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We develop a novel generalization bound for learning the kernel prob-
lem. First, we show that the generalization analysis of the kernel learn-
ing problem reduces to investigation of the suprema of the Rademacher
chaos process of order 2 over candidate kernels, which we refer to as
Rademacher chaos complexity. Next, we show how to estimate the em-
pirical Rademacher chaos complexity by well-established metric entropy
integrals and pseudo-dimension of the set of candidate kernels. Our new
methodology mainly depends on the principal theory of U-processes and
entropy integrals. Finally, we establish satisfactory excess generalization
bounds and misclassification error rates for learning gaussian kernels
and general radial basis kernels.

1 Introduction

Kernel methods such as support vector machines (SVM) have been ex-
tensively applied to supervised learning tasks such as classification and
regression (see, e.g., Scholkopf & Smola, 2002; Shawe-Taylor & Cristianini,
2004; Cucker & Zhou, 2007; Steinwart & Christmann, 2008). The perfor-
mance of a kernel machine largely depends on the data representation via
the choice of kernel function. Hence, one central issue in kernel methods is
kernel selection.

Kernel learning can range from the width parameter selection of gaus-
sian kernels to obtaining an optimal linear combination from a set of finite
candidate kernels. The latter is often referred to as multiple kernel learn-
ing (MKL) in machine learning and nonparametric Group Lasso (Bach,
2008) in statistics. Lanckriet, Cristianini, Bartlett, Ghaoui, and Jordan (2004)
pioneered work on MKL and proposed to automatically learn a linear com-
bination of candidate kernels for the case of SVMs using a semidefinite
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programming (SDP) approach. Similar problems studied recently include
hyperkernels (Ong, Smola, & Williamson, 2005), Bayesian probabilistic ker-
nel learning models (Girolami & Rogers, 2005), kernel discriminant analy-
sis (Ye, Ji, & Chen, 2008) and information-theoretic data integration (Ying,
Huang, & Campbell, 2009). Such MKL formulations have been success-
fully demonstrated in combining multiple heterogeneous data sources to
enhance biological inference (Lanckriet et al., 2004; Damoulas & Girolami,
2008; Ying et al., 2009).

MKL models usually learn an optimal combination from a finite set of
candidate kernels. A general regularization framework including kernel
hyperparameter learning and MKL was formulated in Micchelli and Pontil
(2005) and Wu, Ying, and Zhou (2006) with a potentially infinite number of
candidate kernels, which is generally referred to as the learning the kernel
problem. Specifically, let N, = {1, 2, ..., n} for any n € N, and we are inter-
ested in the classification problem on the input space X € R? and output
space Y = {£1}. The relation between input X and output Y is specified by
a set of training samples z = {z; = (x;, i) : x; € X, yi € Y, i € N,,} that are
identically and independently distributed (i.i.d.) according to an unknown
distribution p on Z = X x Y. Let K be a prescribed (possible infinite) set
of candidate (base) kernels and denote the candidate reproducing kernel
Hilbert space (RKHS) with kernel K by Hx with norm || - |x. In addition,
we always assume that the quantity  := supy ., ,x v K(x, x) is finite. Then
the general kernel learning scheme (Micchelli & Pontil, 2005; Wu et al., 2006)
can be cast as a two-layer minimization problem:

¢:argmmmm{ Zqﬁ yi f(x:) +A||f||K} (1.1)

KeK feH

Here, ¢ : R — [0, 00) is a loss function for classification, and A is a positive
regularization parameter. We use the superscript ¢ of f; to emphasize that
the solution ff’ is produced by scheme 1.1 with loss function ¢. When the
loss function ¢ is the hinge loss and K is the linear combination of the set
of finite base kernels {K, : £ € N,,}, that is, K := {3 ;o 2ele 1 D pen, Ae =
1,1, >0, V¢ € N,,}, then the kernel learning framework 1.1 is reduced to
the standard margin-based MKL formulation (Lanckriet et al., 2004). If I =
{e=oI=tI”: 5 > 0}, it is reduced to the formulation for learning the gaussian
kernel hyperparameter (Chapelle, Vapnik, Bousquet, & Mukherjee, 2002).
Statistical generalization analysis of learning the kernel problem 1.1 was
pursued by Bousquet and Herrmann (2003), Lanckriet et al. (2004), Ying and
Zhou (2007), Micchelli, Pontil, Wu, and Zhou (2005), and Srebro and Ben-
David (2006). In this letter, we leverage Rademacher complexity bounds
for empirical risk minimization (ERM) and for SVM with a single kernel
(Bartlett & Mendelson, 2002; Bartlett, Jordan, & McAuliffe, 2006; Koltchin-
skii & Panchenko, 2002) and develop a novel generalization bound for



2860 Y. Ying and C. Campbell

kernel learning problem 1.1. In particular, we show that generalization
analysis of the kernel learning algorithms reduces to investigation of the
suprema of the Rademacher chaos process of order 2 over candidate kernels,
which we refer to as Rademacher chaos complexity. Next, we show how to
estimate the empirical Rademacher chaos complexity by well-established
metric entropy integrals and pseudo-dimension of the set of candidate ker-
nels. Our new methodology mainly depends on the principal theory of
U-processes (De La Pefia & Giné, 1999). A preliminary version of this letter
appeared in COLT conference proceedings (Ying & Campbell, 2009).

This letter is organized as follows. In section 2 we illustrate our main
theorems. The main proofs for theorems are given in sections 3 and 4.
Explicit error rates with examples for learning gaussian kernels and radial
basis kernels are given in section 5. In section 6, we discuss related work and
compare our results with those in the literature. The last section concludes
the letter.

2 Main Results

In this section we illustrate our main contributions.

2.1 Main Theorems. The true error or generalization error is defined as

¢ _
£9(f) = / /X @M. )

and the target function f¢ is defined by f¢ = argminy £%(f). Let the em-
pirical error &, be defined, for any f, by

E0(F) = = 3 9y f )

jeN,

For brevity, throughout this letter, we restrict our interest to a large class of
loss functions for classification (Wu et al., 2006; see also a general definition
of classification loss functions in Bartlett et al., 2006).

Definition 1. A function ¢: R — [0, 00) is called a normalized classifying loss if
it is convex, ¢'(0) < 0, infier@(t) = 0, and ¢(0) = 1.

Our target is to bound the true error by the empirical error. To this end,
let the union of the unit ball of candidate RKHSs be denoted by

Bi:=({f: f eHxand | flx <1, K e K}.
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By the definition of fz¢, we get, for some RKHS Hg, that %Z?:M)

Wi L) + M f2N% < L3 000 +101% =1. Hence, ||flx < 1/
This implies, for any samples z, that

f

1
fz(peB)h::ﬁBK::{ﬁ'

f S BK} . (2.1)

Hence, || fz¢> lloo < «+/1/A. Finally, for a Lipschitz continuous function v :
R — [0, oc), we need the constant defined by

M/ = sup { [y (): VIt < cy/1/2}, (22)

and denote its local Lipschitz constant by

C) =sup {W")_W‘)' :Vx], X < K\/E} (2.3)

lx — x'|

If Y = ¢ is convex, then ¢’s left derivative ¢’ and the right one ¢/, are well
defined, and C‘f isidentical to Cf = sup{max(|¢_(t)], ¢/ (t)]):V|t| < K\/W}.

Our generalization analysis depends on the suprema of the homoge-
neous Rademacher chaos of order 2 over a class of functions defined as
follows (see section 3.2 in De La Pefia and Giné, 1999, for a general defini-
tion of Rademacher chaos of order m for any m € N).

Definition 2. Let F be a class of functions on X x X, and {e;: i € N,,} are
independent Rademacher random variables. Also, x = {x;:i € N, } are independent
random variables distributed according to a distribution p on X. The homogeneous
Rademacher chaos process of order 2, with respect to the Rademacher variable e, is a
random variable system defined by {LAIf(s) =1 D jenyi<j€i€j f(xi, xj): f € F}.
We refer to the expectation of its suprema,

I/?n(F) = Es

sup |U f(e)|
feF

as the empirical Rademacher chaos complexity over F.

It is worth mentioning that the Rademacher process {% Dien, & f(xi)
f € F} for Rademacher averages can be regarded as a homogeneous
Rademacher chaos process of order 1. A good application of U-processes
to the generalization analysis of ranking and scoring problem was recently
developed by Clémencon, Lugosi, and Vayatis (2008).



2862 Y. Ying and C. Campbell

Our first main result shows that the excess generalization error of MKL
algorithms can be bounded by the empirical Rademacher chaos complexity
over the set of candidate kernels:

Theorem 1. Let ¢ be a normalized classifying loss. Then for any § € (0, 1), with
probability at least 1 — §, there holds

g¢(fz¢) _Sf(fztp)
OO % N
<2c? (M(’C)> +2ch<nlk) +3M;’<1n1(15)> . (2.4)

An

Theorem 1 is proved in section 3.

Now we apply the well-established theory of U-processes to estimate
Rademacher chaos complexity by entropy integrals. To this end, let G be
a set of functions on X x X and x={x; € X:i € N,,}, and define the />
empirical metric of two functions f, g € G by

dx(f,g)=<% Z |f(xi»xj)_g(xiaxj)|2>2-

i,jeN,i<j

The empirical covering number N (G, dy, n) is the smallest number of balls
with radius n required to cover G. The empirical Rademacher chaos com-
plexity U,(K) can be bounded by the metric entropy integral as follows:

Theorem 2. For any x = {x;:i € N,}, there holds

2

U,(K) < «? +24e/ log[1 4+ N (K, dy, 8)]d3.
0

Theorem 2 is proved in section 4. Theorem 2 suggests that if log A'(K,
dy, &) = O(¢~7) with some 0 < p < 1, then the Rademacher chaos complex-
ity ¢,(K) is uniformly bounded. To estimate the covering number, a simple
case would bound it by the number of candidate kernels. For example, if

Kéinite = {K¢ : £ € Ny}, 2.5)
then N (K, dy, ¢) < m and hence,
Uy (Kinite) < % + 24ex? log(m + 1) < 25ex? log(m + 1), Ym > 2. (2.6)

If the candidate kernel set has an infinite number of kernels, the cover-
ing number can be estimated further by capacity numbers such as the
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pseudo-dimension. For this purpose, we recall the definition of kernel
pseudo-dimension of a class of kernel functions on the product space X x X
(see Anthony & Bartlett, 1999).

Definition 3. Let IC be a set of reproducing kernel functions mapping from X x X
to R. We say that S,, = {(x;, ;) € X x X :1 € Ny} is pseudo-shattering by KC if
there are real numbers {r; € R :i € Ny} such that for any b € {—1, 1}"", there is
a function K € K with property sgn(K(x;, t;) — r;) = b; forany i € N,,,. Then we
define a pseudo-dimension dy. of K to be the maximum cardinality of S, that is
pseudo-shattered by KC.

We are now ready to estimate the Rademacher chaos complexity using
pseudo-dimensions:

Theorem 3. If the pseudo-dimension dy of the set of basis kernels is finite, then
we have that

dg
N(K, dy, &) < 2 (4‘3"4) . 2.7)

o2
Moreover, for any x = {x;: i € N}, there holds
U (K) < (192e + 1)ic?dyc. (2.8)
Theorem 3 is proved in section 4. For gaussian-type kernels, we can ex-
plicitly estimate the pseudo-dimension, and hence bound the empirical

Rademacher chaos complexities. To see this, consider the set of scalar can-
didate kernels given by

Ko = {efff”x*”\zz o € (0, oo)} (2.9)
The second class of candidate kernels is more general, as considered in

Micchelli et al. (2005): the whole class of radial basis kernels. Let M(R™) be
the class of probabilities on R*. We consider the candidate kernel defined

by
Kof = [ /Oooe_"”x_tuzdp(a) ipe M(R+)}. (2.10)

Overall, for the above specific sets of basis kernels, we can have the
following result:

Corollary 1. For the Rademacher chaos complexity of IC, we respectively have the
following estimation:
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1. If KC has a finite number of kernels given by equation 2.5 then
Un(K finite) < 25ex? log(m + 1).

2. If K is the set of gaussian-type kernels given by equations 2.9 and 2.10, then
Un(Krof) < Un(Kgau) < (1 +192e)ic”.

Corollary 1 is proved in section 4. When theorem 1 is combined with
corollary 1, the generalization bound can be summarized as follows: with
probability at least 1 — § there holds,

3 2\ 3
5“’(fz“’)—81’(ff)s4(Cf(W> +Mf<1nn‘3) ) (2.11)

n

Moveover, if IC = Kiinite is given by equation 2.5, then the above bound is
reduced to

£9(72) - £2(72) = (T IBEDY (0

ni n
(2.12)

where m is the number of candidate kernels in K.

We conclude this section with an important remark on the bounds for
learning a convex hull of candidate kernels. All the above estimations and
bounds for the Rademacher chaos complexity hold true for the convex hull
of K defined by

conv(K) = I Z MKo: Ko € IC, 2 >0, Zke =1,pe N] ,
jeN, LeN,

since it is easy to check, by the definition of the Rademacher chaos com-
plexity, that

Uy (conv(K)) < Un(K).
2.2 Error Rates in Classification. In this section we derive misclassifica-
tion error rates for multikernel regularized classifier sgn( ff’) where sgn(f)

denotes the sign of f. The quality of a classifier C: X — Y is measured by
the misclassification error, which is defined by

RE = [[ Pty #c@idot. o). (2.13)



Rademacher Chaos Complexities for Learning the Kernel Problem 2865

The target is to understand how sgn(f) approximates the Bayes rule f;
(Devroye, Gyorfi, & Lugosi, 1997) defined by f. = arginf R(C). More specif-
ically, we aim to estimate the excess misclassification error,

Risgn(f)) = R(fo)

As shown in Zhang (2004) and Bartlett et al. (2006), the excess misclassi-
fication error can usually be bounded by the excess generalization error:
E¢( fzd’)) —&( f;”). To transfer generalization bounds in section 2.1 to the
misclassification error bounds, we introduce the error decomposition of
problem 1.1.

Let the empirical error &, be defined, for any f, by Sf (f)= %Z jen,
#(y; f (xj)). We also introduce the regularization error defined by

D) = inf inf {£9(f) = €°(f7) + 1 fIk}

and call the minimizer f{ of the regularization error the regularization
function. In addition, we define the sample error S, ; by

Ser ={E2(f7) — &2 (N + el (£)) - €2 ()}

From the standard error decomposition (Zhang, 2004; Bartlett et al., 2006;
Steinwart & Scovel, 2007; Ying & Zhou, 2007), we have that

E(f7) = E7(f7) = DG + S 2.14)

Throughout this letter, for simplicity we always assume the existence of the
empirical solution f and the regularization function f; (see the discussion
in appendix B of Ying & Zhou, 2007).

We are now ready to state misclassification error rates. Henceforth, the
expression a, = O(b,) means that there exists an absolute constant ¢ such
thata, < cb, foralln € N. We usually assume conditions on the distribution
p or some regularity condition on the target function f¢ under which the
regularization error D(A) decays polynomially. For instance, we can employ
the following condition (Chen, Wu, Ying, & Zhou, 2004):

Definition 4. We say that p is separable by {H: K € K} if there is some fsp €
Hg with some K € K such that yfsp(x) > 0 almost surely. It has separation
exponent 6 € (0, oo] if we can choose fsp and positive constants A, cq such that

I fsplixk =1 and

pxfx € X:|fop(x)| < At} <cpt”, Vit > 0. (2.15)
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Observe that condition 2.15 with 6 = oo is equivalent to
px{x e X: |f5p(x)| <yt}=0, VO<t<l.

Thatis, | fsp(x)| > y almost everywhere. Thus, separable distributions with
separation exponent § = oo correspond to strictly separable distributions.
Other assumptions on the distribution p such as the geometric noise con-
dition introduced by Steinwart and Scovel (2005) are possible to achieve
polynomial decays of the regularization error.

Example 1. Let ¢(t) = (1 — t); be the hinge loss and consider formulation
1.1 with K given by either 4, o1 IC;pr. Suppose that the separaztion condi-
tion holds true with exponent # > 0. Then, by choosing A = n=@, for any
8 € (0, 1), with probability at least 1 — §, there holds

Rissn(r2) = <o [mn (1] ()7

The proof of this example is postponed to section 5. Other examples
such as least square loss regression can be found in section 5. In this case,
we need to consider the function approximation (De Vito, Caponnetto, &
Rosasco, 2006; Smale & Zhou, 2004; Ye & Zhou, 2008) on a domain or low-
dimensional manifold of RY.

In analogy to the data-dependent risk bounds of Rademacher averages
(Bartlett et al., 2006), we can get margin bounds for learning the kernel
problems using Rademacher chaos complexities:

Corollary 2. Let ¢(t) = (1 — t)+ be the hinge loss and y > 0, 0 <8 < 1, and
define the margin cost function by

1, t<0
t
vt =<1-——, O0<t<y- (2.16)
Y
0, t>y

Then, with probability at least 1 — §, there holds

. 1 z 2\ ?
R(sgn(f;”))ng(ff)-i-Z(ij;;’?) +2K(n;y2> +3<ln;(18)> '
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Corollary 2 is proved in section 5. When K has only a single kernel K,
we have

Un(K) < E, +

%ZK(M,X:‘)

ieN,

1
= Y eieK(x, x;
. sigj K(xi, xj)

i,jeN,

1 1
=E.— Y &K, x)+ - Y K(xi, %),
. giej K(x x,)—i—n (x;, x;)

i,jeN, ieN,

where the last equality follows from the positive semidefiniteness of kernel
K. Hence, the Rademacher chaos complexity can be estimated by

N 2 2
U,(K) < — Z K(x;, x;) := —trace(K),
n n

ieN,

where K = (K(xi, x/))i, jen, . Consequently, corollary 2 implies that

4 \/trace(K) +2K( 1 )é +3<1n(52)>%'
nv/x n

R(sgn(f2)) <&/ (f) + v niy?

This coincides with the bound in Bartlett and Mendelson (2002) for the
single kernel case with solutions f; in the function space {f = D ien,
i K, ) ol fllk < )

We now present an example of margin bounds that can be directly
obtained by combining corollary 1 with corollary 2. To this end, for any
y >0,let

_ iy f(xi) < y}l.

n

Ry (f)

Example 2. Let ¢(t) = (1 —t); be the hinge loss. Then, for any margin
y > 0, we have the following estimation for gaussian-type kernel set and
the set of finite kernels:

1. If € = Kguu or K = K,pf then, with probability 1 — §, there holds

(384¢ + 2)K2> :

R(sgn(fy)) =Ry (f7) + 2( niy?

1\ ln% :
2 3(—) .
() (%)
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2. If K is the convex hull of m candidate kernels, then, with probability
1-3,

50ex? log(m + 1)) :
2

Risan(s2) <Ry (12) + 2228

1 : In2\?
2 3(—2) .
() (%)

3 Generalization Bounds by Rademacher Chaos

In this section we prove theorem 1, which states that the generaliza-
tion bound of MKL algorithm 1.1 can be bounded by well-established
Rademacher chaos of order 2. To this end, recall the definition of the ordinary
Rademacher averages (see, e.g., Bartlett & Mendelson, 2002; Bartlett, Bous-
quet, & Mendelson, 2005; Koltchinskii, 2001; Koltchinskii & Panchenko,
2002).

Definition 5. Let p be a probability measure on Q and F be a class of uniformly
bounded and measurable functions on Q. Forany n € N, define the random variable

by

N 1
Ry(F) = ﬁiug Zfif(zi) :

ieN,

where {z;: i € N,} are independent random variables distributed according to
woand {e: i =1,...,n} are independent Rademacher random variables, that
is, P(e; = +1) = P(e; = —1) = 1/2. Also, we often call R,(F) :=E[R,(F)] =
E,E.[R,(F)] the Rademacher averages (complexity) over the class F.!

Hence, R,(F) is the suprema of the Rademacher process { %M Doien,
€ f(zi): f € F} indexed by F, which can also be regarded as the homo-
geneous Rademacher chaos process of order 1. Some useful properties of
Rademacher averages can be found in Bartlett and Mendelson (2002). Now
we assemble the necessary materials to obtain the main technical result:

Theorem4. Let y bea Lipschitz continuous cost function satisfying infy (f) = 0
and Y (0) = 1. Let B, be defined by equation 2.1 and M, Ci” be respectively defined

IThe empirical Rademacher average is usually defined by R,(F):= 1sup feF
| ZieN,, €i f (zi)|. For technical simplicity, we use its scaling version here.



Rademacher Chaos Complexities for Learning the Kernel Problem 2869

by equations 2.2 and 2.3. Then, with probability at least 1 — §, there holds
sup [£7(f) — £/ (f)]
feB,

A 1 1
201,(K)\ ? o 1\? o (In(3)
ploldl i ana uwCl = MY [ —82
= A ( An ) +akty ni + » n

N——
ol

Similarly, with probability at least 1 — §, we have

sup [£(f) — £V(f))]

feB,
~ 1 1 1

200,(K)\ 12 In(%)

14 v W 5
<2CA< . ) + 2cC} (m> +3MA( =)

Proof. By McDiarmid’s bounded difference inequality (see, e.g., Devroye
etal., 1997), with probability 1 — 2 we have that

[T

1 2\ 2
sup [£V(f) - £/ ()] < Esup [€¥(f) - &/ (N] + M! (%) .
feby feB n

3.1)

The first term on the right-hand side of the above inequality can be estimated
by the standard symmetrization arguments. Indeed, with probability at
least 1 — %, there holds

E|:Js[ul£) i -¢r (f))} < 2EE, |:sup % D v f(xi))}

feB ™ ien,

1 In 2\ 2
< 2E, |:SuP - > Gz‘llf(}/if(xi)):| +2M! (%) ; (8.2)

feB ™ jen,

where the last inequality used again is McDiarmid’s bounded difference
inequality. Note that || f s < x+/1/A for any f € B;. Then, from the defini-

tion of C/ given by equation 2.3, function  has a Lipschitz constant C.”.
Applying the contraction property of Rademacher averages (theorem 7 of
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Meir & Zhang, 2003) implies that, with probability 1 — 3,

E. [ sup » éiW(]/if(xi)):| <E.sup Y v (yi f(xi))

feBrien, feBiien,
< Cf E, sup Z € f(x)

feBi N,

<c/ Eg|:sup Z Eif(xi)]-

febien,
Also,
1
2

/1
EgsupZGif(xi):Eg Xsup sup <Ze,'Kx,.,f> )
KeK I flk=<1 \ femy, X
Z 8,‘8]'K(x,‘,xj)

f€By jen,
/1
<4/ ~Egsup
A
KeK i.jeN,

< \/?\/LAI”(IC) + \/gsup Vitrace(K).

KeK

Putting all the above inequalities back into equation 3.2 yields

E[Sup £V (f) - 52”(f)}

fEB‘A

Ny 1

7 1\} n2\:2

Sch ZM(IC)+2C;/IK<*> +2M;P (115> ,
A

an 2n

where we used the fact that trace(K) < «2n. Putting this back into inequality
3.1 yields the desired result.

By similar arguments as above, we can prove the second statement. This
completes the proof of the theorem.

We are ready to prove theorem 1:

Proof of theorem 1. Recall that f, € B,, and note that ¢ is a normalized
classifyingloss. Then, applying theorem 4 with y» = ¢ implies inequality 2.4.

4 Estimating the Rademacher Chaos Complexity

In this section we discuss how to estimate the Rademacher chaos com-
plexity. First, parallel to the properties of Rademacher averages, it is useful
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to outline some properties of the Rademacher chaos complexity, some of
which may be interesting in their own right:

Proposition 1. Let Fq, ..., Fy, and H be classes of real functions on X x X.
Then the following holds true:

IfF C H, then U,(F) < U,(H).

U, (conv(F)) = U, (F).

Foranyc e R, U, (cF) = |c|U,(F).

Z]”(ZieNk Fi) = ZieNk Z/A[”(Fi)'

Forany1 < q < p < oo, the Khinchin-type inequality holds true:
(EelUT ()77 < (Eel U (e)I7)

< (%)(Esmf(s)m%.

o R0 SR

Proof. Propertiesa, c,and d are directly from definition 2 of the Rademacher
chaos complexity. To prove property b, we note, forany m € N, fy € F,and
{Ar : k € N} satisfying Y, Ax = 1 and Ax > 0, that

iy Y hfelxi x| <Y M| Y eiej filxi X))

i,ji<j keN,, keN,, i<j
<sup Zeisjf(x,-, xj)|-
feF i<j

Since Ak, fx € F are arbitrary, U,(conv(F)) < U,(F). The reverse inequality
is obvious, which completes the proof of the desired property b. The last
property is from theorem 3.2.2 of De La Pefia and Giné (1999).

Now we are in a position to prove theorem 2 using standard chaining
arguments. The estimation of the Rademacher chaos complexity by entropy
integrals is a simple version of maximal inequalities based on metric entropy
(De La Pena & Giné, 1999, chapter 5); we give a proof for completeness. To
this end, let G be a set of functionson X x Xandx = {x; € X :i € N,;}; define
the /> empirical metric of two functions f, ¢ € G by

. 3
dx(f,g)Z(n2 Z |f(xi7xj)_g(xi7xj)|2)~

i,jeN,i<j

The empirical covering number N (G, dy, ) is the smallest number of balls
with radius 7 required to cover G.
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We begin with a useful lemma that deals with a finite class of homoge-
neous Rademacher chaos of order 2:

Lemma 1. Let {f,: ¢ € Ny} be a finite class of functions on X x X and {€;: i €
N,} are independent Rademacher random variables. Consider the homogeneous

Rademacher chaos process of order 2 {lAlfi (e) = % theNn’iq gigj fo(xi, xj) 1 L €
Nn}. Then we have that

1
N 1 5 2
E[?;gﬁluﬂ(@l} < 2elog(I + N)max <nzz | fe(xi, x)] > :

i<j

where E[-] denotes the expectation with respect to the Rademacher variable €.

Proof. By Jensen’s inequality,

eA]E[maxKENN Uy, @) } [ Amaxeeny \Ufl (e)l 1]
uﬁl @ _
{%5 iU, 1)} (4.1)

<> E[(eMUfz@" -1)].
ZENN

For any ¢ € Ny, the term E[e*!U7 )| — 1] can be estimated by the Khinchin-
type inequality (see property e in proposition 1) as follows:

" [emﬁ(e» . 1} =3 AR O]

k>1

<Z xkk"[E|uﬂ(8)| ]5
k>1

<Y (e [Ell ) P]H (42)
k>1

Here, in the second-to-last inequality of equation 4.2, we used the fact
that E[|I @l = E[U fo (s)|2]% and, for k > 2, the Khinchin-type inequal-
ity for homogeneous Rademacher chaos process of order 2: E[|U f, (e)F] <
KF[EIU £(e) ]2. In the last inequality of equation 4.2, we used Stirling’s
inequality: e k* < k!.

Now set A = (2e maxzeNN[EH:I f (5)|2]%)*1. The above inequality can then
be bounded by

B [euufé(sn _ 1} <Y 2%=1 VvieNy.

k>1
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Putting this back into equation 4.1 yields

eME[max(ENN \l:lfl (S)\}

-1<N.
Equivalently,
’ R
B[ max i1 (2)l] = 2¢ log(1 + N) max[EIiT(2) ] 43)
Observe that

A 1
ElUy,(e)* = 3 Z Eleiejeiej fo(xi, xj) fe(xir, xj1)]

i<ji'<j
=3 i, P
i<j

Plugging this back into inequality 4.3 completes the proof of the lemma.

Equipped with the above lemma, we can prove theorem 2 by the standard
chaining arguments. To this end, let D be the diameter of X with respect to
dy. Then

2
1
D= sup dx(Ki, Ky) <2sup (712 Z | K (x;, xj)|2) < 2i2.

Kq,K2el KeK

i<j

Proof of theorem 2. For each k =0,1,2, ..., let K% be a minimal cover
of K of radius D27% and the cardinality of K® denoted by [K®)|=
N(K, dx, D275). Without loss of generality, choose some Ky € K, and let
K© = {Ko}. For any Rademacher variable ¢, let

K* = argsup Uk (¢)|
KeKk

and choose a K} € K® whose distance to K* is minimal. Obviously

dx(Ki_1, Ki) = dx(Ki_y, K¥) + di (K™, K)
< D2~*=V 4 pp~F=3D27*, (4.4)

Moreover, limy_. o dy(K*, K}) — 0. Hence,

sup [U (e)] = [Uk-(e)l = |Uxk,(e) + Y_(Ux; () — Uy, ().
KeK keN
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and therefore

K.K")ek k)ka 1)
dx(K.K")<3D2—k

E[suplﬁx(e)q < E[|Ux, (e +ZE|:

KeK keN

Uk (e) — Uk (e) I}

i<j keN dx(K,K")=3D2~k

< ( 5 ZlKo(XHx;N ) +ZE {(KK)I‘}?ai{K’( ) |1:11<—1<'(8)|:| .

Applying lemma 1, we have, for k > 1, that

E max [Uk—_x ()]
(K.K")ek®) xxk=1)

dx(K,K")<3e D2k
< 6eD2 ¥ log(1 + N (K, dx, D27¥)N (K, dy, D2-¢ 1))
< eD2"log(1 + N(K, dy, D275))

Consequently,

U,(K) =E [sup |aK<g)|] <>+ 12¢D2 7 log(1 + N(K. dy, D27))
KeK k>1

D/2
<%+ 24e / log (1 + N(K, dy, 8))d$.
0

Combining this with the estimation D < 2«2 completes the proof of
theorem 2.

It is worth mentioning that the above arguments hold true for the
suprema of homogeneous Rademacher chaos processes of order m and
a general function space F (not only the space of kernels). Here, the
Rademacher chaos processes of order 1 are reduced to the standard
Rademacher averages. The only difference in the proof is the Khinchin-type
inequality. For instance, for the homogeneous Rademacher chaos processe
{Xs : f € F} of order m, the general Khinchin-type inequality is given by

(Eel X5 (2)7)7 < (Bl X (e)IP)?

<(L23) E@Ixsem:.
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By this inequality, we can show that in analogy to the proof of theorem 2,
the superma of a homogeneous Rademacher chaos process of order m is
bounded by the following entropy integral:

D/2 m
/ [log NV'(K., dy. 8)] % d6.
0

One can refer to Arcones and Giné (1993) and De La Pena and Giné (1999)
for more general entropy integrals to bound the suprema of Rademacher
chaos processes of order m for any m € N.

Now we turn our attention to the proof of theorem 3 in section 2, which
states that the empirical covering number is further estimated by the shatter-
ing dimension (Alon, Ben-David, Cesa-Bianchi, & Haussler, 1997; Anthony
& Bartlett, 1999) of the set of candidate kernels.

Proof of theorem 3. For the first assertion, observe that the pseudo-
dimension is equivalent to the VC dimension of the following space
(Anthony & Bartlett, 1999, theorem 11.4),

{((x,x), 1) € X x X x R: g((x, x), t) = sgn(t — K(x,x")), KeKk}.

Combining this fact with (Bartlett, 2006, theorem 3.1), we have

4\ dc
N(ic,dx,g)52<42’2‘) , (4.5)

which completes the proof of the first assertion.?
For the second assertion, we obtain from Theorem 2 and inequality 4.5
that

2

U, (K) <k? + 24e / log (1 +N(K, dy, ¢))de
0

«? dert di
<K%+ 24e / In |:e (Z—:) ] de
0

2 4\ dx
<k? + 24ek? + 24e In(de)idyc + 24e / In (KT) de.
0 &

2A similar covering number bound was also established in Van der Vaart and Well-
ner (1996, theorem 2.6.7): there exists a universal constant C such that N'(K, dy, €) <

C d;g(16e)d'<f(';—,2)2(d'<‘ll However, we failed to work out what is the universal constant C.
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Observe that

K2 K4 d}Q 1 1
f In <7> de = ZKZdK/ In —de = 4ud.
0 & 0 £

Putting these estimates together implies that
U,(K) < (24e + 1)k? + k(120 + 24e In4)d < (192e + 1) 2dy,
which completes the proof of the theorem.

For the set of scalar gaussian kernels given by equation 2.9, we have the
following estimation:

Lemma 2. Let the set of basis kernels Kga, be given by equation 2.9. Then we
have dy,,, = 1.

Proof. Itis obvious that there exists at least one pair of points (x, t) € X x X
such that it is pseudo-shattering by K. Now assume that two pairs of points
(x1, t1) and (xp, f,) are shattering by K. By definition 3 of pseudo-dimension,
there exist 1,7, € R and o, ¢’ € [0, 00) such that

eolm—hl? oy pola—hl® g
and
e*CT'H?Crflll2 <71, e*U'HXz*szz > 7.
Hence,
e—G”xl—tl”Z - e—O'I\Xl—hHZ’ and e—UHXz—fzII2 < e—a'llxz—szz'

Equivalently ¢ < ¢’ and o > ¢’, which is obviously a contradiction. Con-
sequently, the pseudo-dimension of Kg,, is identical to 1.

We are ready to prove corollary 1 with an estimation of the Rademacher
chaos complexities of Kgay and Kips:

Proof of corollary 1. The first statement follows directly from theorem 2
and the observation that N (Kgpite, dx, €) < m, where m is the number of
kernels in the set Kgnite-

Note that x = 1 for gaussian kernels. Then the estimation of L?n(ICgau) fol-
lows immediately by combining inequality 2.8 in theorem 3 with lemma 2.
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For the RBF kernels set ICif, note, for any {x; : i € N,}, that

/Ooo ZEibﬂje—a\lxﬁxfszp(a)‘/n
i<j

<E, sup Zgigje—a\\xifxf\|2‘/n < Z,A[n(ICgau).

oeRT 1‘<j

Uy(Kror) <E.  sup
peM(RT)

This completes the proof of the corollary.

The estimation of pseudo-dimensions for gaussian kernels with covari-
ance matrices can be referred to Srebro and Ben-David (2006) and Anthony
and Bartlett (1999).

5 Deriving Error Rates in Classificaiton

We are now ready to derive explicit error rates for classification using the
above generalization bounds. In subsequent examples, we emphasize that
the set of base kernels is given by either gaussian kernels defined by equa-
tion 2.9 or the RBF kernels defined by equation 2.10.

We begin with the proofs of examples 1 and 2 in section 2.1. To this
end, we notice that by the definition of f, we have £?(f) + Al f1% <
£(0) + A0]% = £%(0) = 1, which implies that || £ [|x < v/1/A.

Proof of example 1. First note, for the hinge loss, that C{ =1 and M <
1+ %, and observe that S, ; < supfeBA[gd’(f) — Sf(f)] +sup;p [Ef(f) —
& £)]. Then, combining theorem 4, corollary 1, and the error decomposition
2.14 together, with probability at least 1 — § there holds that

} 4\ 2
E(f2) - Ef) <O ((;A) + (t:;) ) + D). (5.1)

In addition, we know from theorem 10 of Chen et al. (2004) that if the
distribution enjoys the weakly separation condition with exponent 6, then

the regularization error decays as D(1) = O(M%). Let A = n~ ¥+, Combin-
ing inequality 5.1 with the comparison inequality (e.g., Bartlett et al., 2006;
Zhang, 2004),

R(sgn(f))) < €2(fF) - €°(fo)

yields the desired result.
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Proof of corollary 2. The margin-based cost functlon ¥ obviously satisfies
the conditions in theorem 4 with C; = 1 and M/ = 1. Since Xysgn(f(x) =
¥ (yf (x)), there holds that R(sgn( fz )) < EY( fz ), wh1ch combined with in-
equality 2.4 in theorem 1, yields the desired assertion.

Proof of example 2. The results can be directly obtained by combining
corollary 1 with corollary 2.

Now we turn our attention to general g-norm soft margin SVM losses
#(t) = (1 —t)7. for q € (1, oo) for classification. In this case, we know from
Chen et al. (2004) that the target function f, ;}’ becomes

()T — (1= f,(x)7T
80 = f,() = LTS :
fpx qu 1—|—fpx)n1+(1—fp(x*1

where f,(x) := P(Y = 1|x) — P(Y = —1|x).

Example 3. Let ¢(t) = (1 —t) for some g € (1, o0), and suppose that the
separation condition holds true with exponent # > 0. Then, choosing A =

1~ with probability at least 1 — §, there holds

Risgn(f) — R(fe) < (’)<|:ln ;} n%>

Proof. First observe that Cf <1+ %)qfl and Md’ <1+ )‘7 Hence,

from theorem 4, corollary 1 and the error decomposition 2. 14 we know,
for any X € (0, 1), that

2 In :
E(f7) = E(fy) <O(<nlq) +<m3> )-l—D(k).

Also, we know from Chen et al. (2004, theorem 10) that if the distribution
enjoys the weakly separation condition with exponent 6, then the regular-

40+2)
ization error decays as D(A) = O(77). Letting A = n” T yields that

()~ E(f) <O ([m ;]n#> _

Recall the comparison inequality (theorem 14 of Chen et al., 2004) for g-
norm SVM:

R(sgn(f7)) — R(£) = 2E(2) — £2(,))-
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Consequently, with probability at least 1 — §, there holds

R(sgn(f7)) = R(f) = O ([m;} n%) ,

which completes the proof of the example.

Our last example is the least square loss for classification, which is exten-
sively studied in the single kernel case (Caponnetto & De Vito, 2007; De Vito
et al., 2006; Smale & Zhou, 2004; Zhang, 2004). In this case, in order to get
meaningful rates of the regularization error D(1), we can assume that the
target function enjoys some Sobolev smoothness. Recall in the regression
case, the target function f7 = f,(x) forany x € X, usually referred to as the
regression function, and the nature of least square loss implies that

E(f2) - (f) = /X F2Q) — Fo(0)Pdpx(o).

Example 4. Let X be a domain in R? with Lipschitz boundary. Assume the
regression function f, € H*(X) with some s > 0. Then the following holds
true:

1. If d/2 <s <d/2+2, then for any 0 <& <25 —d, by taking A =

25—,

N TE-a , with probability at least 1 — §, there holds

R(sgn(f?)) - R(f) < ( [ 1o~ fp(x)|2dpx(x)>i

1
( { 1 } ! _ _2s—d—¢ )
<0 In 3 n - |

2. If Xis bounded, px is the Lebesgue measure, and 0 < s < 2, then by

choosing A = n” T, with probability at least 1 — §, there holds

R(sgn(f?)) — R(fe) < </;{ |f4 — fp|2d,0x(x)>;

1 I
<o [ms} e |

Proof. For the least square loss, we observe that C = 2(1 + %) and M <
1+ \%)2. Then we know from theorem 4, corollary 1, and the error
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decomposition 2.14 that

E(F7) - £(f,) / 20— o0 dpx(x)

<0 1) ln%% ! D( 5.2
— {2 +7+() (5.2)

Then, for the first assertion we know from proposition 22 of Ying and
Zhou (2007) that
)

Putting the above two equations together and letting A = n~ 72D implies
that

/;(lfzd)(x) - f/)(x)|2de(x) < O<|:ln ;:| n 2(4“)

Hence, the desired result follows from the comparison inequality (Chen
et al., 2004; Bartlett et al., 2006; Zhang, 2004) for the least square loss:

D) <O (x =

R(sign(f)) — R(f) < \J2A£0(f2) — £9(f,). 53)
The proof of the second assertion is similar as above. Recall that propo-

sition 22 of Ying and Zhou (2007) implies that the regularization error is
estimated as follows:

D(1) < O(Az7).

Combining this with inequality 5.2 and the comparison inequality 5.3, with
2s+d
choice A = n~ %, we get the desired second assertion.

We end this section with a comparison with error rates in Ying and Zhou
(2007) on the least square loss for classification. In example 1, it was proven
thatifd/2 <s <d/2+ 2, then for any 0 < ¢ < 25 — d, we have that

[ / £ — fp(x)|2dpx<x)] s( [ /X |fz¢<x)—fp(x>|2dpx(x>])i
O(H 8(4 C= ] W20 )
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Ignoring the difference of the forms to express error rates using expectations

s—d—¢
and probabilistic inequalities, example 4 yields that O(n~ W ). Likewise,
for the case 0 < s <2 and px is the Lebesgue measure, we got improved
— . . . 1 5 _ . .
rates O(n~ 279) in comparison with O((Inn)in~ &) obtained previously.
Hence, our new error rates substantially improve those in Ying and Zhou
(2007).

6 Related Work and Discussion

Statistical bounds with Rademacher complexities were first pursued by
Lanckriet et al. (2004) and Bousquet and Herrmann (2003) for learning
the kernel from a linear combination of finite candidate kernels. The
Rademacher complexities are estimated by the eigenvalues of the candi-
date kernel matrix over the inputs.

Ying and Zhou (2007) pioneered the generalization analysis of learning
gaussians with varying variances. In particular, it was proved the union
space B is a uniform Glivenko-Cantelli (uGC) class (see the definition
in Alon et al., 1997) if and only if, for any y > 0, the V,-dimension of
Kx ={K(, x):x € X, K € K} is finite. There, the empirical covering num-
ber of Kx for gaussians was also estimated. Based on these main results,
the Rademacher bounds were established in Ying and Zhou (2007) and
Micchelli et al. (2005):3

E(f) - &(f)) =4C] (ZRf(nliX)> +4cCY (Jlﬁx)

1n(%)% 2
+Mf< na) + 7

Here, the Rademacher complexity R,(Kx) is defined by Esup, . %

| 2 ien, & f (xi)|, which is often bounded by O(dxInn) by using metric en-
tropy integrals (see theorem 20 in Ying & Zhou, 2007). Hence, the resultant

. 1 .
rates whose dependence on the sample number is of order n~# are quite

loose in comparison with our new bound of order 7~ summarized in equa-
tion 2.11. Specifically, for the hinge loss, as stated in example 1, we can get

a better rate (’)(n’zﬁ) in comparison with the rate O((log n)%n_m) given
in Ying and Zhou (2007).

Srebro and Ben-David (2006) employed matrix analysis techniques to
directly estimate the empirical covering number of By with the pseudo-
dimension of the candidate kernels. Margin bounds were established for

3This bound is originally given in the form of expectation. However, it is easy to
convert it to the current probabilistic form by the bounded difference inequality from

which the extra term Mf (ln(%) / n)% appears.
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SVM. Specifically, recall Ry(f) = MM Note fz¢ € %BK where By is

the same as the notation Fx used in Srebro and Ben-David (2006). A simple

modification of theorem 2 in Srebro and Ben-David (2006) to the function

fllals; %B;C, for any margin cost function ¢ defined by equation 2.16, there
olds

Risgn(£2) < (77) + (32 + aomm B2

Since R ( fz¢) > &X( fz"’ ), corollary 2 implies

(384¢ + 2)c2dy \ 2
niy?

5 1 \? 31n§E
+ex niy? + n

Comparing the above two margin bounds, there is no logarithmic mar-
gin term, In Vlz, in our bound. The empirical Covering approach of Srebro
and Ben-David (2006) is roughly of the form (dx ln 1 5 In Z) //n. The
Rademacher approach is of the form d)f due to the contractlon inequality
of Rademacher averages for the margin cost function. Hence, our bound is
comparable to their bounds. Moreover, there is no logarithmic term, In#, in
our bound.

We can use the covering number in Srebro and Ben-David (2006) to
derive generalization bounds. To see this, using standard symmetrization
techniques and McDiarmid’s inequality, we have, with probablity 1 — 4,
that

Risgn(£2) <L (1) +2(

Ry(¢ 0 By) i)\’
(f) — e ) <22 g ( & )

21\ 2
schRj/(%) + M (ln(’3)> :

where ¢ o B, = {¢(yf (x)) : f € B,}. To estimate the Rademacher complex-
ity, recall the scaling version of theorem 1 in Srebro and Ben-David (2006):

64x2 gen
4endi 2\ 16mc2 = MED
<2 .
AP €) = ( edg ) ( &2 )
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Then we use the following Dudley’s entropy bound (Mendelson, 2002,
2003). For any N € N, there exists an absolute constant C such that for
every N e N,

N
Ru(Br) < C Y ex-1log® N(Fi. dx. ex) + 2enn?.
k=1

Since N (Fic, dx, ex) < Nu(Fi, ek), selecting gy =27% and N = 10%" implies
that R,(Bx) < Cdxc(Inn)?. Hence,

o oo ~di(nm)} ﬁ% 2
g(fz) gz(fz)sc m +M)? n +\/ﬁ.

In contrast, our generalization bound given by equation 2.11 is slightly
better since it mainly depends on ,/%. Moreover, Rademacher approaches
are usually more flexible. For instance, it is unknown how to directly es-
timate the pseudo-dimension of RBF kernels Ky, and hence it could be a
problem to directly apply the approach of Srebro and Ben-David (2006). The
Rademacher approaches can handle this general case using the Rademacher
chaos complexity of Kgay instead of directly using that of Ky as stated in
corollary 1 in section 2.

7 Conclusion

In this letter, we provided a novel statistical generalization bound for a
kernel learning system that extends and improves previous work (Lanckriet
et al., 2004; Wu et al., 2006; Ying & Zhou, 2007; Micchelli et al., 2005; Srebro
& Ben-David, 2006). The main tools are based on the theory of U-processes
such as the so-called homogeneous Rademacher chaos of order 2 and metric
entropy integrals involving empirical covering numbers. Several questions
remain to be studied:

¢ Itwould be interesting to get fast error rates with respect to the sample
number as those in Bartlett et al. (2006), Steinwart and Scovel (2005),
and Wu et al. (2006). For this purpose, the extension of localized
Rademacher averages (Bartlett et al., 2005) to the scenario of multiple
kernel learning would be useful.

¢ Jtwould be interesting to investigate generalization bounds based on
decoupling gaussian chaos of order 2 (see its definition in De La Pefia
& Giné, 1999).

® As mentioned in section 6, how to get additive margin bounds using
Rademacher approaches remains unknown.

® Another direction for investigation is to apply Rademacher chaos
complexities to practical kernel learning problems.
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