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ABSTRACT. We consider nonlinear, nonhomogeneous Dirichlet problems driven
by the sum of a p—Laplacian (p > 2) and a Laplacian, with a reaction term
which has space dependent zeros of constant sign. We prove three muliplicity
theorems for such equations providing precise sign information for all solutions.
In the first multiplicity theorem, we do not impose any growth condition on
the reaction near +oo. In the other two, we assume that the reaction is (p — 1) —
linear and resonant with respect to principal eigenvalue of (—A,, Wy (Q)) . Our
approach uses variational methods based on the critical point theory, together
with suitable truncation and comparison techniques and Morse theory (critical

groups).

1. INTRODUCTION

Let © ¢ RY be a bounded domain with a C?— boundary 92. In this paper, we
study the following nonlinear Dirichlet problem

(1.1) —Apu(z) = Au(z) = f(z,u(z)) in Q, ulpn=0, 2 <p < .
Here A\, denotes the the p—Laplace differential operator, defined by

Dy = div (|| Dullt? Du) , for all u € Wy (€).

The reaction f : Q x R — R is a Carathéodory function (i.e., for all z € R, z —
f (z,x) is measurable and for a.a. z € Q, x — f(z,x) is continuous). We assume
that f(z,.) has z—dependent zeros of constant sign.

Our aim is to obtain multiplicity results providing precise sign information for all
the solutions produced. Specifically, we prove a multiplicity theorem in which no
growth control at +oo is imposed on f (z,.), and two multiplicity theorems in which
f (z,.) exhibits a (p — 1) —linear growth near +oo and is resonant with respect to

the principal eigenvalue Ay (p) > 0 of (—Ap, Wol’p (Q))

Recently, equations involving the sum of a p—Laplacian and a Laplacian (a
(p, 2) —equation for short), were investigated by Aizicovici-Papageorgiou-Staicu [1],
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Cingolani-Degiovanni [8], Cingolani-Vannella [9] and Sun [17]. Cingolani-Degiovanni
[8] and Cingolani-Vannella [9] prove only existence theorems, while Sun [17] proves
a ”three solutions theorem” under the condition that f € C! (ﬁ X ]R) , and does not
produce nodal solutions. Nodal solutions are obtained in Aizicovici-Papageorgiou-
Staicu [1] for coercive nonresonant problems. Here, the multiplicity results of
Section 4 concern indefinite (i.e., noncoercive) resonant equations. We mention
that (p,2) —equations arise in quantum physics in the search of solitons (see Benci-
D’Avenia-Fortunato-Pisani [6]). We stress that in contrast to the equations driven
by the p—Laplacian, the differential operator in (1.1) is not homogeneous. The lack
of homogeneity is the source of serious difficulties especially when we look for nodal
solutions.

Our approach uses variational methods based on the critical point theory cou-
pled with suitable truncation and comparison techniques and Morse theory (critical
groups). In the next section, we briefly recall the main mathematical tools which
we will use in the sequel.

2. MATHEMATICAL BACKGROUND

In the analysis of problem (1.1), in addition to the Sobolev space WO1 P(Q), we
will use the Banach space

Cy (Q) :={ue " (Q):ulsn=0}.
This is an ordered Banach space with positive cone
Cy={ueCi(Q):u(z)>0foral ze}.
This cone has a nonempty interior, given by
du
on

where n (.) denotes the outward unit normal on 9f.
Let fo : Q@ x RV — RY be a Carathéodory function with subcritical growth in
reR,ie,

intC+:{UEC+:U(Z)>OforaHzEQ, <0forallz€8§2},

|fo (z,2)] < a(z) (1 + |x|T71) fora.a. z€Q, allz € R
with a € L (Q), p <r < p*, where p* is the critical Sobolev exponent, i.e.,
N .
400 if p>N.
Let Fy (z,2) = [y fo(2,s)ds and consider the C'—functional v : Wol’p Q) =R
defined by
1
u) = —
o (u) »

The next result relates local Cg (ﬁ) and I/VO1 P (Q) minimizers of 1y and can be
found in Aizicovici-Papageorgiou-Staicu [4]. (We recall that C’é’ﬁ (ﬁ) , with 8 €
(0,1), stands for the subspace of all functions of C& (ﬁ) whose first-order partial
derivatives are Holder continuous with exponent f3).

1
| Dully + 3 | Dul|3 — /QFO (z,u)dz for all u € Wol’p (Q).
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Proposition 2.1. Ifug € Wol’p () is a local C} (ﬁ) — minimizer of Vg (i.e., there
exists po > 0 such that ¥ (uo) < ¥o (uo + h) for all h € C§ () with Hh”col(ﬁ) <

po), then ug € C’é’ﬁ (Q) for some B € (0,1) and it is a local Wol’p (Q) — minimizer
of Yo (i.e., there exists p1 > 0 such that g (ug) < 1o (ug + h) for all h € Wol’p (Q)
with b)) < py).

Hereafter, by .|| we denote the norm of the Sobolev space Wy (€2), and by |.| ‘

we denote the norm of L7 (2) or L? (Q,RN) , 1 < ¢ < co. By virtue of Poincaré’s
inequality, we have
1,
[ull = | Dull, for all u € W, P Q).
Also, by .|| we denote the R¥-norm. However, no confusion is possible, since it
will be clear from the context which norm is used.

For every x € R, we set 2 = max {4x,0}. Then for every u € Wol’p (Q), we
define u* () = u (). We know that

uF e WP (Q), |ul=ut +uT, u=ut —u".

If h: QxR — R is a measurable function (for example a Carathéodory function),

then we define
Ny (w) () = h(,u(.) forall u e Wy (Q).

(the Nemytskii operator corresponding to the function A (.,.)). By |.|y we denote
the Lebesgue measure on RY.

Let hy, ho € L™ (). We write h; < hg if, for any compact set K C Q, we can
find € = ¢ (K) > 0 such that

hi(z) +¢e < ha(z) fora.a. z € K.

Evidently, if hi, ha € C () and hy (2) < ha (2) for all z € Q, then hy < ha.

The next proposition is essentially due to Arcoya-Ruiz [5], where only the p—La-
placian (1 < p < c0) is present. A minor modification of their proof in order to
accommodate the linear term —Aw leads to the following strong comparison prin-
ciple:

Proposition 2.2. If £ > 0, hy, hy € L™ (Q), b1 < hy and u,v € C} (Q) are
solutions of

—Dpu (2) = Du(2) + Eu ()PP u(z) = b (2) in 9,
— N (2) = A (2) + € v (2)[P 20 (2) = ha (2) in €,
with v € int Cy, then v —u € int Cy.

Let (X, |.]]) be a Banach space and X* be its topological dual. By (.,.) we denote
the duality brackets for the pair (X*, X). Also — will designate weak convergence
in X.

Given ¢ € C!(X), we say that ¢ satisfies the Cerami condition (C— condition,
for short), if the following is true:

every sequence {Zn},~; C X such that {¢ (z,)},5; € R is bounded and

(1 + |znl]) ¢ () = 0in X* as n — oo
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admits a strongly convergent subsequence.”

This compactness-type condition, which in general is weaker than the more com-
mon Palais-Smale condition leads to a deformation theorem from which one may
derive the minimax theory of certain critical values of ¢ € C! (X). In particular, we
have the following result, known in the literature as the ”mountain pass theorem”.

Theorem 2.3. If ¢ € C! (X) satisfies the C— condition, xo x1 € X and p > 0 are
such that ||x1 — zol] > p > 0, max {p (o), (x1)} < inf{p () : ||z — x| = p} =:
Nps and ¢ = inf,er maxyepo 1) @ (7 (t)), where

I'={yeC([0,1],X):7(0) = z0, v(1) =21},
then ¢ > n, and c is a critical value of ¢ (i.e., there exists * € X such that
¢ (%) =0 and ¢ (z*) = ¢).

Let (Y2,Y7) be a topological pair such that Yo C Y; C X. For every integer k& > 0,
by Hy, (Y1,Y2) we denote the k- relative singular homology group with integer
coefficients for the pair (Y1,Y3).

Given ¢ € C! (X) and ¢ € R, we introduce the following sets:

pf={rec X p(x) <c};
K,={zeX:¢ (z)=0};
Ko={z € K,:p(x)=c}.

If z € X is an isolated critical point of ¢ with ¢ (x) = ¢ (i.e., z € K{), then the
critical groups of ¢ at x are defined by

Ci (p,z) = Hp (¢° NU, (¢ NU)\{z}), for all k >0,

where U is a neighborhood of x such that K, N¢e“NU = {x}.
The excision property of the singular homology implies that the above definition
of critical groups is independent of the particular choice of the neighborhood U.
Suppose that ¢ € C! (X) satisfies the C-condition and inf ¢ (K,) > —oo. Let
c <infy (K,). The critical groups of ¢ at infinity are defined by

Cr (p,00) = Hy (X, ¢°) for all k> 0.

The second deformation theorem/(see, for example, Gasinski-Papageorgiou [12],
p.628) implies that this definition is independent of the choice of the level ¢ <
inf ¢ (K,).

Suppose K, is finite. We set

M (t,x) = Zrank Cy (p,z)t" for all t € R, all z € K,

k>0
and
P (t,o0) = Zrank Ci (p,00) t* for all t € R.
k>0
The Morse relation says that
(2.1) > M(t,x) = P(t,00)+ (1+1)Q(¢t) for all t € R,

zeK,
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where Q (t) = 3 &t* is a formal series with nonnegative integer coefficients.
k>0

Let 7 € (1,00) and let A, : W, (Q) — W1 (Q) = Wy ()" (
the nonlinear map defined by

l+l,:1),be

T s

(2.2) (Ar (u) ,y) = / | Du||" "% (Du, Dy)gn dz for all u, y € Wol’r ().
Q

If r = 2, then we write A := Ay € £ (H} (), H ' ().
The following result is well-known (see, e.g., [2]).

Proposition 2.4. If A, : Wol’r (Q) = WL (Q) is the nonlinear map defined by
(2.2), then A, is continuous, bounded (i.e., it maps bounded sets to bounded sets),
strictly monotone (hence mazimal monotone), and of type (S), (i.e., if {un},>;

is such that u, — u in WOM (Q) and

lim sup <Ar (un) y Un — ’LL> <0,

n—oo

one has u, — u in Wol’r (Q)).

Finally let us recall some basic facts about the spectrum of (—Ap, VVO1 P (Q))
with 1 < p < oo; see e.g., [12]. So, let m € L (2), m > 0, m # 0 and consider the
following nonlinear weighted eigenvalue problem:

(2.3) —Apu(z) = Am (2) Ju (2)P"2u(z) in Q, ulgg = 0.

A number A € R is an eigenvalue of (—Ap,Wol’p (Q)), if problem (2.3) has

a nontrivial solution @#. Then w is called an eigenfunction corresponding to the
eigenvalue A.

The smallest eigenvalue of (—Ap, W& P (Q)) exists and is denoted by A; (p,m).
We know that A\ (p,m) > 0, is isolated (i.e., there exists ¢ > 0 such that the interval

(Xl (p,m) ,Xl (p,m) + € ) contains no other eigenvalues), simple (i.e., if ¥ and v are

both eigenfunctions corresponding to the eigenvalue M (p,m) , then u = £v for some
¢ € R\ {0}), and it admits the following variational characterization

[ Dully

= inf :
/m\u]p dz

The infimum in (2.4) is attained on the corresponding one dimensional eigenspace.
By Uy (m) we denote the LP— normalized (i.e., [[u1,, (m)|, = 1) eigenfunction

(2.4) 1 (p, uweWyP (Q), u#0

corresponding to M (p,m).

From (2.4) we see that u1 , (m) does not change sign, and so, we may assume that
U1,p (m) > 0. The nonlinear regularity theory and the nonlinear maximum principle
(see, for example, Gasinski-Papageorgiou ([12], p.737-738)) imply that

Uy (m) € int Cy.
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The Ljusternik-Schnirelmann minimax scheme provides an increasing sequence of
distinct eigenvalues {/):k,p (m)}}p1 of (—Ap, W, P (Q)) such that Xkyp (m) = +o0.

If p = 2 (linear eigenvalue problem) or N = 1 (ordinary differential equations),
then this sequence exhausts the eigenvalues of (—Ap,Wol P (Q)) .If p #£ 2 and

N > 2, then we do not know if this is true.

We mention that Xl,p (m) is the only eigenvalue with eigenfunctions of constant
sign.

If m = 1, then we write Ay (p) := //\\142 (m) >0 and Uy = U1, (M) € int C4.

If p = 2 (linear eigenvalue problem), then we have the following orthogonal direct
sum decomposition

Hy (@) = P E (W (2),

k>1
where E <Xk (2)) denotes the eigenspace corresponding to the eigenvalue /)\\k (2).
The elements of E (Xk (2)) (k > 1) exhibit the so-called Unique Continuation
Property (UCP for short), i.e.,if u € E <Xk (2)) and v vanishes on a set of positive

measure, then v = 0. By standard regularity theory, we have E (Xk (2)> C ¢} (ﬁ)
for all £ > 1.

3. MULTIPLICITY WITH NO GROWTH CONDITIONS AT +o0

In this section, we prove a three solutions theorem for equations in which no
growth restriction is imposed on the reaction z — f (z,z) . Instead, we assume that
f (z,.) admits z—dependent zeros of constant sign. More precisely, the hypotheses
on the nonlinearity f (z,x) are the following:

H!(f): f: Q2 x R—=R is a Carathéodory function such that f(z,0) = 0 for a.a.
z € Q, and:
(i) for every p > 0 there exists a, € L> (2) _ such that

|f (z,2)] < a,(z) foraa. ze€Q, all |z| <p;

(73) there exist functions wy € VVD1 P(Q)NC () and constants c_, c; such
that:

w_ (2) <eco <0<cp <wy(z) forall z e,
fz,wy (2) <0< f(z,w_(2)) for a.a. z € Q,
Ap(wo) + A(w-) 0 < Ay (wy) + A(ws) in WL (Q);
(7i1) there exists an integer m > 2 and a function n € L () such that:
Am (2) < 0(2) € Ama1 (2) for aa. z € Q,
A (2) # 1 Ami (2) #,

1ir% @ =1 (2) uniformly for a.a. z € Q.
T—r
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Remarks: Hypotheses H! (f) (i4) and (44i) imply that f(z,.) has z—dependent
zeros of constant sign. If
f(z,c2)=0= f(z,cy4) fora.a.zeQ,

then hypothesis H! (f) (i) is satisfied with wy (2) = ¢y and w_ (2) = c_ for a.a.
z € Q. Hypothesis H! (f) (iii) is a nonuniform nonresonance condition at zero with
respect to any nonprincipal eigenvalue of (—A, H& (Q)) .

Note that no growth condition at +oo is imposed on f (z,.).

Proposition 3.1. If hypotheses H' (f) hold, then problem (1.1) has at least three
nontrivial distinct solutions

ug € int Cy, vy € —int Cy, yo € Cj () \ {0},
with -
w- (2) <o (2) <yo(z) <wup(z) <wi(z) for all z € .
Proof. First, we produce the positive solution. To this end, we introduce the fol-
lowing truncation of f(z,.) :
0 if <0,
(3.1) fi(z2)={ flz2) if 0<z<w,y(z),
fzwy () if wy(2) <z

This is a Carathéodory function. We set F., (z,2) = [ f4 (2,s)ds and consider the

O—x5

C!' —functional @ : Wol’p () — R defined by

Pp (u) = ]19 | Dul2 + % | Dul|% - /F; (z,u(z)) dz for all u € WP ().
Q
From (3.1) it is clear that ¢, is coercive. Moreover, using the Sobolev embedding
theorem, we see that @ is sequentially weakly lower semicontinuous. So, by the
Weierstrass theorem we can find ug € VVO1 P (Q) such that

(3.2) B (uo) = inf {@y () 1w e WP (@)}

By virtue of hypothesis H! (f) (i), given ¢ > 0, we can find § = §(¢) € (0,c4]
such that
1

(3.3) 3 (n(z) —e)x? < F(z,z) for a.a. z€Q, all |z <4,

where F (z,2) = [; f (2,s)ds. Let t € (0,1) be small such that U 2 (z) < 6 for all
z € Q. Then

Gy (tur2) = > 1Dur 2]l + 5 1D

g — /ﬁ+ (z,u12(2))dz
Q
2 t2e

7 ¢ -
< D DusP+ = ()\ 2) — )AQ dz| + -5
<3 1Dzl + 5 Q/ 1(2) = (2)) wipdz| + =
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(see (3.3) and (2.4)). Note that

€= / (Xl (2) —n (z)) 2 ,dz > 0
Q

and so, choosing ¢ € (0,¢) and taking ¢ € (0,1) even smaller if necessary (recall
that p > 2), we have

@Jr (tal,g) < 0.
Then @4 (ug) < 0= @1 (0) (see (3.2)), hence

ug # 0.
From (3.2) we have
@y (uo) =0,
and this implies

(3.4) Ap (uo) + A (uo) = N7, (uo).
On (3.4) we act with —ugy € W, (Q) and obtain
_ 112
HDuO Hz + HDuO HQ =0 (see (3.1)),

hence
ug > 0,ug # 0.
Also on (3.4) we act with (ug —wy)" € Wol’p (Q). Then

(Ap (u0) , (uo —wy) ™) + (A(uo) , (wo — wy) ")

- / Fe (2, u0) (up — ws) " dz
Q

= [ £ (- wa)* ds (see (3.0)
Q

< (A (w2) (o — wy) ™)+ (Awy) (g — wa)™) (see H (£) (i),
hence

I (HDuOHP*Q Dug — || Dw- P2 D, Dug — Dw+)RN dz
{uo>w4 }

+[|D (o — wi) 5 <0

and we get
ug < wy (see Proposition 2.4).

So, we have proved that
up € [0, w4] = {u € Wol’p (Q):0<u(z) <ws(2) ae. in Q}
Hence, (3.4) becomes
Ap (ug) + A (ug) = Ny (ug) (see (3.1)),
therefore
—Apup (2) — Dug (2) = f(2,u0 (2)) ae. in Q, up |an= 0.
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From Ladyzhenskaya-Uraltseva ([13], p. 286), we have that ug € L (€2). Then we
apply the regularity result of Lieberman ([14], p.320) and infer that
ug € C+\ {0} .
Hypotheses H! (f) (i) and (i7i) imply that there exists & > 0 such that
f(z,o) + &P~ > 0foraa. z€Q, allz €0, ||wy ]
Hence
Apug (2) + Aug (2) < Ewug ()P > 0 ace. in Q.
From the strong maximum principle of Pucci-Serrin ([16], p.34), we have

ug (z) > 0 for all z € Q.

So, we can apply the boundary point theorem of Pucci-Serrin ([16], p.120) and
conclude that
ug € int Cy.
Let
a(y) =yl y +y for all y € RY.
Then a € C* (RY) (recall that p > 2) and we have

+ Iy for y # 0.

_ &®
Va(y) =yl |In+ (p—2) 2 H;’

lly

Here Iy denotes the N x N identity matrix and for a,b € RV, by a ® b we denote
the tensor [a;b;]Y._, . Then for all £ € RN we have

2,7=1"
(Va(y) & O = €17
Note that
div a (Du) = Apu+ Au for all u € W7 ().

Since
Ay (ug) + A (ug) — Ny (ug) = 0 < Ay (wy) + A(wy) — Ny (wy) in W (Q)

(see hypothesis H' (f) (ii)) and ug # w,, from the tangency principle of Pucci-
Serrin ([16], p.35) we have

up (2) < wy (2) for all z € Q.

Similarly, to produce the negative solution, we introduce the following truncation

of f(z,.):

f, (z,2) = f(z,x) if w_(z) <x<0,

This is a Carathéodory function. We set F (z,2) = [ f- (2, s)ds and consider the
0
C!—functional $_ : Wy () — R defined by

R 1 1 -
P (u) = ; 1Dull; + 3 | Dul3 — /F (2,u(2)) dz for all u € Wy ().
Q
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Working with ®_ as above, we produce another nontrivial constant sign solution
vg € —intCy, such that

w— (2) < g (2) for all z € Q.

Now, to produce a third nontrivial solution, we truncate f (z,.) at {vo (2),uo (2)}.
So, we introduce the following Carathéodory function:

f(zv(2) if z<wvy(z),
(3.5) fo(z,2)={ f(z2) if v (2) <z <wg(z),
f(zup(2) if wup(z) <.

xT

We set Fy (z,2) = [ fo (2, s)ds and consider the C'—functional ¢o : Wy (Q) — R
0
defined by

1 1
wo (u) = ; 1Dull; + 3 | Dul3 — /Fg (2,u(2)) dz for all u € WP ().
Q

T

Also, let fi (2,2) = fo (z,+2%), Fi (z,2) = [ f (2, s)ds and consider the C' —functionals
0
@i WyP (Q) — R defined by

1 1
o () = > 1Dl + 5 1 Dul - /Foi (2,u(2)) d= for all uw € Wi ().

Q
As in the first part of the proof, we can show that

Kgoo - [Uo,Uo], chg C [Oauﬁ]v Kso(? C [UOaO] :
In fact, we can assume that K%+ = {0,uo}, K‘ﬂ& = {v9,0}. Indeed, if uy €

KSDSF\ {0,up}, then @y € int Cy (by nonlinear regularity and the nonlinear maxi-

mum principle) is the third nontrivial solution of (1.1) and so, we are done.
Claim 1: ug € int C4 and vy € —int Cy are local minimizers of .

From (3.5) it is clear that cpar is coercive. Also, it is sequentially weakly lower
semicontinuous. So, we can find %y € VVO1 P (Q) such that

(3.6) oo (Tip) = inf {gog (w) 1 u € WP (Q)} .
As before, via hypothesis H' (f) (iii)), we have
o¢ (to) < 0= g (0), hence @y # 0.

From (3.6) we have g € K@g = {0,up}, hence 1y = up. Note that

QP(J)F ‘C+: ¥0 |C+7

hence vy € int Cy is a local C} (ﬁ) —minimizer of (g, therefore ug is a local
W, P (Q) —minimizer of @y (see Proposition 2.1).
Similarly for vg € —int C, using this time the functional ¢ .
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We may assume that K, is finite (or otherwise we already have an infinity of solu-
tions) and that ¢g (vo) < ¢o (up) . (The analysis is similar if the opposite inequality
holds). By virtue of Claim 1, we can find p € (0,1) small such that
(3.7) o (vo) < o (uo) <inf{po (u) : [[u—uoll = p} =1p, |luo — voll > p

(see Aizicovici-Papageorgiou-Staicu [2], proof of Proposition 29). The functional ¢
is coercive (see (3.5)). So, it satisfies the C-condition. This fact and (3.7) permit

the use of Theorem 2.3 (the mountain pass theorem). So, we can find yg € WO1 P(Q)
such that
(3.8) Yo € Ky, and 1, < o (v0) -

From (3.7) and (3.8) we see that yg ¢ {vo,uo} . Also, since yo € K, (see (3.8)), we
have yo € [vo, ug] and so, yo is a solution of (1.1) (see (3.5)) and by the nonlinear

regularity theory (see [13], [14]) we conclude that yo € Cg (€2) . Moreover, since yo
is a critical point of ¢y of mountain pass type, we have

(3.9) C1 (¢0,0) # 0.

We need to show that yo # 0. This will follow as a consequence of (3.9) and the
following Claim.
Claim 2: C, (¢0,0) = 0p.q,,Z for all k > 0, with dyp, = dim é E (Xi (2)) > 92,
Here and in what follows & ; (for k, j € Z,) denotes thellzilronecker delta.
Let 1) : Wol’p (2) — R be the C?—functional defined by
1
2

1 1
W (u) = . | Dull, + 3 | Dul3 — /77 (2) u? (2) dz for all u € Wy ().

Q
—_—C FaY
For p > 0, let B, = {u € G (Q) : HUHC(%(Q) sp
H' (f) (iii) , given & > 0, we can find p = p (€) € (0,1) such that ||g — w||05(§c) =
P
€, hence

(3.10) Ci (<p0 lox(@); 0) — O, (¢ o @,0) for all k > 0.

Since Cj (2) is dense in VVOl P (Q), from Palais [15], we have

}. By virtue of hypothesis

Cr (w0 ‘05(5)7()) = Ck (¢0,0) and

3.11
( ) Ck w|6’é(§)’0> :Ck (1#,0) for allkZO.

From Cingolani-Vannella (][9], p.273), we have
(312)  Cp(1,0) = 84, Z for all k > 0, with dy, = dim @D E (Xi (2)) > 9.
i=1
Then from (3.10) (3.11) and (3.12), it follows that
Ck (¢0,0) = 0y 4,,Z for all k > 0.
This proves Claim 2.
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From (3.9) and Claim 2, we infer that yo # 0. So, yo € C} (ﬁ) is the third
nontrivial solution of (1.1). O

In fact we can show that the third nontrivial solution can be choosen to be nodal.
The strategy is the following. First, we produce extremal nontrivial constant sign
solutions, i.e., a smallest nontrivial positive solution w4 and a biggest nontrivial
negative solution v_. Then, we concentrate on the order interval

[v_,uy] = {u e WP () :v_(2) <u(z) <uy(2) foraa. z e Q} :

Using truncation and comparison techniques together with variational methods, we
produce a nontrivial critical point yg of ¢g in [v_,u], distinct from v_, uy. Then
by virtue of the extremality of v_ and uy, yo must be nodal.

In what follows, we implement this strategy. By virtue of hypotheses H* (f) (4), (i),
given € € (0, min {—c_, c4+}), we can find ¢, > 0 such that

(3.13) f(z,z)x > (n(2) —e)a® —c. |z’ for a.a. z € Q, all |z < p,

with p = max {|Jwy |, |w-|}- Then, we introduce the following Carathéodory
function:

(3.14)
(n(2) —e)w(2) — cclw_ ()PP w_(2) if z<w_(2),

he (z,7) =4 ((z) =)z —c|af 7w if wo(2) <a<wy(z),
(n(2) — &) wy (2) — cewy (2)P" if wy(z)<w

We consider the following auxiliary Dirichlet problem
(3.15) —Apu(z) — Au(z) = he (2,2) in Q, u |po=0.

Proposition 3.2. For ¢ € (0,min{—c_,c4+}) small, problem (3.15) has a unique
nontrivial positive solution u, € int Cy and a unique nontrivial negative solution

Proof. First, we establish the existence and uniqueness of the positive solution.
x

So, let hf (z,2) = he (z,27). We set HI (z,x2) = [ hZ (z,s)ds and consider the
0

C'—functional o : Wy () — R defined by

1 1
ot (u) = ; 1Dully+ 5 | Dul3 — /Hj (z,u(2)) dz for all u € WyP (Q).
Q

It is clear from (3.14) that o is coercive. Also, it is sequentially weakly lower
semicontinuous. Therefore, we can find ., € Wol P (Q) such that

(3.16) of (u.) = inf {oF (u) s ue WGP (@)}
As in the proof of Proposition 3.1, for € > 0 small, we have

ot (us) <0 =0t (0), hence u, # 0.
From (3.16) it follows
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hence
(3.17) Ap (us) + A(ue) = Np+ (us) -
Acting on (3.17) with —uj € Wol’p (Q), we infer that

Us > 0,ue # 0.
Also on (3.17), we act with (u, —wy)" € Wol’p (©) and obtain
(Ap (1) (e = w027 + (A ) (e — w3)*)

[0 ) e = i)z
Q

/ [(77 (2) —e)wyt (2) — cowy (z)p_l} (ux —wy)t dz (see (3.14))

Q
< /f(z,w+) (e — wy)* dz (see (3.13))
Q

< (Ap () s (e —wi) ") + (A(wy) , (e —wy) ™) (see H' (f) (i),
hence
Uy < W4

(as before, see the proof of Proposition 3.1). Therefore, we conclude that
us € [0, wy] = {u e WP () :0<u(z) <wy(z) ae. in Q}
Then (3.17) becomes
Ay (us) + A(we) = () — &) us — ceul ™t (see (3.14)),
hence uy solves (3.15) and u, € C4\ {0} (by nonlinear regularity). In fact we have
Apu (2) + Dty (2) < cous (2)P71 ae. in Q,

hence u, € int C (see Pucci-Serrin ([16], pp. 34 and 120)).

So, we have established the existence of a nontrivial positive solution u, € int
C for problem (3.15). Next we examine the uniqueness of u,. To this end, we
introduce the integral functional v : L' (2) — R = RU {400} defined by

p 2
1 HDU% T+ HDu% L i 0.ub € WP (@),

400 otherwise.

Vo (u) =

1 1

Let uy, ug € dom 4, t € [0,1] and set y = (tug + (1 —t)uz)2 . Let v1 = uf,
1

vy = uZ. From Lemma 4 of Benguria-Brezis-Lieb [7] (see also Lemma 1 of Diaz-Saa
[10]), we have

1Dy )| < (£1Dvs ()] + (1 =) 1Dvs (2)]*)* ae in .

Let

1 1
Go (1) = =tP + =2, t > 0.
o(t) . ot >
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Evidently t — G (t) is increasing. So, we have

Go ([|1Dy (2)I) < Go ((t 1Dy (2)|I* + (1 = ¢) || Dvs (Z)HQ)Q) a.e in .

p
2

t2 + %t, t >0, is convex (recall that p > 2). Therefore

Note that t — Gy (t%) =1

Go (1100 @I + (1= 1D 7))
<tGy (|| Dv1 (2)|| + (1 —t) Go (|| Dv2 (2)]])) a.e in Q.
We set G (y) = Go (||y||) for all y € RY. Then
G (Dy (2)) < tG (Dul (z)%) +(1-1G (Du2 (z)%) a.e in Q,

hence 4 is convex.

Also, via Fatou’s Lemma, we can check that ~, is lower semicontinuous, and of
course dom v4 # &.

Let u € WO1 () be a nontrivial positive solution of (3.15) . Then, from the first

1
part of the proof we have u € [0,w,] N int Cy. Hence u? > 0 and (u2) 2 =y €

Wol’p (Q), ie., u* € dom v4. For h € C§ () \ {0}, we have u? + Ah € dom ~4 for

all A € (—e,¢e) with € > 0 small. This means that v is Gateaux differentiable at

u? in the direction h, and by the chain rule, we have

() () =3 —SE=S hd

=1 hs hdz (see (3.15))

(3.18)

D=

N[

f
Q
f Mhdz (recall that v € [0,wy] and see (3.14))
Q
f[ ) — &) — couP™ 2]hdz

Q

Similarly, if y € I/VO1  (Q) is another nontrivial positive solution of (3.15) , then again
we have y € [0,wy] Nint Ct and as above, we obtain

(3.19) V6 (=5 [ [0) ) = o]

Since ~4 is convex, 7/, is monotone and so, we have

0< (7} (u®) =4 (v°) u” = ¥*) 11
= %5 (y*~2 — uP?) (u? — y?) dz (see (3.18), (3.19)),
Q

hence
y = u (since p > 2).
This proves the uniqueness of u, € [0, w4] Nint Cy.
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Similarly, we consider hZ (z,u) = he (z,—u™), HZ (z,2) = [ hZ (2,s)ds and the
0
Cl—functionals o : I/VO1 P (Q) — R defined by

1 1
oo (u) = ; 1Dullp+ 5 | Dul3 — /H; (z,u(z)) dz for all u € WyP (Q).
Q

Reasoning as above, we prove the existence and uniqueness of a nontrivial negative
solution v, € —int C,.. O

This proposition leads to the existence of extremal nontrivial constant sign solu-
tions for problem (1.1).

Proposition 3.3. If hypotheses H' (f) hold, then problem (1.1) has a smallest
nontrivial positive solution uy € [0,wy] Nint Cy and a biggest nontrivial negative
solution v_ € [w_,0] N (—int C4).

Proof. Let Sy be the set of nontrivial solutions of (1.1) in the order interval [0, w.] .
From Proposition 3.1 and its proof it follows that

Sy #9, and S4 Cint C4.

Claim: If u € S;, then u, <.
We introduce the Carathéodory function

0 if <0,
(3.20) T (za)={ M(z)—e)z— cea? ™! if 0<z<u(z),
(n(2) —e)u(z) —ceti(2) (2)P7" if U(z) <.

Here € > 0 is small, as in Proposition 3.2. We set T (z,2) = [ 72 (2,5)ds and

Ct—5

consider the C!—functional ¢ : VVO1 P (Q) — R defined by

1 1
& (u) = ; 1Dull; + 5 | Dul3 — /T; (2,u(z)) dz for all u € Wy P ().
Q

From (3.20) it is clear that £ is coercive and sequentially weakly lower semicon-
tinuous. So, we can find yp € Wol’p (©) such that

(3.21) & (o) = inf {& (u) s u e WGP (@)
As in the proof of Proposition 3.1, using hypothesis H' (f) (#ii) , we show that
& (o) < 0= €1 (0), hence 7o # 0.
From (3.21), we have
(&) @) =0,

hence

(3.22) Ap (Yo) + A (W) = N+ (%o) -
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On (3.22), first we act with —y, € Wol’p (Q) and obtain
1 2
—~ P ~
| DYq Hp +3 D7y [|5 = 0 (see (3.20)),

hence
g//\O Z 07 Z/U\O 7é 0.
2) with (o — u)" € Wy (Q), we have

0), (o — ) ") + (A @), (o —)")

(2.90) (Jo — )" d=

[\

Also, acting on (3.

=

D :JL SR

<)

+

o)

[(n (2) —e)u— csﬂp_l] (Yo — ﬂ)Jr dz (see (3.20))

IN

f(z,a) (Jo — )t dz (see (3.13))

7~

Ap (@), (o —a)") + (A @), @ —0)"),

hence
Yo < .
Therefore we have proved that
Yo € [0,u] :== {u € ng’p (Q):0<u(z) <u(z) ae. in Q}
Hence (3.22) becomes
Ap (o) + A (o) = (=€) Jo — e,
hence
=plio (2) = Ao (2) = (0 =€) o (2) = c<o (=) ae. in 2, Folo =0,
therefore (see the proof of Proposition 3.2)
Yo € int C solves (3.15).

It follows that yp = us (see Proposition 3.2). Thus we have u, < u and this proves
the Claim.

We consider a chain C' C S; (i.e., a nonempty totally ordered subset of S, ).
From Dunford-Schwartz ([11], p.336), we know that we can find {u,},~, € C such
that

inf C' = inf u,.
n>1
We have
(3.23) Ap (up) + A (up) = Nf (un), us <up <wy foralln>1
(see the Claim), hence

{tn},s1 € Wy () is bounded (see H' (f) (1) ).
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So, we may assume that
(3.24) Uy — u in Wol’p (Q) and u,, — u in LP () as n — oc.

On (3.23) we act with u, —u € WOM2 (©) and pass to the limit as n — oo. Using
(3.24) we obtain
lim [(Ap (un),un —u) + (A(up) ,un —u)] =0,

n—oo

hence

lim (A, (un),un —u) =0 (recall that A € £ (Hg (Q),H ' (Q))),

n—oo
therefore
Up, — u in Wol’p (Q) (see Proposition 2.4), u, < u,

and we conclude that
u € St and v = inf C.

Since C' is an arbitrary chain in Sy, from the Kuratowski-Zorn lemma it follows
that S; has a minimal element u; € Sy. The set Sy is downward directed (see
Aizicovici-Papageorgiou-Staicu [3]), i.e., if uy, us € Sy, there exists u € Sy such
that v < wuy, uw < ug. From this it follows that uy € int C4 is the smallest nontrivial
positive solution of (1.1).

Similarly, let S_ be the set of nontrivial negative solutions of (1.1) in the order
interval [w_,0]. We have S_ # @ and S_ C —int C; (see Proposition 3.1). The
set S_ is upward directed, i.e., if v1, v € S_, there exists v € S_ such that v; < v,
vy < v (see [3]). Also, we have v < v, for all v € S_ (see the Claim). Then as
above, via the Kuratowski-Zorn lemma, we show that problem (1.1) has a biggest
nontrivial negative solution v_ € —int C.. g

Using these extremal solutions and reasoning as in the proof of Proposition 3.1,
via the mountain pass theorem (see Theorem 2.3), we produce a nontrivial solution
in the order interval [v_,u,]. Evidently, this solution is nodal. So, we have:

Proposition 3.4. If hypotheses H' (f) hold, then problem (1.1) admits a nodal
solution yo € [v_,uy] N CE ().

Closing this section, we can state the first multiplicity theorem for problem (1.1).
We stress that in this theorem no growth restriction is imposed on the reaction
x — f(z,x) near £oo. In particular therefore, f (z,.) may be supercritical or even
exponential. Moreover, we localize the tree solutions.

Theorem 3.5. If hypotheses H! (f) hold, then problem (1.1) has at least three
nontrivial solutions ug € int Cy, vy € —int C4,

w— (2) <y (2) <0< g (2) <wy (2) forall z€Q,

and
Yo € [v_,uy] N C(Q), nodal.
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4. MULTIPLICITY FOR EQUATIONS RESONANT AT Zo0.

In this section we impose a (p — 1) —linearity growth condition on f (z,.) near
400 and we produce two more nontrivial constant sign smooth solutions, for a
total of five nontrivial smooth solutions, all with sign information. We stress that
the hypothesis on f (z,.) near oo (see H?(f) (iv) below) implies that we have

resonance with respect to the principal eigenvalue i (p) >0 of (—Ap, Wol P (Q)) .
The hypotheses on the reaction f (z,z) are the following:

H2(f): f: Q2 x R—=R is a Carathéodory function such that f(z,0) = 0 for a.a.
z € Q, and:
(i) there exists a € L> (2), such that

If (z,2)] < al(z) (1 + \:L‘]p_1> for a.a.z € Q, all x € R;

(ii) same as hypothesis H! (f) (i) ;
(iii) same as hypothesis H' (f) (iii) ;
(iv) one has that:

f(z7)

3 . f(Z,$)£U—pF(Z,JJ)
T A1 (p) and lim

r—3o00 2

= —0Q,

uniformly for a.a. z € Q.

Remarks: Now f(z,.) is (p — 1) —linear near +o0. In hypothesis H? (f) (iv), the
first limit implies that at oo we have resonance with respect to the principal

cigenvalue Ap (p) of (—Ap, W, P (Q)) :

Example: The following function satisfies H? (f) (for the sake of simplicity we
drop the z—dependence):

A (;U — |zP2 a:) if |z <1,

Xp) |zP 22— cx+ (c -\ (p)) 2|72z if |z > 1

~

with \ € (Xm(z),AmH(z),),mzz,c>X1(p) and 7 € (2,p).

Theorem 4.1. If hypotheses H? (f) hold, then problem (1.1) has at least five non-
trivial solutions

ugp, U € int Cy, ug < U, ug # U, ug (2) < wy (2) for all z € Q,

vo, U € —int Cy, V< wg, vo# D, w_(2) <wg(z) forall z€Q,
and
Yo € [vo,uo] N C’é (ﬁ) , nodal.

Proof. From Theorem 3.5, we already have three nontrivial solutions
ug € int Oy with ug (2) < w4 (2) for all z € Q,
vp € —int C with w_ (2) < wg (2) for all z € Q,
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and
Yo € [vo, uo] N C} (), nodal.

We consider the following truncation of the reaction f (z,x) :

f(zuo(2)) if z<wug(z),
(4.1) 9+ (z,7) = f(z2) if wo(z) <.

x
This is a Carathéodory function . We set G4 (z,2) = [ g4 (2, s) ds and consider the
0

C! —functional v : VVO1 P (Q) — R defined by

1 1
Uy (u) = , [ Dull? + 5 | Dul|3 — /G+ (z,u(z))dz for all u € Wol’p Q).
Q

We show that
(4.2) Ky, C [up) = {u € WIP (Q) tup (2) < u(z) ae. in Q}
So, let u € Ky, . Then
(4.3) A, (u) + A (u) = Ny, (u).
Acting on (4.3) with (ug — u)™ € Wy ? (Q), we have
(Ap (u), (up — U)+> + (A (u), (uo — U)+>
— [or e (w0 - "z

Q

= [ o) (ap — ) s (see (1))
Q

= (Ap (uo) , (uo —u)") + (A (uo), (o —u) "),

hence uy < u, which proves (4.2).

We may assume that ug is the only solution of (1.1) in the order interval [ug, w.]
or otherwise we already have the second nontrivial positive solution u € int Cy of
(1.1), and (27} < a, uo 75 u.

Claim 1: ug € int C is a local minimizer of .

We consider the following truncation of g, :

A gi(zr) iz <we(2),
(4.4) 3. (2. ={ .

g+ (z,wi (2)) i wy(2) <

This is a Carathéodory function . We set G (z,2) = [ g+ (%, s) ds and consider the

Ot—x

C'—functional ¥, : Wol’p () — R defined by

N 1 1 N
Yy (u) = , [ Dully + B | Dul|3 — /G+ (2,u(z)) dz for all u € WyP (Q).
Q
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From (4.4) it is clear that 1Z+ is coercive. Also, it is sequentially weakly lower
semicontinuous. Therefore, we can find 4y € T/VO1 P (Q) such that

By () = inf {By (u) 1w € WP (@)}

Then R

Yy () =0,
therefore
(4.5) A, (ug) + A (dp) = Ny, (up) -

On (4.5) we act with (ug — o)™ € Wy ? (Q) and with (Gp — wy)" € WP (Q),
respectively, and using (4.1) and (4.4) we show that
a() S [UO, w+] .
So, we have
A, () + A (o) = Ny (uo)
(see (4.1),(4.4) and (4.5)), therefore
iL\O = Up

(since ug is the only solution of (1.1) in the order interval [ug, w4]). Since

(i |[uo,w+}: (/s ‘[uo,er]a
it follows that ug € int C; is a local C} (ﬁ) —minimizer of 1. By virtue of Propo-

sition 2.1, ug is a local Wol’p (©) —minimizer of 1. This proves Claim 1.
By virtue of Claim 1, we can find p € (0,1) small, such that

(46) b (o) < inf {upy () : [lu— woll = p} =7
Claim 2: v (tu;,) = —oo as t — 4o0.
Hypothesis H? (f) (iv) implies that given any 7 > 0, there exists M = M (7)) >
max {1, [|ug||,, } such that
(4.7) f(z,2)z —pF(z,2) < —7z® for a.a. z € Q, all z > M.
We have
d F —pF —-n
— (z,ac):f(z,ac)a: P (Z’x)g n foraa. 2€Q, alle > M
dr P xPtl Pl
(see (4.7)). Integrating this inequality, we obtain
Flea) Flw)_ 7 (1 1
xP N yP T p— 2 \ gp—2 - yp_2
fora.a. z€Q, all x >y > M.

Passing to the limit as z — 400 and using hypothesis H? (f) (iv), we arrive at

3 L
(4.8) &y” —F(z,y) < %yQ for a.a. z € QQ, all y > M.
p p—

Note that
Gi(2,y) = F(z,y) — F(z,u0(2)) + [ (z,u0 (2)) uo (2)
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> F (z,y) — ¢, for a.a. z € Q, all y > M and some ¢, >0
(see H? (f) (i)). Hence, from (4.8) we have
) _
My” —ngﬂ + ¢ foraa. z€Q, all y > M.
p —

(4.9) —Gi(zy) <

Then by (4.9), for all t > 0, we have

. 1P~ _ 2 .
i (t1) = 580 ) [+ 5 10Tl — [ G (et () s

o e o
< =T gl + 5 1Dl + b

for some positive constant k7 depending on 7.

Since 77 > 0 is arbitrary, from the above inequality we infer that v (tu;,) — —o0
as t — +o00. This proves Claim 2.
Claim 3: ¢, satisfies the C'—condition.

Let {un},~; € Wy (Q) be a sequence such that

(4.10) |y (un)| < M; for some M; >0, alln > 1,
and
(4.11) (1 + Jlunl) ¢ (un) = 0 in WyP (Q)* as n — oo.

From (4.11) we have that
nllh
(Ap () 1) (A () B} = [ 94 (2 00) bl < el
for all h € W, ? (Q), with &, — 0.

(4.12)

In (4.12) we choose h = —u,, € Wol’p (©2). Then

HDu;HZ + HDu;H; <ep foralln>1 (see (4.1)),
hence
(4.13) u;, — 0 in WyP ().
Suppose that |Ju,}| — co. We set
+
uTL
Yn = yn=>1
T ]
Then ||y,|| =1 for all n > 1 and so, we may assume that
(4.14) Yo —=5 y in Wy (Q) and y,, — y in LP (Q) as n — oo.
From (4.12) and (4.13) we have
1
(415) (o) ) (A ) / LS 0 (o), < o |
Un,

for all n > 1, with &/, — 07,
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I N g+ (it () ' . 1,1
Hypothesis H 1) implies that { =——~1~ C LP (Q) is bounded (= + & =
[Jurt [[* >1 por
n>

1). Hence, if in (4.15) we choose h =y, —y € Wol’p (Q), pass to the limit as n — oo
and use (4.14), then

lim (A, (yn),yn —y) = 0 (recall that p > 2),

n—oo

and by Proposition 2.4 it follows that
(4.16) Yo — Y in Wol’p (©), hence |y||=1, y > 0.

U+ . /
Since {M} C LP () is bounded (see H2 (f) (i)), we may assume that
n>1

w7
9+ (g ()
(T
From hypothesis H? (f) (iv) and (4.1), it follows that
(4.17) g=M@y

(see [2], Proposition 14). So, if in (4.15) we pass to the limit as n — oo and use
(4.16) and (4.17) , we obtain

s gin P (Q).

{(Ap(y), h) = A1 (p) /yp_lhdz for all h € W, ? (Q)
Q
(recall that p > 2), hence

Apy(y) =X () y" "y >0, y #0,
therefore
—0py (2) =M (p)y (2)"" in Q, y [on=0.
It follows that
y(z) > 0 for all z € Q,

hence

_l’_

Up

(z) = +oo for a.a. z € Q,
therefore
PG4 (2,uy (7)) — g+ (2, uzy (2) uyy (2)
uf (2)”

(see H? (f) (iv) and (4.1)), and we conclude that

— +oo for a.a. z € Q)

1
(4.18) W/ (PG4 (2,4 (2) — g+ (2w} (2)) ub (2)] dz — 400
Un
Q
(by Fatou’s Lemma). From (4.10) and (4.13) , we have
(4.19)

— HDu:Hi - g HDUHE + /pGJr (z,u,}) dz < M for some My >0, all n > 1.
Q
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Also, in (4.12) we choose h = u;} € Wol’p (©) and obtain

(4.20) HDu,J{Hg + HDquH; - /g+ (z,u ) utdz < e, for all n > 1.
Q

Adding (4.19) and (4.20) and multiplying with we have

M +12>
| nll

HuiH? J PG+ (2,0 (2)) — g+ (2,0 (2)) uf (2)] dz

Ms s+ (2 -1) Dy ||3 < My for some Mg, My >0, all n > 1.

<
ik

(4.21)

Comparing (4.18) and (4.21) we reach a contradiction. This proves that {u,},~, C
VVO1 P (Q) is bounded. So, we may assume that

(4.22) Up — 4 in Wol’p () and u,, — win LP (2) as n — oo.

In(4.12) we choose h = u,, —u € Wol’p (©), pass to the limit as n — oo and use
(4.22) . Then
lim [(Ap (un) ,un —u) + (A (up), u, —u)] =0,

n—oo
hence
lim sup [(A4, (up) , up — u) + (A (u) , up —u)] <0

n—oo

(since A is monotone), therefore

limsup (A, (uy) , u, —u) < 0.

n—00

We conclude that
Up — u in WP (Q)

(see Proposition 2.4). This proves Claim 3.
By (4.6) and Claims 2, 3, we see that we can apply Theorem 2.3 (the mountain

pass theorem). So, we can find u € W(} (Q) such that
u € Ky, and 77; <y (u),

hence u # ug (see (4.6)), up < u (see (4.2)), u solves (1.1)(see (4.1)) and u € int
C4 (nonlinear regularity).
Similarly, starting with the Carathéodory function

B f(z,z) if = <w(z),
g-\%T) = f(zv0(2)) if wvo(z) <,

setting G_ = [ g- (z, s) ds and considering the C'! —functional 1_ WO Q) —
0
R defined by

1 1
Y- (u) = , HDUHZ + 3 HDuH% — /G_ (z,u(z))dz for all u € Wol’p (Q),

we produce v < vg, U # vg, 0 € —int Cy, a second nontrivial solution of (1.1). O
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Next, by strengthening the regularity of f (z,.), we can improve the above theo-
rem and produce a second nodal solution, for a total of six nontrivial solutions.
The new hypotheses are the following:

H3 (f): f: QxR —R is a measurable function such that for a.a. z € Q, f (2,0) =0,
f(z,.) € CH(R) and:
(i) there exists a € L>° (§2), such that

|fi(z,2)] <alz) (1 + |x|7"72> for a.a.z e R, p <r < p*,

where
N .

+o0o if N <p;

*

p:

(i) same as hypothesis H' (f) (i) ;
(7i7) there exists an integer m > 2 such that

fa (2,0) € [}\\m (2) ,Xm_u (2)] for a.a. z € Q,
fa/c (70) 7& Xm (2) ) f;: (70) 7é }\\m-‘rl (2) ’ and

f2(.,0) = lim fz2) uniformly for a.a. z € Q;

z—0 T

(iv) same as hypothesis H? (f) (iv) .

Theorem 4.2. If hypotheses H? (f) hold, then problem (1.1) has at least siz non-
trivial solutions

ug, @ € int Cy, U —ug € int Oy, up (2) < wy (2) for all z € Q,

vo, U € —int Cy, vo— v €int Cy, w— (2) <wvg(2) for all z € Q,
and
Y0,y € intcé(ﬁ) [vo, ug) N Cy (Q) , nodal.

Proof. From Theorem 4.1, we already have five nontrivial solutions
ug, U € int Cy, ug <, ug # U, up (2) < wy (2) for all z € Q,

v, 0 € —int Cy, 0 <y, vg #0, w_ (2) <wvg(z) forall z € Q,
and
Yo € [vo,u0] N Cy () , nodal.
By virtue of Proposition 3.3, we may assume that wug, vg are extremal nontrivial

constant sign solutions of (1.1). Let p = max {||0]| , @]l .} - Hypotheses H3 (f) (i)
and (i77) imply that we can find £ > 0 such that for almost all z € Q, z —

f(z2)+&; |z[P~2 & is nondecreasing on [—p, p] . Then
—Dpug (2) = Dug (2) + &guo (2)"1 = f (2,0 (2) + &puo (2)

U <P +EIEPT = —8() - I+ AP ae O,
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As in the proof of Proposition 3.1, let
a(y) = llylP"*y+y for all y € R,
Then a € C* (RN,RN) and
div a (Du) = Apu+ Au for all u € W7 (Q).

Also, we have

_ ®
Va(y) = Iyl %y (IN -2 W) T Iy,
It follows that

(Va(y) &, &)pn > €] for all y, & € RY.
So, from the tangency principle of Pucci-Serrin ([16], p. 35), we have

(4.24) ug (2) <@ (z) for all z € Q.
From (4.23) and (4.24) and Proposition 2.2, we have
u—wug €int Cy.

A similar argument with the pairs {ug, yo} and {yo,vo} shows that ug—yo, yo—vo €
int C4. Hence, we infer that

Yo € it (g [vo, o] -
5(9)

We know that yo is a critical point of mountain pass type for the functional ¢g (see
the proof of Proposition 3.1). Therefore

(4.25) C1 (v0,90) # 0 (see (3.9)).
Let ¢ : Wol P (Q) — R be the energy functional for problem (1.1) defined by
1 1
@ (u) = ’ | Dully + 5 | Dull5 — /F(z,u(z)) dz for all u € Wy ().
Q

Note that ¢ € C? (Wol’p (Q)> . Moreover, reasoning as in the proof of Theorem 4.1

(see Claim 3), we show that ¢ satisfies the C'—condition.
We consider the homotopy h (¢, u) defined by

h(t,u) = tgpo (u) + (1 —t) @ (u) for all (t,u) € [0,1] x Wy ().
Suppose that we can find {t,},~; C [0,1] and {yn},>; C Wol’p (Q) such that
(4.26) tn = t, Yo =y in Wol’p (Q) and hl, (tn,u,) = 0 for all n > 1.
We have
Ap (Yn) + A(yn) = taNgy (yn) + (1 — tn) N¢ (yn) for alln >1
(see (3.5)), hence

— Dpyn (2) = Dyn (2) = tafo (z,yn (2)) + (1 = t,) f (2, yn (2)) a.e. in Q,
Yn lo0= 0.
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From Ladyzhenskaya-Uraltseva ([13], p.286), we know that we can find M5 > 0 such
that
|Ynllo < Ms for all m > 1.

Then, from Lieberman ([14], p.320), it follows that there exists o € (0,1) and
Mg > 0 such that

Yn € C’é’o‘ (ﬁ) and HynHCOla(ﬁ) < Mg for all n > 1.

Exploiting the compact embedding of C’é’o‘ (ﬁ) into C& (ﬁ) , we may assume that
Yn — Yo in Cp (Q) (see (4.26)),
hence

UYn € intcol @) [vo, ug] for all n > ng large enough,

therefore {y, }
done.
This means that we may assume that for p > 0 small, we have

K,y N By (yo) = {yo} for all t € [0,1],

n>no C C} (Q) are all distinct nodal solutions of (1.1) and so, we are

where B, (yo) = {u € Wol’p (Q) : Jlu—yol < p} . The homotopy invariance property
of critical groups implies that

Ck (¢,y0) = Ck (po,y0) for all k > 0,
hence

C1(p,90) # 0 (see (4.25)),

therefore
Cy (¢, y0) = 61 Z for all k > 0
(see Aizicovici-Papageorgiou-Staicu [1]), and we conclude that

(4.27) Cr (¢0,90) = 61 Z for all k > 0.

Recall that ug, vg are local minimizers of ¢( (see the proof of Proposition 3.1). So,
we have

(4.28) Ck (QO(),UO) = Ck (g@o, UQ) = 5;9702 for all k& > 0.
Also, as in Claim 2 in the proof of Proposition 3.1, we have
(4.29) Ck ((,00,0) = 5k,dmZ for all k > 0.

Finally, recall that ¢ is coercive (see (3.5)). Hence
Cy, (¢0,00) = 0y, 0Z for all k > 0.
Suppose that K,, = {0,y0,up,v0}. From (4.27), (4.28), (4.29) and the Morse
relation with ¢ = —1 (see (2.1)), we have
(=)™ + (=1 +2(-1)° = (-1)",
hence
(_1)dm =0,
a contradiction. So, there exists y € Ko, ¥ ¢ {0, 40, u0,vo} . Hence § € [vg, ug) (see
the proof of Proposition 3.1). Therefore ¥ is a nodal solution of (1.1) (see (3.5) and
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recall that v, ug are extremal) and § € C} (ﬁ) (nonlinear regularity). Moreover,
as we did for yg, using Proposition 2.2, we conclude that 3 € intcé @) [vo,up). O

(1
2]

3]

(4]
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