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Elastic scattering of protons from hydrogen atoms at energies 15—200 keV

J. M. Wadehra
Physics Department, Wayne State University, Detroit, Michigan 48202

Robin Shakeshaft
Physics Department, University of Southern California, Los Angeles, California 90089
(Received 22 December 1981)

Differential and integrated cross sections for the elastic process H* + H(1s) = H* + H(1s)
were calculated with the use of results of coupled-state calculations in the energy range 15—200
keV. Results are presented and, at 60 keV, compared favorably with preliminary experimental
data. The asymptotic form of the elastic amplitude for b >> a, (where b is the impact parame-
ter) is derived for the two cases A << 1 and A >> 1, where X is the ratio of the collision dura-
tion to the orbital period. The asymptotic form for A >> 1 provides a useful test on the numer-

ical accuracy of the amplitudes.

The main purpose of this Brief Report is to present
theoretical estimates of the differential and integrated
cross sections for the elastic scattering of protons
from hydrogen atoms, in their ground state, in the
(laboratory) energy range 15—200 keV. This report
was stimulated by the recent acquisition of relevant
experimental data by Park and co-workers.!

Our results were obtained by using the amplitudes
previously calculated? by approximately solving the
time-dependent impact parameter Schrodinger equa-
tion

m%\v(z)w(z)wo , (1a)
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where, in the laboratory frame, T is the position vec-
tor of the electron relative to the target proton, and b
and V are the impact parameter and (constant) velo-
city of the projectile proton. Equation (1a) was ap-
proximately solved? by replacing the electron wave
function ¥ (¢) by a linear combination of 68 basis
functions (34 centered about each proton) with
time-dependent coefficients determined from the nu-
merical integration of the standard coupled-state
equations. The basis functions were formed from
scaled hydrogenic functions. For enhanced numerical
accuracy, the coupled-state equations were integrated
with a modified Hamiltonian H ,4(¢) which differs
from H (¢) by the term (—e?/R) exp(—R /a,), with
R =R (1); note that H ,,4(¢) does not diverge at

R =0. If 4 (b) and A4 ,,4(b), respectively, denote
the amplitudes when the Hamiltonians H (¢) and

H moa(t) are used, we have

A(b)=exp[—ia(b)]Amod(b) » (23)
DU PN .3 I )
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where Ko(x) is the modified Bessel function of order
zero. With it understood that 4 (b) denotes the am-
plitude for the elastic channel, the integrated elastic
cross section is

Kolai] , (2b)
0
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The differential elastic cross section, for scattering
through an angle 9 in the center-of-mass frame, is>
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K
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where M is the reduced mass (=% proton mass) and

Jo(x) is the Bessel function of order zero. Up to a
correction of the order of the square of (m/M)

x (e%/kv), where m is the electron mass, the value of
o obtained by integrating d o/d Q over the full solid
angle using Egs. (4a) and (4b) is the same as the
value of o obtained from Eq. (3); this provides a
check on the numerical integration of Eq. (4b). In
the Appendix, for added interest, we sketch a deriva-
tion of the analytic form of 4 (b) when b >> a, for
the two cases A << 1 and A >> 1 where

A= (b/ay)(e*/kv). Equation (A14), which is appli-
cable when b >> ayand A >> 1, provides a useful
test on the numerical accuracy of any calculation of
A (b). The values of 4 (b) from Ref. 2 converge

1771 ©1982 The American Physical Society
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FIG. 1. Differential cross section for elastic proton-
hydrogen atom scattering. Experimental data of Ref. 1: @®;
present theoretical results: ——.

well with increasing b to the right-hand side of Eq.
(A14), giving us added confidence in these results.
Equation (A14) may also be used to simply estimate
A (b) for b >> ay. (The contribution to o from, say,
the region b > 8a, is small, but the contribution
from this region to do/d Q is appreciable at very
small angles—about 10% at §=0.) Equation (A6a)
provides a test and an estimate of 4 (b) when the
conditions b >> ay and A << 1 are simultaneously
satisfied; these conditions are not satisfied over the
energy range considered here, and we have included
our analysis of the case A << 1 only for added in-
terest.

In Fig. 1 we plot our results for do/d Q) at some
representative energies. [We have not plotted -
dao/d Q at the lowest energy, 15 keV, since at this
energy A (b) exhibits an oscillation over the range
0=<b =<a,, and we did not have sufficient data from
Ref. 2 to accurately interpolate 4 (b) over this range
of b. Consequently, our results for do/d Q at 15
keV are of doubtful accuracy for § =2 mrad. We are
more confident in the accuracy of o at 15 keV since
the integrand of Eq. (3) is non-negative and the con-
tribution from the region b < a is fairly small.] The
only existing experimental data are the preliminary

TABLE 1. Elastic cross sections, oo, and o, obtained
from the first Born and coupled-state approximations,
respectively, vs the laboratory energy E of the incident pro-

7
ton. ogom=-7 (e¥/kv)X(mad).

E (keV) Tpomn(mad) a(rad)

15 3.89 3.06
25 2.33 1.66
40 1.46 1.07
50 1.17 0.877
60 0.972 0.752
75 0.778 0.639

145 0.402 0.378

200 0.292 0.272

data of Park! and co-workers at the single energy of
60 keV, which are also plotted in Fig. 1. The agree-
ment is good. In Table T we present our results for
o, along with results obtained from the first Born ap-
proximation. The first Born estimates of o converge
to our estimates as the incident energy increases; the
discrepancy is about 7% at 200 keV. Our estimates
of do/d Q and o will provide a standard of compar-
ison for results of future calculations.

This work was supported by the NSF under Grant
No. PHY8119010, by a Wayne State University
Research Award, and by the Research Corporation.

APPENDIX: ASYMPTOTIC FORM
OF 4 (b) FOR b >> a,

In the elastic channel, the target hydrogen atom is
subject to the perturbation

_ e? e?
V(D= RG] *RO (A1)

For R >> r we have the multipole expansion

. 2 n
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(A2)

where R =R () =R(¢)/R (¢). We now assume that
b >> a,. It follows that R >> a, the characteristic
value of r, so that expansion (A2) may be used.
Furthermore, the perturbation V (¢) is weak so that
the elastic amplitude 4 () may be calculated within
time-dependent second-order perturbation theory:

. oo oo t
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where H is the Hamiltonian of the target hydrogen
atom and |0) is the ground-state eigenvector of H
with eigenvalue €. Since the ground-state expecta-
tion values of all multipoles vanish, the ground-state
expectation value of ¥ (¢) of Eq. (A1) decreases ex-
ponentially with increasing R and is therefore very
small, and so the second term on the right-hand side
of Eq. (A3) will hereafter be neglected. The collision
duration is roughly 7., = b/v, whereas the orbital
period of the electron in the ground state of the
target atom is roughly 7o =Z%a¢/e?. Defining
A= Tcon/ Torb, WE NOW consider the two cases (i)
A <<1and (i) A >> 1.

Case (i): A << 1. Since

(Ho—€9) (11— 1)/ ~ (2€/)Tcon=\ << 1

we may set the propagator equal to the identity
operator in the third term on the right of Eq. (A3),
to obtain

A(b)zl—}% S an [ ancoivayvanioy

(Ad)
Retaining only the dipole term in the expansion
(A2), we have
OV Vply~——2L__  (as2)
R R3(1)R3(ty)
I1=(0l(T-A)(T-B)|0) , (A5b)

where A =R(#;) and B=R(¢;). Now, since /is a
scalar and is linear in A and §, we must have

I =(A-B)J where J is independent of A and B. If
we set A =B we obtain

AU =(0|(T-A)Y0)=A%¢ .

Therefore J =ad and [ =adR(#;) - R(¢,) so that

e*ad f“ R(:) 1 R(zy)

Ab)~1-=5= "R SRy
gt f"d,&]z
w2 |V~ R31)
=1-2(e¥kv)*(ay/b)? (A6a)
=1-2(ag/b)\? . : (A6b)

Since both (a¢/b) << 1 and X\ << 1, 4 (b) differs
from unity by a very small correction. This correc-
tion represents a loss of flux from the elastic channel
(into the excited-state channels) which may be simu-
lated by a purely imaginary one-body optical potential
v(R):

e’

v(R)=—i r-

elal
n il ] (A7)

which, in the eikonal approximation? for potential
scattering, yields the amplitude

A (b)’z exp [—;’ J:: dt v(R)] , (A8)

in agreement with Eq. (A6a). This optical potential
appears, in the context of elastic electron scattering
from hydrogen, in the second edition of Mott and
Massey® [see Sec. 7, Chap. X; in particular, Eq. (36)
on p. 222], but it seems to have been omitted from
the third edition (perhaps because the correction is so
small when both a¢/R << 1and A << 1).

Case (ii) A >> 1. Since, now,

(Ho—€) (t1—t)/E~A>>1 ,

the integral over ¢, in Eq. (A3) may be expanded, ef-
fectively in powers of A~!, by a successive integration
by parts:

L'idtzexpl—i (Ho—€0) (11— 1) /E1V (£)|0) = ik G o(€0) ¥ (21)]0) +ﬁng(€o)'§{—(tl)|0) , (A9)

where Go(eg) = (eg— Ho)~!. The second term on the
right of Eq. (A9) is smaller than the first term by a
factor of the order of A~ It follows from Egs. (A3)
and (A9) that

A =1-1 [~ an(R) +v(R] . (A10)

where
vi(R)= (0¥ (1) Golen) V(D)|0) , (Alla)
v:(m=—m<0|V(t)G&(eo)"7‘t’<z)|0>

——1E 4 01y ()G () V(D]0) . (AllD)

2 dt

-
The one-body potential v;(R) is purely real and
describes the static polarization of the target atom by
the impinging proton; inserting expansion (A2) into
Eq. (Alla) yields

alez C(282

Ry =-2& _ 22
ViR) =~ = T " Re

, (A12)

where a; and «a,, respectively, are the electric dipole
and quadrupole polarizabilities of hydrogen, which
have the values’

9
ay _z-ag ’

(Al3a)

15a5 . (A13b)
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The one-body potential v,(R) is purely imaginary
and, owing to the presence of the time derivative,
would seem to take into account dynamic effects.
However, v,(R) does, in fact, give no contribution to
A (b) since it is an exact differential, and the integral
vanishes at the limits # = + co. This is not surprising
since Kleinman et al.® have shown that the dynamic
contribution to the long-range interaction of an (in-
finitely massive) hydrogen atom with a particle of
charge e’ and mass M is, to leading order,
3le_' iy

e| MRS’

where B, is the dynamic polarizability, with value

%J-a(,‘. In the present case M is the proton mass,

which is regarded as infinite, so that the dynamic
contribution to the long-range interaction vanishes
through the order considered.’

Combining Egs. (A10) and (A12) and using Eqgs.

(A13) gives
ez 4(11 3a2
—— —..+__
fiv][ A &

3
SR -L & I | 1) Sa¢
_1+Il6liiv]lb

~1adm
A(b)~1+16

2+-—bz— . (A14)
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