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Pascal Swider · Jérôme Briot · Erik Estivalèzes

A solution of torsional problem by energy method
in case of anisotropic cross-section

Abstract We proposed an original method to investigate the problem of torsion of anisotropic cross-section.
We implemented an energy method to calculate the stress function represented by infinite series of trigonomet-
ric functions adapted to rectangular cross-section. After validation, we implemented a parametric sensitivity
study to investigate the influence of the cross-section aspect ratio and the anisotropy level on the stress function,
the strain energy density and the torsion stiffness. The process showed a fast convergence with a very good
accuracy. The model showed a potential interest for the experimental identification of anisotropic material
properties.

Keywords Torsion · Stress function · Energy method · Anisotropic material properties

1 Introduction

The solution of torsion problems of beams has been investigated for many years using theoretical, analytical
and numerical approaches. Exact and approximate solutions have been provided for isotropic cross-sections of
simple shape [14,17] but for complex geometries, numerical approaches such as relaxation methods [1,13,15]
or finite element methods [5,9,18] have been applied.

In case of anisotropic constitutive materials, analytical solutions for isotropic multiphasic cross-sections
of simple shape have been proposed by [7,10]. Monophasic cross-sections with slightly varying constitutive
properties also called functionally graded materials were more recently investigated [2,6,12]. Solutions of the
torsion problem in case of association of anisotropic material properties with complex cross-sections were
found by implementing full numerical solutions such as relaxation methods [3] and finite element methods
[4,11,16].

We propose in the present paper an energy method to study the torsion problem of anisotropic cross-
sections. The solution was searched in the form of infinite series of trigonometric functions for the represen-
tation of stress function. The method was applied to a rectangular cross-section involving anisotropic shear
modules. The analytical solution allowed implementing a parametric sensitivity study to investigate the influ-
ence of cross-section aspect ratio and anisotropy level on stress function, strain energy density and torsion
stiffness. Among several aspects approached in the discussion, we distinguished a potential interest of the
method for the experimental identification of anisotropic material properties.
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2 Theory and method

2.1 Energy method

We considered the anisotropic cross-section s presented in Fig. 1a with the shear field (τxy, τxz). Equilibrium
equations (1a) and (1b) were satisfied since the shear field was independent of x . Equation (1c) allowed deriv-
ing shear from the stress function (or Prandtl function) φ(y, z), which verified Eq. (2) on s and was nil on the
boundary ∂s.

∂τxy

∂x
= 0 (a)

∂τxz

∂x
= 0 (b)

∂τxy

∂y
+ ∂τxz

∂z
= 0 (c) (1)

τxy = ∂φ

∂z.
and τxz = −∂φ

∂y
with φ(y, z) = 0 along ∂s (2)

By introducing the strain field (εxy, εxz) and the shear modules (μxy, μxz), the strain energy per unit of length
was expressed by Eq. (3). The torsion torque T was given by Eq. (4) after integration by parts on s with
φ(y, z) = 0 at the boundary.
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T =
∫

s

(−τxy × z + τxz × y
)
dy dz = 2

∫

s

φ(y, z) dydz (4)

The total potential energy V was by definition the algebraic sum of potential strain energy U and the work
W of punctual, surface and volume loads [17]. The principle of virtual work stated that if the total potential
energy was stationary; then, the first-order variation of this energy was zero for any virtual displacement. The
symbol δ was used to emphasize the virtual character of the instantaneous variations, and virtual displacement
was only a name for arbitrary infinitesimal multipliers, which obeyed the rules of differential calculus [8].

The principle of virtual work was applied giving to the stress function φ the virtual variation δφ, vanishing
at the boundary. At equilibrium, the virtual variation of the total potential energy was zero as expressed by
Eq. (5).

δV = δU − δW = 0 (5)

Equations (3) and (4) were used to derive the virtual variation of strain energy δU and the virtual work of
torque δW , the torsion angle per unit length being θ . The variational symbol δ was before the integrals since
given loads and actual stresses were held unchanged. Finally, the virtual variation δV was expressed by Eq. (6).

δV = δ

∫
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)2
]

− 2θφ dydz = 0 (6)

Equation (7) was verified whatever the virtual variation δφ of stress function, so the true expression of φ(y, z)
was that which made zero the variation of the total potential energy V . When we searched an approximate
solution, the problem of variational calculus was transformed into the search of a minimum of the energy
function V . The stress function was taken in the form of an infinite series φ(y, z) = ∑

i aiφi with a basis of
functions φi verifying the boundary condition φi = 0 on ∂s. The search of minimum conditions of energy
function V consisted in calculating the coefficients ai , which were the solutions of ∂V/∂ai = 0.



2.2 Application

The method was applied to a rectangular cross-section with y = ±a and z = ±b as shown in Fig. 1b. The
material properties were anisotropic (μxy �= μxz) and independent from y and z. We used an infinite series of
trigonometric functions to represent the stress function φ(y, z) as expressed by Eq. (7). This basis verified the
boundary conditions in φ as far as conditions of symmetry, index m and n being odd.

φ (y, z) =
∑

m

∑
n

amn cos
(mπy

2a

)
cos

(nπ z

2b

)
(7)

The first derivatives of φ(y, z) in y and z were replaced into Eq. (6) and after integration on domain s, the
minimum conditions ∂V/∂amn = 0 allowed coefficients amn to be obtained as follows:

amn = 128a2b2μxyμxz(−1)(
m+n

2 −1)θ

π4mn
(
m2b2μxy + n2a2μxz

) (8)

The stress field (9) was obtained by replacing the stress function (7) into Eq. (2) with amn given by expres-
sion (8).
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The distribution pattern of strain energy density dU in the cross-section was obtained by replacing the stress
field (9) into Eq. (3) before integration.

2.3 Parametric sensitivity analysis

The torsion stiffness μJ , expressed by Eq. (10), was obtained from Eq. (4) after integration of stress function
φ(y, z). We added two adimensioned coefficients α = μxy/μxz and β = b/a, to represent the anisotropy level
and the geometric aspect ratio, respectively. We also expressed the linear dependence to μxz by introducing
the function f (α, β, a, m, n) in Eq. (10).

μJ = T

θ
=2

∫
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π6

∑
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αβ3
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The Taylor expansion at the first order was used to quantify the influence of α and β on the relative variation
�μJ/μJ of the torsion stiffness. As shown in Eq. (11), the variation was expressed as a function of perturba-
tion δα and δβ associated with direct sensitivities Sμ Jα, Sμ Jβ , and crossed sensitivity Sμ Jαβ . Expanded forms
are detailed in the Appendix.

�μJ/μJ = SμJα + SμJβ + SμJαβ + O
(
δ2
α, δ2

β

)
(11)

with SμJα = (1/ f )
∂ f
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δα SμJβ = (1/ f )

∂ f

∂β
δβ SμJαβ = (1/ f )

∂2 f
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By using the similar Taylor expansion, we calculated the relative variation of shear module μxz to α and β.
We assumed that the torsion stiffness μJ was known and the sensitivities were established as follows:

Sμxz α = −SμJα (12)

Sμxz β = −SμJβ (13)

Sμxz α β = −SμJαβ + 2SμJα × SμJβ (14)



Table 1 Torsion stiffness μJ (N m2) from the calculation of stress function φ(y, z) using analytical methods1 [17], infinite series2

[10], finite difference scheme3 [3], finite element method4 [11] and proposed method5

(1) (2) (3) (4) (5)

m, n = 1 m, n = 1, 3 m, n = 1, 15

μJ 0.1406 0.1407 0.1388 0.1406 0.1331(−5%) 0.1392(−1%) 0.1406 (0%)

Results were obtained for an isotropic square cross-section (α = 1, β = 1) with shear modulus μxy = 100 MPa and side
a = 5 × 10−3 m

3 Results

The initial step was to check the convergence process in (m, n) of torsion stiffness μJ expressed by Eq. (11).
As shown in Fig. 2, the convergence was dependant upon the anisotropy coefficient α and the aspect ratio β
but series converged very rapidly, and no significant differences appeared for m, n ≥ 15. It was noted that
good approximations were obtained with only one term m, n = 1 since discrepancies were less than 9% for α
and β varying from 0.5 to 1.5.

The accuracy of the method was then evaluated using reference solutions obtained for a square cross-
section with isotropic material properties. Here again, the output measure was the torsion stiffness. Reference
solutions were obtained from calculations of the stress function by analytical methods [14,17], infinite series
[10], finite difference schemes [3] and a finite element method [11]. Results in Table 1 show that the proposed
method provided accurate results. When we chose the analytical reference by [17], discrepancies of −5, −1
and 0% were obtained for m, n terms, respectively, equal to 1, 5 and 15. This results was corroborated by
the distribution pattern of the stress function φ(y, z) plotted in Fig. 3. It showed a good agreement with two
numerical methods from the literature [3,11].

Torsion stiffness and strain energy density were interdependent since both were relied to the stress field.
We plotted in Fig. 4 the distribution pattern of the strain energy density for α and β varying from 0.5 to
1.5. With a square isotropic cross-section (α = 1, β = 1), the diagonal was axis of symmetry. In case of
anisotropic material, other plots showed that patterns were more irregular with an asymmetry influenced by
the aspect ratio. This point was confirmed when the relative variation of the torsion stiffness was calculated
using Eq. (12). Figure 5 shows that the sensitivity of μJ to α ranged from 0.3 to 0.9%, whereas the sensitivity
to β ranged from 1.5 to 2.7%. Their ratio ranged from 3.2(α = 0.5, β = 0.5) to 5.9(α = 1.5, β = 1.5), as
shown in Fig. 5d.

We plotted the shear fields (τxy, τxz) for an isotropic square cross-section (Fig. 6a: α = 1, β = 1) and for
a thin anisotropic cross-section with μxy � μxz (Fig. 6b: α = 0.5, β = 0.5). The first shear field (Fig. 6a)
showed two similar patterns for τxy and τxz with progressive gradients. On the contrary, the second shear field
(Fig. 6b) showed a progressive distribution of τxy while significant concentration gradients of τxz were located
at the right end of the cross-section. This was due to the anisotropy level, which was favourable to μxz . The
effect on the strain energy density was attenuated because of the low aspect ratio (β = 0.5), as shown in
Fig. 4d. It was observed that greater magnitudes of shear stress tended to migrate toward the upper end and
vertical symmetry axis of the cross-section.

4 Discussion and conclusion

Our aim was to implement a phenomenological model to investigate torsion problem and complicated effects
due to coupling between geometry and anisotropy. The semi-analytical resolution based upon an energy
approach allowed this goal to be reached. We observed that the aspect ratio of the cross-section played a
significant role on strain energy distribution and torsion behaviour. It proved to have greater influence than
anisotropy, and this was particularly significant with thin sections.

In our developments, material properties were varying in direction but they were independent from the
location. The method could be extended to location and orientation-varying materials such as composite or
graded materials, assuming the governing laws of such variations were known. In that case, the integration
of strain energy in Eq. (4) should be adapted. In case of a more complicated problem in terms of geometry,
material distribution and material properties, this approach would find limitations thus complete numerical
approach such as FE resolution would be required.
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Fig. 4 Distribution patterns of strain energy densities dU for three anisotropy degrees (α = 0.5, 1 and 1.5) and three aspect ratios
(β = 0.5, 1 and 1.5). Shear modulus μxy = 100 MPa and side a = 1 × 10−2 m

The proposed model involved a potential interest in the framework of material properties identification.
The measurement of shear properties and especially out-of-plane components is challenging in composite
structures or biological materials. In case of transversely isotropic material with isotropic plane coinciding
with the cross-section (Fig. 1b: down-left corner), the inversion of Eq. (11) allowed obtaining shear modules
μxz and μxy since α = 1 for a given torsion stiffness. For the same constitutive material but with the isotropic
plane oriented perpendicular to the cross-section (Fig. 1b: up-right corner), it gave the out-of-plane shear
modulus μxz , replacing μxy by its previously determined value. The torsion stiffness should be obtained from
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static torsion tests or modal analysis. As detailed Sect. 2.2, sensitivities of torsion stiffness and shear modules
showed similar tendencies, excepting their signs, since both were linearly dependant, the influence of crossed
sensitivities being of order two. These results confirmed that the aspect ratio β increased the reliability of the
measurement process.

In conclusion, we proposed an analytical approach based upon an energy method to investigate the torsion
problem of anisotropic cross-sections with simplified geometry. The evaluation was made with rectangular
cross-sections involving two differentiated shear modules. The resolution was achieved using infinite trigo-
nometric series to represent the stress function, and the process showed a fast convergence with a very good
accuracy.

Appendix
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