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Highlights

e A thermal conductivity model is derived based on fractal aggregation distribution.
e The relationship between aggregation shape and fractal dimension is analyzed.
e Predictions of the proposed model show good agreement with experimental data.
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Abstract

A theoretical effective thermal conductivity model is derived based on fractal
distribution characteristics of nanoparticle aggregation. Considering two different
mechanisms of heat conduction including particle aggregation and convention, the
model is expressed as a function of the fractal dimension and concentration. In the
model, the change of fractal dimension is related to the variation of aggregation shape.
The theoretical computations of the developed model provide a good agreement with
the experimental results, which may serve as an effective approach for quantitatively

estimating the effective thermal conductivity of nanofluids.

Highlights
A thermal conductivity model is derived based on fractal aggregation distribution.
The relationship between aggregation shape and fractal dimension is analyzed.

Predictions of the proposed model show good agreement with experimental data.

Keywords: Thermal conductivity; Fractal; Aggregation distribution; Aggregation

shape
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1. Introduction

Quantitative estimate of the effective thermal conductivity has attracted substantial
attentions since it is one of the most important parameters characterizing the heat
transport properties of nanofluids [1-4]. Nanofluids are liquid suspensions that contain
nanometer-size particles, with size much smaller than 100 nm, and their thermal
conductivity is higher than that of their base liquids [5-8]. In recent years, a great
amount of efforts has been exerted to study conductivity characteristic, and significant
progress has been made towards the theoretical modeling [9-14] and laboratory
experiments [15-19]. In 19th century, Maxwell [20] predicted that the thermal
conductivity of mixtures increase by suspending some higher-conductivity substance
such as solid particles. Since Maxwell model is only a first-order approximation, it
applies only to mixtures with low particle volume fraction and small values of the ratio
of thermal conductivity between particle and liquid [21]. Moreover, other traditional
models for multiphase systems, such as Wiener approximation [22] and Bruggeman
approach [23], fail to illuminate the abnormal enhancement of the effective thermal
conductivity for low particle volume fraction in nanofluids.

Several researchers concluded that the major factors of heat conduction
mechanisms in nanofluids including particle aggregation [24, 25], particle motion [26-
28] and liquid-layering [9, 29]. Particularly, the fact that particle aggregation can
enhance the effective thermal conductivity of nanofluids has been confirmed
experimentally [30-32]. Wang et al. [33] claimed that particle clustering could
prominently affect the enhancement of thermal conductivity of nanofluids. Hamilton
and Crosser [34] presented a mixture model to explain heterogeneous two-component
systems. In their model, the particle aggregation shape is invariable, which ignores the
effect of aggregation shape on the effective thermal conductivity of nanofluids.

After fractal geometry was introduced by Mandelbrot [35], it became a powerful
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tool for the analysis of physico-geometrical properties and processes, such as electricity
conductivity [36, 37], spontaneous capillary imbibition [38, 39], thermal conductivity
[40-44] and permeability [45-48]. Several researchers [33, 49-53] also apply fractal
geometry to study heat conduction of nanofluids. Wang et al. [33] established an
effective thermal conductivity model based on the effective medium approximation and
the fractal theory to describe nanoparticle cluster and radial distribution. Xu et al. [50]
applied fractal geometry to predict the thermal conductivity in terms of particles sizes
distribution and heat convection of nanofluids. Considering the effect of Brownian
motion of nanoparticles, Xiao et al. [52] presented a fractal model of thermal
conductivity which is expressed as a function of the average diameter of nanoparticles,
the nanoparticle concentration, the fractal dimension of nanoparticles and physical
properties of fluids.

To the best of our knowledge, there is no full relationship to depict the effective
thermal conductivity of nanofluids with fractal clustering distribution in terms of
particle aggregation and convection. In the present study, based on modified Hamilton
and Crosser model and Xu et al. model, an analytical model considering fractal
distribution characteristic of nanoparticle aggregation is derived to estimate the
effective thermal conductivity. The validity of the model was confirmed by comparison

with the experimental results.

2. The fractal thermal conductivity model
2.1. Consideration of size effect of nanoparticles

Hamilton and Crosser [34] used empirical shape factor F' to consider the effect of
two heterogeneous phases and improved Maxwell equation [20] to calculate the
effective thermal conductivity of nanofluid 4 that is induced by stationary nanoparticles

in the liquids:

a+(F-1)—(F-1)(1-a)p
a+(F-D+(1-a)¢

N

(1)
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and

F=2 )
4
where a=k,/k; (kpisthermal conductivity of particle and ks thermal conductivity

of fluid), ¥ is defined as the ratio of the surface area A; of a sphere to the surface

area A4 p of the particle whose volume V), equal to that of the sphere, therefore

A 6V
vt ®
p P

where A is aggregation size.
However, A usually has different diameters due to aggregation in nanofluids and

thus ¥ is not a constant. According to Hamilton and Crosser, y =1 for spherical

particle and w=0.5 for elliptic particle. If substituting A , V, and Ap with

average particle size 4, average volume V), and average area 4, , respectively, Eq.

(3) can be deduced as
4, 6
14 P
l// - —___ (4)
Ap A Ap

It has been shown that the size distribution of aggregation in nanofluids follows
the fractal power law [33, 49, 50]. Analogous to pores in fractal porous media, the

fractal probability density function can be expressed as [50]
S () =D, A" "dA (5)

The fractal dimension D is determined by [48]

1

E=¢Pr D o D:DE—% ©6)

where Dy =3 for three-dimension space, ¢ is the concentration of nanoparticles

and £=A_. /A ,where A, and A, arethe maximum and minimum diameters

max
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of nanoparticle cluster, respectively. When the particle cluster has fractal characteristics,

its area and volume are 7z4% and 7/6-A° , respectively, Eq. (4) can be expressed
ﬂ‘max
- ﬂ‘min
Z ﬂmax 2
A" f(A)dA
[ )

%/13 F(A)dA

(7

Combining Egs. (5), (6) and (7), ¥ can be obtained as

_2-D Ay ¢ -1
3-D 2 ¢2-1

(8)

where ¢,=(D-2)/(3-D) and A can be found from the statistical property of
fractal object [50], as
= D
A=—"7 ] 9
D _ 1 min ( )
Inserting Eq. (9) into Eq. (8), the following equation can be obtained

_D-12-Dg¢ "' ~1

10
D 3-D ¢%2 -1 (10
Therefore, inserting Eq. (10) into Eq. (2) yields
_ & _
Fo3 D 3-D ¢°? -1 (11)

D-12-D ¢ '-1

In Hamilton and Crosser’s model, F is constant for same shape particles (F=6 for
ellipse and F=3 for sphere). However, it is observed that F' is the function of fractal
dimension and concentration as expressed in Eq. (11), and F increase with the
increasing of concentration (see figure 1). As shown in figure 1, considering fractal
distribution of nanoparticle aggregation, the shape of aggregation gradually grow to
chain with the increasing concentration. When £<6, most aggregation shapes are circles.
Egs. (1) and (11) are the present fractal models that predict to effective thermal

conductivity of nanofluids relating with nanoparticles cluster.
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Figure 1. Relationship between F and concentration ¢ in Eq. (11). The dashed line for

F=3 and F=6 [34] representing respectively sphere and ellipse for suspended

aggregation.

2.2. Consideration of convention effect of nanoparticles
Heat convection due to the Brownian motion of nanoparticles could enhance heat
transfer in nanofluids. While most convention models are based on an assumption that

suspended aggregation in nanofluids have uniform diameter. Xu et al. [50] theoretically

analyzed thermal conductivity k_, for heat convection by using the fractal geometry

for different sizes of nanoparticle cluster, which can be expressed as

_ 2
i = Ky Nu-ds D2-D) (£ -1) 1
c Pr (1 _D)2 52—0 _1 Z

(12)

where ¢ is an empirical constant, Nu is the Nusselt number for liquid flowing around a
sphere, Pr is the Prandtl number for fluids and dr is diameter of liquid molecule.

Combining Eq. (6) and Eq. (12), the following can be obtained
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‘ Pr (1-D) ¢%2-1 4

(13)
where (,=(D-1)/(3-D) . The thermal conductivity for heat convection k. can

express as a complex function of the Prandtl number Pr, the average diameter of
aggregation A , the diameter of molecule of fluids dj, the concentration ¢, the Nusselt
number Nu and the fractal dimension D. Next section, the model will be simplified and
combine Eq. (1) to form a new effective thermal conductivity model with particle

aggregation and convection.

2.3. The present fractal thermal conductivity model
In this paper, we assume that the enhancement of thermal conductivity of

nanofluids may be caused by aggregation distribution in the liquids and Brownian

motion of clustering. Thus, the total dimensionless effective thermal conductivity &,

of nanofluids based on Egs. (1), (11) and (12) can be written as

 _ktke _at(F-D-(F-D(1-a)
ko at(F-D+(l-a)p

6 2 (14)
Nu-d; 2-p)p (¢ -1) 1

+ pp—
Pt (-DY ¢2-1 4

Xu et al. [50] found that the values of ¢ is 85.0 both for the Al2O3 nanoparticles

and for the CuO nanoparticles added in the deionized water, and ¢ equates to 280.0 for
the ethylene glycol. The value of ¢ is approximate to be Ald r» then Egs. (14) can be

deduced to
L at(F=D=(F-D(1-a)¢
A+ (F-D+(1-a)p

(15)
Nu@-pp [#-1)

Pr (1-D)* ¢ -1

Egs. (11) and (15) indicate that the total dimensionless effective thermal

8
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conductivity ke varies with the concentration and fractal dimension for nanoparticle
aggregation. In the present model, Nu=2 and Pr=6.0 for water at room
temperature [50]. Once the concentration ¢ and the fractal dimension D are

given/measured, the effective thermal conductivity can be calculated according to Eq.

(15).

3. Results and discussion

To our knowledge, the fractal dimension has never been accurately measured to
describe thermal conductivity for whole nanofluids. In the following, we therefore
evaluate our proposed models (Egs. (I11) and (15)) by fitting experimental
measurements, and discuss the relationship between fractal dimension and aggregation
shape.

Wang et al. [33] measured the SiO2/ethanol nanofluids and obtained the fractal
dimension equals to 1.57 for nanoparticles when ¢ is about 6.5%. Their model predicted
effective thermal conductivity of CuO/water nanofluids could reflect the variation of
concentration ¢ qualitatively. The result indicates that the local fractal characteristic
represents whole fractal behavior of particles suspensions.

Figure 2 and figure 3 display the present model predictions with the available
experimental data. Here the fractal dimension can be obtained by the nonlinear
regression method based on Mean Squared Error (MSE) to estimate fitting results. The
obtained fractal dimension is 1.572 from fitting to the nanofluids of CuO/water, is very
close to the measured fractal dimension, 1.57, by Wang et al [33], which demonstrates
the validity of the present model.

Table 1 show that good agreement is found between the predictions of proposed
model and experiment results (lower MSE). Figure 2 also clearly indicates that the
thermal conductivity of nanofluids increases with the increment of nanoparticles’

concentration. It is notable that our proposed model fits better to k. in the range of 1.1-
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1.3 when 0<¢<0.05, so the model have not always fitted to lower ke, such as
AlOs/water [54].

In Eq. (11), F is always less than 6 when fractal dimension is larger than a
particular value (the value is 1.2 in our model), such as D =1.693 for TiO2/water in
table 1. It indicates that the shape of aggregations are near circle, and the increased
speed of k. becomes gradually slow with the increasing concentration. For nanofluids

of Al.Cu/water, the fractal dimension D is approximately 1, which resulting to />6 and
k,=2.28 in smaller concentration (¢=0.018). In this situation, aggregation shapes are

seem to be behaved as chain and thus play a major role in enhancing heat conduction
of nanofluids. Generally, smaller fractal dimension of nanofluids would produce more
aggregations of chain shape and enhance heat energy transfer. However, to demonstrate
the relationship between fractal dimension and F, more experiments and numerical

modeling are needed.

Table 1. Data for calculating the total dimensionless effective thermal conductivity

kp ky A H MSE

(Wm/K) — (W/m/K) (nm) (%)

CuO/water [33] 32.9 0.613 50.0 1.572 3.70
AlLCu/water [55]  418.7 0.613 30.0 1.011 0.00
TiO2/water [24] 8.5 0.613 15.0 1.693 1.92

10
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220 In this paper, an analytical expression to calculate the thermal conductivity in
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nanofluids with different space distribution of aggregation is derived base on fractal
geometry. The model, which takes into account F'in Hamilton and Crosser, is a function
of fractal dimension of nanoparticle aggregation and concentration in nanofluids. The
effective thermal conductivity calculated based on the developed model provides a
good agreement with the experimental results, which validates the validity of the model.
The concentration-dependent total dimensionless effective thermal conductivity of
three kinds of nanofluids were analyzed. Results show that the fractal dimension may
influence the variation of aggregation shape, and more experiment analyses are needed
to further quantitatively estimate the influence.

The present study only focus on the effect of particle aggregation and convention
for heat conduction mechanism. In the future, more aggregation patterns of nanofluids

will be tested and the model will be improved to consider the effect of liquid-layering.

Acknowledgments
This project was supported by the National Natural Science Foundation of China
(No. 41572116), the Fundamental Research Funds for the Central Universities, China

University of Geosciences (Wuhan) (No. CUG160602).

References

[1] M.J. Assael, I.N. Metaxa, K. Kakosimos, D. Constantinou, Int. J. Thermophys., 27
(2006) 999-1017.

[2] H.S. Aybar, M. Sharifpur, M.R. Azizian, M. Mehrabi, J.P. Meyer, Heat Transf. Eng.,
36 (2015) 1085-1110.

[3] W. Yu, S.U.S. Choi, J. Nanopart. Res., 6 (2004) 355-361.

[4] X.Q. Wang, A.S. Mujumdar, Int. J. Therm. Sci., 46 (2007) 1-19.

[5] G. Huminic, A. Huminic, Renew. Sust. Energ. Rev., 58 (2016) 1327-1347.

12



248
249
250
251
252
253
254
255
256
257
258
259
260
261
262
263
264
265
266
267
268
269
270
271
272
273
274

[6] S. Basu, A. Miglani, Int. J. Heat Mass Transf., 96 (2016) 482-503.

[7] K. Bashirnezhad, S. Bazri, M.R. Safaei, M. Goodarzi, M. Dahari, O. Mahian, A.S.
Dalkilica, S. Wongwises, Int. Commun. Heat Mass Transf., 73 (2016) 114-123.

[8] E. Sadeghinezhad, M. Mehrali, R. Saidur, M. Mehrali, S.T. Latibari, A.R. Akhiani,
H.S.C. Metselaar, Energy Conv. Manag., 111 (2016) 466-487.

[9] S.U.S. Choi, Z.G. Zhang, W. Yu, F.E. Lockwood, E.A. Grulke, Appl. Phys. Lett., 79
(2001) 2252-2254.

[10] C. Qi, L. Liang, Z. Rao, Int. J. Heat Mass Transf., 94 (2016) 316-326.

[11] Q.B. Zhang, K.L. Zhang, D.G. Xu, G.C. Yang, H. Huang, F.D. Nie, C.M. Liu, S.H.
Yang, Prog. Mater. Sci., 60 (2014) 208-337.

[12] V.Y. Rudyak, S.L. Krasnolutskii, Phys. Lett. A, 378 (2014) 1845-1849.

[13] Q.Z. Xue, Phys. Lett. A, 307 (2003) 313-317.

[14] P. Mora, Y.C. Wang, F. Alonso-Marroquin, J. Earth Sci., 26 (2015) 11-19.

[15] K.M. Lee, R. Shrestha, A. Dangol, W.S. Chang, Z. Coker, T.Y. Choi, J. Nanosci.
Nanotechnol., 16 (2016) 1028-1032.

[16] B. Pal, S.S. Mallick, B. Pal, J. Nanosci. Nanotechnol., 15 (2015) 3670-3676.

[17] T. Gao, B.P. Jelle, J. Phys. Chem. C, 117 (2013) 1401-1408.

[18] N.S. Souza, A.D. Rodrigues, C.A. Cardoso, H. Pardo, R. Faccio, A.W. Mombru,
J.C. Galzerani, O.F. de Lima, S. Sergeenkov, F.M. Araujo-Moreira, Phys. Lett. A,
376 (2012) 544-546.

[19] Y.B. Wang, G.Y. Shen, J. Earth Sci., 25 (2014) 939-958.

[20] J.C. Maxwell, A treatise on electricity and magnetism, Clarendon press, Oxford,
1881.

[21]J. Fan, L. Wang, J. Heat Transfer, 133 (2011) 040801-040801.

[22] O. Wiener, Kgl. Sichs. Ges. Wiss, 32 (1912) 581-607.

[23] D.A.G. Bruggeman, Ann. Phys., 416 (1935) 636-664.

[24] S.M.S. Murshed, K.C. Leong, C. Yang, Int. J. Therm. Sci., 44 (2005) 367-373.

13



275
276
277
278
279
280
281
282
283
284
285
286
287
288
289
290
291
292
293
294
295
296
297
298
299
300
301

[25] R. Prasher, P.E. Phelan, P. Bhattacharya, Nano Lett., 6 (2006) 1529-1534.

[26] P. Keblinski, S.R. Phillpot, S.U.S. Choi, J.A. Eastman, Int. J. Heat Mass Transf.,
45 (2002) 855-863.

[27] J. Eapen, R. Rusconi, R. Piazza, S. Yip, J. Heat Transfer, 132 (2010) 102402-
102402.

[28] W. Daungthongsuk, S. Wongwises, Renew. Sust. Energ. Rev., 11 (2007) 797-817.

[29] C.J. Yu, A.G. Richter, A. Datta, M.K. Durbin, P. Dutta, Phys. Rev. Lett., 82 (1999)
2326-23209.

[30] S.H. Kim, S.R. Choi, D. Kim, J. Heat Transfer, 129 (2006) 298-307.

[31] M.S. Liu, M.C.C. Lin, C.Y. Tsai, C.C. Wang, Int. J. Heat Mass Transf., 49 (2006)
3028-3033.

[32] H.T. Zhu, C.Y. Zhang, Y.M. Tang, J.X. Wang, J. Phys. Chem. C, 111 (2007) 1646-
1650.

[33] B.X. Wang, L.P. Zhou, X.F. Peng, Int. J. Heat Mass Transf., 46 (2003) 2665-2672.

[34] R.L. Hamilton, O.K. Crosser, Ind. Eng. Chem. Fundamen., 1 (1962) 187-191.

[35] B.B. Mandelbrot, The fractal geometry of nature, Freeman, New York, 1983.

[36] W. Wei, J.C. Cai, X.Y. Hu, P. Fan, Q. Han, J.G. Lu, C.L. Cheng, F. Zhou, Fractals,
23 (2015) 1540012.

[37] W. Wei, J.C. Cai, X.Y. Hu, Q. Han, Geophys. Res. Lett., 42 (2015) 4833-4840.

[38] J.C. Cai, X.Y. Hu, D.C. Standnes, L.J. You, Colloids Surf., A, 414 (2012) 228-233.

[39] J.C. Cai, B.M. Yu, M.Q. Zou, L. Luo, Energy Fuels, 24 (2010) 1860-1867.

[40] G. Pia, U. Sanna, Constr. Build. Mater., 44 (2013) 551-556.

[41] G. Pia, U. Sanna, Appl. Therm. Eng., 61 (2013) 186-192.

[42] G. Pia, U. Sanna, Appl. Therm. Eng., 65 (2014) 330-336.

[43] P. Xu, B.M. Yu, S.X. Qiu, H.J. Poh, A.S. Mujumdar, Int. J. Therm. Sci., 49 (2010)
1247-1252.

[44] G. Pia, Ceram. Int., 42 (2016) 11674-11681.

14



302
303
304
305
306
307
308
309
310
311
312
313
314

[45] A. Cihan, M.C. Sukop, J.S. Tyner, E. Perfect, H. Huang, Vadose Zone J., 8 (2009)
187-196.

[46] J.C. Cai, L. Luo, R. Ye, X.F. Zeng, X.Y. Hu, Fractals, 23 (2015) 1540006.

[47] B. Ghanbarian, A.G. Hunt, H. Daigle, Water Resour. Res., 52 (2016) 2045-2058.

[48] B.M. Yu, P. Cheng, Int. J. Heat Mass Transf., 45 (2002) 2983-2993.

[49] B.Q. Xiao, Chin. Phys. B, 22 (2013) 014402.

[50]J. Xu, B.M. Yu, M.Q. Zou, P. Xu, J. Phys. D: Appl. Phys, 39 (2006) 4486.

[51] B.Q. Xiao, B.M. Yu, Z.C. Wang, L.X. Chen, Phys. Lett. A, 373 (2009) 4178-4181.

[52] B.Q. Xiao, Y. Yang, L.X. Chen, Powder Technol., 239 (2013) 409-414.

[53]J.L. Kou, FM. Wu, H.J. Lu, Y.S. Xu, F.Q. Song, Phys. Lett. A, 374 (2009) 62-65.

[54] S.K. Das, N. Putra, P. Thiesen, W. Roetzel, J. Heat Transfer, 125 (2003) 567-574.

[55] M. Chopkar, S. Sudarshan, P.K. Das, I. Manna, Metall. Mater. Trans. A, 39 (2008)

1535-1542.

15



315
316
317
318
319
320
321
322

Figure captions

Fig. 1. Relationship between F and concentration ¢ in Eq. (11). The dashed line for /=3
and F=6 [34] representing respectively sphere and ellipse for suspended
aggregation.

Fig. 2. Comparison between the total dimensionless effective thermal conductivity k.
from fractal model and experimental data in different concentration ¢.

Fig. 3. A comparison of the experimental data with the present model predictions.
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Tables

Table 1. Data for calculating the total dimensionless effective thermal conductivity

kp ky A H MSE

(Wm/K)  (W/m/K) (nm) (%)

CuO/water [33] 32.9 0.613 50.0 1.572 3.70

AlCu/water [55]  418.7 0.613 30.0 1.011 0.00
TiO2/water [24] 8.5 0.613 15.0 1.693 1.92
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