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ABSTRACT

A General Theory of Geodesics

With Applications to Hyperbolic Geometry

In this thesis, the geometry of curved surfaces is
studied using the methods of differential geometry. The
introduction of manifolds assists in the study of classical
two-dimensional surfaces. To study the geometry of a
surface a metric, or way to measure, is needed. By
changing the metric on a surface, a new geometric surface
can be obtained. On any surface, curves called geocdesics
play the role of "straight lines" in Euclidean space. These
curves minimize distance locally but not necessarily
globally. The curvature of a surface at each point P
affects the behavior of geodesics and the construction of
geometric objects such as circles and triangles. These
fundamental ideas of manifolds, geodesics, and curvature
are developed And applied to classical surfaces in
Euclidean space as well as models of non-Euclidean

geometry, specifically, two-dimensiocnal hyperbolic space.



INTRODUCTION

The geometry of curved surfaces has been studied
throughout the history of mathematics. The development
of the calculus enabled the theory of curves to flourish.
It enabled a deeper study of curved surfaces that led to a
better understanding and generalization of the whole
subject. It was discovered that some properties of curved
surfaces are intrinsic properties, that is, they are
geometric properties that belong to the surface itself and
not the surrounding space.

To study the geometry of a surface, we need a metric,
or a way to measure. Any property of a surface or formula
that can be deduced from the metric alone is intrinsic. By
changing the metric on a surface, we will obtain a new
geometric surface. The two-dimensional plane with the
Euclidean metric ines rise to the Euclidean plane. The
two-dimensional plane with the Poincaré metric gives rise
to a model of non-Euclidean geometry called the Poincaré
half-plane. This geometric surface will be studied in
section three of chapter two.

The methods of differential geometry are used to study
the geometry of curved surfaces. Differential geometry
deals with objects such as tangent vectors, tangent fields,

tangent spaces, differentiable functions on surfaces, and



curves. The introduction of manifolds (a generalization of
surfaces) will assist in the study of classical two-
dimensional surfaces.

On any manifold, there are special curves called
geodesics. These are curves that play the rcle of
"straight lines" in Euclidean space. These curves minimize
distance leocally but do not necessarily minimize distance
globally. From this fact comes the concept of convex
neighborhoods, that is, neighborhoods in which pairs of
points can be joined to each other by a unique minimizing
geodesic.

An important property of a manifold is how the manifold
is curving at each point P. Curvature affects the behavior
of geodesics, the measure of angles, as well as the sum of
the interior angles of geodesic triangles constructed on
the manifold.

In chapter one, the fundamental ideas of manifolds,
geodesics, and curvature are developed. 1In this chapter,
these fundamental ideas are applied to classical surfaces
in Euclidean space. In chapter two, a thorough study is
done of models.of non-Euclidean geometry, specifically,
two-dimensional hyperbolic space. This study includes
geodesics and curvature as well as geodesic triangles,

hyperbolic circles, congruences, and similarities,



CHAPTER 1

MANTFOLDS AND GEODESIC THEORY

1. Manifolds

l.1 Definition. A gegmetric surface is an abstract surface

M furnished with an inner product, -, on each of its
tangent planes. This inner product is required to be
differentiable in the sense that if ¥ and W are
differentiable vector fields on M, then ¥ ‘# is a
differentiable real-valued function on M.
Each tangent plane of M at the point P has its own inner
product. This inner product is a function which is
bilinear, symmetric, and positive definite. An assign-
ment of inner products to tangent planes is called a
geometric structure or metric tensor on M. Therefore,
the same surface furnished with two different geometric
structures gives rise to two different geometric surfaces.
The two—dimensional plane, with the usual dot product
on tangent vectors <#,#>= v,w; + V,W,, is the best-known
geometric surface. Its geometry is two-dimensional
Euclidean geometry. A simple way to get new geometric
structures is to distort old ones. Let g > 0 be any
differentiable function on the plane.
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Define

<¥, >

g7 (P)

V@ =

for tangent vectors # and # to the two-dimensional plane
at P, This is a new geometric structure on the plane. As
long as g°(P) + 1, then the resulting geometric surface has
properties quite different from the Euclidean plane.

In studying the geometry of a surface, some of the most
important geometric properties belong to the surface itself
and not the surrounding space. These are called intrinsic
properties. In the nineteenth century, Riemann concluded
the following: There must exist a geometrical theory of
surfaces completely independent of R'. The properties of a
surface M could be discovered by the inhabitants of M
unaware of the space outside their surface.

At first, Riemannian gecmetry was a development of the
differential geometry of two-dimensional surfaces in R°.
From this perspective, given a surface S ¢ R’, the inner
product <&, #> of two vectors tangent to S at a point P of
8 is the innef product of these vectors in R’. This yields
the measure of the lengths of vecteors tangent to 8. To
compute the length of a curve, integrate the length of its
velocity vector.

1.2 Definition. A regular curve in R? is a function
a:(a,b)~R® which is of class C* for some k:1 and for
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which da/dt4 0 for all t € (a,b). A regular curve

segment is a function a:[a,b]-R’ together with an

open interval (c,d), with c<a<b<d, and a regular curve

v:{c,d)-R* such that a(t)=y(t) for all te [a,b].

1.3 Definition., The length of a regular curve segment
x:[a,b]-R’ is fab |da/dt| dt.

The definition of inner product allows us to measure
area of domains in S, the angle between two curves, and all
octher "metric" ideas in geometry. Certain special curves on
S, called geodesics, will be a major focus in this thesis.
These curves play the role of straight lines in Euclidean
geometry.

The definition of the inner product at each point P ¢ S
yields a quadratic form I,, called the first fundamental
form of s at P, defined in the tangent plane TS by
I.(?) = <9,%>, ¥ € TeS. 1In 1827, Gauss defined a notion of
curvature for surfaces. Curvature measures the amcunt that
S deviates, at a point P € §, from its tangent plane at P.
Curvature, as Gauss defined it, depended only on the manner
of measuring in S, which was the first fundamental form of
S at P. Curvature will be discussed in section four of this
chapter.

During Gauss' time, work was done to show that the
fifth postulate of Euclid was independent of the other
postulates of geometry. Euclid's fifth (parallel postulate)
says [13]: "Given a straight line and a point not on the
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line then there is a straight line through the point which
does not meet the given line." It was also earlier shown
that this postulate is equivalent to the fact that the sum
of the interior angles of a triangle equals 180°. This led
to a new geometry that depended on a fundamental quadratic
form that was independent of the surrounding space. In this
geometry, straight lines are defined as geodesics and the
sum of the interior angles of a triangle depends on the
curvature.
In 1854, Riemann continued working on Gauss' ideas
and introduced what we call today a differentiable manifold
of arbitrary dimension n. Riemann associated to each point
of the manifold a fundamental quadratic form and generalized
the idea of curvature. Riemann was interested in the
relationship between physics and geometry. This
relationship motivated the development of non-Euclidean
geometries.
1.4 Definition. f:R-R is of glass C* if all derivatives
up through order k exist and are continuocus. f:R*-R
is of glass C if all its (mixed) partial derivatives
of order k and less exist and are continuous. A
function f:R*-R® is of glass C* if all its components
with respect to a given basis are of class C*.
The concept of a differentiable manifold is necessary for
extending the methods of differential calculus to spaces

6



more general than R”. An example of a manifold is a
regular surface in R3.
1.5 Definition. A ¢* coordinate patch (regular surface) is
a one-to-one C* function x:U-R’ for some k : 1, where
U is an open subset of R’ with coordinates u'! and u® and
(0x/du’) X (ox/ou’) + 0 on U.
The mapping X is called a parametrization of S at P.
A regqgular surface is intuitively a union of open sets of
R’, organized in such a way that when two such open sets
overlap, the change from one to the other can be made in
a differentiable manner. The problem with this definition
is its dependence on R>. The definition of a
differentiable manifold will be given for an arbitrary

dimension n. Differentiable will always mean a class of C".
1.6 Definition, A differentiable manifold of dimension n
is a set M and a family of one-to-one mappings

x.:U, c R"- M of open sets U, of R" intoc M such that:

(1) vaX, (Uy) = M.

(2) for any pair «,B8 with %,(U,) n %,(U;) = W % ¢, the
sets %, " (W) and x., (W) are open sets in R" and the
mappings x, ' > x, are differentiable.

(3) The family ((U,,x,)} 1s maximal relative to the
conditions (1) and (2), i.e., the family {(U,, X,)}
contains all possible mappings with these
properties.

The pair (U,,X,) with P £ x,(U,) is called a parame-



trization or system of coordinates of M at P. x,(U,) is
then called a coordinate neighborhood at P. A family

{ (U,,x,)) satisfying (1) and (2) is called a differentiable

structure on M.

———e—
Xxlo %y T

-x(;'(wi FIGURE 1

A differentiable structure on a set M induces a natural
topology on M. Define A ¢ M to be an open set in

M if and only if %, (A n x%X,(U,)) is an open set in

R" for all «. The topology is defined such that

the sets x,(U,) are open and that the mappings x, are
continuous. The Euclidean space R" is an n-manifold with
the family of maﬁpings generated by (R", identity).
Similarly, any open set in R" is an n-manifold.

1.7 Example. Let G=GL(n,R) be the group of all non-

singular nxn matrices. We show that G is an n’-dimensicnal
manifold. G is a metric space with distance function
d(A,B)= (au'bu)z where A=(a,;) and B=(b;;). If A=(a;,)ecG,
let

2
O(A)=(a11,812, 01,8214+ ,8n,) ERY .



Define a function V:R*-R by

V{X11s v+ e Xnn) ZLoesn (—1)° Xi1,001) X2,002) =+ +Xn,otmrs
where S, is the group of permutations on n letters.

It can be shown that V is continuous and Ve¢ (A)=detA.
Therefore ¢(G)= V' (R-{0}) is open. Let M(n) be the set of
all nxn matrices. We have identified M(n) and ) by the
mapping ¢.

For surfaces in R’, a tangent vector at a point P of
the surface is defined as the "velocity" in R’ of a curve
in the surface passing through P. For differentiable
manifolds, we do not have the support of the surrounding
space. In elementary calculus, a vector ¥ at a point
P ¢ R" may be viewed as a directional derivative. 1If
¢ = (al,a?,...,a") and f:R" -R is differentiable, then the
non-normalized directional derivative of £ at P in the
direction ¢ is

#(f) = T a'(df/8u') (P).
This concept will be used to define a tangent vector as a
real-valued operator on the set of differentiable
functions on M which obeys the properties of a derivative.

Let D(M)'dénote the set of all local smooth (C7)
functions at the point x in the smooth (C°) manifold M. By
a local smooth function at the point x of M, we mean a
smooth (C") function f:U-R defined on an open neighborhood
U of ¥ in M. In the set D(M) define scalar multiplication,

addition, and multiplication as follows.



For arbitrary a,b € R and any two local smooth
functions f£:U-R, g:V-R in D(M) , we have the local
smooth functions

af + bg: U n V -R
fg: U n V ~-R

defined by

aff(w)] + blg(w)],
(fg) (w) = f£(w)g(w)

for every w ¢ U n V. These operations fail to make D(M)

(af + bg) (W)

an algebra over R. D(M) is not a linear space over R
because f + (-f) + g + (-g) unless U = V. To correct
this problem, define a relation ~ in the set D(M)} as
follows. For any two local smooth functions f:U-R
and g:V-R in D(M), £ ~ g if and only if there exists
an open neighborhoed W c U n V of ¥ in M such that
f(w) = g(w) holds for every point w in W. Since this
relation in D(M) is reflexive, symmetric, and transitive,
it is an equivalence relation. Therefore ~ divides the
members of D(M) into disjoint equivalence classes called
the germs of local smooth functions at the point x of M.
Let G(M)=D(M)/~ denote the set of all smooth germs
at the point x of M and let p:D(M) - G(M) denote the
natural projection of the set D(M) onto its quotient set
G(M). Define scalar multiplication, addition, and
multiplication in G(M) for arbitrary smooth germs w,0 ¢

G(M), a,be R, £ e W, and g € O as follows:
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aw + b8 = p(af + bg)
wo = p(fg)
These operaticons make G(M) the algebra of smooth germs

at the point x in M of C functions.

1.8 Definition., A tangent yvector to M at P is a function
Xz:D(M)-R whose value at f is denoted by X, (f), such

that for all f,g € D(M}) and r £ R,
(a) Xe(f + g) = X(f) + Xe(9)7

{(b) Xo(rf) = rX.(f); and

(¢) Xp(fg) E(P)X:(g) + g(P)X: (1),
where fg is the ordinary product of functions f and g
and £{P)X.{g) is the product of real numbers f(P} and
X (g). Xp{(f) may be read as the non-normalized
directional derivative of f in the direction X, at P.
Let o:(-g,e)-M be a differentiable curve in M with
a(0) = P. Let X.,” be defined by X(f) = (d(f-xt)/dt) (0).
Let D be the set of functions on M that are differentiable
at P. The tangent vector to the curve o at t=0 is a
function ¥, :D-R given by
X5(f) = d(fea)/dt|..g , £ € D.
The tangent vector at P is the tangent vector at t=0 to
the curve o:(-€,€)-M with «(0) = P. The set of all
tangent vectors to M at P will be indicated by T M.
Let x:U-M" at P=x(0) be a parametrization where
n indicates the dimension of M. Express the function

f:M"-R and the curve o in this parametrization by

11



fex(q)=£(x), . %), 9 = (X3,...,X%,) €U,
and X leat{t)= (%, (t),...,%.(t)).
Restricting f to o we cbtain

X7 (£) = (d/dt) (£20) [0 = (Q/AR)E£(%1(E), .0 Xa(t)) | im0

T (Ax,/dt) |0 (8f/0%;) = (T %' (0) (3/3%)0) £.

xf\f
1

P——
(
¥

\ 0

R

FIGURE 2

Therefore, the vector X, can be expressed in the parame-
trization x by
X" = L Xx:"(0) (3/8%)0.

(8/0x%,)o is the tangent vector at P of the "coordinate
curve": x;-x{(0,....,0,%,,0,...,0). Therefore the tangent
vector to the curve o at P depends only on the derivative
of & in a coordinate system.
1.9 Definition. The tangent space to M at B, T )M, is the

set of all tangent vectors to M at P. The set

T:M, with the usual operations of functions,

forms a vector space of dimension n.

The choice of a parametrization x:U-M determines an

12



associated basis {((8/8x;)os .., (3/0%,)o} in TM. The linear
structure in T,m defined above does not depend on the
parametrization =x.
1.10 Definition., ILet M and N be differentiable manifolds.
If ¢:M-N is differentiable, the differential of ¢ at
P is the function
(¢+)p:TeM ~ T, 5N
defined by
(9.)p (%) (£) = X, (£00)
where X, ¢ T.M, £ ¢ D(N).
1.11 Proposition., Let ®: M - N and P ¢ M. Then
(®u),: T M - T, )N is a linear transformation.
Proof: Let r ¢ R, X,, ¥, € TM. We need to show that
() (XX, + ¥,) = r(d.).X, + ($.),¥Y,. For any f e D(N):

(D)o (xX, + Y ))(£) = (rX, + Y.) (£0)

rX,(fod) + Y, (fo0) = r(®.),(X,)f + (@) (¥,) £

(r(d.) . X, + {(d.),¥,)(£f) QED
1.12 Definition., Let M" and N" be differentiable manifolds

of dimensions n and m, respectively. M is an

embedded submanifold of N is there is a differenti-

able function ®:M - N such that ¢ is one-to-one and
(¢.), is one-to-one for each P € M.
If M is a submanifold of N, then dim M < dim N. The
tangent space to M can be viewed as a subspace of the

tangent space to N.

1.13. Definition., A yector field X on a differentiable

13



manifold M is a correspondence that associates to each
point P ¢ M a vector X, = T:M.

1.14 Definitjon., A wvector field X on a differentiable
manifold M is differentiahle in the following sense:
if £ is a differentiable function on M, then the
mapping P-X,f is differentiable.

Let X(M) represent the set of all vector fields on M. If

X,Y e X(M), re R, and £ ¢ D{(M), then:

(X + ¥), =X, + ¥,, (rX), = rX,, and
(fX), = f£(P)X,.

1,15 Definition., If X, Y € X(M), then the Lie Bracket of
X and ¥, [X,¥], is the vector field defined by
[X,¥],f = X, (YE) - Y, (Xf) for £ ¢ D(M) and P € M.

1.1 Lemma, [X,Y] is vector field on M.

(See Millman and Parker,[9])

1.17 Proposition, If X,Y¥,2 € X(M) and r ¢ R, then

(a) (X,¥] = -[¥,X] and [rX,Y]) = r(X,¥]
(anticommutativity)
[X,¥Y] = XY - ¥X = —-[Y¥X - X¥] = -[Y,X]

[rX,¥] = rXY - YrX = r{Xy-¥X] = r(X,Y].
(b) [X + ¥,2] = [X,2] + [¥,2] and [Z,X + Y] =
(2,X] + [Z,Y] (linearity).
(e) [[X,¥],2) + [[Y¥,2],X] + [([Z2,X]),Y] =0

(Jacobi's Identity)

14



2. Riemannian Manifolds

Riemannian geometry is a generalization of metric
differential geometry of surfaces. Instead of surfaces, one
considers n-dimensional Riemannian manifolds. These are
obtained from differentiable manifolds by introducing a
Riemannian metric. The corresponding geometry is called
Riemannian geometry. Surfaces are two-dimensional

Riemannian manifolds. These concepts will be discussed in

this section.
2.1 Defipition, A Riemannian metric (or Riemannian
structure) on a differentiable manifold M is a
correspondence which associates to each point P of M
an inner product <,>, (that is, a symmetric, bilinear,
positive definite function) on the tangent space T.M
which varies differentiably in the following sense.
If #:UcR" - M is a system of coordinates around
P, with E(x,%,,...x,)= g € X(U), then
a a

3x1’ ij>q = gij(xl' -.-’xﬂ)

is a differentiable function on U.

<

This definitionAdoes not depend on the choice of coordinate
system. The function gi3(X1,...,%,) is called the local
representation of the Riemannian metric in the coordinate
system X:UcR" - M. A differentiable manifold with a given
Riemannian metric is called a Riemannian manifold.

When are two Riemannian manifolds M and N the same?
2.2 Definition, Let M and N be Riemannian manifolds.

15



A diffeomorphism f:M -~ N (that is, f is a
differentiable bijection with a differentiable inverse)
is called an isometry if:
(*) <t,¥>,=<(£,) (8}, (£) (N>,
for all P e M, #d,¥v € TM.
2.3 Definition., ILet M and N be Riemannian manifolds. A
differentiable mapping £:M -~ N is a local isometry at
P e M if there is a neighborhood U ¢ M of P such that
f:U -~ £(U) is a diffeomorphism satisfying (*).
Commonly, it is said that a Riemannian manifold M is
locally isometric to a Riemannian manifeld N if for
every P in M there exists a neighborhocd U of P in M
énd a local isometry f£:U - £(U) < N.
Some examples of the notion of Riemannian manifold are
as follows.
2.4 Example. Let M = R" with 3/0x, identified with
&=(0,...,1,...,0). The metric is given by <&, &> = J;;.
R" is called Fuclidean space of dimension n and the
Riemannian geometry of this space is metric Euclidean
geometry.
2.5 Example, The product metric. Let M; and M, be
Riemannian manifolds and consider the cartesian product
M, X M, with the product structure.
Let m:MXM~M and I,:MXM-~M, be the natural
projections. (See Do Carmo,[3]) Introduce cn M; X M, a

Riemannian metric as follows:
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<8, ¥> ., =<(m) 4, () 7>, + <(m) T, (m) o>,

for all (p,q) €e M X M, &,¥€ Ty (M X M).
The torus S!'X...XS8! = T" has a Riemannian structure obtained
by choosing the induced Riemannian metric from R? on the

¢ and then taking the product metric. The

circle s' c R
torus T" with this metric is called the flat torus.

A differentiable mapping a«:I-M of an open interval
I ¢ R into a differentiable manifold M is called a

(parametrized) curve. A parametrized curve can self-

intersect as well as have "corners".

4
r
r [
M
FIGURE 3

2.6 Definition., A vector field V along a curve «:I-M is
a differenpiable mapping that associates to every t € I
a tangenﬁ vector V(t) € T,. M. The vector field
o. (d/dt), denoted by do/dt, 1is called the yelocity
field (or tangent vector field) of «.
I is a cne-dimensional manifold with tangent vector d/dt
as a basis. The restriction of a curve o to a closed
interval [a,b] c I is called a segment. If M is a

17



Riemannian manifold, the length of a segment is defined

by
12 = b <9 Do gy,
. a dt dt
Let X(M) be the set of all vector fields of class C°
on M and let G(M) be the algebra of germs of C° (smooth)
functions. In order to study the change in a vector field
with respect to a direction, we introduce the notion of
differentiation of vector fields.
2.7 Definition., A linear connection V on a differentiable
manifold M is a mapping V: X{M) X X(M) - X(M) which

v

is denoted by <X,Y¥> - V,Y and which satisfies the
following properties:

1) Vi (¥ + 2) = V¥ + V.2 and V,rY¥ = rV,¥;

2) Y% .,,2 =92 + V,Z and V,Y¥=f%Y; and

3) VY = (X£)Y + £fY¥; X,Y,Z ¢ X(M) and £,9 € D(M).
%Y should be read as the covariant derivative of ¥ in the
direction of X.

Since many developments in the geometry of manifolds
are local, we specify a connection by its local coordinates
as follows.

2.8 Definjtion, let V be a connection on M and let

R:0cR*~M be a system of coordinates about P. The

Christoffel symbols of V with respect to the system of

coordinates are the functions Pﬁk € D(%(U)) defined by

Ve Xy = Voo, (8/02,) - Ti Tis® (3/2%) = Li Tis* X

This shows that there are infinitely many connections on

18



a manifold which can be obtained by prescribing the
Christoffel symbols (subject to symmetry conditions).
2.9 Example, (Flat Euclidean space).
Let M=R". If Y € X(R"), then Y = 2f'2, for some f'e D(R").
Define the flat conncection on R" by V,Y = ¥, (Xf')é,.
By definition, this defines a linear connection on the
manifold R".

V. X,= 0 for all i and j so that r,;" = 0 for all i,j, k.

V.Y is the usual directicnal derivative of a vector-valued

function.

2.10 Example. Let M be flat Euclidean 2-space,

a(t) = (cos £, sin t) for 0 < t < 21 and Y = y&, - x&,.
Since T = -sinté&,; + costé&,, let X = -y&, + x&, so that

Xatty = Tyy. If follows that V¥ = V¥ = Xy&, - Xx&,

= X&, + Y&, and V;¥ = costé&; + sinteé&,.

Other connections will be discussed in section three of

this chapter.

In the Euclidean plane, two lines are parallel if
they have the same slope. Two curves o,B:I-R° are parallel
if their tangent vectors a'(s) and B'(s) are parallel for
each s in I, which implies that their tangent vectors have
the same slope for each s in I.

2,11 Definition. Let M be a differentiable manifold with
a linear connection V. Let «:I-M be a differentiable
curve in M. A vector field V along a curve oa:I-M is
called parallel when V, V = DV/dt = 0, for all t e I.
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2.12 Proposition, Let M be a differentiable manifold

with a linear connection V. Let «:I-M be a differentiable
curve in M and let V, be a vector tangent to M at o(t.),
t, € I. Then there exists a unique parallel vector
field V(t) along &, such that V(t,) = V,. V(t) is called
the parallel transport of V(t,) along «.
(See Do Carmo, [3])

As a consequence of this proposition, if there exists a
vector field V in #(U) which is parallel along o with

v(t,) = V,, then

v

dt

where V = ¥ v\ X; and V,.%; v, X;. Setting V x =%, Ty* X,
1

o = = I; (dvl/at)x; + Lj(dx/ae)v’ v, x,

and replacing j with k in the first sum, we obtain

PX
dt
= ¥, ((avf/dt) + T;; v (dx,/dat)T5 )%, = o.

V.V =

The system of n differential equations in v*(t),

0 = avf/dt + ¥, 5 ;" v? (dxy/dt), k=1,...,n,
possesses a unique solution satisfying the initial
conditions v*(t,) = v .
2.13 Definition, A linear connection V on a smooth

manifold M is said to be symmetric when

V.Y - V,X = [X,¥Y] for all X,Y e X(M).

Local Riemannian geometry is concerned only with the
differential geometric properties of a part of a
differentiable manifold which can be covered by one

system of coordinates, The fundamental theorem of local
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Riemannian geometry states that with a given Riemannian
metric there is uniquely associated a symmetric linear
connection with the property that parallel transport
preserves inner products. This unique linear connectiocon

is called the Riemannian connection of the Riemannian

manifold.

2.14 Definition, Let V be a vector field along a curve «,
and let T be its tangent vector. V is parallel along o
if v, Vv = DV/dt = 0.

2.15 pefinition. Let M be a differentiable manifold with a
linear connection V and a Riemannian metric <,>. &
connection is said to be compatible with the metric
<,>, when for any smooth curve & and any pair of
parallel vector fields V and V! along «, then <V,V'> =
constant.

2.16 Proposition, Let M be a Riemannian manifold. A

connection V on M is compatible with a metric <,> if and

only if for any vector fields V and W along the differenti-

able curve ca:I-M we have

Aev,i> = <OV, 0> + <V, V0> = <2¥ w> + <v, 2¥5  ter.
dt de dt

This implies that if V is compatible with a Riemannian
metric «<,>, then we are able to differentiate the inner
product using the "product rule”. {See Do Carmo,[3])
2.17 Corollary. A connection V on a Riemannian manifold
M is compatible with the metric if and only if

<Y, 2> = «V, ¥, 2> + <¥,V, 2>, for all X,Y,Z ¢ X(M).
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Proof. If X<Y,2> = <WY,2Z> + <Y¥,V,2> for X,Y,Z € X{(M),
then V is compatible with the metric by Proposition
2.16. Suppose that V is compatible with the metric.

Let P e M and let «:I-M be a differentiable curve with
a(t,) =P, t, ¢ I. Let 2|
4
dt
P is arbitrary. Therefore,

eat, X(P). Then

X(P)<Y,2> = <Y, 8>|,., = V¥ T + <Y, V2.
X<Y,Z2> = <V,¥,Z2> + <¥,V,Z>, ¥X,¥,Z ¢ X(M). QED

2.18 Theorem. {The Fundamental Theorem of Local
Riemannian geometry.) Given a Riemannian manifold M, there
exists a unique linear connection V on M satisfying the
conditions:

a) V is symmetric.

b} V is compatible with the Riemannian metric.
This connection is called the Riemannian connection on M.
(See Do Carme(3])
Let ¥: Uc R" - M be a system of coordinates and let
=¥,T';;* X, where T';;* are called the coefficients of the

b
unique linear connection on U or the Christoffel symbols of

VQX

the connection. As a consequence of Theorem 2.18, it
fellows that

YTt g = 1/2{(8/%;) g + (3/0%;) Qs = (8/0%,)9:5)
where g;; = <X;,X;>. Since the g;; are the coefficients of
a positive definite gquadratic form, the matrix (g.,) has an
inverse (g"™).

Therefore,
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Fijm = 1/2 ¥, {(6/0%;) gy + (6/0%y) Qs - (B/GXk)glj}gm
yields the Christoffel symbols of the unique linear
connection. This equation is a classical expression for
the Christoffel symbols of the Riemannian connection in
terms of the g,; given by the metric. In terms of the
Christoffel symbols, V,V = -g% has the classical
expression

DV v, ((avisat) + T Tf v (dx,/dE)) X

dt

23



3. Geodesics

"Straight line" and "point" are two of the undefined
terms in plane geometry upon which the axioms of plane
geometry are built. Straight lines play an important role
in the censtruction and formation of many figures that are
studied. What types of curves play the role of "lines"™ on a
Riemannian manifeld. These "lines" should be curves whose
tangent vectors are all parallel. These "lines" should also
be curves of shortest length joining two points on a
Riemannian manifold. A geometric surface is considered to
be a two-dimensional Riemannian manifold. These "lines" on
a surface are referred to as gecdesics.

3.1 Definition., A parametrized curve o:I - M is a geodesic

at t, e I if V,_ Ta-_(_) =0 at the point t,; if o is a
Ta dt dt
geodesic for all t ¢ I, we say that a is a geodesic.
If [(a,b] ¢ I and a:I -~ M is a geodesic, the restriction
of ¢ to [a,b] is called a geodesic segment joining o to
a(a) to a(b).
If a:I - M is a geodesic, then

d ao do S=2< D dd dod

_<_ —_————g T =V e

dat dt dt de de’ de

This implies that the length of the tangent vector -g% is
constant and the tangent vectors are all parallel.

Let X:U < R" - M be a system of coordinates about
a(t,). We need to determine the local equations satisfied
by a gecdesic o. By Proposition 2.12, in U a curve
a(t) = (x(t),...,x {t)) will be a geodesic if and only if
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D . do dix, dx, dx, F)
0= —(=—) = + % T .
alae) T g T Ty ox,
Therefore,
d’x dx, dx .
dt: + L.y T 755755 =0, k=1,...,n (Equation 3a)

and this second order system yields the local equations
satisfied by a geodesic o«. By the usual existence and
uniqueness thecrem for Ordinary Differential Equations, we
see that for every point P and every tangent vector V, at
P there exists (locally) a unigque geodesic through P with
tangent vector V,.
3.2 Example Let %:U < R’- R’ and let #(r,s) = (r,s,0)
represent the two-dimensional plane in R’. This system
of coordinates represents a two-dimensional manifold in
R’ known as a simple surface. The standard classical
notation for a Riemannian metric is given by

ds’ = Edx!+2Fdx dx,+Gdx! where

E =g =<X,X;> , F = gy; =<X;,X;>,
R
axi

For the two-dimensional plane, X; =(1,0,0) and

and G = g,;; =<X,,X;>, where X; =

X, = (0,1,0) with E=1, F=0, and G=1. Therefore,
the Riemannian metric of the two-dimensional plane
will be the Euclidean metric given by

ds® = dx,® + dx.’.
) 10 i 10 ) )
With (g9iy) = (0 1) and (g') = (0 1) , the Riemannian

connection is ') = 0 for all i,j,k. The differential
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d*x

equations (Equation 3A) reduce to r-0,k=1,2. It

de?
follows that
dir d?s , dr ds
-_ =0 = 0, with —={ —_—=d,.
dt 2 T ! de ' dt 3

Therefore, r = #t+d, and s = d,t+d, and the geodesics
of the Euclidean plane are straight lines.
3.3 Example. Let %:UcR*-R’ and
% (u,v)=(cosu cosv, cosu sinv, sinu),
{u,v) € (-_ZE,-IZ-I-} X R.
The image of ® is the unit sphere $° minus the north pole
and south pole: §° - {0,0,%1}.
X, = (=-sinu cosv, =-sinu sinv, cosu)
X, = (=-cosu sinv, cosu cosv, 0)

With the usual Euclidean metric,

10 5 . 1 |
. — an = 1 .
(9i5) 0 COS%) (97) (5 -
cos?u
The unique Riemannian connection is T'j,? = [y° = —SiBY

cosu
T';;' = cosu sinu, all other I';; = 0. The differential

equations (Equation 3A) reduce to
d?u dv dv
(1) =

- : 2
(2) dv _ 5 sinu du dv

—— =0

dr? cosu dt dt

A meridian of the sphere is given by v(t) = constant.

dv _ d¥v . .
It follows that E—O and ——=0 and equation (2) 1is

dt?
satisfied. Along a meridian u(t) = t so that %:1 and
2
—3—%:0. Therefore equation (1) is satisfied. It
t
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follows that every meridian of the sphere is a
geodesic. The meridian of a sphere is a great circle.
The sphere is symmetrical and there is nothing
geometrically special about this great circle. There-
fore every great circle of the Riemannian manifold
§° is a geodesic.
3.4 Example, Consider a curve in the (r,z) plane given by
r=r(t) > 0, z=z(t). If this curve is rotated about the
z-axis, we obtain a surface of revolution. Let M be
a surface of revolution generated by the unit speed
curve (r(t),z(t)). M may be parametrized by

2(t,8) = (r(t)cosh, r(t)sind, z(t)).
t measures position on the curve and € measures how far the
curve has been rotated. The t-curves are called meridians
and the 9-curves are called circles of latitude. The

Zz-axis 1s called the axis of revolution.

With the usual Euclidean metric,
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1

(gs5) (1 ° ) and (g) = {( 1)
9:5) = 2 and (g7) = (, .
0 r*(t) :;72?

; : . . 2 _ 2 _ ri{t)

The Riemannian ceonnection is [, = I'y" = (t)'
r

Iy,' = -r(t)r'(t), and all other I'; = 0. The

differential equations (Equation 3A) reduce to

(1) d’t -r(t)r {t)-d-e—i.i—o
ds ds
2 /!
(2) L8 4 28, LD
ds r(t) ds ds

(Note: Comparison of this example with that of the
unit sphere 8° shows clearly that the sphere is a

surface of revolution.) A meridian is given by 8(s) =

constant. Then -gg and 326 are zero and equation (2)
is satisfied. Along a meridian t(s) = s, so that -%E-l
and :2 =0 and equation {1) is satisfied. Therefore
every';erldlan of the surface of revolution is a
geodesic.

A circle of latitude is given by t(s) = constant.
Then -%E and -3;% are both zero.

Since V(s)=ﬂ(t(s),9(s))has unit speed,

54 d’t o7 d6 dB
1= Zx .
|?J( %=l 3 3t ds 86 dsl 22(
This implies that 1 = r2 (dejz and 0 + ;ﬁ-ti . It
s r
2
follows that r is constant if t is. Therefore fig=0

ds
and a circle of latitude satisfies equation (2). Since

-%g+ﬂ and r>0, a circle of latitude satisfies equation
(1) if and only if r'(t)=0. This happens if and only
if
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8% — (r'(t)cos®, r'(t)sind, z'(t))

at
is parallel to the axis of rotation (0,0,1). This
implies that a circle of latitude is a geodesic if and
only if the tangent %% to the meridians is parallel to
the axis of revolution at all points on the circle of
latitude.
In a later chapter we will study examples in which the

metric is not induced by the Euclidean metric.

3.5 Definition., The curvature of a unit speed curve «(s)

is given by K(s) = [T"(s)]| = |a"(s)

3.6 Definition., The principal normal vector field of a(s)

/4
is a unit vector-field ﬁ(s%t%%%%- which tells the

direction in which «(s) is turning at each point.

3.7 Definition, The unit normal to the surface at a point

P=R(u,v) =a(S) is Hem L2 iy = 0
= U,V = s = W = .
! |X1xX2| 1 ox,

If R:0cR?~R? is a two-dimensional manifold (called a
simple surface) and y(s) is a unit speed curve in the image

of %, then $=iAXT=AXY’ is called the intrinsic normal of ¥
J(‘lx.l{'2

where H= .
]Xxxl ’
1 2

sign.

§ is well defined on a surface M up to

If P e M, let NM ={r&|r ¢ R}). NM is the set of all
vectors perpendicular to M at P and is called the normal
space of M at P. The tangent space of a surface M at P
€ M is the set TM of all vectors tangent to M at P.

R%=qgmﬂyu and any vector in R’ can be decomposed uniquely

as a sum of a vector tangent to M at P and a vector normal
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to M at P. If this is done for $/(s), then V/(s)=¥{s)+V(s)
where X(s) is tangent to M and ¥(s) is normal to M.

Since T(s)=Y¥(s) is tangent to M, <V,T>=0. <y/,T>=0
and therefore <X(s),T>=0. But <¥(s),#f>=0 and therefore
¥(s) is perpendicular tc both # and 7 and is thus a
multiple of §=AXxT . Define two functions k,(s) and k,(s)
by

k,(s)=<Y"(s),d(Y' (s),Y’(s)})> and

k {s)=<y"{s),§{s)>.

Therefore,

K{s)N(s)=T'(s)=¥"(s) =k, (s)H(s) +k (5) §(s) .

k,{s) is the normal curvature of a unit speed curve ¥ and
measures how the surface M is curving in R°’. ky(s) is the
geodesic curvature of a unit speed curve ¥ and measures how
¥ is curving in M.
3.8 Proposition., (Gauss's formulas) Let Z:uR*® be a
simple surface. Then for any unit speed curve,

o(s) =R (x,(s),%x,(5))

- dxj 1:'.!:.:j
%liP gy qe 2™

2

. d*x dx, dx
= x CLoE 4 3
k.;S-Z, { T + El.] 4 qr dr Y X

(See Millman and Parker,[9])

3.9 Definition, A curve o on a manifold M is a geodesic
(with respect to V) if VvV, T, = 0.

For a geodesic «,

30



VoI = gl T
dx, dx, dx
= + i —4 X
zk ( dtz z 3 ij dr  dt ) k

Therefore if o is a geodesic then k;§ = 0 and k; = 0.
This implies that a geodesic o on M has geodesic
curvature equal to 0 everywhere. Since geodesic
curvature measures how o is curving in a surface M, k;, = 0
everywhere means that o is not turning, i.e., is the
"straight line" of the surface.
3.10 Proposition, A unit speed curve @(s) on a two-
dimensiocnal manifeold M is a geodesic of M if and only if
4" (s) is everywhere normal to the surface (i.e. is a
multiple of the normal to M).

Proof: @=Kki=k §+k,d . If k=0, then &'(s)=Ki=kd

and ® is everywhere normal to the surface. If &

is everywhere normal to the surface, then

W'=KN=k fi=0+k fi and k, = 0. QED
This proposition implies that along all curved geodesics,
the principal normal to the curve coincides with the surface
normal. Since ® is normal to the surface, the inhabitants
of M perceive no acceleration at all. For them the geodesic
is a "straight line".
3.11 Example, Let #:%R*-~R* and
R(t,v)= {(r cost, r sint,v).

The image of % is a surface of revelution known as a

cylinder of revolution or right circular cylinder whose
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radius is r and whose axis of revolution is the z-axis.
Let &:R-R?® be given by &(t)=(r cost, r sint, bt}),

r,b constants 4+ 0. This is called the right helix on
the cylinder of radius r of pitch 2mob.

The principal normal to the curve is
d”{t)= (-reost,-rsint,0)
K{t) r

A normal to the surface is

Nit)= ={=-cost,-sint,0).

X xX, - (zvicost, rv/sint,0) =(cost, sint,0)

B | X, xX, | rv’/

where X,=(-rsint,rcost,0) and X,=(0,0,v"').

Therefore, #=iN and circular helices on the cylinder
are geodesics of the circular cylinder. Since the
cylinder is a surface of revolution, other gecdesics of
the cylinder would be the generators of the cylinder
(meridians} and the circles of latitude for which the
vector tangent to the meridians is parallel to the

axis of revolution at all points on the circle of

latitude.
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3.12 Example, Let R®:0cR>~R® be given by
#{u,v)=((a+bcosu)cosv, (atbcosu)sinv, bsinu}
D<b<a, {(u,v) € R X R.

The image of ® is a surface of revolution known as

a torus. (a+bcosu) represents the distance from the

z~axis. (bsinu) represents the distance aleng the

z-axis. Since the torus is a surface of revolution,
the geodesics of the torus include the meridians

and the circles of latitude where the tangents to

the meridians are parallel to the axis of revolution

at all points on the circles of latitude. These
circles of latitude would be the outer equator and
the inner equator of the torus.

3.13 Definition. A geodesic segment ¢ from P to Q
locally minimizes arc length from P to Q provided

there exists an €>0 such that for any ® which is

sufficiently close (e-close) to ¥ then the length

of @ is greater than or equal to the length of

V:L(@2L(Y) ..
3.14 Theorem. Let ¥ be a unit speed curve in a surface M
between points P=y{a) and Q = ¥(b}). If ¥ is the shortest
curve between P and Q, then ¥ is a geodesic.

The proof will proceed along the following lines.
Start with a length minimizing curve ¢¥ and assume that the
gecdesic curvature is not zero. Then "wiggle" the curve

to form a family of curves with the same endpoints as ¢
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with &=¢y. Let L(t) be the function that gives the length
of & and it must have a minimum at t=0 (& =Y). Therefore
L'(0)=0. Using this fact and integrating by parts leads
to a contradiction.
Proof: Let a<x,<b and let k; be the geodesic
curvature of y. To prove that ¥ is a geodesic, show
that k; (s.)=0.
Suppose that k,(s.) + 0. There exist numbers c and d
with a<c<s,<d<b, k, + 0 on [c,d]. The image of [c¢,d]
under ¥ 1is contained in a coordinate patch ¥. The
segment of ¥ from ¥(¢) to ¥(d) must be the shortest
curve joining y(c) toy(d) or there must be a piece-
wise regular curve from ¥(a) to ¥(c) to ¢({d) to v(b}
that is shorter than ¥.
But ¥ is the shortest curve from ¥(a) to Vi(b).
Let A(s) be a ¢° function defined for c<s<d such that
Af{c)=A(d)=0, A(s,)$0, and A(s)k,(s)20 for csssd.
S=fXP=Axy’ and in the coordinate patch % we have
A(s)S=fvi(s)X, for some v':[c,d]-R. A(s) moves in and
out with endpoints fixed.
Let ¢(s) be given by V{(s)=%(V'(s),V(s)).
Define a family of curves by
&, (3) =% (V' (s)+tvi(s), V¥ (s) +tv2(s))
with |t| small enough (e-close). «, is a curve from
Y{c) to ¥(d) for each choice of t with & =y or

&, (s)=0Q(s;t) . The length of &(s;t) is
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a, 3 X
L(t),f*-’-s Y

L(t) has a minimum for t=0. &(s8;0)=9(3)

> ds .
yields the

shortest path.

L' (%)

|
" 6,
|
A
|
|
v
%

= j“l Otds 05 g4 (Chain Rule)

Pa

At t=0 (&,=V)

Eg Eg _‘EY EY>-1 (Y is unit speed.)
FEMEY ds ds

Therefore,

L' (0) = [« Fu ad

ds
¢ 3sat’ 3s It*
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= d.ii(ég 22> < jﬁg d
I""[ds ot s I"° at’ 3s? It“’] S
o o o P
= S It-nlg_fz‘:‘é"g'ﬁ |z-o ds

ot ds

g%ltﬂ=zvits)ff%45)§ . A was constructed so that
A(c) = A(d) = 0.
Therefore,

0=L'(0)=0 - _[‘:<J\(s)§,kg(s)§+kn{s)ﬁ‘>ds

= - [I(s)k_ {s)ds<0. (V'=k S+k 8 )

This contradiction implies that the geodesic curvature

is everywhere 0 and ¥ is a geodesic. QED

The converse of the previous theorem is false:
If ¥ is a geodesic, then ¥ is the shortest curve
between P and Q. A geodesic need not minimize distance.
Let P and Q be two points on the unit sphere 8° with
P 4 *Q. There are two geodesics of different lengths
joining P to Q. They correspond to the two arcs of the
great circle through P and Q. The longer geodesic does
not minimize dist&nce. However, geodesics locally

minimize length.
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4. Curvature.

An (n - 1) submanifold of an n-manifold is called a
hypersurface. Let M be a hypersurface of R", and let V be
the natural connection on R", and assume N is a unit normal
vector field that is C" on M. Thus <N,M,NM> = 1 and
<N;M,X> = 0 for all P in M and X in T;M. Such an N always
exists locally.

For any P in M and any vector X in T;M, define the
linear map L: T:M - T,M by L(X) = V,N. The vector L(X) lies
in T;M. L is called the Weingarten map and in the case of
R", it has the geometric interpretation of the Jacobian of
the sphere map (Gauss map).

Let N=(a;,+...,3,), S0 the a;, are real-valued C" functions
on M and Y (a;)? = 1. Then the mapping of g:M - §"' in R" is
a C" map of M into the unit (n-1)-sphere S"'. g is called
the sphere map (or Gauss map). If X is in T;M and o(t) is a
curve fitting X with o(0)=P and T,(0)=X, then

gHX) T (0) (Xa,,...,Xa) VN L(X).

N LUON
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The map L is € on M in the sense that if X is C on the
subset A of M, then L(X) = (Xa,,...,¥a,) is also C on A
since each a; is C"on M. The Weingarten Map is the
derivative of the normal and therefore gives the change in

the normal.

In order to study how a two-dimensional manifold M
(simple surface) is curving at a point P, without reference
to a direction, find the eigenvalues of the matrix
(L,') = L (the Weingarten map). These eigenvalues at a
point P will tell us how M curves at that point.

4,1 Definition., Let & be a unit normal vector on U.

The coefficijents of the second fundamental form of

a simple surface %:UcR’-R’ are the functions L
defined on U by L,y = <X, 8>.
Since X;; = Xj;, then L;; = Ly;. The L;; are called the
coefficients of the second fundamental form because the
assignment II(X,Y) = Y, Ly x'y' is a symmetric bilinear
form on T;M, as is the first fundamental form I(X,Y) =
<X,Y> = ¥ x'y) <X, X> = ¥ ¥y gy,
4.2 Theorem. Let M be a surface. Then L is a linear
transformation from T:M to TM.
(See Millman and Parker, [92])
4.3 Theorem. Let M be a surface. If L(X.) =1} L. X, ;
L& = ¥ L, g where (L,') is the matrix representing L with
respect to the basis (X,;,X;}.

Proof: Since X; is tangent to M, <#,X;> = 0, This
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implies that

<, x > =
0= 20T o (08 vy och,x >
axk Bxk

-<L(Xy) ,X;> + Ly = Ly - <Y L’ X;,X:>

= Ly - L Ld <Xy, X> = Ly - ¥ LJ gy;.

Therefore L;, = ¥ L’ g,; and

Y L gn =¥ ij 941 qil =2 ij 5;‘.l = Lk1° QED

The normal curvature k, of o at P depends only on the
unit tangent of o at P. If we know all the possible values
that k, takes on at P, we would know how M curves at that
point. One way to find this information would be to find
the maximum and minimum values that k, obtains called
X, and k;, respectively. The following results are from
elementary linear algebra. (See Ortega,[11]) To find
these values, we determine the maximum and minimum of
II(X,X) as X runs over all unit vectors in T:M. This means
we are maximizing and minimizing II(X,X) subject to the
constraints <X,X> = 1.

Find the critical values of

£(X,A) = II(X,X) - AM<X,X> - 1)

= <L{X),X> - A<X,X> + A = <L{X)-AX,X> + A at P.
The problem has a solution since II(X,X) does have a maximum
and minimum: the set of unit vectors in T;M is closed and
bounded, i.e., compact. The eigenvalues are the roots of

0 = det(L - AI) = A’ - (trace L)A + det L.

Denctes these roots by k,; and k,, with k;, = k..
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4,4 Proposition. At each point of a surface M there

are two orthogonal directions such that the normal curvature
takes its maximum value in one direction and its minimum
value along the other. (See Ortega, [11])

4.5 Definition. The principal curvatures of a surface M

at a point P are the eigenvalues of L (k; and k;) at

the point P. Corresponding unit eigenvectors are

called principal directions at P.
4.6 Definition. The Gaussian curvature of M at P is

K = k,;k, = det L. The mean curvature of M at P is

H=1/2(k, + k;) = 1/2 trace(L).

In the previous examples of two-dimensional manifolds,
the geodesics of these surfaces were discussed. In each
case, the Weingarten map L and the curvature of these
surfaces can be computed.

4.7 Example, For the Euclidean plane %¥(r,s) = (r,s,0),

the metric coefficients were found to be

(9s) = (- °) with i s Wt
) = with inverse = .
diy 01 (g) 01
Therefore L;; = <X, fi> = <0,d> 0 for all i and j and
L (0 0)
oo’

The det L = 0 and 1/2 trace(L) = 0. This implies that the
Gaussian and mean curvatures of the Euclidean plane at any
point P is 0.

4,8 Example, The unit sphere §° - {0,0,%*1) was given by
#(u,v) = (cosu cosv,cosu ginv, sinu), (u,v) € (—%Lﬂg) X R.
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The metric coefficients were given by

1
D .
(g3} = ) with inverse (g'l) = { 1 ).
0 cos’u 0 -
cos*u
i = —-(cosu cosv, cosu sinv, sinu),

., =1, L, = L,, = 0, and L,, = cos® u.

Therefore

1290
L= (0 1) with det L = 1 and 1/2 trace(L) = 1.

The Gaussian and mean curvatures of the unit sphere S’ at
any point P is 1.

4.9 Example,

Let ®%(u,v) = (r cosv cosu, r cosv sinu, rsinv) be
the sphere of radius r.

X, = {-r cosv sinu, r cosv cosu, 0)

X, (-r sinv cosu, -r sinv sinu, r cosv)

i rcosiv 0
g;y = <X,,X;> with (gi;) = (

o r?
1
20 0
13 r‘cos‘u
and (g’) = ( 1)
0 =
r
Lij = <Xijf ﬁ_>
X, = {-r cosv cosu, -r c¢osv sinu, 0)
X2 = (r sinv sinu, -r sinv cosu, 0)
X;; = (=r cosv cosu, -r cosv sinu, -r sinv)
& X, xX, ( ) inv)
= (cosv cosu, cosv sinu, sinv
(X, %X, |
= 2 - - _
Ly = =r(cos’v), Ly =Ly =0, Ly = -r
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L

c
1 il T
L= (L) =% Lyg and L = ( 1)-
0 —
r
Therefore, det L = -Ef and 1/2 trace(L) = -;% which yield

r
the Gaussian and mean curvatures, respectively, of the

sphere at a given point P.

4.1Q Example., For the circular cylinder

#(t,v) = (r cost, r sint, v) the metric coefficients are
r o 1/r’ 0
(gi5) = ( L) with inverse (g”) = { )
v'? 0 1/v?
ILet # = (cos t, sin t,0) with L;; = -r, L, = L,; =0, and

I,, = 0. Therefore,

- 1/r O . 1
L= ( 5 0) with det L = 0 and 1/2 trace(L)= Ere
I

It follows that the Gaussian curvature of the cylinder is

0, while the mean curvature is -Ei .

r
The above examples all had constant curvature : 0.
Now we turn to an example with variable curvature:
positive, negative, and 0.
4,11 Example. In studying the torus, we find that the
Gaussian curvature of a point P depends upon the point's
position on the surface. Let
#(u,v) =((a + b cosu)cosv,(a + b cosu)sinv, bsinu)
O<b<a, (u,v) ¢ R X R. The metric coefficients are
b? 0

0 (a bcosu)?

(gi3) = (
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with inverse

=
(g") = ( L ).
0 ——
(a bcosu)?
A = -(cosu cosv, cosu sinv, sinu} and

Lll = b, le = L21 = 0, L22 = (a + bcosu)cosu-

Therefore
L 0
b ]
L = { ) with
cosu
{a bcosu)
Det L = — 2252 _ which is
bla bcosu)

a) » 0 for —E<u<-13
2 2

I
0 for u = —
2

b)

c} < 0 for -§<u<35

2

These three cases represent the outside, the top and
bottom circle, and the inside respectively.

One of Gauss's deepest and most surprising observa-
tions in his investigation of curved surfaces is that the
curvature of a surface can be expressed in terms of its
metric and thé derivatives of its component functions.
This metric is expressed in the form

Edx’ + 2Fdxdy + Gdy’ where

E = <d/0%x,8/dx>, F = <3/6x,3/0y>, G = <d/dy,d/dy>.
Gauss called this theorem "egregium" because it is so
remarkable. K is defined very extrinsically, in terms of
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fi or L, none of which are intrinsic. Yet K is intrinsic.
4,12 Theorem, Gauss's Thecrema Egregium
The Gaussian curvature X of a surface is intrinsic.

(See McCleary, {8])

Stahl, [13]), gives a version of the formula for finding
K as follows, where E, = 6E/6x, E, = 0E/dy, E;3 = 8°E/dx°,
etc.

4(EG - F)* K

= E[B,G, 2F.G, (6,)?] + F[B.G, B,G, 2B,F, 4F,F, 2F G,]

+ G[B,G, 2B.F, (B,)?] 2(BG F?) [B,, 2F, G,].
This formula will be used to compute the Gaussian
curvature for some of the models of non-Euclidean

geometry discussed in chapter two.
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5. Cut Locus

Take two points P and Q of a connected Riemannian
manifold M and join them by a continuous piecewise
differentiable curve. We can measure the arc length of
this curve using the Riemannian metric. All possible
piecewise differentiable curves joining P and Q will be
considered. Define the distance 4(P,Q) between P and Q
as the infimum of their arc lengths. The distance function
d satisfies the usual three axioms of a metric space:

(1) 4(pP,Q) = d4d(Q,P).

(2) For all points P and Q in S, d(P,Q) = O
and d(P,Q) = 0 if and only if P = Q.

(3) (The triangle inequality). For all P, Q, and
R in the metric space d4(P,Q) + d4(Q,R) > 4(P,R).

This allows us to talk about Cauchy sequences of points of
M and alsc the completeness of M. A metric space is
complete if every Cauchy sequence of points in the space
converges to a point in the space.

Assume that M is a complete Riemannian manifold.
Since a compact metric space is complete, a compact
Riemannian maﬁifold is always complete. A geodesic g(t)
can be parametrized by arclength. A geodesic
g(t) defined on the interval astzb, is said to be
infinitely extendable if it can be extended to a
geodesic g(t) defined for the whole interval, -=<t<«e=.

5.1 Definition. A surface S is said to be geodesically
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complete if every geodesic g:[a,b]-S can be extended

to a geodesic g:R-S.

Take the Euclidean plane and delete the origin. This
yields an incomplete Riemannian manifold because the
positive x-axis is not infinitely extendable. The
following important theorem relates metric complete-

ness and geocdesic completeness.

5.2 Theorem. (Hopf-Rinow) On a complete Riemannian
manifold, every geodesic is infinitely extendable and any
two points can be joined by a minimizing geodesic.

(see McCleary,[8])

At each point P of a complete Riemannian manifold M,
define a mapping of the tangent space T:M at P onto M as
follows. If X is a tangent vector at P, draw a geodesic
g(t) starting at P in the direction of X parametrized by
arclength. Parametrize the geodesic in such a way that
g(0)=P. If X has length a, then we map X onto the pecint

g(a) of the geodesic. Denote this mapping by exp,:TM-M.

P
X

FIGURE 8

This mapping is called the exponential map at P. Exp, maps

a line in the tangent space T,M through its origin onto the
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geodesic of M through P in the direction of the line. Since

every point Q of M can be joined by a geodesic to P, exp,

maps TM onto M.
5.3 Definjtion, Fix a point P of a complete Riemannian

manifold M and a geocdesic g(t) starting at P.

A cut point of P along g(f) is the first point Q

on g(t) such that, for any point R on g(t) beyond Q,

there is a geodesic from P to R shorter than g(t}.

This implies that Q is the first point where g(t)

ceases to minimize distance {(or arclength).

Let A be the set of positive real numbers s such that
the geodesic g(t), Ost¢<s, is minimizing where s=d(P,g(s)).
Either A=(0,x) or A=(0,r) where r is some positive number.
If A=(0,r), then g(r) is the cut point of P along the
geodesic g(t). If A=(0,»), then we say that P has no cut
point along the geodesic g(t). Therefore, if Q is a point
on g({t) which comes after the cut point P'=g(r), such that
O=g(s) with s>r, then we can find a geodesic from P to Q
which is shorter than g(t). If Q is a point which comes
before the cut point P', then we cannot find a shorter
geodesic from P to Q and there is not another geodesic from
P to Q of the same length.

5.4 Theorem. If Q comes before P', then g(t) is the
unique minimizing geodesic joining P and Q.
Proof: Let h(t) be another minimizing geodesic from

P to Q. By moving from P to Q along h(t) and
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continuing from Q to P' along g(t), we obtain a
nongecdesic curve a from P to P' with an arclength
equal to the distance 4(P,P').

Choose a point M on h(t) before Q and also a point

W on g(t) after Q. Taking M and W sufficiently clese
to Q, replace the portion of & from M to W by the
minimizing geodesic from M to W. We obtain a curve
from P to P' with an arclength less than the distance

d(P,P') which is impossible. QED

P

96:)

5.5 Definition, The set of cut points of P is called the

cut locus of P and is denoted by C(P).

If M is a compact Riemannian manifold, then on each
geodesic starting from a point P, there is a cut point of P.
Let M be an n-dimensional unit sphere. As in the unit
sphere S?, the-geodesics are the great circles. If P is the
north pole, then the cut locus C(P) reduces to the south
pole. The cut locus of a point P of a cylinder in R’ is
the opposite generator to that which passes through P.
However, there is a geodesic, namely, the generator through
P, that extends infinitely far.
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6. Geodesic Circles, Normal Neighborhoods, and Conjugate
Points

6.1 Definition, A region D is gconvex if any two points of
it can be joined by a geodesic arc lying wholly in D.
A convex region is called simple if there is not more
than one such geodesic arc. In the Euclidean plane,
every convex region is simple, but this is not so for
a surface in general. The surface of a sphere is

convex but not simple.

£.2 Theorem, (J.H.C. Whitehead (1932))

Every point P of a surface has a neighborhood which is
convex and simple and every point can be joined uniquely to
every other point.

A particular form of Whitehead's theorem is concerned
with a geodesic circle of given center P and radius r. This
geodesic circle (or gecdesic disk}) is defined as the set of
points Q@ such that there is a geodesic arc PQ of length not
greater than r. This geodesic circle and normal
neighborhood will be discussed in this section.

In this section, it will be shown that short enough
geodesic segments behave as well in an arbitrary geometric
surface as they do in R’. In the Euclidean plane, if we
are interested in the distance to the origin, we use polar
coordinates as a convenience. The distance from the origin
to the point %(u,v) = (u cosv, u sinv) is simply u. In R?,

the u-parameter curves are geodesics radiating out from scme
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fixed point P of M.

Such geodesics may be described as follows: If W is a
unit tangent vector at P, let oy be the unique geodesic
which starts at P with initial velocity W. Assembling all
these geodesics into a single mapping yields the following.
6.3 Definition, Let I,k be orthogonal unit vectors tangent

to M at P. Then #{(u,V) = O + sinvk (1) 18 the gecodesic

polar mapping of M with pole P.

The domain of % is the largest region of R? on which
the formula makes sense. A choice of v fixes a unit tangent
vector W = cosvi + sinvk at P. Then the u-parameter curve
u-f(u,v) = ox(u) is the radial geodesic with initial
velocity W. Since |[W| = 1, this geodesic has unit speed, so
that the length of oy from P=0,(0) to ay{u) is just u. At
the origin of R?, the geodesic polar mapping becomes

R(U,V) = Qeosui s sinwk (W) = D + u(cosvi + sinvk)

= (u cosv,u sinv).
Therefore % is a generalization of polar coordinates in the
plane.

The pole P is a trouble spot for a geodesic polar
mapping. To clarify the situation near P, define a new
mapping

F{u,v) =y v (1)
¥ is differentiable and regular at the origin. By the
inverse function theorem, # is a diffeomorphism of some

disc D;: w’ + v* < €’ onto a neighborhood N, of P. N, is
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called a normal neighborhood of P. In the special case M =
R?, # is just the identity map $(u,v) = (u,v). Therefore
for arbitrary M, ¥ is a generalization of the rectangular
coordinates of RZ.

6.4 Jemma., For a sufficiently small number ¢ > 0, let

S. be the strip O<u<e in R®°. Then a geodesic polar mapping
®#:8, -~ M with pole P parametrizes a normal neighborhood N,

of P - omitting P itself.

:é
2.
K
o e
— 98 N
€

FIGURE 10

Proof: Note that # bears to ¥ the usual relationship
of polar coordinates to rectangular coordinates. This
implies that

ﬂ(us) = Olcosvi + siavk (W) = Olucosyi + usiavk (1)

= ¥(u cosv,u sinv).
This formula expresses ¥ as the composition of two
regular mappings:

(1) The Euclidean polar mapping

(u,v) - (1 cosv,u sinv)
which wraps the strip S, around the disc D,, and
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(2) The one-to-one mapping y of D, onto N,.

Therefore % is regular and carries S, in usual polar-

coordinate fashion onto the neighborhood N, - omitting

only the pole. QED

A fundamental consequence of the previous lemma is that
if Q = #(u,,v,) is any point in a normal neighborhood N, of
P, then there is only one unit speed geodesic from P to Q
which lies entirely in N, namely, the radial geodesic
a(u) = X{u,v,), Cguzu,.

6.5 Example, Given the unit sphere S’, let P be the
north pole (0,0,1). The geographical parametrization

£(u,v) = (sinu cosv, sinu sinv, cos u)
vields the geodesics radiating out from P.

Each u-parameter curve is a unit-speed parametrization
of a great circle and is therefore a geodesic.

X, = (cosu cosv, cosu sinv,-sinu) and for u = 0,

X, (0,v) = (cosv, sinv, 0) = cosvi + sinvk

with I=(1,0,0)P and k={(0,1,0)P.

By the uniquenesé of geodesics,

Z{ua,v) ='aamu.,ﬂnw (u) which shows that ® as defined
above is the geodesic polar mapping of S° with pole P.
Therefore the largest possible normal neighborhood N, of P
occurs when € = n, for on the strip S,, ¥ is a polar
parametrization of all the sphere except the nerth and scuth
poles.

6.6 Theorem, For each peoint Q in a normal neighborhood
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N, of P the radial geodesic segment in N, from P to Q

uniquely minimizes arclength. (See 0'Neill,[10])

FIGURE 11

As a result of this theorem, if points P and Q are
close enough together, then as in Euclidean space, there is
a unique geodesic segment from P to Q which is shorter than
any other curve from P to Q. Unlike the Euclidean case,
there may be many other nonshortest geodesics from P to Q.
If % is a geodesic polar parametrization at P, we shall
call the v-parameter curve u=e, the geodesic circle of
radius & whose center is P. . consists of all points at a
distance € from P.

6.7 Example. On a sphere of radius r the geographical

parametrization would be

Z(u,v) = (rsinu cosv, rsinu sinv, rcosu) with
P=(0,0,1).

X, = {rcosu cosv, rcosu sinv, -rsinu) and
X,(0,v) = (rcosv, rsin v, 0) = cosrvi + sinrvk.
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Therefore #(U,V)=0,srvi + sincvk (W) @nd each point P of the
sphere of radius r has a normal neighborhoed N, when
g = nor. This is all of the sphere except the point, -P,
antipodal to the pole P. Therefore, if two points P and
Q are not antipodal (Q + -P) then there is a unique shortest
curve o from P to Q. Intrinsic distance on the sphere is
given by the formula d(P,Q) = rB8 where 8 (0:9<n) is the
angle from P to Q in R’. If P and Q are not antipodal,
then d{(P,Q) = L(a) = r8. As Q moves toward the antipodal
peint ~-P of P, by continuity 4(P,-P) = rn. Therefore no
geodesic segment o of length L(x) > ro can minimize arc
length between its endpoints.
The Gaussian curvature K=(det 1) of a geometric
surface M affects the geodesics of the surface.
(See section four for Gaussian curvature.)
6.8 Definition., A geodesic segment o from P to Q locally
minimizes arclength from P to Q provided that for any

curve segment B from P to Q which is sufficiently near

(e-close) to &, then L(B) : L(a) where L{B) = d(P,Q).

This local minimization is strict (or unique) provided

we get sfrictly inequality L(B) > L({(xa) unless B is a

reparametrization of «.

Think of o as an elastic string or rubber band which
is constrained to lie in M, is under tension, and has its
endpoints pinned down at P and Q. Because o is a geodesic,
it is in equilibrium. If it were not a geodesic, its
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tension would pull it into a new shorter position. If

o is pulled aside slightly to a new curve B and released,
will it return to its original position «? If B is longer
than &, then its tension will pull it back to a.

The study of local minimization on two-dimensional
manifolds depends on the notion of conjugate points. 1If
o is a unit-speed geodesic starting at P, then o is a u-
parameter curve, v=v,, of a geodesic polar mapping % with
pole P.

R(U,V) = Oosvi + sinex (W) = (U cosv, u sinv).

G=<X,,X,>=u’ where X, =(-u sinv, u cosv)

Therefore at u=0, G is zero but is nonzero immediately

thereafter.

6.9 Definition., A point a(s) =X(s,v.,)=(s cosv,,s sinv,)
with s > 0 is a conjugate point of o(C) = P on
provided G(s,v,) = 0 where G=<X,,X,>=s’. (Such points

may or may not exist.)

The geometric meaning of conjugacy rests on the
interpretion of G = ||X.]| as the rate at which the radial
geodesic u-parameter curves are spreading apart. For fixed
e » 0, if /G is large, then the distance from ®(u,v) to
#(u,v+e) is large. This means that the radial geodesics
are spreading rapidly. When /6 is small, then the distance
from ®(u,v) to ¥(u,v+e) is small. Therefore the radial
geodesics are pulling back together again. It follows that
when G vanishes at a conjugate peoint «f(s,) = %(s,,V,), for
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v near v,, the u-parameter curves have all reached this same
point after traveling at unit speed the same distance s;.
However, this meeting may not occur.
6.10 Example, The Euclidean plane gives the standard
rate at which radial gecdesics spread apart. For

®(u,v) = (u cosv, u sinv) with X;=(-u sinv, u cosv),
then G=<X, X,>= u’ and /G = u. Therefore G does not vanish
and there are no conjugate points in the Euclidean plane.
6.11 Example, The unit sphere &° with P=(0,0,1), the
north pole, has parametrization

®(u,v) = (sinu cosv, sinu sinv, cos u).
Therefore, X, = (-sinu sinv, sinu cosv, 0) and /6 = sinu.
Since sinu < u for u > 0, the radial geodesics starting at
the north pole P of §° spread less rapidly than in RZ.
Since /G(m, r)=sinn=0, the radial geodesics all have their
first conjugate point after traveling a distance of 1.
6,12 Example, Let X be a geodesic polar mapping defined
on a region where G > 0. Then G=||x,| satisfies the Jacobi
differential equation

(yé),;, + K /6 = 0 subject to the initial conditions

y6(0,v) = 0, (4G),(0,v) = 1 for all v, where

(vV8), = (3y6/0u) and (y6 )n = (8°/6/6u’) and

K = Gaussian curvature. The restriction G > 0 is
needed to ensure that /G is differentiable. G(u,v) is

Ix:¢0,v) ] = o.

well-defined for u=0 since /G(0,V)

VG need not be differentiable at u = 0, so interpret
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(VG6), (0,v) and (/G );;(0,v) as limits such as

(VG )1(0,v) = lim ., (/G ) (u,Vv).

For the Euclidean plane 6 = u, G(0,v) = 0 and
(yG6).(0,v) = 1 for all v. Therefore the initial conditions
show that as the radial geodesics leave the pole P in any
geometric surface, they are spreading at the same rate as
in the Euclidean plane. But the Jacobi equation shows that
imﬁediately thereafter the rate of spreading depends on the
Gaussian curvature of the surface. For K < 0, radial
geodesics spread apart faster than in R°. For K > 0, the
rate of spreading is less than in R°.

In the Euclidean plane, we found the Gaussian curvature
to be zero. By measuring a short distance & in all
directions from P, we obtain the polar geodesic circle C,
of radius &. The circumference of C, is L(C.) = 2ne. For
K > 0, the radial geodesics from P are not spreading as
rapidly as in the Euclidean plane, so C, will be shorter
than 2ne. This implies that geodesic circles on a surface
of positive curvature are always "too small". For K < 0
the radial geodesics from P are spreading more rapidly than
in the Euclidean plane, and C, will be longer than 2ne.
Therefore geodesic circles on a surface of negative
curvature are always "too large".

As a consequence of the theorem, we can find /G on a

geodesic o by solving the Jacobi equation on o, subject

to the given initial conditions. Let o be a unit-speed
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geodesic starting at the point P in M. Let g(u) = /&G(u,v,)
be the unique solution of the Jacobi equation on o,
g'' + K(ax)g = 0 such that g(0) = 0, g'(0) = 1. Then the
first conjugate point of «(0) = P on o (if it exists) is
x(s,), where s, is the smallest positive number such that
g(s,) = 0.
6.13, Example. Let & be a unit speed geodesic starting
at any point P of the sphere of radius r. The Gaussian
curvature along this geocdesic (great circle) is 1/r®. The
Jacobi equation for o is given

g't + g/r’ = 0 which has the general solution

g(s) = A sin (s/r) + B cos (s/r).
The initial conditions g(0) = 0, g'(0) = 1, yield the
equation g(s) = r sin (s/r). The first zero of this
function with s, > 0 occurs at s, = nr. Therefore the
first conjugate peoint of o(0) =P on o is at the antipodal
point of P.
6.14 Example, Let o be a unit-speed parametrization
of the outer eguator of a torus of revolution T. On «

the Gaussian curvature is

gos u - with u = o.
b (a+bcosu)

It feollows that « has constant positive Gaussian curvature

—1 . The Jacobi equation for o is
b (a+b)

g'*'+ _g =0 which has the general solution
b (a+b)
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g(s) =Asin __ s  +Bcos ___S___ .

vb(a+b) vb{a+b)
Therefore the first conjugate point o(s;) of o(0) = P on
o will occur at exactly the same distance s, along & as if
Q@ were on a sphere with this curvature. The initial

conditions g(0)=0, g'(0})=1, yield the equation

(s) = JB{a+h)sin{—2 ).
I JB(a+h)

The first zero of this function with s, > 0 occurs at
s, = II yb(a+b)
£6.15 Corpllary, There are no conjugate points on any

geodesic in a surface with curvature K < 0. Hence every
geodesic segment on such a surface is locally minimizing.
Proof: Let « be a geodesic in M. Since g(0)=0
and g'(0)=1, we have g(s) = 0 for s = 0 at least up to
the first conjugate point (if it exists). But K<0
implies that g'' = -Kg = 0, so g' is an increasing
function with g'z1. Therefore g(s) > s up to the first

conjugate point which can never occur. QED

If o is a geodesic segment from P to Q such that there
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are no conjugate points of P = o(0) on o, then « locally
minimizes arc length from P to Q. On the circular cylinder
with K=0, the helical geodesic « from P to Q, with Q
directly above P, is locally minimizing, but it is certainly
not minimizing. The straight line segment ¢ provides a much
shorter way to get from P to Q.

In Ordinary Differential Equations, we say that y(x)
oscillates on the interval [c¢,») if y is nonconstant and
has infinitely many zeros on [c,~). Equations of the
form y" + p(x)y = 0 are oscillatory. The Jacobi equation
is of this form. Therefore all solutions of the Jacobi
equation are oscillatory. (See Derrick and Grossman,[2])
This implies that if X:e>0, i.e., if X is positive and

bounded away from 0, then there must be conjugate points.
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7. Gauss-Bonnet Theoren.

A triangle in the plane is determined by three line
segments and the regicon they enclose. A triangle on a
surface is determined by three geodesic segments that
enclose a region and is called a geodesic triangle. Gauss
deduced some of the basic properties of geodesic triangles
including a general relation between area and angle sum.

If a region D is simply connected in a surface S, then
any closed curve in D can be contracted to a point without
leaving the region. From H. Hopf we know that the tangent
along a closed piecewise differentiable curve enclosing a
simply connected region turns through 2n. Y [ a;k,(s)ds
represents the total gecdesic curvature along o, the
boundary of the region D. [/D XK dA represents the total
Gaussian curvature of D with dA the element of area of D.
Z.1 Theorem,. (Gauss-Bonnet) If D is a simply connected
region in a regular surface S bounded by a piecewise
differentiable curve « making exterior angles €,,...,¢g, at
the vertices of «, then

Y jo; ks(s)ds + [[D K dA = 2n - X g,.

(See McCleary,[8]) This formula contains geodesic
curvature, Gaussian curvature, and exterior angles, mixing
up curves, angles,and areas into a remarkable relation.

Gauss's version of the Gauss-Bonnet theorem is

concerned with geodesic triangles. Let R = AABC be such a
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triangle with sides given by geodesic segments. The
interior angles are given by ZA=n - g€,, /B =1 - €, and
(C =11 - &. Therefore 211 - g, - €3 - €

=2n+ /A-n+/{B-10+ /C-10=/A+ (B + LC - II.
Since geodesic curvature vanishes on geodesics, then:
7.2 Corollary. (Gauss) For a geodesic triangle AABC

on a surface, ([ .. KdA = <A + <B + <C - m.

(See McCleary,[8])

In the Euclidean plane, the Gaussian curvature (K) is
zero. Therefore <A + <B + <C = 11, and the interior angle
sum of a triangle in the Euclidean plane is 1I.

On a surface of constant positive curvature, such as
the sphere, let C = [[, . K dA = K -area (AABC) > 0.
Therefore ¢ = <A + <B + «C - 11, and <A + <B + <C =10 + ¢
with ¢ > 0, and the interior angle sum of a triangle on a
surface of constant positive curvature is greater than .

On a surface of constant negative curvature, let
d =[], KdA = K -area(AABC) < 0. Then d = <A + <B +<C
- n, <A + <B + <C =mn + d with d < 0, and the interior angle
sum of a triangle on a surface of constant negative
curvature is less than m.

There are many generalizations of the Gauss-Bonnet
Theorem. In its simplest form it states that positive
curvature everywhere implies positive Euler characteristic.
The Euler characteristic of a surface M is the integer

X =F -E + V. Let M be a compact surface in R°. Suppose
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M can be broken into regions bounded by polygons, each
region contained in a simply connected geodesic coordinate
patch, with the segments of the polygon being geodesics. V
equals the number of vertices, E the number of edges, and F
the number of faces or number of polygonally bounded
regions. This version of the Gauss-Bonnet Theorem relates
two seemingly unrelated quantities, curvature (a
differential geometric quantity) with the Euler
characteristic x (a topological or combinatorial quantity).
7.3 Theorem, (Gauss-Bonnet) If M is compact then

/M K dA = 20¥. (See Millman and Parker,[9])
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CHAPTER 2

NON-EUCLIDEAN PLANE

1. BELTRAMI DISK

The notion of an abstract surface frees us to seek
models of non-Euclidean geometry without the restriction of
finding a subset of a Euclidean space. A set with a system
of coordinates and a Riemannian metric determines a
geometric surface. The models of non-Euclidean geometry in
this chapter are due to E. Beltrami (1835-1906) and
J. Henri Poincaré (1854-1912).

1.1 Definition A function £:S,-S, between surfaces S, and
S, is a diffeomorphism if it is differentiable, cne-to-~
one, and onto, and has a differentiable inverse
function. Two surfaces S, and 5, are said to be
diffeomorphic if there is a diffeomorphism £:S,-S,.

l1.2a Definition, An isometry f:M-N of surfaces is a
diffeomorphism such that

<P, @> = <£,(F),F,(#H)>

for any pair of tangent vectors ¥,# to M,
l1.2b Definition, A mapping of surfaces f:M-N is conformal

provided there exists a real-valued function g>0

on M such that
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<if,¥> = g(P)<f (d}, £ (V) >

for all tangent vectors #&,# to M. The function g is

called the scale factor of f.

If £ is a conformal mapping for which g has constant value
1, then £ is a local isometry. A local isometry preserves
lengths of tangent vectors. Therefore distances and angles
are preserved. Otherwise a conformal mapping is a
generalized isometry in which angles are preserved but

in which lengths of tangent vectors need not be preserved.
At each point P of M the tangent vectors at P all have their
lengths stretched by the same factor.

Beltrami studied and sought local conditions on a pair
of surfaces, S, and S,, that guarantee that there is a local
diffeomorphism of S;-S5; such that geodesics on S, are taken
to geodesics on S;. Beltrami solved the problem when one of
the surfaces is the Euclidean plane. He found conditions
for the existence of a mapping taking geodesics on a surface
S to straight lines in the plane. Such a mapping is called
a geodesic mapping.

1.3 Theorem (Beltrami 1865). If there is a geodesic mapping
from a surface S to the Euclidean plane, then the Gaussian
curvature of the surface S is constant. (See McCleary,[8])

In the case of the sphere, central projection takes
great circles to straight lines. To construct the
projection, fix the tangent plane at a point R on the sphere

and join a point P in the adjacent hemisphere to the center
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of the sphere. Extend this segment to the tangent plane and
this is the image of the point P. Central projection is
defined on the open hemisphere with R as the center.

If R is taken to be the south pole, then

F(A,®) = (-cosA cotd, -sinA cotd, =-1).

A great circle is determined by the intersection of the
sphere and a plane through the center of the sphere. The
image of the great circle under central projection is the
intersection of this plane with the tangent plane, and
therefore determines a line. This projection will be
important for models of non-Euclidean geometry, so consider
the inverse of central projection.

1.4 Propositicon The inverse of central projection of the

lower hemisphere of a sphere of radius R centered at the

origin to the plane tangent to the south pole (0,0,-R) has

the form
R:R?*~5%, E{u,v}=———-31————(u,v,-R).
Re+u“+v
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the p
Riema
the s

X=X, .

Proof: Let Q=(u,v,-R) denote a point in the plane
tangent to the south pole and consider the line segment
in R’ joining Q to the origin. This line segment
passes through a point P on the sphere. Write the
coordinates of the point %(u,v) = P = (r,s,t). The
linear dependence of OP and 0Q implies that

(0,0,0) = 0P X CQ = (-Rs-tv, Rr+tu, rv-su).

It follows that r = % and s = E—;
-p2
The condition ri+s2+t2=r? implies that .
ﬁﬂsi-u!ﬂr:
It follows that fc’{u,v}=(r,s,t)=#(u,v,-m. QED
Re+u“+v

From the inverse of the central projection we can endow
lane with the geometry of the sphere by inducing a
nnian metric on R’ via the mapping #:B*~s?. Since

phere is a surface in R’, compute directly X=X, and

R

]

- (R%+v2,-uv,Ru) and

(RI+uley?) 2

R

4

5 (-uv,R%+u?,Rv).

(R2+u2+v?) 2 67



As in Example 3.2 of Chapter 1, the standard classical
notation for the Riemannian metric of a Riemannian manifold
is given by:

ds’ = Edu’ + 2Fdudv + Gav’
where E=<X,,X;>, F=<¥;,¥%>=<¥;,X;>, and G=<¥X,,X,>. We call ds
the element of arc length or the line element on S. The
coordinate vectors X,,X, determine the following line
element on the sphere and thus on the plane in the induced

metric:
(R2+v?) du?-2uvdudv+ (R2+u?) dv?

ds’ = R®
(RP+u+v )2

Computing the curvature associated with the metric induced
by the central projection yields K(P) = -ﬁ% for all P. This
was computed by using Gauss's Theorema Egregium, Stahl's
formula for curvature, and many tedious calculations.

Beltrami observed that the above calculation depends
on R® and not on R. He therefore replaced R with (/~IR to
develop a model of non-Euclidean geometry. The
abstract surface is the interior of the disk of
radius R in R? centered at (0,0) and given by

D={ (u,v)eR? |u’+v'<Rr?}.

The line element, or glement of arc length, becomes

{v2-R?) du?-2uvdudv+ (u?-r?) dv?

ds? = -R?
(~RZ+utev?)?
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2y 2 2 2_,,2 2
- R (R-v*)du‘+2uvdudv+(R“-u*) dv . (Formula 1)

‘R z_uz_VZ) 2

This formula determines a Riemannian metric on the given
abstract surface. Since R=¢:TR, the curvature is
constant and equal to -i%. The local differential equations
satisfied by the geodesic mapping in Theorem 1.1 will
continue to hold since we have only changed the constant
R°. It follows that the geodesics on this abstract surface
are Euclidean line segments.

Now fix the value of R as 1. Our abstract surface is
the interior of the unit disk, denoted by

Dy = {{u,v) & R*|u?+vi<i}.

This disk is called the Beltrami disk. Let R =1 in
Formula 1. The metric for the Beltrami disk is then given by

(1-v3) du?+2uvdudv+(1-u?) dv?
(1_'{1 2,v2) 2z

ds.B2 =

where B represents Beltrami. The curvature which is
constant becomes -:1=:£=-1.
rR* 1

Choose a convenient point in the Beltrami disk. When
u=0 or v=0 the middle term of ds,®° vanishes and so the
geodesics u*(q,vo) and v-(u,Vv) are perpendicular to the
v-axis or u-axis, respectively. At the center of the disk
the axes themselves are perpendicular geodesics. Our
convenient point is the origin (0,0). To discuss distance
from (0,0) and Euclidean circles centered at (0,0) polar
coordinates on the Beltrami disk are convenient. Let

u=rcosf, v=rsing, du=cos6dr-rsintdf, dv=sinfdr+rcos6ds.
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Rewriting ds;’ as

2 _  (1-u?-v?) (du’+dv?) + (udu+vdv)?

ds
B (1"!1 Z_VZ)Z

and substituting yields

(1-r?%) (dr’+r?d®’) +ride® _ dr? r2q4e?

+ .

(1-r%)? (1-r?y2  1-r?

A Fuclidean line segment through the origin in the Beltrami
model, which is a geodesic, has polar equation ©6=8,, a
constant. If O0=(0,0) and P=(rcos6,,rsing,), then

dr?

(1-r%)?
and the distance in the Beltrami model, denoted by 4;(0,P),

ds,’ =

is given by

s dt _1
dz(0,P) = Iul—_'t—2=-2-1n{

l+r
1-r

¥,

As r approaches 1 the distance goes to infinity. Therefore

Euclidean lines through the origin have infinite length.
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2. Poincaré Disk

One problem with the Beltrami disk is the
representation of angles - the rays may be Euclidean line
segments, but the angles can be far from their Euclidean
appearance in measure. Fix a Euclidean angle, say -g,
between two line segments and place this Euclidean figure at
different points in the Beltrami disk. The angle measure
depends on the position of the vertex. For example, away
from the u- and v-axes, the line segments u-(u,v,) and

v-(u,,v) cross at (u,,v.,) in an angle determined by the
<X, X,>

function F(u,,v,) Where F = ——— * _
(1_u2_vz)2

This next model of non-Euclidean geometry again has the
interior of a Euclidean disk as the underlying abstract
surface. In this model, angle measurement agrees with its
Euclidean measure. An grthographic projection is a mapping
for which all lines of projection are orthogonal to the
plane of projection.
2.1 Proposition. Orthographic projection of the Beltrami
model to the lower hemisphere of the sphere of radius one
centered at (0,0,1) is a conformal mapping.

Proof: Orthographic projection is given by mapping

the Beltrami disk into S§°+(0,0,1),

(u,v)F«(u,v,l—JE:EE:;T).

=) and £,={0,1, ——

41-u§-v5 {l—ui—v:

ds’ = Edu® + 2Fdudv + Gdv?

fl""“-rol )
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(1-v32) du?+2uvdudv+ (1-u?) dv?
1-u?-v?

Comparing this equation with the line element on the
Beltrami disk yields ds’ = (1-u?-v?)ds? and the mapping
is conformal. QED
Orthographic projection takes the geodesics in the Beltrami
disk, Euclidean line segments, to semicircles on the sphere
that meet the equator at right angles.

Follow this mapping by sterecgraphic projection from
the north pole to the plane that is tangent to the south
pole, which is a conformal mapping of a sphere. The image
point P* of a point P on the sphere is the point of
intersection of the straight line through the north pole and
P and the tangent plane at the south pole. In this way, the
whole sphere, except the north pole, is mapped onto the open
plane in a one-to-one fashion. The images of the circles
parallel to the equator are concentric circles with their
common center at the south pole. The images of the
meridians are straight lines through the south pele. The
projection of the north pole is the point at infinity.

The mapping is represented by

RP‘,EEE = P* where
r r

P = (Pl:Per.'i) |"' (

r and R are the distances from P and P*, respectively, to

the z-axis. By using the similar triangles in Figure 15,

§=_r and R 2r

(2-p,) "2y
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Therefore,

2p, 2p,
P = — = P*,
(PllePJ) I"' ( 2_p3 ! z_pa)
-
1= (0,02)
-5

P*

o R
EIGURE 15
As a result of the two mappings, the lower hemisphere
of the unit sphere maps to the disk of radius 2, centered
at the origin,
D, = {((x,¥) ] x* + ¥y < 4).
A Riemannian metric is induced on this disk D,, called the
Poincaré disk, by transfering the Beltrami
metric from the Beltrami disk via the diffeo-
morphism given by.the composite of orthographic and
stereographic projection:

(u, v} b~ tu, v, 1-yI-uZ-vE) | (x, ¥, 0)

where x=——~—33———- and y = .___EX____,

1+\f1-u§-v: 1-v-yf1-uz-v'z

Let w = —-y1-u?-v?, then

udu+vdy dw2={udu+vdv)2 = 2u

JIoatw? WP (1-ut-vHE ]
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2(1-w) du+2udw
(1-w)?

2(l-w)dv+2vdw
(1-w)?

» dy =

This allows us to write

R S 2 z 2
{1-u‘-v*) (du+dv?®) + {udu+vdv) —litdu2+dv2+dw2).

ds2=
3 (1-u2~-v2)?2 W

By expanding dx’ + dy’ and letting w = 1-u’-v?, 1-w'=u’+v?,

and -wdw=udu+vdv, we cbtain

2
dx2+dy2=—-j— (du?+dv2+dw?) =-—4-w——ds§.
(1-w)? (1-w)?

gt 2
Let ds:=Jg;1?—[dx2+dy2), where R refers to Riemann.

W

2 2 2 2 -
Since X :y -1= {ul +V)2- = 2;{1 ;;) =12w , the metric induced
-W - W

by the mapping on D, takes the form

dsi= dxZ+dy”

-] 2,2 "
(1-i-f—>2
It can be shown that the Poincaré disk has constant

Gaussian curvature K=-1 as does the Beltrami disk.

(See McCleary, {87}

As a point (u,v) approaches the rim of the Poincaré
x2+Y2 )

4
approaches zero. Therefore rulers must shrink as they

disk, that is, the circle u’ + v! = 4, then (1 -

approach the rim, so that the disk is bigger than

our Euclidean intuition may suggest. Let ¢ be a

constant polar angle and compute the arc-length function
s(t) of the Euclidean line segment o(t) = (t cosc,t sinog),
0<t<2, which runs from the origin almost toc the rim.

ol (t)=(cosa,sinc) and with the given Riemannian metric,
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<al (£) o (t) >, = — 1 . fTherefore, a(t) has hyperbolic

tz

(1-2_y2
4)
speed

Joey, ey, = jarr)f = ——%c—z—

ll'jr)
It follows that
_ qe_dt at_ 2+t
s(t) jol— 2 2tanh > logE:E.
4

As t approaches 2, arclength s(t) from the origin «(0) to
x(t) approaches infinity. This "short" segment o actually
has infinite hyperbolic length.

When working in the Poincaré disk, polar coordinates
are a natural choice. This allows the metric to depend only

on the distance to the origin. Let
2 2
#(u,v)=(u cosv, usinv), 0<u<2, with JEL:%Z— '
u
1-= 2
. . ( 4)
X,=(cosv,sinv) and X,=(-u sinv, u cosv}.

It follows that

2

E=-_—L——-—'F=O’G= u
1-3%,2 1-2y2
-7 )

2.2 Definition., A Clairaut parametrization %:UcR-M
is a parametrization in which F=<X,,X%>=0 and
E=<¥X,,X,> and G=<X;,X,> depend only on x; (the u-
parameter curves).
2.3 Lemma. If ® is a Clairaut parametrization, then all
the x,=u-parameter curves of # are geodesics.
Proof: A regular curve « in M is a geodesic if and
only if ¢ has constant speed and geodesic curvature
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k,=0. « has geodesic curvature 0 if and only if

and " are always collinear. For a Clairaut
igbs

parametrization we need to show that R; and fu=3;?
are collinear. Since X, and X, are orthogonal, this
is equivalent to XX =0.

0=B,=(X 'X,)=2X X, and 0=P=(X'X)) =X -X,+% X, .

Therefore, X,X,=0 and all the u-parameter curves of

% are geodesics. QED

The polar coordinate parametrization of the Poincaré
disk, ®(u,v)=(u cosv, u sinv), 0<u<2, is a Clairaut
parametrization , by Definition 2.2. Therefore the
u-parameter curves, Euclidean lines through the origin,
are geodesics of the disk.
2.4 Theorem. A curve B(u)=#(u,v(u)), where % is a

Clairaut parametrization, is a geodesic if and only if

dv _ teyE

du ,/—G [c=c?
The constant c is then the slant of B, i.e., in
combination with G it determines the angle T
at which the geodesic B is cutting across the
u-parameter streamlines of #%. (See 0O'Neill,[10])

: ,sz ,
—— p

e — e
e ——

l—i xl
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Since % is a Clairaut parametrization, E and G depend only

on u. Therefore the formula for -gz depends only on u.

u
By the fundamental theorem of calculus, it can be written

in integral form as

v(u)=v(u,) * f@ Edu

fG,/G-cE
Therefore, in our given parametrization of the Poincaré

disk, B(u) = #(u, v(u)) is a geodesic provided

dv _ _tey®E (cg/u?) where g = 1- -"ﬁ
4

du N - y1-(cg/u)?

To carry out the required the integration, set

[+]

-,/1+cz

2
w=3(1+ u—),wherea=
u 4

It follows that ¥ = +9W/du o efore v-v =tcos' w, or
H ‘/1-»I
a u?
cos(V=v,) = w = -E(1+—Z—). Also
2 4u
(¥} u" + 4 - — cos(v-v,) = 0.
2

('T)Ld): (%) \)%Q)

X (UoyVo) = (30)

FIGURE 17

Using the law of cosines in the diagram yields the polar
equation of a circle of radius r, centered at #f{u,v):
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uz

+u?-2u ucos (v-v ) =r?.
Comparing this equation with (*) above shows that B is a
Euclidean circle with u?-r%=4. Since u, > 2, the center
of the circle lies outside the Poincaré disk: xZ%+y2<4.
Orthographic projection is a conformal mapping that takes
the geodesics in the Beltrami disk, Euclidean line segments,
to semicircles on the sphere that meet the equator at right
angles. Then stereographic projection, which is a conformal
mapping, takes the equator to the rim of the Poincaré disk.
It follows that the semicircles on the sphere that meet the
equator at right angles are taken to arcs on the disk that
are orthogonal to the rim of the Poincaré disk. Therefore
the Euclidean circle C is orthogonal to the rim of the
disk.

If follows that the geodesics of the Poincaré disk
¥ + y° < 4 are all Euclidean lines through the
origin, and all Euclidean circles orthogonal to the rim
of the disk.

The geodesics of the Poincaré disk should be
compared to those of the Euclidean plane. Around 300 B.C.
Euclid established a set of axioms for the straight lines
of his plane. The goal was to derive its geometry from
axioms so reasonable as to be "self-evident". The most
famous of these is equivalent to the parallel postulate:

If P is a point not on a line «, then there is a unigque

line B through P which does not meet «.
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Over time, this postulate began to seem less self-evident
than the others. The axiom that two points determine a
unigque straight line can be checked by laying down a long
but finite straight edge touching both points. But to
check the parallel postulate, also called Euclid's V, one
would have to travel the whole infinite length of B to be
sure it never touches o.

Much effort was given to trying to deduce the parallel
postulate from the other axioms. The Poincaré disk
cffers convincing proof that this cannot be done.

If we replace "line" by "route of geodesic", then every

Euclidean axiom holds in the Poincaré disk except the

o

FIGURE 18

parallel postulate.

Given two points one and only one geodesic route runs
through them. . But, as Figure 18 shows, in the

Poincaré disk there are always an infinite number of
geodesic routes through P that do not meet . When the
implications of this discovery were worked out, the hope
of deducing the parallel postulate was destroyed. The

whole idea that R’ is, in some sense, an Absolute whose
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properties are "self-evident" was also destroyed. R’
became but one geometric surface among infinitely many

others discovered by Riemann.
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3. Poincaré Half-Plane
A. Geodesics and Curvature

In 1882, Poincaré used the methods of stereographic
and orthographic projection to provide another conformal
model of the non-Euclidean plane, the Poincaré half-plane.
The Poincaré half-plane can be constructed by projecting the
Beltrami disk orthographically to the lower hemisphere of
the sphere of radius one centered at (¢,0,1). This
orthographic projection is a mapping DcR®’ to the lower
hemisphere of s° for which all lines of projection are
perpendicular to the plane containing D, (Beltrami disk).
This is accomplished by the mapping

(u,v) b (u,v,1-y1-u%-v?).
The sphere is then rotated around the axis through the
center parallel to the x-axis through a right angle to
move the lower hemisphere to the half-space y>0. The
lower hemisphere is now the "right hemisphere." This is
represented by the mapping

(u,v,l—gﬁtzitgz) F- (u,VE:EE:;E,V+l).

Now sterecgraphically project from the north pole. This
takes the new "right hemisphere" of the sphere to the
upper half-plane in R? given by H ={(u,v)|v>0)}. This
stereographic projection is represented by the mapping

N S - 2u 2y1-u’-v?
(u,,/l_u—_v_,vi'l) |" (2—{v+1) T 2= (v+l) )
- (28, 2fimutovr,

l1-v l-v ,
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The composite mapping of the Beltrami disk into the Poincare

half-plane is

—17 2y 2
(u,v) |- ¢ fu '2¢11fv v )

AP

To find the metric on the half-plane induced by this mapping

let
w=y1-ut-v:, dw = %LZEEEE:EEEE, -wdw=udu+vdv,
w
% = 2u , Y = 2w . ax 2(1-v)du+2udv' and
1l-v 1-v {1-v)?

2{1-v) dw+2wdv
(1-v)?

dy =

The Beltrami metric can again be expressed as

dsy’ = —12-(du2+dv2+dw2) and
w2 o »
dx’ + dy’ = -——4--(du2+dv2+dw2) = —4—‘1———d52=y2d32.
(1-v)? (1-v)?

This equation yields the induced metric (called the Poincaré

metric)

ds.? = dx2+dy2.

P
YZ

The Poincaré half-plane represents the abstract surface with
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the given induced Riemannian metric.

3,1 Proposition Let h be a Euclidean circle with center
C(c,0) and radius r. If P and Q are points of h such that
the radii CP and CQ make angles o and B (o<B), respectively,

with the positive x-axis, then the hyperbolic length of

csel-coth
cscoi-cota
Proof: Let t be the angle from the positive x-axis to

arc PQ = 1n

the radius through an arbitrary point (x,y) on h, then

x=c+rcost, y=rsint, dx=-rsintdt, and dy=rcostdt.

Y

(c0) X
FIGURE 20

Hyperbelic length of arc PQ =

I.\fdxz-l-dyz _ }.J]-rsintdt)2+[rcostdt)z
v

rsint

= | zdt I‘csctdt=lni§§gt5352. QED
rsint o cseti-cota

3.2 Proposition. The hyperbolic length of the Euclidean
line segment Jjoining the points P(a,y.) and Q(a,y:).,
0<y.,<y., is 1ln 32.

¥y

Proof: x=a constant and dx=0. The hyperbolic lenéth
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of PQ =

2 2 Y.
I:dx +dy :J‘yzﬂzln_z . QED
¥ 1y ¥y
A geodesic segment in the Poincaré half-plane is a
curve whose hyperbolic length is the shortest among all the

curves that join a given pair of points in the hyperbolic

plane.

3.3 Theagrem The geodesic segments of the Poincaré half-
plane are either
a) segments of Euclidean straight lines that are
perpendicular to the x-axis or
k) arcs of Euclidean semicircles that are centered on
the x-axis.
Proof: Let P(x;,y,) and Q(x,,y¥:) be any two points of
the Poincaré half-plane, and let h be a curve joining
them.

a) Case I: ¥, = X,

In this case, the Euclidean line segment PQ is
perpendicular to the x-axis. Let the geodesic segment
h have equation x=f(y) and dx/dy is given by f' so

that dx=f'dy. The hyperbolic length of h is

2 Iif& = 1ln —.

In Proposition 3.2, 1n ¥ was shown to be the
¥y
hyperbolic length of the Euclidean line segment PQ
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joining points P(a,y;) and Q(a,y:). This implies that
segments of Euclidean straight lines perpendicular to
the x-axis are geodesics of the Poincaré half-plane.

b) Case II: x;+ X,

Y

X

In this case, the Euclidean line segment PQ is not
perpendicular to the x-axis. TLet C(c,0) be the x~-
intercept of the perpendicular bisector teo PQ. Place

a polar coordinate system so that its origin coincides
with € and its initial ray points in the same direction
as the positive x—-axis. Let the geodesic segment h be
a part of the curve whose equation is r=£(08). Let

the coordinates of P and Q be (r,,®) and (x,B8),
respectively. The hyperbolic length of h is

I = ﬁdx?dyf
h — -

¥

Relate these polar coordinates to the defining
Cartesian coordinates by the equations:
X = ¢ + rcos®, vy = rsinf.

It follows that
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deos®

co38+r =r‘cos®-rsin® and

dSine A
————=r/ain@+rcosd .
db

(r'cos8 - rsinf)? do* + (r'sind® + rcosd)? de?
= (r'? + r?) d4e’.
It follows that
[ yaxTrdy? o fZDTer?
v rsinb

¢seB-cotd

/o7
dae = j* 6 do =1
> Jn j“ ese n csco-cotd

rsin®

In Proposition 3.1 this expression was shown to be

the hyperbolic length of the arc of the Euclidean
circle with center C(c¢,0) and radii cpP=CQ. It follows
that this arc is the geodesic segment joining P and Q
and that arcs of Euclidean senmicircles with centers on
the x—-axis are geodesic segments of the Poincaré half-
plane. QED

3.4 _Example . Find the hyperbolic length of the geodesic

segment joining the points A(8,4) and B(0,8).

B(0,;8) )

A (S

- o) ’ X
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Find the intersection of the perpendicular bisector to

the Euclidean line segment AB with the x-axis. This gives
point € which is the center of the geodesic joining A and
B. The Euclidean straight line joining A and B has slope

£:§=%; and the midpoint M of the Euclidean line segment AB

8-0
has coordinates (0;8,8;4

perpendicular bisector has equation y-6=2(x-4) and the

y={4,6}. Therefore the

x-intercept is (1,0). CA=CB=y(8-1)%+(4-0)2=/65. It follows

that the hyperbolic length of the geodesic segment from A

to B is f65 -1
cscB-cot 8 d(7;
1n = — = In — . = 1.45.
cse~cot _@ 7
4 4 , dx2+dy.2 \
Consider the Poincaré metric —_— Using Stahl's
y
formula for Gaussian curvature yields the following:
E=—5, F=0, G=—, E=0, Fi=0, G:~0, Ef%:
=2 __6 - —0
FQ-O, GQ—?, EZZ_F'FIZ-O'GII—O'
1 1,4 1,4 1 6
U=-0)2K = = (—=)+=(—)2(=){—);
y Yy vy Yy v y ¥
4K -

——=-%-: 4K==-4; and K=-1.

Therefore the Poincaré half-plane with the given Poincaré
metric has coﬁsﬁant curvature K=-1. By Corollary 6.15,
there are no conjugate points an any geodesic in a surface
with Gaussian curvature K<0. Hence every geodesic segment
on such a surface is locally minimizing and the circum-
ference of the polar geodesic circle will be longer than
2ne for a given >0, € small.
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B.

Relationship Between Euclidean Circles
and Hyperbolic Circles

Given any point C, a positive real number r, and any

ray (half-geodesic) h emanating from C, there is a

peint P, on h that is at a hyperbolic distance of r from C.

The locus of all such points P, is the hyperbolic circle

with center € and hyperbolic radius r.

3.5 Proposition If a Euclidean circle has Euclidean center

(h,X) and a Euclidean radius r, then it has the hyperbolic

center (H,K), and the hyperbolic radius R, with

Heh, K=ykZ-2?, R= =1nX*L | and
2 k-r

h=H, k=K cosh(R), r=K sinh(R)}.
Proof: Let B and C be, respectively, the points of
the circle that lie directly above and below (h,k).
Their coordinates are B(h,k+r) and C(h,k-r).

The hyperbolic length of BC (dx=0)

- I \/dx2+dY2 = t-rti_y = 1n k+r .

y -r v k-r

B (h ) K+r)

CCh]H‘f‘)
FIGURE 23

This is the hyperbolic diameter of the circle and the
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hyperbolic radius R = Linker
2 k-r

Euclidean line segment perpendicular to the x-axis at

. H=h since x=h on the

h. (H,K) should be the hyperbolic midpoint of segment
BC. By Proposition 3.2 of chapter 2, the hyperbolic

length of the Euclidean line segment joining points

(h,k+r) and (h,K)=(H,K) is ln-’%E and the hyperbolic

length of the Euclidean line segment joining the points

(h,K)=(H,K) and (h,k-r) is lnTK—' For (H,K)=(h,K) to
-

be the hyperbolic midpoint of segment BC, then

1n k+r=lnigi- and K2*zk?-r?, K=Jk*-r? .
-r

Lin X 5o inverted it ylields

When R= —
2 k-r

P ars
a“=1

-

x =coth(R) .
X

Let K’=k’-r®’ so that k’=K’+r’ and solve the above

equations simultanecusly, then
K2
2

ri=— = _ _=K?3inh?({R) and r=Ksinh(R).
coth?(R) -1

k2=K*+r2=Kk2+K?sinh?®(R) =K?(1+sinh?{R) ) =K2cosh?(R)

and k=Kcosh(R). QED

3.6_Corollary  Every Euclidean circle in the upper half-

plane is a hyperbolic c¢ircle. Every hyperbolic circle is

also a Euclidean circle.

Rigid Motions

3.7 Definition A mapping f:R*~R" is an iscometry if, for

all o,#eR", |£(oy-£(d|=]v-a].
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The notion of isometry makes precise the ideas of
rigid motions and congruence. We define a congruence to
be a self-isometry of a surface, ¢:S-S. Two figures, that
is subsets of S, are congruent if there is an isometry with
¢ (figure,) = figure,. A figure made up of segments of
curves on a surface may be thought of as rods in a
configuration and the term rigid motion is synonymous with
congruence. Therefore, a rigid motion is considered to be
a transformation of a surface that does not distort its
configurations.

In Euclidean plane geometry, two triangles are
congruent if there is a rigid motion of the plane which
carries one triangle exactly ontoc the other. For these
congruent triangles, corresponding angles and corresponding
sides are congruent and the areas enclosed are equal. Any
geometric property of a given triangle is shared by every
congruent triangle.,

3.8 Example A translation of R® is an isometry. Fix a
point A in R’ and let T be the mapping that adds A to every
peint of R*. Therefore, T(P)=P+A for all points P. T is
called translation by A. T is an isometry since

IT(P)-T(Q) =] (P+a) - (Q+a) [|=>-Qf -

3.9 Example  In R? the rotations given by

cos® -sind vy
T, (P) =

8in® cos6 v,

in the standard basis are isometries.
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[ ts#]2=[ (cosOv,~8inbv,, inbv, +cosbv,) |2

=cos’0v’-2cosfsindv,v,+sin’@v +sin’Ov’+2cos0sindv, v, +cos’ov}
= viewe| ol

3.10 Thegorem If F and G are isometries of R*, then the

composite mapping GF is also an isometry of R®.

Proof: Since G is an isometry, |G(F(P))-G(F(Q))]

I

IF(P)-F(Q)]]. Since F is an isometry ||F(P)-F(Q)]

|P-Q|l. Therefore GF is also an isometry. QED

The rigid motions (isometries) of Euclidean and
hyperbolic space have formulations in terms of complex
numbers. The Poincaré metric brought to light the role
played by complex numbers in this and other geometries.
Many mathematicians have come to think of the points of
the Poincaré half-plane as complex numbers z=x+yi with a
positive imaginary part.

If ¢ is any fixed complex number, then the function
f(z)=2z+c is a translation of the Euclidean plane and every
translation of the plane is expressible in this manner.
For any angle ¢ and any complex number c, the function

f(z)=e*(z-c)+c = ez + (1-e'™c
is the rotation about c, R., where e’ = cosa +isina.

The 90° counterclockwise rotation of the plane about the
point (0,1) has the expression

Rine = ™2 (z-i)+i = i(z-i)+i = iz+1+i
in terms of complex numbers. If m is any line with

inclination o to the positive x-axis, and ¢ is a point on
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m, then the function f(z)=e*® Z-¢ + ¢ is the reflection
in the line m where z=x-yi is the conjugate of z=x+yi.
3.11 Theorem The rigid motions of the Euclidean plane
all have the form

f(z)=e'z+c or f(z)=eZ+c
where o is an arbitrary real number and ¢ is an arbitrary
complex number. Conversely, every function of either of
these forms is a rigid motion of the Euclidean plane.
(See Stahl,[13])

This leads us to the complex description of the rigid
motions of the hyperbolic half-plane. Horizeontal transla-
tions and reflections in vertical lines, which are
geodesics, are also Euclidean rigid motions. They can be
expressed as f(z)=z+r or f(z)=-z + r, respectively, where
r is an arbitrary real number. A hyperbolic reflection is
either a Euclidean reflection in vertical lines, which are
geodesics, or an inversion centered at some point on the
x-axis.

3.12 Theorem. The following transformations of the
hyperbolic plane preserve both hyperbolic lengths and
measures of angles:

a) inversions I_, where C is the center of a circle

on the x—-axis and k is the radius;

b) reflections g, where m is perpendicular to the

Xx-axis;

¢) translations T1,; where AB is a Euclidean segment
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parallel to the x-axis.

Proof: Inversions of the form I., are conformal
transformations of the plane. Therefore Euclidean
measures of angles are preserved. The hyperbolic
measure of an angle coincides with its Euclidean
measure, and inversions of the form I_,, preserve
hyperbolic measures of angles. Place a

polar coordinate system with its origin at C and
its initial ray along the positive x-axis. Let

h denote the curve r=£(6), «<0<A. The inversion I_,

2
maps h to h' given by r=F(9)= -E%ET, a<B<B.
As in the proof of Theorem 3.3, the hyperbolic length
of h' is
f 2 2 ! iy 2 2
Ih' (r) +r de - I.G (F) +F d
rsin® ® Fsin®
(ZkiElye, K
2 v 2 2
N £ £ g0 = Y UENHET o
« e ® fsind

k?sin—
b4

N2, .2
=[y JEEE%:EE: dd = hyperbolic length of h.
rsin

It follows that the given inversion does preserve
hyperbolic lengths and hyperbolic measures of angles.
For the proofs of parts b & ¢, see Stahl,[13]. QED
I.,» represents an inversion whose fixed points are
exactly those that makeup the circle centered at C with

radius k. Euclidean reflections are defined so that their
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axes are perpendicular bisectors of the line segment joining

any point to its image.

M
EIGURE 24

Consider the reflection ¢, whose axis is the vertical
line m, a gecdesic, which is above the point M on the x-
axis. If P is any point of the upper half-plane, let h be
the geodesic through P that is an arc of a semicircle
centered at M. Since h and m are orthogonal at their
intersection A, it follows that o,(h)=h and so P'=C,(P) is
also on h. ¢, is a hyperbolic rigid motion (as well as a
Euclidean rigid motion), and so the gecdesic segments PA and
P'A have equal hyperbolic lengths. Therefore, m is the
hyperbolic perpgndicular bisector of the geodesic segment h
joining P to ifs image P'=g,(P).

Next look at the hyperbolic reflection that consists
of the inversion I., where C is some point on the x-axis.
This inversion fixes every point on the geodesic n through
B which is an arc of a semicircle centered at C with radius
k. Therefore think of the geodesic n as the axis of I_,.
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For any point Q between the x-axis and the geodesic n, let
Q'=I.,(Q) and let w be the geodesic that contains Q and is

orthogonal to n at their intersection B.

FIGURE 25

It follows that I ,{w)=w and so Q' too is on w. I_, is a
hyperbolic rigid motion and so the geodesic segments QB and
Q'B have equal hyperbolic lengths. Thus n is the hyperbolic
perpendicular bisector of the geodesic segment joining Q to
its image Q'=I,,(Q). Therefore hyperbolic reflections

satisfy the definition of reflections for Euclidean motions.

3.13 Proposition Let m and n be two Euclidean lines
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{(geodesics) that intersect at a point A, and let o be the
counterclockwise angle from m to n at A. Then 0,°0, = Ry 34
(See Stahl,[13], and Figure 26)
Since hyperbolic reflections satisfy the definition
of reflections for Euclidean motions, this proposition
implies that the composition of two hyperbolic reflections
with intersecting axes is a hyperbolic rotation. The center
of this rotation is the intersection of the axes and the
angle of the rotation is twice the angle between the axes.
3.14 Theorem  Every Euclidean rigid motion is the
compesition of at most three reflections. (See Stahl,[13])
Since hyperbolic reflections satisfy the definition of
reflections for Euclidean motions, the following theorem
is implied.
3.15 Theorem  Every hyperbolic rigid motion is the
composition of at most three hyperbolic reflections.
3.16 Example In the geodesic which is the arc of a
semicircle with center A=(a,0) on the x-axis and radius k,

the inversion I, is given by

—— +&
z-a

IA,k(za =

. 2
If A=(0,0), then I, )= j;” The inversion I, has the
z

2
expression 3; and so it maps the peint 1+1 to the point
z
2
_—2==—£—= 2+2i. (See Figure 27)
1+ 1-4
2 —
If A=(3,0), then I,, has the expression 4 +3 = 32+7

z-3 z-3
and so it maps 1+i to the point :ll%iﬁi, (See Figure

26



27) The inversions given are hyperbolic reflections whose
axes intersect. Therefore the composition R=I, ;- I, is a

hyperbolic rotation.

(47+16)

' 5

3.17 Theorem The rigid motions of the hyperbolic plane
coincide with the complex functions that have the

following forms:
a{-z) +8
v(-z)+5

oAz+B

1) £(2) =25

or ii) f(z)

where o, B, v, & are real numbers and cd-8y>0.

lz+r
0z+1 '
and the reflections in vertical lines (geodesics),

1(-Z) +r
0(-z)+1

Proof: Horizontal translations have the form

have the form Reflections in geodesic arcs

have the form
k? vas az+k*-a?_ -a(-z) +(k?-a?)
2-a zZ-a ~-{-z)-a

with ad-8y>0. If f and g are two functions that have
this format, then so does their composition. Since
every hyperbolic rigid motion is the composition of
some hyperbolic reflections, it follows that all
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hyperbolic rigid motions have either form i) or

form ii). QED

az+b

Transformations of the type f(z)= ror where a,b,c,d
cz

are allowed to be any complex numbers as long as ad-bc#0,
are called Moebius transformations. If z,=a+bi is any
peint of the half-plane, then the Moebius transformation
f(z)=-fii is a hyperbolic translation that carries z, to
i, and its inverse f!(z)=bz+a carries i to z,. Therefore,
given any other point z,=c+di of the half-plane, the
composition

a(22 yic = dz+{bc-ad)
b Oz+b

is a hyperbolic rigid motion that carries z, onto z,. If

b=d, then this is a horizontal Euclidean translation. If

4z+(-3-3-2-4) - 4z+17
-3 -3

hyperbolic rigid motion that carries z, onto z,. Hyperbolic

z.=2-3i and z,=3+41i, then is a
rotations are characterized by a single fixed point in the
half-plane. To find the rotation, find the center and

locate the image of one other point.

R
4
o .
L
Ll
o
EIGURE 28
3.18 Example Let f(z)=—2=22"1 1ot z=i. f£(i)=I1=i
zZ lz+0 i

and this rotation is pivoted at 1i. f(2i)=-%¥=%-and it
i
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follows that the angle of rotation is 180°. Therefore
f(z) is a Mcoebius transformation that is the hyperbolic

rotation by 180° about the point i. (See Figure 28)

D. Geodesic Triangles

3.19 Definition A hyperbolic triangle ABC consists of

three points A,B,C (vertices) that do not lie on a
single geodesic and the three geodesic segments (sides)

that join each pair of vertices. A hyperbolic triangle

is said to be in gtandard position if the vertices
A,B,C have coordinates (0,k), (s,t), (0,1),
respectively, where k>1 and s>0.
3.20 Proposition Every hyperbolic triangle can be
brought into standard position by a hyperbolic rigid
motion.
Proof: Let the hyperbolic triangle ABC have its
vertices C at (0,1) and B at (s,t) with s>0, but
A is at (0,k) with k<1. Let z=ci with c<l. The
reflection I, .. £;=-i=:—£-=£>1 will transform
. zZ 71 =—ei ¢
triangle ABC into triangle A'B'C' that is in
standard position. (See Figure 29)
If the hyperbolic triangle ABC has both of its
vertices A(0,a) and C(0,c) on the y-axis, then by
reflecting this triangle in the y-axis, if necessary,

then B(s,t) has s>0. The reflection Iy, vz transforms

triangle ABC into a triangle in standard position
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where I@vga:=;———=——=i. (See Figure 29)

If the hyperbolic triangle ABC is in an arbitrary
position, assume that its side AC is a segment of

a geodesic arc g that joins two points D and E on the
¥—-axis. Horizontal translations are hyperbolic rigid
motions. This allows us to assume that E is at the
origin. If D=(d,0) then the inversion I, transforms

g onto the y-axis where

2 2
Ip,4 = f +D = _d +D .
z-D z~-D

The given triangle is transformed intoc triangle A‘B'C!

which has one of its sides on the y-axis. By the

previous steps in this proof, triangle A'B'C' can be

brought into standard position. (See Figure 29) QED
3.21 Proposition At any given point P, let g be a
vertical geodesic ray and let g,,¢,,9, be geodesic arcs
centered at ¢,,C,,C, respectively. Then

L{g,9,)=LDC\P, L(g,,9,)=LCPC,, and [L(g,,g,)=0-C PC,.
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Proof: Let D' be a point of g such that P is between
D and D'. Let PT, and PT, be the Euclidean tangent
lines to g; and g,, respectively, at P. Since the
tangent to a circle is perpendicular to the radius at
the point of contact, then

B = £(91,9,) = {(T,PT, = LT PC~LT,PC
II

= STLT,PC, = LT,PC,-LT,PC, = (CiPCy;
o = i(glgl) = [D'PT}_ = II = ZTIPCI - ZCIPD
= B_scpp = sDC,P;

2 1

Y = (Y5, 91) = £(93,9) + £(g,q1) = (PCD + (DC,/P
=1 - (C,PC,. QED
The Poincaré half-plane has constant curvature

K=-1. By the Gauss-Bonnet Theorem and its corollaries,
the interior angle sum of a triangle in the Poincaré half-
plane is less than n. This is the only constraint on the
angles of the hyperbolic triangle. The next thecrem's proof
contains a blueprint for the construction of hyperbolic
triangles with specified angles such that o+B+y<m.
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3.22 Theorem  Given any three angles whose sum is less
than 11, they are indeed the angles of some hyperbolic
triangle.
Proof: Let «, B, vy be three arbitrary positive angles
such that o+BR+vy<n. Let triangle ABC be a hyperbolic
triangle in standard position such that /CAB=«,

/ABC=(, and (BCA=v.

’q (01%)

H-vy0) 0 d(uﬂ) X
FIGURE 31

Let G(u,0) and H(-v,0) be the Euclidean centers of
the gecdesic arcs BC and AB, respectively. Let r
and s be their respective Euclidean radii. /CGO=y,
(OHA=x(, (HBG=B by proposition 3.21. The trigonometry
of the Euclidean triangles GCO, AHO, and BGH yields
the constraints:

(1) u = rcosy

(2) Vv = scosd

(3) (u+v)? = r’ + s* - 2rscosB.

By the Pythagorean Theorem r’=u’+1. Along with (1)
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it follows that
r = cscy and u = coty.

Substitute u, r, and v in (3) to get

(coty+scosa)? = csc’y + s - 2scosBescy
which simplifies to the quadratic equation

(4) s’sin’a - 2s(cosacoty + cosBescy) + 1 = 0.
It follows that if triangle ABC is a hyperbolic
triangle in standard position that satisfies these
constraints, then its angles are indeed o,B,y. The
quadratic equation (4) has discriminant

4 (cosacoty + cosBcscy)’ - 4sin‘a.
If this discriminant is necessarily positive, this
guarantees that the quadratic equation (4) does have
solution in s. Since a+8+y<n, then a+y<n-B8. The
cosine function is monotone decreasing in the first
two quadrants. Therefore we have the following
sequence of eguivalent statements:

cos (a+y) > cos(o-B) = -cosB,

cosocosy - sinasiny > -cosB,

cosccosy + cosB > sinasiny > 0,

cosacoty + cosfcscy > sina > 0,

(cos&cotv + cosBescy)? > sina.
The last inequality establishes the positivity of
the discriminant of (4). It follows that this
quadratic has twe real sclutions for any given

positive angles o,B,y such that o+8+y<n., If
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v=gcosd, then s, v, u=coty, and r=cscy satisfy
equations (1), (2), and (3) and so the given
hyperbolic triangle does exist. QED

3.23 Example

1) Construct a hyperbolic triangle in standard position
with given angles: «o=30°, B8=50°, y=60°.

r=cscy=1.1547, u=rcosy=0.57735;

s’sin‘a=-2s (cosacoty+cosBescy)+1=0 yields

s?(.26)=25(1.2422)+1=0 and s= 2‘434401\’55'1702 )

5=9.52 or s5+0.421. Let s=9.52, then

v=s5Ccos0=8§.244 and k=ssino=4.76.

2) Construct a hyperbolic triangle in standard position
with the given angles: o=60°, B=50°, y=30°.

u=rcosy=1.73, r=cscy=2, s°(.75)-2s(2.152)+1=0,

and s= 4‘30§%2?5'52. s~5.5 or s=0.24.

Let s=5.5, then v=scosu=2.75 and k=ssina=4.76.
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st
.
1,67
FIGURE 33

3) Construct a hyperbolic triangle in standard position
with the given angles: o=B=y=50°,

r=cscy=1.305%, u=rcosy=0.839, s’(0.587)-2s(1.378)+1=0,
and s= 2.756y5.25 . 8=4.3 or s=0.396.

1.174
Let s=4.3, then v=scosa=2.76 and X=ssino=3.29

In each of the three constructions, the hyperbolic
lengths of the sides of the triangles were found using
Propositon 3.1, Proposition 3.2, and Example 3.4 of this

chapter as well as the hyperbolic trigonometric formula:
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gind sind ainy
sinha 3inhb sinhe

Let triangle ABC be any hyperbolic triangle with angles
o, B, and y with /CAB=a, /ABC=B, and /BCA=y. Place this
triangle in standard positon, and let r and s be as in the
previous constructions. C and A have coordinates (0,1) and
(0,s sina) respectively. By Proposition 3.2 of this
chapter, the hyperbolic length of the side AC is
|ln(s sinx)|. s was found by solving the quadratic
equation as in the previous constructions. It would seem
possible that there would be two triangles in standard
position determined by these angles. But there is only
one. Let s; and s, denote the two possible values of s.
Since these are the roots of the quadratic eguation (4)

in Theorem 3.22, it follows that

8. 8,= L and therefore s, sing=—>——.
sin’o s,sinot
However, Ilnéj = |1ln x| and so the length of side AC as

given by |[1n (s sina)| is completely determined by the
angles o, B, and y. This argument could have been applied
to any side of the hyperbolic triangle ABC. It follows
that every hyperbelic triangle is completely determined
by its angles.
3.24, Theorem, If two hyperbolic triangles have their
respective angles equal, then they are hyperbolically
congruent.

Generally speaking, a Euclidean triangle is completely
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determined by any of its three sides and three angles. An
exception to this rule is the fact that a Euclidean triangle
is determined only up to similarity when only its three
angles are given. In the hyperbolic plane, this exception
does not occur and a triangle is completely determined

by its angles. 1In construction (3), «=B8=y=50°. The
hyperbolic length of each side of the hyperbolic triangle
was found to be approximately 1.19. This will be true for
every hyperbolic triangle with a=B=y=50°. Therefore, in
the hyperbolic plane, similar triangles are congruent!

So if you lived in a 30°-30°-30° triangular house in
hyperbelic space, you could buy carpet and furniture

custom made to fit.
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