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2 Mattia Bongini et al.

lems constrained by ordinary differential equations, modeling, for instance,
external interventions on crowd dynamics by means of leaders.

We obtain these first-order optimality conditions in the form of Hamil-
tonian flows in the Wasserstein space of probability measures with forward-
backward boundary conditions with respect to the first and second marginals,
respectively. In particular, we recover the equations and their solutions by
means of a constructive procedure, which can be seen as the mean-field limit
of the Pontryagin Maximum Principle applied to the optimal control problem
for the discretized density, under a suitable scaling of the adjoint variables.

Keywords: Sparse optimal control, mean-field limit, I"-limit, optimal con-

trol with ODE-PDE constraints, subdifferential calculus, Hamiltonian flows.

AMS Classification: 49J20

1 Introduction

The study of large crowds of interacting agents has received a growing atten-
tion in the mathematical literature of the last decade, with countless appli-
cations in biology, ecology, social sciences, and economics. Starting from the
seminal papers [1-4], emphasis has been put on self-organization, i.e., the for-
mation of macroscopic patterns from the superimposition of simple, reiterated
binary interaction rules. Several examples show that spontaneous convergence
to pattern formation is not always guaranteed, e.g., for highly dispersed initial

configurations in consensus problems [5-8]; hence, the issue of controlling and
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stabilizing these systems arises naturally. Two major subclasses of controls of
multiagent systems have received substantial attention in the literature: de-
centralized controls and centralized ones. With controls of the first kind, the
problem is recast into a game-theoretic framework, where agents optimize their
individual cost and solutions correspond to Nash equilibria. With those of the

second kind, an external policy-maker controlling the dynamics is introduced.

When dealing with large populations, in both cases one faces the well-
known problem of the curse of dimensionality, term first coined by Bellman
precisely in the context of dynamic optimization: the complexity of numerical
computations of the solutions of the above problems blows up as the size of the
population increases. A possible way out is the so-called mean-field approach,
where the individual influence of the entire population on the dynamics of a
single agent is replaced by an averaged one: this results in a unique mean-field
equation and allows one the computation of solutions, cutting loose from the

dimensionality.

In the game-theoretic setting, the mean-field approach has led to the devel-
opment of mean-field games [9,10], which model populations, whose agents are
competing freely with the others towards the maximization of their individual
payoff, as for instance in the financial market. The landmark feature of such
systems is their capability to autonomously stabilize without external inter-
vention. However, in reality, societies exhibit either convergence to undesired
patterns or tendencies toward instability, that only an external government

can successfully dominate. The need of such interventions, together with the
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limited amount of resources that governments have at their disposal, makes
the design of stabilization strategies targeting the least number of agents (nick-
named sparse) a key issue, which has been extensively studied in the context

of dynamics given by systems of ODEs; see [11-15].

Nevertheless, the concept of sparse control has to be handled with care,
when trying to generalize it at the level of a mean-field dynamics. Indeed,
the indistinguishability of agents is a fundamental property of the mean-field
setting, and it is in sharp contrast with controls acting sparsely on specific
agents. Figuratively, trying to stabilize a huge crowds with these controls is
like steering a river by means of toothpicks! A first solution to this ambigu-
ity was given in [16, 17], where the control is defined as a locally Lipschitz
feedback control with respect to the state variables, and sparsity refers to its
property of having a small support. Such concept was successfully used in [18]
to implement sparse stabilizers for a consensus problem. This interpretation of
sparsity appears also in the framework of the control of more classical PDEs;
see [19-22]. An alternative solution for a proper definition of sparse mean-field
control was proposed in [23], where the control is sparsely applied on a finite
number of individuals immersed in the mean-field dynamics of the rest of the
population, resulting in a system, where the controlled ODEs are coupled with
a control-free mean-field PDE (but indirectly controlled via the coupling). This
kind of control was considered in [24] to model the efficient evacuation of a

large crowd of pedestrians with the help of very few informed agents.
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First-order optimality conditions, among which the Pontryagin Maximum
Principle is the most popular, are necessary conditions to be fulfilled by the
optimal controls and they often result in a system of nonlinear equations,
which can, in the case of Pontryagin one, be solved numerically in a rela-
tively simple way. Hence, they constitute very often the most viable method
towards the numerical computation of (mean-field) optimal controls. In the
context of mean-field games and optimal control problems with PDE con-
straints, first-order optimality conditions have received enormous attention;
see for instance [25-28], and they served as a tool for the numerical com-
putation of mean-field controls, see, e.g., [29] and references therein for an
extensive discussion on corresponding numerical methods. To the best of our
knowledge, no corresponding results have appeared so far in the literature for

coupled ODE-PDE systems of the kind considered in [23].

This paper is devoted to the proof of a Pontryagin Maximum Principle to
characterize optima of such control problems. We first remark that we are not
interested in all possible optima, but mainly on those which arise as limits of
optimal strategies of the original discrete problems. We call this subclass of
the set of optima mean-field optimal controls (see Definition 1.2). We remark
that the interest in this class of consistent controls complies with the wish
of using the continuous models (independent of the number N of agents) as
approximations of the finite-dimensional ones, to circumvent the curse of di-
mensionality, possibly determined by a large number N of agents. Differently

from [17,23] here we do not wish just to derive the existence of mean-field
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controls as natural limits of the finite dimensional optimal controls, but we
want additionally to enforce that such a consistency passes naturally also at
the level of the first order optimality conditions. This reinforced compatibil-
ity provides a tool for the consistent numerical computation of (mean-field)
optimal controls.

We summarize our result, borrowing a leaf from the diagram in [27], as

follows:
Discretized Continuous
N — +o0
Optimal Control Problem Optimal Control Problem
m ODEs + N ODEs m ODEs + PDE
I T
optimality conditions optimality conditions
|
Y
Pontryagin Extended Pontryagin
N — +o0o
Maximum Principle Maximum Principle
2m ODEs + 2N ODEs 2m ODEs + PDE

We shall provide a set of hypotheses for which the dashed line from the upper-
right to the bottom-right box is valid, hence closing the consistency diagram.
Our strategy shall be the following: we apply the Pontryagin Maximum Prin-
ciple (see e.g. [30, Theorem 23.11]) to the finite-dimensional optimal control
problems (the solid line from the upper-left to the bottom-left box), and we
pass to the mean-field limit the system of equations obtained with this pro-
cedure (the solid line from the bottom-left to the bottom-right box). The
derived limit equation for the state and the (rescaled) adjoint variables are

obtained in the form of Hamiltonian flows in the Wasserstein space of proba-
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bility measures, in the sense of [31]. The result will be a first-order condition
valid for all mean-field optimal controls. The existence of such controls is also
proved (see Corollary 2.2), generalizing the results obtained in [23]. Let us
stress again that the extended Pontryagin Maximum Principle constitutes the
set of equations for an efficient numerical solution of the mean-field optimal
control, which can eventually serve as a surrogate control for approximately
solving the finite dimensional optimal control with NV agents for N very large.
While in the present paper we focus on the derivation and the consistency of
the extended Pontryagin Maximum Principle, we postpone to follow up work
its efficient numerical solution, as an adaptation of the approaches recently
explored in [29].

More formally, we are interested in deriving optimality conditions for
the solutions of the following optimal control problem subject to coupled ODE-

PDE constraints.

Problem 1.1 For T > 0 fixed, find u* € L'([0,T];U) minimizing the

cost functional

where (y, 1) solve
Gr(t) = (% w0 wet) + Fuw(®) + Bru(t), k=1,...,m,

Opp(t) = =V - [(K % p(t) + g(y(2)))u(B)]

for the given initial datum (y(0), 1(0)) = (y°, u°) € R¥™ x P.(R?).
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Here, K : R? — R? is an interaction potential, whose role and prop-
erties will be discussed in details in Remarks 1.2 and 1.3. Let us already
stress here that this kernel will not represent necessarily physical interaction
forces (which could show singular behaviors), rather “social” interactions in
multi-agent systems, which we can take the liberty of assuming smooth. This
smoothness assumption is admittedly a technical and modeling compromise to
allow us to consistently derive the extended Pontryagin Maximum Principle,
otherwise not justifiable rigorously anymore. Additionally the cost functional
~ above is assumed to be strictly convex, the finite dimensional set of controls
U is convex and compact, By are constant matrices, and P.(R9) is the set of

probability measures on R¢ with compact support.

Notice that Problem 1.1 generalizes the control problems introduced and
studied in [23]. The existence of mean-field optimal controls for Problem 1.1
can be indeed obtained along the same lines, and will be shortly discussed in

Section 2.

We shall prove the following main result.

Theorem 1.1 Fiz an initial datum (y°, u°) € R x P.(R?) and assume that
Hypotheses (H) in Section 1.1 below hold. Then there exists a mean-field opti-
mal control for Problem 1.1. Furthermore, if u* is a mean-field optimal control
for Problem 1.1 and (y*,u*) is the corresponding trajectory, then (u*,y*, u*)

satisfies the following extended Pontryagin Maximum Principle:



Mean-Field Pontryagin Maximum Principle 9

There exists (¢*(-),v*(-)) € Lip([0, T]; R™ x P1(R?%)) such that

— there exists Ry > 0, depending only on y°, supp(u°),m, K, g, fx, B, U,
and T, such that supp(v*(-)) C B(0, Rr) and it satisfies mxv*(t) =
w(t) for allt € [0,T);

— it holds

U = Ve He(y", ¢, v, ur),

@, =-VyHe(y" ¢, v, u),

3tV* = *v(ac,r) . ((JVVHC(y*,q*,V*,u*))V*) ’

u = argmaXqyey Hc(y*7q*7y*7u)
where J € R?¥24 js the symplectic matriz

0 Id
J:

—Id 0
the Hamiltonian H, : R?™ x P,(R??) x RP — R is defined as

H(ya q,V, u) Zf Supp(V) g CI(B(Ov RT)) )
Hc(y7 q,V, u) =

400 elsewhere;

and H : R%™ x P (R??) x RP — R is defined as

1

H(y, q,v,u) =3 /RM (r—r") - K(x—2')dv(z,r)dv(z',r")

+ /RM r-g(y)(x)dv(z,r) + ];/RM ar - K(yr — z)dv(z,r

+> ar - (fely) + Bru) — Ly, mprv) — y(u).
k=1
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— the following conditions for system (3) hold at time 0: y*(0) = y° and
v*(0)(E x RY) = u(E) for every Borel set E C R,

— the following conditions for system (3) hold at time T: ¢*(T) = 0 and
v*(T)(R? x E) = 6o(E) for every Borel set E C RY, where &y is the

Dirac measure centered in 0.

As already mentioned, the formulation given above shows that the dynam-
ics of (y*, ¢*,v*) is essentially an Hamiltonian flow in the Wasserstein space of
probability measures with respect to state and adjoint variables with Hamilto-
nian H, in the sense of [31]. The definition of H, is introduced to simplify some
technical details and does not alter the result. This fact is remarkably consis-
tent with the dynamics (2), since both are flows in a Wasserstein space. This
formulation of the optimality conditions making use of the formalism of sub-
differential calculus in Wasserstein spaces of probability measures constitutes

one of the novelties of the work.

Remark 1.1 For every (y,q,v) with supp(v) C cl(B(0, Rr)), (4) immediately

implies that

m
Te H.(y,q,v,u) < € .- Bpu — .
w € argmax He(y, g, v, u) 7 € arg max (; G - Bru 7(“))

Then, the strict convexity of v and the convexity and the compactness of U
imply that @ is uniquely determined by (y,q,v). This is the reason why we
write the equality symbol in u* = argmax,cy He(y*, ¢*, v*,u) in place of an

inclusion.
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We point out the difference between the usual gradient in R2¢ with respect
to the state variables = and the adjoint variables r, denoted by V(. .y, and the
Wasserstein gradient V,, of H,. In order to do that, we introduce the functions
¢ € C?(R¥™ x R4 x R4 R) and w € C2(R%; RY), related to the functional L in

(1) via
Ly, p) = /Rd C(y, x, fwp) du(z),

where [wpy := wp(R?). Denoting with V¢¢ and V¢ the partial derivatives of
the function £(n, &, <), and with Dw(z) the Jacobian of the function w evaluated
at x we will show in Section 3 that, whenever v has supported contained in

B(0, Ry), V,H,. can be computed explicitly as follows:
— Forl=1,...,d, it holds

V. He(y, q,v,u)(x,r) e = /de(r —7") - (DK (z — 2')e;) dv(z’,r")

+r - (Dag(y)(@)e) — Y ai - (DK (y — z)er)
k=1
—Vel(y,z, [wp) - e
— (/ Vly, 2, [wu) d,u(:v’)) - (Dw(z)ey).
Rd
()

These are the components of V,H.(y, q, v, w)(z,r) in the z; coordinates.

— Forl=d+1,...,2d it holds

VoHe(y, g, v, u)(z,7) - e = - K(z —a')-e_adv(a’,r") + g(y)(x) - e1-46)

These are the components of V,H.(y, ¢, v, u)(x,r) in the r;_4 coordinates.
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Notice that V,H(y, ¢, v, u) actually does not depend on u, as a consequence of

the fact that the control does not act directly on the PDE component of (2).

The main tool we use to prove Theorem 1.1 is the Pontryagin Maximum
Principle (henceforth, simply addressed as PMP) for optimal control problems
with ODE constraint. We shall apply it to the following finite-dimensional
problems, whose constraints converge to the coupled ODE-PDE system of
Problem 1.1, as we will show in Section 2. For this reason, we call Theorem

1.1 the extended PMP.

Problem 1.2 For T > 0 fixed, find u* € L'([0,T];U) minimizing the

cost functional

Fy(u) :/o [L(y(t), un () +~(u(t))] dt, (7)
where (y, un) solve

e = & Sjet Ky —5) + fry) + Bru, k=1,...,m -

= 5 il Klwi = 25) + 9(y) (), i=1....N,
for the given initial datum (y(0),z(0)) = (y°,2°) € R¥™ x RN where

N

un(t)(z) = % Zé(m —z;(t)),

=1

is the empirical measure centered on the trajectory z(-) =
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The extended PMP will be derived after reformulating the finite-dimensional
PMP applied to Problem 1.2 in terms of the empirical measure in the product

space of state variables x; and adjoint variables p;, defined as

N
1
vN(z,7) = ~ 25(35 — ;7 — Np;).
i=1

Notice that rescaling the adjoint variables p; by the number N of agents is
needed in order to observe a nontrivial dynamics in the limit; indeed, within
this scaling, the right-hand side of the finite-dimensional PMP is brought back
to the form considered, for instance, in [32], with a different Hamiltonian.
The structure of the paper is the following. In Section 1.1 we recall the basic
notations and introduce the main Hypotheses (H). In Section 2, we study the
controlled dynamics subject to a coupled ODE-PDE constraint of the form
(2), establishing existence and uniqueness results for solutions. In Section 3,
we recall basic facts about subdifferential calculus in Wasserstein spaces, and
we explicitly compute V, H,.. In Section 4 we study the finite-dimensional
Problem 1.2, and apply the PMP to it. In Section 5, we prove the extended

PMP, i.e., Theorem 1.1.

1.1 Notation and Hypotheses (H)

We start this section by recalling the notation used throughout the paper.
The constants d, D are two positive integers (the dimension of the space

of the agents and of the control, respectively), T > 0 (the end time of the
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optimization procedure), and U is a conver compact subset of RP (set in which
controls take values).

Elements of R™ are always represented as row vectors. Functionals have
the following expressions: K : R? — R?, each f} satisfies fp : R — R?, and
for every y € R¥ and p € P1(RY), g(y) : RY — R? and L(y,p) : RT — R.
The matrices By are constant d x D matrices.

The space P(R"™) is the set of probability measures, which take values on
R™, while the space® P,(R") is the subset of P(R") whose elements have finite
p-th moment, i.e.,

[ lalPdute) < +oc.
Rn
We denote by P.(R™) the subset of P;(R™) which consists of all probabil-
ity measures with compact support. Notice that, if (1, )nen is a sequence in
P.(R™) and it exists R > 0 such that supp(u,) € B(0, R) for all n € N, then
(ttn)nen is compact in P,(R™) for all p > 1.
For any u € P(R™) and any Borel function r : R™ — R"2 we denote by

rup € P(R™2) the push-forward of v through r, defined by
rypu(B) = u(r~Y(B)) for every Borel set B of R"2.

In particular, if one considers the projection operators 71 and w9 defined on the
product space R™ xR"2, for every p € P(R™ xR"2) we call first (resp., second)
marginal of p the probability measure m14p (resp., moxp). Given p € P(R™)
and v € P(R"2), we denote with II(u, ) the subset of all probability measures

in P(R™ x R™) with first marginal u and second marginal v.

1 We follow the notation of [33].
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On the set P,(R™) we shall consider the following distance, called the

Wasserstein or Monge-Kantorovich-Rubinstein distance,

WpGu) =int{ [l = ulPdotan): p € 110} o)

If p = 1 we have the following equivalent expression for the Wasserstein dis-

tance:

Wilou) =sup{ [ pla)ilu =)o) o € Lin(E"), Lin(y) <1}

We denote by IT,(u,v) the set of optimal plans for which the minimum is

attained, i.e.,

pe i) = peMuw)and | o= ylPdp(e.s) = Wi

It is well-known that 7, (4, v) is non-empty for every (i, v) € Pp(R™) xP,(R™)
(see [34]), hence the infimum in (9) is actually a minimum. The following

definition is motivated by Definition 10.3.1 and Remark 10.3.3 in [33].

Definition 1.1 Let ¢ : P2(R??) —] — 0o, +00] be a proper and lower semi-
continuous functional, and let vy € D(1)). We say that w € L2 (R??) belongs
to the (Fréchet) subdifferential of ¥ at vy, in symbols w € 9 () if and only

if for any vy € P2 (R??) it holds

Y(v1) —Y(vo) > inf /R4d w(zo) + (21 — 20)dp(20, 21) + o(Wa(v1, 0)).

peHo(V(JyVl)
It can be seen [31] that, whenever 0¢(1p) is nonempty, it has an element with

minimal L2 (R??)-norm, which we call the Wasserstein gradient V, (1) of

1/) at vg.
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For any p € P;(R%) and K : R? — R? the notation K * p stands for the

convolution of K and p, i.e.,

(K x)(w) = [ K= aydp(a');

this quantity is well-defined whenever K is continuous and sublinear, i.e., there
exists C such that ||[K(&)|| < C(1+ |[€]]) for all & € RY. Furthermore we shall
deal also with the convolution (V (. . (r’, K(z'))) * v in R*¢, whose explicit

expression is

((V(w/’rr)@”, K(2'))) % 1/) (z,r) = / (V(w/,r/)@‘ -7 K(x — x’)}) dv(z’,r").

R2d
Notice that, under the hypotheses we are going to make, this convolution is not
always well-defined for v € P (R?). It is nonetheless well-defined for measures
v € P.(R??), that is to say for all the cases that will appear in the sequel.
We shall denote with M;(R™;R™2) the space of bounded Radon vector
measures from R™ to R"2, and with || - || rq, (rn1;rn2) the total variation norm
on it. If w € C(R%RY) is sublinear and pu € P;(R?), the Radon measure

wi € Mp(R%R?) is defined as
wp(E) = / w(z)du(z), for every E C R? bounded.
E

We shall denote by [wu := wu(R?).
In what follows, we shall consider the space X := R9™ x P;(R?), together

with the following distance
1y, 1) = W 1) = Ny = o'l + W, 1), (10)

where [ly — /|| :== 201 19k — Yillesme)-
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Henceforth, we assume that the following regularity properties hold.

Hypotheses (H)

(K) The function K € C?(R%;R%) is odd and sublinear, i.e., there exists

Ck > 0 such that for all z € R? it holds
K ()] < Cr (1 + []]).
(L) The function L : R™ x P;(R?) — R is

Ly, p) = /Rd C(y, @, fwp) du(z),

with £ € C2(R%™ x R x R%:R) and w € C2(R%:RY).
(G) The function g € C?(R9™; C?(R%; RY)) satisfies for all z € R? and all

y € Rm
§(4)() - < Gallall® + G max_ |yl + G,

where the constants G1, G5 and G3 are independent on x and y.
(F) For each k = 1,...,m, the function f;, € C?(R9™;R?) satisfies for all
y € RI™
o) -y < Fy pax lyil|® + Fa,
where the constants F; and F5 are independent on y and k.

(U) The set U C RP is compact and convex.

(v) The function v : U — R is strictly convex.
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The following remark discusses some examples in literature falling into the

above framework.

Remark 1.2 The set of hypotheses (H) allows to consider interaction kernels
K appearing in several well-established multiagent dynamical models. In par-
ticular the interaction kernel appearing in the Cucker-Smale model [6] which

is given by

0
K(x):= ,
=o(llz[)v
for x = (z,v)T € RS and ¢(\) = m, for some fixed parameters x,o > 0
and S > 0, satisfies the hypothesis (K).

The above kernel is a possible choice for the model considered in [23] in

combination with the leader-follower interactions given by

Wi
fe(y) =
a2y dllyr =yl (wy — wy)
v
9(y)(x) := ;
i e ol = g5 (ws —v)
where y = (y1, w1, ..., Ym, W) describes the population of leaders. It can be

seen that such fi and g satisfy the hypotheses (F) and (G), respectively.
Another example comes from considering a mollified version of the Hegsel-
mann-Krause [35] interaction kernel, i.e., ¢(z) = (X[o,r * pc)(z) for some

confidence radius R > 0 and choosing

K(x):=—¢(|z|)z for xR
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Coming back to a second-order system with space-velocity variables, hy-
pothesis (G) remains satisfied also by adding to ¢g(y)(x) the self-propulsion/fri-

ction term
5(x) == (a = B[v]*)v.

where o and f are nonnegative parameters. This term, introduced in [36],
balances the self-propulsion of individuals given by av and the Rayleigh-type
friction — 8| v||?v, prescribing the speed of each agent ||v|| to approach the
asymptotic value \/W (if other effects are ignored), which can be seen as a
characteristic limit speed for the dynamics. S is commonly encountered in the
modeling of bacteria and groups of animals, see for instance [7,37].

Regarding the cost functional, various examples can be considered depend-
ing on the behavior one wants to induce on the population of followers. For
instance, a standard problem in the study of the Cucker-Smale model is to find
conditions to ensure flocking, i.e., alignment of the whole crowd towards the
same velocity. A possible choice, fully complying with our set of hypotheses is
the minimization of the variance? of the crowd, by choosing

m 2

Lityon) = [ (;Z o +2||v2> dp(z.v) - H;Zwk + [vdute)
k=1 k=1
:/ (2ZIlwk||2+2|v||2—
RO\ M2
N (nlzszk +/v’du(x/,v')> : (;Z“’k *”) > dp(z, v),
k=1 k=1

2 For simplicity of computation, we consider minimization of 4 times the variance.
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that is of the form L = [, £(y, %, [ wp) du(x) by choosing w(x) = v and

2 & 1 — 1
K(y,x,g) = EZ HwkHQ —|—2H1}||2 — <m2wk +g> . (mzwk +U> .
k=1 k=1

k=1
For the control constraints, we assume U := [—1, 1]>™ and we choose to penal-
ize the L?-norm of the control, hence y(u) := ||ul|?>. Other forms for the cost

L can be of interest. For example, one may want to drive the crowd to a given

fixed velocity v, and correspondingly minimize

1 & 1
L = — > lwe =0+ <[l —2|* | d
2(y, 1) /]RG <2m 2 |lwi, — o||% + 2||v ol ) w(z,v),

that is again of the form [, £(y,x, [wp)dp(x), with £ not depending on
its third variable, this time. Lastly, we mention the following cost functional
considered in [38] in connection with the control of the Hegselmann-Krause

model: for any fixed z € R, consider

Lo(y. ) = () — P + / / o — 2[2dpu(t, 2)dpu(t, =)t

/ [ e = Pdute.z)ar + 1/0 ()]t

Remark 1.3 In all the mentioned examples, the interaction potential K is
smooth. In such a context, both a mean-field theory relating the particle model
and its continuum limit and suitable quantitative estimates for convergence are
well-established since the paper [39]. In the present paper, similar estimates,
adapted to our situation, will be obtained in Lemmata 2.3 and 4.2. While such
estimates basically only require Lipschitz continuity of the potential K, we are
however forced to require a C2-regularity for a twofold reason. First of all, at

least continuous differentiability of K (and, as a consequence, of the finite
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dimensional Hamiltonian Hy defined in (29) ) is needed to give a meaning
to the PMP (28) in the sense of Peano’s existence Theorem. Requirements
of boundedness and continuity of the gradient are needed in the general con-
text of existence theory for Hamiltonian flows, although some very technical
weakening of the hypotheses can be allowed (see [31, Assumptions (H1’) and
(H2")]). Furthermore, an important requirement to be met is the so-called A-
convexity, or semiconvexity of the Hamiltonian in the sense of Definition A.1.
In the theory of Hamiltonian flows, this is a key assumption, since it guaran-
tees that the Hamiltonian stays constant along trajectories (see [31, Theorem
5.2]). In our paper, the semiconvexity assumption allows for the computation
of the Wasserstein gradient of the functional H, in Theorem 3.1, along the
lines of the general theory in [33, Chapter 10]. Due to the complicated form
of H, in (4), it is not possible to enforce this requirement, unless additional
smoothness of the involved terms is considered. This motivates our choice of

dealing with a C? interaction kernel K.

It is clear from the above discussion that the case of a singular interaction
kernel, which arises for important problems in mathematical physics, when
dealing for instance with Newton- or Coulomb-type interactions, cannot fall
into the scope of this paper. On the other hand even a complete existence
theory for these kind of problems has not been achieved so far (see [40, Chapter
1.4] for a general discussion), although relevant results in this framework have

appeared in recent years starting from the seminal papers [41,42].
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Remark 1.4 We briefly compare Hypotheses (H) with those of [25,26]. In [25],
which deals with an SDE-constrained optimal control problem, C!'! function-
als with respect to state variables and the control are considered. Therefore
our hypotheses are just slightly more restrictive. On the other hand, we do not
require differentiability of the running cost. The authors of [26] deal, instead,
with a mean-field game type optimality conditions to model evacuation sce-
narios. They derive a first-order condition under the hypotheses of continuous
differentiability of the functionals with respect to the state variables together
with convexity and positivity assumptions. Furthermore, they deal specifically

with an L? control cost, while we allow ours to be strictly convex.

We now give the rigorous definition of mean-field optimal control.

Definition 1.2 Let (y°, u°) € R¥™ x P.(R?) be given. An optimal control u*
for Problem 1.1 with initial datum (y°, %) is a mean-field optimal control if

there exists a sequence (ul)yen C L*([0,T];U) and a sequence (uQ)nen €

P.(R?) such that

(i) for every N € N, pQ () := + Zf\il( — o} y) is a sequence of empirical

measures for some z¥ \ € supp(1®) + B(0,1) such that pQ — u® weakly*
in the sense of measures;

(#7) for every N € N, u}, is a solution of Problem 1.2 with initial datum
(¥, 1%);

(iii) there exists a subsequence of (u})nen converging weakly in L([0,T];U)

*

to u”.
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Remark 1.5 As mentioned before, the above definition is motivated by our
interest in optimizers that are close to optimal controls for the original finite-
dimensional problems. Notice also that, since the measures u%; have all com-
pact support contained in supp(u®)+cl(B(0, 1)), they form a compact sequence
in P,(R") for all p > 1, and therefore, due to weak* convergence to u’, we

also have that limyx 0o Wy (1%, u°) = 0.

2 The Coupled ODE-PDE Dynamics

In this section, we first recall results for PDE equations of transport type with
nonlocal interaction velocities, like the one appearing in the second equation of
(2). We then study the coupled ODE-PDE dynamics (2) and we state existence
and uniqueness results of solutions, together with continuous dependence on
the initial data (y°, u°) and on the control u. The proofs follow closely in the
footsteps of similar results in [23,31,43,44], to which we will refer anytime no
substantial modifications of the argument is needed.

We start by defining the meaning of solution for the equation

Opu(t) = =V - (v(t, 2, p(t)) (1)), (11)

where v : [0,7] x R™ x P;(R™) — R" is a given vector field and n € N is the

dimension of the underlying Euclidean space.

Definition 2.1 We say that a map p : [0,7] — P1(R") is a solution of (11)

if the following holds:
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(1) p has uniformly compact support, i.e., there exists R > 0 such that it holds
supp(u(-)) € B(0, R);
(#7) p is continuous with respect to the Wasserstein distance Wr;

(7i1) p satisfies (11) in the weak sense, i.e. (see [33, Equation (8.1.4)]),

4 o(x) du(t)(x) = | V() - vt z, p(t) du(t)(z),

dt R R

for every ¢ € C°(R™; R).

Now, we can formally define the concept of solution of the controlled ODE-

PDE system (2), which applies, mutatis mutandis, to system (3) as well.

Definition 2.2 Let u € L'([0,T];U) and (y°, u°) € X, with p® of bounded
support, be given. We say that a map (y, ) : [0,T] — X is a solution of the

system (2) with control u if

(1) (¥(0),n(0)) = (v°, 1°);
(7i) the solution is continuous in time with respect to the metric (10) in X’;
(#i7) the y coordinates define a Carathéodory solution of the following controlled

ODE problem

() = (K> u(8) (g () + fe(y(t) + Bru(t), k=1,...,m,

for all ¢ € [0,T];
(iv) p is a solution of (11), where v : [0,T] x R? x P;(R?) — R? is the time-

varying vector field defined as follows

o(t, @, p(t)) () == (K& p(t) + g(y(2))) ().
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We now derive the existence of solutions of (2) as limits for N — oo of the
system of ODE (8). We first prove that solutions of (8) coincide with specific
solutions of (2). We then prove the limit result with the help of Lemmas 2.1

and 2.2.

Proposition 2.1 Let N be fized, and the control u € L*([0,T];U) be given.

Let (y,zn) : [0,T] — X be the corresponding solution of (8), with
LEN(t) = (LELN(t), N ,.’EN,N(t)).

Then, the couple (y,un) : [0,T] — RI™HIN “wyith pn(t) being the empirical

measure 1 N
pn(t)(a) = 7 3@ =z (D),

is a solution of (2) with control u.

Proof Tt can be easily proved by rewriting (2) with ux and arguing exactly as

in [17, Lemma 4.3].

Lemma 2.1 Let K : R? — RY satisfy (K) and pu € P1(RY). Then it holds

K x pu € Lip,,.(R?). Furthermore, for all y € R? it holds
105 sl < Cc (14l + [ Tollduto)).
Proof See, for instance, [17, Lemma 6.4].

Lemma 2.2 Let K : R? — R? satisfy (K) and let p' : [0,T] — P.(R?) and

u? 1 [0,T] — P1(R?) be two continuous maps with respect to W satisfying

supp(p' (£)) Usupp(p?(t)) € B(0, R),
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for everyt € [0,T], for some R > 0. Then for every p > 0 there exists constant

L, r such that
IK % pt(t) = K % ()| 2= (B0,0)) < Lp.eWa(p' (t), (1))
for every t € [0,T].
Proof A proof of this result may be found, for instance, in [17, Lemma 6.7].

Proposition 2.2 Lety? € R¥™ 10 € P.(RY), and uQ; be as in Definition 1.2-
(i). Let (un)nen € LY([0,T);U) be a sequence of controls such that uy — u,
for some u € L'([0, T};U).

Then, the sequence of solutions (yn, un) € Lip([0,T]; X) of (8) with initial
data (y°, uQ) and control un converges to a solution (y,u) € Lip([0,T]; X) of
(2) with initial data (y°, u°) and control u. Moreover, there exists a constant
pr > 0, depending only on y°,supp(u°), K, g, fx, Bx,U, and T, such that for

every N € N, for every k = 1,...,m and for every t € [0,T) it holds

e N Ol ye @I < pr and  supp(un(t)),supp(u(t)) € B(0, pr).

Proof We start by fixing N > 0 and estimating the growth of the function

lyen (@) + |lzin@)|* for k=1,...,mand i = 1,... N. Denote by
Y={,j4):l=1,...,mand j=1,...N}.

From Hypotheses (H), Lemma 2.1 and the compactness of U, it holds

| =

(15 1P + s N 17) = G - Yo + &8 - TN

DO | =
QL

t

= ((Kxpun)(yx.n) + fr(y) + Brw) - yr.n + (K * pn) (2:) + g(y) (win)) - 20 n
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<N > ) (i) Hlyw v+ Fr(yn) - yrn + (1 Brullllys, vl

+ [(K % pn ) (@i N) | |za || + g(yn ) (2 n) - 20N

N
1
< Ck 1+||yk,N||+NZ||$j,NH Hyk,NH+Fll=Hllameyl,NH2+F2
j=1

N
1
+ Mi|lye, Nl + Cx 1+||$i,N||+N;||$j,NH s, v || + G1llzs v |2

+ Gy max |y + Gs
I=1,...m

<c 2tz NlP +C
= 1<E$‘é‘;{llye,zvll + w7} + Co,

with C1 =4Ck + F1 + G2 + My and Cy = Ck + Fy + G3 + M. If we denote
with b (1) = lye,n (07 + [z v (8)[* and with a(t) = max jyes{ba,j) (1)},
then the Lipschitz continuity of a implies that a is a.e. differentiable, while by
Stampacchia’s Lemma (see for instance [45, Chapter 2, Lemma A.4]) for a.e.

t € [0,T] there exists a (I,j) € X such that
a(t) = % (lyex O + lzn (1) < 2C1a(t) + 20
Hence, Gronwall’s Lemma and Definition 1.2—(7) imply that
a(t) < (a(0) + 205t)e*“1t < (Cy 4 2Cot)e>1, (12)

for some uniform constant Cy only depending on y° and supp(u?). It then
follows that the trajectories (yn(-), un(:)) are bounded uniformly in N in a

ball B(0, pr) C R%, for

pr = \/Co + 2C,Te“ 7,
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that is positive and does not depend on ¢t or on N. This in turn implies that
the trajectories (yn(+), un(+)) are uniformly Lipschitz continuous in N, as can
be easily verified by computing ||k || and ||4; x| and noticing that all the
functions involved are bounded by Hypotheses (H) and the fact that we are

inside B(0, pr). Therefore

gk N O < p Een (B < P, (13)

where the constant p/. does not depend on ¢ or on N.

By an application of the Ascoli-Arzela theorem for functions on [0, 7] and
values in the complete metric space X, there exists a subsequence, again de-
noted by (yn(-), un(+)) converging uniformly to a limit (y(-), u(-)), whose tra-
jectories are also contained in B(0, pr). Due to the equi-Lipschitz continuity of
(yn (), un(+)) and the continuity of the Wasserstein distance, we thus obtain

for some L7 >0

[(y(t2), ultz)) — (y(t1), pt2))llx (14)

= lim [[(yn(t2), un(t2)) — (yn(t1), un(t1))lx < Lrlta — t],

N—+o00
for all t1,t3 € [0,7]. Hence, the limit trajectory (y*(-), u*(:)) belongs as well
to Lip([0, T]; X).
The same proof as in [23, Theorem 3.3] shows now that (y(-),u(:)) is a

solution of (2).

Corollary 2.1 Let y° € R, 1,0 € P.(RY), and u € L'([0,T);U). Then,

there exists a solution of (2) with control u and initial datum (y°, u°).
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Proof Follows from Proposition 2.2 by taking any sequence of empirical mea-
sures 1%, as in Definition 1.2-(7), and the constant sequence uy = u for all

N eN. a

We now prove the continuous dependence on the initial data, that also

gives uniqueness of the solution for (2).

Proposition 2.3 Let the Hypotheses (H) hold. Let u € L*([0,T],U) be given,

and take two solutions (y*,ut) and (y?, u?) of (2) with control u and with

0.1 101y (402 1,02

, (Y4 € X, respectively, where u%' and u%? have

initial data (y°t, u
both compact support. Then there exists a constant Cp > 0 such that for all

t €10,T] it holds

1y (), 7 () = W2 (0, O)l 2 < Crll (™, ™) = (™, 1™ 2

Proof We start by noticing that, by the definition of a solution, we infer
the existence of a pr > 0 for which y!(-),3%(:) € B(0,pr) C R¥™ and
supp(u' (+)), supp(p*(+)) € B(0, pr) C R%.

As a preliminary estimate, by hypothesis (K), Lemma 2.1 and Lemma 2.2
with the choice p = R= pr, we infer the existence of a constant LffT > 0 such

that
(K # ) () = (K % p2) ()| < Ly, Wi, p2) + llz = yll) . (15)
holds for every z,y € R?. Furthermore, if for the sake of brevity we denote by

G:= sup [Dyg()(€)ll and F:= max Lipgq, . (fx)-
€€B(0,p7)CR?,s€B(0,p7) CRI™ Isksm
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then the C2-regularity of g and fi for every k = 1,...,m imply for every

y1,y2 € B(0, pr)

l9(y1) = 9(W2)ll=(B0,pr)) < Gllyr — g2l and [ fi(y1) = fr(y2)ll < Fllyr — g2l
(16)
We shall show the continuous dependence estimate by chaining the stability

of the ODE

() = (K p() (g (1) + fe(y(@) + Bru(t), k=1,...,m,  (17)

with the one of the PDE

Oep(t) = =V - [(Kx u(t) + g(y(1)))ut)], (18)
first addressing the dependence of (17). By integration we have
Iyt () = vl < g2 — |

t
+/0 (G > et () (i (5)) — (K % () (i () + [Lfu (' () = Fu(y?(5))]]) ds.
(19)
For the left-hand side of (19) we have that (15), (16), and the uniform bound
on y1(-) and ys(+) yield
t
o) = 2O < e =l + [ (EEWAGua(s)pa(o)+

+ Ly lyre(s) =y ()l + Fllya(s) — @/2(5)||>dS (20)

We now consider (18). Arguing as in the derivation of [23, Formula (3.14)],

together with the estimate (16), we get

Wi (pt (), 12 (t) < e Wy (ut, u*?)
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+ / CoeC® (LK Wi (1 (5), 12(5)) + Gl (s) — v(s) | (@)

for some Gronwall’s constants Cp,Cy > 0. We finally consider the function

e(t) = |y (1), ' (1)) = (¥*(1), (1)) || x
and, combining (20) for each k = 1,...,m and (21), we obtain
t
et) <lly™* — ™| +/0 (mLfTWl(Ml(S),MQ(S)) + Ly lly' (s) = o2 (s))
+mFyt(s) - y2(8)||> ds + e Wy (%1, u™?)
t
+ [ o (LEW(5)s2(9) + Gl (5) — ()] ds
0
t
< £(0)e“t + / (mLffT +mF + (LfT + G)C2e%%)e(s) ds.
0
Gronwall’s lemma then implies

e(t) < £(0)et ((mLﬁ(T + mF)t + (LPKT—C:G)CE(eClt - 1)) .

Since t € [0, T, the result is proved. O

Remark 2.1 Going back to the application of the Ascoli-Arzeld Theorem in
Proposition 2.2, consider another converging subsequence of (yn, ). We can
prove that its limit is another solution of (8). Since the solution is unique for
Proposition 2.3, we have that all converging subsequences of (yy,uy) have

the same limit, hence the sequence (yn, pn) has itself limit (y, u).

Remark 2.2 Since equicompactly supported solutions are unique, given the
initial datum, by Proposition 2.3, combined with Proposition 2.2 we infer

that the support of the unique solution can be estimated as a function of the
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data. More precisely, it is contained in a ball B(0, pr), where the constant is

depending only on y°, supp(u°), K, g, fx, Bx, U, and T.

We conclude this section by stating the existence result on mean-field opti-
mal controls for Problem 1. To this end, we fix an initial datum (y°, u°) € X,
with p® compactly supported, and choose a sequence % as in Definition 1.2—
(2).

Consider the functional F(u) on L'([0,T];U) defined in (1), where the
pair (y, ) defines the unique solution of (2) with initial datum (y°, u°) and
control u. Similarly, consider the functional Fy(u) on L'([0,T];U) defined in
(7), where the pair (yn,pun) defines the unique solution of (2) with initial

0 ,,0

datum (y", p;) and control u. As recalled in Proposition 2.2, such solution

coincides with the solution of the ODE system (8).

The existence is a consequence of the I'-convergence of the sequence of
functionals (Fx)nen on LY([0, T);U) to the target functional F. For the defi-
nition of I'-convergence, we refer the reader to [46, Definition 4.1, Proposition

8.1].

Theorem 2.1 Let the functionals (1)-(7) and dynamics (2) satisfy Hypothe-
ses (H). Consider an initial datum (y°, u°) € R4™ x Py (R?), and a sequence
(1% Nen, where 1% is as in Definition 1.2—(i). Then the sequence of function-
als (Fn)nen on X = LY([0,T);U) defined in (7) I'-converges to the functional

F defined in (1).
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Proof The proof is the same as [23, Theorem 5.3], provided one uses Ioffe’s

Theorem (see, for instance, [47, Theorem 5.8]) to derive

T T
timinf [ a(ux@)ar > [ o)

and conclude that the I"'—lim inf condition also holds in presence of the control

cost 7. O

With the same argument as in [23, Corollary 5.4], we get the existence of

mean-field optimal controls for Problem 1.1 as an immediate corollary.

Corollary 2.2 Let the Hypotheses (H) in Section 1.1 hold. For every initial
datum (y°, u°) € R4™ x P.(RY), there exists a mean-field optimal control u*

for Problem 1.1.

Remark 2.8 Observe that the previous result does not state uniqueness of the
optimal control for the infinite dimensional problem. Indeed, in general, we

cannot ensure that all solutions of Problem 1.1 are mean-field optimal controls.

3 The Wasserstein Gradient

We anticipated in Section 1 that the dynamics of v* in (3) is an Hamiltonian
flow in the Wasserstein space of probability measures, in the sense of [31].
This means that the vector field V,H.(v*) is an element with minimal norm
in the Fréchet subdifferential at the point v* of the maximized Hamiltonian
H. introduced in the statement of Theorem 1.1 (we drop for simplicity the y, ¢

and u dependency). The proof of this fact shall follow the strategy adopted to
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obtain analogous results in [33, Chapter 10], which however cannot be applied
verbatim to our case due to the peculiar nature of our operators. For the
ease of reading, a technical fact (namely, the proof that the functional H, is
semiconvex along geodesics) is deferred to the Appendix 6.

In order to use those techniques, we consider our functionals defined on
P, (R??) instead than on P (R24). Since we shall prove in Proposition 4.2 that,
whenever we start from a compactly supported initial datum, the dynamics
remains compactly supported uniformly in time, this assumption does not alter
our conclusions.

In what follows, we shall fix y,q € R and u € L'([0,T};U) and we
write, for the sake of compactness, H.(v) in place of H.(y, q, v, u). Moreover
we denote by z = (x,7) a variable in R?<.

Whenever supp(v) C cl(B(0, Rr)), H.(v) can be rewritten as

H.(v) = = F(z—2")dv(z)v(Z') + G(z)dv(z) — / Uz, [ov)dv(z) + Q,

2 Jpad R2d R2d
where have we set

Flar)=r-K@), Gar)=r-gw) @)+ a- Ky —x),
k=1 (22)

/=—tlo (m,Id), @ =wom,
and @ collects all the remaining terms not depending on v. Notice that F is
an even function.

We define the vector field V, £ : R24 — R24 a5

V,L(2) = Vel(z, [ov) + Da(z)T ( VA, fd)l/)dy(z')> (23)

R2d



Mean-Field Pontryagin Maximum Principle 35

for every z € R2¢, We can thus define our candidate vector field for the Wasser-

stein gradient V,H. () in the case that supp(vy) C B(0, Rr):
w:=(VF)xv+VG—V,L. (24)

Notice that, by Hypotheses (H), w is a continuous function in z, and hence it
is well-defined v-a.e.. In view of (22), it is straightforward to see that w agrees
with the vector field defined in (5) and (6), after reintroducing the variables
(y,q,u) which do not affect the Wasserstein differentiation, and setting p =

7T1#V.

Lemma 3.1 Let v € P.(R??). Then w defined by (24) belongs to LE(R??) for

every p € [1,+00], and it satisfies

/ w(z0) - (21 — 20)dp(20, 21) =
R4d
= /M (VF(z0 — 22) + VG(20) — Vo, L(20)) - (21 — 20)dp(20, 21)dv(22)
R
(25)
for every plan p € I1(v,v') such that v’ € P.(R??).
Proof Since w is continuous, the fact that w is LP-integrable follows the fact

that v has compact support. Equation (25) then follows by Fubini-Tonelli and

from the fact that p is compactly supported too by Remark A.1.

In the proof of the forthcoming Theorem 3.1, we shall use the following

well-known property.
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Proposition 3.1 ( [33], Theorem 10.3.10) Fiz ¢ : P2(R2?) =] — 00, +oq].

Then, for every vy € D(v), the metric slope

|0Y|(vp) = lim sup (W) =) "

v1—rg WQ(VlaVO)

satisfies |0v|(vg) < ||wHL30 for every w € 0y (vy).

Theorem 3.1 Let v € Po(R??) be such that supp(v) C B(0, Rr). Then it
holds v € D(|0H.|) if and only if w as in (24) belongs to L2(R%*d). In this

case, ||wl|gz = [OH,|(v), i.e., w =V, H.(v).

Proof We start by assuming that v € Py (R?9) satisfies |0H,.|(v) < +oco0 and
proving that this implies that w belongs to L2(R??) as well as the bound
lwllzz < |OH|(v). We compute the directional derivative of H, along a direc-
tion induced by the transport map Id + ¢, where ¢ is a smooth function with
compact support. We use the shortcut v; 4 to indicate the measure (Id+s¢)xv
and we notice that such that supp(vs,) C cl(B(0, Rr)) for any sufficiently

small s > 0, since supp(v) is well contained in B(0, Rr). Denoting by
L) = / (=, [av)do(z)  for every 7 € P(R*?),
R2d

from the chain rule and the dominated convergence it follows

Sh_l}l(l) M - /]Rgd Vé(z, fd”/) ' T](Z)dl/(z), (26)

where 7(z) is the vector defined by

1 z+ sp(z) z

fd)l/s,¢ fdn/
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which, by a direct computation, is given by

¢(2)
Jaza DO (2)(2")dv (2')

n(z) =

(observe that actually the last 2d components are independent of z). Inserting

7 into (26) and using Fubini’s Theorem we get

hm L(VS’(b) — L(I/) —
s—0 S

= [ Vellz, [av)-¢(2)dv(z) + [ Vl(z, [av) - (Do(z")g(z") duv(z)dv(z)

R2d R4d
whence exchanging z with 2’ in the second integral, and recalling (23), we have

li Vs) = L) _ V,L(2) - ¢(2) dv(2)

s—0 S R2d

On top of this, notice that the map

F((20 — 21) + s(¢(20) — ¢(21))) — F(20 — 21) n G(20 + sé(20)) — G(20)

S S

S

as s — 0 converges to

VF(z0 — 21) - (¢(20) — ¢(21)) + VG(20) - H(20)-

Since v has compact support, the dominated convergence theorem, the identity

(25) and since V.F is odd, it holds

roo =t Hel(Zd+ 56)40) — H(v)

s—0 S

— %/RM VF(zo — 21) - (6(20) — d(21))dv(20)dv(z1)

+ / (VG (20) — VuLl20)) - dlz0)dv(20)
R2d

:/ w(zo) - ¢(z0)dv(z).
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From the last inequality, the assumption that |0HL.|(v) < 400 and using the

trivial estimate
Wao((Id + sp)gv,v) < s(¢llLz,

we get

[ wle) - 6Ca)dv(zo) < 0B W)z

and hence, up to a change of sign of ¢, this proves that |lwl|z> < [0H,|(v).

We now prove that the vector w belongs to the subdifferential of H,; this
shall imply that w € D(|0H,|) and that it is a minimal selection in OH.(v),
by the previous estimate and Proposition 3.1.

For proving the claim, we start by remarking that, due to Proposition 3.1,
the vector w € L2(R2?). Now consider a test measure 7, a plan p € IT,(v, D),
and let us compute the directional derivative of H,. along the direction induced
by p. If we denote by vs , the measure ((1 — s)m1 + sma)gp on R, since it

holds vy, = v, arguing as in the previous step we have

lim —=22 7 — Vi(zo, [ov) - ((20, 21)dp(20, 1), (27)

s—0 S R4d

where ((zg, z1) is the vector defined by

1 (1 —5)zp + s21 20
C(z0,21) := lir%f —
s—0 S
[ v, Jov

21 — 20

Jria D(Z0)(Z1 — Zo)dp(Zo,Z1)
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(again, observe that the last 2d components are independent of 2, z1). Insert-

ing ¢ into (27) and using Fubini’s Theorem we get
= /M Vel(z0, [av) - (21 — 20)dp(z0, 21)+
R
+ / y Vl(z0, [&v) - (D@(Z0)(Z1 — Z0)) dp(Z0, Z1)dp(20, 21)-
R

Therefore, exchanging zg, 21 with Zp,Zz1 in the second integral, and recalling

(23), we have

= / V., L(z0) - (21 — 20) dp(20, 21).-
R4d

Moreover, for every s € [0, 1], the map

F((1 = 5)(20 = Z0) + s(z1 = Z1)) = Flz0 —Z0) , G((1 = )20 + 521) = G(20)

S =

as s — 0 converges to

V‘F(Zo - 50) . ((Zl - Zo) - (51 — Eo)) + Vg(zo) . (21 - Zo).

Hence, from Proposition A.1, the dominated convergence theorem, the identity

(25) and the fact that VF is odd, we get

H,(7) — Hy(v) > lim D= 9)T1 +5m)yp) ~ M)

s—0 S

W2 (7,v))

= 1\/' V.F(Zo — fo) . ((Zl — Zo) — (21 — Eo)) dp(zo,zl)dp(fg,fl) +
RSd

2
+/ (VG(20) — VuL(20)) - (21 — 20)dp(z0, 21) + o(W2(7,V))
R4d

N /Ru w(zo) - (21 — 20)dp(20, 21) + o(Wa (7, v)).

We have thus proven that w € OH,(v).
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4 The Finite-Dimensional Problem

In this section we study the discrete Problem 1.2 and state the PMP for it.

We first recall the following existence result for the optimal control problem.

Proposition 4.1 (Theorem 23.11, [30]) Under Hypotheses (H), Problem

1.2 admits solutions.

We now introduce the adjoint variables of x; and vy, denoted by p; and g,

respectively, and state the PMP in the following box.

Theorem 4.1 (Theorem 22.2, [30]) Let ul be a solution of Prob-
lem 1.2 with initial datum (y(0),z(0)) = (y°,2°), and denote with
(y*(-),2*(-)) : [0,T] — R4 +4N the corresponding trajectory. Then there
ezists a Lipschitz curve (y*(-), q*(-),x*(-),p*(-)) € Lip(|0,T], RZdm+2dN)

solving the system

yz = quHN(y*oq*vx*ap*7u*)
= 1» , M,
@y = —Vy, Hn(y" ¢, 2", p", u")
it =V Hn(y' q" 2% p"u’) (28)
1= 17 . 7N7
p;k = —VMHN(Q*, q*ax*7p*7U*)
uy = argmax Hy (y*, ", 2", p*, u),
ueU
with initial datum (y(0),z(0)) = (y°,2") and terminal datum

(q(T),p(T)) = 0, where the Hamiltonian Hy : R2¥m+2dN 5 R s given by

1
H (y, q,,p,0) = > pi- N 2 K@i =) +g(y)(zi) | +
i=1 j=1
m (1 N \
4»?‘/71’:‘ —vk(yk—T-)+Jk(y\+Rkﬂ —T(yj#;\v)—,(w\,
k=1 Jj=1
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with py = + Zf\il O(x — ;).

Remark 4.1 The general statement of the PMP contains both normal and
abnormal minimizers. In our case, the simpler formulation of the PMP is given
by the fact that we have normal minimizers only. This is a consequence of the

fact that the final configuration is free, see e.g. [30, Corollary 22.3].

Remark 4.2 The uniqueness of the maximizer of Hpy follows from the same
motivations reported in Remark 1.1. Indeed, the form of the Hamiltonian
implies that for each u* € U it holds

m
u* = arg Téig{(HN(y*, g, x*,p*,u) when u*= arg max (; q; - Bru — 'y(u)) .
In other terms, since the control acts on the y variables only, then we have a

simpler formulation for the maximization of the Hamiltonian H .

We now want to embed solutions of the PMP for Problem 1.2 as solutions
of the extended PMP for Problem 1.1. As a first step, we prove that pairs
control-trajectories (uk, (Y, ¢n, TN Py)) satisfying system (28) have support
uniformly bounded in time and in N € N. To this end, for every N € N, we

introduce the mapping @y : RN — P, (R?9) as follows

451\/1($17P17~~-,9€N,pN)*—>*Z(s('—xi,'—NPi)- (30)

Proposition 4.2 Let y° € R™, 1,0 € P.(R?), and u% be as in Definition

1.2-(i). Let u}y be a solution of Problem 1.2 with initial datum (y°, %), and
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let (uly, (Yn>qn,Tn-PN)) be a pair control-trajectory satisfying the PMP for

Problem 1.2 with initial datum (y°, u%) and control u’, given by Theorem 4.1.

Then the trajectories (yn(-), an(-),vx(-)), where vy = Pn(z, DY), are

equibounded and equi-Lipschitz continuous from [0,T] to Y, where the space

Y = R¥m x P (R?) is endowed with the distance

1y, q,v) = &', V)Nly = lly =l + lg = ¢ + Wa(v,v). (31)

Furthermore, there exists Ry > 0, depending only on y°,supp(u°), m, K, g, fx, Br, U,

and T, such that supp(vx (-)) € B(0, Rr) for all N € N. In particular, it holds

H(y}k\/’q?\h V?V’U*N) = HC(yT\/vqT\/a VJ*WUTV)'

Proof As a first step, notice that the pair (yj,z} ) solves the system (8). It
then follows from (12) and (13) that there exist two constants pr and p., not
depending on N such that, foralli=1,...,N, forall k =1,...,m, and a.e.

t € [0,T] we have

lyen @Ol < pr, llai v (@) < pr (32)
[N ) I NI ) Iy (33)

From (32) we get that the terms (% Zjvzl K(z; —z;)+ g(y)(xz)) and
(% Z;\Ll K(yr — ;) + [fx (y)) and all their derivatives are bounded on the

trajectories of (28). It also follows that there exists a uniform constant Wy

such that

N
1 .
Dl n ()| < Wr
j=1
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for all ¢t € [0, T]. Furthermore, a direct computation yields
1 1 &
i=1
X (34)
1 al 1 &
+ me(xi)T Z V| y,zk, N Zw(xj)
k=1 j=1
while the y-derivatives remain uniformly bounded on the trajectories by reg-
ularity of ¢ and (33).
Since the terms Biu do not affect the second and the fourth equation in
(28), by the above discussed bounds and a simple combinatorial argument we

get the existence of a uniform constant Ly such that the estimates

N m
. . 1 . 1 . 1
1555 @Ol < L { Ipin Ol + 5 > s+ i > gk n @+ i
j=1 k=1
(35)
and
N m
g5t n (O < Lo | D i n @1+ gk x O+ g ()] +1 (36)
=1 j=1

hold for each ¢ = 1,...,N, k =1,...,m and a.e. t € [0,7]. We now rescale

the p;’s by setting r; n := Np;  and consider the function
m 1 N
en(t) =Y _llain Ol + 5 D_ i@l
k=1 i=1
From (35) and (36) we deduce, possibly enlarging the constant Ly, that
En (@) < Lr (L+m)en(t) +1) - (37)

Defining then the increasing functions 7y (¢) through ny (t) := sup, (o g en(1'—
7), and observing that it holds 7y (0) = 0 for the boundary conditions in The-

orem 4.1, from (37) and Gronwall’s Lemma we obtain ny(7) < Lpref?™ .



44 Mattia Bongini et al.

With this, since e (t) < nn(T), and using (37), we get

en(t) < LyTelr0+mT  and  |en(t)| < L (LT(l +m)Telr+mT | 1)
(38)
for a.e. t € [0,T]. Since by definition of v} (¢) and standard properties of the

Wasserstein distance WV it holds
Wi(vy(t+7),vy(t) <
1 & 1 &
<V2 (N Dol +7) =2 (0] + N D olrint+7) - T?,N(t))H) )
i=1 i=1

from the previous inequality, (32), (33), (37), and (38) we obtain that y} (¢)
and ¢y (t) are equibounded, that there exist a constant, denoted by Rp, such
that supp(vx (t)) C B(0, Rr) for all t € [0,T] and that (v}, ¢y, V) are equi-

Lipschitz continuous from [0, 7] with values in Y. O

Proposition 4.3 Let N € N and uy € LP([0,T];U) be an optimal control
for Problem 1.2 with given initial datum (y%,2%) € R¥™ TN " and denote by
(yn (), an (), 2% (), pi (1) € Lip([0,T], R24m+2dNY the corresponding trajec-
tory of the PMP with mazimized Hamiltonian Hy .

Define vy = @N (2] NPT N+ -+ TN Phn) with @n as in (30), and
assume that supp(vax(-)) € B(0,Ry). Then, the control ul is optimal for
Problem 1.1 and (Y%, qn, Vi, ul) satisfies the extended Pontryagin Mazimum

Principle.

Proof First observe that, by Proposition 4.2, the following identity holds

Hc(y}k\faqy\hy;lau}k\/') :H(y}k\,,q}‘v,y}“\,,u}k\,)
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Moreover, for every t € [0,T]

uy (t) =arg max Hy (yxn (1), an (1), 25 (), D (1), w)

= uy(t) = argmaxH(yy (t), ¢y (t), vy (), u),

due to the specific form of the Hamiltonian H and H, see Remark 4.2.
Rewriting Hy in terms of v} (+), we have that Hy (yi, ¢y, TN, Dy, wi) and

H(yx, dn, Vas wy) only differ for a term which is independent on y;, and gy,

hence equations for gy v, ¢y y in the PMP for Problem 1.2 and in the extended

PMP for Problem 1.1 coincide.

We further notice that for all ¢ =1,..., N, since DK is even we have

& N
_Nv“ﬁ Zrh . ZK(mh —xj) =
h=1 =1

N N

1

=5 ZDK(l’Z - xj)Tri - Z DK (xy, — xi)Trh
j=1 h=1

N
1
:7ﬁ E DK(iEi*.’Ij)T(T‘ifT'j)
j=1

= - DK (z; — ") (ry — ") dvn (2, 7)
R2d

after setting vy = & Zivzl 0(x — x;,r — ;). Observe that also the right-hand

side of (34) can be rewritten in terms of v (through puy = 71 4vy), yielding

— Dw(z;)T [/ v/ (y,x',/wu;v> dﬂN(x/)] .
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With the previous equalities, by setting vy := N (2] DT N+ -+ TN N> PN.N)

as well as r ;v = Npj y, the identity

eriHN(y}kVa q}k\h x?\hp’]k\]u U*N>
J(VuHe(Yn ans VA un)) (@ v i) = ;
_NVIZHN(y}kVa QT\/W $>']c\]apx]<\fv u?\i)
(39)
simply follows by differentiating in (29) and comparing with (5), and (6).

Since the boundary conditions of Problem 1.2 and Problem 1.1 coincide too,

the result follows now by (39) arguing, for instance, as in [17, Lemma 4.3].

5 Proof of Theorem 1.1

In this section, we prove Theorem 1.1. We first recall that we already proved
in Corollary 2.2 that there exists a mean-field optimal control for Problem 1.1.
We now want to prove that all mean-field optimal controls are solutions of the
extended PMP.

Let u* be a mean-field optimal control for Problem 1.1 with initial datum
(y°, u°). Fix pQ as in Definition 1.2—(i), and consider a sequence (u’)yen of
optimal controls of Problem 1.2 with initial datum (y°, u%;), having a subse-
quence (which, for simplicity, we do not relabel) weakly converging to u* in
LY([0,T];U). Denote with (y%,z%) the trajectory of (8) corresponding to the

0 u%) of Problem 1.2. Compute the cor-

control u} and the initial datum (y
responding pair control-trajectory (ul, (Y, s T, PN)) satisfying the PMP

for Problem 1.2, that exists due to Theorem 4.1. Set vy := @n(ay,py) and

ry = Npj. By Proposition 4.2, the trajectories (yy, ¢x Vx) are equibounded
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and equi-Lipschitz from [0,7] to the product space Y = R2¥™ x P;(R2?)
endowed with the distance (31), and the empirical measures vy have equi-
bounded support. Moreover, the pair (ul, (Y, @&, V) satisfies the extended
PMP by Proposition 4.3.

By the Ascoli-Arzela theorem, we have that there exists a subsequence,
which we denote again with (y%, ¢&, Vi), that converges to the vector-measure
valued curve (y*,q*,v*) : [0,T] — R¥™ x P;(R??) uniformly with respect to
t € [0,T]. Since by definition mixvy = ujy, by the convergence of pj to
w* proved in Proposition 2.2, we get mxv* = p*. Observe that (y*,¢*,v")
is a Lipschitz function with respect to time and v* has support contained in
B(0, Rr) for all t € [0, T]. Moreover, by the boundary conditions for each N, we
have that y*(0) = y°, m(v*(0)) = u° and ¢*(T) = 0, mop (v*(T))(r) = ().

Fix now t € [0,T]. To shorten notation, let F: R x RP” — R be the

functional, strictly concave with respect to u, defined as

E(g,u) =Y qr Bru—(u).
k=1
Recall that by (28) and by Remark 4.2, u} (¢) satisfies

uy (t) = argmax E(qy (1), u) ,
ueU

since the maximum is uniquely determined by strict concavity. Since U is
bounded, by definition E(-,u) is continuous uniformly with respect to u € U.
The convergence of ¢i (t) to ¢*(¢) then implies that every accumulation point

vy € U of u¥,(t) must satisfy

ve = argmax E(¢"(t), u) (40)
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and is therefore uniquely determined. This shows that the sequence u}; is
pointwise converging in [0,7] to the function v(¢) := v;. Due to the bound-
edness of U, we further have that uy — v in L'((0,7);U). Since u} was
already converging to u* weakly in L*((0,T);U) it must be u*(t) = v(t) for

a.e. t € (0,T), which together with (40) implies that
uly — u* strongly in L'((0,7);U) (41)

and that

(1) = E(q*(t
u*(t) arg max (q"(t),u)

for a.e. t € [0,T]. Due to the explicit expression of H(y, ¢, v,u) in (4), this is

equivalent to say that

H(y™(t),q"(8),v*(8), u™(t)) = arg max H(y"(¢), ¢" (¢), " (2), u)

for a.e. t € [0,T7.

We finally prove that (y*,¢*, v*) satisfies the Hamiltonian system (3) with
control u*. Due to equi-Lipschitz continuity, we have that the derivatives
(Un,dy), and Oy converge to (y*,4¢*), and Ov*, respectively, weakly in
LY([0,T];R?*™4) and in the sense of distributions. Observe now that by (5)
and (6) the vector field V,H.(y, g, v)(-, ), which is independent of u, depends
continuously on (y, ¢, v). By the uniform convergence of (y, ¢x, V) and since

supp(vx (t)) C B(0, Ry) for all t € [0,T] we get that

VuHe(yn (1), an (1), vn (0) (2, 7) = VU He(y™ (), " (8), v* (1)) (2, 7),
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uniformly with respect to ¢ € [0,7] and (x,r) € B(0,Rr). From this, us-
ing again the narrow convergence of vy (t) to v*(t) and since it holds that

supp(vx (t)) C B(0, Ry), we then get the uniform bound

1 (JV He (Y (£), an (), vn () v (D) [ gy (2 w0y < Cr,y

for some constant Cr independent of ¢ € [0, T, as well as the narrow conver-

gence

(JV He(yn (1), an (1), v (1)) v (1) = (JVLHe(y™ (), g7 (), 7 (1)) v* (1)

for all t € [0, T). Testing with functions ¢ € C2°([0, T x R?%; R), the two above

properties are enough to show that

Vo) - ((TV el (0, a3 (1), v (O)vi(®)) =

Vo) - ((IVHy (). 4" (1), ()" (1))

in the sense of distributions, so that v* solves the third equation in (3).

For all k = 1,...,m, taking derivatives in the explicit expression in (4)
and using the definition of H., we have that V, H.(y,q,v,u) is actually in-
dependent of v and is continuous with respect to the Euclidean convergence
on (y,q) and the narrow convergence on measures v with compact support in
a fixed ball B(0, Ry). Therefore, since (yk,qx, V) converges to (y*, ¢*,v*)
uniformly with respect to ¢ € [0,7T], and there is no dependence on wu, for all

k=1,...,m we have that
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in R? uniformly with respect to ¢ € [0, T]. It then follows that ¢* solves the

second equation in (3).

A similar argument, also using the L' convergence of u} to u* proved in

(41), shows that

Vo He(yn (8), an (8), v (8), uy () = Vo, He(y™ (1), 4" (1), v (1), u™ (1))

in L1([0,T];RY) for all k = 1,...,m, so that y* solves the first equation in (3).

This concludes the proof of Theorem 1.1.

6 Conclusions

In this article, we proved a mean-field version of the Pontryagin Maximum
Principle. We considered an optimal control problem composed of a system of
ordinary differential equations coupled with a partial differential equation of
Vlasov-type with smooth interaction kernel. We derived a first-order condition
for optimizers of such problem, that we wrote as an Hamiltonian flow in the

Wasserstein space of probability measures.
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Appendix: Semiconvexity along Geodesics of H,.

Throughout the section, K shall denote a convex, compact subset of R2¢. The following

property shall be used to prove that the subdifferential of H. is nonempty.

Definition A.1 Let ¢ : P2(R™) —]—00, +00] be a proper, lower semicontinuous functional.
We say that ¢ is semiconvez along geodesics whenever, for every vg,v1 € P2(R™) and every
optimal transport plan p € II,(vp,v1) there exists C' € R for which for every s € [0,1] it

holds

P(((L = s)mi+sm2)pp) <

< (1= 8)y(vo) + (1) + Cs(1 — s)W2 (v, 11)).

In order to prove the semiconvexity of H., we shall establish the semiconvexity of the

following functionals:
B = %/w Fz - 2 )du(2w(z) + /Rd G(=)du(2),
2 (v) = /Rd Uz, [ov)dv(z),

where F, G, 4, and & are C? functions. The desired result will then follow by noticing that
He(v) = HL(v)+H2(v) for F = F,G =G, £ = —fo(m1,1d), & = wom; and K = cl(B(0, Rr)).
The following simple property will be needed to prove semiconvexity of the above func-

tionals.
Lemma A.1 Let vp,v1 € Pe(R??) with support contained in K. Let p € II(vo,v1) and set
ve = (1= s)m + sm2) 0, (42)
for every s € [0,1]. Then, it holds
supp(vs) C K for all s € [0,1].
Proof We first notice, that for every p € II(vg,v1) it holds

supp(p) CK x K. (43)
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This follows from the equality
R\ (K x K) = (R?? x (R2}\K)) U (R2H\K) x R24)

and from the fact that both R?? x (R2%\K)) and (R?#\K) x R?? are p-null sets by hypothesis.
To prove Lemma A.1, it suffices to show that for all f € C(R??) satisfying f =0 on K

it holds

/ fdvs = 0. (44)
RrR2d

Indeed,

/de fdvs = /1%4d fd((1 — s)m1 + sm2)xp(z0, 21)

= s F((1 = 8)z0 + sz1)dp(z0, 21)

= / F((1 = 8)z0 + s21)dp(20, 21),
KxK

since, by (43), supp(p) C K x K. The convexity of K implies (1 — s)zg + sz1 € K for every

s € [0,1], which, together with the assumption f =0 in K, yield (44), as desired. O
In what follows, we shall make use of the following, well-known result.

Remark A.1 Let K be a convex, compact subset of R2¢ and let f € C2(R?%;R). Then there

exists Cx,y € R depending only on K and f such that
F((1 = 8)zo + sz1) < (1= 5)f(zo) + sf(x1) + Cx, p5(1 — 5)||lzo — z1]%, (45)
for every zo,z1 € R?? and s € [0,1].
We now prove the semiconvexity of Hi

Lemma A.2 Let vg,v1 € PC(RZd) and let p € II(vo,v1). Then, there exists C € R inde-

pendent of vo and v1 for which
HE(((1 = s)m1 + sm2)p) < (1 — 5)HL (v0) + sHE (1) + Cs(1 — 5)W3 (vo, 1)

holds for every s € [0,1].
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Proof We may assume supp(vp),supp(v1) C K for some convex and compact set K C R24,
otherwise the inequality is trivial. Hence, from Lemma A.1, it follows supp(vs) C K for every
s € [0,1]. But then, since F and G are both C?, the result follows as in [33, Proposition

9.3.2, Proposition 9.3.5]. O

Corollary A.1 Let & € C2(R?%;R?), vg, 11 € Pe(R3??), p € I (vo,v1) and define vs as in

(42) for s € [0,1]. If we set
€, = / Sdva, (46)
R2d
then
1€s = (1 = 8)60 — séa || < Cs(1 — s)W3 (vo, 1),
for all s € [0,1], where C is independent of vy and v .

Proof Follows from Lemma A.2 applied first to the functions F=0and G = @, and then

to F=0and G = —a. O

The semiconvexity of 113113 will be deduced as a corollary of the following estimate.

Lemma A.3 Suppose that { € C2(R2% x R%:;R), let 2o, 21 € K and set zs = (1 — s)z0 + s21
for all s € [0,1]. Furthermore, let vo,v1 € Pe(R??), p € II(vg,1v1) and define vs and &5 as

in (42) and (46) for s € [0,1]. Then, for all s € [0, 1], it holds
U(zs,65) < (1 — 8)0(20,€0) + 58(21,€1) + Oy s 5, 5(1 — 8)W3 (v, 11)
+ C}c,é,ws(l —8)|lz0 — 21]|%,

for some constant Cy ; . depending only on K,¢ and &.

Proof Since K is compact, zs € K for all s € [0,1]. Moreover, (1 — s)& + s&1 € K’ for all

s € [0, 1], for some convex and compact set K’ C R%. Notice that from (45) follows

(2, (1= 8)€0 + s€1) < (1 = 8)l(20,€0) + sb(z1,61)
(47)

+ Cie xers(1 = 8) (20 — 21017 + 160 — &111°)
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and from the definition of £s and Jensen’s inequality, we get
llé0 = €111* < Lipxc (w)WF (v0,v1) < Lipic (w)W3 (vo, v1). (48)

Moreover, for every s € [0,1] it holds

1€(z5,€5) — €(zs, (1 = 8)€0 + s€1)|| < Libgeier I6s — (1 — )0 — séu|

(49)
< Lipgey s 8(1 — 8)CW2 (o, v1).
Hence, for every s € [0, 1], using (47), (48) and (49), we get
é(zs, &) = 2(28755) - é(ZS: (1 —s)éo + s61) + é(zm (1 —s)éo + s61)
< (1= 8)0(20,€0) + s(21,&1) + Cyc 5 5(1 — $)W3 (v, v1)
+ C’,Cj’@s(l —8)|lz0 — Z1H2,
This concludes the proof. O

Corollary A.2 Let vg,v1 € PC(R2d) and p € IIo(vo,v1). Then, there exists C € R inde-

pendent of vo and v1 for which
HZ(((1 = s)m1 + sm2)p) < (1 — 8)H2 (v0) + sH (1) + Cs(1 — s)W3 (o, v1)
holds for every s € [0, 1].
Proof Notice that, by Lemma A.1, I:ICQ(VS) can be rewritten as
H (vs) :/ U(zs,€5)dp(20, 21),
KxK
Furthermore, since p € I1,(vo,v1) it holds
[ o= aalPapto. ) = [ lzo = 1lPdp(eo,21) = Wh(wo, ),
KxK R4d
the thesis follows from Lemma A.3. O
Proposition A.1 The functional He is semiconvex along geodesics.

Proof Follows directly from Lemma A.2 and Corollary A.2, by noticing that H.(v) = HL(v)+

H2(v) for F=F,G=G,{=—Lo(m,Id), & = wom and K = cl(B(0, Rr)). o
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