function and ¢ = {(z) is given by

2 14+ V1=
3<3/2:1n{+\\/f7}_m 0<z<1. (59)

Using the identity (45) we can rewrite g(p, z) in (32) as

T (222 /9) ]
/p
p,z) =2 1422 77 60
g( ) J2/p(221/2/p) ( )
Combining (58a), (58b) and (60) yields
z
g(p7z) = 1—(1_2)1/2.[/(22/3]772/3(), p_>07 (61)
and the function L(x), appearing in (61) is given by
./
Ai'(x) (62)

(z) = 21/2Ai(z)
Since we are considering p — 0 and therefore large argument x of the function
L(x), we can further make use of the following expansion of L(z) for large, real =

Ai'(z) 1

_ _ 1 -3
L(z) = TZAN(D) 1 123 +O(z™7), T — 00. (63)
Inserting (63) into (61), one obtains, for small p > 0 and fixed z, the leading expression
z

9(p, 2) (64)

Tl o2+ BT 2(E2T

Incidentally, we note that at p = 0 one recovers the exact universal Sparre Andersen
expression as in Eq. (40)

g((),z):ﬁzl—\/l—z. (65)
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Finally, taking partial derivatives with respect to z and p gives the following
expressions for zo(0; p) and o.(u),

20(0,p) =1— ﬁ (66a)

B 1
oc(p) = 120 [ln (ﬁ) - 2#2_1} .

The exact expression (660) for the critical line o.(u), is the main result of this
section. Its significance is that the saddle-point equation (53b) can be solved only for
0 < 0 < o, (the ‘fluid’ phase), but has no solution for o > o, (the ‘condensed’ phase).
The phase diagram in the p — o plane with o.(u) separating these two regimes is
presented in Figure 3.

(66b)

80}
— 0c()
60
condensed
® 40! phase
20t fluid phase
07 L L
0 2 4 6 8 10

Figure 3. Phase diagram in the p — o plane consisting of the ‘fluid’ phase and
‘condensed’ phase for 0 < ¢ < 0. and ¢ > o, respectively.

3.8. Nature of the condensate

To understand how the condensate arises in the system, let us write again the
microcanonical partition function Zy (A, T)

S N N N
ZN(A7T):/ dal...daNZHf(ai,Ti)é <ZTk—T>6 Zaj—A , (67)
k=1 j=1

0 {r}i=1

which describes the system of N random walk excursions with fixed total area A and
total duration 7.
For A=0N and T = uN, the grand canonical partition function is given by

0o N
o2 = / dar...day Y [ [ flaim)e ™2™ = [g(p. 2)]", (68)
0 .
{ri}i=1
where z and p are found by solving the saddle-point equations (53a) and (53b),
respectively. In the previous Section we showed that the microcanonical and grand
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canonical ensembles are not equivalent when o > o, because we cannot find p = pq
that solves the second saddle-point equation (53b). However, since we can always find
the solution to the first saddle point equation (53a), we can replace the microcanonical
part that enforces I = N by the corresponding canonical one. The resulting partition
function,

0o N N
yN(A,z):/ da; ...day HZf(ai,Ti)z” ) Zaj—A , (69)
0 i=1{r;} j=1

can be considered as a mizred canonical-microcanonical partition function: canonical
with respect to Ip and microcanonical with respect to Ar (see Section 5 in Ref. [11]
for a rigorous analysis).

For ¢ > 0., we know that the mixed canonical-microcanonical ensemble is
equivalent to the microcanonical one for z = zo(p = 0, ) = 1 — 1/(2u — 1), since
that is the solution to the first saddle-point equation (53a). To calculate Yy (A4, z),
we consider the marginal of w(a, 7;p, z) (54), evaluated at z = zo(p =0, ) and p =0

w(a) = Zw(a,T;O,Zo) =

T=1

1 - f(a7 ZO)

—_ fla, 1) 2] = ———=, 70

o) 2@ =gy ™
where we have used the definition of f(a,2) in (33) and ¢(0,2) = 1 — v/I — z from
(65).

The distribution w(a) in (70) is thus the effective single-excursion area distribution
within the mixed canonical-microcanonical ensemble. It is straightforward to establish
the following properties of w(a):

/OOO da w(a) = 1, /OOO da aw(a) = .. (71)

Using w(a), the mixed partition function Yy (A, zp) can be written as

N
In(A, z) = [9(0, z0) ]V P <Z a; = A) : (72)
i=1

where P is the probability density of the sum of iid random variables a; with common
probability density w(a;),

N oo N N
P<Zai:A) :/ dal,...daNHw(ai)é Zaj—A . (73)
i=1 0 i=1 j=1

The condensation thus arises because the canonical probability density w(a;) for the
area of a single excursion, which emerges by conditioning random walks to fixed local
time, becomes heavy-tailed. We explicitly calculate this heavy-tailed behaviour and
show it to be stretched exponential in section 3.4, equation (92). The second constraint
on the total area vazl a; = oN then forces the sum to have a large deviation, for
which the condensation phenomenon is known to occur in which one random variable
a; has a macroscopic size of (o — o.)N.

This condensation mechanism is very similar to the one we previously studied in
Ref. [23,24]. There the partition function of random variables m;, i = 1,..., L was
given by

00 L L L
ZL(V,M):/ dmy.omp [ Fma)o [ Y my =M | o (S mi/ v ], (19
0 i=1 j=1 j=1
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—rm

where f(m;) = re and 0 < ¢ < 1 is a parameter appearing in the second
delta function constraint in (74). In the condensed regime, the mixed canonical-
microcanonical function for this problem reads

oo L N
Yo(V,r) = / dmy ...dmy [H f(mi)esmi] s Zm;/q v
0 =1 j=1

N

o L
:/ dvl...vaH[qvgflf(ug)e*w?}a dov=Vv], (75)
0 i=1

j=1

where in the second line we made a change of variables v; = m; /1. The probability
density of v; now has a stretched exponential heavy tail exp(—(s + r)v?), 0 < ¢ < 1,
which is at the origin of this constraint-driven condensation.

3.4. Asymptotic behaviour of w(a)
From Eq. (70), we have

w(a) B g(anO) (76)

where zg is the solution (66a). In order to compute the large a behaviour of w(a),
we need to then compute f(a,z) from (33), by inverting the Laplace transform (with
respect to p) of g(p, z) given explicitly in (32), and finally replace z by zp.

Exact computation of w(a) via inverting this Laplace transform for arbitrary
a is rather hard. However, one can make progress for large a, by exploiting the
singularity structure of g(p,z) in the complex p plane. We note that g(p,z) has a
branch cut for Re[p] < 0 with p = 0 being a branch point. Therefore we may deform
the Bromwich contour in the complex p plane (33) into a contour C' which extends
from oo e~ ™9 around the origin anti clockwise and back to —co above the branch
cut along 0o et (™9 where § is some infinitesimal real number (see Fig. 4). In the
following we will neglect § to lighten the notation. We expect the inversion integral to
be dominated for large a by contributions near to the branch point at p = 0, therefore
we develop an expansion for small p, along the deformed contour C.

We first consider the function L(z) (62) where z = 22/3p=2/3¢. In the case

p = ee™™ where € — 0, we need to consider L(yeF?™/3) as y — oo where
Y= 22/36_2/3C . (77)
We use the following connection formulae [10]
Ai(ye™™%) = fim/g [Ai(y) F iBi(y)] (78)
AV (ye=27%) = Lowni a1 ) = imi (o) (79)

Using (78,79) and the definition (62) we may write
1 [A(y) 4B (y)]
y'/? [Ai(y) £ iBi(y)]
1 Bi'(y) Al'(y) | Ai(y)

T TR TR B T (81

L(yeq:27ri/3) _
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A
complex p plane Y- - Bromwich
contour
CA
fffffffffffffff . e >

Figure 4. The branch cut in the complex p plane is along the negative real p
axis (shown by dashed red lines) with the origin O (red filled circle) as the branch
point. The Bromwich contour + is deformed to the contour C around the negative
real p axis.

1 Bi
Now although —75 1(y)
y'/? Bi(y)
analytic function of e. This function which tends to —1 as ¢ — 0 (y — o0), thus
the leading non-analytic terms in (81) come from the two ratios Ai’(y)/Bi’'(y) and

Ai(y)/Bi(y). We use the asymptotic behaviours for large y (small €)

is non-analytic in y, by virtue of the relation (77) it is an

. 1 _ u
Al(y) ~ 27T1/2 y 1/46 (82)
. 1 _
Ai'(y) ~ — 512 y1/4e “ (83)
. 1 u
Bi(y) ~ 7 /4o (84)
. 1 w
Bi'(y) ~ — mywle (85)
where
2 379
U= gy (86)
to obtain the leading non-analytic behaviour of L as y — oo
) 4 3/2
L(ye®?™/3) ~ —1 Fiexp < y3 > . (87)

We use this expression and equations (77) and (61), to evaluate the leading
nonanalytic term in the expansion of g(p, z), for p = ee*™ where ¢ — 0,

gleer™, ) (1—x)P b

4(0,2) ””%H(l—@lﬂ)“p(e) (88)
where
_8C3/2

b
3

(89)
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and ( is defined as before in (59). Using the deformed contour C' we now obtain equal
contributions from pieces above and below the branch cut and we obtain

fla,2z) 1 (1—2z)? o0 b
9(0, 2) T (1+ (1 —2)1/2) /0 exp (-6 - ea) de (90)

Note that in (90) we may use the small e behaviour even though the limit of
integration extends to 0o, because for large a the integral is dominated by small €. In
fact, we can evaluate (90) by a straightforward application of the saddle point method
to find the integral is dominated by contributions around € = (b/a)'/? and we obtain
fora>1

fla,z) 1 b/t (1= 2)1/?
g(0,2) — w/2a3/4 (14 (1 —2)1/2)

Finally we can insert the value of z = 2 into (91) and use the definition (70) to
find the asymptotic behaviour of the single-excursion area distribution:
1o/t 1 L
~ Copl/2 1 /2)
w(a) ~ 172 3371 2 exp ( 2% a (92)
This expression confirms a stretched exponential form which obeys the criterion for a
condensation transition [15]. Thus the effect of the joint constraints is to induce an
effective single excursion area distribution which admits a condensation transition for
the area constraint in (73).

exp (7261/2a1/2) (91)

4. Interaction-driven condensation in pair-factorised steady states

In this Section we make an explicit connection between reflected random walk paths
conditioned on fixed local time and area and pair-factorised steady states in mass-
transfer models which exhibit interaction-driven condensation.

4.1. A short review of the interaction-driven condensation

Interaction-driven condensation is a novel type of condensation that was reported first
by Evans, Hanney and Majumdar in 2006 [26]. The condensation takes place in one-
dimensional mass-transfer models in which discrete masses m; > 0,4 = 1,...,L are
exchanged at rates that depend on their immediate environment, which mimics local
interaction between the masses.

Under certain conditions on the dynamics, the steady state can be found explicitly
and takes the following pair-factorised form:

L L
1
P(ml,...,mL) = ZL(M) Hg(mi,mi+1)(5 E m; - M y (93)
i=1 j=1

where the partition function Zp, (M) is given by

L L
Z (M) =" ] 9(mi,mis1)é ij - M|. (94)

{m.} i=1

The weight function g(m;, m;41) reads

1 1
g(mi,mi_,_l) = exp [J|mi+1 — ml\ + §U5m,;,0 + §U5m7;+1,0 , (95)
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where J and U are positive constants. For the choice of g(m;,m;y1) in (95), the
condensation occurs for the density p = M/L greater than the critical density p.,
_ 1
Pem @I —e Uz 1"

(96)

This condensation differs from the standard one found in mass-transfer models
with factorised steady states: here the condensate does not reside on a single site
but extends over O(Ll/ 2) sites; for this reason, the phenomenon is also known as
spatially-extended condensation [42—44].

4.2. Mapping pair factorised steady states to the reflected random walk paths
Inserting (95) into (94) gives

0= 5 [l

{m:>0}

Eie10mi0g (ka— ) (97)

The expression in square brackets is proportional to the path probability for the
standard random walk,

L e’ +1
He—J\mi+1—7m| — ( ) He m2+1 mz) (98)
i=1

where 0(n) is the discrete double exponential jump distribution

el — s
o= (S7)e X s -t (99)

n=—00

However, since the summation in Zp(M) is over all non-negative m;, i = 1,...,L
we would like to rewrite the above expression in terms of the reflected rather than
the standard random walk. This is indeed possible for the double exponential jump
distribution and the corresponding transition probability reads

w(misa|mi) =m0 | D 0M) | +[1 = 6m,py 00(mirs —my)
n=-—o00
= 0(mip1 — my)ePmine (100)

where R = J —In(e’ — 1). Inserting (100) into (97) gives
Z Hw miy1|m;)e (U Ble § (Z my, — ) (101)
{m;>0} i=1
where [, = Zle Om;,0- The only thing left to do is to interpret the exponential
weight exp[(U — R)l1], which we do in terms of nonequilibrium path ensembles.
4.3. Nonequilibrium path ensembles and their equivalence
First, we note that the sum in the exponential in (101) is just the local time I,
e(U*R) ZiLZI 57"i»0 — e(UiR)lL . (102)

Second, we argue that the exponential factor exp[(U — R)I.] represents the driven
path ensemble (also known as s ensemble for short) with respect to [y, in contrast to
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the microcanonical or conditioned one in which [y, is fixed. Such nonequilibrium paths
extend the notion of statistical (thermodynamic) ensembles to dynamical trajectories
of systems which are not necessarily in the thermal equilibrium [28, 30].

The driven or s ensemble is described by the exponentially tilted path probability

([T wlmigalma)| et

(o) |
On the other hand, the microcanonical ensemble conditioned on a large deviation
l;, = N = AL is described by the path probability

T2, w(mia|mi)d(lp — AL)

Py[m] = (103)

Plml|lp, = \L] = 104
Here, the asymptotic equivalence means that
1 Py[m]
lim - In—F7-+———= =0 105
L5ee L Plmll, = M (105)
almost everywhere with respect to Ps[m] [27,28]. The equivalence holds provided (a)

the probability distribution P(I;, = AL) for the reflected random walk obeys a large
deviations principle,

P(lp, = AN) ~ e EI) L — oo (106)

and (b) the corresponding rate function I () is convex. In addition, if the rate function
I()) is differentiable, then the titling parameter s is unique and is given by s = I'()).

Assuming that the equivalence (105) holds, we can choose A such that U — R =
I'(A). The partition function Zp(M) in (101) is then equivalent to the following
microcanonical partition function

L L L
ZyM,N)= > [Jwmizalm)s | Y 6m0—N|6 <Z mp M) , (107)
j=1 k=1

{m;>0} i=1

which is precisely the partition function (17), now for the discrete random variables
m;, for the reflected random walk conditioned on the area A = M and local time
lp =N.

This is our second main result: it shows that the pair-factorised steady state
defined in (93), which involves correlated random variables m;, i = 1,...,L
conditioned on the fixed sum ), m; = M, can be instead understood in terms of
reflected random walk paths conditioned on the number of returns Iy, =, 0,0 = N
to the origin and total area Ay =Y, m; = M.

From there, one follows the procedure described in Section 2 to reformulate
random walk paths in terms of N independent random walk excursions having area
a; and duration 7;, j = 1...,N. At this point the analysis is very similar to the
constraint-driven condensation that we recently studied in Ref. [23,24] for joint large
deviations of sums » . m; = M and }_, m3 = V, the only difference being that
random variables a; and 7; are correlated but not functionally dependent on each
other. The mechanism of condensation is nevertheless the same: fixing the total
duration ) ;T = T = puN is responsible for causing a; to become essentially heavy
tailed, while fixing the sum ;0 = M = o N ensures that the sum represents a large
deviation resulting in the standard condensation phenomenon for o > o.(u).
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5. Conclusions

In this work we have considered a discrete-time continuous-space reflected random
walk under the constraints that the number of returns to the origin and the total
area under the walk are fixed. We have shown how condensation occurs through the
imposition of extensive values (proportional to the walk duration) on the number of
returns Ip = ), 05,0 = N to the origin and total area Ay =), ; = M, whereas it
would not occur if only the number of returns or the total area were constrained.

In order to study the condensation we derived the joint probability f(a,7) of a
reflected random walk excursion having area a and returning to the origin for the first
time after time 7. This distribution is of some interest in its own right and we have
included some further properties of the distribution in Appendix B.

We have also seen how ‘interaction-driven’; spatially-extended condensation
exhibited in pair-factorised steady states can also be understood in terms of reflected
random walk paths. It would be of interest to see if our approach can allow further
properties of spatially-extended condensates to be analysed.

More generally, the problem of the random walk with constraints on local time
and total area is an example of two correlated, but not functionally dependent
random variables. The correlation is then sufficient to induce condensation in
one of the random variable which would not otherwise exhibit condensation. In
principle, conditions for condensation for random walk models with more general
jump distributions should follow from the knowledge of the corresponding function
9(z,p). It would be of interest to confirm numerically (or if possible analytically) that
the same scaling behaviour as established here, for example for the single-excursion
area distribution w(a) in (92), holds for more general random walk models.

Finally, we mention that in the context of mass-transfer models discussed in
Section 4, different choices of constraints may also lead to condensation behaviour

and to different shape of the condensate [12,43]. In the present work we have used as
our main tool the renewal nature of the process which results from the local time
constraint. However the results of Refs. [42,43] suggest that an explicit renewal

property is not strictly required for condensation. For example, constraining fractional
moments of the walk forces the walk close enough to the origin that effectively one
has a renewal picture.
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Appendix A. Calculation of the constant A(p, z)

Inserting the solution (30) for G(z,p, z),
Gla,p,2) = Alp,2) €77 oy (212772 p) (A1)
into the integral equation (25) yields

eIz
2

’
\

A(p,z)JQ/p(Qzl/Q/p) = zA(p,z)/ dz’ Ja/p (2z1/2e_px//2/p) e P
0
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0 67|$/|
+z/ da’ 5 (A.2)

—oo
In the equation above we chose x = 0 to simplify the calculation, since A(p,z) does
not depend on z. The last integral in the equation above equals 1/2; to calculate the
first integral we make the following change of variables

y = 221277712 ), dy = —2"2e 7" 24y! = (—p/2)yda’. (A.3)
Introducing ¢ = 22'/2/p, the first integral then becomes

00 , , 1 ¢
—(p+1)z 1/2 —pz'/2 _ 2/p+1
/ da'e” "Dy, (22 fremre! /p) - 21/202/p+1/0 dyy*/ " (y)

0
B 1 Cod o
- 21/202/1)4’_1 A dy dy (y J2/P+1(y)>

B Jayp+1(22'2 /)
= 2172

Here in going from the first to the second line we use the following property of the
Bessel function J,(y) for v = 2/p,

(A4)

d v v

@ [y +1J,,+1(y)] =Y +1J,,(y). (A.5)
Inserting (A.4) into (A.2) gives

Alp,2)2*2 [ 2 z

The expression in square brackets is just Jg/p,l(Qzl/Q/p) so that the constant A(p, z)
is finally given by (31)

S1/2

A E
#.2) = G @)

(A7)

Appendix B. Properties of f(a,7) for the double exponential jump
distribution

Appendix B.1. Ezplicit calculation of f(a,T) for small T

Let us recall the expression for the Laplace transform/moment-generating function
9(p.2)

00 00 21/2.]2/ (221/2/]))
g(p,z) = / dae ™Y fla,7)2" = P . (B.1)
0 Tz::l Ja/p-1(221/2/p)
Using the relation
v—1
Jo(u) = ———=Jp—1(u) = )y (w), (B.2)
we can write g(p, z) as
T 12212 /p)
glp,z) =12 /2 2 (B.3)

2 Josp—1(221/2/p)’
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The Weierstrass factorisation for the Bessel function [45] is given by
(©/2)” 1 u’
J(u) = =—=—= 1—- , B.4
=i (- (B.4)

where j,,, is the m-th zero of the Bessel function J, (u). Using (B.4) we can write

J)(u) d d > u?
uJ,,(u) = uaany(u) =ug- vinu + mz::lln 1-— i
v Zja —2 Y > u Zj%
m=1 V" k=1 m=1 7V,
o0
=v—2 Z u? o (v), (B.5)
k=1
where the function o (v), which is known as the Rayleigh function [45], is given by
= 1
o) =) T (B.6)
m=1 rv,m

Inserting (B.6) and (B.5) into (B.3) gives
oo 47—
9(p, z) = Z FUT(Q/p —1)z". (B.7)
T=1

From here it follows that the Laplace transform of f(a,7) is given by

T

/ da e P f(a,7) = %07(2/1) —1). (B.8)
0 p

The Rayleigh function oy(v) is a rational function of v and can be calculated
recursively [15] from

k—1
v+ k)ok(v) = o;(v)or—;(v), JV:;. B.9
W) = L osoes®). 1) = (B.9)
For example, for k =1,...,7 we get
o
o1(v) = 74@_‘_ 1)
B 1
)= BT er
2
)= BT T I
- ov + 11
W)= T D £ T 22 £ T
o5 (V) = 14v + 38

Prv+5)(v+4)(v+3)(v+2)2(v+1)>
B 4203 + 3620° + 10261 + 946
%) = B 6w 150+ D + 320 £ 250 L1
_ 1320° + 131612 + 43241 + 3580
V)= F o 100 50 T D0 L3 L 2P L)
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For small 7 we can invert the Laplace transform explicitly using partial fractions. The
function f(a,7) for 1 <7 < 5 is listed below and plotted in Figure B1. The calculation
for higher 7 using partial fractions soon becomes cumbersome, but can be done e.g.
using Mathematica software.

é(a)
)=~
fla,1) ===,
e—2a
2 =
fla,2) = —,
—a __ 672a
3 —
f(a,3) g ;
27e=24/3 _ 32¢=% — (4a — 5)e ¢
4 =
f(a,4) 556 ;
fa.5) = 512¢~%/2 — 729¢2%/3 4 144e~ 4 (60a — 73)e~2*
T 4608 '
0.04
J— '[:2
0.03; 3
. =4
s 0.02/ =5
0.01f
0.00, 2 4 6 8 10 12 14

a

Figure B1. The joint probability f(a,7) for 2 < 7 < 5 for the double exponential
jump distribution.

Appendix B.2. Scaling limit of f(a,T)

Here we show another interesting result, the scaling limit of f(a,7) when a,7 — oo
with ar—3/2 fixed.

We start from the expression for g(p, z) in (B.7) with the Rayleigh function o, (v)
defined in (B.6). We then use asymptotic expansion for the zeroes of the Bessel
function [47]

J1/3
TvER
where —a,, are the zeroes of the Airy function. Inserting (B.10) in (B.8) and using
(B.6) gives

jl/,m =v+any vV — 00, (BlO)

o Vg 1
/ da e™” f(a’T) = p2‘r—1 Z 2T
0

m=172/p—1,m



25

mp Y emomttT (B.11)
Let us now introduce s = 2%/2p/73/2 and u = a/(2'/273/2) so that

[\/271’5 3 e“m“‘”sﬁml . (B.12)
m=1

o0

1
du e " f(u,7) =
0 f( ) 2\/ 271'7'3

The expression in the square brackets is Laplace transform of the Airy probability
density f Airy [49]. We thus conclude that f(a, ) behaves for large a and 7 as

1 a
fla,7) =~ PN FAiry <721/27_3/2) , T — 00, (B.13)

where the Airy probability density f Airy is defined by

213/6 = _92a3 2 5 4 20[
. a;,/(2727)
fAu"y( = 33/2,10/3 ZO‘ U( 6’3 2722 ) (B.14)

and U is a confluent hypergeometric functlon.
It is further interesting to consider the conditional probability density f(a|T)
defined by

fla,7)
alt) = , B.15
flalr) = L2 (B.15)
which according to (41) and (B.13) behaves as
1 a
f(a|7') ~ 721/273/2 fAlI'y (W) 5 T — OQ. (B16)

Taking into account that the variance o2 of the double exponential jump distribution
equals 2, we can write the above expression as

1 a
flalr) = mfAiry (m) , T — O0. (B.17)

This limit was first proved by Takdcs for simple lattice random walks [33] and was
recently extended to all symmetric lattice random walks with a finite variance o [18].
Here we showed that the scaling limit also holds for the random walk on a real line
with the double exponential jump distribution.

Appendix C. Analytic properties of E,[7](p, 2) and E,[a](p, 2)

Appendiz C.1. Proof that By [7](p, z) = 1 has a solution for any u > 1
Let us recall the definition of the function E[7],(p, 2)

E[T]w(p, Z) _ fO da ZT_;(;"];()G, T)ZTe—pa

The function E,[7](p, z) is monotonically increasing in z for a fixed p, which can be
seen by inspecting its first derivative which is always non-negative
0 _ Eu[r?] - E,[r)?

ozl =T

(C.1)

> 0. (C.2)
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To inspect the limits of E[w](z,p), we write the expression for E,[7](p, z) using
(B.1) which yields
2 Y2 Ty, (2212 Jo/p(221/2
E[T](z7p) _ 1 4 + z 2/p 1( 1/2 /p) + 2/])( 1/ép) . (C.3)
poop | Jop(2212/p) 0 Jaypo1(221/2/p)
Clearly the function E,[7](p, z) is analytic for 0 < z < (pja/p—1,1/2)? and diverges to
oo for z = (pjz/p,l,l/Z)Q. The expansion around z = 0 reads,

Eu[r](p,2) =1+ z+0(2?), (C4)

1
2(p+2)
so that E[7](p, z = 0) = 1. This completes our proof that the equation E,[7](p, z) = u
has a unique solution for any p > 1. As an example, we plotted the function E, [7](p, 2)
for fixed p = 10 in Figure C1.

20—

15¢

10+

E.[1(p.2)

0 5 10 15 20
z

Figure C1. E,[7](p, z) plotted as a function of z for fixed p = 10. The function
is monotonically increasing from 1 to oo for any p > 0.

Appendiz C.2. Analytic properties of Ey[a)(p, zo(p, 1))
Let us recall the definition of the function E[al, (p, )

fooo dad>>7 af(a,7)zTe P

E,[a](p,z) = 9.2) (C.5)
As a function of p, Ey[a](p, z0(p; 1)) is monotonically decreasing since
d 4y = Bulla—0)(r = p)? — Bu(a — 0)’|Ey (1 — p1)?]
@Ew [a](p, 20(p; 1)) = Eol(r — 107 <0, (C.6)

which is by the Cauchy-Schwartz inequality always negative.
To inspect the limit p — oo of Ey[a](p, zo(p, 1)), we first obtain the expression
for g(p, z) for fixed z and large p,

~ P
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which one gets by expanding Bessel functions J,,(221/2/p) and Jo,—1(22%/2/p) for
small argument. The solution zo(p, 1) to the equation E,[r](p, z0) = w is then given
by

1
20(p, p) = 2 <1 — ,u) P, p — 00. (C.8)

Inserting zo(p, p) into g(p, z9) and then in the expression for the function E,[a](p, )
gives finally

Eula](p, 20(p, 1)) = %, p— 0, (C.9)

which goes to zero when p goes to infinity.
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