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We discuss the geodesic motion of both massive test particles, following timelike geodesics, and light,
following null geodesics, on Finsler spacetimes with cosmological symmetry. Using adapted coordinates
on the tangent bundle of the spacetime manifold, we derive the general form of the geodesic equation.
Further, we derive a complete set of constants of motion. As an application of these findings, we derive the
magnitude-redshift relation for light propagating on a cosmologically symmetric Finsler background, both
for a general Finsler spacetime and for particular examples, such as spacetimes equipped with Bogoslovsky
and Randers length measures. Our results allow a confrontation of these geometries with observations of

the magnitude and redshift of supernovae.
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I. INTRODUCTION

One of the most revolutionary observations in modern
cosmology is the measurement of the magnitude-redshift
relation of distant supernovae [1-5]. It follows from the
kinematics of a homogeneous and isotropic universe,
whose geometry is modeled by a Friedmann-Lemaitre-
Robertson-Walker (FLRW) metric, that this relation allows
one to directly measure the deceleration or acceleration of
the expansion of the universe in terms of a single parameter
g, called the deceleration parameter. Numerous analyses of
supernova data have come to results in the range —1.0 <
q < —0.5 at the present epoch [6-11], where a negative
value indicates an accelerating expansion. This result
clearly contradicts the expected behavior of a universe
described by general relativity and filled with perfect fluid
matter with non-negative barotropic index w > 0, whose
expansion should decelerate.

These observations of supernovae, which have been
complemented by observations of the cosmic microwave
background [12] and baryon acoustic oscillations [13,14],
have stipulated the development of a plethora of models.
Possible explanations for the accelerating expansion
include introducing a new type of fluid with barotropic
index w < —1/3 known as dark energy [15,16], introduc-
ing additional fields besides the metric [17,18], introducing
higher dimensional models [19,20], or modifying the action
of gravity [21,22], possibly introducing a different descrip-
tion for the metric geometry of spacetime [23,24].
However, despite this large theoretical effort the nature
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of dark energy and the cause of the accelerating expansion
have so far remained undisclosed.

The aforementioned models have in common that the
propagation of light and the tick rates of clocks, which are
crucial ingredients to the calculation of the magnitude-
redshift relation, are determined from the FLRW metric
geometry of spacetime: light follows null geodesics of the
metric and clocks measure the metric arc length along their
world lines. However, the notions of null geodesics and arc
length are defined not only in metric geometry, but also in
more general geometries. The most general geometry to
define the notion of arc length of a curve, which also
defines the notion of geodesics, is Finsler geometry.

Finsler geometry is a straightforward mathematical gen-
eralization of Riemannian [25] and, after some refinements
of its formulation, also of Lorentzian metric spacetime
geometry [26-36]. It has been realized that Finsler geometry
describes geometries of spacetimes which allow for devia-
tions from Lorentz invariance in their local symmetries
[37,38] and, moreover, the motion of test particles which
obey modified dispersion relations. These may emerge as
effective descriptions of the interaction of a quantized theory
of gravity with test particles [39,40], or in general from
nonmetric field theories [41] like area metric, or general
linear, electrodynamics [42—44] and effective field theories
describing waves in media [35,45-48].

Despite this wide range of applications in physics a
thorough and complete analysis of the impact of a
Finslerian modification of the geometry of spacetime on
astrophysical and gravitational observables is still missing.
Several steps of such a phenomenological analysis have
been done; however, this program is far from being
complete. In [33] a specific first order Finsler perturbation
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of Schwarzschild geometry and its effects on test particle
motion has been analyzed, while in [49] we showed how
another class of spherically symmetric Finsler modification
of Minkowski spacetime can address the fly-by anomaly in
the solar system. Again another class of Finsler spacetime
geometries has been studied toward its influence on
gravitational waves [50]. The effect of Finsler geometry
on an observer’s measurement of length has been studied in
[51] and consequences on the weak equivalence principle
in [52]. In addition to these studies on the influence of a
Finsler modification of the geometry of spacetime on
gravitational observables, the influence of a specific
Finsler modification on the hydrogen atom has been
investigated [53].

Because of the fact that Finsler spacetime geometry is
based on a homogeneous function on the tangent bundle of
spacetime, instead of on a tensor field such as a metric, it is
difficult to analyze observable effects for general Finsler
modifications of the geometry of spacetime. Therefore the
observable consequences analyzed in the articles mentioned
usually choose a specific Finsler spacetime model to perform
their studies. In our analysis in this article we will be keeping
the maximal degree of generality whenever possible.
However, when we want to derive explicit observable
consequences, we need to choose specific Finsler spacetime
models to make predictions. The long term goal is to find a
systematic scheme to analyze observables of a Finslerian
spacetime modification and their deviation from metric
spacetime geometry, in a framework similar to the para-
metrized post-Newtonian formalism.

In this article we consider Finsler spacetimes with cos-
mological symmetry which are based on the construction we
developed in the articles [31,36,49,54,55]. The central goal
of our work is to derive the magnitude-redshift relation, and
thus also the deceleration parameter ¢, under the assumption
of a cosmological Finsler background geometry. For this
purpose we study the geodesic motion of both massive test
bodies and in particular light in this background geometry.
These studies yield us the geodesic equation, which can most
conveniently be expressed by a vector field on the tangent
bundle called the geodesic spray, and a full set of constants of
motion. As a second ingredient we use the tick rates of
comoving clocks on cosmological Finsler spacetimes, in
order to compare the frequencies of emitted and observed
photons. Having derived a general equation for the magni-
tude-redshift relation on general homogeneous and isotropic
Finsler spacetimes we reach the point where we need to
consider specific models to obtain observable predictions.
We choose several classes of Finsler spacetime geometries,
which can be used as generalizations of Lorentzian metric
spacetime geometry in physics, and display expressions for
their deceleration parameters.

The outline of this article is as follows. In Sec. II we
briefly review the notion of Finsler spacetimes with
cosmological symmetry. We then discuss geodesic motion

PHYSICAL REVIEW D 95, 104021 (2017)

on cosmological Finsler spacetimes in Sec. III. We derive a
general formula for the magnitude-redshift relation in
Sec. IV. In Sec. V we apply our findings to a number of
examples. We end with a discussion in Sec. VI. Lengthy
formulas are displayed in a number of appendixes: these are
in particular the complete lifts of the cosmological sym-
metry generators in Appendix A, the geodesic spray in
Appendix B, and the radial geodesics in Appendix C.

II. COSMOLOGICAL FINSLER SPACETIMES

In order to derive the cosmological redshift on homo-
geneous and isotropic Finsler spacetimes we start by
introducing the mathematical notations we need during
the remainder of this article. For this purpose we briefly
review the definition of Finsler spacetimes in Sec. I A. We
then display the generators of cosmological symmetry in
Sec. II B. For convenience, we finally introduce adapted
coordinates on the tangent bundle in Sec. II C, which will
simplify our calculations. Further mathematical details and
the derivation of the most general cosmological Finsler
spacetime can be found in the articles [36,49,56,57] and in
the thesis [54].

A. Finsler spacetimes

Finsler spacetimes are straightforward generalizations of
Lorentzian metric spacetimes. Instead of a metric which
defines the geometry of a spacetime M, one derives the
geometry from a general length measure for curves on M.
This concept was developed by Finsler in 1918 [58] and
was further developed by many authors since then. For the
application in physics it is important to deal with indefinite
length measures to distinguish between timelike, lightlike,
and spacelike curves. To incorporate these notions into
Finsler geometry one of us developed the Finsler spacetime
framework [54] which extends and includes a previous
approach to indefinite Finsler geometry by Beem [29].

Finsler spacetime geometry is formulated on the tangent
bundle TM of the spacetime M. We use the following
notations. An element of the tangent bundle Z € TM is a
vector in some tangent space T7,M to the spacetime
manifold. In local coordinates x in M we can write Z =
y“0q|x Where y are the components of the vector Z with
respect to the coordinate basis of 7,,M. This means we can
label the point Z on the tangent bundle with the coordinates
(x,y), which are called manifold induced coordinates of the
tangent bundle. The corresponding coordinate basis of the
tangent spaces of the tangent bundle will be labeled by
% =0, and % = 0,, and its cobasis is denoted by dx*
and dy“.

The precise definition of a Finsler spacetime we use is
the one developed in [36].

Definition 1. A Finsler spacetime (M,L) is a four-
dimensional, connected, Hausdorff, paracompact, smooth

104021-2



GEODESICS AND THE MAGNITUDE-REDSHIFT RELATION ...

manifold M equipped with a continuous function L : TM —
R on the tangent bundle which has the following properties:
(i) L is smooth on the tangent bundle without the zero
section TM\{0};
(i) L is positively homogeneous of real degree h > 2
with respect to the fiber coordinates of TM,

L(x,Ay) = A"L(x,y) VY 1>0; (1)
(ii1)) L is reversible in the sense
IL(x,=y)| = |L(x, y)]; (2)

(iv) the Hessian g%, of L with respect to the fiber
coordinates is nondegenerate on TM\A where A
has measure zero and does not contain the null set
{(x.y) € TM|L(x,y) = 0},

gLy (x.y) == 0,0,L; (3)

(v) the unit timelike condition holds, i.e., for all x € M
the set

Q- {ye T ML (x.y)] = 1.

g%, (x,y) has signature (e, —€, —€, —€),

_ IL(x,y)I}

~ L(x.y)

(4)

contains a non-empty closed connected compo-
nent S, C Q. C T M.
The Finsler function associated with L is F(x,y) =
|L(x,y)|"/" and the Finsler metric gf, =10,0,F>.
Basically this very general definition of Finsler space-
times ensures that the Finsler spacetime geometry allows
for a precise notion of timelike, lightlike, and spacelike
directions as well as for a well-defined geometry on the null
structure of the L, along which light rays propagate, and
along all timelike directions.

B. Homogeneity and isotropy

A symmetry of a Finsler spacetime is defined by vector
fields X = &40, on spacetime whose complete lifts X¢ =
&9, + y"0,,E%0, annihilate the fundamental geometry
function

XC(L) = 0. (5)

For cosmological symmetry we start in spherical coordi-
nates (¢,7,0,¢) on M and the corresponding manifold
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induced coordinates (t,7,0,¢,y",y",y’,y?) on TM. The
generators of the cosmological symmetry, i.e., homo-
geneity and isotropy, are the generators of rotations

p1 = singdy + cosg 5> (6a)
p:_ww%+mw%, (6b)
pP3 = a(/)’ (60)
and translations
=V 1—kr? (sinecosr,b@, +COS€COS¢89 - SH_1¢ 8(/,) ,
r rsind
(7a)
=V 1—kr? (sin@sinqﬁar +cos€sm¢ae + CO,S¢ 8¢) ,
r rsin@
(7b)

\/1—k2<£80—cos68> (7c)

Their complete lifts to the tangent bundle are listed in
Appendix A. Demanding that the lifted vector fields
annihilate the fundamental geometry function, as described
above, yields that the fundamental geometry function must
be of the form

L(x,y) = L(t.y" , w(r,0,.¢.y".y%.y?))

, O
1 — kr?

with  w + r2(y9)? + r2sin?0(y?)%. (8)
However, working in these coordinates turns out to be
rather cumbersome. In the following we therefore make use

of a more convenient set of coordinates on the tangent
bundle.

C. Adapted coordinates

For the analysis of timelike geodesics, it turns out to be
useful to introduce coordinates y, u, v, w on each tangent
space such that

Y=y, y =wecosuV1—kr?,
w

wo.
y? = —sinucos v, y¢ =

r rsin

sinusinv. (9)

In these coordinates the complete lifts of the generators of
cosmological symmetry take the form
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cos ¢ cos ¢

C _ _ T 1
pr = sing0y + tan® 7 sin@ (102)
C—_ %) M@ _ M 10b
P2 cos ¢ 9+tan6 ¢ sing (10b)
and
0 .
¢ =V 1—kr? (sinﬁcosqﬁé‘r—kcos COS¢89— sn.u/’) 5‘4,)
r rsiné
cosvcosfcosg—sinvsing
r u
+sinvsin9cos¢—|—cosvtan@sinqﬁ—l—tanusinqﬁv 1 —krza
rtanutand v
(11a)

$=v1-kr? (sin&sin¢8,+cosaSIH¢89+COS¢8 )

r rsing ?
cosvcosfsing+sinvcosg

D
,
+sinvsinQSinqﬁ—cosvtachosqﬁ—tanucosqﬁ\/ 1 —krz8
rtanutan v
(11b)
in 6
5 = V1 —kr? (ﬂ 0y — cos 08,)
- r
0 /i
S (sm v 0, — cos v8u> , (11¢)
r \tanu

which is significantly simpler than the corresponding
expressions shown in Appendix A. One now easily verifies
that the most general cosmologically symmetric Finsler
geometry function reads

L=L(t.y.w)=y"'L(t,w/y). (12)

The second equality holds wherever y # 0 and follows
from the fact that L is homogeneous of degree h. The
dependence only on (7, y,w) is consistent with the expres-
sion (8) in induced coordinates.

In the following we will study future timelike curves.
The tangent vectors of these curves constitute the interior of
the forward light cone and hence satisfy y > 0 and L#0.

'Observe that we do not fix the sign of L here since there exist
interesting examples with either sign of L in the interior of the
forward light cone; see the FLRW and the Randers example in
Sec. V.
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In the interior of the forward light cone we now introduce
another set of convenient coordinates,

T=t, R=r, 0=20,
@ = ¢, Y_yhi<t,f>,
y
U=u, V=0  w=2, (13)
y
or conversely,
t=T, r=R, 0=0,
Y 1
p=2,  y=|= )h, u="U,
L(T.W)

w = W<ﬁ>; (14)

Note that these coordinates would become singular at y =

0 and L = 0 and can therefore not be used on the null
structure and for the analysis of null geodesics, hence their
restricted domain. However, from the fact that y > 0 on this

domain follows that Y and L always have the same sign, so
that both the transformation (13) and its inverse (14) are
well defined and differentiable, and hence constitute a
viable coordinate transformation. We further introduce the
notation
Zt - aTI:, ZW - 8‘}[/1: (15)

for the derivatives of L with respect to its first and second
arguments. We also have
wL,,

v

. . L .

oL =1L, 0,L =—", oL = — (16)
y )

which we will use frequently in the following section,

where we discuss geodesic motion.

III. GEODESIC MOTION

We now come to the discussion of geodesic motion on
cosmologically symmetric Finsler spacetimes as described
in the preceding section. Recall that geodesics are conven-
tionally defined as curves which are extremal with respect
to a length functional. We briefly review the Finsler length
functional and its relation to the geodesic equation in
Sec. Il A. The geodesic equation can be expressed in terms
of a vector field S on the tangent bundle, which we derive in
the cosmologically symmetric case in Sec. III B. Functions
on the tangent bundle which are constant along the integral
curves of the geodesic spray are constants of motion, and
we display them in Sec. III C. We show their completeness
in Sec. III D by reconstructing the geodesic equation from
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the constants of motion. Finally, we give explicit expres-
sions for radial geodesics in our cosmological coordinates
in Sec. III E.

A. The geodesic equation

The length measure for a curve y on a Finsler spacetime,
which is also the action for the motion of point particles, is
given by

S = / deF(7.7). (17)

Free particles follow the geodesics of this length functional.
Because of the homogeneity of F of degree 1 it is invariant
under a change of parametrization, so that its Euler-
Lagrange equations cannot be brought into the form
X+ G =0, since the bilinear form defined by the second
derivative of F, not F2 or L, is degenerate. One has to fix
the parametrization of the curves to F(y,y) = const. Then
the Euler-Lagrange equations become

¥4 GY(x,%) = 0. (18)

The functions G*(x, x) define a vector field on TM, the so-
called geodesic spray S = y?0, — G*0,, whose integral
curves are the geodesics. Physically free particles propagate
through spacetime along such geodesics which have
tangents that either are null F(y,y) = 0 or belong to the
cone of future timelike vectors, which exists by the
definition of Finsler spacetimes. To calculate the geodesic
spray in manifold induced coordinates is a quite lengthy
task and is displayed in Appendix B. In the following
section we display the geodesic spray in cosmological
coordinates, in which it takes a more compact form.

B. The geodesic spray

In arbitrary, noninduced coordinates on the tangent
bundle we can calculate the geodesic spray S as follows.
We start with the differential dL of the geometry function
L, which in the cosmological case reads

dL = y"L,dt + y"2(hyL — wL,,)dy + y"~'L,,dw. ~ (19)

Together with the cotangent structure J*, which can be
written in manifold induced coordinates as J* = dx* ® d,,
this yields the Cartan one-form

0F = J*dL = y"2(hyL — wL,,)dt

—l—yh_liw oS dr

V1 —kr?
+ rsinu(cos vdf + sinvsin0dgp)|.  (20)
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Its exterior derivative w" = d@" is a symplectic form on
TM\A, called the Cartan two-form. Hence, there exists a
unique vector field S such that

gt = —(h—1)dL. (21)

This vector field is the geodesic spray. In cosmological
coordinates on the tangent bundle it reads

sin u cos
S = yat +WCOSM\/T:—]€}"—2(9,. +w39
r

wsin u sin v wsinuv1 — kr?
" 84; - 814
rsin@ r
wsin u sin v 5 ZWWL - lN,wl:,w
rtan 6 v hl:l:ww - (h - 1)1:»21} !
_ yWZ'llN'ww + hyi'l:tw - WZ‘WI:IW - (h - l)yi‘ti‘w o
hLwa - (h - 1)L3\/ "

(22)

In observer coordinates it takes the simpler form

Y\# WsinUcos V
S= <Z>h <8T+Wcos UV 1—-kR?*0p —I—%@G)

WsinUsinV WsinUV 1 —kRz(9

Rsin® R v
WsinUsinV . hLL,,—(h—1)L,L,
- - ow ). (23
Ran® "L, -m-niz ") F

We will make use of these expressions later when we apply
the geodesic equation to the motion of test bodies and light.

C. Constants of motion

If X = &0, is a vector field on M generating a symmetry
of the Finsler spacetime so that the complete lift satisfies
XCL =0, then there exists a function Cy = 1yc0- on
TM which is constant along geodesics, SCxy = 0. In
manifold induced coordinates this formula translates
into Cy = &0, L.

In order to calculate the constants of motion on a
cosmologically symmetric Finsler spacetime we can make
use of the expression (20) for the Cartan one-form and (10)
and (11) for the complete lifts of the symmetry generating
vector fields. For the generators (6) of rotations we then
obtain the angular momentum

Ay = L,,ry"'sinu(sin vcos@cos ¢ + cosvsing), (24a)
Ay = L,,ry"~" sin u(sin v cos @'sin ¢p — cos v cos ¢p), (24b)
Ay = L,,ry"! sin u sin v sin 6, (24¢)
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while for the generators (7) of translations we have the linear momentum

1_[1 = Z‘wyh_l

H2 wy

H3 wy

We also use the shorthand notations A and I1. Note that
these are not independent, but satisfy /(1?1 = 0. Also,
Co=L= YL always is a constant of motion. Since the
expressions above are rather lengthy, it is useful to express
them in terms of simpler expressions, which can be
constructed from the original ones. From the squared
vectors

>y .
A L2 2 2h— 251n2u,

% = L2y*2(1 — kr?sin®u) (26)

we can construct

C} =11 + kA =y 2L2,

2 _ A’ 24502
C = el = rsin“u. (27)
I + kA’

By making use of the relations

A;  tanwcosd + tan¢
— = = —tan arctan(tan v cos )],
A, tanwvcos@tan¢ — 1 ¢+ (tanv )

A3

== sin?psin?0), (28)

one can further read off the constants of motion

C; = ¢ + arctan(tan v cos 6), C, =sinwvsing. (29)

Finally, we can define

115 . .
Cs =—=sinucosvsinf
G

1 —kr* —cosucos®, (30a)

C3C,

= sinucos 0V 1 — kr? + cos u cos v sin 6.

C6 —
(30b)

Making use of these formulas, we can now fully express

L, K I1 in terms of the constants Cy, ..., Cg. First, note that

!(sinu cos vsin @

[sin u(cos v cos O cos ¢ — sinvsin )V 1 — kr? + cos u sin @ cos ¢, (25a)
~![sin u(cos v cos @sin ¢ + sin v cos p) V' 1 — kr? + cos u sin @ sin ), (25b)
1 — kr?> — cosucosf). (25¢)

L=C,, AN =C  IP=CX1-kC3). (31)

One can then easily read off the third components
A3 - C1C2C4, H'; - Cl C5. (32)
Finally, the remaining components are given by

A] = CICQSinC?,\/ 1 —C2,

Cl <C6 COS C3 — C4C5 sin C3)

IT, = , 33
1 \/T:—(j’ﬁ ( )

A2 = —C1C2COSC3\/ 1- Cz,

1, = C(CgsinC3 + C4Cscos C3) (34)

V1 -C?

Of course, also the constants Cy, ...,
dent, since they are related by

Cg are not indepen-

I 62 + 2

= +hG= e 6 1 kC2. (35)
1

The constants of motion form a complete set in the sense
that they fully determine the geodesic equation, and hence
the geodesic spray, as we will see in the following.

D. Reconstruction of the geodesic equation from
constants of motion

We now show that the coefficients G* in the geodesic
spray S = y?d, — G“0, can also be obtained from the
constants of motion shown above. By making use of the
definition (9) of the adapted coordinates, we can express
the geodesic spray by an ansatz of the form

wsinucos v

S=v0, +wcosuV' 1 —kr’0, + ————0,

WIS G20, ~ G4, ~ G' 0, ~ G, (36)

rsin®
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where G, G", GY, G are to be determined from the
constants of motion. From this ansatz we obtain the linear
system

0=SCy=y"2[y’L,—hyLG® + (wG*—yG¥)L,],  (37a)

0=SC, =y"3)’L,, - (h—1)yL, G’ + (WwG* —yG")L,,].

(37b)

0=SC, = (wsinuV' 1 —kr* —rG")cosu,  (37c)

0—SC, — (w—9 _ sin w) cosv,  (37d)
r

which is easily solved by

G wsinuV1—kr? , _ wsinusinv
a r ' ~ rtan6
G = y2 waLt - Lszw
hLwa - (h - 1)L3V ’
GY = yWZtI:WW + hy[:]:tw - WI:WI:IW B (h B l)yi‘tl:w

hLL,,, — (h—1)L%
(38)

One can see immediately that this agrees with the
result (22).

E. Radial geodesics

We consider in particular radial geodesics, for which the
angles @ = /2 and ¢ = 0 are constant, so that the geodesic
is specified by functions #(4) and r(4), if we allow for
arbitrary parametrizations. One of these functions will be
fixed by the choice of the parametrization. The canonical
lift of such a geodesic to the tangent bundle then has

V=i, V=0=0, y=¢=0, y=i (39)
where dots denote derivatives with respect to 4. One could
now make use of the geodesic equation in manifold induced
coordinates given in Appendix B; this procedure is detailed
in Appendix C. However, it turns out to be easier to rewrite
the left-hand sides in the equations above, which are given
by induced coordinates, in terms of the adapted coordi-
nates. We then obtain

wV 1 —kr2=r.

In this case the constants of motion derived in the previous
section are given by

y=t, u=0, v=0, (40)

PHYSICAL REVIEW D 95, 104021 (2017)
Co=Y"L, C, =y"'L,,
(41)
Moreover the geodesics must be integral curves of the

geodesic spray in order to satisfy the geodesic equation.
Hence, they must further satisfy the relations

2 Z‘wwz‘t - Zwi‘tw
hLwa - (h - I)vav ,

y Wi‘ti'ww + hyi'i'tw - Wi‘wl:tw - (h - l)yiti‘w
hLL,,, — (h—1)L?

(42)

These two equations can also be derived using the constants
of motion Cy and C; shown in Eq. (41). From their
derivative with respect to the curve parameter follows

dc - . hyL—wL L
0="0 = | Lp 2 gy Syl (43a)
da y
dc, L. . (h—l)yi —wL L., .
0:_: h ﬂl‘ w ww Hww .
e Ty

Inserting # = y and solving the resulting linear system for y
and w then yields the geodesic equation as shown above.

In the case of a timelike geodesic we can rewrite the
geodesic equation also in observer coordinates, so that it
takes the simpler form

1 1
T = G)’ R= (Z)I’W 1—kR2, V=0,
L L
. Y\t hLL,, — (h—1)L,L
W:_<T>” Loy = (= 1) L, (44)
L) hLL,,-(h—1)L%

It is obvious that this rewriting procedure into these
coordinates is not possible for null geodesics, due to the
appearance of a factor L in the denominator. One can now
use the fact that ¥ = 0 and consider the special case of a
geodesic in arc length parametrization ¥ = 1. In this case
the geodesic equation reduces to

T=107  R=L7"WV1-kR2,
) - vhLL,,— (h—1)L,L
W:— ~~tw ( ) ~w (45)

The equations derived here will be the crucial ingredient for
our derivation of the magnitude-redshift relation in the
following section.
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IV. MAGNITUDE-REDSHIFT RELATION

We can now use our results on the geodesic motion in a
cosmologically symmetric Finsler spacetime detailed in the
previous section in order to derive the magnitude-redshift
relation. This will be done in three steps. First, we will
calculate the redshift of a light source in Sec. [VA. We will
then calculate its observed magnitude in Sec. IV B. Relating
these quantities will then yield us a series expansion of the
magnitude-redshift relation in Sec. IV C. The leading order
expansion coefficient, which is related to the deceleration
parameter, allows for a comparison of the Finsler background
geometry to observations. Since we do not fix any particular
parametrization for the cosmological time coordinate, we
will finally show the independence of our result from this
choice in Sec. IV D.

A. Redshift of a light source

We consider the emission of light at time ¢, from a source
located at cosmological coordinates (r,, 0, = z/2, ¢, = 0).
The light will be received by an observer at coordinates
(ry,0, = 7/2,¢, = 0) at time ¢,,. These two events must be
connected by a lightlike radial geodesic, which we para-
metrize with curve parameter A. This allows us to write

d .

T Y1k (46)
dt 't y

Along the canonical lift of this geodesic we have that Cy =

y"L =0 is constant, since L is constant along geodesics.

From y = ¢ > 0 hence follows that L = 0 is also constant

along the geodesic, so that we can determine W = w/y as a
function of ¢ by solving

HLW)zL(LL%>—O (47)

for all r. We can then use the solution, which we denote

by V(i/(t), to integrate

To dr /tv °
—_— = W(t)dt. 48
[g V1 =kr? 1, 0 (48)

Note that the integral on the left-hand side only depends on
the location of the source and the observer and is independent
of the time when the signal was emitted and observed. If two
subsequent periods of a wave are emitted at times 7, ; and 7, ,
and observed at times ¢, ; and ¢, ,, we thus have

fop ©

0= / W(t)dt — /
%) fe
t

_ [ ‘;det _ / o ﬁv(z)dt ~ "%/(to)Ato - ‘;V(fe)Ate’
tt’l

lo1

" W(r)dt

t
t

(49)
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where we have first cut out the common integration domain
from t,, to t,; and then used the physical assumption that

W(t) does not change significantly within one period of
radiation. This allows us to write the ratio of the coordinate
time intervals as

A, Wit), 50

A o
o Wit,)

In order to obtain the redshift, we finally need to calculate the
ratio of the proper time intervals passing at the source and
the observer. Since we assume that both the source and the
observer are at rest with respect to the cosmological back-
ground, and hence obey w = (), the ratio of coordinate time ¢
and proper time 7 is given by

dr_ |L(1,0)|7%. (51)
dr

Using the abbreviation lo,(t) = L(1,0) we thus find the
redshift

where we have defined W, (1) = W(z)|L(z)| 7. Note that
we can always choose the coordinate time ¢ such that it
becomes identical to the proper time of an observer at
rest with respect to the cosmological background, such

that L(r) = 1. However, in Sec. V we will encounter also
examples for which a different choice of the coordinate
time is more convenient, and so we will not impose a
particular parametrization here. Note further that in
Finsler spacetimes there may be more than one light
cone, in which case there will be multiple solutions for

VOV(t) This situation implies the existence of multiple
types of light, and which would, in general, undergo
different redshifts.

B. Magnitude of a light source

For convenience we assume in this section that the light
source is located at the origin r, = 0, so that at the time of
the observation, the light pulse forms a sphere of coordinate
radius r,. We further assume that at the time 7, of the
emission of radiation the source has a luminosity (radiation
power) &. The total radiation power flowing through this
sphere as measured by an observer at r,, is influenced by the
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cosmological redshift in two ways: both the rate of photons
and the frequency (and hence also the energy) of each
photon, both measured using the respective proper times of
the source and the observer, are reduced by a factor 1 + z,
so that the observed power is

g
S (I+2)*

In order to calculate the magnitude of the light signal, we
need the area of the illuminated sphere as measured in the
rest frame of the observer given by y* > 0, w = 0, since this
is the frame in which he also measures the detector area.

These areas are determined by the area measure induced
from the Finsler metric via the determinant of its pullback
to the surface of interest. Thus a well-defined area measure
requires a well-defined second derivative of the Finsler
geometry function L at the position of the observer at rest.
This can only be achieved if d,,L(t,y,w) =0 at y > 0,
w = 0, which implies in particular that L, (z,0) = 0. The
form of this condition arises from the fact that our
coordinates have a coordinate singularity at w = 0, and
a geometry function L with 9,,L(z,y,w) # 0 at this point
would possess a cusp. Taking this condition into account,
the Finsler metric becomes

P (53)

- 1-~ ~
g, dx @dx’ =Lidi ® dt+EL/2""wa

dr@dr
1—kr?

+7r*(d0 ® df +sin*0dep ® d¢)} .
(54)

Note that we need i%_liww < 0 in order to have a metric
with Lorentzian signature. In particular, we find the area of
the sphere with coordinate radius r, around the origin to be

Arrl -, ~

A= ”Tr 'Ll (55)
The radiation flux is thus given by
h&

© = B (56)

A 4r2(1+ 2L Lyl
The magnitude is hence given by
5
m= —Elogm@ -+ const
5 .y -
= Slogyo[r, (1 +z)] + 510g10|L%_1wa|

- %logloﬂ + const. (57)

C. Relating magnitude and redshift

We finally need to express the magnitude as a function of
the redshift for a fixed observation time ¢,. For this purpose

PHYSICAL REVIEW D 95, 104021 (2017)

it is useful to first express both magnitude and redshift as
functions of the emission time and then to take the inverse
of the latter and substitute it into the former. We start with
the redshift, which can be written as

Z(te> =% -1 (58)

The inverse of this relation is given by
o —1 o
te(z) = Wp [(1+ )W (2,)]. (59)

where we require W, (7) to be invertible in the interval
between ¢, and 7,. For the magnitude we can ignore the

term involving lN,%'lew, since it is evaluated at the fixed
observation time 7, and w = 0, so that it can be absorbed
into the additive constant. Besides the redshift we therefore
only need the radius r, of the sphere around the radiation
source which is spanned by the signal at the observation
time. This can be obtained from the integral

ro dr f, ©
D(r,) = A = / W(di,  (60)

where D is the inverse of the function X defined by

. sinx k=1,
0 'x21+l
N e L
i=0 sinhx k=—1.

Thus, we have

ro(L,) = z( / . I;V(t)dt>. (62)

This finally yields the magnitude

m(t,) = Slogyo Z(/I:O ﬁ/(t)dt> ‘:VL(IE)

5
- 510&02 + const. (63)

We see that both z(#,) and m(z,), and hence also m(z), are

fully determined by the functions i;V describing light
propagation on the cosmological Finsler background,

and W;, describing the redshift. In order to determine
m(z) in the recent past, i.e., for small z, it is helpful to
develop these functions in a Taylor series around the
observation time ¢, in the form
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o

° = d'w
W(t) = :

(t B to)i g (t B to)i
= W, , 64
t=t, l! ; l l! ( )

and analogously for W;. For the redshift we then find the
series expansion

1 ° 1o
Z(t,) = —— [Wu (te —ty) + 5 Wialt, — 1,)?
W 2
L0
1o
+ EWLS(Ie - to)3 + O((te - to)4) (65)
and its inverse
W, WigW
1e(2) = 1y + 1 -T2
Wi 2Wpy

o o 2
WiiWis —3Wp, 03
- o5 OZ

o 1
Here we now further demand that also the inverse W; of
Vﬁi/L appearing in the underlying Eq. (5§9) can be developed
into a Taylor series around the corresponding point V%’Lo,

o o —1
which in particular implies W;; # 0, since otherwise W

would not be differentiable at this point. The radius r takes
the form

o

° 1
rO(te) = _WO(te - to) - EWl(te - t())z
1 o o3 4
= W —kWo) (1, = 1,)* + O((te = 1,)*). (67)
This yields the magnitude

5
m(t,) = const. — Elogloﬁ + 5logo(t, — 1,)

T s LA [
Wy Wio
o o 02 02
+241110 4VYZ+12WL2—3V,Y—;—12%/§‘
Wo Wi Wy Wro
—4kWy | (1= 1, + O((1, = 1,)), (68)

where all constant terms, including constant prefactors
appearing inside logarithms, have been absorbed into the
term called “const.” Finally, we find the magnitude-redshift
relation

PHYSICAL REVIEW D 95, 104021 (2017)

5 WiWi WioW
m(z) = Slogio + 7775 (2+ St T Lz)z
WoW 4 Wi,
5
+ O(Zz) - Elogloﬂ + const. (69)
Comparing the coefficient in brackets with the conven-

tionally used expression 1 — ¢ in terms of the deceleration
parameter ¢ finally yields

_ WioWp, WiW,,
- ) o o
WLI WOWLI

1. (70)

We see that the value of the deceleration parameter at the
observation time is fully determined by the first three

coefficients of the Taylor expansion of the functions W and

VOVL. This result holds for any cosmologically symmetric
Finsler spacetime with a well-defined null structure and

VOVO #0, VOVLl # 0, so that the procedure above can be
applied.

D. Invariance under time reparametrization

Since we have used an arbitrary parametrization
for the cosmological time ¢ in our derivation above,
we finally discuss the invariance of the result under
strictly monotonous reparametrizations ¢ — () of the
time coordinate, while leaving the spatial coordinates
r,0,¢ unchanged. Under this reparametrization the
cosmological coordinates transform to y = yd,/ and
w' =w, where 0, > 0. The geometry function, which
is a scalar function on the tangent bundle, then trans-
forms as

L'(#(1),y'(t,y),w'(w)) = L'(f', yO,t',w) = L(t,y,w).
(71)

For w =0 we find in particular

o/

L'(7(1) = L'(/(1).1,0) = L(z, (8,)"",0)
— L(1,1,0)(8,/)" = L()(8,/)".  (72)

o/
Similarly, we can determine W from

o

0= L'(£(r), LW (£(1))) = L(t, (9)™, W (¢(1)))
— L(t, 1, W (¢(1)0,)(0,0)7", (73)

so that ‘;V/(t’(t)) = V(i/(t)(ﬁ,t’)‘l. In the following we
will drop the arguments whenever they are clear from
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the context, and simply write W = W/(?,t’ and
L= 2/(8,1" ). Note in particular that

o/ o
o W W o
W, == =W, (74)

L |Lp

h

which proves that the redshift z in (52) is invariant, as
necessary for an observable quantity relating proper
time intervals. Also the luminosity & of the source is
invariant, as it is defined using the proper time of the
source. Equation (53) then implies that also the radiation
power P8 at the observation time is invariant. The Finsler
metric (54) is invariant, which can most easily be seen
from the transformations

dt = drf'(0,/)7!,
L(t,0) = L'(7,0)(d,f')",
L, (.0) =L, ,(f,0)(9,/)2. (75)

Hence, also the area (55), the flux (56), and finally the
magnitude (57) are invariant under reparametrization of
the time coordinate, as expected. We thus conclude that
also the magnitude-redshift relation m(z), its series
expansion (69), and finally the deceleration parameter
(70) are invariant. To see this directly, one derives the
transformation rules

o o/ o o/ o/
W = Wy0,t], , Wy =W (9,1],)* + Wodi !

t(f ’

o oy o o/
Wio = Wi, Wi = W0,

1,°

o o/ o/
Wi, = WLZ(G,I’|,U)2 + WLlatzt,|t0- (76)

Inserting these relations into the expression (70) for the
deceleration parameter then yields

oy oy oy oy
Wi oW WiW,
- - oy oy -

WoWp,

WiWis WiWig
- ) ~ % o - o
Wi WoWyp, Wi

1=4¢.
(77)

This finally proves that also the deceleration parameter
is invariant under a reparametrization of the time
coordinate. We can thus apply our result to particular
examples of Finsler spacetimes and choose any suitable
parametrization for the cosmological time. This will be
done in the following section.

V. EXAMPLES

We now apply our calculation of the magnitude-redshift
relation and the deceleration parameter of a general

PHYSICAL REVIEW D 95, 104021 (2017)

cosmological Finsler spacetime from the previous section
to particular examples. As a model independent example
we consider a general first order Finsler perturbation of
metric FLRW spacetime geometry, while afterwards we
study particular nonperturbative Finsler spacetime models.
The latter are split into two classes, those which have a light
cone structure identical to metric FLRW geometry, and
those which have a Finslerian light cone structure.

For all examples we calculate W by solving Eq. (47), and

then W, is given by W, = W|L|7. Together they deter-
mine the magnitude-redshift relation and the deceleration
parameter according to Eq. (70). For convenience we
display the examples in their explicit coordinate form in
the adapted coordinates 7 and W defined in Eq. (13), and
add a comment on how they are defined covariantly in
terms of tensor fields on spacetime.

A. First order Finsler perturbations of FLRW geometry

As mentioned in the introduction of this article, when
Finsler spacetime geometries are analyzed one often uses
specific models, due to the large variety of possible Finsler
spacetime geometries. In addition to our analysis of specific
Finsler models in the previous and in the next subsection
we consider a general first order Finslerian perturbation of
FLRW geometry which takes the form

L(T,W) = (=1 4+ a(T)*W2): +eG(T. W), (78)

where the function G(T, W) is generated from a function
G(t,y,w) which is h-homogeneous and reversible with
respect to its last two arguments by setting

G(T,W)= yth(t,y, w) =G(T,1,W), (79)

in the same way as L is defined through L. For ¢ = 0 the
geometry derived from L(T, W) is the usual metric FLRW
geometry for any choice of &; see [49]. However, to obtain
well-defined Finsler spacetimes we need to require that 4 =
2n for some integer n > 1. Observe that if n is itself even,
then L is positive, while for n being odd Lis negative along
the future pointing timelike curves. Both cases are of
phenomenological interest. For n = 1 the example is a
Finsler perturbation of FLRW geometry, while for n = 2
the example includes first order bimetric geometries like
the geometry which describes the propagation of light in an
uniaxial crystal [59].

Now determining W from the light cone condition

L(T,W) = 0 requires solving

o

5P _ L+ (=eG(T, W))%.
a(T)?

(80)
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Since we are interested in the effect of the Finsler
modification G on the observables in FLRW geometry

we make the Ansatz VOV = ﬁ + Vng. We find that to the

first perturbation order in W the equation is solved by

W = {mm <_GG(T’a(1T)>>_% _W =

Thus the normalized ‘;VL becomes to leading order in €

o

W, =W|L| %= v°v[1 —(=1)" 2i€;(T,0) +0(62)] ~W,

(82)

since the leading order in e in the expression (81)
contributes with er, which for small ¢ has a larger effect

than the order ¢ term in VOV(—I)” 3. G(T,0). The only case
in which this is not true is for n = 1, where we find

G(T,0), (83)

since here the order € contribution from —§ Vci/ G(T, 0) is of

the same order as the relevant order in W and so cannot be
neglected.

From these expressions we can derive the ingredients
to calculate the deceleration parameter g according to
Eq. (70), which simplifies for all models with n # 1 to

Q|n;£1 =—7 —2 (84)
w
It is convenient to introduce a series expansion of the form

1
- EH(Z)CIO(T - T0)2

+0((T-T1,)%) (85)

a(T)=ag|1 +Hy(T-T,)

around the current time 7', in terms of the current time
Hubble parameter H, and deceleration parameter g for the
scale factor a(7T'). In terms of these expansion parameters
we find

PHYSICAL REVIEW D 95, 104021 (2017)

l

e 1

2 ZH2 “2{(1=n)(HGo; — ayGo)?

qluz1 =q0+5> (=Goo)

+na3GooGag +nGoo[H3(Goa — apqoGor )
+2agHy(ag(qo+1)Gio = G11)]} + O(eh), (86)

where, for the coefficients of the Taylor expansion of G, we
use the shorthand notation

- OtiG 1
— _ T . 7
Gij 8T’8W/< “’a(T0)> (87)

In the case n = 1 we must employ the general formula

W, oW, W,W
oy = —25 2 - (88)
Wi WoWu

which, using the notation introduced above, yields

€
qlue1 = q0 — 3 2H2 {a3Gyo + H3(Goy — a9qoGor)
+ 2agHy[ag(qo + 1)Go — Gy
—ajHo(1+2q0)Gyo — ajGa} + O(€?), (89)

where

o 07IG
Gij = air
U OT oW

(T,,0). (90)

Now the deceleration parameter is a direct observable
quantity for which we derived the influence of a
Finslerian spacetime geometry to leading order. This yields
the possibility to compare the modification of g with the
experimental data and to identify viable Finsler perturba-
tions which are in agreement with observations. This result
is one further step in the systematic phenomenological
analysis of Finsler perturbations of the Lorentzian metric
geometry of spacetime.

B. FLRW metric null structure

One way to construct Finsler spacetime geometries is to
multiply the usual metric length measure by another
function on the tangent bundle. Common examples in
the literature are the following:

(i) The FLRW length measure itself

L(T,W) = =1+ a(T)*W?, (91)

which is a metric Finsler spacetime L = ¢, ,,( )y? y

In this example |L| = L(T,0) = 1 and so WL —W.
Using the notation introduced when discussing the

104021-12



GEODESICS AND THE MAGNITUDE-REDSHIFT RELATION ...

perturbative example, one easily finds for W and the
deceleration parameter

(i) Bogoslovsky’s length measure [60], respectively, the
length measure of very special relativity [61], which
was recognized in Finsler geometry [37] and also
analyzed in cosmological context earlier [62],

L(T.W) = (=1 +a(T*W)b(T)>.  (93)

This length measure is constructed from a product
between a metric length measure and a one-form,
L = (gap(x)y*y?) (A (x)y°)?. Tts null structure is
given by the union of the FLRW light cone and
the set of vectors X which are annihilated by the one-
form A. In the discussion of the Bogoslovsky’s
length it is usually assumed that light propagates
only on the metric light cone, which is the FLRW
light cone here. On this part of the null structure the

solution for W is the same as in the FLRW case;

o o
however, since W; # W,

W, = —_—, (94)

the deceleration parameter is different in this class of
Finsler spacetimes. If we use the same series
expansion (85) for a and a Taylor expansion of
the form

- S8

PHYSICAL REVIEW D 95, 104021 (2017)

for b, we obtain

bi\2 b b
Mo+ 30— Ho b -
= 1b1\2
(Ho + 335
Hy(1+2q0)B; + B,
2H}

+O(B?). (96)

=40 —

In the last expression we approximated the free
function b(T) by b(T) = 1 + B(T) and linearized ¢
in B(T), using a Taylor expansion of the same form
as (95) for b. We needed to expand b(T) around 1
since this is the case in which the Bogoslovsky
length measure is identical to the FLRW length
measure. An expansion around »(7) = 0 does not
make sense since then the length measure would
vanish.

(iii) An exponential modification of FLRW geometry,
inspired by the example discussed in [34],

(b(1))?

L(T.W) = (=14a(T)*W?)(1 +¢ Frar?), (97)

which is a product of the metric length measure and
the exponential of a zero-homogeneous function on
the tangent bundle,

L= gl 1+ exp (- LN oy

determined by a one-form A and a metric g. Again W
is identical to the FLRW case

0 1 1
W, = . (99)

(14e7b(17%)

W:

a(T)’

and ¢ is different,

[Ho(1+ €)= by by)?

In the last line we expanded ¢ into the dominating order in
b around b = 0, which is the quadratic order for this
exponential length element.

These examples nicely show how a Finslerian spacetime
geometry changes the prediction of the magnitude redshift
relation, even though the light cone is not altered in these
geometries compared to FLRW spacetime. Interestingly
one finds for both, that in case b; = b, = 0, i.e., the first

(1+e%)2H3qo + (1 + €%) (b} -+ Hob by + byby) — 2" b3bT . +b%+b0[Ho(1 +2q0)b; + b,] N
— 40

O(bY).  (100)

2H}

and second derivatives of the function b at the observation
time vanish, the deceleration parameter is identical to the
one predicted by FLRW spacetime geometry, g = ¢.
For a more fundamental theoretical prediction the only
missing ingredients are dynamical equations which deter-
mine a(7) and b(T), just as the Einstein equations
determine the scale factor in general relativity. Finsler
generalization of the Einstein equations have been
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developed, for example, in [49] or [31]; however, solving
them for these examples is still work in progress and could
not be achieved so far.

C. Finslerian null structure

Finsler spacetime geometries which alter the null struc-
ture of metric spacetime geometry more fundamentally
have different solutions for W from Eq. (47), as we have
just seen. Here we consider the further simple examples of
nonmetric geometry functions:

(i) The most general fourth order polynomial

geometry

L(T,W) = =1 +a(T)*W? + b(T)*W*  (101)

is a Finsler spacetime geometry based on a

general fourth rank tensor on spacetime, L =
d

G apea(x)y*y?yy?. In this example the calculation
of the deceleration parameter becomes surprisingly
simple since W= V(i/'L by the fact that |lo,| =|L(T.,0)|=

1. Solving for W yields

o2 1
W = ﬂ(—az + Cl4 + 4b4) (102)

We consider in particular the case b <« 1 of a small
perturbation of a geometry function given by

L(t.y,w) = y*L(t.w/y) = y*(=y* + a(t)*w?),
(103)
|

(i)
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which as a factor contains a FLRW metric geometry
with scale factor a. The deceleration parameter is
given by

2

by
q=qo+ 2@“‘&%(% —3)bj - 3b;

— bo[2H(q0 — 3)by + by]} + O(b®),  (104)

where the lowest perturbation order is given by O(b*).
An alternative fourth order ansatz is given by

L(T.W) = =1 +2a(T)*W? = [a(T) — b(T)]*W*,
(105)

which leads to the solution
° 1
W= .
\/02 +/b(2a — b)(2a> = 2ab + b?)
(106)

Again W = W, as above. For b <« a this can be
viewed as a perturbation of the geometry function

L(t.y.w) = =(=y* +a(t)’w?)?,  (107)

which is essentially the square of the FLRW metric
geometry function. Using the series expansion (85)
and the Taylor expansion (95) we then find the
deceleration parameter

n H{(2qy + 1)b§ + bt — 2b[H(2q0 + 1)by + b,

q =40
4H%1 / aobg

+ O(b). (108)

[
Note that the lowest perturbation order is given by O(v/b).
(iii) Randers geometry is also discussed in the literature
[63] and known in physics as point particle action for a
charged particle in an external electric potential,

L) = (oo Aoy

= (V1= 1w +6(m)", (109)

where we require b(T) <0 in order to obtain
directions for which L becomes zero. Just as the
Bogoslovsky example it is built from a metric and a
one-form, L = (v/gup(x)y"y” + A,(x)y*)%. Ob-
serve that the Randers length does not define a
Finsler spacetime according to our definition of
Finsler spacetimes given in Sec. Il A: the geometry

104021-14

function is neither smooth on TM\{0} nor revers-
ible. However, we can derive the deceleration
parameter of a cosmological Randers geometry here
with the methods developed throughout this article,
since for the derivation we only need the weaker
condition that L is smooth on its nontrivial null
directions and on the observer at rest.

For I;V and Vci/L we obtain

o2 ] —b? o Vi-bp> 1
W =—, W, = . (110)
a a (1+b)

which yield once more by using Eq. (70) the
deceleration parameter ¢,
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= H{qo(bg — 1)* + b§(Hoby + by) — Hoby — by = 2bobi — byb, [Hy(1 — b5) + b)]
[Ho(1 = bg) + by

Hy(1+42q0)by + b,
Hj

=40 —

In the last line we again expanded ¢ to first order in b
around b = 0. Surprisingly to first relevant order in
the Finslerian effect the g derived from the Randers
length element and from the Bogoslovsky length
element are nearly the same. The difference lies in
a factor of 1. As in the examples with the FLRW light
cone structure b; = b, = 0 implies g = ¢qy.

It is clear that the interplay between the free functions in
the length measure determines the redshift and hence the
deceleration parameter. Again a quantitative statement can
be made only after obtaining explicit expressions for these
functions by solving the Finslerian gravitational dynamics.
For the models presented in this section a deviation from
the deceleration parameter as predicted by the standard
ACDM model derived in general relativity already appears

in the functional form of W, in contrast to the examples of

Sec. V B, where deviations enter only through I/.i/L.

VI. DISCUSSION

In this article we have discussed the geodesic motion and
the propagation of light in Finsler spacetimes with cos-
mological symmetry. We have derived the geodesic equa-
tion using coordinates adapted to the cosmological
symmetry, as well as a complete set of constants of motion
which can be used to characterize geodesics and to
reconstruct the geodesic equation. We have then discussed
light propagation and derived expressions for the magni-
tude and redshift of a light source, from which we have
obtained the magnitude-redshift relation for a general
cosmologically symmetric Finsler spacetime as the central
result of our work. In particular, we have derived a formula
for the deceleration parameter in terms of the Finsler null
structure.

From this general result we have derived the magnitude-
redshift relation and deceleration parameter for several
examples of Finsler spacetimes. In particular, we have
discussed FLRW metric spacetime and its general pertur-
bation, Bogoslovsky and Randers length measures, as well
as exponential and fourth order corrections to FLRW
spacetime. We have seen that at the kinematic level the
deceleration parameter of several models agrees with that
of FLRW metric spacetime, provided that they share the
same null structure. For other models, which we treated as
perturbations of FLRW metric spacetime, we have obtained
leading order corrections to the deceleration parameter.

Note that our treatment of Finsler spacetimes has so far
remained purely kinematic, since we have not assumed any

+ O(b?).

(111)

particular action functional or dynamics for the Finsler
geometry. For a full treatment of Finsler cosmology, of
course, dynamics must also be taken into account. We leave
this full treatment, based on Finsler gravity action func-
tionals as given, e.g., in [31,49], for further investigation.
Our results allow a confrontation of cosmologically
symmetric Finsler spacetimes with the most recent obser-
vations of supernovae [3-5], for which magnitude and
redshift have been determined. The simplest approach
would be a comparison of the deceleration parameters
we have obtained to the values determined by previous
analyses of supernova data [6—11]. However, it should be
noted that these values, in general, depend on the
assumption of a particular kinematic model for the expan-
sion of the universe, and may even depend on the para-
metrization of the magnitude-redshift relation, which
complicates the analysis and makes a thorough, model-
dependent study inevitable [64—-66]. We will not enter this
discussion here, as this would exceed the scope of this
article, and we leave this topic for future research.
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APPENDIX A: COMPLETE LIFTS OF THE
SYMMETRY GENERATORS

In manifold induced coordinates the complete lifts of the
generators (6) of rotations displayed in Sec. II B are

p§ = singdy + cotd cos Py + y? cos 0,

- (s v corosing ). (Ala)
p§ = —cos ¢pd, + cotfsin POy + y? sin 9y
singg 3
- (y‘)m—y/’ COtHCOSgIﬁ)a(/,, (Alb)
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o5 =0y (Alc)
while the complete lifts of the translation generators (7) are

sin
7' =ysinfcos 0, —|—)—(cos6’cos¢69 —)—{,—¢8¢
r rsind

+(y"y'sinfcosgp+ yEcoscosp— y? Esinbsing) 0,
, _
+ <y’ <}£) COSHCOS(,{)—ye)—{SiHQCOS(ﬁ_y¢)_(COSQSin¢> 09
. r
sin sin CcoS =
+{ =y 4 .—¢+y9)( ¢C s6— y¢)( : ¢ 9y
r) sin@ rsinZ6 r sind

(A2a)

)(cosgb
ino "
+(O'x s1n¢931n¢+y9§cos:9s1n¢+y’/’§sm6’cos¢)ér

X oX i 4 -
4+ ¥y = | cosfcos¢—y"=sinfsing+y —cos@cosqﬁ Oy
r r
(X cosp
+<y <r> sing

= —ycos00, +% s1n989 — (y"y' cos @ — yPy sin 6)0,

/ -
+ (y’ <)£) sin@ + yg—cos 9> 0o,
r r

V1 — kr? and primes

7§ =ysinfsingd, += cos9s1n¢89+

pX COS 0— ¢;(s1n¢ A%b
rsin2d >0 Y Fsiné 0. (A20)

(A2¢)

where we used the abbreviation y =
denote derivatives with respect to r.

APPENDIX B: THE GEODESIC SPRAY

We want to calculate the components of the geodesic
spray G“ discussed in Sec. III B in manifold induced
coordinates (z,r,0,¢,y',y",y’,y?) on TM

G¢ = 1 Lab( m e (9bL ah )

5 (B1)

The derivatives with respect to the r, 8, and ¢ coordinates,
as well as their corresponding directions y”, y?, y? are

aw
2w

0w y
=9,L2%, B2
a 2W w W ( )

where y, = w,s” and w,; = 19,0,w? is the spatial part of
the FLRW metric. The indices a,f, ..., run over 1 ~r,
2 ~ 0, and 3 ~ ¢. All higher derivatives can be decomposed
in an analogue way. Expanding the components of the
geodesic spray yields

PHYSICAL REVIEW D 95, 104021 (2017)

1
Go = - gt ( (0,0,L + 0,0, 20 —8tL)
2 2w

Laa a
+1e ya(‘88L+88Ly ﬁw)
2w 2w

1 _
+ = g~ (yPD50,w — B,w) 0, L

. (B3)

The missing ingredient to completely calculate the
components of the geodesic spray is the inverse of
the L metric. Observe that the L metric takes the
following form:

0,0,L 19,0,,L

=

1.
gabziaaabLN

(A Xa)
C\Xp hey)
The inverse of a matrix of this form can be expressed in
terms of the inverse h* of hep and X* = h*X,

1 Xa

AT (X .X) TASRTXX)

Lab __

7= <_x_f’ haﬂ+LX”>' (BS)
A—hT(X.X) A=hT(X.X)

19 Yp O,L 1
19,0, L3 ZLyy o 4-1

w 2w

Identifying the abbreviations with their definitions in
terms of derivatives acting on L we obtain

%a 3L (B6a)
X = %6,8wLy/,h P = —agigtLL . (B6c)
(X, X) = X°X, = ;(gﬁ{fgz (B6d)

We now use these expressions to further simplify the
components of the geodesic spray (B3),

2
~oL)

_l Litt (?9,8WL t Y aﬂw
29" oo 00 + 00,170

YEO,w

Gf_; L”( '0,0,L + 0,,0,L

= %tht <y’3,(79,L - gtaa—wiytatawL - atL> . (B7)
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Additionally we can use the homogeneity of L which implies y'0,L = hL — wd,, L to finally find

h—1) gt 0,Lo,,0,,L —0,,L0,0,,L
G ==V 9" 510 0.1 -0,000,L) = (h— 1) 2EOnL = 0uLOD, - (BS)
2 0,0,L 0,,0,,L0O,0,L — (0,,0,L)
The spatial components of the geodesic spray are
1 . 0,0,,L
G* = —EgL”X"‘ (y’@,@,L - 0,L — 8;8WL (y’@,(?WL)>
a /f’a 8 1
Y (yo0,L+0,0,12" ar( g, IV L p 2
0.0 (y R W L e T e
a ﬁa 2 _ 6 2 1
=Y (y00,L+0,0,LL" — G',0,L g 0w _ 1o
w@wawL (y tYw + wlw tYw + ww y P I v W
a B9 10,2 3
y L 0,0, L YOw , 0,0, L TN TR N
== -G “ 0p—=——20
w (y 0,,0,,L 2w 0,,0,,L HwwE w 2w A
[, 0,0,L y'ouw? . 9,0, L A s Vi ga o 1o o,
== -G VPO, — =5 yP0m* — =0
W < 9,0.L 2w 0,0.L) T\ O T 2O =5 v
v [ 9,0,L 0,0, L 1,
=W (y oL~ aa.r) T2y Opie+ 0nwip = o). (B9)
I
In addition we have for radial geodesics
APPENDIX C: RADIAL GEODESICS
=y =wV1-—kr, (C3)
Here we present the radial geodesics derived in Sec. [II E
in manifold induced coordinates, in which the geodesic ~ which implies that
equations take the form
.ot 2 2
¥4+ GYx, k) = 0. (C1) F=wV1—kr-—wkr. (C6)
Since 0, ¢, y?, and y? are fixed to be (5.0,0,0) we first  Hence, the radial equation simplifies to
check, with the help of Eq. (BY), that the corresponding
geodesic equations are satisfied, .0,0,L 9.0. L
v (iG] =0. C7
v+ (i35 -0 gar) <

.. 1 .. 1 .
0+G% =0+2wn? {5’8, (—r29) ——r? sinécoseqﬁz] =0,
w w

(C2a)

¢+ G? =0+ 2ww?7i0, (— r* sin 92¢) =0. (C2b)
w

The remaining two geodesic equations are
1+ G' =0,

L 0,0,L

P+G =7 1—kr?(t G
o o r(awawl‘

, 0,0,L
9,0,,L

s kr _
1 —kr?

where G' is given in Eq. (B8) and we used the fact that

(C3)

kr
= W”arwrr = m .

. (c4)

This is consistent with the fact that for radial geodesics we
have one remaining nonvanishing constant of motion

C, = 8,,L = y"'L,,, which implies

d

0=—Ci= 0,0,,Lt + 0,0,,Lt + 0,,0,,Lw. (C8)
Solving for w then yields
.= 1
w = (-0,0,,Lt + 0,0,,LG") (C9)

8,0,L

Employing the fact that Cy = L itself is constant along the
geodesics allows one to eliminate the 7 in terms of ¢ and w
from the equations. Thus to solve for radial geodesics on a
homogeneous and isotropic Finsler spacetime it suffices to
solve ,,L(t,t,w) = const for w(t). This expression then
can be integrated to obtain r(¢).
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