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𝑋̇ = 𝐴𝑋 + 𝐵𝑈 
𝑌 = 𝐶𝑋

 

𝑋 𝑈 𝑌
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 𝑊1,𝑊2,𝑊3

γ ≈ 1

 𝐾
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𝑥(𝑛) = 𝑓(𝑋) +  𝑏(𝑋)𝑢  

𝑋 = [𝑥 𝑥̇ 𝑥̈ … 𝑥𝑛−1]𝑇 𝑢

𝑥 𝑓(𝑋) 𝑏(𝑋)

 𝑋 𝑋𝑑

𝑋  𝑋𝑑
𝑓(𝑋)  𝑏(𝑋)

𝑋  𝑋𝑑

𝑋̃ =  𝑋 − 𝑋𝑑 = [𝑥̃ 𝑥̇̃ 𝑥̈̃ … 𝑥̃
𝑛−1]𝑇  

𝑠(𝑋, 𝑡)

𝑠(𝑋, 𝑡) = (
𝑑

𝑑𝑡
+ ʎ)

𝑛−1

 𝑋̃
 

ʎ

𝑠(𝑋, 𝑡) =  𝑥̇̃ +  ʎ𝑥̃  

𝑢 𝑠(𝑋, 𝑡)

𝑢 𝑠(𝑋, 𝑡)

𝑢

𝑓(𝑋) 𝑏(𝑋)
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𝑃𝑐 = 𝐴̂𝑇𝑡𝑥 + 𝑃̂  

𝑃𝑐 𝑇𝑡𝑥 𝐴̂

𝑃̂ 

𝑦𝑘 = 𝜙𝑘
𝑇𝜃𝑘  

𝜙𝑘 = [𝑢𝑘 1] 𝑦𝑘 = 𝑃𝑐 𝜃𝑘 

𝑘

𝑒𝑘 = 𝑦𝑘 − 𝜙𝑘
𝑇𝜃𝑘−1  

𝑟𝑅𝐿𝑆 − 𝜆

𝐽𝑛(𝜃) = ∑𝜆𝑛−1𝑒𝑘
2

𝑛

𝑘=1

 

λ

𝜃𝑘 = 𝜃𝑘−1 + (1 − 𝜆)𝑃𝑘𝑒𝑘𝜙𝑘  

𝑃𝑘

𝑃𝑘 = (𝑅𝑘 + 𝛿1𝐼)
−1 + 𝛿2𝐼  
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𝑅𝑘 = 𝑅𝑘−1 + (1 − 𝜆)(𝜙𝑘𝜙𝑘
𝑇 − 𝑅𝑘−1)  

𝜃

 𝐽𝑛(𝜃)

 

𝑒 = 𝑥𝑝𝑡 − 𝑥𝑝 𝐾𝑖 𝐾𝑝 

 𝐾0 

𝑒𝑎(𝑖) =  𝑥𝑝(𝑖) − 𝑥𝑝𝑡(𝑖)
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 𝑒𝑡(𝑖) = ∑ 𝑥𝑝(𝑖) −
𝑛
𝑘=1

𝑥𝑝𝑡(𝑖)

 

 

 

 

 

 

 𝐾0 
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μ
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rRLS − λ

http://www.linguee.fr/anglais-francais/traduction/unusable.html
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𝑚𝑐𝑥𝑐̈ = 𝐹𝑐 − 𝐹𝑠(𝑥𝑐) − 𝑏𝑐𝑥̇𝑐  

𝑚𝑐 𝑥𝑐 𝐹𝑐 
𝐹𝑠(𝑥𝑐) 𝑥𝑐

𝑏𝑐
𝛥𝑜𝑝𝑒𝑛

𝛥𝑐𝑙𝑜𝑠𝑒

𝐹𝑠(𝑥𝑐) 

𝐹𝑠(𝑥𝑐) =  𝑘̃𝑐𝑥𝑐 = {
 𝑘𝑐1𝑥𝑐                                      ∀ 𝑥𝑐 ∈ 𝛥𝑜𝑝𝑒𝑛
 [𝑘𝑐1𝑥𝑐1 +  𝑘𝑐2(𝑥𝑐 − 𝑥𝑐1)]  ∀ 𝑥𝑐 ∈ 𝛥𝑐𝑙𝑜𝑠𝑒

 

  𝑘̃𝑐  𝑘𝑐1 

  𝑘𝑐2
𝑥𝑐1
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 𝐹𝑝 = 𝑝𝐴𝑝 and  𝐹𝑐 = 𝑝𝐴𝑐  

𝑝 𝐴𝑝

𝐴𝑐

𝑘ℎ  𝑏ℎ

𝑝 =
1

𝐴ℎ
[𝑘ℎ (

𝐴𝑝

𝐴ℎ
𝑥𝑝 −

𝐴𝑐
𝐴ℎ
𝑥𝑐) + 𝑏ℎ (

𝐴𝑝

𝐴ℎ
𝑥̇𝑝 −

𝐴𝑐
𝐴ℎ
𝑥̇𝑐)]

 

𝐴ℎ 𝐴𝑝

𝐴𝑐 𝑥𝑝

𝑥𝑐

 𝑏ℎ

 𝑏𝑐

𝑚𝑐𝑥𝑐̈ = 𝑘ℎ (
𝐴𝑝𝐴𝑐

𝐴ℎ
2 𝑥𝑝 −

𝐴𝑐
2

𝐴ℎ
2 𝑥𝑐) + 𝑏ℎ (

𝐴𝑝𝐴𝑐

𝐴ℎ
2 𝑥𝑝̇ −

𝐴𝑐
2

𝐴ℎ
2 𝑥̇𝑐) −  𝑘̃𝑐𝑥𝑐 − 𝑏𝑐𝑥̇𝑐

 

 

𝐽𝑣𝜃̈𝑣 = 𝑇𝑔 − 𝑏𝑏𝜃̇𝑣 − 𝜉𝑝𝐹𝑝  

𝐽𝑣 𝜃̈𝑣
𝜃̇𝑣 𝑇𝑔

𝑏𝑏
𝜉𝑝 𝜉𝑠

𝜉𝑣
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𝜉𝑝 =
1

1
𝜉𝑣
−
1
𝜉𝑠

,    𝜉𝑠 = 
𝑑𝑠
2𝑓𝑠

   and  𝜉𝑣 =
𝑟𝑣
𝑛𝑣

 

𝑑𝑠/2  𝑓𝑠
𝑟𝑣 𝑛𝑣 

𝑛𝑣,𝑢𝑝 =
𝑐𝑜𝑠𝛼𝑛 − 𝑓𝑣𝑡𝑎𝑛𝛽

𝑐𝑜𝑠𝛼𝑛 + 𝑓𝑣𝑐𝑜𝑡𝛽
   and  𝑛𝑣,𝑑𝑛 =

𝑐𝑜𝑠𝛼𝑛 + 𝑓𝑣𝑡𝑎𝑛𝛽

𝑓𝑣𝑐𝑜𝑡𝛽 − 𝑐𝑜𝑠𝛼𝑛

 

𝛽 𝛼𝑛 𝑓𝑣 

𝑓𝑣 = 𝜇𝑣(1 + (𝐾𝑏𝑟𝑘𝑣 − 1)𝑒
−𝛾𝑣|𝜃̇𝑣|)  

 𝜇𝑣 𝐾𝑏𝑟𝑘𝑣 𝛾𝑣

 𝐼𝑚
 𝐼𝑏

𝐽𝑒𝑞𝜃̈𝑚 = 𝐾𝑇𝑀. 𝐼𝑚 + 𝑟𝑏𝐾𝑏𝐼𝑏 − 𝑏𝑚𝜃̇𝑚 − 𝑇𝑙𝑚  

𝐾𝑇𝑀 𝐾𝑏
𝑟𝑏 𝑏𝑚

𝜃̈𝑚 𝜃̇𝑚
𝐽𝑒𝑞

𝑇𝑙𝑚

𝑇𝑙𝑚 =
𝑟𝑔

𝑛𝑔𝑠𝑔𝑛(𝜃̇𝑚)
[𝑏𝑏𝑟𝑔𝜃̇𝑚 + 𝜉𝑝𝐹𝑝]  

𝑟𝑔  𝑛𝑔

 

 𝑋 = (𝑥𝑐, 𝑥̇𝑐 , 𝜃𝑚, 𝜃̇𝑚)′

𝑈 = (𝐼𝑚, 𝐼𝑏)  𝑌 = 𝑝
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𝑋̇ =

(

 

𝑥̇𝑐
𝑥̈𝑐
𝜃̇𝑚
𝜃̈𝑚)

 =

(

  
 

𝑥̇𝑐
𝑎21𝑥𝑐 + 𝑎22𝑥̇𝑐 + 𝑎23𝜃𝑚 + 𝑎24 𝜃̇𝑚

𝜃̇𝑚
𝐾𝑇𝑀. 𝐼𝑚 + 𝑟𝑏𝐾𝑏𝐼𝑏

𝐽𝑒𝑞
− 𝑔(𝑥𝑐 , 𝑥̇𝑐, 𝜃𝑚, 𝜃̇𝑚)

)

  
 

 

𝑌 =  
𝑘ℎ

𝐴ℎ
2 (𝐴𝑝𝑟𝑣𝑟𝑔𝜃𝑚 − 𝐴𝑐𝑥𝑐) +

𝑏ℎ

𝐴ℎ
2 (𝐴𝑝𝑟𝑣𝑟𝑔𝜃̇𝑚 − 𝐴𝑐𝑥̇𝑐)

 

𝑎21 = −
𝑘ℎ𝐴𝑐

2 + 𝐴ℎ
2 𝑘̃𝑐 

𝐴ℎ
2𝑚𝑐

     ,     𝑎22 = −
𝑏ℎ𝐴𝑐

2 + 𝐴ℎ
2𝑏𝑐

𝐴ℎ
2𝑚𝑐

𝑎23 =
𝐴𝑝𝐴𝑐𝑟𝑣𝑟𝑔𝑘ℎ

𝐴ℎ
2𝑚𝑐

    ,      𝑎24 =
𝐴𝑝𝐴𝑐𝑟𝑣𝑟𝑔𝑏ℎ

𝐴ℎ
2𝑚𝑐

 

𝑔(𝑥𝑐 , 𝑥̇𝑐 , 𝜃𝑚, 𝜃̇𝑚) = (
𝑏𝑚
𝐽𝑒𝑞
) 𝜃̇𝑚

+
𝑟𝑔

𝑛𝑔
𝑠𝑔𝑛(𝜃̇𝑚)𝐽𝑒𝑞

[𝑏𝑏𝑟𝑔𝜃̇𝑚 + 𝜉𝑝(𝑎41𝑥𝑐 + 𝑎42𝑥̇𝑐 + 𝑎43𝜃𝑚 + 𝑎44𝜃̇𝑚)]

 

𝑎41 = −𝑘ℎ
𝐴𝑝𝐴𝑐

𝐴ℎ
2         , 𝑎42 = −𝑏ℎ

𝐴𝑝𝐴𝑐

𝐴ℎ
2

𝑎43 = 𝑘ℎ
𝐴𝑝

2

𝐴ℎ
2 𝑟𝑣𝑟𝑔        ,        𝑎44 = 𝑏ℎ

𝐴𝑝
2

𝐴ℎ
2 𝑟𝑣𝑟𝑔
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𝑥𝑐0

𝑥𝑐1 𝑥𝑃𝐾
𝑥𝑐2

𝑘𝑐1

𝑘𝑐2

𝑘ℎ

𝑏𝑐

𝑏ℎ

𝑚𝑐

𝜌

𝜇

ℬ

𝑚𝑝

𝐴𝑐
𝐴𝑝

𝐴ℎ

𝑙ℎ

𝑃𝐾𝑃

𝑏𝑏

𝑟𝑣

𝛼

𝛽

𝜇𝑣
𝐾𝑏𝑟𝑘𝑣
𝛾𝑣

𝑑𝑠/2

𝑓𝑠
𝑟𝑔

𝑛𝑔

𝐽𝑒𝑞

𝐾𝑇𝑀

𝑏𝑚

𝐾𝑏

𝑟𝑏
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𝜇𝑣 𝐾𝑏𝑟𝑘𝑣  𝛾𝑣

𝑘ℎ 𝑏ℎ
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  𝑥𝑐 ∈ 𝛥𝑜𝑝𝑒𝑛

 𝑘̃𝑐 = 𝑘𝑐1
  𝑥̇𝑐 > 0 𝑥̇𝑝 > 0  𝜃̇𝑚 >

0

𝑓𝑣 = 𝜇𝑣 𝐼𝑏
 

𝑏ℎ

𝑘ℎ

 𝜇𝑣
 𝜇𝑣
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 𝜇𝑣

 𝑋 = (𝑥𝑐, 𝑥̇𝑐, 𝜃𝑚, 𝜃̇𝑚)′ 𝑈 = 𝐼𝑚  𝑌 = 𝑝

𝑋̇ =

(

 

𝑥̇𝑐
𝑥̈𝑐
𝜃̇𝑚
𝜃̈𝑚)

 =

(

  
 

𝑥̇𝑐
𝑎21𝑥𝑐 + 𝑎22𝑥̇𝑐 + 𝑎23𝜃𝑚 + 𝑎24 𝜃̇𝑚

𝜃̇𝑚
𝐾𝑇𝑀. 𝐼𝑚
𝐽𝑒𝑞

− 𝑔(𝑥𝑐 , 𝑥̇𝑐, 𝜃𝑚, 𝜃̇𝑚)
)

  
 

 

𝑌 = 
𝑘ℎ

𝐴ℎ
2 (𝐴𝑝𝑟𝑣𝑟𝑔𝜃𝑚 − 𝐴𝑐𝑥𝑐) +

𝑏ℎ

𝐴ℎ
2 (𝐴𝑝𝑟𝑣𝑟𝑔𝜃̇𝑚 − 𝐴𝑐𝑥̇𝑐)

 

𝑎21 = −
𝑘ℎ𝐴𝑐

2 + 𝐴ℎ
2𝑘𝑐1 

𝐴ℎ
2𝑚𝑐

     ,     𝑎22 = −
𝑏ℎ𝐴𝑐

2 + 𝐴ℎ
2𝑏𝑐

𝐴ℎ
2𝑚𝑐

𝑎23 =
𝐴𝑝𝐴𝑐𝑟𝑣𝑟𝑔𝑘ℎ

𝐴ℎ
2𝑚𝑐

    ,      𝑎24 =
𝐴𝑝𝐴𝑐𝑟𝑣𝑟𝑔𝑏ℎ

𝐴ℎ
2𝑚𝑐

 

𝑔(𝑥𝑐 , 𝑥̇𝑐 , 𝜃𝑚, 𝜃̇𝑚) = (
𝑏𝑚
𝐽𝑒𝑞
) 𝜃̇𝑚 +

𝑟𝑔

𝑛𝑔𝐽𝑒𝑞
[𝑏𝑏𝑟𝑔𝜃̇𝑚 + 𝜉𝑝(𝑎41𝑥𝑐 + 𝑎42𝑥̇𝑐 + 𝑎43𝜃𝑚 + 𝑎44𝜃̇𝑚)]

 

𝑎41 = −𝑘ℎ
𝐴𝑝𝐴𝑐

𝐴ℎ
2         , 𝑎42 = −𝑏ℎ

𝐴𝑝𝐴𝑐

𝐴ℎ
2

𝑎43 = 𝑘ℎ
𝐴𝑝

2

𝐴ℎ
2 𝑟𝑣𝑟𝑔        ,        𝑎44 = 𝑏ℎ

𝐴𝑝
2

𝐴ℎ
2 𝑟𝑣𝑟𝑔

 

 𝐾𝑏𝑟𝑘𝑣  𝛾𝑣

𝑘ℎ 𝑏ℎ 𝜇𝑣
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 𝑝3

𝐻(𝑠) =
b

𝑠 + a
    

b/𝑎 1/a

 

𝑘ℎ

𝑏ℎ50°𝐶

𝑏ℎ−5°𝐶

𝜇𝑣50°𝐶

𝜇𝑣−5°𝐶

 

 

𝒑𝟏

𝒑𝟐

𝒑𝟑

𝒑𝟒
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𝑃𝐸𝑀𝐴

𝑈𝑀
𝑈𝐵
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𝑈𝑀

𝑃𝐸𝑀𝐴
𝑈𝑀

 

 
𝑈𝑀

𝑈𝑀

𝑈𝑀

𝑃𝐸𝑀𝐴 𝑈𝑀

 

 
𝑈𝑀
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𝑈𝑀

 

𝑃𝐾𝑃 = 6 bars

 

𝑈𝑀

 

𝑃𝐸𝑀𝐴
𝑈𝑀
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𝑈𝑀

 

ℙ1 𝑃𝐾𝑃
ℙ2  𝑃𝐾𝑃

ℙ1
 ℙ2

ℙ1 ℙ2
𝑈𝑀

𝑈𝑀
 𝑈𝑀
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ℙ1 ℙ2

ℙ1 ℙ2

∆𝑈𝑀  ∆𝑃𝐸𝑀𝐴

HD,T(𝑠) =
bD,T

𝑠 + aD,T

 

D ℙ1  ℙ2 T

bD,T/aD,T
D T 1/aD,T

D

T  H1,0°𝐶
 H2,0°𝐶

aD,T bD,T 1𝜎
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aD,T bD,T

 

 

𝐚𝐃,𝐓 𝐛𝐃,𝐓

𝐇𝐃,𝐓 𝐚𝐃,𝐓 𝝈𝐚𝐃,𝐓 𝐛𝐃,𝐓 𝝈𝒃𝐃,𝐓

𝐇𝟏,−𝟓°𝐂

𝐇𝟏,𝟎°𝐂

𝐇𝟏,𝟐𝟎°𝐂

𝐇𝟏,𝟓𝟎°𝐂

𝐇𝟐,−𝟓°𝐂

𝐇𝟐,𝟎°𝐂

𝐇𝟐,𝟐𝟎°𝐂

𝐇𝟐,𝟓𝟎°𝐂
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ℙ1
 ℙ2

 𝑃𝐾𝑃
 𝑃𝐾𝑃

 

ℙ1
ℙ2

𝑈𝑀D
= 𝑢𝑚 𝑈𝐹D = 𝑢𝑓 𝑈𝐵𝐵D = 𝑢𝑏𝑏 𝑃𝐸𝑀𝐴 =

𝑦 𝑃𝑅𝐸𝐹 = 𝑦𝑑 𝑃𝐸𝑅𝑅 = 𝑒

 

 

 



86                          

 

       

 

 

ℙ1
 ℙ2

ℙ1  ℙ2 

HD,0°C

𝑦̇(𝑡) = −𝐴0𝑦(𝑡) + 𝐵0𝑢(𝑡)  

𝐵0 = bD,0°C 𝐴0 = aD,0°C

aD,50°C > aD,0°C > aD,−5°C   ↔   𝐴𝑚𝑎𝑥 > 𝐴0 > 𝐴𝑚𝑖𝑛  

bD,50°C > bD,0°C > bD,−5°C   ↔   𝐵𝑚𝑎𝑥 > 𝐵0 > 𝐵𝑚𝑖𝑛  

 

𝑦𝑑 𝑒

𝑒 =  𝑦𝑑 − 𝑦  

𝑠

𝐴̂ = |𝐴𝑚𝑎𝑥,𝑚𝑖𝑛 − 𝐴0|   and  𝐵̂ = |𝐵𝑚𝑎𝑥,𝑚𝑖𝑛 − 𝐵0|  
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𝑠 =  𝜆𝑒 + 𝑒̇ 𝜆 > 0  

𝑠̇ =  𝜆𝐴0𝑦 − 𝜆𝐵0𝑢 − 𝐴0
2𝑦 + 𝐴0𝐵0𝑢 − 𝐵0𝑢̇ + 𝜆𝑦̇𝑑 + 𝑦̈𝑑  

 𝜆 = 𝐴0

𝑠̇ =  −𝐵0𝑢̇ + 𝐴0𝑦̇𝑑 + 𝑦̈𝑑  

 𝑠𝑠̇ < 0

𝑠̇ = −𝛾sgn(𝑠) 𝛾

𝛾 ≥ (𝐵0
−1𝐵̂𝐴0 − 𝐴̂)|𝑦̇𝑑| + (𝐵0

−1𝐵̂ − 1)|𝑦̈𝑑| + 𝜂  

𝜂

𝑢̇ = 𝐵0
−1𝐴0𝑦̇𝑑 + 𝐵0

−1𝑦̈𝑑 + 𝐵0
−1𝛾sgn(𝑠)  

sgn(𝑠) sat(𝑠)

𝑢 = 𝐵0
−1𝐴0𝑦𝑑 + 𝐵0

−1𝑦̇𝑑 + 𝐵0
−1𝛾sat(𝑠)  

sat(𝑠)

sat(𝑠) = {

1 𝑠 > 𝛿
𝑠

𝛿
|𝑠| ≤ 𝛿

−1 𝑠 < 𝛿

 

𝛿

HD,0°C
−1

𝑦𝑑

𝑢𝑚 = 𝑢𝑓 + 𝑢𝑏𝑏  
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𝑢𝑓

HD,0°C
−1

𝑦𝑑

𝑢𝑓 = 𝐵0
−1𝐴0𝑦𝑑 + 𝐵0

−1𝑦̇𝑑  

𝑢𝑏𝑏

𝑢𝑏𝑏 = 𝐵0
−1𝛾sat(𝑠)  

 

 

𝑉 =
1

2
𝑠2  

𝑠̇ =  −𝐵0[𝐵̂
−1𝐴̂𝑦̇𝑑 + 𝐵̂

−1𝑦̈𝑑 + 𝐵̂
−1𝛾sgn(𝑠)] + 𝐴0𝑦̇𝑑 + 𝑦̈𝑑  

𝛾

𝑠̇ =  (𝐴0 − 𝐵0𝐵̂
−1𝐴̂)𝑦̇𝑑 + (1−𝐵0𝐵̂

−1)𝑦̈𝑑

− ((𝐴0 − 𝐵0𝐵̂
−1𝐴̂)|𝑦̇𝑑| − (1 − 𝐵0𝐵̂

−1)|𝑦̈𝑑|

− 𝐵0𝐵̂
−1𝜂)  sgn(𝑠)

 

𝑉̇

𝑉̇ = 𝑠𝑠̇ =  (𝐴0 − 𝐵0𝐵̂
−1𝐴̂)(𝑦̇𝑑𝑠 − |𝑦̇𝑑𝑠|) + (1−𝐵0𝐵̂

−1)(𝑦̈𝑑𝑠 − |𝑦̈𝑑𝑠|)

− 𝐵0𝐵̂
−1𝜂|𝑠|

 

𝑉̇ ≤ 0
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{
𝐴0 − 𝐵0𝐵̂

−1𝐴̂ ≥ 0

1−𝐵0𝐵̂
−1 ≥ 0

 

ℙ1 ℙ2
ℙ1 ℙ2  

 

𝛾

𝛾

𝛾 = {
𝛾𝑢𝑝 𝑠 > 0

𝛾𝑑𝑤𝑛 𝑠 < 0
   with    𝛾𝑑𝑤𝑛 ≫ 𝛾𝑢𝑝

 

 𝑠

𝛾

𝛾

 𝑠 sgn(𝑠)

 sat(𝑠)

𝛿

𝛿

𝛾

 𝑠

 𝑠

 𝑢𝑏𝑏
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 𝑃𝐾𝑃

ℙ1  ℙ2

 𝑃𝐾𝑃

ℙ1  ℙ2  𝑃𝐾𝑃

 

 

DZMB

|𝑃𝐸𝑅𝑅| ≤ DZMB  𝑈𝑀  𝑈𝐵 

𝑈𝑀 = {
𝑈𝑀𝐷

if |𝑃𝐸𝑅𝑅| > DZMB
0% if |𝑃𝐸𝑅𝑅| ≤ DZMB

 

𝑈𝐵 = {
0% if |𝑃𝐸𝑅𝑅| > DZMB
100% if |𝑃𝐸𝑅𝑅| ≤ DZMB

 

 



   91 

 
 

 

 

 𝑃𝐾𝑃
 

 

𝑃𝑅𝐸𝐹

𝑃𝑅𝐸𝐹
 𝑃𝐸𝑀𝐴

𝑃𝐸𝑀𝐴
𝑃𝑅𝐸𝐹
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𝐌𝐏𝐄

𝐏𝐄𝐒𝐃

𝐌𝐓𝐑
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𝑃𝑅𝐸𝐹
𝑃𝐸𝑀𝐴 

𝑃𝐸𝐻𝐴 

𝑃𝑅𝐸𝐹
 𝑃𝐾𝑃

 𝑃𝐾𝑃

𝑃𝐸𝑀𝐴 

𝑃𝐸𝐻𝐴 

 

 
 𝑃𝐾𝑃  𝑇𝐾𝑃

 𝑃𝐾𝑃
 𝑇𝐾𝑃
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𝐌𝐏𝐄

𝐏𝐄𝐒𝐃

𝐌𝐏𝐄

𝐏𝐄𝐒𝐃

𝐌𝐏𝐄

𝐏𝐄𝐒𝐃

 𝑻𝑲𝑷
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http://papers.sae.org/2017-01-1096/
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𝛥𝑜𝑝𝑒𝑛

𝛥𝑐𝑙𝑜𝑠𝑒

𝐹𝑠(𝑥𝑐)  = {
 𝑘𝑐1𝑥𝑐                                      ∀ 𝑥𝑐 ∈ 𝛥𝑜𝑝𝑒𝑛
 [𝑘𝑐1𝑥𝑐1 +  𝑘𝑐2(𝑥𝑐 − 𝑥𝑐1)]  ∀ 𝑥𝑐 ∈ 𝛥𝑐𝑙𝑜𝑠𝑒

 

 𝑘𝑐1   𝑘𝑐2
𝑥𝑐   𝑏𝑐

 𝑏𝑐
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𝐹𝑝𝑚 = 𝐹𝑠(𝑥𝑐)
𝐴𝑚
𝐴𝑠

 

 𝜉

𝑇𝑠

𝑇𝑠 = 𝜉 𝐹𝑝𝑚  

𝜔𝑚 𝑟𝑔 

 𝑛𝑔 𝑇𝑚 𝑇𝑠

𝑇𝑚 =
𝑟𝑔

 𝑛𝑔𝑠𝑔𝑛(𝜔𝑚)
𝑇𝑠  

 𝐼𝑚 

𝑇𝑚  

 𝐼𝑚 =
𝑇𝑚
𝐾𝑇
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𝐾𝑇
 𝑅0

 𝑃𝑚 = 𝐸0 𝐼𝑚 + 𝑅0 𝐼𝑚
2 = 𝑈𝑚 𝐼𝑚  

𝑈𝑚 𝐸0

 𝐼𝑏

𝑃𝑏 = 𝑈𝑏 𝐼𝑏  

𝑈𝑏  𝐼𝑏
𝑃𝑏

 𝑃𝑚  𝑃𝑏
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𝑞𝑝𝑜𝑚𝑝𝑒

𝑞𝑝𝑜𝑚𝑝𝑒 = 𝑛ℎ𝑦𝑑𝛾𝑁𝑉𝑝 = 𝑞𝑤𝑎𝑠𝑡𝑒𝑑 + 𝑞𝑙𝑜𝑠𝑡 + 𝑞𝑝𝑖𝑠𝑡𝑜𝑛  

𝑛ℎ𝑦𝑑 𝛾

𝑁 𝑉𝑝 

𝑞𝑤𝑎𝑠𝑡𝑒𝑑
𝑞𝑙𝑜𝑠𝑡  

𝑞𝑝𝑖𝑠𝑡𝑜𝑛

𝑃𝐻 = 𝑃𝑝𝑜𝑚𝑝𝑒 = 𝑞𝑝𝑜𝑚𝑝𝑒(𝑝1 − 𝑝0)/𝑛𝑚𝑒𝑐  

𝑛𝑚𝑒𝑐 𝑝1 𝑝0
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𝑃𝑒 = 𝑃𝑚𝑜𝑡 + 𝑃𝑒𝑙𝑒𝑐 + 𝑃𝑐𝑎  

 𝑃𝑚𝑜𝑡  𝑃𝑒𝑙𝑒𝑐

𝑃𝑐𝑎
 𝑃𝑒𝑙𝑒𝑐

𝑃𝑐𝑎
 𝑃𝑐𝑎 = 0 𝑃𝑐𝑎

𝑃𝑚𝑜𝑡

𝑃𝑚𝑜𝑡 = 𝜔𝑤𝑇𝑤𝜂  

𝜔𝑤 𝜂

𝑇𝑤

𝐽𝑤𝜔̇𝑤 = 𝑇𝑤 − (𝐹𝐷𝑅 + 𝐹𝑅𝑅 + 𝐹𝐼𝑅 + 𝐹𝐺𝑅)𝑟𝑤  

𝐽𝑤𝜔̇𝑤 𝐽𝑤
𝜔̇𝑤 𝐹𝐷𝑅

𝐹𝑅𝑅 𝐹𝐼𝑅
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𝐹𝐺𝑅 𝑟𝑤

𝐹𝐷𝑅 =
1

2
𝜌𝑣𝑣

2𝐶𝑑𝐴
 

𝐹𝑅𝑅 = (𝐶𝑟𝑟 + 𝑘𝑟𝑟𝑉𝑣)𝑚𝑣𝑔  

𝐹𝐼𝑅 = 𝑚𝑣𝑣̇𝑣  

𝐹𝐺𝑅 = 𝑚𝑣𝑔 sin (𝜃𝑔)  

𝜌 𝑣𝑣 𝑉𝑣
𝑣̇𝑣  𝐶𝑑 𝐴

𝐶𝑟𝑟 𝑘𝑟𝑟 𝑚𝑣

𝑔 𝜃𝑔

𝜔𝑒

𝜔𝑒 = min (1100,
60

2𝜋
𝜔𝑤𝑟(𝐺))

 

𝑟(𝐺)

𝐺

 𝑃𝑒
𝑇𝑒  𝜔𝑒

 

 𝜔𝑒
 𝜔̇𝑤  𝐺

𝜔𝑒
 𝜔𝑒_𝑢𝑝  𝜔̇𝑤 > −0.5

 𝐺 < 6
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𝜔𝑒  𝜔𝑒_𝑑𝑤𝑛
 𝜔̇𝑤 < 0.5  𝐺 > 1  

 

𝛥𝑜𝑝𝑒𝑛

𝛥𝑐𝑙𝑜𝑠𝑒  𝑥𝑐0
𝑝0

 𝑥𝑐2
𝑝2

𝛥𝑜𝑝𝑒𝑛

𝛥𝑐𝑙𝑜𝑠𝑒

 𝑥𝑢𝑝 ∈]𝑥𝑐1 ;  𝑥𝑐2[ 𝑝𝑢𝑝 ∈]𝑝1 ;  𝑝2[

𝑥𝑐1 𝑝1

 𝑥𝑑𝑤𝑛 ∈]𝑥𝑐0 ;  𝑥𝑐1[ 𝑝𝑑𝑤𝑛 ∈]𝑝0 ;  𝑝1[

𝑥𝑐1 𝑝1
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 𝜔𝑒
𝜔𝑒_𝑢𝑝  𝜔𝑒_𝑑𝑤𝑛  𝜔𝑤

 𝜔̇𝑤  𝐺

𝑷𝒆𝒍𝒆𝒄 𝑟(2)

𝜼 𝑟(3)

𝑱𝒘 𝑟(4)

𝒓𝒘 𝑟(5)

𝝆 𝑟(6)

𝑪𝒅𝑨 𝜔𝑒_𝑢𝑝

𝑪𝒓𝒓 𝜔𝑒_𝑑𝑤𝑛
𝒌𝒓𝒓 𝑝0
𝒎𝒗 𝑝1
𝜽𝒈 𝑝2

𝑝𝑢𝑝

𝒓(𝟏) 𝑝𝑑𝑤𝑛
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𝑃𝑐𝑎
 𝑃𝑐𝑎 

 𝑃𝑒

 𝑉𝑣 𝑃𝑒
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𝑃𝑐𝑎
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𝑉𝑣
𝑃𝑒

 𝑉𝑣

𝑃𝑒

a) 

b) 

d) 

c) 

e) 

a) 

b) 

d) 

c) 

e) 
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 𝑉𝑣
𝑃𝑒

 𝐏𝐜𝐚

 𝐏𝐜𝐚

a) 

b) 

d) 

c) 

e) 

a) 

b) 

a) 

b) 
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 𝐏𝐜𝐚

a) 

b) 
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http://www.sciencedirect.com/science/article/pii/S0022460X17300056
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𝛀𝐦 𝒏  
𝛀 𝑟𝑒
𝝎 𝜇𝑐

𝑻𝑰𝑵 𝐿

𝑻̃𝑰𝑵 𝑡

𝑻̅𝑰𝑵 𝑐

𝑻𝑶𝑼𝑻 𝑣

𝑻̃𝑶𝑼𝑻 𝑥

𝑻̅𝑶𝑼𝑻 𝜌

𝑷 A

𝑷̃ 𝐸𝐼

𝑷̅ 𝐸𝐴

  𝑻𝑳𝑰𝑴 𝑟𝑝
𝝕̅ 𝛽

𝑵̅𝑰𝑵 𝜂

𝑵̅𝑶𝑼𝑻 𝑃𝑏𝑒𝑙𝑡
𝕊 𝑋

𝜹 𝑉

𝑭𝒄 𝛾

𝔽 𝜇

𝑭𝑳𝑶𝑪𝑲 Γ

𝑻𝑳𝑶𝑪𝑲 𝐹𝐿𝑂𝐶𝐾 𝜁

𝑨𝑰𝑵 𝜉

𝑨𝑶𝑼𝑻 Ac
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Ω

Ωm

 Ωm Ω
3

2
Ωm

Ω

2Ω  3Ω

Ω = 1.5 Ωm
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Ω = 1.5 Ωm

𝑇𝐼𝑁(𝑡) 

𝑇𝑂𝑈𝑇(𝑡) 𝑇̅𝐼𝑁  𝑇̅𝑂𝑈𝑇
𝑇̃𝐼𝑁(𝑡)  𝑇̃𝑂𝑈𝑇(𝑡)

𝑇𝐼𝑁(𝑡) = 𝑇̅𝐼𝑁 + 𝑇̃𝐼𝑁(𝑡) =  𝑇̅𝐼𝑁 + 𝐴𝐼𝑁 cos(Ω𝑡)  

𝑇𝑂𝑈𝑇(𝑡) = 𝑇̅𝑂𝑈𝑇 + 𝑇̃𝑂𝑈𝑇(𝑡) = 𝑇̅𝑂𝑈𝑇 + 𝐴𝑂𝑈𝑇 cos(Ω𝑡)  

 Ω 𝐴𝐼𝑁 𝐴𝑂𝑈𝑇

𝐴𝐼𝑁 𝐴𝑂𝑈𝑇

𝑃(𝑡, 𝑇𝑂𝑈𝑇) = 𝑃̃(𝑡, 𝑇̃𝑂𝑈𝑇) + 𝑃̅(𝑇̅𝑂𝑈𝑇)  

𝑃̃ 𝑃̅

 Ω

𝜔 𝜔  Ω/2

 ω ≈ Ω/2  𝑣(𝑡)
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Ωm Ω

2Ω 3Ω

𝜔 ≈ Ω/2
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𝑇𝑂𝑈𝑇(𝑡) 

𝑇𝐼𝑁(𝑡)   𝑇𝐿𝐼𝑀( 𝐹𝑐)

 𝐹𝑐
𝑇𝑂𝑈𝑇(𝑡)

  𝑇𝐿𝐼𝑀( 𝐹𝑐)

 𝐹𝑐 𝑇𝑂𝑈𝑇(𝑡)

 𝑃(𝑡, 𝑇𝑂𝑈𝑇)

 𝐹𝑐 

 𝜛̅ = (𝑁̅𝐼𝑁 − 𝑁̅𝑂𝑈𝑇)/𝑁̅𝐼𝑁 𝑁̅𝐼𝑁 𝑁̅𝑂𝑈𝑇

𝐹𝑐  

𝔽 𝜛̅  𝕊 = [0% ; 𝛿%] 𝛿

𝛿

𝜛̅ ∈ 𝕊

𝐹𝐿𝑂𝐶𝐾
𝜛̅

 𝐹𝑐 𝜛̅ 

𝑓 ∶  𝔽 →      𝕊                                          

                           𝐹𝑐  ↦    {
𝜛̅ = 0%                 for  𝐹𝑐 ≥ 𝐹𝐿𝑂𝐶𝐾
𝜛̅ ∈ ]0% ; 𝛿%]      for  𝐹𝑐 < 𝐹𝐿𝑂𝐶𝐾
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 ⇒ 𝐹𝑐 ≥ 𝐹𝐿𝑂𝐶𝐾

𝐹𝑐 𝐹𝑐 ≥

𝐹𝐿𝑂𝐶𝐾 𝜛̅ = 0%   𝑇𝐿𝐼𝑀(𝐹𝑐)

𝑇𝐼𝑁(𝑡)

 𝑃̃ 

𝑃̅ 

 𝜔

 Ω

𝜔 𝜔

 Ω/2  ω ≈ Ω/2

 ⇒ 𝐹𝑐 < 𝐹𝐿𝑂𝐶𝐾

𝐹𝑐 𝐹𝑐 < 𝐹𝐿𝑂𝐶𝐾
𝜛̅ ∈ ]0% ; 𝛿%]   𝑇𝐿𝐼𝑀(𝐹𝑐)

𝐹𝑐  

𝐹𝑐
  𝑇𝐿𝐼𝑀(𝐹𝑐) 𝑇𝐼𝑁(𝑡)

  𝑇𝐿𝐼𝑀(𝐹𝑐) 𝑇̃𝑂𝑈𝑇(𝑡)

 𝑃̃ 𝑇̅𝑂𝑈𝑇
 𝑃̅

 𝜔

 𝜔  Ω/2

 𝜔 
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  𝑇𝑂𝑈𝑇(𝑡)

 𝑇𝐼𝑁(𝑡)   𝑇𝐿𝐼𝑀(𝐹𝑐)

𝑇𝑂𝑈𝑇(𝑡) = min(𝑇𝐼𝑁(𝑡),   𝑇𝐿𝐼𝑀(𝐹𝑐))  

 𝑇𝐿𝐼𝑀(𝐹𝑐) 

  𝑇𝐿𝐼𝑀(𝐹𝑐) = {
𝑇𝐿𝑂𝐶𝐾     ≥ 𝑇̅𝐼𝑁 + 𝐴𝐼𝑁            for  𝐹𝑐 ≥ 𝐹𝐿𝑂𝐶𝐾
𝑛𝑟𝑒𝐹𝑐𝜇𝑐  < 𝑇̅𝐼𝑁 + 𝐴𝐼𝑁            for  𝐹𝑐 < 𝐹𝐿𝑂𝐶𝐾

 

𝑛 𝐹𝑐  

𝜇𝑐 𝑟𝑒

𝑇𝑂𝑈𝑇(𝑡)

  𝑇𝑂𝑈𝑇(𝑡)

𝑇𝑂𝑈𝑇(𝑡) ≈ 𝑇𝑂𝑈𝑇(𝐹𝑐) + 𝐴𝑂𝑈𝑇(𝐹𝑐) cos(Ωt)  

𝑇𝑂𝑈𝑇(𝐹𝑐) 𝐴𝑂𝑈𝑇(𝐹𝑐)

𝑇𝑂𝑈𝑇(𝐹𝑐) =

{
 
 

 
    𝑇𝐼𝑁                                                                                                                                for  𝐹𝑐 ≥ 𝐹𝐿𝑂𝐶𝐾  

𝐴𝐼𝑁
𝜋
[(
∆𝑇(𝐹𝑐)

𝐴𝐼𝑁
)(
𝜋

2
− arcsin (

∆𝑇(𝐹𝑐)

𝐴𝐼𝑁
)) − √1 − (

∆𝑇(𝐹𝑐)

𝐴𝐼𝑁
)

2

] + 𝑇𝐼𝑁           for  𝐹𝑐 < 𝐹𝐿𝑂𝐶𝐾

 

 

⇒
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𝐴𝑂𝑈𝑇(𝐹𝑐) =

{
 

 
𝐴𝐼𝑁                                                                                                                                for  𝐹𝑐 ≥ 𝐹𝐿𝑂𝐶𝐾

𝐴𝐼𝑁
𝜋
[
𝜋

2
+ arcsin (

∆𝑇(𝐹𝑐)

𝐴𝐼𝑁
) + (

∆𝑇(𝐹𝑐)

𝐴𝐼𝑁
)√1 − (

∆𝑇(𝐹𝑐)

𝐴𝐼𝑁
)

2

]                             for  𝐹𝑐 < 𝐹𝐿𝑂𝐶𝐾

 

∆𝑇(𝐹𝑐) =   𝑇𝐿𝐼𝑀(𝐹𝑐) − 𝑇̅𝐼𝑁
  𝑇𝑂𝑈𝑇(𝑡)  𝐹𝑐

𝐹𝑐 < 𝐹𝐿𝑂𝐶𝐾 𝐴𝑂𝑈𝑇(𝐹𝑐) 𝑇𝑂𝑈𝑇(𝐹𝑐)

𝐹𝑐

 

 

𝐿

𝑐(𝑡)

𝜌𝐴 (
𝜕2𝑣

𝜕𝑡2
+
𝜕𝑐

𝜕𝑡

𝜕𝑣

𝜕𝑥
+ 2𝑐

𝜕2𝑣

𝜕𝑥𝜕𝑡
+ 𝑐2

𝜕2𝑣

𝜕𝑥2
) − (𝑃̅ + 𝑃̃(𝑡))

𝜕2𝑣

𝜕𝑥2
+ 𝐸𝐼

𝜕4𝑣

𝜕𝑥4
= 0

 

𝑡 𝜌𝐴 𝐸𝐼  𝑣

𝑥 𝑃̅ 𝑃̃(𝑡)

𝑃̃

 𝑇̃𝑂𝑈𝑇 𝑃̅  𝑇̅𝑂𝑈𝑇 

𝑃̃

𝑃̃(𝑡, 𝐹𝑐) =
𝛽

𝑟𝑝
𝐴𝑂𝑈𝑇(𝐹𝑐) cos(Ωt) +

𝐸𝐴

2𝐿
∫ (

𝜕𝑣

𝜕𝑥
)
2𝐿

0

𝑑𝑥 + 𝜂𝐴∫ (
𝜕𝑣

𝜕𝑥
)

𝐿

0

(
𝜕2𝑣

𝜕𝑥𝜕𝑡
) 𝑑𝑥

 

𝛽 𝑟𝑝

𝐸𝐴 𝜂
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𝑃̅

𝑃̅(𝐹𝑐) =  𝑃𝑏𝑒𝑙𝑡 +
𝛽

𝑟𝑝
𝑇̅𝑂𝑈𝑇(𝐹𝑐)

 

𝑃𝑏𝑒𝑙𝑡 𝑃̅ 

𝑃̃  𝐹𝑐

𝑋, 𝑉 =  
𝑥,𝑣

𝐿
 , 𝜏 = 𝑡√

𝑃̅(𝐹𝑐)

𝜌𝐴𝐿2
    , Ώ = Ω√

𝜌𝐴𝐿2

𝑃̅(𝐹𝑐)
   , 𝛾 = 𝑐√

𝜌𝐴

𝑃̅(𝐹𝑐)
  , 𝜇 =

𝐸𝐼

𝑃̅(𝐹𝑐)𝐿2
 

Γ(𝐹𝑐) =
𝛽

𝑟𝑝

𝐴𝑂𝑈𝑇(𝐹𝑐)

𝑃̅(𝐹𝑐)
 ,         𝜁(𝐹𝑐) =

𝐸𝐴

𝑃̅(𝐹𝑐)
  ,         𝜉(𝐹𝑐) = 𝜂√

𝐴

𝜌𝑃̅(𝐹𝑐)𝐿2
 

 

𝜕2𝑉

𝜕𝜏2
+
𝜕𝛾

𝜕𝜏

𝜕𝑉

𝜕𝑋
+ 2𝛾

𝜕2𝑉

𝜕𝑋𝜕𝜏
− (1 − 𝛾2)

𝜕2𝑉

𝜕𝑋2
+ 𝜇

𝜕4𝑉

𝜕𝑋4

− [Γ(𝐹𝑐) cos(Ώ𝜏) +
𝜁(𝐹𝑐)

2
∫ (

𝜕𝑉

𝜕𝑋
)
2

𝑑𝑋 + 2 𝜉(𝐹𝑐)∫ (
𝜕𝑉

𝜕𝑋
)

1

0

(
𝜕2𝑉

𝜕𝑋𝜕𝜏
)𝑑𝑋

1

0

]
𝜕2𝑉

𝜕𝑋2
= 0

 

𝐹𝑐

𝛾 = 0 𝐸𝐼 𝜇 = 0

𝜕2𝑉

𝜕𝜏2
− [1 + Γ(𝐹𝑐) cos(Ώ𝜏) +

𝜁(𝐹𝑐)

2
∫ (

𝜕𝑉

𝜕𝑋
)
2

𝑑𝑋 + 2 𝜉(𝐹𝑐)∫ (
𝜕𝑉

𝜕𝑋
)

1

0

(
𝜕2𝑉

𝜕𝑋𝜕𝜏
) 𝑑𝑋

1

0

]
𝜕2𝑉

𝜕𝑋2
= 0  

𝑉(𝑋, 𝜏) = 𝑎𝑛(𝜏)𝜓𝑛(𝑋)

𝜓𝑛(𝑋) = sin(𝑛𝜋) /𝑛𝜋

𝐹𝑐
𝐹𝑐
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𝑑2𝑎𝑛(𝜏)

𝑑𝜏2
+ [𝜔́𝑛

2 + 𝑛2𝜋2Γ(𝐹𝑐)cos(Ώ𝜏)]𝑎𝑛(𝜏) + 𝑛
2𝜋2

𝜁(𝐹𝑐)

4
 𝑎𝑛

3(𝜏)

+ 𝑛2𝜋2𝜉(𝐹𝑐) 𝑎𝑛
2(𝜏)

𝑑𝑎𝑛(𝜏)

𝑑𝜏
= 0

 

𝜔́𝑛 = 𝑛𝜋 

Ώ𝑛
𝑘 = 2𝜔́𝑛/𝑘 𝑘 𝜔́𝑛 𝑛

𝐹𝑐
 Γ(𝐹𝑐)  𝜉(𝐹𝑐)

 𝜁(𝐹𝑐)

 

 

Ώ ≈ 2𝜔́1
𝐹𝑐

𝑎(𝜏, 𝐹𝑐) = 𝜆(𝐹𝑐) cos (
Ώ

2
𝜏 + 𝜐) + 𝑂(Γ(𝐹𝑐))

 

 𝜆(𝐹𝑐) =
√8(9𝛼(𝐹𝑐)

2 + 16𝜋2𝜒(𝐹𝑐)
2)(6𝜋𝜎𝛼(𝐹𝑐) ± 𝜋

2√9𝛼(𝐹𝑐)
2 + 16𝜋2𝜒(𝐹𝑐)

2 − 64𝜒(𝐹𝑐)
2𝜎2)

𝜋(9𝛼(𝐹𝑐)
2 + 16𝜋2𝜒(𝐹𝑐)

2)

 

𝛼(𝐹𝑐) =
𝜁(𝐹𝑐)

Γ(𝐹𝑐)
=
𝑟𝑝

𝛽

𝐸𝐴

𝐴𝑂𝑈𝑇(𝐹𝑐)
      ,     𝜒(𝐹𝑐) =

𝜉(𝐹𝑐)

Γ(𝐹𝑐)
=   𝜂

𝑟𝑝

𝛽
√

𝐴 𝑃̅(𝐹𝑐)

𝜌𝐴𝑂𝑈𝑇(𝐹𝑐)2𝐿2
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Ώ = 2𝜔́1(𝐹𝑐) + Γ(𝐹𝑐)𝜎  

𝜔́1(𝐹𝑐)

𝐹𝑐 𝑃̅(𝐹𝑐)

Ώ

2
= 𝜔́1(𝐹𝑐) ± ε − ϵ

 

ε = Γ(𝐹𝑐)
𝜋

2
       and        ϵ = Γ(𝐹𝑐)

2
𝜋2

32𝜔́1(𝐹𝑐)
 

 𝐹𝑐/𝐹𝑙𝑜𝑐𝑘
 𝜆(𝐹𝑐)

𝐹𝑐
 𝜆(𝐹𝑐)

 𝐹𝑐/𝐹𝑙𝑜𝑐𝑘
𝜔́1(𝐹𝑐)

𝐹𝑐
𝑃̅(𝐹𝑐)

ώ1(Fc)

𝜔́1(𝐹𝑐)

𝐹𝑐 𝐹𝑙𝑜𝑐𝑘
𝜆(𝐹𝑐)
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 𝜆(𝐹𝑐)  𝐹𝑐/𝐹𝐿𝑂𝐶𝐾
 𝐹𝑐/𝐹𝐿𝑂𝐶𝐾  𝐹𝑐/𝐹𝐿𝑂𝐶𝐾

𝐹𝑐/𝐹𝐿𝑂𝐶𝐾  𝐴𝐼𝑁 = 30 Nm,  𝑇̅𝐼𝑁 =
100 Nm,   𝑃𝑏𝑒𝑙𝑡 = 1600 N,   𝛽 = 0.906,   𝑟𝑝 = 61.9 mm,   𝜌𝐴 = 0.2284 kg/m,   𝐿 =

880 mm,   𝐹𝐿𝑂𝐶𝐾 = 800 N, 𝑛 = 16,   𝐸𝐴 = 1.1251𝑒06 N    𝜇𝑐 = 0.15
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𝐿

𝜌

𝐴

𝐸𝐴

𝜂

𝑟𝑝

𝛽

𝑛

𝑟𝑒

𝜇𝑐

𝐴𝑐
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Ω = 1.5 Ωm

Ω = 1.5 Ωm Ω

  Ω

Ω/2 = 0.75 Ωm
𝜔 𝜔 ≈

Ω/2 = 0.75 Ωm
 Ω 𝜔

𝜔  Ω/2

 𝜔 ≈

Ω/2
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Ω

Ω/2

Ω/2

 (a)          (b)             (c)          
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𝑇𝑂𝑈𝑇   𝑇𝐿𝐼𝑀(𝐹𝑐)  

 𝐴𝑂𝑈𝑇(𝐹𝑐)   𝑇𝐿𝐼𝑀(𝐹𝑐)

Γ(𝐹𝑐)

𝑇̅𝑂𝑈𝑇   𝑇𝐿𝐼𝑀

 𝜔

 𝑇𝑂𝑈𝑇

Γ(𝐹𝑐)

𝜆(𝐹𝑐)

 𝜔

 𝜔

Ω/2

𝜔

 𝜔 

 Γ(𝐹𝑐)

𝜔

 𝜔  Ω/2

 𝜔 

(𝐹𝑐)
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Ω

  𝑇𝐿𝐼𝑀
𝑇̃𝑂𝑈𝑇 𝑇̅𝑂𝑈𝑇  

𝜔

 Ω/2
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Ω/2

Ω/2
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μ
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Ω

 Ωm Ω = 1.5 Ωm

 Ω

𝜔  Ω/2

ℕ

𝕋

𝑇𝑂𝑈𝑇 𝑇𝐼𝑁
  𝑇𝐿𝐼𝑀( 𝐹𝑐)

 𝐹𝑐
𝑇𝑂𝑈𝑇

 (a)          (b)             (c)          
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  𝑇𝐿𝐼𝑀(𝐹𝑐)  𝐹𝑐
𝑇𝑂𝑈𝑇

 

 

 

𝝕 

𝜛 =
(𝑁𝐼𝑁 − 𝑁𝑂𝑈𝑇)

𝑁𝐼𝑁

 

𝑁𝐼𝑁 𝑁𝑂𝑈𝑇
 𝐹𝑐  

𝜛  𝐹𝑐
 𝐹𝑐

 𝒪  𝓞

𝑇𝐼𝑁
 𝑇𝐿𝐼𝑀( 𝐹𝑐)

𝒪 =
𝑇𝐿𝐼𝑀( 𝐹𝑐) − 𝑇𝐼𝑁

𝑇𝐼𝑁

 

 𝑇𝐿𝐼𝑀( 𝐹𝑐)  𝐹𝑐
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 𝜛 𝒪

𝑇𝐼𝑁 = 68 Nm   𝑁𝐼𝑁 = 4050 𝑅𝑃𝑀

 𝔽 = [𝐹𝑀𝐼𝑁 ; 𝐹𝐿𝑂𝐶𝐾]

𝕆 = [𝒪𝑀𝐼𝑁  ; 𝒪𝐿𝑂𝐶𝐾] 𝜛

 𝕊 = [0% ; 𝛿%] 𝛿

𝐹𝐿𝑂𝐶𝐾  𝒪𝐿𝑂𝐶𝐾
 𝜛 𝐹𝑀𝐼𝑁 

 𝒪𝑀𝐼𝑁  𝜛

 𝛿% 𝛿 𝜛 ∈ 𝕊

𝕆 × 𝕊

 

 

 

𝕆 × 𝕊

𝑓 𝕆 = [−10; 35]

𝕊 = [0.1; 1.1]

𝑓: 𝕆 →    𝕊                      
 𝒪 ↦    𝜛 = 𝔪𝒪 + 𝔟

 

𝔪 𝔟
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𝕆× 𝕊

𝜔̇𝐼𝑁 =
1

𝐽𝐼𝑁
(𝑇𝐼𝑁 − 𝑇𝐿𝐼𝑀( 𝐹𝑐))

 

𝜔̇𝑂𝑈𝑇 =
1

𝐽𝑂𝑈𝑇
(𝑇𝐿𝐼𝑀( 𝐹𝑐) − 𝑇𝐷)

 

𝜔𝐼𝑁,𝑂𝑈𝑇 =
2𝜋

60
𝑁𝐼𝑁,𝑂𝑈𝑇

𝐽𝐼𝑁 𝐽𝑂𝑈𝑇
𝑇𝐼𝑁 𝑇𝐷

𝑇𝐿𝐼𝑀( 𝐹𝑐)

𝑇𝑂𝑈𝑇 𝑇𝐿𝐼𝑀( 𝐹𝑐)

 𝐹𝑐

  𝑇𝐿𝐼𝑀(𝐹𝑐) = 𝑛𝑟𝑒𝐹𝑐𝜇𝑐  

 

ϖ 𝒪

𝑇𝐼𝑁 = 68 Nm   𝑁𝐼𝑁 = 4050 𝑅𝑃𝑀
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𝑛 𝐹𝑐  

𝜇𝑐 𝑟𝑒

 

𝜛  𝒪

ℕ

𝕋

∆𝜛  ∆𝒪

𝐻𝑛 𝑛 = 1,2,3, … 6 𝔪𝒏 𝔱𝑛
𝑇𝐼𝑁

𝑁𝐼𝑁

𝐻𝑛(𝑠) =
𝔪𝒏

𝔱𝑛𝑠 + 1
 

𝔪𝒏

 𝐻5

60 Nm  3700 𝑅𝑃𝑀 𝜛𝑅𝐸𝐴𝐿

𝜛𝑅𝐸𝐴𝐿 = 𝜛 +𝑤  

 

 

 

 



158                        

 

       

 

𝑤

𝑉𝑤
1𝜎

𝐻𝑛 1𝜎

𝒯

ℳ 1𝜎

ℕ

𝕋 𝔪 ℳ

𝔱 𝒯

𝐻7, 𝐻8, 𝐻9, 𝐻10  ℳ × 𝒯

ℕ 𝕋

𝜛  𝒪  ℳ × 𝒯

𝐻7, 𝐻8, 𝐻9, 𝐻10

 

𝜛  𝒪

 

 

 

https://en.wikipedia.org/wiki/Independent_and_identically_distributed_random_variables
https://en.wikipedia.org/wiki/Independent_and_identically_distributed_random_variables
https://en.wikipedia.org/wiki/Normal_distribution
https://en.wikipedia.org/wiki/Variance
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𝐻5
 𝒪𝑅𝐸𝐴𝐿 1𝜎

 

 

1𝜎 𝔪𝒏

𝔱𝑛  𝐻𝑛
𝐻7, 𝐻8, 𝐻9, 𝐻10  ℳ × 𝒯
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𝑓  𝑓

 𝑓

ℕ

𝕋

 𝑓

System 𝑯𝒏 Gain 𝖒𝒏 𝝈𝖒𝒏 Time constant 𝖙𝒏 𝝈𝖙𝒏  

𝑯𝟏 0.15 0.0086 0.27 0.19 

𝑯𝟐 0.11 0.0062 0.24 0.16 

𝑯𝟑 0.076 0.0024 0.19 0.15 

𝑯𝟒 0.038 0.0016 0.078 0.048 

𝑯𝟓 0.034 0.0017 0.063 0.049 

𝑯𝟔 0.030 0.0015 0.061 0.055 

𝑯𝟕 0.0285 - 0.46 - 

𝑯𝟖 0.1586 - 0.46 - 

𝑯𝟗 0.1586 - 0.006 - 

𝑯𝟏𝟎 0.0285 - 0.006 - 
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ℕ 𝕋

ℕ 𝕋

 𝑓

 

ℕ 𝕋

 𝑓

𝑓: 𝕆 →    𝕊                      

 𝒪 ↦    𝜛̂ = 𝔪̂𝒪 + 𝔟̂

 

𝔪̂ 𝔟̂ 𝜛̂

  𝒇̂

ℕ

𝕋  𝑓

𝑇 𝒪𝑐
𝒪𝐼𝐷𝑁  𝒪𝐿𝑂𝐶𝐾  𝒪𝑀𝐼𝑁

𝒪𝑐(𝑡) =  𝒪𝐼𝐷𝑁(𝑡) = min( 𝒪𝐿𝑂𝐶𝐾 − 𝛾𝑡,  𝒪𝑀𝐼𝑁)  with 𝛾 > 0  

𝛾 𝒪𝑅𝐸𝐴𝐿
𝜛𝑅𝐸𝐴𝐿
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  𝔪̂ 𝔟̂ 𝜛𝑅𝐸𝐴𝐿
1𝜎   𝔪̂ 𝔟̂

 
 𝑓

𝒪𝑐  𝒪𝐶𝐴𝐿𝐶
𝑓−1

𝒪𝑐(𝑡) =  𝒪𝐶𝐴𝐿𝐶(𝑡) = 𝑓−1(𝜛𝑅𝐸𝐹) =
𝜛𝑅𝐸𝐹

∗ − 𝔟̂

𝔪̂

 

𝜛𝑅𝐸𝐹
∗

 𝑓−1

𝑓

 

 𝑓
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ℕ 𝕋

 𝒪𝐶𝑅𝐶𝑇𝐷  𝑓

 𝒪𝐶𝐴𝐿𝐶
 𝒪𝐶𝑅𝐶𝑇𝐷  𝒪𝐶𝐴𝐿𝐶

 𝒪𝑐  𝒪𝐶𝑅𝐶𝑇𝐷
 𝒪𝐶𝐴𝐿𝐶

 𝑓

𝔟̂

𝔪𝑛

𝜛𝑅𝐸𝐴𝐿−𝑓

 𝑒(𝑡) = 𝜛𝑅𝐸𝐹(𝑡) − 𝜛𝑅𝐸𝐴𝐿−𝑓(𝑡)

 
ℕ

𝕋

 𝜛𝑅𝐸𝐹
∗

 𝑓0
−1
  𝜛𝑅𝐸𝐹

∗

 𝒪𝐶𝑅𝐶𝑇𝐷  𝒪𝐶𝐴𝐿𝐶
 𝜛𝑅𝐸𝐹

∗ 𝒪𝑐

𝒪𝑐(𝑡) =   𝒪𝐶𝑅𝐶𝑇𝐷(𝑡) + 𝒪𝐶𝐴𝐿𝐶(𝑡) = 𝐾𝑝𝑒(𝑡) + 𝐾𝑖𝑖(𝑡) + 𝑓0
−1
(𝜛𝑅𝐸𝐹)  
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𝑑𝑖(𝑡)

𝑑𝑡
= 𝑒(𝑡) 𝑓0

−1
(𝜛𝑅𝐸𝐹) =

𝜛𝑅𝐸𝐹(𝑡)

𝔪𝑛
−

𝔟̂0

𝔪𝑛
 

𝐾𝑝 𝐾𝑖

𝔟̂0 𝔟̂ 𝑒(𝑡)

𝑡

𝐻7, 𝐻8, 𝐻9, 𝐻10  ℳ ×

𝒯

𝐺𝑛(𝑠) = [ 𝒪𝐶𝑅𝐶𝑇𝐷(𝑠) + 𝒪𝐶𝐴𝐿𝐶(𝑠)]𝐻𝑛(𝑠)  

𝐺𝑛(𝑠) = [(
𝐾𝑓

𝑇𝑓𝑠 + 1
) (𝐾𝑝 +

𝐾𝑖
𝑠
) +

1

𝔪𝑛
]

𝔪𝒏

𝔱𝑛𝑠 + 1
 

𝑛 = 7,8,9,10 𝐾𝑓 𝑇𝑓

−
𝔟̂0

𝔪𝑛
𝑓0
−1

𝒪𝑐
 Pm(𝐺7) = 84.7 deg  Pm(𝐺8) =

44.5 deg Pm(𝐺9) = 123 deg  Pm(𝐺10) = 154 deg

 ℳ × 𝒯

ℕ 𝕋

 
 𝒇̂  𝜛𝑅𝐸𝐹

∗

𝔟̂ 𝑓

1

𝔟̂(𝑘 + 1) = 𝔟̂(𝑘) − 𝜇𝑒(𝑘)  

𝔟̂(𝑘) 𝑘 𝜇

𝒪𝑐 𝑘

𝒪𝑐(𝑘) =   𝒪𝐶𝑅𝐶𝑇𝐷(𝑘) + 𝒪𝐶𝐴𝐿𝐶(𝑘) = 𝐾𝑝𝑒(𝑘) + 𝐾𝑖𝑖(𝑘) + 𝑓
−1(𝑘,  𝜛𝑅𝐸𝐹

∗)  
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𝑓−1(𝑘,  𝜛𝑅𝐸𝐹
∗) =

 𝜛𝑅𝐸𝐹
∗

𝔪𝑛
−
𝔟̂(𝑘)

𝔪𝑛

 

𝒪𝑐  𝒪𝐶𝐴𝐿𝐶  𝒪𝐶𝑅𝐶𝑇𝐷

𝐻7, 𝐻8, 𝐻9, 𝐻10  ℳ × 𝒯

𝔟̂   𝔟𝑅𝐸𝐴𝐿
 𝒪𝐶𝐴𝐿𝐶

 𝒪𝐶𝑅𝐶𝑇𝐷
 ℳ × 𝒯

ℕ 𝕋

 
𝔟̂  𝔟𝑅𝐸𝐴𝐿

 𝒪𝐶𝑅𝐶𝑇𝐷 𝒪𝑐

lim
k→∞

𝒪𝑐(𝑘)  =  
𝜛𝑅𝐸𝐹

∗ − 𝔟𝑅𝐸𝐴𝐿
𝔪𝑛

 

 𝒪𝐶𝐴𝐿𝐶

𝔟𝑅𝐸𝐴𝐿

𝜇𝑠𝑒𝑙𝑒𝑐𝑡𝑒𝑑

𝐾𝑖

𝐾𝑝

𝑇

𝜔𝑓

𝐾𝑓
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 𝒪𝐶𝑅𝐶𝑇𝐷
𝔟̂  𝔟𝑅𝐸𝐴𝐿

𝜛𝑅𝐸𝐹

ℕ

𝕋

 

 

 

 𝑓
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 𝜛𝑅𝐸𝐴𝐿

 𝒪𝑅𝐸𝐴𝐿
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𝜛𝑅𝐸𝐴𝐿  𝒪𝑅𝐸𝐴𝐿

 𝒪𝐶𝐴𝐿𝐶   𝒪𝐶𝑅𝐶𝑇𝐷

 

 𝒪𝑅𝐸𝐴𝐿
𝜛𝑅𝐸𝐴𝐿 𝜛̂ 2𝜎

𝜛̂  𝑓

𝑓 2𝜎  𝑓

 𝑓

𝜛𝑅𝐸𝐹
∗  𝑓−1

 𝒪𝑐 =  𝒪𝐶𝐴𝐿𝐶  𝒪𝑅𝐸𝐴𝐿
𝜛𝑅𝐸𝐹  𝜛𝑅𝐸𝐴𝐿

𝜛𝑅𝐸𝐹
∗

 𝑓−1

 𝒪𝐶𝐴𝐿𝐶  

 𝒪𝑅𝐸𝐴𝐿
𝜛𝑅𝐸𝐴𝐿 𝜛𝑅𝐸𝐹

∗

  𝔪̂ 𝔟̂
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 𝑓

 𝒪𝑅𝐸𝐴𝐿 𝜛𝑅𝐸𝐴𝐿 𝜛̂

2𝜎 𝜛̂

𝑓 𝑓 2𝜎

𝑓
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𝑒

 𝒪𝐶𝑅𝐶𝑇𝐷 𝑒

𝔟̂  𝑓

 𝒪𝐶𝐴𝐿𝐶

 

 𝒪𝐶𝐴𝐿𝐶  𝒪𝑅𝐸𝐴𝐿 

𝜛𝑅𝐸𝐹 𝜛𝑅𝐸𝐴𝐿
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 𝜛𝑅𝐸𝐹
∗

 𝑓0
−1
  𝜛𝑅𝐸𝐹

∗

 𝜛𝑅𝐸𝐹
∗

𝔟̂

𝑓 𝔟̂

𝔟𝑅𝐸𝐴𝐿  𝒪𝐶𝐴𝐿𝐶
 𝒪𝐶𝑅𝐶𝑇𝐷

𝒪𝑐 = 𝒪𝐶𝐴𝐿𝐶 +  𝒪𝐶𝑅𝐶𝑇𝐷  𝒪𝐶𝐴𝐿𝐶  𝒪𝐶𝑅𝐶𝑇𝐷
 𝔟̂

𝒪𝑐 = 𝒪𝐶𝐴𝐿𝐶 +  𝒪𝐶𝑅𝐶𝑇𝐷
𝜛𝑅𝐸𝐴𝐿  𝜛𝑅𝐸𝐹

∗

 𝒪𝐶𝐴𝐿𝐶

𝒪𝑐 = 𝒪𝐶𝐴𝐿𝐶 +  𝒪𝐶𝑅𝐶𝑇𝐷  𝒪𝑅𝐸𝐴𝐿
𝜛𝑅𝐸𝐹  𝜛𝑅𝐸𝐴𝐿

𝔟̂

 𝒪𝐶𝐴𝐿𝐶
 𝒪𝐶𝑅𝐶𝑇𝐷

 𝒪𝐶𝐴𝐿𝐶   𝜛𝑅𝐸𝐹

𝜛𝑅𝐸𝐹
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ℕ 𝕋

 𝜛𝑅𝐸𝐹
∗

 𝜛𝑅𝐸𝐹
∗  = 1%  𝜛𝑅𝐸𝐹

∗  = 0.57%

 𝜛𝑅𝐸𝐹
∗

 

 𝔟̃  𝒪𝐶𝐴𝐿𝐶  𝒪𝐶𝑅𝐶𝑇𝐷
 𝒪𝐶𝐴𝐿𝐶  𝒪𝐶𝑅𝐶𝑇𝐷  𝒪𝑅𝐸𝐴𝐿
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 𝒪𝐶𝐴𝐿𝐶  𝒪𝐶𝑅𝐶𝑇𝐷  𝒪𝑅𝐸𝐴𝐿
𝜛𝑅𝐸𝐹 𝜛𝑅𝐸𝐴𝐿
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𝑓

𝑓

 

 𝔟̃

 𝒪𝐶𝐴𝐿𝐶
 𝒪𝐶𝑅𝐶𝑇𝐷

 

 

 

Table 2: Phase margins (Pm) 

Parameters values Units 

𝖒𝑹𝑬𝑨𝑳 ]0;1[  
𝑲𝒊 100  
𝑲𝒑 50  

𝑻 0.001 s 
𝝁 0.1  
𝝎𝒇 40 rad/s 
𝑲𝒇 1  
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𝑓

𝑓

 

 

𝐻7, 𝐻8, 𝐻9, 𝐻10  ℳ × 𝒯

𝑒(𝑘) =   𝜛𝑅𝐸𝐹
∗ − 𝜛𝑅𝐸𝐴𝐿−𝑓(𝑘)  

𝜛𝑅𝐸𝐴𝐿−𝑓(𝑘) = 𝛼1𝜛𝑅𝐸𝐴𝐿−𝑓(𝑘 − 1) + 𝛽1𝜛𝑅𝐸𝐴𝐿(𝑘 − 1)  

𝛼1 = 𝑒
−𝑇/𝑇𝑓  𝛽1 = 𝐾𝑓(1 − 𝛼)  

𝑒(𝑘) =   𝜛𝑅𝐸𝐹
∗ − [𝛼1𝜛𝑅𝐸𝐴𝐿−𝑓(𝑘 − 1) + 𝛽1𝜛𝑅𝐸𝐴𝐿(𝑘 − 1)]  

𝜛𝑅𝐸𝐴𝐿  𝒪𝑐
𝑓  𝜛𝑅𝐸𝐴𝐿(𝑘)
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𝜛𝑅𝐸𝐴𝐿(𝑘) =  𝔪𝑅𝐸𝐴𝐿𝒪𝑐(𝑘) + 𝔟𝑅𝐸𝐴𝐿 + 𝑤  

 𝔪𝑅𝐸𝐴𝐿 𝔟𝑅𝐸𝐴𝐿  𝑓 𝑤

𝑒(𝑘) =   𝜛𝑅𝐸𝐹
∗ − [𝛼1𝜛𝑅𝐸𝐴𝐿−𝑓(𝑘 − 1) + 𝛽1(𝔪𝑅𝐸𝐴𝐿𝒪𝑐(𝑘 − 1) + 𝔟𝑅𝐸𝐴𝐿 + 𝑤)]  

𝒪𝑐(𝑘 − 1)

𝑒(𝑘) =  (1 − 𝛽
𝔪𝑅𝐸𝐴𝐿

𝔪𝑛
)𝜛𝑅𝐸𝐹

∗−𝛼1𝜛𝑅𝐸𝐴𝐿−𝑓(𝑘 − 1) − 𝛽1𝔪𝑅𝐸𝐴𝐿𝐾𝑝𝑒(𝑘 − 1)

− 𝛽1𝔪𝑅𝐸𝐴𝐿𝐾𝑖𝑖(𝑘 − 1) + 𝛽1
𝔪𝑅𝐸𝐴𝐿

𝔪𝑛
𝔟̂(𝑘 − 1) − 𝛽1𝔟𝑅𝐸𝐴𝐿 − 𝛽1𝑤

 

lim
k→∞

E[𝑒(𝑘)] = 0 = e∗ lim
k→∞

𝐸[𝜛𝑅𝐸𝐴𝐿−𝑓(𝑘)] = 𝜛𝑅𝐸𝐹
∗  

lim
k→∞

E[𝔟̂(𝑘)] = 𝔟∗ lim
k→∞

E[𝑖(𝑘)] = i∗  

(1 − 𝛼1 − 𝛽1
𝔪𝑅𝐸𝐴𝐿

𝔪𝑛
)𝜛𝑅𝐸𝐹

∗ − 𝛽1𝔪𝑅𝐸𝐴𝐿𝐾𝑖i
∗+𝛽1

𝔪𝑅𝐸𝐴𝐿

𝔪𝑛
𝔟∗ − 𝛽1𝔟𝑅𝐸𝐴𝐿 = 0  

 𝐾𝑓 = 1

𝔟∗ =
𝔪𝑛

𝔪𝑅𝐸𝐴𝐿
𝔟𝑅𝐸𝐴𝐿 i∗ =

1−
 𝔪𝑅𝐸𝐴𝐿
𝔪𝑛

+(
 𝔪𝑅𝐸𝐴𝐿
𝔪𝑛

−1)𝛼1

𝛽1𝔪𝑅𝐸𝐴𝐿𝐾𝑖
 𝜛𝑅𝐸𝐹

∗  

 
𝔪𝑛

𝔪𝑅𝐸𝐴𝐿
= 1

𝔟∗ = 𝔟𝑅𝐸𝐴𝐿 i∗ = 0  
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𝑋(𝑡) = (

𝜛𝑅𝐸𝐴𝐿(𝑡)

𝑒(𝑡)

𝔟(𝑡)
) ,   𝑈(𝑡) = 𝜛𝑅𝐸𝐹

∗,   𝑌(𝑡) = 𝜛𝑅𝐸𝐴𝐿(𝑡)
 

{
𝑋̇(𝑡) = 𝐴𝑋(𝑡) + 𝐵𝑈(𝑡)

 
𝑌(𝑡) = 𝐶𝑋(𝑡) + 𝐷𝑈(𝑡)

 

𝐻𝑅𝐸𝐴𝐿  𝑥̇1(𝑡) = 𝜛̇𝑅𝐸𝐴𝐿(𝑡)

𝜛̇𝑅𝐸𝐴𝐿(𝑡) =
1

𝔱𝑅𝐸𝐴𝐿
[𝔪𝑅𝐸𝐴𝐿𝒪𝑐(𝑡) − 𝜛𝑅𝐸𝐴𝐿(𝑡)]

 

 𝒪𝑐(𝑡)

𝜛̇𝑅𝐸𝐴𝐿(𝑡) =
1

𝔱𝑅𝐸𝐴𝐿
[𝔪𝑅𝐸𝐴𝐿𝐾𝑝𝑒(𝑡) + 𝔪𝑅𝐸𝐴𝐿𝐾𝑖𝑖(𝑡) +

𝔪𝑅𝐸𝐴𝐿

𝔪𝑛
𝜛𝑅𝐸𝐹

∗

−
𝔪𝑅𝐸𝐴𝐿

𝔪𝑛
𝔟̂(𝑡) − 𝜛𝑅𝐸𝐴𝐿(𝑡)]

 

 
𝔪𝑅𝐸𝐴𝐿

𝔪𝑛
= 1

𝜛̇𝑅𝐸𝐴𝐿(𝑡) =
1

𝔱𝑅𝐸𝐴𝐿
[𝔪𝑅𝐸𝐴𝐿𝐾𝑝𝑒(𝑡) + 𝔪𝑅𝐸𝐴𝐿𝐾𝑖𝑖(𝑡) + 𝜛𝑅𝐸𝐹

∗ − 𝔟̂(𝑡)

− 𝜛𝑅𝐸𝐴𝐿(𝑡)]

 

𝑖(𝑡) ≡ −
𝑇

𝜇
𝔟̂(𝑡)  

𝑇 𝜇

𝜛̇𝑅𝐸𝐴𝐿(𝑡) =
1

𝔱𝑅𝐸𝐴𝐿
[𝔪𝑅𝐸𝐴𝐿𝐾𝑝𝑒(𝑡) − (1 +

𝑇

𝜇
𝔪𝑅𝐸𝐴𝐿𝐾𝑖) 𝔟̂(𝑡) + 𝜛𝑅𝐸𝐹

∗

−𝜛𝑅𝐸𝐴𝐿(𝑡)]

 

 𝑥̇2(𝑡) = 𝑒̇(𝑡)
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𝑒̇(𝑡) =  − 𝜛̇𝑅𝐸𝐴𝐿−𝑓(𝑡)  

𝑒̇(𝑡) =  −
1

𝑇𝑓
[𝐾𝑓𝜛𝑅𝐸𝐴𝐿(𝑡) − 𝜛𝑅𝐸𝐴𝐿−𝑓(𝑡)]

 

𝑒̇(𝑡) =  −
1

𝑇𝑓
[𝐾𝑓𝜛𝑅𝐸𝐴𝐿(𝑡) − 𝜛𝑅𝐸𝐴𝐿−𝑓(𝑡) +  𝜛𝑅𝐸𝐹

∗ −  𝜛𝑅𝐸𝐹
∗]  

 𝐾𝑓 = 1

𝑒̇(𝑡) =  −
1

𝑇𝑓
[𝜛𝑅𝐸𝐴𝐿(𝑡) + 𝑒(𝑡) −  𝜛𝑅𝐸𝐹

∗]  

 𝑥̇3(𝑡) = 𝔟̇(𝑡)

𝔟̇(𝑡) =  −
𝜇

𝑇
𝑒(𝑡)  

𝐴, 𝐵, 𝐶 𝐷

𝐴 =

(

 
 
−

1

𝔱𝑅𝐸𝐴𝐿

𝔪𝑅𝐸𝐴𝐿𝐾𝑝

𝔱𝑅𝐸𝐴𝐿
−
(𝜇+𝑇𝔪𝑅𝐸𝐴𝐿𝐾𝑖)

𝜇𝔱𝑅𝐸𝐴𝐿

−
1

𝑇𝑓
−

1

𝑇𝑓
0

0 −
𝜇

𝑇
0 )

 
 

 𝐵 =

(

 

1

𝔱𝑅𝐸𝐴𝐿
1

𝑇𝑓

0 )

 𝐶 = (1 0 0)

𝐷 = 0

 

 ℛ𝑒[𝜆(𝐴)] < 0 𝜆(𝐴)

𝐻7, 𝐻8, 𝐻9, 𝐻10  ℳ × 𝒯

𝜇

𝜇𝑙𝑖𝑚 𝐻7  𝐻8  𝜇𝑠𝑒𝑙𝑒𝑐𝑡𝑒𝑑 = 0.1 <

𝜇𝑙𝑖𝑚

https://en.wikipedia.org/wiki/Routh%E2%80%93Hurwitz_stability_criterion
https://en.wikipedia.org/wiki/Routh%E2%80%93Hurwitz_stability_criterion
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ℛ𝑒[𝜆(𝐴)] 𝐻7, 𝐻8, 𝐻9, 𝐻10
 ℳ × 𝒯 𝜇
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