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Abstract

We study the Hopf-Galois module structure of algebraic integers in some finite ex-
tensions of p-adic fields and number fields which are at most tamely ramified. We
show that if L/K is a finite unramified extension of p-adic fields which is Hopf-
Galois for some Hopf algebra H then the ring of algebraic integers O, is a free
module of rank one over the associated order . If H is a commutative Hopf
algebra, we show that this conclusion remains valid in finite ramified extensions of
p-adic fields if p does not divide the degree of the extension. We prove analogous
results for finite abelian Galois extensions of number fields, in particular showing
that if L/K is a finite abelian domestic extension which is Hopf-Galois for some
commutative Hopf algebra H then O is locally free over 25. We study in greater
detail tamely ramified Galois extensions of number fields with Galois group isomor-
phic to C, x C,, where p is a prime number. Byott has enumerated and described
all the Hopf-Galois structures admitted by such an extension. We apply the results
above to show that O, is locally free over 2y in all of the Hopf-Galois structures,
and derive necessary and sufficient conditions for Oy, to be globally free over 2y in
each of the Hopf-Galois structures. In the case p = 2 we consider the implications
of taking K = Q. In the case that p is an odd prime we compare the structure of

1, as a module over 2y in the various Hopf-Galois structures.
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Chapter 1

Introduction

Classical Galois module theory seeks to describe the algebraic integers in a finite
Galois extension of global or local fields with respect to the Galois group. Let L/ K
be such an extension, with Galois group G. The Normal Basis Theorem states that
there exists an element z € L such that the set {o(z) | ¢ € G} is a K-basis for L
(a normal basis). This is equivalent to L being a free module of rank one over the
group algebra K[G]. It is natural to ask whether analogous results hold at integral
level - does there exist an element x € Oy, such that the set {o(z) | 0 € G} is
an O -basis for O, (a normal integral basis of L)? Equivalently, is O is a free
module (necessarily of rank one) over the integral group ring Ok [G]? In the global
case, the existence of a normal integral basis is a strong condition, as in general
1, does not have a basis over O at all, much less one consisting of the Galois
conjugates of a single element. To address this problem we employ completion - for
each prime p of Ok we study the completed ring of integers Oy, ,, which does have
a basis over the completed ring of integers O . If O, is a free module over the
completed integral group ring Ok ,[G] for every prime p of O then we say that
Oy, is locally free over O k[G]; this property is necessary but not sufficient for global
freeness. If Oy is locally free over Ok [G] then it defines a class in the locally free

class group Cl (D [G]). Frohlich’s Hom Description [Fré83] of this group allows
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us to calculate this class and determine the global structure of Oy over Ok[G], at

least up to stable isomorphism.

Noether’s theorem answers the local question above in terms of the ramification in
the extension - if L/K is a finite Galois extension of local (respectively global) fields
with group G, then Oy, is free (respectively locally free) over Ok [G] if and only
if L/K is at most tamely ramified. Since Noether’s theorem provides a necessary
and sufficient condition for freeness (respectively local freeness), it is clear that
other techniques are required to study wildly ramified extensions. One of these is
to study the structure of O as a module over a different O x-order in the group

algebra K[G], called the associated order:

Ak = {a € K[G] | a(x) € Op, for all z € O }.

If L/K is at most tamely ramified then the associated order and the integral group
ring coincide, but if the extension is wildly ramified then the integral group ring is
properly contained in the associated order. By construction, the associated order

is the largest Ok-order in K[G] for which O, is a module.

The first success of this approach was Leopoldt’s theorem [Leob9], that if L/Q
is an abelian extension then Oy is free over 2(g). This implies the corresponding
result for extensions of Q,, and in this case a slightly stronger result holds - if
L/K is an abelian extension of p-adic fields with Galois group G and additionally
L/Q, is an abelian extension then Oy, is free over Ak [Let98]. For extensions not
covered by these general theorems, we seek criteria for Oy, to be free over ™Agq).
It was in the search for such criteria that the Hopf algebra structure of the group
algebra K[G| was first exploited. Childs’ theorem [Chi00, (12.7)] is that if L/K is

a finite Galois extension of p-adic fields with Galois group G and kg is a Hopf
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order in K[G] then Oy is free over Ax(q).

In a slightly different direction, we have the notion of a Hopf-Galois structure
on a finite separable extension of fields L /K. This consists of a K-Hopf algebra of
dimension [L : K| acting on the extension in a “Galois like” way. If L/K is a Galois
extension then the group algebra K[G] gives one such structure, and we call this
the classical structure. However, a given extension may also admit a number of
nonclassical structures. A theorem of Greither and Pareigis [Chi00, (6.8)] reduces
the enumeration of the Hopf-Galois structures admitted by a given separable exten-
sion to a purely group theoretic problem, and shows that the corresponding Hopf
algebras all occur as “twisted” forms of certain group algebras. Work of Childs
and Byott [Chi00, (7.3)] simplified the calculations required in the enumeration of
Hopf-Galois structures, and a theorem of Byott [Byo96] identifies precisely those

Galois extensions which admit only the classical Hopf-Galois structure.

For a finite separable extension of local or global fields L/K, Hopf-Galois mod-
ule theory seeks to describe the ring of integers O with respect to the various
different Hopf-Galois structures admitted by the extension. Within each Hopf al-
gebra H we define an associated order analogous to the associated order in the

group algebra K[G]:

Ay ={h € H|hxeOforallz € O},

and study the structure of O as a module over each 2Ay. If the extension L/K
admits a number of Hopf-Galois structures, we can compare the structure of O, as
a module over the associated orders in the various Hopf algebras. Childs’ theorem
generalises to this setting: if the K-Hopf algebra H gives a Hopf-Galois structure

on a finite separable extension of p-adic fields L/K and the associated order 2y
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is a Hopf order in H then Oy is free over Ay. Byott [Byo00] exhibited a class of
wildly ramified Galois extensions p-adic fields L/K for which 9 is not free over
Ak, the associated order in the classical structure given by K[G], but for which
)y, is free over Ay, the associated order in some Hopf algebra H giving a nonclas-
sical structure on the extension. So from the point of view of describing Oy, for
these extensions the classical structure is not the “correct” structure to use, and a

nonclassical structure gives a more satisfactory description of the algebraic integers.

As we have seen above, a motivation for the use of Hopf algebras in Galois module
theory is a desire to have some generalisation of Noether’s theorem hold for wildly
ramified extensions. However, by Greither and Pareigis’s theorem the number of
Hopf-Galois structures admitted by an extension is independent of the ramifica-
tion in the extension, and so a tamely ramified extension may admit a number
of structures. If the extension L/K is Galois then it admits at least the classical
structure, with Hopf algebra K|[G]. If the extension is at most tamely ramified
then Noether’s theorem asserts that the associated order 2gg) coincides with the
integral group ring Ok [G] and that Oy is free (or locally free) over Ok [G]. It is not
known whether analogous results hold for any nonclassical structures admitted by
the extension. It is certainly natural to investigate the structure of O as a module
over Ay in each of the Hopf-Galois structures admitted by the extension, and we
might also ask whether the associated order in each nonclassical structure has a
simple description, as does the associated order in the classical structure. In this
thesis we answer these questions for certain classes of tamely ramified extensions

of number fields and p-adic fields.

Chapter 2 contains background information on algebras and orders, ideles and
class groups, Galois module theory, Hopf algebras and Hopf-Galois module theory.

In chapter 3 we prove two results concerning the Hopf-Galois module structure of
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finite extensions of p-adic fields. We show that if L/K is a finite unramified Galois
extension of p-adic fields and H is a Hopf algebra giving a Hopf-Galois structure
on the extension then ; is free over the associated order 2(g. We also show that
if L/ K is a finite extension of p-adic fields such that the degree of the extension is
coprime to p and H is a commutative Hopf algebra giving a Hopf-Galois structure
on the extension then 97, is free over Ay. In both cases we find that the associated
order has the same simple description. We also prove analogous results for abelian
Galois extensions of number fields. In particular we show that if L/K is an abelian
Galois extension of number fields and H is a Hopf algebra giving a Hopf-Galois
structure on the extension then Oy, , is free over Ay, for almost all primes p of
Ok, and that if L/K is a tamely ramified abelian Galois extension of number fields
of prime power degree and H is a commutative Hopf algebra giving a Hopf-Galois

structure on the extension then O is locally free over 2Ay.

For the remainder of the thesis we consider a particular class of tamely rami-
fied Galois extensions of number fields. By Byott’s uniqueness theorem a Galois
extension of prime degree p admits only the classical Hopf-Galois structure. We
therefore consider the simplest case for which we have nonclassical structures, Ga-
lois extensions of degree p?. In particular we consider Galois extensions of number
fields L/ K with group isomorphic to C, x C},. We assume that our ground field con-
tains a primitive p** root of unity, and so such extensions are formed by adjoining
the p!" roots of two elements of K. In chapter 4 we derive congruence conditions
on these elements which are equivalent to the extension being tamely ramified, and
calculate explicit bases of O, over Ok, for each prime p of Ok. In chapter 5
we reproduce results of Byott, who showed that an elementary abelian extension
of degree p? admits precisely p?> Hopf-Galois structures, and used Greither and
Pareigis’s theorem to describe the Hopf algebras, finding in particular that they

are all commutative. We give the Wedderburn decompositions of these algebras as
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products of extensions of K, and use these to describe the unique maximal order
in each algebra, giving explict local bases for each prime of Og. Finally we derive

formulae for the action of the Hopf algebras on elements of L.

In the final three chapters we consider the local and global structure of O}, over the
associated orders in the various Hopf-Galois structures admitted by the extension.
By the results of chapter 3 we know that O is locally free over 2y in each of
the Hopf-Galois structures, and we begin chapter 6 by giving explicit generators of
O, over Ay, for each prime p of Ox. We then give an explicit description of the
unit group Qlfm for each prime p of Ok, which we shall require when determining

conditions for global freeness the final chapters.

Chapter 7 covers in detail the case p = 2, and chapter 8 the case when p is an
odd prime number. Each of these chapters is structured in the same way. For
each Hopf algebra H giving a Hopf-Galois structure on L/K we “sandwich” the
locally free class group Cl () between products of ray class groups, and interpret
the class representing Oy as a product of classes of fractional ideals. This gives
necessary and sufficient conditions for O to be globally free over each 2Ay. In
the case p = 2 we also consider in detail extensions where the base field is Q, and
derive a condition for Oj, to be free over each 2y in terms of the representability
questions for certain quadratic forms. We give examples of extensions exhibiting a
variety of global behaviours. In the case when p is an odd prime we prove a partial
result concerning the comparison of the structure of 9; over Ay in the various

nonclassical Hopf-Galois structures admitted by the extension.



Chapter 2

Background

In this chapter we collect first the algebraic and arithmetic results which we shall
require in what follows. We then introduce Hopf algebras and the notion of a Hopf-
Galois structure on a finite separable extension of fields, along with theorems which
allow us to enumerate and describe all of the Hopf-Galois structures admitted by a
given extension. Finally we present Hopf-Galois module theory as a generalisation
of classical Galois module theory, and results which will allow us to study the

structure of a ring of algebraic integers with respect to a Hopf-Galois structure.

2.1 Preliminaries

2.1.1 Algebras and Orders

Definition 2.1.1. Let R be a commutative ring with unity. An R-module A is

called an R-algebra if it has the following additional structure:
e A map u: A®r A — A called the multiplication map
e A map t: R — A called the unit map

such that the following diagrams commute:

13
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e Associativity:

AoprAor A2~ AR A
1®p H
AQRrA a A
e Unitary:
ARprR—2 > Az A
Ju
A®r R A
and

RopA—& A®p A

R®r A A

module mult.

Definition 2.1.2. Let K be a field, and A a K-algebra.

14

e Ais semisimple if it is the direct sum of a finite number of minimal left ideals.

e A is separable if for every extension field L of K, including K itself, L ®x A

is a semisimple L-algebra.

Definition 2.1.3. Let R be a Dedekind domain with field of fractions K and let A

be a finite dimensional K-algebra. An R-order in A is a subring A of A satisfying

the following conditions:

e The centre of A contains R.

e A is finitely generated as an R-module.

[ A®RK:A
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An R-order in A is called mazximal if it is not properly contained in any larger

R-order in A.

Example 2.1.4. Let G be a group of order n. Let R be a Dedekind domain with

field of fractions K, and suppose char(K') f n. Then the group algebra

MQ:{z%wWﬁﬂ%

geG

is a separable K-algebra with multiplication g induced linearly from the multipli-

cation in G' and unit map ¢ given by k — klg for k£ € K. The group ring

RG] = {ngg | ry € R}

geG
is an R-order in K[G].

We now state two results concerning maximal orders. We shall use these in Chapter
3, where we shall require information about maximal orders in commutative group

algebras.

Proposition 2.1.5. Let R be a Dedekind domain with field of fractions K, and let
A be a commutative separable K-algebra. Then there is a unique maximal R-order

in A, namely the integral closure of R in A.
Proof. See [CR81a, (26.10)]. O

Proposition 2.1.6. Let G be a group of order n. Let R be a Dedekind domain
with field of fractions K, and suppose char(K) t n. Let A be any R-order in K|[G]
containing R[G]. Then

R[G] € A Cn'R[G].

In particular, R|G] is maximal if and only if n € R*.

Proof. See [CR81a, (27.1)]. O
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2.1.2 Local Fields

Definition 2.1.7. A ring R is called a discrete valuation ring if it is a principal

ideal domain which has a unique non-zero prime ideal m.

We call a generator 7 of m a uniformiser of R. Since R is a principal ideal domain,
the unique non-zero prime ideal m is a maximal ideal, and so the quotient ring R/m
is a field. It is called the residue field of R. The unit group R* of R comprises
precisely those elements of R which do not lie in m. Any nonzero element = € R
may be written as x = un™ for some u € R* and n € NU {0}. The integer n is
independent of the choice of 7, and so we may define the valuation of x to be n. The
units of R are precisely those elements having valuation zero. For x,y € R, we write
x ~ y if x and y have the same valuation, i.e. differ only by a unit. Let K be the
field of fractions of R. The valuation on R extends to a valuation v : K — ZU{oo},
with the convention that v(0) = co. Conversely, if we are given a field K together
with a valuation v : K — Z U {oo}, then the set R = {z € K | v(z) > 0} is a
discrete valuation ring. It is called the valuation ring or the ring of integers of K

with respect to v.

Definition 2.1.8. Let K be a field, v : K — Z U {oo} a valuation on K with
valuation ring R, and m the unique prime ideal of R. Suppose that the residue
field R/m is finite, having ¢ elements. We define the normalised absolute value on
K associated to v, denoted |.|,, by |z|, = ¢ *®). We call K a local field if it is

complete with respect to this absolute value.

Example 2.1.9. Let K be a number field, and p a prime of Ok lying above a
prime number p € Z. Then the residue field Ok /p is finite. We define a valuation
vy K — Z U {oo} as follows: we set v, (0) = oo, and for z € K*, we set v, (x) to
be the power of the prime p appearing in the factorisation of the fractional ideal
D k. The field K is not complete with respect to the absolute value associated to

this valuation, but we may form its completion, which we denote by K,. This is
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a local field. We write Ok, for its valuation ring (ring of integers), and p for its
maximal ideal. Local fields obtained in this way are called p-adic fields, and will

be one of our main objects of study in this thesis.

Definition 2.1.10. Let L/K be a finite separable extension of local fields, with
valuations vy, vy, valuation rings R, R, maximal ideals m, mx and uniformisers
7L, T respectively. Let p be the characteristic of the residue field Ry /mg. We
define the ramification index er x by er/x = vi (7). The residue field Ry /my is a
finite extension of the residue field R /mg, and we define the residue field degree
Jr/k to be the degree of this extension. We have the relation [L : K| = ep/k fr/k.
The extension L/K is said to be unramified if e; /i = 1, and ramified otherwise.
If L/K is ramified, then we say that it is tamely ramified (or simply tame) if

(er/x,p) = 1, and wildly ramified (or simply wild) otherwise.

We mention another characterisation of discrete valuation rings, which is based on
the concept of a local ring. We shall make use of local rings in a different context

in Chapter 6, using results presented at the end of this chapter.

Definition 2.1.11. A commutative ring R is said to be local if it has a unique

maximal ideal.

Example 2.1.12. A commutative ring R is a discrete valuation ring if and only if
it is local, with unique maximal ideal generated by a non-nilpotent element, and is

Noetherian. That is, every increasing chain of ideals of R is eventually stationary.

2.1.3 Algebraic Number Theory

We now turn to a global setting, and review briefly some of the ramification theory

of number fields.

Definition 2.1.13. Let L/K be a finite extension of number fields with rings of
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integers O, O respectively. Let p be a prime of O, and let

PO = Tl...mgg

be the unique factorisation of pO; into prime ideals of ;. For each i =1,...,¢,
the residue field O /%PB; is a finite extension of the residue field Ok /p, and we

denote the degree of this extension by f;. We have the relation

g

[L:K]=> eif:.

=1

The prime p is said to be unramifiedin Oy if e; = 1 foralli =1,..., g, and ramified
in O, otherwise. Let p be the characteristic of the residue field k = Ok /p. If p
is ramified in Oy, then we say that it is tamely ramified if (e;,p) = 1 for all
1=1,...,9, and wildy ramified otherwise. Equivalently, the prime p is unramified
(respectively, tamely ramified) in Oy, if the extension of p-adic fields Ly, /K, is
unramified (respectively, tamely ramified) for each i = 1,...,¢.

We call the extension L/K wunramified if all primes of Oy are unramified in Oy,
tamely ramified (or simply tame) if every prime of Ox which is ramified in Oy is
tamely ramified, and wildly ramified (or simply wild) if any prime ramifies wildly.
Finally, we shall call the extension L/K domestic if it is Galois and no prime p of

Ok lying above a prime number dividing [L : K] is ramified in Oy.

We shall primarily be interested in studying Galois extensions of number fields,
where the Galois correspondence combined with the ramification theory outlined

above yields the following:

Theorem 2.1.14. (Hilbert’s Ramification Theory) Let L/K be a Galois ex-

tension of number fields with rings of integers O, Ok respectively, and Galois
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group G. Let p be a prime of O, and let

PO = i’l...mgg

be the unique factorisation of pO; into prime ideals of O, with corresponding

residue field degrees fi,..., f;. Then

e (& acts transitively on the primes B; lying above p. The stabiliser of a prime

B is called the decomposition group of P and is denoted by Gy,
ie. Gg={oc e G|o(B) =P}

e The ramification indices e; and residue field degrees f; are independent of i,

and so we have

pOL = (P1-- - Py)
with [O7/PB; : Ok /p| = fforeachi=1,...,g9, and so [L: K] =efy.

o |Gyl = ef for each prime ‘P lying above p. In particular, |Gg| = 1 if and

only if p is totally split in O .

e For 0 € G, we have G, = 0Gypo !, i.e. the decomposition groups of the
primes lying above p are conjugate. In particular, if G is abelian then they

coincide.

Proof. See [Neu99, Chapter I, §9]. ]

We now take a finite Galois extension L/K of number fields and consider the
consequences for L of completing K with respect to the absolute value arising from
some prime ideal p of O, as in (2.1.9). In this case the corresponding completion

of L need not be a local field, but is semilocal. That is, a finite product of local

fields.

Theorem 2.1.15. Let L/K be a finite separable extension of number fields with

rings of integers O, Ok respectively. Let p be a prime of Og. Write K, for the
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completion of K with respect to the absolute value arising from p. Write L, for the
K,-algebra L @k K. Then there is a bijection between the primitive idempotents

of L, and the primes of O which lie above p. This induces a decomposition:

Lok K, =[] Ly
Plp
where Lg is the completion of L with respect to the absolute value arising from the

prime ideal B of O . We also have an analogous decomposition at integral level:

Orp =91 Qo Orp = HDL,m.
Bp

Proof. See [FT91, Theorem 17]. O

Definition 2.1.16. A Galois algebra over a field K is a finite dimensional K-
algebra L together with a group G = G(L/K) of algebra automorphisms of L,
such that £ = KI[G] as K[G]-modules. We call G the Galois group of L. If K is
the field of fractions of some Dedekind domain Ok, and K, is the completion of

K with respect to the valuation arising from a prime p of O, then £, = L ®x K,

has the structure of a K,-Galois algebra, with G(£,/K,) = G(L/K).

Example 2.1.17. Any Galois extension of fields L/K is a K-Galois algebra with
group G = Gal(L/K). If L/K is a Galois extension of number fields and p is a

prime of Ok, then by (2.1.15)
Lok Ky =[] Ly
Plp

is a K,-Galois algebra with group G = Gal(L/K). If P’ is a fixed prime ideal lying

above p, and ¥ C G is a set of coset representatives for the decomposition group
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Gqv in G, then (2.1.14) yields

IILs=]] Loy

Blp oeY

This Galois algebra is clearly commutative and, since L/K is a separable extension,

it is also a separable K-algebra.

2.1.4 Ideles and Class Groups

It is often desirable to pass from local results to global ones. Suppose we have a
problem concerning a number field K, and that for each nonzero prime p of O we
can solve the corresponding problem for the completion K, of K with respect to the
absolute value arising from p. It is natural to ask to what extent this information
allows us to solve the original problem over K. In this section we introduce tools

which allow us to answer this question.

Definition 2.1.18. Let K be a number field. The (finite) idéle group J(K) of K

is defined to be the restricted topological product

J(K) = H ,pr = {(zp)p | xp € K,y € O, for almost all p}
paOK

with multiplication defined componentwise. We interpret “almost all” as “for all
but finitely many”. For each prime p of O we have an inclusion K — K,. These
allow us to define a diagonal embedding K* < J(K) by = + (x),; this is an idele
since vy (z) = 0 for almost all primes p and so x € O for almost all p. The image
of K* in J(K) is called the group of principal idéles. The group of unit idéles is
defined by

U©Ox) =[] 9k, ={(@p)p € I(K) |z, € O, for all p} .

POk
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The introduction of ideles provides us with a new way to view the ideal class group

of a number field, and leads to a useful generalisation.
Proposition 2.1.19. Let J(K) and Cl (9D) denote the fractional ideal group and

ideal class group of K respectively. Define a surjective homomorphism

I(K) — 3(K)

(p)p — H pr (e,
P

Then this homomorphism induces an isomorphism
=~ Cl(Dk).

Proof. See [Neu99, Chapter VI, §1, Definition (1.2) ff.]. O

Definition 2.1.20. Let m be an ideal of O . Define a subgroup Un(Ok) of U(Ok)
by
Un(Ok) ={(zp)p € UOK) | 2y € (1 + mO,) for all p}.

Define the ray class group mod m to be the quotient

Cln(Ok) = %

Using (2.1.19), we may interpret this as the group of those fractional ideals of O
which are prime to m, modulo those principal fractional ideals for which there
exists a generator « satisfying @« =1 (mod* m). (That is, v, (« — 1) > v, (m) for

all p | m, but possibly o € Ok.)

We now define the idele group of a finite dimensional separable algebra over a

number field analogously to the definition of the idele group of a number field in
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(2.1.18).

Definition 2.1.21. Let K be a number field, A a finite dimensional separable
K-algebra, and A an O g-order in A. For p a prime of O, we write A, = AQk K,
and A, = A o, O p. We define the (finite) idéle group J(A) of A by

J(A) = H ,A; = {(ap)p | ap € A}, a, € A for almost all p}
POk
with multiplication defined componentwise. This definition does not depend upon
the choice of Og-order A in A, since if I' is another order then A, = T, for all
but finitely many primes p of O. The group of principal idéles is defined to be
the image of the diagonal embedding A* — J(A) by a — (a),. The group of unit
ideles of A is defined by

UA) = J] A7 = {(ap)p € J(A) | ap € A} for all p}.
p<aOxK
We now introduce the type of problem which we shall study using idele groups -
the structure of a module for an order in a finite dimensional separable algebra

over a number field.

Definition 2.1.22. Let K be a number field, A a finite dimensional separable
K-algebra, and A an ODg-order in A. Let X be a finitely generated (say left) A-
module. For p a prime of O, write Ay = A ®p, Oxp and X, = X Qp, Ok p.
Then X, is a finitely generated Ay-module. The A-module X will be called locally

free if X, is a free Ay-module for each prime p of O.

Definition 2.1.23. Retain the notation of (2.1.22). The Grothendieck group Ro(\)
of locally free A-modules is defined to be the abelian group with generators [X]
corresponding to A-isomorphism classes of locally free A-modules X and with rela-

tions [X @Y] = [X]+[Y]. We define a homomorphism N — £4(A) by mapping n to
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the class [A"] of the free A-module of rank n, and extend this to a homomorphism
Z — Ro(A). We then define the locally free class group Cl1(A) to be the cokernel of

this map. We have the following defining exact sequence:

0—Z— R(A) — Cl(A) — 1.

A locally free A-module X has trivial class in the locally free class group Cl(A) if
and only if it is a stably free A-module. That is, X ® A" is a free A-module for some
natural number r. However, we shall only be interested in the case where A is a
commutative algebra. In this case, A satisfies the Fichler condition relative to O,
and so we may apply the Jacobinksi Cancellation Theorem (see [CR81b, 51.24]),

and conclude that the order A has locally free cancellation. That is

X is a stably free A-module & X is a free A-module.

We summarise the above in the following proposition:

Proposition 2.1.24. Let K be a number field, A a commutative finite dimensional
separable K-algebra, and A an D g-order in A. Suppose that X is an 9 g-module
which is a locally free A-module. Then X is a free A-module if and only if X has

trival class in the locally free class group CI(A).
Proof. See [CR81b, §51]. O

In general, Frohlich’s so-called Hom Description provides a description of Cl(A)
using the idelic machinery defined in this section (see [Fré83]). Once again, we
shall only apply this result in the case that A is a commutative algebra, when it

reduces to the following:

Proposition 2.1.25. (Frohlich) Let K be a number field, A a finite dimensional

separable commutative K-algebra, and A an ODg-order in A. Then there is an
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isomorphism of groups

Cl(A) = %.

Suppose that X is an O g-module which is a locally free A-module and that X ®¢,
K is a free A-module. Let I' be a generator of X ®¢, K over A, and for each prime
p of Ok let v, be a generator of X, over A,. For each prime p of O define a, € A,
by a,I' = 7. Then the class of X in Cl(A) corresponds to the class of the idele

(ap)p in the quotient group above.

Proof. See [CR81b, (49.22)]. O

2.2 Galois Module Theory

The Hopf-Galois module theory which we shall study in this thesis has its roots
in classical Galois module theory. For field extensions, Galois theory provides the

following theorem:

Theorem 2.2.1. (The Normal Basis Theorem) Let L/K be a finite Galois
extension of fields with group G. Then there exists an element x € L such that the
set {o(x) | o € G} is a basis for L over K. Equivalently, L is a free K[G]-module

of rank one.
Proof. See [Lan99, VI, Theorem 13.1]. ]

A question in Galois module theory is whether, in local fields or global fields,
analogous results hold at integral level - when is O, a free O [G]-module? For local
fields, this question was answered by Noether using the notions of tame ramification

defined in (2.1.10) and (2.1.13).

Theorem 2.2.2. (Noether) Let L/K be a finite Galois extension of local fields
with group G and rings of integers Oy, Ok respectively. Then O is free over

Ok[G] if and only if L/K is at most tamely ramified.
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Proof. See [Fr683, Theorem 3]. O
This implies the corresponding result for number fields:

Corollary 2.2.3. Let L/K be a finite Galois extension of number fields with group
G and rings of integers Op, Ok respectively. Then 9, is Locally Free (cf. 2.1.22)

over D |G] if and only if L/K is at most tamely ramified.
Proof. See [Fro83, Corollary 2 to Theorem 3]. ]

It is natural to ask whether some generalisation of Noether’s theorem still holds
when L/K is wildly ramified. One approach to studying this problem is to replace
the integral group ring O x[G] with a larger O g-order in K[G], called the associated

order.

Definition 2.2.4. Let L/K be a finite Galois extension of local fields or global
fields with group G and rings of integers O, O respectively. Define the associated
order Ak € K[G] by

Akie) = {a € K[G] | a(z) € O, for all x € O}

The associated order is the largest order in K[G] for which Oy is a module. If L/K
is wildly ramified then O [G] C Ak(q), but we may investigate the structure of O,
as an A g-module. The first result in this direction was due to Leopoldt [Leo59)],
who showed that if L/Q is an abelian extension, then Oy, is a free gg-module.
This implies that for any prime number p, Op, is free over g, ¢ Lettl [Let98]
generalised the local version of this result to a relative extension L/K of p-adic

fields, assuming that L/Q, is abelian.

A motivation for the use of Hopf algebras in the context of Galois module theory is

the desire to study the structure of O as an Axg-module in wildly ramified ex-



CHAPTER 2. BACKGROUND 27

tensions. In this thesis, however, we shall only be concerned with tamely ramified

extensions.

2.3 Hopf Algebras

Definition 2.3.1. Let R be a commutative ring with unity. An R-algebra A with
multiplication map p : AQrA — A and unit map ¢ : R — A is called an R-bialgebra

if it has the following additional structure maps:

e An R-algebra homomorphism A : A — A ®pz A called the comultiplication

map
e An R-algebra homomorphism ¢ : A — R called the counit map
such that the following diagrams commute:

e (Coassociativity:

A A A®p A
A A®1

AQpA—19% Ao, Aos A

e Counitary:

A 2 . A®RpA

1®e

A module mult‘A ®R R

and

A A L A@pA

e®1

A module mult.R ®R A
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Remark 2.3.2. An R-module which is not necessarily an R-algebra but does
possess counit and comultiplication maps as defined above is called an R-coalgebra.
Comparing the diagrams above to those in (2.1.1), we see that this definition is

“dual” to that of an R-algebra.

Example 2.3.3. Let K be a field and G a finite group. Then the group algebra
K|[G] is a K-bialgebra, with comultiplication A given by g — ¢ ® g and counit ¢

given by g — 1 for all g € G.

Definition 2.3.4. Let R be a commutative ring with unity. An R-bialgebra H
with multiplication map p: H ®g H — H, unit map ¢ : R — H, comultiplication
map A : H — H ®r H and counit map ¢ : H — R is called an R-Hopf algebra if

there is a map A : H — H with the following properties:
e )\ is an R-algebra antihomomorphism. That is, A(hh') = A(R')A(h)

e ) is an R-coalgebra antihomomorphism. That is, if 7: H®r H — H denotes

the switch map, T(h® h') = (b ® h), then AX(h) = (A @ A\)TA(h)
e )\ satisfies the antipode property: p(1 @ M)A =1e = p(A® 1)A
such a map is called the antipode map.
Definition 2.3.5. (Sweedler Notation) Let R be a commutative ring with unity

and H an R-Hopf algebra. For h € H, we shall write

A(h) = Zh@) ® hp) € H®g H.
(h)

Definition 2.3.6. An R-Hopf Algebra H is called
e commutative if it is commutative as an R-algebra.

o cocommutative if TA = A.
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e abelian if it is both commutative and cocommutative.

e finite if it is finitely generated and projective as an R-module.

Example 2.3.7. Let K be a field and G a finite group. The K-bialgebra K[G] is
a finite K-Hopf algebra, with antipode \ given by g + g~! for all ¢ € G. Since the

comultiplication A is given by g — g ® g, it is a cocommutative Hopf Algebra.

Definition 2.3.8. Let R be a commutative ring with unity, and H a finite R-Hopf
algebra. Then the linear dual H* = Homg(H, R) is an R-Hopf algebra, and so will

be called the dual algebra to H.

Proposition 2.3.9. Let K be a field of characteristic zero, and let H be a finite

commutative K-Hopf algebra. Then H is a separable K-algebra.

Proof. Since H is a finite K-Hopf algebra, it is an Artinian ring. That is, every
decreasing chain of ideals terminates. Now by [Wat97, (11.4)], we have that H is

reduced. That is,

(r=0,

where the product is taken over all prime ideals p. Using [CR81a, (5.18)], we may
conclude that H is semisimple. Finally, since K has characteristic zero and H is

commutative, we may use [CR81a, (7.6)] to conclude that H is separable. O

2.3.1 Hopf Orders

Definition 2.3.10. Let R be a Dedekind domain with field of fractions K of
characteristic zero. Let H be a finite K-Hopf algebra. An R-order in H is called a

Hopf order if it is an R-Hopf algebra with operations inherited from those on H.

Example 2.3.11. Let R be a Dedekind domain with field of fractions K of char-
acteristic zero. Let G be a finite group. Then the group ring R[G] is a Hopf order

in the group algebra K[G]. In fact it is minimal amongst all Hopf orders in K[G].
(See [Chi00, (5.2)]).
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Proposition 2.3.12. Let R be a Dedekind domain with field of fractions K of
characteristic zero. Let G be a finite group. Suppose that A is an O g-order in
the group algebra K[G]. If the comultiplication map A : H — H ® H satisfies
A(A) C A®p, A, then A is a Hopf order.

Proof. We need to show that the counit ¢ : K[G] — K and antipode A : K[G] —
K|[G] also restrict to A. Let A : K[G] — K[G]® K[G] be the comultiplication map
on K[G], and p : K[|G] ® K[G] — K|G] be the multiplication map on K[G]. We

define recursively

A = A:K[G] - K[G] ® K[G]
A; = ([d™'®A)oA_ : K[G] — (§) K[G]

and

mo = p:K[G]® K[G] — KI[G]
pi = piro(id @ p): ®K[G] — K[G]

Then for g € G,
1idig = g+

and so for z = Zkgg € K[G],

geG

piei-186-1(2) = ) _ked = kg = e(2),

geG geG

and

po—2Ae-2(2) = Y kgd Tt =) TkegTh = A(2).

geG geG
Now A C K|[G] inherits the y; from K[G], and since by assumption A restricts to A,

it also inherits the A;. So for all z € A we have A\(z) € A,ande(z) € KNA=R. O
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2.3.2 Integrals

Definition 2.3.13. Let R be a commutative ring with unity and H an R-Hopf
algebra. An element § € H is a left integral if for all x € H, we have z6 = ¢(x)6.

An element 6 € H is a right integral if for all x € H, we have 0z = (z)0.

Proposition 2.3.14. Let R be a commutative ring with unity and H an R-Hopf
algebra. Then the module of left integrals of H is a rank one projective R-module.
In particular, if R is a principal ideal domain, then the module of left integrals of

H is a free R-module of rank one.

Proof. See [Chi00, Corollary 3.4]. O

2.4 Hopf-Galois Structures

The notion of a Hopf-Galois structure is defined for certain extensions of commu-
tative rings. We shall be interested mainly in studying Hopf-Galois structures on

finite separable extensions of fields.

Definition 2.4.1. Let R be a commutative ring with unity. Let H be an R-Hopf
algebra and S an R-algebra which is also an H-module. Then S is said to be an

H-module algebra if, for all h € H and s,t € S, we have

h(st) = Y hay(s)he)(D)
()

h(1) = e(h)l.

Definition 2.4.2. Let R be a commutative ring with unity. Let H be an R-Hopf
algebra, and let S O R be a commutative ring such that S is an H-module algebra.

We say that S is an H-Galois extension of R (H-Galois for short), or that H gives
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a Hopf-Galois structure on the extension if the R-linear map

Jj:S®rH — Endg(S)

defined by
Jj(s®h)(t) = sh(t) for s,t €S, he H

is an R-module isomorphism.

Example 2.4.3. Let L/K be a finite Galois extension of fields with group G.
Then the Hopf algebra K[G] gives a Hopf-Galois structure on the extension; this
is called the classical structure. Any other Hopf-Galois structures admitted by the

extension are called nonclassical.

2.4.1 Greither and Pareigis’s Theorem

Given a finite separable extension of fields L/K, it is natural to ask how many
different Hopf-Galois structures are admitted by the extension. The theorem of
Greither and Pareigis provides an answer to this question, and also a theoretical

description of the Hopf algebras.

Definition 2.4.4. Let Perm(X) denote the group of permutations of a finite set
X. A subgroup N of Perm(X) is said to be regular if any two (and therefore all

three) of the following are satisfied:
e N and X have the same cardinality.
e N acts transitively on X.
e The stabilizer Staby(z) = {n € N | nz = x} is trivial for all z € X.

Definition 2.4.5. Let GG be a group and suppose G’ is a subgroup of GG. Let X be
the left coset space G/G’ of G’ in G, so X = {zG’ | v € G}. We shall write T for
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the coset xG'. Define the left translation map

A G — Perm(X)

Mg)(T) =gz for g € Gand T € X.

Proposition 2.4.6. Let L/K be a finite separable extension of fields with Galois
closure E. Let G = Gal(£/K),G’ = Gal(E/L) and X = G/G’. Then the map A

is an embedding of G into Perm(X).
Proof. See [Chi00, 6.6]. O
Remark 2.4.7. If X is a group (i.e. in the above L/K is a Galois extension with

group G and so G' = {15}) we may also define the right translation map

p: G — Perm(X)

p(g)(x) =xg ' for g€ G and v € X,
This is an embedding of G into Perm(X).

Definition 2.4.8. We define a left action of G on Perm(X') by conjugation via the

embedding A. For g € G and 7 € Perm(X) we set

I = Ag)mA(g ™)

Theorem 2.4.9 (Greither and Pareigis). Let L/K be a finite separable ex-
tension of fields with Galois closure E. Let G = Gal(E/K),G" = Gal(E/L) and
X = G/G'. Then there is a bijection between regular subgroups N of Perm(X)

normalised by A(G) and Hopf-Galois structures on L/K. If N is such a subgroup,
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then G acts on the group algebra E[N] by acting simultaneously on the coefficients
as the Galois group and on the group elements by conjugation via the embedding \.
The Hopf algebra giving the Hopf-Galois structure corresponding to the subgroup
N is

H=E[N]®={2€E[N]| %=zforallgeG}.

Such a Hopf algebra then acts on the extension L/K as follows: if (Z cnn> eH

nenN
(with ¢, € E a priori), then

(Z cnn)x = Z cn(n1(1g))z.

neN neN

Proof. See [Chi00, 6.8]. O

Definition 2.4.10. If H is a Hopf algebra produced by (2.4.9), then we shall refer

to the isomorphism class of the group N as the type of the Hopf algebra.

Remark 2.4.11. We shall only apply (2.4.9) to extensions of fields of characteristic
zero, where separability is automatic. In fact, we shall mainly be concerned with
Galois extensions. In the notation of (2.4.9) we then have that G’ = {15}, and so

the statement of the theorem is somewhat simpler.

Remark 2.4.12. Since all group algebras are cocommutative Hopf algebras (See
2.3.7), it follows that all of the Hopf algebras produced by (2.4.9) are cocommuta-

tive.

Remark 2.4.13. By (2.3.12) we have that in order to show that an order A in a
group algebra over a field of characteristic zero is a Hopf order, it is sufficient to
show that the comultiplication map A restricts to A. Since Hopf algebras produced
by (2.4.9) inherit the Hopf algebra structure maps from group algebras, they also

have this property.
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2.4.2 Byott’s Translation

If we use Greither and Pareigis’s theorem directly to count Hopf-Galois structures
on a given finite separable extension L/K, then we seek to study certain regular
subgroups of Perm(X), a group of order [L : K|!. If [L : K] is large, this is a
difficult problem. A theorem of Byott, making precise an idea originally due to

Childs, reverses the relationship between GG and N, facilitating easier calculations.

Definition 2.4.14. Let N be a group. The holomorph of N, Hol(N), is the
normaliser of A(N) in Perm(N):

Hol(N) = {o € Perm(N) | o normalises N}.

Proposition 2.4.15. Since N is a group, the right translation map p : N —
Perm(N) is an embedding of N into Perm (V) (see (2.4.7)), and we have:

Hol(N) = p(N) »x Aut(N).

Proof. See [Chi00, (7.2)] O

Theorem 2.4.16. (Byott’s Translation) Let G’ C G be finite groups, let X =
G/G' and let N be an abstract group of order |X|. Then there is a bijection

between the following two sets:

N ={a: N — Perm(X) | @ an injective homomorphism such that a(N) is regular }

G = {0 :G — Perm(N) | § an injective homomorphism such that 3(G") = Stabg)(1n)}
Under this bijection, if a,, o’ € N correspond to 3, 3" € G respectively, then:

e a(N) = d/(N) if and only if B(G) and §'(G) are conjugate by an element of
Aut(N).
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e a(N) is normalised by A\(G) C Perm(X) if and only if 3(G) is contained in
Hol(N).

Proof. Originally [Byo96, Proposition 1]. This formulation [Chi00, (7.3)]. O

This theorem may be used to count Hopf-Galois structures on a given finite sepa-

rable extension of fields as follows:

Corollary 2.4.17. Let L/K be a finite separable extension of fields with Galois
closure E. Let G = Gal(E/K),G = Gal(E/L). Define

Aut(G,G") = {0 € Aut(GQ) | o(G') = G'}.

Let S be the set of isomorphism classes of groups N with |[N| = |G/G’|. For each
[N] € S, define ¢/(G, G, N) to be the number of subgroups G* of Hol(/N) such that
there exists an isomorphism from G* to G taking the stabiliser in G* of 1y to G'.

Then the number of Hopf-Galois structures of type N on L/K is given by

, ARG, G,
e(G,G,N):WQ(G,G,N)

and the total number of Hopf-Galois structures admitted by the extension is given
by
> e(G,GN).

[N]eS

Proof. See [Chi00, (7.6)] O

We shall only apply this corollary in the case that the extension L/K is a Galois

extension, when it reduces to the following:

Corollary 2.4.18. Let L/K be a Galois extension with group G. Then in the
above, G' = {1g},X = G and Aut(G,G’") = Aut(G). The quantity ¢'(G,N) =

¢ (G,G’, N) therefore counts the number of regular subgroups of Hol(N) which are
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isomorphic to GG, and we have

[Aut(G)] ,
e(G,N) = me (G,N).

Thus the total number of Hopf-Galois structures admitted by the extension is given

by

Z e(G,N).

[N]eS

2.5 Hopf-Galois Module Theory

Consider a finite separable extension of fields L/K. The following proposition
implies a generalisation of the Normal Basis Theorem (2.2.1) to an arbitrary Hopf-

Galois structure on the extension.

Proposition 2.5.1. Let R be a local ring and H an R-Hopf algebra. Suppose that
S is an H-Galois extension of R (see (2.4.2). Then S is a free H-module of rank

one.
Proof. See [Chi00, (2.16)]. O

Corollary 2.5.2. Let K be a field and H a K-Hopf algebra. Suppose that L is a
finite separable extension of K which is H-Galois. Then L is a free H-module of

rank one.

If L/K is an extension of local or global fields, it is natural to investigate analogous
results at integral level. If H is a Hopf algebra giving a nonclassical structure on
L/K, then there is no natural analogue in H to the integral group ring O x[G], the
minimal Hopf order in K|[G]. Indeed, H need not contain any Hopf orders at all.

The notion of the associated order, however, generalises easily:

Definition 2.5.3. Let L/K be a finite, H-Galois extension of local fields or global

fields with rings of integers 9, O g respectively. Define the associated order Ay C
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H by
Ay ={h € H|hxeOforallz € O}

Analogously to (2.2.4), 2y is the largest order in H for which O, is a module. In
fact it is the only order in H over which O} can possibly be a free module, as is

implied by the following proposition:

Proposition 2.5.4. Let R be a Dedekind domain with field of fractions K. Let
H be a K-Hopf algebra, and A an R-order in H. Let £ be a K-algebra which is

an H-Galois extension of K, and S an R-order in £. Write

Ag ={h € H|haeSforall z e S}

Suppose S is a free A-module of rank one. Then A = 2.

Proof. [Chi00, (12.5)]. Let t be a generator for S over A. Then t is a generator for
L over H. Let a € Ag. Then a.t € S, so a.t = h.t for some h € A. Since L is free

over H with generator ¢, we have v = h. Hence Ag = A. [

We shall be interested in determining conditions for O to be a free (or locally
free) Ag-module. The following results give sufficient conditions for this to hold in

the local case. We shall make use these in Chapter 3.

Proposition 2.5.5. Let K be a p-adic field and let A be a commutative separable
K-algebra. Let 91 be the unique maximal order in A. Let S be a finitely generated
projective O g-module which is also an 9-module. Suppose that S ®g, K is a free

A-module of rank one. Then S is a free 9i-module of rank one.

Proof. By [CR81a, (26.12)], M is a hereditary order. That is, every one-sided ideal
of M is projective as an M-module. This implies that every finite O x-module
which is also an 99t-module is in fact a projective 9-module. In particular, we

may conclude that S is 9M-projective. Using the assumptions that K is a p-adic
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field, A is commutative and S ®o, K is a free A-module, we may conclude (see
[CR81a, (35), Exercise 9]) that S = 9t as M-modules. Since M is obviously a free

M-module, the result follows. O

Corollary 2.5.6. Let L/K be a finite separable extension of p-adic fields which is
Hopf-Galois for some commutative Hopf algebra H. If the associated order Ay is

the unique maximal order in H, then O is a free Ay-module.

Theorem 2.5.7. (Childs) Let L/K be a finite H-Galois extension of local fields
with rings of integers Oy, Ok repectively. If the associated order 2y is a Hopf

order in H, then Oy is a free Axz-module.
Proof. See [Chi00, (12.7)]. O

This striking result is proved in stages in chapter 3 of [Chi00]. We extract a defini-
tion and theorem which we shall use explicitly later. The former is a generalisation
of the notion of tameness; the latter a generalisation of Noether’s theorem appli-

cable Hopf-Galois extensions of Galois algebras.

Definition 2.5.8. Let R be a commutative ring with unity and H a finite co-
commutative R-Hopf algebra with module of left integrals I. Let S be a finitely

generated projective R algebra. Suppose that S is an H-module algebra such that

{s€ S|hs=c¢c(h)sforallhe H} = R.

We say that S is a tame H-extension of R if
o rankp(S) = rankg(H).
e S is a faithful H-module.

o /|S=R.
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Theorem 2.5.9. Let R be a local domain with quotient field K of characterstic
zero. Let H be a finite cocommutative R-Hopf algebra and S be a finitely generated
projective R-algebra. Suppose that S is a tame H-extension of R. Then S is a free

H-module of rank one.
Proof. See [Chi00, (13.4)]. O

If in addition to the hypotheses for this theorem we assume that H is a local R-
Hopf algebra then a theorem of Childs and Hurley provides an explicit generator

of S over H.

Theorem 2.5.10 (Childs and Hurley). Let R be a local ring with maximal
ideal m and H a local, cocommutative R-Hopf algebra with module of integrals
RO. Suppose S is an H-tame extension of R, and let ¢t € S satisfy 6t = 1. Then
S = Ht.

Proof. See [Chi00, Theorem 14.7]. O

Remark 2.5.11. In fact it is shown in [Chi00, Theorem 14.7] that when H is a
local Hopf algebra over a local domain R, the following three conditions on an

H-module algebra S are equivalent:
e S is H-tame.
o Sis H-free.

e S is H-Galois.



Chapter 3

Conditions for Freeness over the

Associated Order

3.1 Overview

In this chapter we prove the following two theorems regarding extensions of p-adic

fields:

Theorem 3.1.1. Let L/K be a finite unramified extension of p-adic fields, and
suppose that L/K is H-Galois for some Hopf algebra H. Let Ay C H be the
associated order of 7. Then 2y is a Hopf order in H and O is a free Apy-

module.

Theorem 3.1.2. Let L/K be a finite (not necessarily Galois) extension of p-adic
fields such that p { [L : K]. Suppose that L/K is H-Galois for some commutative
Hopf algebra H. Let 2y C H be the associated order of 9. Then 2y is the

unique maximal order in H and Oy is a free Az-module.
We also prove two analogous theorems regarding extensions of number fields:

Theorem 3.1.3. Let L/K be a finite abelian extension of number fields, and

suppose that L/K is H-Galois for some Hopf algebra H. Let Ay C H be the

41
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associated order of ;. Suppose p is a prime of Oy which is unramified in Oy,

Then Ay, is a Hopf order in H, and Oy, is a free Ay ,-module.

Theorem 3.1.4. Let L/K be a finite (not necessarily Galois) extension of number
fields, and suppose that L/K is H-Galois for some commutative Hopf algebra H.
Let 2y C H be the associated order of 9. Suppose that p is a prime of O lying
above a prime number which does not divide [L : K]. Then 2y, is the unique

maximal order in H, and Oy, , is a free Ay ,-module.
Some immediate corollaries of these theorems follow:

Corollary 3.1.5. Let L/K be a finite abelian Galois extension of number fields,
and suppose that L/K is H-Galois for some Hopf algebra H. Then Oy , is free over
A for all primes p of Ok which are unramified in O;. Thus in order to determine
whether O, is a locally free 2y-module, it is sufficient to consider the structure of

O, over Ay, for each of the (finitely many) primes p which are ramified in Oy,.

Proof. Almost all primes p of O are unramified in Oy. For each of these, we

apply (3.1.3), and conclude that Oy, is a free 2y ,-module. ]

Remark 3.1.6. Recall from (2.1.13) that a Galois extension L/K of number fields
is called domestic if no prime of Ok lying above a prime number dividing [L : K]

ramifies in Oy,.

Corollary 3.1.7. Let L/K be a finite domestic abelian Galois extension of number
fields. Suppose that L/K is H-Galois for some commutative Hopf algebra H. Then

7 is a locally free 2 y-module.

Proof. By (3.1.5), we have that Oy, is free over Ay, for any prime p of Oy which
is unramified in ;. Suppose p is a prime of O which is ramified in O7. Then p
lies above a prime number p, and since L/K is domestic, we must have p { [L : K].

We may therefore apply (3.1.4), and conclude that O, is a free 2y ,-module. [
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Corollary 3.1.8. Let L/K be a tamely ramified abelian Galois extension of num-
ber fields of prime power degree. Suppose that L/K is H-Galois for some commu-

tative Hopf algebra H. Then O is a locally free Ag-module.

Proof. By (3.1.7), it is sufficient to observe that since L/K has prime power degree,
the assumption that it is tamely ramified is equivalent to the assumption that it is

domestic. 0

3.2 The Og-order Og[N|¢

Let L/K be a finite extension of p-adic fields or number fields with Galois closure
E. Let G = Gal(E/K) and G’ = Gal(E/L). Let X be the left coset space G/G’ of
G’ in G. Suppose that L/K is H-Galois for some Hopf algebra H. By Greither and
Pareigis’s theorem (2.4.9), we have that H = E[N]“ for N some regular subgroup
of Perm(X') normalised by G. Within this algebra, we shall study the O g-order
Op[NE.

Proposition 3.2.1. Let L/K be a finite extension of p-adic fields or number fields
with Galois closure F, and suppose that L/K is H-Galois for the Hopf algebra

H = E[N]¢. Then Og[N]° C 2y.

Proof. Let z € Og[N]9. Then 2z € Og[N], so we may write

z = Z comn, with ¢, € Op.

neN

Since z € H, the action of z on x € L is given by

(Z c,m).:v = Z con” (1)

neN neN

Now for each n € N, any group element representing n~'(1g) is a Galois auto-

morphism of F, so if x € O then n™'(1g)z € Op. Therefore for z € O we
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have
2.x = Z con ' (1g)z € Op.
neN
Since also z.x € L, we have that z.x € O N L = 9O, whence z € Ay. O

The proofs of the results in this chapter involve showing that under appropriate

conditions we have locally the reverse inclusion.

3.3 Unramified Extensions of p-adic Fields

Let L/K be a finite unramified extension of p-adic fields. Then L/K is automati-
cally Galois, with cyclic Galois group, say G. By Greither and Pareigis’s theorem
(2.4.9), a Hopf algebra H giving a Hopf-Galois structure on L/K is of the form
L[N]¢ for N some regular subgroup of Perm(G) normalised by G. We shall show
that 2y = O[N], and that this is a Hopf order in H, which by (2.5.7) is suffi-
cient to prove theorem (3.1.1). We begin with a technical result, which is essentially

taken from [Byo97, Lemma 4.5]:

Theorem 3.3.1. (Byott) Let L/ K be a finite unramified extension of p-adic fields
with Galois group GG. Let X be a G-set. Let O, X denote the free O-module on

X, with G acting via both O and X. Then
(DLX)G Qo O, =9 X.

Proof. We first show that we may reduce to the case where G acts regularly on X.
Since L/K is unramified, G is cyclic and therefore abelian, and so this is equivalent

to G acting faithfully and transitively. Let {X7,..., X,,} be the orbits of G in X.
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Then

(DLX)G(X)QKDL = (@ > ®DKDL

= @ (D1X,)° ®o, Or

Now let H, <« G be the kernel of the action of G on X,. Let F, be the fixed field of
H, and let I', = G/H, = Gal(F,/K). Then T, acts transitively and faithfully on
X, and (O, X,)'" = (9.X,)¢. Using the above decomposition for (9;X)¢ ®gp,
1, we have reduced to the case where G acts faithfully and transitively, and so
regularly, on X. In this case, let ay, ..., a, be a basis for O, over O, and fix some

z € X. Then the elements

b= glag)

geG
are a basis for (97, X)“ over Og. They therefore also form a basis for (O7,X)¢ ®¢,.

Op over O7. Now {% | g € G} is a basis of O, X over Oy, and so

O X : (DLX)G R0y DLKDL = detg(ozi)2

= Disc (DL/DK),

and this is trivial since L/K is unramified. [

We now show that since L/K is unramified, we in fact have equality in the inclusion

established in (3.2.1) above:

Theorem 3.3.2. Let L/K be a finite unramified extension of p-adic fields, and
suppose that L/K is H-Galois for the Hopf algebra H = L[N]%. Then 2y =
OL[N]C.

Proof. By (3.2.1), O[N]¢ C . On the other hand, since L/K is unramified, we

[L:K]

have that O ®p,. O = 07", and this is the ring of integers of L @ L = LIK],



CHAPTER 3. FREENESS OVER THE ASSOCIATED ORDER 46

The L-algebra H ® x L = L[N] acts on L®y L, with associated order O [N]. Since

Ay ®o, O, also acts on O Rp, O, we conclude that
Ay Qo O C DL[N]

So by (3.3.1) we have

and therefore

Hence 2y = O[N], O

We now use this explicit description of 21 to show that 2 is in fact a Hopf order.

By (2.4.13), it is sufficient to prove that the comultiplication on H restricts to .

Theorem 3.3.3. Let L/K be a finite unramified extension of p-adic fields, and
suppose that L/K is H-Galois for the Hopf algebra H = L[N]%. Then 2y is a
Hopf order in H.

Proof. By (3.3.2), 2y = O1[N]¢. As in the proof of (3.3.1), we may reduce to the
case where GG acts regularly on some orbit X - in general this is not a group, but

is still a finite G-set. In this case, it is sufficient to show that we have
A ((DLX)G> C(©:.X)%® (©.X)°.

Let ay,...,a, be a basis for O over Ok, and fix some x € X. Then as in the

proof of (3.3.1), the elements

b= (gai)() i=1,...,n

geG
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are a basis for (O;,X)% over Ok. For each i = 1,...,n we require that A(b;) €
(D.X)° @ (O,X) . Since A is L-linear, we have

Zg ) @%) i=1,...,n.
geG

This is fixed under the action of G x G on LX ®; LX since b; € H. Additionally,
since L/K is unramified we have det (g(a;)) € OF, so A(b;) € O X ®p, O X.
Thus A(b;) € (9. X)° @p, (O1.X)°. O

We now restate and prove (3.1.1):

Corollary 3.3.4. Let L/K be a finite unramified extension of p-adic fields, and
suppose that L/K is Hopf-Galois for some Hopf algebra H. Let 20y C H be the

associated order of ;. Then 20y is a Hopf order in H and 97y, is a free Ag-module.

Proof. By (3.3.3), 2y is a Hopf order in H. Now apply (2.5.7). O

3.4 Unramified Completions of Number Fields

Let L/K be a finite abelian Galois extension of number fields, and suppose that
L/K is Hopf-Galois for some Hopf algebra H = L[N]“. Let p be a prime of O
which is unramified in Oy. In this section we prove (3.1.3) - that 2, is a Hopf
order in H, and Oy , is a free Ay ,-module. Motivated by (3.3.2) we consider the
Ok p-order Oy ,[N]9 in H,.

Proposition 3.4.1. The Oy ,-order Oy, ,[N] is a Hopf order in H,.

Proof. This follows the proof of (3.3.3). Note that in this case we have explicitly
assumed that G is abelian, so any faithful transitive action of a subgroup or quotient

group of G is regular. ]

We now restate and prove (3.1.3):
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Proposition 3.4.2. The Oy ,-order Oy ,[N]¢ coincides with the completed asso-

ciated order 2y, and Op,, is a free Oy, ,[N]“-module.

Proof. By (3.4.1), 91, ,[N]¢ is a Hopf order in H,. We note that the trace element

QZZn

is a left integral of Oy, ,[N]%, and since p is unramified in O, there exists an element
t € Orp such that 6.t = 1. Thus Oy, is an Oy ,[N]%tame extension of O, (see
(2.5.8)). Now by (2.5.9) we have that Op, is a free O ,[N]“-module. Thus by
(2.5.4) we have Ay, = O ,[N]C. O

3.5 Maximal Associated Orders

Let L/K be a finite extension of p-adic fields which is H-Galois for some commu-
tative Hopf algebra H. In this section we determine a sufficient condition for the
associated order Ay to be the unique maximal order in H. When this occurs, it
follows by (2.5.5) that Oy, is a free 2y-module, as asserted in (3.1.2). Let E be the
Galois closure of L/K with G = Gal(E/K), and let G’ = Gal(E/L). Let X be the
left coset space G/G’ of G’ in G. By Greither and Pareigis’s theorem (2.4.9) we
have that H = E[N]¢ for some abelian regular subgroup N of Perm(X) normalised
by G. We begin by giving a sufficient condition for the integral group ring O g[N]

to be the maximal order of the group algebra E[N].

Proposition 3.5.1. Let E be a p-adic field with ring of integers O and let NV be
a finite group. Suppose that p 1 |N|. Then Og[N] is a maximal order in E[N]. In

particular, if NV is abelian then O[N] is the unique maximal order in E[N].

Proof. Since pt|N| we have |N| € O and therefore Og[N] is a maximal order in

E[N] by (2.1.6). If N is abelian, then the maximal order is unique by (2.1.5). O
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We now show that, in the situation described at the start of the section, if NV is
abelian and Og[N] is the unique maximal order in E[N] then taking the fixed
points under the action by G preserves this maximality, so that O[N] is the

unique maximal order in F[N]¢.

Proposition 3.5.2. Let E/K be a finite Galois extension of p-adic fields with
group GG and rings of integers O g, Ok respectively. Let N be a finite abelian group
which is a G-set, and suppose that p { |N|. Let G act on the group algebra E[N]
by acting via both £ and N. Then Og[N]¢ is the unique maximal O g-order in
the K-algebra E[N]C.

Proof. Since N is abelian, by (2.1.5), F[N] has a unique maximal Og-order and
E[N]% has a unique maximal O g-order. Since p{|N| we have p € O C O and
so the maximal Og order in E[N] is Og[N] by (3.5.1). Denote by 9t the maximal
Og-order in E[N]%, and let x € M. By (2.1.5) z is integral over O in E[N]%, so x
is integral over O in F[N], whence x € Og[N]. Soz € E[N|NOg[N] = Og[N]°.
So Dx[N]¢ = M. O

We now restate and prove (3.1.2):

Theorem 3.5.3. Let L/K be a finite (not necessarily Galois) extension of p-adic
fields such that p t [L : K]. Suppose that L/K is H-Galois for some commutative
Hopf algebra H. Let Ay C H be the associated order of ;. Then Ay is the

unique maximal order in H and Oy is a free 2 y-module.

Proof. Write H = E[N]“. By (3.5.2), Og[N]¢ is the unique maximal order in H.
On the other hand, by (3.2.1) Og[N]¢ C Ay. So Op[N]¢ = Ay is the maximal
Og-order in H and therefore by (2.5.5), O, is a free Ay-module. O



CHAPTER 3. FREENESS OVER THE ASSOCIATED ORDER 20

3.6 Locally Maximal Associated Orders

Let L/K be a finite extension of number fields with Galois closure E. Suppose
L/K is H-Galois for some commutative Hopf algebra H = E[N]“. In this section

we prove (3.1.4) by generalising the results of the previous section.

Proposition 3.6.1. Let p be a prime of Ox which lies above a prime number p
which does not divide [L : K]. Then 20y, is the unique maximal order in H, and

Opp is a free Ay ,-module.

Proof. Let 9t denote the unique maximal O g-order in H, so that 91, is the unique
maximal O y-order in H,. Let x € M,. Then x € E,[N]¢, so z € E,[N]. Recall

from (2.1.15) the isomorphism

E, = H Ey,
PBlp

where the B are the primes of O which lie above p. This induces an isomorphism

Ey[N) = [ ] BN,
Blp

where each factor on the right is a group algebra over a p-adic field whose residue
characteristic is coprime to |N|. Now z is integral over O , in H,, so x lies in the
set of elements of E,[N] which are integral over O ,. The image of this set under

the isomorphism above is contained in the product

HimEiB[N]?

Plp

where each Mg, n) is the unique maximal order in the group algebra Eg[N]. Since

p lies above a prime number which does not divide [L : K| = |N|, by (2.1.6) we
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have that Mg, (v = Opgp[N] for each P | p. Thus

Hmem[N] = HDEm[N] = Op [N,
PBlp Blp

and so z € Op,p[N] N E,[N]Y = Op,[N]9 Therefore M, = Op,[N]¢ and so

A, = M,. Finally, by (2.5.5) we have that Oy, , is a free Ay ,-module. O



Chapter 4

Tamely Ramified C) x C)

Extensions

For the remainder of this thesis, we shall study a tamely ramified Galois extension
L/K of number fields with group isomorphic to C, x C,, where p is a prime number.
We shall assume that K contains a primitive p'* root of unity (; such extensions
then have the form L = K(«, 3), with o? =a € K*/K*" and ? = b e K*/K*".
In this chapter we derive congruence conditions on a and b which are equivalent
to L/K being tamely ramified. For each prime p of Oy, we also calculate explicit
integral bases for Oy, , over O ,. We begin by classifying extensions of p-adic fields

having degree p.

4.1 Local Extensions of Degree p

Theorem 4.1.1. Let p be a prime number and let L/K be a Galois extension of
p-adic fields with group G = C,. Let ¢ be a primitive p'* root of unity in K. Write
L = K(a), with o =a € Ok. Set e = vg(p),e =e/(p—1) =vg((—1). Let 7w
be a uniformiser for K. Then we may choose a so that one of the following holds

for some u € O

52
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(i) a? = um.
(i) o® =1 +ur® with 1 <k=pg+r <pe and 0 <r <p-—1.

(iii) of =1 + umP®,

Proof. [Chi00, (24.2)]. Suppose first that L = K(3) with 37 = ur®. If p { d then
we can find an s such that sd = 1 + pq, and taking o = (3°/7? yields of = u®r.
We still have L = K(«), and so this is case (i). If p | d then write d = pt and set
a = B/x'. Then o = u € O%. We can thus reduce to this case. Suppose that
L = K(B) with 5 = u € O. Then since O /7O is a finite field of characteristic
p, there exists some v € D% such that ¥ = ™' (mod 7Ok). Set a; = vf3. Then
of =wP =1 (mod 7Ok). So now suppose that of = 1+ ur??™, where u € O%
and 0 < pg+ 17,0 <r <p-—1. Suppose r = 0. Set ¢ =1+ vn? where ¢ # 0 and

vP = —u (mod 79O k). Let ag = cay. Then

a = (e)’

= (14 urP?)(1 + vn?)?

p—1
= (1 + urP?) (1 + Z (Z) VR ek 4 vqﬁpq>
k=1

= 14 (u+o")a" + w7 + priw

for some w € Ok. If pg < (p—1)e’ +q (i.e. g <€), then vg(ah —1) > vk (af —1).
We may repeat this construction as needed, and so find « such that L = K(«) and
af =1+ urP*" with u € O and either 1 <r < p —1 (case (ii)) or pqg +r > pe’.
If we have equality here then this is case (iii). Otherwise a = o? is a p™* power in
K by Hensel’s lemma, whence o € K since ( € K, and we do not have a proper

extension. O

We now examine the ramification in each of the cases (i)-(iii) in the proposition

above:
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Proposition 4.1.2. If L = K(a) with o? = ur for some u € O, then L/K is

totally ramified and O = Oklal.

Proof. The polynomial 2P — urm is an Eisenstein polynomial and is satisfied by «,
so L/K is totally ramified and « is a uniformizer for O over ODg. See [FT91,

Theorem 24] O

Proposition 4.1.3. If L = K () with a? = 1 4 un?® for some u € O, then L/K
is unramified, and O = Ok [%]

Proof. [Chi00, (24.4)] Let A =¢ —1 and = . Then a = 1 + Az, and so

p—1
1+ uﬂ'pe, =aof = Z (Z) )\kl‘k + NP aP,
k=0

Now note that vg(A) = €, so v (AP) = pug(A) = pe’. So subtracting 1 from each

side of the equation above and dividing by A we obtain

o 1 p\ pAFak
- -
Y =7 * Z P (k) PV

k=1

implying that z satisfies a monic polynomial in O[t], whence O [z] C O;. Now

let o be a generator for G satisfying o(a) = (. Then

a—1\ ¢a—-1 ((—1la a-1
"( ) )‘ S U W

so o(z) = a+ z. Since « is a unit of Ok |x], the inertia group
Go={7€G|7(x) =2 (mod m) for all maximal ideals m of O[z]}

is trivial, which is equivalent to O[z] being unramified over Of. (See [Chi00,
(2.5)]). Therefore Disc (Oklz]) = Ok. But since Oglz] € Oy, Disc (Dglz]) C
Disc (91) € Ok. So Disc(9O) = Ok and therefore Okz] = Op and L/K is
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unramified. O]

Proposition 4.1.4. If L = K(a) with a? = 1 + un® for some u € O and

k =pg+ 1< pe, then L/K is totally ramified and Oy = O [0"1].

w4

Proof. See [Chi00, Corollary 24.8]. O

4.2 Tame C, x C, Extensions of Number Fields

Throughout, let p be a prime number and let K be a number field containing a
primitive p root of unity . The Galois extensions of K with group G = C, x C,
are then of the form L = K(«, ), with a? = a and P = b linearly independent

elements of the F,-vector space K*/K*".

Proposition 4.2.1. Let L = K(«, 3). Then L/K is tamely ramified if and only if
both K(a)/K and K(8)/K are tamely ramified.

Proof. Since [L : K] = p?, the extension L/K is tamely ramified if and only if
no prime p of Ok lying above p is ramified. A prime p of Ok is ramified in Op,
if and only if it divides the discriminant Disc (L/K). Since L is the composi-
tum of K(a) and K(8), a prime p divides Disc (L/K) if and only if it divides
Disc (K (a)/K) Disc (K(8)/K) (See [Mol99, Theorem 4.67]). Therefore p divides
Disc (L/K) if and only if it divides either Disc (K («)/K) or Disc (K (3)/K), i.e.
L/K is tamely ramified if and only if both K(«)/K and K(3)/K are tamely ram-
ified. ]

For each prime p of O which lies above p, we write e, = v, (p). Since ( € O, we

(A

have e, = (p — 1)e, where ¢,

vp (¢ — 1). Where there is no danger of confusion

we shall write simply e and €.

Proposition 4.2.2. The extension K (a)/K is tamely ramified if and only if a = o
can be chosen to satisfy a =1 (mod” (¢ —1)?). (That is, vy (@ — 1) > v, ((¢ — 1)P)
for all p | (¢ — 1)Ok, but possibly a € Ok.)
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Proof. Since [K(a) : K] = p, the extension is tamely ramified if and only if no
prime p lying above p ramifies. That is, for such a prime, each prime B of Ok (a)
lying above p the completion K (a)q/ K, is of the form given in case (iii) of (4.1.1),
and therefore unramified by (4.1.3). So the extension is tamely ramified if and only
if we can choose a = oF such that for each p | pOg, we have a = 1 + uwge, € Ok
for some u € Dfﬂp. If we can choose a in this way for each prime p lying above p
then by the Chinese Remainder Theorem (see [FT91, Theorem 4]) we can choose
a such that the condition is satisfied for all such p simultaneously. Finally, we note
that for each such prime v, ((( — 1)?) = pe’, giving the congruence condition in the

proposition. O]

Proposition 4.2.3. If the extension K (a)/K is tamely ramified then without loss

of generality we may assume that a = of € O.

Proof. By the Chinese Remainder Theorem (see [FT91, Theorem 4]) we may pick

an element [ € Dy satisfying the following conditions:
e /=1 (mod (¢ —1)?) for p | pOk.
o v, (1) > vy (a) for ptpOk.

This is a finite list of conditions since v, (a) = 0 for almost all primes p. Then we
can write a = [/m, where m = l/a. Then m € Ok, for m =1 (mod” (¢ — 1)?),
and if p 1 pOk then v, (m) = v, (1) — vy (a) > 0. So we have a = ImP~!/mP, and if

we define ' = mPa and (o/)” = o’ then we have

e d/ € Ox

hence we may replace a with a'. ]
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Corollary 4.2.4. Let L = K(«,3). Then L/K is tamely ramified if and only if

a = o and b= (” can be chosen to satisfy a =b=1 (mod (¢ — 1)?).

Proof. This is clear upon combining (4.2.1), (4.2.2) and (4.2.3). O

4.3 Local Integral Bases

Definition 4.3.1. For z € K* and p a prime of O, define ry(x) by

re(x) = V'J—(x)J —max{nEZ |n < Up—(x)}

p p

Proposition 4.3.2. Let L = K(«, ) with o = a,07 = b and a,b € O /O%..
Suppose a and b satisfy the congruence conditions of (4.2.4), so that L/K is tamely
ramified. Let p be a prime of O, which does not lie above p. Then the following

is an O, basis of O .

il .
{ﬂ_rp(aibj) ’ 0< 2 < p— 1}

p

Proof. Consider first the subextension K («)/K, with Gal(K (a)/K) = C,. Let o

be a generator of Gal(K («)/K) satisfying o(a) = (. Let

w=d—[0<i<p-1¢.
T

Suppose first that v, () =0 (mod p). Then

, 2
Disc (w) = det <O’S (%))
Tp
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We examine the two terms separately. Firstly we have

2

det (0° (0)® = det (¢Pai)?

— %5 det (CiS)Q.
Now,

det (Czs) _ H (Cs _ Cz)

0<i<s<p—1

_ H Ci (Cs—i _ 1)

0<i<s<p—1

— H C’L H (Csfi o 1)

0<i<s<p—1 0<i<s<p—1

The first term of this is a global unit, and the second is divisible only by primes

lying above p. Therefore,
det (US (ozi))2 ~ PV,

On the other hand, we have

p—1 ‘ p—1
—2ry(a® i
Up (Hﬂp ' )> = 2 E ryp(a’)
=0 ;

So Disc (w) = Ok, and so w is an integral basis for Ok (q), over Og p.
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Suppose now that ged (vy (a),p) = 1. Then p is ramified in K(«)/K, and so
PO k(o) = PP for some prime ideal P of O (q). Then

pop (a) = vy (a) = vy (@) = pug (@),

and so

We therefore have

= vp(a) = pvy (")
= vz (a’) = pry(a’)

= vp(a) —pryp(a’)

iUP (a) (HlOd p)7

and since ged (vy (a) ,p) = 1, this ranges over all residues modulo p as i varies. So
w contains a basis element of P-valuation k for each 0 < k < p — 1, and so w
is an integral basis of Ok (), over Ok . Analogous results for the subextension
K(B)/K follow by symmetry. If we consider L = K («, (3), there are three possible

cases:

i) If vy (a) = vy (b) =0 (mod p), then

Disc (DK(a),p/DK,p) = Disc (DK(B),p/DK,p) = D[Qp,

and the extensions are arithmetically disjoint at p (see [FT91, III, (2.13)]),

whence DL’p = DK(a),pDK(B),p'
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ii) If exactly one of v, (a) =0 (mod p) and v, (b) =0 (mod p) holds, then
ged (Dise (D) p/Oxp) » Disc (D) p/Okp)) = Okps

and again the extensions are arithmetically disjoint at p, whence O, =

O k() pOK(B)p-

iii) If both v, (a) # 0 (mod p) and v, (b) # 0 (mod p), then there exist integers
m,n such that

muy (a) +nv, (b) =0 (mod p).

If we consider the elements

% mj 2Qnj
ra(az‘) ) ?(a’mﬁjbnj) 0< i7j <p-— 17
T T

then we are again in case (ii).

All of these cases yield the description of Oy , given in the proposition. ]

Proposition 4.3.3. Let L = K(a,3) with o? = a,3” = b and a,b € D5 /O%".
Suppose a and b satisfy the congruence conditions of (4.2.4), so that L/K is tamely
ramified. Let p be a prime of O which lies above p. Let v, (p) = e = (p — 1)€’.

Then the following is an O g ,-basis of Oy .

—1\'/8-1}’
(s (a5

Proof. Consider first the subextension K(a)/K. By (4.1.3) we have that an Ok,

~1\?
{(a/ )IOSiSp—l},
o

and the local extension K («),/K, is unramified, so Disc (O (a)p/Ok,p) = Ok.p-

basis of Ok (q)p is

Analogous results for the subextension K((3)/K follow by symmetry. Since both
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the subextensions K (a), and K (), are unramified, they are arithmetically disjoint

at p, and so we obtain

OLp = OK()p K@)
which yields the description of Oy, , in the proposition. O

Remark 4.3.4. Let p be a prime of O and consider the subextension K(«)/K
of L/K. Let o be a generator for G = Gal(K(«a)/K) such that o(a) = (a. If pis
split in K («)/K, then locally we have, by (2.1.14),

K(a), = [[ K(a)p,
Blp

where for each P | p, we have K(a)qp = K, and so locally o € K,. If now we fix

some prime B | p, then we have

p—1
E(a)y = [[ K(@)orep
r=0
Under this isomorphism we have
a (a, oa, ... ,O'p_la)
= (a, Ca, ..., Cp_la) ,

so we must interpret a as a tuple of elements of K,. We shall often tacitly make

use of this convention in what follows.



Chapter 5

Hopf-Galois Structures on C), x C),

Extensions

Let p be a prime number. We continue to denote by K a number field containing
a primitive p™ root of unity ¢, and by L/K a tame Galois extension with group
G = C, x C,. In order to study the Hopf-Galois module structure of Oy, we
shall need information about the Hopf-Galois structures admitted by the extension.
Here we reproduce results from [Byo96]| where it is shown that there are precisely
p? structures. For odd p they all have type C, x C,, whilst for p = 2 the classical
structure has type Cy x Cs and the nonclassical structures all have type Cy. A
description of the Hopf algebras is given in [Byo02]. We extend this by determining
idempotents giving the Wedderburn decompositions of the Hopf algebras. Since all
the Hopf algebras are commutative, each Wedderburn component is an extension
field of K. These decompositions also yield a description of the unique maximal
D g-order in each Hopf algebra. Finally, we derive formulae for the action of each

Hopf algebra on the extension L/K.

62
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5.1 Counting the Hopf-Galois Structures

Since the extension L/ K is Galois, we use a corollary (2.4.18) to Byott’s Translation
Theorem (2.4.16) to count the Hopf-Galois structures admitted by the extension.
For each of N = ()2 and N = (), x C,, we shall need count the number of regular

subgroups of Hol(N') which are isomorphic to C, x C,.
Proposition 5.1.1. Let N be a cyclic group of order p? and let M = Hol(N).

i) If p is odd then M contains exactly one elementary abelian subgroup of order

p?, and this is not regular on N.

ii) If p = 2 then M contains exactly 2 elementary abelian subgroups of order 4,

and exactly one of these is regular on N.
Proof. [Byo96, Lemma 1, parts (i) and (iii)]. We identify N with the additive
group Z/p*Z and Aut(N) with (Z/p*Z)”. Then
M =Hol(N) = {0u | a € Z/p*Z,t € (Z/p*Z) "},
where
0o:(x) = a+tx for all x € N.

Recalling the decomposition Hol(N) = N x Aut(N), we identify N with {0, | a €
Z/p*Z} and Aut(N) with {6y, | t € (Z/p*Z)"}. For t # 1 (mod p?) we may show

by induction that for all x € N we have

ko
9';775(:17) =a (t ) + thz.

t—1

i) If p is odd then (Z/p*Z)” is cyclic of order ¢(p?) = p(p — 1). We seek to
determine when 6, has order dividing p. Suppose first that t =1 (mod p?).

Then 6,1(x) = a+ « for all z € N, and 6, ; has order dividing p if and only
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if a has order dividing p in N, i.e. if and only if a = pA for some A € Z/pZ.

Now suppose ¢t Z 1 (mod p?). Then

0 () =z (modp®)Vx € N

P —1
& a(t 1>+tpa: =z (modp’)Vzx €N

o P —1
a
t—1

and this holds if and only if ¥ — 1 =0 (mod p?) and a (5=) =0 (mod p?).

(1—t")z (mod p*)Vz € N

So in fact
0h(z) =z (mod p’)Vz e N t"=1 (modp’)anda=0 (mod p).

Write a = pA and t = 1 4+ pT', where A and T' are determined mod p. Then

for x € N,

Oor(x) = a+tx
= pA+ (1+pT)x
= p(A+Tz)+x

# xVrunless A=T =0.

S0 0, has order p unless A =T = 0, when 60,; = 0y; = id. We therefore
have p? distinct elements of order 1 or p, which can be shown to commute,
and therefore generate a unique elementary abelian subgroup of Hol(N) of
order p?. This subgroup is not regular on N, since for example if ¢ = 0 then

0p+(0) = 0 4 t0 = 0 regardless of the value of ¢, whence Stab(0) # {id}.

ii) If p = 2 then M = Dyg, the dihedral group of order 8. This has two elementary
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abelian subgroups of order 4, which we may present as

Hy = {id, 63,021,023}

Hy = {id, 033,021,013}
The subgroup H; is not regular on N since Stab(0) = {id, 0y 3}. The subgroup
H, is regular on N.
[

Proposition 5.1.2. Let N be an elementary abelian group of order p? and let

M = Hol(N).

i) If p is odd then M contains exactly p? + p + 1 elementary abelian subgroups

of order p?, of which exactly p* are regular on N.

ii) If p = 2 then M contains exactly 4 elementary abelian subgroups of order 4,

of which exactly 1 is regular on N.

Proof. [Byo96, Lemma 2] We identify N with F and Aut(N) with GLy(FF,). Then
M =Hol(N) = {#ac | A€ GLy(F,),C € F>},

where 04 (V) = C + AV for all V € N. Recalling the decomposition Hol(N) =
N » Aut(N), we may identify N with {61 | C' € F3} and Aut(N) with {#40 | A €
GLy(F,)}. Inductively we have

Ohc(V)=A""1+ A2+ + A+ DO+ AV

for all V € N. Consider an elementary abelian subgroup H of M of order p?. We
have |Aut(N)| = |GLy(F,)| = p(p* — 1)(p — 1), which is not divisible by p?, so the

image of H in GLy(F,) = Hol(N)/N is either trivial or of order p. If it is trivial
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then H = N. In the latter case, H N N has order p and H is generated by 04 ¢
and 0r p, where A € GLy(FF,) has order p and C, D € IFIQJ with D # 0. We require
that AD = D for the generators to commute. By Sylow’s theorems, there are p+ 1
subgroups of order p in GLy(FF,), and they are all conjugate. One such subgroup
consists of all unipotent upper triangular matrices. We will count the possibilities
for H when A lies in this subgroup, and then use the conjugacy of such subgroups
to obtain a full count. Recall that H = (04.¢,01,p). Replacing 64 ¢ and 6; p by

suitable powers, we may assume that

11 1
A: y D:
0 1 0
i) If p is odd then
P
(APt +) = p ) =0 (mod p)

0 p

and so any choice of C' will give a subgroup of the required type. We may
replace 04, c by 07 pfac for any r € Z without altering H, so H determines
C only up to a multiple of D. There are therefore p groups H with A upper
triangular. There are therefore p(p+ 1) subgroups H satisfying |H N N| = p,
and 1 satisfying H = N, giving a total of p? + p + 1 elementary abelian
subgroups of order p? in M. In the case considered in detail above, we find
that H is regular on N if and only if C' is not a multiple of D. This gives
p — 1 regular subgroups H. Arguing by conjugation, we find that there are
exactly p? — 1 regular subgroups H with A upper triangular, and so in total
exactly p? of the elementary abelian subgroups of N of order p? are regular

on N.

ii) If p = 2 then we must insist that (A+1)C = 0 in order for 04 ¢ to have order
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2. We may adjust C' by a multiple of D if necessary, and therefore assume
C = 0. We therefore have only one group H with A upper triangular, and
p + 1 = 3 elementary abelian subgroups H of M of order 4 and such that
|HNN| = 2. Including the case H = N, we have exactly 4 elementary abelian
subgroups of order 4 in M. Among these, the only one which is regular on

N is H = N, since otherwise we have, for example,
0
0r.00a,c = + = + = ;

whence the stabiliser of this element of IFI% is nontrivial. (Arguing again by
conjugation, we find that the remaining 3 elementary abelian subgroups of

M of order 4 are not regular on N.)
[

Theorem 5.1.3 (Byott). Let L/K be an elementary abelian Galois extension of

fields of degree p?. Then L/K admits precisely p> Hopf-Galois Structures.

Proof. [Byo96, Corollary to Lemmas 1 and 2, part (iii)] We use (2.4.18). Since there
are only two isomorphism classes of groups of order p?, the number of Hopf-Galois
structures on the extension is given by

|AUt(Cp X Op)| '

|Aut(Cp X Cp)|
e(C, x C,, Cr)+
]Aut(Cp2)| ( P P p)

|[Aut(C, x C,)|

e'(C, x Cp, Cp x Cy),

where for a group N, ¢/(C, x C,, N) denotes the number of regular subgroups
of Hol(NN) isomorphic to C, x C,. Suppose first that p is odd. Then by (5.1.1),
¢'(Cp x Cp, Cp2) = 0, and by (5.1.2), ¢'(C, x Cp, C, x C,) = p*. Thus the number

of Hopf-Galois structures is

p(* —1)(p—1)
p(p—1)

0+ p? =p*
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Now suppose that p = 2. Then €/(Cy x Cy,Cy) = 1, and €/'(Cy x Cy, Cy x Cy) =1,

so the number of Hopf-Galois structures is

5.2 Determining the Hopf-Galois Structures

We now describe explicitly the p* regular subgroups of Perm(G) which are nor-
malised by A\(G).
Theorem 5.2.1 (Byott). Let L/K be a Galois extension of fields with group
G = (C, x Cp. Let T < G have order p, let d € {0,1,...,p— 1}, and fix 0,7 € G
satisfying:

T=(r), o'=1 G=(o7).

There are well defined elements p,n € Perm(G) determined by:

p<0_k7_l) — 0_le—1

n(ohrh) = ghiptk=Dd  for k1 € Z.
We have pn = np and

p ifp=2d=1

1 otherwise.

Now set N = Nr4 = (p,n). Then N is a subgroup of Perm(G) of order p?, and
N =2 G unless p =2, d =1, when N is cyclic. In all cases, N is regular on GG, and
is normalised by A(G). Thus N gives rise to a Hopf-Galois structure on L/K, with
Hopf Algebra H = Hr4 = L[Nz 4)®. If d = 0 then N = \(G), giving the classical



CHAPTER 5. HOPF-GALOIS STRUCTURES ON C, x C,, EXTENSIONS 69

structure regardless of the choice of d. If d # 0 then the p — 1 possible choices of d,
together with the p + 1 possible choices of T', yield p? — 1 distinct groups N, each

giving rise to a non-classical structure on L/K.

Proof. See [Byo02, Theorem 2.5 O

5.3 Describing the Hopf Algebras

Since ¢ € K, the group algebra K[p| has a basis of mutually orthogonal idempo-

tents:
1%
es = —ZC”“pk for 0 <s<p-—1,
P
satisfying

pPEs = Cses-

Let M = LT be the subfield of L fixed by T' = (7). Thus M/K is cyclic of degree

p. Fix v € M* satisfying

Write vP =V € K, and set

p—1
a, = szes € Mlp].
s=0

Proposition 5.3.1 (Byott). With the above notation, for d # 0, we have Hy 4 =
Klp, ayn).
Proof. [Byo02, Lemma 2.10]. Let H = Hr,4 By (2.4.9), H = L[N]¢ for some

regular subgroup N of Perm(G) which is normalised by A(G), and where G acts

on L as the Galois group and on N by conjugation via A. In particular H has
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dimension p? as a K-algebra. Since p? = 1y and

p—1 p—1
(@vﬁ)p = vasesnp = vases € K[ ]7
s=0 s=0

70

we have that K|p,a,n] is also a K-subalgebra of L[N] of dimension p?. It will

therefore suffice to show that K|p,a,n] is fixed elementwise by G. We see easily

that 9 = p for all g € G, and so every element of K|p] is fixed by G. In particular

this implies that the idempotents e, € K|[p] are fixed by G. Now Kla,n, p] is

generated over K|p| by a,n, so it remains only to show that a,n is fixed by G. We

calculate ) = n,°n = p’n and recall that v € LT = L"), Then:

p—1

“(awn) = ) 7(v)*("(esn))

T 1
|
= O

= viegn

©
Il
o

and

This completes the proof.

O

Since for all choices of T and d the Hopf algebra Hr 4 is commutative, it has a

unique maximal Og-order. In what follows, it will often be useful to have an

explicit description of this maximal order. We determine idempotents giving the
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Wedderburn decomposition of each Hr 4 into a product of extension fields of K.
We then obtain a description of the maximal order in Hp 4 as the preimage of the

product of rings of algebraic integers of the extension fields.

Proposition 5.3.2. With the above notation we have, for d # 0 and any choice

of T', the following isomorphisms of K-algebras.

K? x K(w) ifp=2

K? x K(v)P~!  otherwise

where w is defined by w? = —v? = —V.

Proof. Let d # 0. Take a basis of Hr 4 = K|p, a,n):
w={p*(an)" |0 <s,t <p—1}.

The set {p* | 0 < s < p — 1} has K—span isomorphic to K[p]. We make the

following change of generators of Hy 4
p°(am) — eslan) for0<st<p-—1

This is easily shown to be a change of basis, for since K is a field we have the

explicit inversion formulae

p—1
Pk(%ﬂ)t = ZCkSQS(avn)t'
s=0

We shall write

W' = {es(am) | 0< st <p—1},

and examine properties of the basis w’. Clearly

(es(avm)')(es(aum)’) =0
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whenever s # s’. We examine first the properties of elements of the form eg(a,n)".

eo(arn)’ = (eoawn)’
= (eoﬁ)t
= 6077t
So
eoHrq = K[n).

Clearly by forming orthogonal idempotents within K [n] we have K[n] = K?. The

corresponding base change in eqHr g is

15

eo(auﬁ)t = - Z deteo(avn)k‘

p k=0

Now suppose s # 0 and examine elements of the form ez(a,n)’. For p = 2 we

calculate

(ex(an))® = (ervn)*
= eg(vn)?
= e Vn?
= e;Vp (since N is cyclic)

= —e1V  (by definition of e;)

Recall the definition of w from the statement of the proposition. If we make the

identifications

er — 1

er(an) = w,
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we see that e; Hr g = K(w). This gives, for p = 2,
Hrg = K? x K(w).

For p # 2, we have

(es(am))? = (esavn)”

So, making the identifications

es — 1

es(ayn) — v
for s=1,...,p—1, we see that e;H; 4 = K(v*) = K (v). Thus for p # 2 we have
HT,d = KP x K(U)pil.

]

Definition 5.3.3. For » = 0,...,p — 1, we shall adopt the following notation for

the idempotents defined in the proof of (5.3.2):

1 2L

E, = - Z ¢*reg(ayn)”.
Pz

Corollary 5.3.4. We have the following description of the unique maximal O g-
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order My 4 in Hp 4.

DZ X DK w if p = 2
My = K (w)
OF % Di’g(i) otherwise.
Remark 5.3.5. It is possible to choose the element v such that in the notation of
(4.2.4) we have v = '3 for some nonnegative integers 4, j, and we shall always
assume that we have done so. Choosing v in this way we have v» = 1 (mod (¢ —

1)P¢), which allows us to use (4.1.1), (4.3.2)and (4.3.3) to describe locally the

unique maximal O g-order My 4.

Corollary 5.3.6. If p is a prime of D g which does not lie above p, then we may

use (4.3.2) to obtain an explicit O, basis of My 4, valid for both p = 2 and odd

p.

t
{Er\Oérép—l}U{esfﬁ”v@) \1§s§p—1,09§p—1}.
Tp

Corollary 5.3.7. If p is odd and p is a prime of O which lies above p, then we
may use (4.3.3) to obtain an explicit description of My 4,. We observe that since
V =v? =1 (mod (¢ — 1)P), we also have (v*)? = 1 (mod ({ — 1)?), and so an

Ok p-basis of Ok (s is

vs —1\*
—— ) lo<t<p-1y,
p

which implies that an O g ,-basis of My 4, is

ﬂ-e

t
{ETIOSrSp—l}U{(M) |1§s§p—1,0§tép—1}~
p

If p=2then H = K? X K(w), where w? = =V, and so it is possible that K (w) is
wildly ramified at primes lying above 2. In order to obtain a description of My 4,

in this case, we first obtain a description of O g (q:
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Proposition 5.3.8. Let p = 2 and p be a prime of Ox which lies above 2, and
write 20k, = um, € Ok, 50 ¢ = v, (2). Then there exists ¢/2 < ¢, < e and

cp € D[X(’p such that the following is an O g p-basis of O g (w),p-

)

Proof. We omit the subscript p and write simply ¢ and ¢. Recall that w? = W =
—V and that V' =1 (mod" 40k). So V =1+ wym* for some u; € Op , and
m > 2e. Then

W = —1—U17T;n

m

= 1—2—U17Tp

e m

= 1—u7rp U,

=1 +U27T;

for some uy € O ,. We follow the proof of (4.1.1), case (ii). There exist some
¢, ue € O, such that (cw)® =1+ u e with either Q < 2¢ and Q =1 (mod 2) or
Q) > 2e. In the first case K (w),/ K, is totally wildly ramified. We write ) = 2¢+1

(so in particular ¢ < e) and apply (4.1.4), which implies that the following is an

()

In the second case K(w),/K, is either unramified () = 2e) or not a proper ex-

Ok p-basis of O g (w)p:

tension (Q > 2e). We use (4.3.4) to handle these two cases together. (4.1.3) then

implies that the following is an O, basis of O g (w),p:

(5]
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Corollary 5.3.9. Let p = 2 and p be a prime of Ok lying above 2. Then for ¢ = ¢,

and g = g, as defined above, the following is an O ,-basis of My 4,

{EO,EW“M}.
Ty

5.4 Action of the Hopf Algebras on L/K

In addition to the notation established in the previous sections, we now fix an
element x € (D<Lg>)x satisfying 7(x) = (z. As in (5.3.5), it is possible to choose
the element z such that in the notation of (4.2.4) we have z = a'3? for some

nonnegative integers 7, j, and we shall always assume that we have done so. We

shall write 2P = X, and we have have 27 = 1 (mod (¢ — 1)?¢). Then
L =K(z,v),

so to determine the action of the Hopf algebra H on L/K, we need only consider
the action of each K-basis element of H on an arbitrary product z*v7. Recall that

H has K-basis
{E]0<r<p-1}U{efam) [1<s<p-1,0<t<p—1}.

By Greither and Parigeis theory (2.4.9), the action of H on L is given by

(Z c,m).x = Z con” (1)

neN neN
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We calculate:

prnt(o_le) — nt(o_le—r)

_ ghtlordth—(dt(t+1))/2

dt(t — 1)

= lgifandonlyif k=tand [ =r — 5

and so

(prnt)fl(la) — O_tTrf(dt(tfl))/Q (51)

In particular,

() (le) ="
Proposition 5.4.1. For s =0,...,p — 1 we have

2l ifs=1

es(x'?) =
0 otherwise

Proof. Each e, € H, so we use equation (5.1) to calculate es(z'v7).
18~
€s(l’i1jj) _ = Z kaspkxivj
P
124 .
= - Rt
P

18-
- Z C—ksc—kixivj
p k=0

ij P

il ifs=1

0  otherwise
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Proposition 5.4.2. Fort =0,...,p — 1 we have
(avn)t(xivj) _ (_dtjc_dit(t_l)/2xivj+it.

Proof. First we observe that

p—1 t
(an)' = vsesn)

since the e, are orthogonal idempotents. Now each (a,n)" € H, so we use equation

(5.1) to calculate (a,n)!(z'v?).

p—1
(@) () = 3 o"ea (@)

1= 1 p—1

— _ZZ stg ks [L'Uj)
s=0 k=0
1= 1 p—1

— _ZZ stg ks it h—dt(t— 1/2(xvj)
s=0 k=0
1= 1 p—1

_ _ZZ stg ksC dtJCkz dzt(t—l)/2xivj
s=0 k=0

dtj ~—dit(t—1)/2 p—1lp-1
o C JC ’ / Ck(i—s)vst

s=0 k=0
_ (—dtjg dit(t /2$zvj+zt

Proposition 5.4.3. For s=0,...,p—1landt=0,...,p— 1, we have

N (i ¢ dit(t=1)/2gigitit if § — g
€s<avn)t<xlvj) -
0 otherwise.
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Proof. By (5.4.2),
(avn)t(a:iv]) C dt]C dit(t—1)/2 z,U]+it_

Then by (5.4.1),

it —dit(t—1)/2 i+t if 5
(g—dtjé- dit(t—1) /2 i ]+zt> C C €T ifi=s

0 otherwise.

Proposition 5.4.4. For r =0,...,p — 1, we have

o ot ifi=0,5=r
E.(x") =
0 otherwise
Proof. Recall that
152
Er =~ chd 60(avn)k
Pi=
By (5.4.3),
. Ckiyd if i =0
eo(ayn)*(z'v’) =
0 otherwise
Now

p—1

E.(z"7) = ! Z ¢ eq(ayn)* ('),

p k=0

79
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So it is clear from (5.4.3) that E,(z'v7) = 0 unless i = 0. So we consider
18
E(v)) = = (Meg(anm)* ()
P>
15
. Z dergfkdjvj
P

j Pt
_ v Z gkd(j*r)
P =

r

oty =r

0 otherwise.



Chapter 6

Local Generators and Local Units

We retain the notation of the previous chapter: p is a prime number, K is a num-
ber field containing a primitive pt* root of unity ¢, and L/K is a tamely ramfied
Galois extension with group G = C,, x C,. An arbitrary nonclassical Hopf-Galois
structure H = Hp4 on L/K has the form Hr 4 = L[Nz 4]® for some regular sub-
group N = Np4 of Perm(G) normalised by G. We have fixed generators o, 7, and
so subgroups S = (o) and T' = (1) of G, and a value of d € {1,...,p —1}. We
have also fixed elements z € 97 and v € OF satisfying 7(z) = (x, o(v) = ("%,

2P =vP =1 (mod (( —1)?) and L = K(x,v).

By the results of chapter 3 we have that Oy is a locally free 2y-module in all
of the Hopf-Galois structures admitted by L/K. This immediately leads us to
ask under what conditions O is a free JAy-module. In later chapters we shall
use Frohlich’s Hom Description of the locally free class group Cl (p) (see section
(2.1.4)) to address this question. In order to do this we shall need detailed local
information, which we collect in this chapter. We provide explicit generators of
Opp over Ay, for each prime p of Ox. We also study the idele group J(H), and

in particular the group of unit ideles U(4g).

81
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6.1 Explicit Local Generators

Theorem 6.1.1. Let H = L[N]“ be a Hopf algebra giving a Hopf-Galois structure

on L/K, and let 2y C H be the associated order. Then:
i) The ring of integers Oy, is a locally free 2y-module.

ii) If p does not lie above p, then Az, = O ,[N]¢ and this is the unique maximal

order in H,.
iii) If p lies above p, then A, = Or ,[N]“ and this is a Hopf order in H,.
Proof. We use results from chapter 3:
i) This follows immediately from (3.1.8).
ii) Since p does not lie above p, we may apply (3.1.4).

iii) Since L/K is tamely ramified of degree p* and p lies above p, we must have

that p is unramified in O7. We may therefore apply (3.1.3).
O]

Having established that O is a locally free Ay-module, we now seek conditions
for global freeness. O defines a class in the locally free class group Cl (2(y), and,
since H is commutative, Oy is a free Az-module precisely when this class is trivial
(see (2.1.24)). We shall use the isomorphism in (2.1.25) to determine when this

occurs.
J(H)
H<U®y)

2

Cl(2Ap)

Recall from (2.1.25) that the class of Oy corresponds to the class of the idele
(hp)p € J(H), where for some fixed generator I' of L over H, the element h, € H,
is defined by hpI' = 7, where v, is a generator of Oy, , over Ay ,. We seek first to

determine these local generators.
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Proposition 6.1.2. Let p be a prime of O which does not lie above p. Define

0 <jp <p—1 as follows:

Jp=0 if v,(X)=0 (mod p)orwv,(V)=0 (mod p)
vy (XV?) =0 (mod p) otherwise.

Then the following element v, € O, , is a generator for Oy, , as an Ay ,-module:

—_

p— V8

Jp
"= Z +Z A XV

j=0 T

Proof. Since Oy, and Ay, are both free Ok ,-modules of rank p?, it suffices to
show that the images of v, under the O ,-basis elements of Ay, form an Ok ,-
basis of Oy ,. We note that for each s =0,...,p — 1 we have e;O,, C O, and

in fact Op, =>"_, LeOr - Recall from (4.3.2) that an O ,-basis of Oy, ,, is given

'’
{W’O<Zj<p—1}
P

In particular, for s =0,...,p — 1 an O y-basis of e, is given by

xv]
P

Recall also from (3.1.2) that Oy, , admits the maximal order 9y ,, which by (5.3.4)

by

has O g ,-basis

{Er|0§r§p—1}U{5(“—3@|1<s<p—1 0<t<p—1}
T

Now for each r = 0,...,p — 1, we have by (5.4.4) that

v
Erfy = v
P ﬂ.;p(v)
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giving an O p,-basis of 9Oy, ,. For s 0 and ¢t =0,...,p — 1, we have by (5.4.3)

that

t t j
es(ayn) N es(ayn)t  xtvsir

v b TV (XeV)
Ust mS,USjp

Vst s sjp
ﬂ-gp( )W;p(XV )

x3usie +st

o (X8 vsjp +sty ?
ﬂ.pp( )

the final equality holding since by the choice of j, we have
rp(X°V) 4 (V) = (XY ),

For each s # 0, these generate an O ,-basis of e;,Oy , as t varies. Together with

the basis of g9y, ,, we have an Ok ,-basis of Oy . O

Remark 6.1.3. We note that j, # 0 if and only if (v, (X),p) = (v, (V),p) =1,
that is, if and only if p is ramified in both of the subextensions K(z)/K and
KW)/K.

If p is a prime lying above p, then p is unramified in O since L/K is tamely
ramified of degree p?>. We then have by (3.4.1) that 97, ,[N]¢ is a Hopf order in
H, and by (3.4.2) that Ay, = O ,[N]°. We shall use the theorem of Childs
and Hurley (2.5.10) to determine an explicit local generator of Oy, , over 2y, for
these primes. We shall need to show that O ,[N]¢ is a local ring. The following

proposition provides a criterion for this.

Proposition 6.1.4. Let R be a complete discrete valuation ring with maximal
ideal m, and A a commutative R-algebra which is finitely generated as an R-

module. Then A is a local ring if and only if A contains no nontrivial idempotents.

Proof. Suppose first that A is a local ring. If A contains a nontrivial idempotent

e then 1 — e is also a nontrivial idempotent and so eA, (1 — e)A are two distinct
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maximal ideals of A, a contradiction. Conversely, supppose that A contains no

nontrivial idempotents. Let rad(A) denote the Jacobson radical of A:
rad(A) = ﬂ a, where a ranges over all maximal ideals of A,

and let A = A/rad(A). Then A is semisimple by [CR81a, (5.22)], and by [CR81a,
(5.21)], A is local if and only if A is a field. Suppose that A is not a field. Then it
has at least one proper ideal, and by semisimplicity this ideal is a direct summand of
A, whence A contains a nontrivial idempotent €. Since R is complete with respect
to the m-adic topology, A is complete with respect to the rad(A)-adic topology, and
therefore by [CR81a, (6.7)] we may lift idempotents from A to A. So € corresponds
to a nontrivial idempotent e € A. This contradicts the assumption that A contains

no nontrivial idempotents. So A is a field, and therefore A is a local ring. O]

Proposition 6.1.5. Let p be a prime number, and R a discrete valuation ring
with maximal ideal m and residue field £ = R/m having characteristic p. Let G be

a group of p-power order. Then the group ring R[G] is a local ring.
Proof. See [CR81a, (5.25)]. O

Proposition 6.1.6. Suppose L/K is a Galois extension of number fields of p-power
degree which is at most tamely ramified, and that p is a prime of D g lying above
p. Suppose that L/K is H-Galois for a commutative Hopf algebra H = L[N]“.

Then Op,,[N]9 is a local ring.

Proof. We note first that Oy, ,[N]“ is finitely generated as an O y-module, so by
(6.1.4) it is sufficient to show that Op ,[N]¢ contains no nontrivial idempotents.

Recall from (2.1.15) the isomorphism

Orp = [[OLs
Blp



CHAPTER 6. LOCAL GENERATORS AND LOCAL UNITS 86

This induces an isomorphism

OrpN = [[OrplN
PBlp

and the G-action on each side yields

G

OrpN% = [ [[OrmlN]
Plp

Now each Oy, ¢ is a discrete valuation ring with residue field of characteristic p, so
each Oy [N] is a local ring, and therefore has no nontrivial idempotents by (6.1.4).
Now suppose that z € Oy, ,[N]“ is an idempotent. Then z is also an idempotent
of O[N], and so the image (z1,...,2,) of z is an idempotent in []y, Or x[N].
Since each Oy, p[N] has no nontrivial idempotents, each z; is either equal to 1 or
0. If x; = 0 for all 4 then x = 0, and if x; = 1 for all ¢ then x = 1. In all other
cases, since by (2.1.14) G permutes transitively the primes P | p, there exists some
o € G such that o(z1,...,2,) # (21,...,2,). This contradicts the assumption that
z € O ,[N]¢. So Or,[N]¢ contains no nontrivial idempotents and is therefore a

local ring. ]

Proposition 6.1.7. Let p be a prime of g which lies above p. Then the following

element vy, € O, is a generator for Oy , as an Ay ,-module:
1 —1 p—1
Vo = — '’
iS5

Proof. By (3.4.2), we have g, = Or,[N]9. By (3.4.1), this is an O ,-Hopf

algebra, and by (6.1.6) it is local. The trace element

sz:n
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lies in O, ,[N] and is clearly fixed by G. It is a generator for the module of integrals
of D1 ,[N]9. By (2.5.10), it suffices to prove that v, € O, and that 6(y,) = 1.

To show that v, € Oy, ,, we observe first that

N i
— — ? _ J
(57 ()

So it is sufficient to show that

122
<_ Z :Cl> E DL}p
P

since then, arguing by symmetry, we may conclude that v, € O ,. Recall from

(4.3.3) that an Ok y-basis of Oy, is given by

1\ [v—=1)\’
{(x ) (“ ) |0§m'§p—1},
7T§ 7rg

where v, (p) = e = (p — 1)€’. In particular, the element

r—1\"" 1”1<p—1)
- ~ — —1)ka*
(7?6 ) p,; p)Y

p

lies in Oy, ,. But for £ =0,...,p — 1 we have

(p—l) _ (p—li...](fp—k)

k
= (=1)...(=1) (mod p)
k
= (-1)* (mod p)

Therefore
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and so

9(?%) = -5

1,7=0 s,t=0
—1 p—

1
1 ) S
— p2 E CltC—dSsz,U]

4,j=0 s,t=0

1 p—1 p—1
= = Z l’in Z Citfdsj
p

4,j=0 5,t=0

Now
p—1 2

Z git—dsj — p

5,t=0 0 otherwise

ifi=j=0

so Oy, = 1.

6.2 Local Units of the Associated Order

We now seek a more explicit description of the group

88
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From (5.3.2) we have

% o (K*)? x K(w)* if p=2
(K*)P x (K(v)*)P~!  otherwise
and
B(H) = J(K)? x J(K (w)) ifp=2

J(K)? x J(K(v))P~!  otherwise.

So it remains to describe the group

U(Asr) = {(hp)p € J(H) | hy € Ajy, for all p} = H Aji e

PO
By (3.4.2) and (3.6.1), we have
e | O it pox
Hp —
My, otherwise
and by (5.3.4) we have
(Dk,)? x O ifp=2

9)’[;; ~ K(w),p
7p -
(D;(,p)p X (D;((v)7p)p_1 otherwise.

So it remains, for p | pO, to describe the group 2, = (Drp[N]) -

Proposition 6.2.1. Let p be a prime of Ok lying above p. For 0 <i < p—1 and

1 <t <p-—1define
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Then an O y-basis for Ay, = Oy ,[N] is given by
{PF10<k<p-1}U{w,l0<i<p-1,1<t<p—1}

Proof. Let N = (p,n) be the regular subgroup of Perm(G) which determines H.
Since p is unramified in O, we have by (3.3.1) that Op, ,[N] = O ,[N]9®p,, Orp,
so an O p-basis of O ,[N]¢ is precisely an Oy ,-basis of Op ,[N] which is fixed
elementwise by G. As in the proof of (3.3.1), we decompose N into its G-orbits.
Since G acts on N by conjugation, {1y} is an orbit, so G does not act transitively
on N, and therefore N may be decomposed into orbits of lengths 1 and p. We
recall from (5.3.1) that 9 = p for all g € G and ™) = 1,°n = p?n. The orbits of G

in N of length 1 are therefore
{p"} for 0 <k <p-—1,
and the orbits of G in N of length p are
"t |0<k<p—1}for1<t<p-—1.

Since the set {p*n' | 0 < k,t < p — 1} is an Oy, ,-basis for Oy, ,[N], it remains to
show that for each ¢ # 0, the set {w;; | 0 < i < p— 1} has the same O, ,-span as

the set {p*n' |0 <k <p—1}. For a fixed 1 <t < p— 1 we calculate

S 1 pil —KS S
es(aun)’ = ev™ny’ = ];ZC mptohy,
k=0
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and so

S

s=0

7 Z p—1
_ ﬂ_;w (8> (_1)175 Z kaspkvstnt

s=0 k=0
p—1 7 Z
_ <7sze Z (S) (_1>zs<ksvst) pknt
s=0

In the “t -part” of the O ,-order Oy, ,[N], the matrix giving the change of gener-

ators p*n! — w;; has (i, k)™ element

Rt — 1)
U '

It is a Vandermonde matrix, and therefore has determinant

ot =1 (TRt -1\ (¢ — ¢yt
H(ws’_ws/)_ H( ¢ )

0<j<k<p—1 0<j<k<p—1 p
o
(ST =1
~ ¢ — | V"
ﬂ-e
0<j<k<p—1 p

Now since v, (Ck_j — 1) = ¢’ for all choices of j # k, every factor in the product
lies in Dz’p, so this is indeed a change of basis. That the stated basis is fixed

elementwise by G follows from (5.3.1). [

We also include the formulae for inverting the above, i.e. expressing es(a,n)’ in

terms of the w;; for each ¢t # 0.

Proposition 6.2.2. Fix 1 <t <p—1. Then for 0 < j < p— 1 we have
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Proof. We calculate:

1 (J)W - %Z(j)ﬂ pr? i(;)ewes(amf

= s=0

- ZO (1) () veatan

Now

(D(D - mﬁimauﬁ@!

J! (j —s)!
sl(j — ) (G — )i — s)!

- (E2)

So, setting k = i — s, we obtain

E00 - OEC )

j—s .
(] J 7S\ 1\k
- (Z3)e
k=0
1 ifs=j

0 otherwise.

So

]

Proposition 6.2.3. Let p be a prime of Ok lying above p. Let I = pOy ,[N] +
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kere <9y ,[N]. Then I¢ is the maximal ideal of O ,[N]°.

Proof. For z € O1,,[N]Y, let [z] denote the class of z in Op, ,[N]¢/I¢. Now

OLp[NI®  OrplN] o 1 Org
I ! E PBlp FOLy

2] =2+ 1C 2+ 1,

so z corresponds to

(Zl, .. .,Zg) € HDL;,B
Plp

and

(Zl,...,Zg)x:<Zl,...,Zg) Vere G
so in fact Zy,...,Z, € Ok and

Zi=..=27,¢€

So z = ¢+ I¢ for some ¢ € O, and

OLp[N® _ Okp

G p

93

which is a field. Therefore I¢ is a maximal ideal of Op, ,[N]¢, and is unique since

the latter is a local ring.

]

Corollary 6.2.4. Let p be a prime of Oy lying above p, and let 2 € Op ,[N]°.

Then z € (O1,,[N]9)* if and only if £(2) € Of .



Chapter 7

Hopf-Galois Module Structure:
D=2

We recall from (5.3.2) that for p = 2 we have the following isomorphism of K-

algebras:

H~K?x K(w),

where w? = W = —V, and so the following description of the unique maximal
O -order in H:
EITIH = 53%( X DK(w)-

Furthermore, from (5.3.6) and (5.3.9) we have that for p a prime of O, and for ¢
and ¢ as in (5.3.8), an O ,-basis of My ,, is given by

p

{E())Elael)mol;#} lfp |2
p

{EO, Ei e, eri“(%) } otherwise
P

\

94
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7.1 Sandwiching CI ()

Proposition 7.1.1. Let p be a prime of O lying above 2, and write 2 = umy, €

Ok p, With u € O . Let 2 € My, and write

cei(a,n) — e
z = aoEo + (IlEl + a1,0€1 + a171—q
s

P
with ag, a1, a10,a11 € Ok and ¢, ¢ as in (5.3.8). Then z € QllfLp if and only if
i) a1; =0 (mod 7y)
ii) ap — ar + 2m, ‘car; =0 (mod 4)
iii) ag + a1 — 2a1,0 + 27, ‘a1 =0 (mod 4)
iv) ag+ a1 + 2a1,0 — 27, %a1; =0 (mod 4)
V) ag € Df(vp

Proof. We rewrite z in terms of the basis elements of Op, ,[N]% given in (6.2.1). By
(6.2.4), we then have that z € (O, ,[N]%) * if and only if the coefficients of these

basis elements lie in O, and e(2) € O . We calculate:

1 1 _ _
2 = g (eo + eoayn)) + a1 (eo — eo(awn)) + arper + aram, cer(ayn) — arim, ‘e

1
= 5 (ap + a1) eg + a1 0€1 — 7Tp_qa1,1€1 + 5 (ap — a1) eg(ayn) + 7Tp_qal,1061(%77)
1 1 1 1 1 1

= 3 (ao + a1) 5 (1+p) + @105 (1—-p)— qua1,1§ (1—p)+ B (ap — ax) SWo

_ 1 _
(CL() +ay + 2&170 — 27Tp qa171) + 4_1 (ao +a; — 2&170 + 27TF' qCLLl) P

1
— — -1
4_1 (CLO —ay + 27Tp qCLLlC) Wo,1 + 7'('p qal,lcu Wi,1

Considering the coefficients of w; 1,wp 1, p and 1 in turn now yields the congruence
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conditions in parts (i)-(iv) of the proposition. Finally, we observe that

e(2) = aoe(Ep) + are(Er) + (a0 — 7rp_qa171) e(er) + (W;qCCLLl) e(er(aym)).

Now
. 1 ifs=0
5(65(%77) ) =
0 ifs=1
and
1 '
e(Er) = 5 (eleo) + (=1)"e(eolawn)))
1 ifr=0
0 ifr=1

s0 £(2) = ag and, assuming z € Op, ,[N]“, we have z € (DL,p[N]G)X if and only if

ag € D;{m. ]

We now seek necessary and sufficient conditions for z € (O ,[N]%) *. These will

be in terms of higher unit groups of Ok, and O g (w)p

Definition 7.1.2. Define an isomorphism
0:(K*)?*x K(w)* = H*
by composing the automorphism of (K*)? x K(w)* defined by

(207Z1>y1) = (2072021730?/1)

with the isomorphism K? x K(w) = H defined in (5.3.2). We shall also write ©

) =
for the induced isomorphism (K)* x (K (w),)* = H), where p is a prime of O,

b
and the isomorphism J(K)? x J(K(w)) = J(H).
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Proposition 7.1.3. Let p be a prime of Ok lying above 2. Then
O (Df, x (14+40k,) X (1+40kw)p)) C Aj,
Proof. The image under © of an element of
Dgp X (1+4Ok,p) x (1 4+ 4Ok w)p)

has the form

cei(ayn) — e
z = CL()EO + CL1E1 + a1,0€1 + al,l—q
>

p
with ag, a1, a10,a11 € Ok p and
a) ap € Ok,
b) a1 = ag (mod 4Ok )
) aip = ag (mod 40k )
d) @17 =0 (mod 4Ok )
We recall the conditions of (7.1.1):
i) a11 =0 (mod 7y)
ii) agp — ar + 2m, “car; =0 (mod 4)
iii) ag + a1 — 2a1,0 + 27, a1 =0 (mod 4)
iv) ag+ ar +2a19 — 2m, ‘a11 = 0 (mod 4)
v) ap € Ok,
and show that z satisfies these conditions.

i) Since a;; =0 (mod 4) and ¢ < e, we clearly have a;; =0 (mod 7y).
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ii) We have a; —ap = 0 (mod 4) and a;; = 0 (mod 4). Since g < e, we have

Ty ‘a;; =0 (mod 4), and so the congruence holds.

iii) Since ap = a1 = a1p (mod 4), we have ag + a1 — 2a;9 = 0 (mod 4). Since

Ty ‘a;; =0 (mod 4), the congruence holds.
iv) This is essentially the same as (iii)

v) We have that ag € O , by (a).

Proposition 7.1.4. Let p be a prime of O lying above 2. Then
-1 X X [%ﬂ
O (Ajy,) COx, x (1+20kp) x (1+7p *  Deiuyp)

Proof. Let

cer(a,m) — eq
s

z = aoEo -+ a1E1 + a1,0€1 + a1

with ag,a1,a10,a11 € Ok ,p, and suppose that z € Qlﬁp. In particular, ag,a;, ai

and a,; satisfy the conditions of (7.1.1):
i) a;p =0 (mod my)
ii) ap — ar + 2m, “car; =0 (mod 4)
iii) ag + a1 — 2a1,0 + 27, a11 =0 (mod 4)
iv) ag+ a1 + 2a1,0 — 27y “a1; =0 (mod 4)
V) ap € O,

We shall show that this implies

ep
07(2) € D]X(m X (14+20k,) x (1+ 77,[ 2 wDK(w),p).
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Adding (iii) and (iv) yields 2ag + 2a; = 0 (mod 4), which implies that ay = a;
(mod 2). Adding (ii) and (iii) yields

2a9 — 2a10+2(c+ )7, =0 (mod 4),
which implies that

ag — a1 + (C + 1)7’(’;610,1’1 =0 (mod 2)

e I—%D-I)

Now 7, %a11 € Okp, and v, (c+1) > (7@, so we obtain a9 = a¢ (mod 7y
Since we also have from (i) that a;; = 0 (mod my) and from (v) that ag € O,

the result follows. O]

Proposition 7.1.5. Define an ideal ¢ of O g by

e~ [ »/%.

P20k

where e, = v, (2). Then there are injections:

U©Ok) x Us(Ok) x Us(Okw))

|

URAg)

|

U(Ok) x Us(Ox) x Ue(Ox(w))
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and therefore surjections:

Cl(Ok) x CL(Dk) x CL(Dkw))

|

Cl(2n)

|

Cl(Dk) x Cl(Dk) x Cl(Dkw))

Proof. Recall from (2.1.21) that

URly) = H Ay = {(ap), € I(H) | ay € Ry, for all p}.
PO

By (6.1.1) and (5.3.4) we have that if p is a prime of O which does not lie above
2 then
~ 2
Ao =My = (O%p)” X Oy

From (7.1.4) and (7.1.3) we have that if p is a prime of O which lies above 2 then

there are injections:

Df(’p X (14+49k,) X (1 + 4DK(w)7p)

|

X
Q[H7p

|

0%, % (1+205,) X <1 | NDK(W)
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where e, = v, (2). Recalling definition (2.1.20), this implies that there are injections

UOk) x Us(Ok) x Us(Oxw))

|

UAg)

|

U(DK) X UQ(DK) X Ue<DK(w))

The existence of the surjections asserted by the proposition then follows from the

isomorphism (see (2.1.25))

7.2 The Class Representing O;

Proposition 7.2.1. The class of O in the locally free class group
Cl(y) =

corresponds to the class of the idele (hy),, where hy, is defined by

Ey + Ey + e +er(ayn) p| 29k
hpy=9q Eo+m,"* Vg + Ty ¥ (Xv )el(avn)jp p| XVOg
1 otherwise

and where (see (6.1.2)):

_ I ifo,(X)=0v,(V)=1 (mod 2)
Jp =
0 otherwise.
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Proof. Define

1
F:Z<1+U+x)'

Using the formulae for the action of the K-basis elements of H on those of L in
(5.4.3) and (5.4.4), we see that I' is a generator of L over H. By (2.1.25), to
show that the class of O in Cl () corresponds to the class of the idele (hy), in
J(H)/H*U(2y) we must show that for each prime p of O, the element h,I" is a
generator of Oy, , over Ay ,. We recall the local generators 7, given in (6.1.2) and
(6.1.7):

1
Z(1+x+v+xv) if p |29k

Y = ; )
1+ W,;r”(v)v + W,:r"(XVJP)xUJP otherwise

Suppose first that p 4 2XVOk. Then h, = 1 and so

1

hl =7 (1+0+2),

whereas

Yp=1+v+x.

We note that p { 20 and so 4 € O . Therefore we have that hpI' and ~, differ
only by an element of Oy . and so hyl" is a generator of O, over 2y, Next

suppose that p | XVOg. Then

hl' = E '+ WQT”(V)EIF + 7, (ijp)el(avn)jPF

whereas

Vo = 1+ ’/Tp_TP(V)U + W;Tp(XVjp)xvjp'

Again, since p { 20 we have that 4 € O . Therefore h,I" and v, differ only by

an element of D]X{m, and so hyl' is a generator of Oy, , over Ay ,. Finally suppose
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that p | 20k. Then

hpF = E()F + E1F + 61F + e (CLU’I'])F

1
= Z(l—f—v—l—x—i-xv)

So in this case hypl" coincides with the generator of O , over Ay, given in (6.1.7).

This completes the proof. ]

Remark 7.2.2. By (5.2.1), a nonclassical Hopf-Galois structure on L/K is de-
termined by a choice of subgroup 7" of G = Gal(L/K) of order 2. This choice
also determines the field K (w) appearing in the isomorphism of K-algebras H =
K? x K(w). In (5.2.1) we chose an element 7 € G such that 7' = (1) and an ele-
ment o € G such that G = (o, 7). Making a different choice of this element o will
result in a different description of the field L and Hopf algebra H, but it will not
affect the class of Oy, in Cl () because this does not depend on the descriptions
of the objects involved. In this case, if we denote by ¢’ a different group element
satisfying (o', 7) = G, then since |G| = 4 we must have that ¢’ = o7. Making this

choice would lead to a change of K-basis of L:

and a change of K-basis of H:

E.— FE, forr=0,1

e1(a,n)t — (=1)tei(a,n)t  for ¢t =0, 1.



CHAPTER 7. HOPF-GALOIS MODULE STRUCTURE: p = 2 104

Definition 7.2.3. For y € K, define the fractional ideal

Iy: H p"'v(y)'

plyOK

Proposition 7.2.4. Under the composition of maps
J(H) — J(K)? x J(K (w)) — Cl(Dx)* x CL(Dsew)) »

the idele (hy), is mapped to the triple of classes of fractional ideals

O, It | Iz [ st I1 P!
Pl(1+w) vp(W)=1 (mod 2)
POk (w) vp(X)=1 (mod 2)

Proof. Under the isomorphism
J(H) = J(K)* x J(K(w))

the idele (hy), is mapped to the triple of ideles

where
l+w  p|20k

Yp = Wgr"(xw)w v (X)=v,(W)=1 (mod 2)

(X .
Ty " X) " otherwise.

since by (6.1.3) we have j, = 1 if v,(X) = v, (W) = 1 (mod 2) and j, = 0
otherwise. If p is a prime of O then we use the isomorphism in (2.1.17) to obtain
from y, elements yyp € K (w)q for each prime P of O,y lying above p as follows:

If B is the only prime of Ok () lying above p then ygp = y,. If two primes of O (.



CHAPTER 7. HOPF-GALOIS MODULE STRUCTURE: p = 2 105

lie above p then yp = y, and y,p = oy,, where o is a generator for the Galois

group of K(w)/K. Thus the idele (hy), corresponds to the triple of ideles

((1)p, (W;TP(W)>p’ (1+ w)yép)m) ,

where
(1 B | 29 k()
VA B (1 w0)D ks B 2Dk
" w vp(X) =0, (W) =1 (mod 2) and P | p
\ Ty mp(X) otherwise

Since (1 + w) € K(w)*, this triple of ideles has the same class in the product
Cl(Dk)* x Cl1 (D k() as the triple of ideles

(00 (57, o)

We use the homomorphism defined in (2.1.19), applied to each component, to map
this triple of ideles to a triple of fractional ideals. We see immediately that the
first component corresponds to the trivial ideal, and that the second component

corresponds to the fractional ideal ]V_Vl. In the third component we calculate:

(

0 L | QDK(w)
v (14 w) = v (1) B | (14 w0) Dy, B 429
o (1) = P p (7 K (w); K (w)
i —v (WT”(X)> —1 v, (X)=v,(W)=1 (mod 2) and ‘B |
B (T p = Uy = p
| U (ﬂ;” (X)) otherwise
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and so this component corresponds to the fractional ideal

])—(1 H ;B—vsp(l—l—w) H ;B—l

Pl(1+w) Ok (w) vp(W)=1 (mod 2)
POk (w) vp(X)=1 (mod 2)

7.3 Conditions for Global Freeness

Proposition 7.3.1. A sufficient condition for O to be free over 2y is that the
triple of fractional ideals given in (7.2.4) has trival class in the product of ray class
groups

Cl (DK) X 014(9}() X Cl4(DK(w))

A necessary condition is that the same triple has trivial class in the product of ray
class groups

Cl (DK) X CIQ(DK) X Cle(DK(w))-

Proof. By (7.2.1), the class of O, in Cl () corresponds to the class of the idele

(hp)p in J(H)/H*U(2y). Recalling the surjections of (7.1.5), the result follows. [

Proposition 7.3.2. Let K be a number field such that hy(K) is odd. Define an
ideal t of O by

Then
Cly(Ok) = Cl(Ok).

Proof. This proposition differs only slightly from [BS05, Lemma 4.1]. There is a
natural surjection

Qb . Cl4(DK) — Clt(DK)
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with kernel

B K*Uy(Og)
ker ¢ = —KXUZI(DK)'

Let

E(Ok) = K*NU(Ok).
Then

U(Ok)
k &~ ,
O O Ti(Or)

so ker ¢ is isomorphic to a quotient of U(Ox)/Us(Ok), a group of 2-power or-
der. But also ker ¢ is a subgroup of Cly(D), which has odd order by hypothesis.

Therefore ker ¢ is trivial and ¢ is an isomorphism. ]

Proposition 7.3.3. Suppose that hy(K) and hg(K(w)) are both odd. Then

Cl (Q[H) =~ (Cl (DK) X ClQ(DK) X Cle(DK(w)),

and so O, is free over 2y if and only if the triple of fractional ideals given in (7.2.4)

has trival class in this product of ray class groups.

Proof. By (7.3.2), we have both

ClL(Ok) = Cl(Ok)

and

Cl(Okw)) = Cl(Okw))-

Therefore the surjections given in (7.1.5) are in fact isomorphisms, and the result

follows. [
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7.4 Tame Biquadratic Extensions of QQ

In this section we take K = Q. By (4.2.4), a tame biquadratic extension L of Q
has the form L = Q(«, 3), where o = a,3* = b and a,b are squarefree integers
both congruent to 1 modulo 4. By (5.1.3), such an extension admits precisely 3
nonclassical Hopf-Galois structures, and by (5.2.1), each structure is determined
by a choice of subgroup T of G = Gal(L/Q) of order 2. We have fixed a generator
7 of T and an element o € G such that G = (o, 7). We have also fixed elements
x € OF and v € O7F satisfying 7(x) = —x, 0(v) = —v and L = K(z,v). We are free
to replace the element x by zv/ ged (X, V') (corresponding to replacing the element
o € G by o7); by (7.2.2) this does not affect the class of O, in Cl (y). We may

assume without loss of generality that 2 = X and v? = V are squarefree integers.

By (5.3.2) we have the following isomorphism of Q-algebras:
H =~ Q? x Q(w),

where w? = W = —V. We shall write F' = Q(w). Since V =1 (mod 4), we have
= —1 (mod 4). Thus Disc (F') = 4W, and so F/Q is wildly ramified at 2. Also
Op = Z]w].

Proposition 7.4.1. The ring of integers Oy, is free over Ay if and only if there

exist integers myg, m; satisfying
mg + Vmi = £2gcd(X, V) (7.1)

Proof. Recall from (7.2.3) that for y € Q we define the fractional ideal I, by

]y — H pr(y) .

ply
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Since X,V are squarefree integers we have v,(X) = v,(V) =1 (mod 2) if and only
if p| ged (X, V), and so by (7.3.1), a sufficient condition for Oy, to be free over Ay

is that the triple of fractional ideals

Z, I[;/17 ]’)—(1 H (’B—vm(l-‘rw) H (B—l
Pl (1+w)OF plged(X,V)
PROF BlpOr

has trivial class in the product of ray class groups

We show first that this is equivalent to the fractional ideal

J= H ;I;—vgp(l-i-w) H ;’B—l

PBl(1+w)Op plged(X,V)
Pr2OF PBlpOr

having trivial class in the ray class group Cly(Or). We note that since X and W are
squarefree, we have r, (W) = r, (X) = 0 for all prime numbers p. So Iyy = Ix = Z,
and therefore the first two terms of the triple of ideals above automatically have
trivial class in Cl (Z) x Cl4(Z), and the third term has trivial class in Cly(Op) if and
only if the ideal J has trivial class in Cly(Dp). Next we show that J is a principal
fractional ideal if and only if the equation (7.1) has a solution in integers. We recall
from above that 2 is ramified in F, and write 20 = PB3. Then By || (1 + w)Op,

since 2 || Npjg(l 4+ w) in Z. Also we have

ged X, V)0r=| [ % .
plged(X,V)
PBlpOr
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and so we have

(1+w)ged(X,V)JOr =% ][ ¥
plged(X,V)
BlpOr

Therefore J = AF for some A € F if and only if there exists some element y =

(1 +w)ged(X,V)A € Op such that
2gcd(X, V)Op = (uOr)*.

Taking norms, this is equivalent to the existence of an element y = mo+myw € Op
satisfying

Npjg(p)* = (2ged(X, V))?

i.e.

mé 4+ Vm? = £2gcd(X, V)

Finally we show that if J is a principal fractional ideal, then it has trivial class
in Cly(OF), i.e. it has a generator congruent to 1 (mod* 49Op). Suppose J is
principal and let A\, u be as above. Then certainly mg, m; are odd integers, and
replacing m; by —m; if necessary we may assume that m; =1 (mod 4) for i =0, 1.
So 1t = (14+w) (mod 49O F). Recall that s is the unique prime of O lying above

2 and that vg, (2) = 2. Then

p=(14+w)ged(X,V)A v, (1 +w) ged(X, V)X — (1 4+w)) >4

v, (1 +w) + vy, (ged(X, V)X —1) >4

v, (ged (X, V)A —1) > 3

ged(X, VIA =1 (mod” 29r)

A

+A =1 (mod” 49Or)

So, since A is a generator for .J, there exists a generator of J congruent to 1 (mod* 4O ).



CHAPTER 7. HOPF-GALOIS MODULE STRUCTURE: p = 2 111

7.5 Examples

If L/Q is a tame biquadratic extension, then by Leopoldt’s theorem ([Leo59]) O,
is free over the associated order 2gjq = Z[G] in the classical Hopf-Galois structure
Q[G]. In this section we show that the analogous result does not hold for the 3
nonclassical Hopf-Galois structure admitted by the extension. We give examples
of classes of extension where 9, is free over 20y in 0,1 and 2 of the nonclassical
structures, and show that O cannot be free over (x5 in all 3 nonclassical structures

simultaneously.

Example 7.5.1. Let p,q be prime numbers satisfiying p = ¢ = 1 (mod 4). Let
L = Q(y/p,+/q).- Then Oy is not free over ™Ay in any of the three nonclassical

Hopf-Galois structures admitted by the extension.

Proof. Each of the three nonclassical strutures admitted by L/Q corresponds to a
choice of element v € O, which appears in equation (7.1). By (7.2.2) we have some
freedom in each case to make a convenient choice of the element x without affecting
the class of Op, in Cl (). We consider the following 3 cases, each corresponding
to the freeness of O over 2y in one of the nonclassical Hopf-Galois structures

admitted by L/Q:

i) The choices v = \/p,z = /q lead us to consider the equation m2 + pm? =
+2. This has no solutions in integers since a solution (mg, m;) would satisfy

|m2 + pm?| = 2, which is impossible.

ii) The choices v = /g, x = /p lead us to consider the equation m2+qm? = +2.

This has no solutions in integers for similar reasons as equation (i).

iii) The choices v = /pq,x = /p lead us to consider the equation m2 + pgm? =

+2p. Suppose that (mg,m) is an integer solution of this equation. Then
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m2 = +2p—pgm?, which implies that p | m2, and so p | mg. Write mg = pm.
Then (my, ms) is an integer solution of the equation pm3 + gm? = +2. This

implies that |[pm3 + ¢gm?| = 2 which is impossible.

Thus Oy, is not free over Ay in any of the Hopf-Galois structures admitted by the

extension. UJ

Example 7.5.2. Let p, ¢ be prime numbers satisfying p = ¢ = —1 (mod 4). Let
L =Q(v/=p,v/—q)- Then Oy is free over 2y in precisely two of the three nonclas-

sical Hopf-Galois structures admitted by the extension.

Proof. Each of the three nonclassical strutures admitted by L/Q corresponds to
a choice of element v € O, which appears in equation (7.1). By (7.2.2) we have
some freedom in each case to make a convenient choice of the element x without
affecting the class of Oy in Cl(2y). We show first that Oy, is not free over 2y
in the Hopf-Galois structure corresponding to the choices v = /pq, x = \/—p. For

this would imply that there exist integers mg, m; satisfying

mg + pgm; = +2p,

which would imply that there exist integers my, mo satisfying

lpm3 + gm}| =2,

which is impossible. We now show that O; is free over 2y in the Hopf-Galois
structure corresponding to the choices v = \/—p,z = y/—¢. The argument for the
choices v = \/—¢,x = \/—p is analogous. Let F' = Q(,/p). By (7.4.1) freeness is
equivalent to the existence of a principal ideal of O of norm +2. Since Disc (Op) =
4p we have that 2 is ramified, and in fact 20 = I?, where [ = 29p+ (1+ VP)OF.
So I is an ideal of norm 2, and it will suffice to show that I is principal. To do this,

it suffices to show that |Cl (OF) | is odd. We use [FT91, Theorem 39, Corollary 1].



CHAPTER 7. HOPF-GALOIS MODULE STRUCTURE: p = 2 113

Since F'is real, we need to establish whether the fundamental unit 7 has norm 1

or —1. We write n = x + y,/p and consider

Npjo(n) = 2* — py°.

Since p = —1 (mod 4) we have that —1 is not a quadratic residue mod p, so
Np/g(n) = —1 is impossible, and so the fundamental unit must have norm 1. Now
by [FT91, Theorem 39, Corollary 1] the 2-part of C1(O) has order 2972, where
g is the number of distinct prime divisors of Disc (Or). Since Disc (D) = 4p, we
have g = 2 and so conclude that |C1(Op) | is odd. Therefore I is a principal ideal
of norm 42 and O is free over Ay in the Hopf-Galois structure corresponding
to the choice v = \/—p. Thus Oy is free over Ay in precisely two of the three

nonclassical Hopf-Galois strcture admitted by the extension. ]

Example 7.5.3. Let p, ¢ be prime numbers satisfying p = ¢ = —1 (mod 4) and
let 7 be a prime number satisfying r = 1 (mod 8). Let L = Q(/—p,/—¢qr). Then
9y is free over Ay in precisely one of the three nonclassical Hopf-Galois structures

admitted by the extension.

Proof. Each of the three nonclassical structures admitted by L/Q corresponds to a
choice of element v € O, which appears in equation (7.1). By (7.2.2) we have some
freedom in each case to make a convenient choice of the element x without affecting
the class of Oy in Cl (). By the argument presented above, Oy is free over Ay
in the Hopf-Galois structure corresponding to the choices v = \/—p,x = /—qr. If
9, were free over Ay in the Hopf-Galois structure corresponding to the choices

v = /pqr,x = \/—p then there would exist integers mg, m; satisfying

mg + pqrmf = 12p,
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which would imply that there exist integers my, ms satisfying

pmg + qrmf = £2,

which is impossible. Finally we show that O is not free over 21y in the Hopf-
Galois structure corresponding to the choices v = /—qr,x = /—p. This would

imply that there exist integers mg, m; satisfying

mg - qrm% =12

If we reduce this equation modulo r then we have a solution to

mi=+2 (modr).

But 7 = 1 (mod 8), so neither of £2 is a quadratic residue modulo r, and so this
is impossible. Thus Oy, is free over 2y in precisely one of the three nonclassical

Hopf-Galois structures admitted by the extension. ]

Example 7.5.4. Let L/Q be a tame biquadratic extension. Then Oy, is not si-
multaneously free over 2y in all three of the nonclassical Hopf-Galois structures

admitted by the extension.

Proof. Write L = Q(v/a, v/b) with a,b € Z/Z? and a = b =1 (mod 4). By (7.2.2)
we have some freedom in each case to make a convenient choice of the element z
without affecting the class of Oy in Cl(g). If @ > 0 then O, is not free over Ay
in the Hopf-Galois structure corresponding to the choices v = \/a,z = Vb, and if
b > 0 then Oy is not free over Ay in the Hopf-Galois structure corresponding to the
choices v = Vb, z = Vva. Butifa < 0and b < 0 then ab > 0 and O is not free over

2y in the Hopf-Galois structure corresponding to the choices v = vab,x = y/a. [



Chapter 8

Hopf-Galois Module Structure:

Odd p

For an odd prime number p we have from (5.3.2) the following isomorphism of

K-algebras:
H = K?P x K(v)?™,

and so the following description of the unique maximal O g-order:
~ (VP (p—1)
DﬁH = DK X DK(’U) .

We also have from (5.3.6) and (5.3.7) that if p is a prime of O, then an O ,-basis

of My, is given by

;

t
{Ewogrgp—uu{<ﬁﬂyﬁ)|1§s§p—L0§t§p—1} it p | pOx

Tp

{Er\Ogrgp—l}U{ejg‘Zf,Qt) \ 1§s§p—1,0§t§p—1} otherwise.

\ p

115
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8.1 Sandwiching CI ()

Proposition 8.1.1. Let p be a prime of Ok lying above p. Let z € My, and

write
p—1 p—

1
z—ZarEr—i—Z ast(M>t65

s=1 t=0

with a,,as; € Oy for it = 0,...,p—1and s = 1,...,p — 1. Then z €
(Drp[N]F)™ if and only if

p—1 p—1
. s\ [t TR i -
D5 () ()0t =0 oty for 15 <p -1

s=i t=j

p—1 p—1 p—1
2 e tr) ( ) ) imy ™ a = 0 (mod p?) for 1< j <p—1,

r=0 s=1 t=j
p—1 p—1 p—1

iii) ar—l—pZZC Fs(—1)tr ’te asy =0 (mod p*) for 0 < k <p—1,
= 0 s=1 :

iv) ap € O,

Proof. We rewrite z in terms of the basis elements of Op, ,[N]% given in (6.2.1). By
(6.2.4), we then have that z € (O, ,[N]) * if and only if the coefficients of these

basis elements lie in Oy and £(z) € Ok ,. Using the binomial expansion, we have

p—1 p—1 p—1 ¢
t _
2 = ZCLTET + ZZZ (j>(—1)t I, ases(ayn)
r=0 s=1 t=0 5=0
p—1 p—1 p—1 p—1 ¢ "
SDITEED SRS 3 95 B (4 [CURE e
r=0 s=1 s=1 t=1 j=0 J
p—1 p—1 p—1 p—1
R TS SRS 3 B IO
r=0 s=1 s=1 t=1
p—1 p—1 ¢ +
YT ()< Dt a0, ea(au)
o1 =1 =1
p—1 p—1 p—1 p—1 p—1 ¢ "
= a. B, + (—1)ir, a0 + ( ) (=171 a, e4(ayn)’
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We consider the final term first, and use (6.2.2)

—1p-1 t "
323 () oy
s=1 t=1 j=1 J
p—1 p—1 ¢t s
t i e 1 S\ e
- Y () evmtan S (e,
s=1 t=1 j=1 =0
p—1 p—1 t t 1
- Y Y m tz( ><_1>t—z_w0
p S, . J
s=1 t=1 j=1 J p
p—1 p—1 ¢ " 1 s s
£ 35 (() e a3 (),
s=1 t=1 j=1 J =1 t

For0<i<p—-1land1l<j<p-—1,let A;; denote the coefficient of w; ; in z. The

from the above we see that for 1 <i,5 < p— 1 we have

1 ., it S t . ’
o= ZX (1) ()i

s=i t=j

We have that A;; € Ok, if and only if the congruence condition in (i) holds.

Next we seek, for each 1 < j < p — 1, the coefficient of wy ; in 2. We use again the

formula given in (6.2.2).The final term of equation (8.1) contains a contribution:

1 p—1 p—1 t + A
p o a3 () s
L j=1 J

The other terms involving wg; are the idempotents E, defined in (5.3.3). We

calculate
p—1 p—1 p—1
1 dr
Z a. B, = ap— ¢ eg(ayn)’
r=0 r=0 p 7=0



CHAPTER 8. HOPF-GALOIS MODULE STRUCTURE: ODD p 118

So the total coefficient of wy ; is

plpl
PRSI i ) R I

sltj

We have that Ay ; € Ok, if and only if the congruence condition in (ii) holds.

Collecting the remaining terms together will allow us to examine the coefficients of

the p¥ for 0 < k < p — 1. We have

1 p—1 p—1 p-1
=Y ot ) D (~1)'m  ase
r=0 s=1 t=0
1 p—1 1 p—1 p—1 p—1 1 p—1
S IED M0 B SEICA
r=0 k=0 s=1 t=0 k=0
— 1 — 1p71 — —ks t__—te k
= - ay + — C ( 1) p Gst | P
k=0 p r=0 s=1 t=0

g—ks <_1)t77_te/as,t7

and each of these lies in O, if and only if the corresponding congruence condition

in (iii) holds.

Finally, we observe that

Now

0 otherwise.
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and
151
e(B) = =Y (" e(en(amn)®)
L
1 ifr=0

0 otherwise

So £(z) = ag and, assuming z € O ,[N]“, we have z € (53,;7,3[]\7]0)X if and only if

ag € D;;p. O

We now seek necessary and sufficient conditions for z € (D7,,[N]¢)". These will

be in terms of higher unit groups of O, and Ok () p-

Definition 8.1.2. Define an isomorphism
©: (K*)Px (K(v)x)(p’l) ~ H*
by composing the automorphism of (K*)P x (K (v)*)®~1 defined by

(200 215+ s Zp—1, Y1y - - - Yp—1) = (20, 2021, « - - s 202p—1, 20Y1s - - - » 20Yp—1)

with the isomorphism K? x K (v)®~Y = [ defined in (5.3.2). We shall also write

© for the induced isomorphism (K )P x (K(v)g)(p_l) =~ H,, where p a prime of

O, and the isomorphism J(K)P x J(K(v))®~1) = J(H).

Proposition 8.1.3. Let p be a prime of O lying above p. Then
© (D?ﬂp X (1 +p2DK7P)(p_1) X (1 +p2DK(U),P)(p_1)) g QlIX{,p'
Proof. The image under © of an element of

D;{,p X (1 +p29K,p)(p_l) % (1 +pQDK(v),p)(p_l)
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has the form
p—1 p—

1 t
Z_ZQTET+Z &st(L) €
s=1 t=0
with a,,a,; € Ogpforr,t=0,....p—lands=1,...,p—1, and
a) aOGDIXw
b) a, = ag (mod p?) for 1 <r <p—1.
¢) asp =ap (mod p?) for 1 <s<p-—1.
d) as; =0 (mod p?) for 1 < s,t <p—1.

We show that z satisfies the conditions of (8.1.1).

i) By (d) we have 7"

» e/as,tz() (mod p) for 1 <s,t <p—1. So

1) () ar s =0 i

s=i t=j

which is sufficient to ensure that condition (i) of (8.1.1) holds.

ii) By (b) and (d) we have, for 1 < j <p—1, that

p—1 p—1 p—1 p—1
> ot Y ()0 e = Yo% (mod )
r=0 s=1 j=1 r=0
p—1
ag » ¢ (mod p?)

r=0

0 (mod p*)

so condition (ii) of (8.1.1) holds.
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iii) For 0 < k < p— 1 we have by (b),(c) and (d) that

S
3
_l’_
i
I
ES
w
Yy
|
—_
=
3
T
&
S
V)
Il

p—1 p—1
Z ap + pz (*a,o  (mod p?)
r=0 s=1

o
pap +p Z (™ag  (mod p?)

p—1
pag » ¢ (mod p?)
s=0

0 (mod p*)

so condition (iii) of (8.1.1) holds.

iv) Condition (iv) of (8.1.1) holds by (a).

Proposition 8.1.4. Let p be a prime of Ok lying above p. Then
07 (,) € Dy x (14 (¢ = DDp) ™ x (L4 (¢ = VD)™

Proof. Let
p—1 p—1 ayn t
Z_ZGTET+Z oot (Z =Y o, o
o

s=1 t=0

with a,,as4 € Ogyp for r,t =0,...,p—1and s =1,...,p — 1, and suppose that
z € (DL,p[N]G)X. Then the a, and a,; satisify the conditions of (8.1.1) and, in

particular, ag € D% ,. We shall show that this implies
671(2) € iy x (L4 (¢ = VD)™™ x (14 (¢ = D) "™

It is sufficient to prove that

i) a, =ap (mod ((—1)) for 0 <r <p-—1.
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ii) aso=ap (mod ((—1))for 1 <s<p-—1.
iii) as+ =0 (mod (( —1)) for 1 <s,t<p—1.

Recall from (8.1.1) that for 0 <i <p—1and 1 <j <p—1 we denote by A, ; the

coefficient of w; ; in z, and that for 1 <7,5 <p —1 we have

1 ., i S t : /
o= ZE (1) ()it

J

1 % ([t
Ai,j = —71';6/ < ) (—].)t_jﬂ'p_telBi’t. (82)

and so

Inducting backwards on j in (8.2), we find that for 1 <4i,t < p— 1 we have

/

By =0 (mod pwét_i)e ),

and inducting backwards on 7 in the definition of B, ; we find that for 1 < s,t <p—1
we have

as; =0 (mod 7Tff/).

This is sufficient to prove claim (iii) of the proposition.
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Next recall the congruences in case (ii) of (8.1.1):

p—1 p—1
Zcﬂ% S ()0 e =0 mod ) or 1< p

s=1 t=j

and the k& = 0 case of the congruences in case (iii) of (8.1.1):

p—1 p—1 p—1
Z a, + pz Z(—l)twp_te,a&t =0 (mod p?)
r=0 s=1 t=0

Summing these over j with appropriate coefficients yields, for each 0 <1 <p —1:

p—1 p—1
Zg JdlZderar_’_pZC jdl < ) t ]ﬂ-p_tela/S,t =0 (mod p2)

j=0 s=1 t=j
p—1 /p—1 p—1 p—1
- E(ge )arwzmlz() oo =0 (o )
r=0 \j=0 s=1 j=0
p—1 p—1
- pr+py wdlz() ), =0 (mod p?)
s=1 j5=0
p—1 p—1
= ap + delz<) ) p_te/as,t =0 (mod p).
s=1 j=0

. . 4! . .
The coefficient of a given ;" a,; in the second term is

p

t

> (§)ernm = -y

j=0
so for 0 <[ < p—1 we have

—1 p—

p—1 1
a; + ZZ (C’dl — 1)tas7t =0 (mod p).
s=1

=1 t=0

This implies that
p—1

a = — Z asp (mod W;/),

s=1



CHAPTER 8. HOPF-GALOIS MODULE STRUCTURE: ODD p 124

and so a; = ap (mod 71';/) for 1 <1 <p-—1, as claimed in (i).

Finally, to show (ii), we recall from (8.1.1) part (i) that for 1 < 4,j < p—1

we have

1 1
LB ()() oo

s=1i t=j

Therefore for 1 <i < p — 1 we have

p—1 1 p—1 p—1
> A= ( )35 () v € 9
=1 v

Jj=1 t=j

For each 1 < s,t < p — 1, we have Wgte/a&t € Ok, by part (i) of this proposition.

. . _ / . .
The coefficient of a given L *asy in the above is

so we have

Then we have

1 . P! S

~ e s € Ok
%Y (Mo e ony

Now fix some 1 < k <p—1. Thenvp(c_k—l):e’, so for 1 <i <p—1 we have

1 P s
Z_?(C—k’ — 1)7' Z (Z)O{S € DK7P7
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and summing these over ¢ we obtain

Z Z() D, € iy

The coefficient of a given a; in this sum is

lss—k_i:lss—k_z‘_
93 (v = ( (- 1)
_ l -k s
— (D)
= Lks
= ( 1).
So for 1 < k < p—1 we have
121
=) (¢ = Doy € D
p s=1
i.e.
p—1 p—1
(¢ =1 (-7 e, =0 (mod p). (8.3)

s=1 t=1

Next recall the congruences in part (ii) of (8.1.1):

p—1 p—

1
chaer () it a,, =0 (mod p?) for 1 <j < p—1.

s=1 t=j

Summing these over j, we obtain:

H
H

-1 p—1 p—1 p—

p ' p—1
YL r LTS () =0 )

1
j=1 r=0 1 1 t=j

i
<.
i
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—t
p

pil(j.)mw _ p<z (§)<—1>fﬂ'—<—1>f)

. . / . . .
The coefficient of a given 7" as, in this sum is

So we have
p—1 p—1 p—1 p—1
S>> e —py Y (~1)'m ay =0 (mod p?). (8.4)
j=1 r=0 s=1 t=1

Now recall from (8.1.1)(iii) that for 0 < k < p — 1 we have

p—1 p—1 p-1
a, +p C’ks(—l)tﬂp’telas,t =0 (mod p?). (8.5)
r=0 s=1 t=0
Adding (8.4) to (8.5) yields:
p—1 p—1 p—1 p—1 p—1
¢ a, +pz CFago+p (¢ =1) (—1)tﬂ;te'as7t =0 (mod p?).
=0 r—0 =1 s=1 t=1
Using congruence (8.3) we then have
p—1 p—1 p—1
"a, +pY ¢ Mage =0 (mod p?)
j=0 r=0 s=1
p—1
= pag+p) (Man=0 (modp?)
s=1

p—1
= qg+ Z C‘ksasp =0 (mod p)
s=1

Now write ago = ag. Then for 0 < k < p —1 we have

p—1
Z (*a,0=0 (mod p),
s=0
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so for some C}, € Ok, we have

p—1
Z C_ksas,o = ka
s=0

Then we have
p—1
- ksC
as,O - C k>
k=0

and for s # s’ we have

Qs — Qg0 = (Cks - CkSI) Ck =0 (mOd (C - 1))

0

3
—

i

So for each 1 < s <p—1, we have a;9 = ap (mod ({ — 1)), as claimed in (i). This

completes the proof. [

Proposition 8.1.5. There are injections:

U(OK) X U;ﬂ(DK)(pil) X Up2 (DK(U))(pfl)

|

UAg)

|

U(DK) X U(C,l)(DK)(pfl) X U(C,l)(DK(U))(pfl)

and therefore surjections:

Cl(Dk) x Cle(Og)P™V x Clz(D k()P

|

Cl(2n)

|

CL(Ox) x Clig—1) (D) *™ x Clig—1) (D) P~
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Proof. Recall from (2.1.21) that
URly) = H Ay = {(ap), € I(H) | ay € Ry, for all p}.
POk

By (6.1.1) and (5.3.4) we have that if p is a prime of O which does not lie above

p then
~ P pl
A, = My = (DF,) (o ;qw)’p) .

From (8.1.4) and (8.1.3) we have that if p is a prime of O which lies above p then

there are injections:

- -1
D[X(,p x (1 —i—pQDK,p)(p 1) % (1 +pQDK(U)7p)(p )

|

X
Q[Hzp

|

D%, X (14 (¢ = 1D)Dxp) "™ 5 (14 (¢ = D)D) "

Recalling definition (2.1.20), this implies that there are injections

U(DK) X Upz(DK)(p_l) X Upz (DK(w))(p_l)

|

U(Ay)

|

U<DK) X U(C_l)(DK)(p—l) X U(C—l)(DK(w))(p_l).

The existence of the surjections asserted by the proposition then follows from the

isomorphism (see (2.1.25))

I(H)
H<U®y)

I

Cl(2n)
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8.2 The Class Representing O;

Proposition 8.2.1. The class of O in the locally free class group
Cl(”) =

corresponds to the class of the idele (hy),, where

¢ p—1 p—1 p—1
Z E,. + ¢ED/2ypase (g m) plpDk
r=0 s=1 t=0

h p—1 p—1 )
== —r T —r s E¥) .
P T »(V )Er—l— Ty p(XV p)es(avn)]" p|XVOg

r=0 s=1
1 otherwise.

Here ¢s+ = L%J and (see (6.1.2)) 0 < j, < p— 1 is defined as follows:

Jp =10 if v,(X)=0 (mod p)orwv,(V)=0 (mod p)

vy (XV?) =0 (mod p) otherwise.

Proof. Define

Using the formulae for the action of the K-basis elements of H on those of L in
(5.4.3) and (5.4.4), we see that I' is a generator of L over H. By (2.1.25), to
show that the class of O in Cl(y) corresponds to the class of the idele (hy), in
J(H)/H*U(2y) we must show that for each prime p of O, the element h,I" is a

generator of Oy, , over Ay ,. We recall the local generators v, given in (6.1.2) and
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(6.1.7):
1 p—1 p—1
- x'v’ if p | pOk
o p =0 7=0
p— p—1
7T_Tp V9 "UJ + Z e (X0VeIR) wsvsj" otherwise
7=0

Suppose first that p { pXVOg. Then j, = 0 and so

whereas
p—1 p—1
W=y v+ Y
7=0 s=1

We note that p  pOx and so p* € O Therefore hyl" and ~, differ only by an
element of D%, and so h,l" is a generator of Oy, over 2y ,. Next suppose that

p | XVOgk. Then

hel' = mV EF+Z ST (VIR ()T

r=0

= ZZW*”’(V + Zc%dm—lvz —rp (XSV) s sy

whereas
p—1 p—1
_ VJ . _ stsjp .
’yp = E 7Tp Tp( )rU] + § ﬂ-p TP( )IS’US']p .
7=0 s=1

Comparing these two, we see that

p—1 p—1
P’ (Z Bt} c—wﬂ‘»-l)ﬂes) (hl) = .
r=0 s=1

Since the first factor lies in 2 |, we have that h,I" is a generator of O, , over 2y .
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Finally suppose that p | pOk. Let ~ denote reduction to least positive residue mod

p. Then
p—1 p—1 p—1
hpl“ = ZETF—"_ CStd(t 1)/ ’U ~Pds.t (a 77)F
r=0 s=1 t=0
1 p—1 p—1
= E( " +Z gstdt 1)/21} Ps.t g (CL 77) >
s=1 t=0
1 p—1 p—1
= = <ZU —|—ZZCstdt /2, Pt~ std(t—1)/2, st 5>
N s=1 t=0
1 p—1 p—1 B
= st,.s
- LS
s=1 t=0

So in this case hypl" coincides with the generator of Oy , over Ay, given in (6.1.7).

This completes the proof. O

Remark 8.2.2. By (5.2.1), a nonclassical Hopf-Galois structure on L/K is de-
termined by a choice of subgroup T of G = Gal(L/K) of order p and a choice of
d e {1,...,p—1}. These choices also determine the field K (v) appearing in the
isomorphism of K-algebras H = K? x K(v)P~'. We chose in (5.2.1) an element
7 € G such that T = (7) and an element o € G such that G = (0, 7). Making
a different choice of these elements 7, o will result in a different description of the
field L and Hopf algebra H, but it will not affect the class of O, in Cl () because
this does not depend on the descriptions of the objects involved. If we denote by
7’ a different choice of generator for the subgroup 7" and by ¢’ a different choice of
group element satisfying (¢, 7') = G then we have three possibilities. Throughout,

let ~ denote reduction to least positive residue modulo p.

i) If 7/ = 7™ for some 1 < m < p—1 then let 0 < n < p—1 satisfy mn =1
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(mod p). We have the following change of K-basis of L:

and the following change of K-basis of H:

E, — E, forr=0,...,p—1

es(a,n)t — ens(ayn)t fors=1,....p—landt=0,...,p— 1.

ii) If o/ = o™ for some 1 < m < p— 1 then let 0 < n < p— 1 satisfy mn =1

(mod p). We have the following change of K-basis of L:

and the following change of K-basis of H:

B, — En forr=0,...,p—1

es(a,n)t — es(a,n)™ fors=1,...,p—landt=0,...,p—1.

iii) If o’ = o™ for some 1 < m < p—1thenlet 0 <n < p—1satisfy m—dn=1

(mod p). We have the following change of K-basis of L:
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and the following change of K-basis of H:

E,.— E, forr=0,...,p—1

es(ayn)t — Tt (ayn)t fors=1,...,p—1landt=0,...,p— 1.

Definition 8.2.3. For each s = 1,...,p — 1 define U; € K(v)* by

p—1
U, = Z Cstd(tfl)/vaqs?tvst c K(/U)X.

t=0

Proposition 8.2.4. Under the composition of maps
J(H) = J(KP x I(K ()P — CLOx) x Cl (D),

the idele (hy), defined in (8.2.1) corresponds to the class of the tuple of fractional
ideals

-1 —1
(DK7IV yooee 7‘[V(p—1)7 Jlu ) J(p—l)) )

where for s =1,..., (p — 1) the fractional ideal J; is defined by

Jo= | Ix: H pvw (Us) H mvp(vsjp)_prp(vsjp)_p

POk (v) PIVOK (v)

Proof. Under the isomorphism
J(H) — J(K)? x J(K (v))®~
the idele (hy), is mapped to the tuple of ideles

—rp(V —ry (V=D
((1)p; <7Tp bl )>p [ <7TP 2 )>p ) (yl,%)% ey (y(P—l)fB%B)
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where for s =1,...,p — 1, the element y, q € K(v)gq is defined by

p—1
D72yt B pO
t=0

I T TR S

1 otherwise
\

Now for each s = 1,...,p — 1 we define an idele (y, )3 € J(K(v)) by

1 B | PO r(w)

_1_—rp(XsVeip i :
Ui, ™ Jvsie otherwise

y;,&p = Us_lys,‘B =

Then the tuple of ideles

—rp(V —rp (V=D
((1)]37 (Wp bl )>p PRI <7TP 2 )>p ) (3/1,813)‘437 sy (?J(pl),‘ﬁ)‘ﬁ)

has the same class in the product Cl (Og)? x Cl (DK(U))(p_l) as the tuple of ideles

—rp(V —rp (V=D
((1)]37 (7Tp b )>p ey <7Tp bl )>p ) (yllf,B)‘I}? ceey (yzp—1),q3)‘/¥3) :

We use the homomorphism defined in (2.1.19), applied to each component, to map
this tuple of ideles to a tuple of fractional ideals. We see immediately that the
first component is mapped to the trivial ideal, and that for » = 2,...,p, the rt*

component is mapped to the fractional ideal

— —r r—1
I‘/rl—l = Hp p(V )

plV

To determine the images of the remaining components we calculate, for each s # 0
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and P a prime of Ok (,), the valuation vy (y;;p) We have:

0 ‘B |pDK(v)

/qu (y;’m) = s1/8j .
—vgp (Us) — vy (W;p(X v Jp)U‘”") otherwise.

We now make the following observations regarding jy:

i) By (6.1.3) we have j, # 0 only if the prime p of O is ramified in the extension
KW)/K.

ii) If j, # 0 then by the definition of j, in (6.1.2) we have

ro(X°VoP) = 1y (X°) 4 1 (V) + 1.
iii) If j, # O then since p is ramified in K (v)/K we have

pop (V) = vgp (V) = vy (V") = pug (v)

and so vy (v) = v, (V).

Using these observations we see that if p is a prime of O, such that j, # 0 and ‘B

is a prime of O, lying above p then we have

Vg (W;T"(stsjp)vsﬁ> — —ug (W;p (XS)) — Ugp (W;p(vsjpm) + v (v)

= —ug (W;p (XS)) — prp(VSjp) —p+u (Vsj") )

On the other hand, if p is a prime of Ok such that j, = 0 and P is a prime of

O k() lying above p then we have

o (58— (5700
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So we see that the idele (y; y)gp corresponds to the fractional ideal

J, = I)_(i H gp—vq; (Us) H mvp (Vsjp )—prp (VSip)—p :

and so the tuple of ideles

corresponds to the tuple of fractional ideals

(Or, I s T Ty -

8.3 Conditions for Global Freeness

Proposition 8.3.1. A sufficient condition for Oy to be free over 2y is that the

tuple of ideals given in (8.2.4) has trival class in the product of ray class groups
CL(Ox) x CLa(Dx)"™Y x Cl (D)) * Y.

A necessary condition is that the same triple has trivial class in the product of ray

class groups
CL(Ox) X Clic—1y (D)™ % Cli1y (D rey) Y.

Proof. By (8.2.1), the class of Oy in Cl(2y) corresponds to the class of the idele
(hp)p in J(H)/H*U(Ay). Recalling the surjections of (8.1.5), the result follows. [
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8.4 Comparing Structures

By (5.2.1), a Hopf algebra giving a nonclassical Hopf-Galois structure on L/K is
determined by a choice of subgroup 7" of Gal(L/K) of order p and a choice of the
integer d € {1,...,p — 1}. In this section we prove a partial result relating the
structure of Oy, over the associated order in the Hopf algebra H = Hp4 and its
structure over the associated order in the Hopf algebra H' = Hp 4. Throughout,

let “denote reduction to least positive residue modulo p.

Let d,d € {1,...,p — 1} and suppose that d # d’. Let ¢ € {1,...,p — 1} satisfy
cd = d' (mod p). In section (5.3) we associated with H elements v € O 2 € OF
satisfying o(v) = ("%, 7(x) = (x. Let v', 2’ denote the analogous elements associ-

ated with H’. We have

O'(Uc) — C—cdvc

_ g—d’vc

and so we may take v’ = v°. We shall also take 2’ = z; by (8.2.2) this choice does
not affect the class of O, in Cl(Ag/). We fix the following K-basis for H, as in
(5.3.2)

(B |0<r<p-1jU{efam) |1 <s<p-10<t<p-1}
and the following analogous K-basis for H':

{Erl0o<r<p-—1}u{efasm) |1<s<p-10<t<p—1}.
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Proposition 8.4.1. Define a K-linear map ® : H' — H by

®(E) = Ez forr=0,....,p—1

cs

Ol (ayn)) = VL?Jte@(avn)t fors=1,...,p—1landt=0,...,p— 1.

Then @ is an isomorphism of K-algebras.

Proof. For r = 0,...,p — 1 the elements F, and E! are idempotents, and so we
have:

D((EL)?) = D(E]) = E = EL = B(EL)2

cr

For s =1,...,p— 1 we have on the one hand:

B(el () = D(()7el)
= VeB(e)

= Vcseg
and on the other:

o (ann))? = VIFIPeg(am)y
— VL%JPV@GE

cs
== V €cs

the final equality holding since cs = p {%SJ +¢s. Since these two calculations agree,

the result follows. O

Remark 8.4.2. As with the isomorphism O defined in (8.1.2), we shall also write ®
for the induced isomorphism Hy, = H,, where p a prime of O, and the isomorphism

J(H") 2 J(H).
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Definition 8.4.3. Recall from (8.1.2) the isomorphism
O : J(K)P x J(K(v))P™Y = J(H).
Let © denote the corresponding isomorphism
O J(K)P x J(K (v)?™) = J(H').
Define a subgroup B’ of J(H’) as follows:
B = O (U(Ok) ¥ Up(0:) 7 x Ups (Drc)) < J(H)

Proposition 8.4.4. Suppose that V = 1 (mod p*>(¢ — 1)). Then under the iso-
morphism & : J(H') = J(H) we have

P ((H/)x) — H><
and
O (B') CURp).

Proof. Since the isomorphism @ : J(H') = J(H) is induced from an isomorphism

H' = H we have that
@ ((),) = (D(R), for h € H,

which establishes the first part of the proposition. For the second part, let (z;) p €
B’. Then

a) 2z, € (M) for all p{pOxk.

b) z, € © (DIXQP x (14 p*Og,,) P~ Y x (1 +p2DK(v)’p)(7’_1)) for all p | pO-.
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By (5.3.6) and (8.1.3), sufficient conditions for an idele (z), € J(H) to lie in U(Ay)

are
i) 2, € (M) for all pfpOp.
ii) 2, € © (Dfxﬂp X (14 p*Okp) P X (14 p?Og(0),p)P7Y) for all p | pO.

Suppose first that p{ pOk. Then by (5.3.6) we may write

with @ € Ok, a;;, € Oy and ez, € (e’sim’Hm)X = O %) We calculate:

Lcsjt 608(av77)
(‘/cst) N
7T

This implies that ®(2,) € M} , since for each s = 1,..., p—1 the following diagram

commutes:
e H {J e=H,
K (U)p K (U)p

with a;, a}, € Ok p. Using the binomial expansion we have

t
/ o -
2= B+ ZZ (,)(_1)t Il el (apn')
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and so

p—1 p—1p—-1 ¢
=2 bt ) D, () —1) I al VL Ver(am).

From (6.2.1) we see that p*My, C Apy,, so using the assumption that V = 1
(mod p*(¢ — 1)) we have

p—1 p—1p-1 ¢
t i e . e/
@ () 0Bt (§) 0 m ety (mod n )
j=0

r=0 s=1 t=0 j J
p—1 p—1 p—1 e (a 77) e t

— / / cs\Wov - Ces e/

= CLT,EW + as’t (T) (mod 7Tp QLHJJ).
r=0 s=1 t=0 p

This satisfies (ii) since z) satisfies (b). So ®(z}) € Ry, This completes the

proof. ]

Corollary 8.4.5. Suppose that V =1 (mod p*(¢ — 1)), and that the idele (z}), €

J(H') has trivial class in the quotient group

Then the idele @ ((z),) € J(H) has trivial class in the quotient group

J(H)
H*U2y)
Proposition 8.4.6. Suppose V =1 (mod p*(¢ —1)). Let (h}),, (hy)p be the ideles
in J(H'),J(H) respectively which correspond to the class of O in Cl (), Cl (Jg)

according to (8.2.1). Then ®((h}),) has the same class in the quotient group
JH)/H*U(Ap) as (hy)p-

Proof. We shall show that the idele (hy), € J(H) and the idele @ (h;)p e J(H)
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differ only by an element of H*U(2(y). Recall that ¢s; = L%J . We have:

¢ p—1 p—1 p—1
E. + CStd (=172 pqs’tGS(avn)t p|pDK
r=0 s=1 t=0
h — p_l T p_l s\/s7 .
P W;r"(v 'E, + W’;r,,(x v lD)es(avn)”’ p|XVOg
r=0 s=1
| 1 otherwise
where 0 < j, < p — 1 is defined by
Jp=10 if v,(X)=0 (modp)orwv,(V)=0 (modp)
vy (XV#) =0 (mod p) otherwise
and
( p—1 p—1 p—1
DB Y S CHERW)  (am) plpOk
r=0 s=1 t=0
! / sJ .
=) S E ZW PO B pl XV
| 1 otherwise
where 0 < ji, < p — 1 is defined by
Jp=0 if v,(X°)=0 (modp)orv,(V)=0 (mod p)

vp (XV9) =0 (mod p) otherwise

We note that we have j, = j, for all primes p { pOg. If p { pXV Oy then we have

®(hy,) = hy and there is nothing to prove. Suppose that p [ XV Oy, and write
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X = u,m,’ SO 7 Uy Ty V) With u,,u, € Ok, Then

o) = Zw*rv<VCT>ECT+Z VN L2 s

r=0
p—1 —Up (XLLPSJ> —Up (V LLEij) ' .
+Z7Tp Ty VL;JJpﬂ'p_Tp(X v Jp)ea(@w)j”,
s=1
and so we have
p_l CcT p 1 C.
B(h) = <Zu$PJv 51 B+ 3 ul ¥ 15107 ) iy
r=0 s=1
p—1 LQJ p—1 LQJ . P )
= Zuv” Eﬁ+2um” P oms ZV JECT—I—X:X rlegs | hy
r=0 s=1 r s=1

The first term of this lies in fmﬁ’p and the second term lies in H*. Finally suppose

that p | pOk. Then

p—1 p—1
ZEchr oot 2y reaeay L5 e (a,n)
s=1 t=0
We may write
p—1 p—1
hy = ZEcmLZ (et Oy Pt g ()
s=1 t=0
We shall show that
hy

— e AR ..
O(hy,) ~ R
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By (8.1.3) it is sufficient to show that for each s =1,...,p — 1 we have

eahp

—F—c (1 ? .
em(iy) < TP Miy)

For each s =1,...,p — 1 we have

[y

.
ety = es@(l) + 3 (vt — p ey LE 0 e
t

Il
o

and so
-1 <U_pq§’t _ U—PC‘ISJVI_%SJt) e@(avﬁ)t

eﬁhp
et g
(i)

=0
Since we are assuming that V' = 1 (mod p?(¢ — 1)), it now suffices to show that

eesP(hy) € (C — 1)My . Let

Then

e/
ees(ayn) = Ty fies + eas,

and using the binomial expansion we have
p—1 t " '
esP(hy,) = Z cestdt=D/2—paesayy [ 5 ]¢ Z < ) T s
=0 =0
The coefficient C; of a given ufgs is given by

p—1

t cs -

Cj _ Z Ccstd(t—l)/2 <]) U_p%’tVL?J tﬂ_gje
t=j

p—1

) t
= ﬂ_‘;e Z Ccstd(t—l)/Q (]) (mod pQ(g N 1)mH,p>

t=j



CHAPTER 8. HOPF-GALOIS MODULE STRUCTURE: ODD p 145

So

ate) z (t) (mod (¢~ 1)My,)
)

Il
(@) PN
.
+ 3
—_

and so, by considering Cj, we see that
egfb(h;) € ((—1)My,.

This completes the proof. ]

Proposition 8.4.7. Suppose that V' = 1 (mod p*(¢ — 1)). If the idele (h;) has
trivial class in the quotient group J(H')/(H')*B’ then the idele h, has trivial class

in the quotient group J(H)/H*U(Ag).

Proof. By (8.4.5) ®((hy,),) has trivial class in J(H)/H*U(™y) if (hy), has trivial
classin J(H')/(H')*8’, and by (8.4.6) ®((h},)p) has the same class in J(H)/H*U()
as (hp)p. O

Corollary 8.4.8. Suppose that V =1 (mod p*(¢ — 1)). Fix a choice of subgroup
T of Gal(L/K) of order p. If for some choice of d € {1,...,p — 1} the tuple of

fractional ideals defined in (8.2.4) has trivial class in the product of ray class groups
CL(Ox) x Cle(Dx) P~ x Cla(Dg(p) P

then Oy is free over ™Ay, for all choices of d € {1,...,p —1}.
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