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Magnon activation by hot electrons via non-quasiparticle states
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We consider the situation when a femtosecond laser pulse creates a hot electron state in half-
metallic ferromagnet (e. g. ferromagnetic semiconductor) on a picosecond timescale but do not act
directly on localized spin system. We show that the energy and magnetic moment transfer from hot
itinerant electrons to localized spins is facilitated by the so-called non-quasiparticle states, which are
the scattering states of a magnon and spin-majority electron. The magnon distribution is described
by a quantum kinetic equation that we derive using the Keldysh diagram technique. In a typical
ferromagnetic semiconductor such as EuO magnons remain essentially in non-equilibrium on a scale
of the order of microsecond after the laser pulse.

PACS numbers: 71.10.Fd, 71.28.+d, 71.45.Gm

Recently, a huge experimental progress has been
reached in ultrafast laser-induced manipulation of mag-
netic properties of materials, with a time scale from pi-
coseconds to femtoseconds [1–9]. This opens up a way
to theoretical [10–13] as well as experimental [14] stud-
ies of magnetic interactions out-of-equilibrium. Certainly
we are just at the very beginning of a long journey and
much more theoretical effort is needed to get microscopic
understanding of magnetic phenomena at this ultra-short
time scale.

It is especially interesting and important that lasers
can act selectively at a given electron subsystem, e. g.,
only at localized 4f or itinerant 5d electrons in rare-earth
metals [7, 8] and semiconductors [6]. The problem is
relevant for spintronics [15] since lasers can make spin-
tronic devices ultrafast [9]. In this work we consider the
process of energy and spin transfer from non-equilibrium
itinerant-electron system to the subsystem of localized
magnetic moments within the framework of s-d(f) ex-
change model [16–18]. Below we focus on a particu-
lar example of degenerate ferromagnetic semiconductors
[19, 20] with the Fermi energy which is much smaller than
the exchange splitting of the conduction band. The con-
ductivity of these materials is fully dominated by elec-
trons with a certain spin projection. Thus, the degen-
erate magnetic semiconductors can be considered as a
special case of half-metallic ferromagnets [21, 22] that
include also such metallic systems as Heusler alloys (e. g.
NiMnSb and PtMnSb), CrO2 and related compounds
with europium chalcogenides, e. g. EuO, and chromium-
based spinels, e. g. CdCr2Se4, being prototype exam-
ples [19]. Our theory also applies to colossal magnetore-
sistance materials such as (La,Ca)MnO3 [20] and dilute
magnetic semiconductors such as Ga1−xMnxAs [23].

Although equilibrium properties of ferromagnetic
semicondustors and half-metallic ferromagnets in general
are fairly well understood [19, 20, 22, 23], a little is known
on strongly non-equilibrium dynamics of such systems on
time scales determined by electron-magnon interactions.
Laser-induced magnon activation in these materials by

femtosecond laser pulses is an important process that
may provide new spintronic device functionalities. In this
Letter we focus on the magnon activation in a half-metal
ferromagnet mediated by the presence of the so-called
non-quasiparticle states.

The non-quasiparticle states in a half-metal magnet
have been first considered by Hertz and Edwards [24] in
1973 and extensively studied in the eighties by Irkhin and
Katsnelson [25]. Some implications of non-quasiparticle
states in real materials has been analyzed in Ref. [26]
(for a review, see Ref. 22). The non-quasiparticle states
may be thought of as collective excitations of a spin-
majority electron and a magnon. The existence of such
states results in a finite (power law) density of states of
minority electrons at and above the Fermi energy, even
though the excitation of spin-minority electrons in the
corresponding non-interacting model is forbidden. The
non-quasiparticle states make a drastic impact on mag-
netic, spectroscopic and thermodynamic properties of
half-metal ferromagnets at finite temperatures [22, 25].
Spin depolarization near the Fermi energy induced by
the non-quasiparticle states was experimentally detected
in Co2MnSi [27]. We stress that the existence of non-
quasiparticle states is a correlation-induced effect. To-
gether with few other phenomena, like Kondo effect [28],
it shows that the standard quasiparticle band theory may
be insufficient even for qualitative understanding of prop-
erties of magnetic materials.

The principal goal of this paper is to demonstrate that
the activation dynamics of magnons in the half metal is
determined primarily by the non-quasiparticle states. A
laser pulse creates a hot quasi-equilibrium itinerant elec-
tron state in the half-metal on a picosecond time scale,
when the number of magnons is still negligible. We inves-
tigate how the energy and magnetic moment are trans-
ferred from the hot electrons to localized spins. It is
demonstrated that this process is slow and creates an
essentially non-equilibrium time-dependent magnon dis-
tribution that is described by a quantum kinetic equation
derived below.
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To be more specific we consider a ferromagnet de-
scribed by the s-d exchange model

H = Hs +Hd − I
∑

kqαβ

Sq c
†
k+qασαβckβ , (1)

where Hs =
∑

kσ εkσc
†
kσckσ describes itinerant (s) elec-

trons characterized by the isotropic dispersion εk,σ =
εk + δσ↓∆ with εk = k2/2m and the effective electron
massm, the strength of s-d exchange I defines the Stoner
gap ∆ = 2IS, and Hd describes core magnons with
quadratic dispersion ωq = Dq2 that is cut off at the De-
bay frequency ωD = Dq2D.
For a typical ferromagnetic semiconductor, such as

doped EuO [19], one finds the gap ∆ ≃ 1 eV and the
Fermi energy εF ≃ 0.3 eV. In the absence of s-d interac-
tions these values would correspond to perfectly polarized
itinerant electron system. Taking EuO as an example we
get mD ≃ 10−3 ≪ 1 and S = 7/2 (parameters are taken
from the book 19). The energy W = q2D/2m ≃ 10 eV
roughly corresponds to a band width that is the largest
energy scale in the problem.
The condition 2S ≫ 1 justifies the Holstein-Primakov

transformation that reduces Eq. (1) to a simpler model
H = Hs +Hd +Hsd +Hmm, with Hd =

∑
q ωqb

†
qbq and

Hsd = − ∆√
2S

∑

k,q

(
c†k+q↓ck↑bq + h.c.

)
, (2)

where b†q (bq) are magnon creation (annihilation) opera-
tors for the momentum q. The term Hmm describes the
magnon-magnon interaction that we discuss later.
Below we focus on magnon activation that takes place

on much longer time scales than the electron-electron
relaxation time. It is legitimate to assume that the s-
electron subsystem is heated up to the temperature T
within a picosecond after the laser pulse, while the trans-
fer of energy to localized spins is a much slower process.
From a naive point of view the half-metal system de-

fined by Eqs. (1,2) cannot support low-energy magnons.
Indeed, at low temperatures all electrons belong to the
majority band. A magnon excitation, which relies upon
the presence of a minority spin, would, on the first glance,
require a huge excitation energy of the order of ∆− εF.
This logic, however, fails due to the presence of s-d inter-
actions. Indeed, the minority spin can always be virtually
excited in order to enable a magnon excitation at low en-
ergies. This problem was analyzed in detail in Ref. [25]
where the general concept of non-quasiparticle states has
been introduced (based on the previous studies of the
Hubbard model [24]). Those are the states that involve a
virtual excitation of the minority spin that does not be-
long to the mass shell. The non-quasiparticle state can
also be reinterpreted as a bound state of a magnon and
a majority electron. Mathematically, non-quasiparticle
states are seen as branch cuts (not poles) of the electron
Green’s function. At zero temperature they lead to the

presence of a finite density of states of minority spins for
all energies above the Fermi level.

In order to illustrate the concept of non-quasiparticle
states more quantitatively one should compute the imag-
inary part of the retarded self-energy, ImΣR

↓ (ε,k), for
the minority spin component of the equilibrium electron
Green’s function. Such an analysis to the lowest order
in the electron-magnon interaction (and also to the small
parameter 1/2S) has been undertaken in Refs. [25]. The
corresponding result is given by

Γ(ε,k) = −2 ImΣR
↓ (ε,k) (3)

=
∆2VD

8π2S

∫
d3q (1 +Nq − fk−q,↑)δ(ε− ωq − εk−q,↑),

where Nq refers to the number of magnons with momen-
tum q, fk,↑ = f(εk,↑) is the electron Fermi distribution

f(ε) = [exp[(ε− εF)/T ] + 1]
−1

, and VD = 3/4πq3D is the
normalization volume that is given by the volume of a
unit cell in the continuum limit.

At an initial time we let Nq = 0 in Eq. (3), hence

Γ(ε,k) =
∆2VDm

8πSDk

∫ ω+

ω−

dω (1− f(ε− ω)) , (4)

where ω± ≡ Dq2± with q± = |k ±
√
2mε|. (Here we used

that mD ≪ 1). The range of integration is dictated by
the energy conservation law (represented by the delta-
function in Eq. (3)) for ωq ≪ εF.

It is instructive to analyze the behavior of Γ(ε,k) with
temperature. It is easy to see that Γ is exponentially sup-
pressed for T ≪ ω−(ε,k). Since ω− itself is a function of
ε and k this condition must be viewed as a self-consistent
condition for T ≪ mDεF ∼ 3K that effectively pins en-
ergy in Eq. (4) to the mass shell of majority spin elec-
trons. We do not analyze this temperature regime in
detail due to its limited experimental significance.

For high temperature regime, T ≫ ωD we find that
T ≫ ω+(ε,k) for all momenta. In this case, the ex-
pression for Γ(ε,k) for energies near the Fermi surface
and T ≫ D(k + kF)

2 can be simplified to Γ(ε,k) =
∆2mVDkF (1− f(ε)) /2πS, where kF =

√
2mεF is the

Fermi momentum for majority electrons.

For intermediate temperatures, mDεF < T < ωD,
both cases T < ω+ and T > ω+ are realized for differ-
ent values of momenta that prevents further analytical
simplifications.

The hot electron distribution can be characterized by
the non-equilibrium Green’s functions G< and G> that
are related to each other in temperature equilibrium as
G>

k,σ(ε) = e(ε−εF )/TG<
k,σ(ε). To the leading order in the

parameter 1/2S we find

G<
k,↓(ε) =

iΓ(ε,k)f(ε)

(εk,↓ − ε)2 + Γ2(ε,k)/4
, (5)
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where Γ(ε,k) in the denominator of the Green’s function
is kept only to assure a formal numerical convergence of
the integrals at the quasiparticle pole.
In what follows we consider electrons that are locally

equilibrated due to phonons and/or electron-electron in-
teractions and are characterized by a constant “hot” tem-
perature T . We also assume that magnons are absent at
the initial moment of time, Nq(t = 0) = 0 and construct
the kinetic equation for the number of magnons Nq(t).
This equation can be further generalized by taking into
account the dependence of electron temperature on time
due to the heat transfer to the bath. As the energy of the
magnon subsystem is much lower than the energy of the
electron subsystem we may always neglect the cooling of
electrons due to energy transfer to magnons.
Let us now analyze the spin-flip rates, which are re-

sponsible for creation or annihilation of magnons. In
ferromagnetic semiconductor with T ≪ ∆− εF the spin-
flips take place only in the presence of non-quasiparticle
states. Since the latter lack any dispersion, the operator
c†↓c↓ cannot be regarded as a quasiparticle number oper-
ator. Instead, the expectation value of such an operator
has to be found using lesser or greater electron Green’s
functions considering energy and momentum as separate
variables, i. e. beyond the mass shell.
The resulting kinetic equation reads

dNq/dt = Isd[Nq], (6)

where the s-d collision integral is given by

Isd =
∆2VD

2S

∫
dε d3k

(2π)4

[
(1 +Nq)G

<
k+q↓(ε+ ωq)G

>
k↑(ε)

−NqG
>
k+q↓(ε+ ωq)G

<
k↑(ε)

]
. (7)

The integration over energy ε in Eq. (7) is easily per-
formed since the latter is pinned to the mass shell of ma-
jority electrons. From Eq. (5) we obtain the s-d collision
rate as

Isd =
∆2VD

2S

(
1− Nq

nq

)∫
d3k

(2π)3
(1− f(εk))f(εk + ωq)

Γ(εk + ωq,k + q)

(∆ + εk+q − εk)2 + Γ2(εk + ωq,k + q)/4
, (8)

where nq = 1/(eωq/T − 1) is the equilibrium distribution
of magnons and the rate Γ depends onNq(t) (see Eq. (3)).
The numerical solution of the kinetic equation (6) is

illustrated in Fig. 1 for experimentally relevant parame-
ters. For small times we can disregard the effect of finite
Nq in Γ. In this limit the kinetic equation is given by

dNq/dt =
(
1−Nq/nq

)
Bq, (9)

where we introduced a momentum-dependent growth
rate Bq for the number of magnons (see the upper panel

of Fig. 1 for the illustration). For the case of intermedi-
ate temperatures, ωD ≪ T ≪ εF, one can estimate from
Eq. (8) that

Bnq
q ≃ T (∆/W )2 εF /W

AS [(1 + εq/∆)2 − 4εqεF/∆2]
, (10)

where AS = π(4πS)2(8π/3)2 ≈ 105 for S = 7/2. For
T ≈ 100K and for other parameters typical for EuO, the
relevant time scale 1/B0 is of the order of a microsec-
ond, which implies that the magnon distribution Nq(t)
is strongly non-equilibrium at all relevant times.
In addition to Eq. (10) there exists also a quasiparticle

contribution δBq from the pole in Eq. (8),

δBq ≃ 3T (∆/W )3/2e−([q/2+m∆/q]2−k2
F)/2mT

128π2S q/
√
2m∆

, (11)

that is maximaized for q =
√
2m∆. The maximal value

of δBq becomes comparable to the non-quasiparticle con-

tribution provided T > (∆−εF)/ ln
25π3S

3(∆/W )1/2(εF/W )
. For

EuO with εF ≈ 0.3 eV the latter condition corresponds
to T > 600K. The results for this regime are shown at
the lower panel of Fig. 1.
To analyze the effect of a finite Nq on Γ we take ad-

vantage of the condition εF ≪ ∆, even though it is not
very well fulfilled in practice. From Eq. (10) we conclude
that Nq varies on the scale δq ∼

√
m∆ ≫ kF and can

be replaced with a constant Nk in Eq. (10) within the
integration range (q−, q+). This approximation yields

Γ(ε,k) =
∆2

2πS
mVDkF (1 +Nk − f(ε)) , (12)

for T ≫ D(k+kF)
2. The result of Eq. (12) overestimates

the value of the integral for q .
√
m∆ and slightly under-

estimates it in the opposite case, but it’s accurate in the
limit εF/∆ ≪ 1. Similarly, in Eq. (8), one may replace
k+q in the integrand by q with the same accuracy. This
yields the non-linear equation

dNq/dt =
(
1−Nq/nq

)(
1 + 2Nq

)
Bq, (13)

instead of Eq. (9). The Eq. (13) is solved by

Nq =
nq

(
1− e−Bqt(2+1/nq)

)

1 + 2nqe−Bqt(2+1/nq)
≈ nq

(
1− e−2Bqt

)

1 + 2nqe−2Bqt
. (14)

For the last approximation we used nq ≈ T/ωq ≫ 1. Un-
like in the solution of Eq. (9), the growth rate of magnon
occupation in Eq. (14) increases in the entire applicability
range of our theory (Nq ≪ 2S). The characteristic time
of magnon equilibration, τq ∼ ln (nq)/Bq, is minimal for

q ≃
√
2m∆/ ln (T/2mD∆).

The magnon-magnon interaction is described in Debye
approximation by the term [29, 30]

Hmm = −D/4S
∑

q1q2q3q4

b†q1
b†q2

bq3
bq4

(q1q2+q3q4)δq1+q2,q3+q4
,
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FIG. 1: The dependence of magnon distribution Nq on the
modulus of the wave vector at the time t ≃ B−1

0
. The

parameters relevant for EuO have been used. The upper
panel illustrates the result for sufficiently low temperature
T = 0.1 εF . Square dots show the numerical solution to the
kinetic equation (6,8). Triangular dots show the numerical
solution of Eq. (9), while the corresponding approximation
(10) is plotted with the solid line. The inset in the upper
panel shows the relative correction δNq/Nq ≃ Cqt

2/Bq due
to the magnon-magnon interactions computed from Eq. (15).
The lower panel illustrates the numerical solution of Eqs. (6,8)
for higher temperatures: T = 0.2εF (solid line), T = 0.22εF
(short dashed line), and T = 0.25εF (long dashed line). In
this regime the quasiparticle contribution δBq to the magnon
excitation rate is clearly visible. The inset shows the depen-
dence of the rate on temperature for q/

√
m∆ = 0 (solid line),

1 (long dashed line), and 2 (short dashed line).

which defines the magnon-magnon collision integral

Imm[Nq] =
D2V 2

D

4S2

∫
d3q2 d

3q3 d
3q4

(2π)5
δ(q + q2 − q3 − q4)

× [(Nq+1)(Nq2
+1)Nq3

Nq4
−NqNq2

(Nq3
+1)(Nq4

+1)]

× (qq2)
2δ(ωq + ωq2

− ωq3
− ωq4

), (15)

that is formally of the same order as Isd with respect
to the small parameter 1/2S. Thus, to be consistent we
have to add Imm to the right-hand side of Eq. (6). We re-
fer to the corresponding solution as Nq+δNq, where δNq

is the correction due to the magnon-magnon interaction.
We note, however, that the magnon-magnon inter-

action conserves the total number of magnons since∑
q Imm[Nq] = 0. Moreover, the effect of magnon-

magnon interaction for t . B−1
0 gives only a small correc-

tion δNq = Cqt
3 to the solution of Eq. (6). To estimate

this correction we plug in Nq(t) ≈ Bqt into Eq. (15). The
results obtained are illustrated in the inset in Fig. 1.
From Nq we can easily access such experimentally

relevant quantities as the unit cell magnetic moment
M(t) = −VD

∫
d3q Nq(t)/(2π)

3 and the energy transfer
per unit cell Em(t) = VD

∫
d3q Nq(t)ωq/(2π)

3 as

δM(t) ≃ − 3

32π2

(
∆

W

)3/2
t

B−1
0

, (16a)

Em(t) ≃ 3

8π3

(
∆

W

)2

ωD
t

B−1
0

. (16b)

where we assume t . B−1
0 .

To conclude, we investigated the energy and momen-
tum transfer from hot itinerant-electron subsystem to the
localized one in half-metallic ferromagnets, including fer-
romagnetic semiconductors. We demonstrated that this
transfer is completely determined by non-quasiparticle
states, hence a naive quasi-single-particle picture is inad-
equate for describing this effect. Thus, we showed that
subtle correlation effects are of crucial importance for
non-equilibrium magnetism. Importantly, the time of en-
ergy and momentum transfer cannot be estimated from
a simple dimensional analysis even to the order of magni-
tude. The quantitative consideration presented gives rise
to a numerical factor AS ≈ 105 (for S = 7/2) which is
responsible for a strong suppression of the energy trans-
fer rate with respect to what one could naively expect.
Another important result is a relatively small role of
magnon-magnon interactions in comparison to that of
s-d coupling. This is not a priori obvious since these two
contributions have formally the same order of magnitude
in the collision integral with respect to the only small
parameter of the perturbation theory 1/2S.
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ONLINE SUPPLEMENTAL MATERIAL

Magnon activation by hot electrons via non-quasiparticle states

S. Brener, B.Murzaliev, M.Titov, M. I. Katsnelson

In this Supplemental Material we provide technical details for the analysis of the effect of magnon-magnon
scattering.

I. DERIVATION OF EQ. (15)

The Heisenberg Hamiltonian for interacting localized spins is given by

HH = −
∑

ij

JijSiSj, (s1)

where the sum runs over the lattice sites and Jij = J(ri− rj) denote the corresponding exchange interaction between
the spins on the sites i and j, that depends on the distance between the corresponding coordinates ri and rj . To
formulate the bosonic Hamiltonian one applies the Holstein-Primakoff transformation

Sz
i = S − b†i bi , S+

i =
√
2Sb†i

√

1− b†ibi
2S

, S−
i =

√
2S

√

1− b†ibi
2S

bi , (s2)

where S is the absolute value of the spin while b†i and bi are magnon creation and annihilation operators, correspond-
ingly. By disregarding three and higher-order magnon processes (due to the condition 2S ≫ 1) one maps Eq. (s1) on
the bosonic model HH = Hd +Hmm, where

Hd = 2S
∑

q

(
J(0)− J(q)

)
b†qbq =

∑

q

ωqb
†
qbq. (s3)

defines the spectrum of non-interacting magnons. In the Debye approximation we assume that quadritic dispersion
ωq = 2S

(
J(0) − J(q)

)
= Dq2 extends up to the momentum cut off at q = qD. The magnon-magnon scattering

processes are, then, taken into account by the term

Hmm =
1

2

∑

ij

Jij

(
b
†

i b
†

i bibj + b†ib
†
jbjbj − 2b†ib

†
jbjbi

)
, (s4)

where we have used that Jii = 0. The Fourier transform yields the expression

Hmm =
1

2

∑

q1,q2,q3,q4

(J(q1) + J(q4)− 2J(q1 − q4)) b
†
q1
b†q2

bq3
bq4

δq1+q2,q3+q4
, (s5)

which is readily simplified using Debye approximation as

Hmm =
D

8S

∑

q1,q2,q3,q4

b†q1
b†q2

bq3
bq4

δq1+q2,q3+q4

(
(q1−q4)

2 + (q1−q3)
2 + (q2−q4)

2 + (q2−q3)
2 − q21 − q22 − q23 − q24

)
.

With the help of the moment conservation the latter expression can be cast in the following form

Hmm = − D

4S

∑

q1,q2,q3,q4

b†q1
b†q2

bq3
bq4

(q1q2 + q3q4)δq1+q2,q3+q4
, (s6)

that leads to the Eq. (15) from the main text by applying the Fermi’s golden rule.
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FIG. s1: Geometric view of magnon scattering.

II. EVALUATING EQ. (15)

In order to evaluate Eq. (15) numerically one needs to pay attention to the momentum integration range. In the
Debye model, the latter is determined by the ultra-violet cut-off qD, which has to be treated with care not to violate
the detailed balance of magnon scattering. It is convenient to introduce symmeterized integration variables Q and r

by means of the relations

2Q2 = q2 + q22 = q23 + q24 , r = (q3 − q4)/2, (s7)

and define the integration range for these variables from the condition that the initial magnon momenta do not exceeds
qD. Note, that the variable Q2 defines the total energy of the incoming magnons, while the vector r is sketched in
Fig. s1. In addition we introduce an auxiliary vector k = (q3 + q4)/2 that defines the total momenta of the incoming
magnons. Note, that k2 + r2 = Q2. It is evident from Fig. s1 that the value of q2 is fixed for any given Q2 and r2.
(The overall rotation of k around q is trivial and gives the factor (2π)2.) In order to fix q3 and q4 we also need to
know the angle between r and k.

In new variables it becomes straightforward to get rid of δ-functions. This results in the following transformation

∫ qD

0

d3q2 d
3q3 d

3q4

(2π)5
δ(q + q2 − q3 − q4)δ(q

2 + q22 − q23 − q24) =
1

q

∫ q2/2+q2D/2

q2/2

d(Q2)

∫
r2drd(cos (r̂,k))

(2π)3
. (s8)

where the integration limits for r are taken from the condition that q, q2 and 2k form a triangle. This implies the
condition

k2 ∈ (
(q − q2)

2

4
;
(q + q2)

2

4
). (s9)

Since q22 = 2Q2 − q2 and k2 = Q2 − r2 we also conclude

r2 ∈
(
Q2 − q

√
2Q2 − q2

2
;
Q2 + q

√
2Q2 − q2

2

)
, (s10)

which means that the integrating limits for r2 do not depend on the ultra-violet cut-off. The presence of a finite cut-off

provides yet additional restrictions. To find them we need to make sure that q23,4 < q2D. Introducing x = cos (r̂,k) we
write

q23,4 = Q2 ± 2x
√
r2(Q2 − r2) < q2D, (s11)

that provides us an additional condition for x in the form

|x| < Λ2 −Q2

2r
√
Q2 − r2

. (s12)

This condition is restrictive provided

Λ2 −Q2

2r
√
Q2 − r2

< 1 (s13)



s3

otherwise the integration limits for x are merely (−1, 1). The latter is true for

r2 ∈
(
Q2 − qD

√
2Q2 − q2D
2

;
Q2 + qD

√
2Q2 − q2D

2

)
, (s14)

assuming Q2 > q2D/2 but not otherwise. Note that the condition (s14) is always a subset of the condition (s10) as fas
as q < qD.
Collecting Eqs. (s10), (s12), and (s14), normalizing the momenta by

√
2m∆, and introducing Λ2 = q2D/2m∆ = W/∆

we can symbolically write the integration range in the following way:

1

2q

∫ Λ2/2

q2/2

d(Q2)

∫ Q2+q
√

2Q2−q2

2

Q2−q
√

2Q2−q2

2

rd(r2)

∫ 1

−1

dx (s15)

+
1

2q

∫ Λ2/2+q2/2

Λ2/2

d(Q2)





∫ Q2−Λ

√
2Q2−Λ2

2

Q2−q
√

2Q2−q2

2

+

∫ Q2+q
√

2Q2−q2

2

Q2+Λ
√

2Q2−Λ2

2


 rd(r2)

∫ 1

−1

dx+

∫ Q2+Λ
√

2Q2−Λ2

2

Q2−Λ
√

2Q2−Λ2

2

rd(r2)

∫ Λ2−Q2

2r
√

Q2−r2

− Λ2−Q2

2r
√

Q2−r2

dx


 .

The integrand is given by

2ωD

ASΛ8
(Q2 − 2r2)2F

(
q2, 2Q2 − q2, Q2 + 2x

√
r2(Q2 − r2), Q2 − 2x

√
r2(Q2 − r2)

)
, (s16)

where F (q2, q22 , q
2
3 , q

2
4) = (Nq+1)(Nq2

+1)Nq3
Nq4

−NqNq2
(Nq3

+1)(Nq4
+1).


