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Abstract: We consider the spectral properties of dielectric waveguides
with low refractive index cores and binary layered claddings, such as Bragg
fibers and integrated-ARROWs. We show that the full, nontrivial, 2-D
spectrum of Bloch bands (hence bandgaps) of such claddings correspond, in
structure and topology, to the dispersion properties of both constituent layer
types; quantitatively demonstrating an intimate relationship between the
bandgap and antiresonance guidance mechanisms. The dispersion functions
of these layers, and the interactions thereof, thus form what we coin the
Stratified Planar Anti-Resonant Reflecting Optical Waveguide (SPARROW)
model, capable of quantitative, analytic, descriptions of many nontrivial
bandgap and antiresonance properties. The SPARROW model is useful for
the spectral analysis and design of Bragg fibers and integrated-ARROWs
with cores of arbitrary refractive index (equal to or less than the lowest
cladding index). Both waveguide types are of interest for sensing and
microfluidic applications due to their natural ability to guide light within
low-index cores, permitting low-loss guidance within a large range of
gases and liquids. A liquid-core Bragg fiber is discussed as an example,
demonstrating the applicability of the SPARROW model to realistic and
important waveguide designs.
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1. Introduction

This work focuses on two primary themes: the reconciliation of the bandgap and antiresonance
guidance mechanisms for dielectric waveguides with cores of low refractive index and binary
layered claddings (such as Fig. 1); and, from this, the construction of a simple analytic model
for the analysis of the full, nontrivial, 2-D bandgap spectra of such cladding structures.

Fig. 1. Schematic representations of the fiber, stack and slab geometries discussed here.
Left: An arbitrary Bragg fiber geometry. All parameters defined within. Refractive indices
take any value such that n1 > n0 ≥ ncore ≥ 1. Right: The equivalent planar slab represen-
tation of the Bragg-cladding with the equivalent isolated constituent layers shown below.
The vector diagram represents the decomposition of an incident ray’s wavevector.

Considering the first theme, fibers with a binary-layered (Bragg) cladding are well known for
their ability to confine light to cores with refractive indices equal to or lower than either of the
cladding indices [1-8]. Analogous types of planar waveguides known as integrated Antiresonant
Reflecting Optical Waveguides (integrated-ARROWs) exhibit similar low-index confinement
behaviour [9-13] but are typically treated as distinct to Bragg waveguides and their associated
bandgap guidance mechanism. The cladding of a Bragg waveguide is usually considered as
a 1-D photonic crystal such that the behaviour of the resultant Bloch modes dictates whether
light can or cannot couple to the cladding [1, 14]; core modes exist only for wavelengths and
propagation constants that fall within the Bloch modes’ forbidden regions (bandgaps). AR-
ROW guidance, on the other hand, is attributed to the antiresonance of light with the individual
cladding layers [9, 15]; a particular layer will preferentially guide light at its resonant frequen-
cies such that the transverse component of the light interferes constructively with itself for each
round trip. Thus, light sufficiently far from the cladding resonances will be confined to the core
due to restricted coupling (antiresonance) with the cladding layers themselves.

Here we suggest that the distinction between Bragg-cladding waveguides and integrated-
ARROWs is somewhat artificial, with the only difference being semantic: whether the cladding
is periodic (multiple unit cells: ‘Bragg’) or not (single unit cell: ‘ARROW’). Indeed, with
hollow-core integrated-ARROWs now being considered with more than one binary cladding
unit cell [10-12], this distinction ceases to exist. Thus, since these two waveguide structures
are essentially the same, it is natural to expect a strong relationship between the bandgap and
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antiresonance guidance mechanisms themselves. We explore this idea within by analysing the
two approaches and directly comparing the results.

It is useful here to spell out an important misnomer regarding the use of the term ‘ARROW’.
As it was initially conceived, the model used to describe ARROWs typically assumed that
one of the cladding layer refractive indices was much greater than the core and remaining
cladding index [15]. As such, many ARROW designs have a core index equal to the lowest
of the cladding indices [15-21]; we will call these level-core waveguides. Indeed, this line of
thought saw the ARROW model successfully applied to (non-layered cladding) photonic crystal
fibers (PCFs) [20, 21] and has spawned much interest in what have been termed ‘ARROW-
fibers’: PCFs of a low-index substrate with a cladding of high-index rods (typically on, but not
restricted to, a hexagonal lattice). It is implicitly assumed that such fibers have a core refractive
index equal to the surrounding low-index substrate, just like the early (level-core) ARROWs;
rightly so, since it is structurally the only possibility for a 2-D lattice based cladding as opposed
to a layered one. For level-core waveguides, the predominant antiresonance behaviour comes
from the high-index inclusions alone, with little dependence on their spacing [19]. However,
the general definition of an ARROW by Archambault et al. [9] dictates that the core index
can have any value up to that of the lowest cladding index; we will call these depressed-core
waveguides. All cladding layer resonances in depressed-core waveguides influence the spectral
behaviour of the core modes [9], not just the high-index layer resonances. Indeed, it is the
Archambault-ARROW model that is considered for most current work on integrated hollow-
core ARROWs [10, 11]. We believe this disparity between the use of the general Archambault-
ARROW model and its restricted, Duguay-ARROW-based [15], form as applied to PCFs (the
‘ARROW-fibers’) [18-21] is responsible for the apparent bifurcation of the use of the ARROW
principle in the integrated-waveguide and fiber fields. This is most clearly demonstrated (to
the best of the Authors’ knowledge) by the absence of antiresonance analyses for hollow-core
Bragg fibers and the absence of a Bloch analysis for hollow-core integrated-ARROWs; the two
waveguide structures being fundamentally similar (depressed core, binary layered cladding),
as discussed. The work presented here clearly demonstrates how both the antiresonance and
bandgap principles are applicable to any depressed-core waveguide with a binary stratified
cladding, particularly for fibers and integrated waveguides respectively.

Within, we develop a generalised version of the Archambault-ARROW model and use it to
demonstrate an intimate relationship between the bandgap and antiresonance guidance mech-
anisms associated with stratified cladding waveguides. We coin this new model the Stratified
Planar Anti-Resonant Reflecting Optical Waveguide (SPARROW) model to distinguish it from
both the original Archambault-ARROW model itself [9] and, in particular, the more restric-
tive level-core ARROW and (non-stratified) PCF applications based on the Duguay-ARROW
model [15, 19-21]. Indeed, as will be shown later (Section 4.3), the Duguay-ARROW model is
a special case of the SPARROW model (found by enforcing a level-core index profile). Further,
we will demonstrate how all (both high- and low-index) cladding layer resonances must be con-
sidered together for the most general waveguide analysis and design, rather than considering
them separately as is typically done via the Archambault-ARROW model [9, 10, 22].

For our second theme, it has recently been shown [23] that in single-material Bragg fibers
[5, 23, 24] (hollow level-core waveguides) a new class of large bandwidth bandgaps are avail-
able, hence also available to any level-core layered-cladding waveguide (Fig. 1). This analysis
also demonstrated that such cladding structures produce bandgap spectra with rich 2-D (ef-
fective mode index vs. frequency) structure below the light-line of the lowest-index cladding
layer [23]. These gaps are distinct from, yet related to, the gaps typically studied in more con-
ventional hollow-core solid-cladding Bragg fibers [3, 4, 6] which lie far from the low-index
light-line. However, modelling of microstructured waveguides typically relies heavily on (often
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cumbersome) numerical analyses of the full 2-D waveguide structures to determine the bandgap
characteristics, highlighting the need for simpler models. While a Bloch-wave analysis may be
used (and is throughout this work) on 1-D approximations to the cladding of a Bragg-cladding
waveguide [1, 3-6, 14, 23], it is difficult to use the resultant semi-analytic bandgap condition
[1] to glean direct physical insight into the relationship between the cladding parameters and
the bandgap spectra’s structure and topology. Semi-analytic models for the approximate calcu-
lation of band-edges have been derived for PCFs with a cladding of high-index rods [25, 26],
but such approaches aren’t suitable for depressed-core layered-cladding waveguides since the
low-index layers are equally important [9].

Here we examine the resonances of the individual cladding layers, via the SPARROW model,
to present an analytical physical description of these nontrivial bandgap properties. We demon-
strate how our model can determine a number of nontrivial properties with simple, fully ana-
lytic, expressions. Such tools are indispensable for the understanding and design of depressed-
core layered-cladding waveguides, whether they be fibers (multi-dielectric, such as the afore-
mentioned hollow-core Bragg fibers [3, 4, 6], or single-material Bragg fibers [5, 23, 24]) or
integrated-ARROWs [9-13]. We thus expect that the SPARROW model will be particularly
useful for the design of layered-cladding waveguides with gas or liquid cores for applications
in sensing, microfluidics, and novel nonlinear waveguides.

To give an overview, we begin with the relevant background theory on bandgaps and antires-
onances in 1-D structures in Sections 2.1 and 2.2, respectively. The dispersion characteristics
of high- and low-index slab waveguides are discussed in Section 2.3 and are used to formally
define the Stratified Planar Anti-Resonant Reflecting Optical Waveguide model in Section 3.
The expressions fundamental to the SPARROW model are the dispersion curves of the cladding
layers considered in isolation (Section 2.3), giving the wavelengths and modal effective indices
at which light preferentially couples to the cladding (resonances); avoiding these cladding res-
onances decreases the core-mode loss (antiresonance). The models ability to predict high- and
low-loss wavelengths is confirmed via a numerical example in Section 3.1 where it is made
clear that both the high- and low-index layer resonances must be taken into account in order
to describe the chosen region of the 2-D bandgap spectrum. This follows directly from the de-
finition of the general antiresonance point (Section 4.2) which explicitly accommodates this
behaviour. As mentioned, further analysis of the curve interactions (Section 4) leads to expres-
sions describing nontrivial properties of the associated bandgaps, such as: the positions of all
bandgap closure points and, from them, a consistent nomenclature for arbitrary bandgap spectra
(Section 4.1); the central gap point (Section 4.4) - a special case of the general antiresonance
point; and a quantitative measure of the topology of arbitrary bandgap spectra - the number of
gaps within a specific domain (Section 4.5). Concluding remarks are given in Section 5.

2. Background theory

2.1. Bragg stack Bloch analysis

It is well known that the bandgap properties of the cladding of a Bragg fiber can be well ap-
proximated by those of a planar Bragg stack [1, 3-6, 23]. Consider a Bragg fiber with cladding
layer refractive indices n1 and n0 and core refractive index ncore, such that n1 > n0 ≥ ncore ≥ 1
(a ‘depressed-core’ waveguide as defined above), with layer thicknesses t 1 and t0 and core
thickness tcore, Fig. 1.

The work of Yeh et al. [1] derives a semi-analytic condition for the propagation conditions
of light within an infinite periodic dielectric stack (infinite in the x and y dimensions with the
number of layers N → ∞, Fig. 1). An incident plane wave’s wavevector (k i = kik̂ where ki = nik
and k = 2π/λ ) can be decomposed into normal (k ixx̂) and planar components (β ẑ), Fig. 1. Care
should be taken not to confuse the free space wavenumber k and the 0 th layer type’s wavevector
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amplitude k0 = n0k. β is thus related to the propagation constant of the composite waveguide.
Hereon we will more often refer to the effective modal refractive index ñ = β/k. k ix corresponds
to plane waves propagating normal to the stack (due to transmission and reflection between
layers), where the index i specifies what layer type the plane wave is in (i ∈ {0,1}). It follows

that kix = {k2
i −β 2} 1

2 = k{ni − ñ} 1
2 .

Two matrix recursion relations, describing transverse electric (TE) or transverse magnetic
(TM) waves, can be derived via the Bloch-Floquet theorem, relating plane waves in the stack to
an incident plane wave [1]. The resultant 2× 2 Bloch-wave eigenvalue equation has only one
unique matrix element, ATE,TM(k, ñ) [1], which is a function only of the layer parameters (n i

and ti) and wave parameters (k and ñ). Only solutions satisfying the condition [1]:

|Re{ATE,TM(k, ñ)}| < 1, (1)

correspond to (non-evanescent) waves allowed to propagate perpendicular to the Bragg stack
(the x-direction in Fig. 1). The evaluation of Inequality 1 for a particular layer configuration is
straightforward since k and ñ are the only free parameters. The regions in the 2-dimensional
space (k, ñ) satisfying Ineq. (1) are allowed bands (waves allowed to propagate in the cladding)
for either TE or TM waves (in Fig. 2, black represents where the TE and TM bands overlap, so
for ñ < n0 all TE bands are black since the TM bands are larger, thus both black and grey). For
ñ > n0 the TE and TM bands diverge [1], Fig. 2. The regions in between the allowed bands are
the bandgaps. Thus, any core mode of a depressed-core waveguide (1 ≤ n core ≤ n0) must have
both k and ñ within a bandgap. All figures within plot over (Λ/λ , ñ) = (Λk/2π , ñ) so that both
axes are unitless, naturally representing the scale-invariance of the system.
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Fig. 2. Left: A bandgap map generated via the Bloch theorem (Section 2.1) for a Bragg
fiber cladding like that considered in [4]: t1 = 0.27μm, t0 = 0.9μm, n1 = 2.8 and n0 = 1.55.
Color scheme (for ñ < n0): as described in text, Section 2.1; black for TE bands, black and
grey for TM bands (⇒ white for TM bandgaps, white and grey for TE bandgaps). Solid
blue line: the n0-light-line. Dotted line: the Brewster line, ñ = nB. Right: A plot of all
the SPARROW curves (dispersion curves of the equivalent isolated layers), via Eq. (6),
for the same cladding and bandgap domain. Magenta: high-index (n1) layer, ñm1 (k). Cyan:
low-index (n0) layer, ñm0(k).

From Fig. 1, glancing incidence (θ = π/2) produces β = k i ⇒ ñ = ni, referred to as the
‘ni-light-line’. For waveguides of sufficiently large core radius, core-bound modes of low order
exhibit dispersion curves ñ(k) close to those of plane waves of glancing incidence, hence ñ(k)≈
ni. Core modes of the waveguides considered here will thus typically only exist where the n core-
light-line intercepts the relevant bandgap; namely, TE modes within TE gaps and TM and HE
modes within TM gaps (since HE modes contain components of both TE and TM rays [27]).
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As demonstrated in Fig. 2, the TM bandgaps close up at a specific value of n B =

n1n0/
√

n2
1 +n2

0 due to the well known Brewster phenomenon [28-30], where TM rays satis-
fying the Brewster condition are totally transmitted thus preventing the existence of a bandgap
at that specific value of ñ [30]. Thus, for ñ < n 0, the TM gaps always lie within the TE gaps
[23]. The closure of the TE gaps close to nB in the case of Fig. 2 is coincidental (discussed
further in Sections 3 and 4.1).

Figure 2 shows the bandgap map of the layered cladding considered in [4]. In particular,
note the nontrivial bandgap structure below the n 0-light-line, as recently discussed in [23]. As
mentioned earlier, it is the characteristics of this rich structure that we seek to explain via the
SPARROW model. It is worth noting here that analyses of Bragg fibers thus far have typically
only dealt with two main regions of the bandgap spectrum: the region close to ñ = 0, as is the
case for conventional Bragg fibers [3, 4, 6, 23], and the region near ñ = n 0, as is the case for the
more recently discussed types of single-material Bragg fibers [5, 23] (and also the level-core
silicon/silica Bragg fibers of [7, 8]). The complex bandgap structure that lies between these
two regions becomes increasingly important as the filling of hollow waveguides becomes more
fruitful [10, 11, 13, 22] and such waveguides begin to vary in core sizes and shapes [10, 11,
13, 22-24, 31]; low-order modes within large cores will tend to exhibit ñ ≈ n core [27] and will
move to lower ñ as the core size decreases (e.g. [23]); higher-order modes also naturally exhibit
lower ñ and hence intercept different bandgap regions (important for exploiting modal-loss
discrimination [3, 23, 29, 30]). More precisely, by changing n core or tcore, the confined modes’
ñ will be able to intercept this richly structured bandgap region, making analyses based on the
SPARROW model increasingly important. An explicit example of a liquid-core Bragg fiber is
presented in Section 3.1.

2.2. ARROW models

Originally discussed in the context of planar waveguides with a single high-index cladding layer
in 1986 [15], the Anti-Resonant Reflecting Optical Waveguide (ARROW) model of Duguay
et al. demonstrated how light could be confined to a low-index core by inhibited coupling
(antiresonance) with a high-index cladding layer. In 1994, this model was later generalised
to arbitrary numbers of cladding layers with arbitrary refractive indices by Archambault et
al. [9]. The only restriction for core-guidance in the Archambault-ARROW model was that
the core must have a refractive index equal to or less than the lowest of the cladding indices:
ncore ≤ min{ni}. By considering the transverse phase accumulated by a propagating ray (Fig.
1) per round trip (including that from traversing the core, via the V-parameter) and equating it
to 2π (resonance), the Archambault-ARROW model determines the wavelengths at which the
ith cladding layer will be resonant with the guided light [9, 22]:

λmi =
2ti
mi

√
n2

i −n2
core +

(
U∞λ

2πtcore

)2

, (2)

where mi ∈ Z
+ is the resonance order of the i th layer type and U∞ takes the value (p + 1)π/2

for a planar core, with mode order p ∈ Z
+, or value jνμ , with azimuthal and radial mode

orders μ and ν respectively (such that the ν th-order Bessel function satisfies Jν( jνμ) = 0),
for a cylindrical core. Note how in Eq. (2) the properties of the core are incorporated into the
resonance conditions by default (via ncore, tcore and U∞). In the SPARROW model we define
below, the resonance analysis is completely decoupled from all core properties, being related
to them (importantly) only via the effective mode index ñ. Considering the individual layers’
full dispersion curves permits a mode-coupling (core to cladding) type analysis: the closer a
core mode’s ñ lies to those of the cladding layers, the stronger the coupling to the cladding,
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producing a larger core-mode confinement loss (CL).
From Eq. (2), the wavelengths producing antiresonance with individual cladding layers are

found between the cladding layer resonance points by considering half-integer layer mode or-
ders: mi →mi + 1

2 [9]. Using this approach, the Archambault-ARROW model has recently been
applied successfully to depressed-core gas- and liquid-filled hollow-core integrated-ARROW
waveguides [10, 11, 22] but tends to be used to achieve antiresonance with each cladding layer
individually and only for mi = 1 (e.g. [22]). While this approach is sufficient for designing a
guidance regime, the tuning of each layer separately is unnecessarily restrictive (and potentially
produces a higher confinement loss than desired by bringing the resonances of both layer types,
rather than just one, close to the k of interest). As will be shown in Section 4.2, a general analy-
sis requires the resonances of all layer types to be considered together, leading to our definition
of the general antiresonance point k

′
c which is more suited for general analyses of arbitrary

cladding configurations and strictly necessary for arbitrary ñ and m i.
By substituting U∞ → π/2 (planar core with p = 0) in Eq. (2), the Duguay-ARROW reso-

nance condition [15] is derived (where only one, high-index, cladding layer type is considered,
making the i label redundant). This substitution is equivalent to assuming the core-bound rays
only make glancing incidence with the cladding layer [15]. The Duguay-ARROW model has
been successfully applied to different types of level-core (n core = n0 < n1) ARROWs (e.g. [15-
17]). More recently, the Duguay-ARROW model has also been employed by Litchinitser et al.
[19-21] and Abeeluck et al. [18] to describe antiresonance guidance in photonic crystal fibers
(PCFs) in the large-core regime, including level-core Bragg fibers [19], and, in particular, PCFs
with a cladding of high-index rods [20, 21]. For stratified claddings, the large-core limit reduces
the cladding layer resonance condition to [19]:

λm =
2t1
m

√
n2

1 −n2
0. (3)

Incidentally, note that m → m + 1
2 is required for the rod-cladding case, to accommodate for

the modal cut-off frequencies of cylinders instead of layers [20, 21]. One important property
of these level-core (ncore = n0) waveguides is that the resonance effects of the cladding on the
core-guided modes is dominated by the high-index inclusions, independent of the low-index
region between them [19]. This phenomena is quantitatively explained (for layered claddings)
in Section 4.3 by setting ñ = ncore = n0 in the SPARROW model.

While level-core Bragg fibers have been discussed in the context of the Duguay-ARROW
model [18, 19], the more general Archambault-ARROW model appears to be absent from
analyses of solid-cladding hollow-core (n0 > ncore = 1) Bragg fibers, where Bloch-wave analy-
sis (as in Section 2.1) is more common [1, 3-6, 23]. Likewise, the analysis of multilayer
hollow-core integrated-ARROWs [9-13] appears to primarily use the Archambault-ARROW
model, foregoing a Bloch-wave analysis. By demonstrating the intimate relationship between
the bandgap and antiresonance guidance mechanisms here, we hope that the artificial bifurca-
tion of these techniques is overcome.

As shown in the next section, the SPARROW model is essentially a modified version of the
Archambault-ARROW model where we decouple the core properties from the cladding layer
resonances (without enforcing a large-core regime). The resonance conditions are instead ex-
pressed as individual layer dispersion relations in terms of a general modal refractive index ñ.
This then permits a bandgap-style analysis of the layer resonances (Section 3) ultimately show-
ing a close relationship between the bandgap and antiresonance guidance mechanisms and,
more importantly, also allowing the derivation of some very simple expressions for nontrivial
and useful properties of arbitrary bandgap spectra (Section 4).
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2.3. Dispersion analysis of slab waveguides below the light-line

Consider now the layers that constitute a Bragg stack, each in isolation (represented in the
bottom-right of Fig. 1). Let the isolated slab and its surrounding cladding have refractive indices
na and nb, respectively. There are thus two types of slab waveguide to consider: one with a high
slab index na = n1 with a lower cladding index nb = n0 (na > nb), and one with a low slab
index na = n0 with a high cladding index nb = n1 (na < nb); n1 > n0 as before (Fig. 1). For this
analysis, the same wave-vector decomposition as in Fig. 1 is used, with the wavevector k i = ka

incident at angle θa to the normal within the dielectric of refractive index n a [the Bragg stack
schematic in Fig. 2, though, is replaced by a homogeneous region with the equivalent vector
diagram for a transmitted ray (a → b)].

Since we are interested in slab modes with effective mode indices ñ a below the n0-light-line
(ña < n0), all slab modes are inherently leaky [27]. This is because for the former (high-index)
slab ña = β1/k = n1 sinθa < n0, so θa < θc = sin−1(nb/na) (the critical angle) and no total
internal reflection occurs, thus relying on regular (lossy) reflection. In other words, the modes
must exist below the bound mode cut-off [27]. The latter (low-index) slab relies on inherently
lossy Fresnel reflection for all θa since na < nb. The loss characteristics are considered here
only insofar as they aid the phase analysis via the Fresnel reflection coefficients [27, 28]:

ΓTE =
kax − kbx

kax + kbx
, ΓTM =

n2
bkax −n2

akbx

n2
bkax +n2

akbx
, (4)

which relate the incident and reflected field amplitudes, ATE,TM and A
′
TE,TM respectively, by

ATE,TM = ΓTE,TMA
′
TE,TM.

As discussed, for ña < n0 guidance, Snell’s law implies the high-index (na > nb) slab must
have θa < θc. Since cos(θi) = kix/ki and 0 ≤ θa < θc ≤ π/2 (⇒ 0 ≤ θb ≤ π/2) then cos(θa) >
cos(θb) and thus kax > kbx. Equation (4) then implies ΓTE,TM ∈ R

+ so that sign(ATE,TM) =
sign(A

′
TE,TM) and no phase shift occurs upon reflection. However, for the low-index (n a < nb)

slab, θa > θb with no critical angle threshold, so similar reasoning implies k ax < kbx. Thus
ΓTE,TM ∈ R

−, meaning sign(ATE,TM) = −sign(A
′
TE,TM) such that a π phase shift occurs upon

reflection at the interface. Note that the TE and TM modes are thus degenerate for ñ < n 0 due
to their equivalence in this phase analysis (ΓTE,TM produce the same reflective phase conditions
for both na > nb and na < nb for ña < n0 guidance).

The slab waveguides will only support modes, leaky or otherwise, if the accumulated trans-
verse phase for one round-trip of the slab (traversing the slab twice upon two reflections from
the interfaces) is an integer multiple of 2π . For both slabs, the transverse phase accumulated
by traversing the slab region once is kaxta. The forms of the low- and high-index slabs’ phase
relations thus differ only in their reflection terms. Equating the cumulative phase shifts to m2π
(m ∈ Z

+), a dispersion relation for each waveguide is derived [27, 32]:

kaxta =

{
mπ for na > nb and m ∈ N

(m+1)π for na < nb and m ∈ Z
+ (5)

where m = 0 is obviously not allowed for the high-index slab, implying that the m = 0 bound
mode has no leaky counterpart [27]. By rearranging the phase relations and setting a → 1 and
b → 0 for the high-index (na = n1 > nb = n0) slab and a → 0 and b → 1 for the low-index
(na = n0 < nb = n1) slab, we find a unified dispersion relation:

ñmi =

[
n2

i −
(

miπ
tik

)2
] 1

2

, mi ∈ N (6)
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such that m1 = m and m0 = m+1. Groups of dispersion curves for a range of mode orders are
plotted in Fig. 2 (right) and subsequently in Figs. 3, 4 and 5.

Here it is convenient to define that m1 = 0 refers to the ñ-axis (k = 0) and m0 = 0 to the
n0-light-line (ñ = n0). It is easily shown that, while not representative of physical modes, these
definitions still satisfy Eqs. 5 and 6. Hereon the ‘SPARROW curves’ will refer to both the
physical slab dispersion curves (m1,0 ∈ N) and these m1,0 = 0 lines, unless otherwise specified.
The lower limit line ñ = 0 is also important but its inclusion in this set is not required, as will
soon be evident.

Note that Eq. (6) is truly analytic since the non-analytic Goos-Haenchen phase shift [32] that
appears in the bound-mode (ñm1 > n0) solution of the high-index slab does not appear in these
phase relations due to the nature of the reflective phase shifts for ñ mi < n0. Also note how Eq.
(6) depends only on ni, implying that, below the n0-light-line, the dispersion properties of each
slab depend only on the slab refractive index, not that of the medium surrounding it.

Equation (6) can be arranged to give the k values of resonances of order m i for arbitrary ñ as:

kmi =
miπ
ti

[
n2

i − ñ2]− 1
2 , (7)

where, once expressed in wavelength, it is obvious that the forms of the large-core Duguay-
ARROW model (Eq. (3)) and SPARROW model (Eq. (7)) are identical save for two important
differences: the SPARROW model is valid for all ñ ≤ n0 and depends explicitly on t0.

3. Formal SPARROW model definition

Figure 3 (left) is produced by overlaying the slab curves (Fig. 2, right) upon the corresponding
Bragg stack’s bandgap map (Fig. 2, left). A clear and striking similarity between the two plots
is thus revealed: each high- and low-index slab dispersion curve corresponds to a band of the
bandgap spectrum. Also, the gaps completely close at the intersection points of the high and low
refractive index curves (nm1 and nm0 , discussed further in Section 4.1). This is because ñm1 =
ñm0 implies optimal coupling between the two layer types so that light can easily propagate
through the cladding, precluding the generation of a bandgap.
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Fig. 3. Left: The bandgap map of Fig. 2 with the cladding layer dispersion (SPARROW)
curves (Fig. 2) overlayed. Right: The same configuration but with the high-index layer’s
thickness decreased: t1 = 0.27μm → 0.18μm. The bandgap topology dramatically changes
between the two cases (new bandgaps are created). Using the nomenclature and analyses
of Section 4.5: t1 = 0.27μm produces N1 = 2 and N2 = 4 whereas t1 = 0.18μm produces
N1 = 3 and N2 = 6.
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We thus define the Stratified Planar Anti-Resonant Reflecting Optical Waveguide (SPAR-
ROW) model as the use of the slab waveguides’ dispersion curves (and the properties derived
from them, Section 4) to quantitatively describe the resonant features of the associated bandgap
spectrum. The SPARROW model thus gives direct physical insight into how the thicknesses and
refractive indices of the constituent high- and low-index layers affect the resonant properties of
the cladding. Our model is thus similar to the Archambault-ARROW model [9] except that the
latter inseparably couples the core properties to the resonance analysis. Instead, the SPARROW
model considers the effective mode index alone, with no allusion to the properties of the core
itself. In this way, we have separated the cladding resonances from the core properties, giving
two benefits: the ability to easily describe cladding resonances on a bandgap-style (Λ/λ , ñ) plot
(e.g. Figs. 2,3,4 and 5); and the freedom to consider core modes of arbitrary ñ. The latter point
requires that, for the SPARROW model to accurately predict core-mode spectral features, sensi-
ble values for a core mode’s ñ must be provided independently. For large-core waveguides, this
is trivial, since most low-order modes will lie very close to the n core-light-line (demonstrated
in Section 3.1). However, it has also been shown that, at least for air-core Bragg fibers, it is
possible to infer the (real part of the) core modes’ ñ solely from the core geometry [23, 30],
including higher-order modes and small core (∼ λ ) waveguides.

Note that between any two adjacent slab dispersion curves, a bandgap region exists in either
the ñ or k dimension, meaning that the discrete bandgaps within the stack bandgap spectrum are
each enclosed by a subset of the SPARROW curves. We thus define the concept of a bounding
region for any particular bandgap: the (k, ñ) region enclosed by the curves surrounding a partic-
ular bandgap. This behaviour implies the nontrivial discrete bandgap spectrum of the stratified
cladding is replicated in position and topology by the equivalent SPARROW curves (including
the physical limits k = 0, ñ = 0 and ñ = n0, as discussed). Consequences and applications of
this are discussed in Section 4.

3.1. Confirmation via FEM analysis

The validity of the SPARROW model can be verified directly by calculating the confinement
loss spectrum of a particular Bragg fiber configuration in which both high- and low-index reso-
nances are evident. We model a realistically achievable configuration: a fabricable (as demon-
strated by Temelkuran et al. [4]) solid-cladding hollow-core Bragg fiber which is filled with a
liquid of refractive index 1.45 (achievable with index-matching liquids or various oils). The
cladding layers of [4] were made from As2Se3 chalcogenide glass (n ≈ 2.8) and the poly-
mer polyethersulphone (PES, n ≈ 1.55) with thicknesses of 270nm and 900nm respectively.
ncore = 1.45 is chosen here simply because it produces modes revealing interesting structure
in the bandgap spectrum. We choose a smaller core diameter (20μm) than the cited fabricated
fiber (≈ 700μm), and fewer rings (4 pairs of layers instead of 9), due to numerical restrictions
of the method employed (the relevant discretisations are stored in finite computer memory), but
note that the bandgap behaviour would be very similar between the two structures regardless
(like the 700μm core, a 20μm core also produces modes close to the n core-light-line, Fig. 4).

A finite element method (FEM) is used to model the modal behaviour of the waveguide
via the commercial FEM package COMSOL Multiphysics. Perfectly matched layers (PMLs)
[33] are employed in order to solve for the complex ñ, and hence for the confinement loss
CL = 20log10(e)kIm{ñ} [34].

Figure 4 shows the bandgap and CL spectra for the discussed fiber, demonstrating how the
supported TE01 mode exists only within the cladding bandgaps, with ñ having no solutions
within the allowed bands, as expected. Note that the core-mode dispersion curve lies relatively
close to the ncore-light-line for this tcore.

More importantly, the CL spectrum of Fig. 4 (bottom) shows how the core-mode loss dra-
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Fig. 4. Top: A portion of the SPARROW curves and bandgap map from Fig. 2. Green line:
the TE01 mode’s Re{ñ} from the FEM calculation of the equivalent Bragg fiber, with a
core of size tcore = 20μm. Red dashed line: the ncore-light-line (ñ = 1.45). Red circles: po-
sitions of the general antiresonance point k

′
c (Section 4.2) on the ncore-light-line. The gaps

are labelled using the nomenclature of Section 4.1. The limit value Λ/λ = 3 corresponds to
λ = 390nm in this case. Bottom: The associated CL spectrum. Cyan and magenta dashed
lines: low- and high-index SPARROW resonances on the ncore-light-line, respectively (cor-
responding to circles of the same color in the top plot). Red lines: positions of the general
antiresonance points from the top plot (red circles).

matically increases as the resonant features (found via the SPARROW model: kmi(ncore) via Eq.
(7)) are approached. This example clearly demonstrates how the SPARROW model is required
to describe the resonant properties of both high- and low-index inclusions for arbitrary ñ. Note
how the minimum CL for each gap falls close to mid-way (in frequency) between the adjacent
cladding resonance points (this important point is discussed further in Section 4.2). Of course,
it is well-known that the absolute CL depends on the number of cladding layers; more layers
produce a lower loss. Incidentally, the CL spectra of the next two higher-loss modes, TM 01 and
HE11, have values above the domain presented in Fig. 4 (bottom), unsurprisingly (due to the
narrow TM bandgap via the Brewster effect, Fig. 2) commensurate with the effectively-single-
mode behaviour of Bragg fibers [3, 30].

4. Further analysis of the SPARROW model

4.1. Curve intersections and gap nomenclature

The intersection points of the high- and low-index layer dispersion curves (Eq. (6) for i = {1,0})
can be found by equating either ñ or k. The intersection point of arbitrary ñ m1(k) (high-index)
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and ñm0(k) (low-index) curves is found to be:

P(m1,m0) = (k, ñ)|ñm1 =ñm0
=

⎛
⎝π

√
1

n2
1−n2

0

(
m2

1

t2
1

−
m2

0

t2
0

)
,

√
n2

1−n2
0η2

1−η2

⎞
⎠ , (8)

where η = m1t0
m0t1

. These points thus form the corners of the aforementioned bounding regions
for a particular gap, which we shall call the bounding points.

Since the ñmi(k) curves monotonically approach asymptotes at n i (ñmi → ni as k → ∞), all
gaps will have a maximal bounding point: the intersection point whose k and ñ values are
larger than those of all other bounding points for that gap, being the top-right bounding point
when represented on a (Λ/λ , ñ) plot. Since the maximal bounding point exists for all gaps for
all cladding configurations, it may be used to define a consistent nomenclature for arbitrary
bandgap spectra. Here we adopt the convention that each gap is referred to by the orders of the
bounding curves producing the maximal bounding point. Explicitly, an arbitrary gap is labelled
as the 〈m1,m0〉 gap. Some examples: the lowest order (fundamental) gap is the 〈m 1,m0〉= 〈1,0〉
gap (using the Section 2.3 definition that m0 = 0 corresponds to the n0-light-line); any gap
bound above by the ñ = n0 line is an 〈m1,0〉 gap; and so on. The gaps shown in Figs. 4 and 5 are
labelled using this convention. It should be noted that this nomenclature is different (and more
general) than that previously proposed by the authors in [23]; while that particular nomenclature
was suitable for the particular fiber parameters examined, the system introduced here is more
general and thus suitable for all possible regimes.

Using this nomenclature, we can now quantify that the portions of the 〈m 1,m0〉 gap that close
up within the 0 < ñ < n0 region will do so at the intersection points P(m1,m0) and P(m1−1,m0+1),
should these points exist within the domain for the given gap. If these points don’t exist, the gap
must then be terminated by the ñ = 0 or n0 lines, leaving it open (seen explicitly in Figs. 3 and
5). Incidentally, we believe that this gap closure behaviour helps explain the mode suppression
phenomena observed in [35].

4.2. The general antiresonance point

From Eq. (7) we define the general antiresonance point k
′
c, at arbitrary ñ = ñ

′
, as the arithmetic

mean of the bounding curve values kmi(ñ
′
) either side of the gap (the central k value):

k
′
c(ñ

′
) =

kmp(ñ
′
)+ kmq(ñ

′
)

2
, (9)

where p and q refer to the adjacent bounding curve types in the k-dimension (i.e. p,q ∈ {1,0})
and mq and mp to their order. Note that the curves adjacent (in the k-dimension) to k

′
c will

change as ñ
′

varies within the bounding region. For example, ñ
′

in the middle section of the
〈m1,m0〉 bounding region (i.e. between P(m1−1,m0) and P(m1,m0+1) in the ñ-dimension) implies

k
′
c is between curves with either mp = m1 and mq = m1 − 1 or mp = m0 and mq = m0 + 1

(depending on the type of gap), due to the monotonicity of the curves. For ñ
′
in the top section

of the bounding region (above the middle section but below P(m1,m0)), k
′
c will be in between

curves with mp = m1 and mq = m0, whereas for ñ
′
near the bottom of the gap (below the middle

section but above P(m1−1,m0+1)) k
′
c is between the mp = m1 −1 and mq = m0 +1 curves.

Figure 4 demonstrates how k
′
c naturally predicts the approximate position of lowest CL for a

core mode of the fiber discussed in Section 3.1. The reason CL reaches a minimum near k
′
c is

that, at that point, the guided wave is maximally antiresonant with the pair of slabs producing
the bounding dispersion curves (m p and mq); as one or the other bounding curve is approached,
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Fig. 5. SPARROW model curves overlayed upon a portion of the cladding Bandgap map
of the Bragg fiber examined in [5] and [23]: t1 = 0.37μm, t0 = 4.1μm, n1 = 1.45 and
n0 = 1. The color scheme is the same as for Figs. 2 and 3. The bandgaps are labelled
according to the nomenclature introduced in Section 4.1. Red circles: intersection points
(P, Section 4.1) of the SPARROW curves. Magenta circles: ñ = n0 resonances (Eqs. 3 and
7). Green dashed curves: a specific bandgap’s half-order curves, the intersection of which
form Pc (Section 4.4), the green circle. The chosen gap is of order 〈m1,m0〉 = 〈3,1〉 with
Pc = (kc, ñc) ≈ (5.34898μm−1,0.976641).

the wave becomes more resonant with the associated slab, thus allowing greater coupling from
the core to the cladding. This is why the resonances of all layer types must be considered
together, rather than separately, as discussed earlier, and is inherent in the definition of k

′
c. The

general antiresonance point is thus a powerful tool for waveguide design and analysis, allowing
immediate determination of the approximate point of minimum CL at arbitrary ñ within an
arbitrary bandgap.

Note that, due to the analyticity of Eq. (9), the derivatives of k
′
c with respect to all waveguide

parameters (∂k
′
c/∂ni, ∂k

′
c/∂ ti, etc.) can be easily derived, but are omitted here for brevity. These

derivatives are ideal for the direct calculation of fabrication tolerances in waveguide design, or
sensitivities to core materials for sensing, for example.

4.3. Special cases

There are two important special cases of the SPARROW model: ñ = n0 and ñ = 0. It is easily
shown that the former actually reduces to the large-core limit of the Duguay-ARROW model,
since by setting i = 1 and ñm1 = n0 in Eq. (6) we derive Eq. (3). These ñ = n0 resonances are
shown in Fig. 5 (magenta circles). Thus, the SPARROW model also explains why the Duguay-
ARROW model in the large-core regime (Litchinitser et al. [20]) is typically independent of the
thickness of the low-index region: all orders of the low-index slab dispersion curves (ñ m0 ) have
an asymptote at ñ = n0 and hence never intercept it; their resonant features can never appear on
the n0-light-line (the region of applicability of Eq. (3)).
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The other special case, ñ = 0 (the zero-line), is derived in much the same way. However, in
this case, both high- and low-index curves intercept the zero-line. Setting ñ i = 0 we derive:

λmi =
2niti
mi

(10)

where i ∈ {1,0}. ñ = 0 corresponds to rays normally incident to the layered cladding, similar
to high-order modes within hollow-core solid-cladding Bragg fibers [30] which lie within 0 <
ñ ≤ 1.

While useful in themselves, these two special cases reveal important information about the
structure and topology of the Bandgap map, discussed in more detail in Section 4.5.

4.4. The central gap point

The concept of a central gap point can now be introduced. Note that the slab dispersion curves
with half-orders ( 1

2 , 3
2 , 5

2 ,. . .) fall mid-way between adjacent integer-order curves for both i =
{1,0} (when expressed in terms of k and ñ). An example is shown in Fig. 5 (green dotted
curves). Thus, we define the central gap point as the intersection point of the half-order curves
within a particular gap. In the nomenclature defined in Section 4.1, the curves producing the
central gap point for the 〈m1,m0〉 gap are the m

′
1 = m1 − 1

2 and m
′
0 = m0 + 1

2 curves, so that
the position of the gap’s center is given a modified form of Eq. (8) where m 1 → m1 − 1

2 and
m0 → m0 + 1

2 , namely:

Pc = (kc, ñc) = P(m1− 1
2 ,m0+ 1

2 ) =

⎛
⎜⎝π

√√√√√ 1

n2
1 −n2

0

⎡
⎣
(

m1 − 1
2

t1

)2

−
(

m0 + 1
2

t0

)2
⎤
⎦,

√
n2

1 −n2
0η2

c

1−η2
c

⎞
⎟⎠ ,

(11)

where ηc = (m1− 1
2 )t0

(m0+ 1
2 )t1

. In fact it can be shown that Pc is entirely commensurate with the general

antiresonance point (k
′
c) of Eq. (9) such that:

k
′
c(ñc) = kc. (12)

The proof for this is omitted for brevity, but only requires some careful manipulation and a
demonstration that ñc always lies between the middle two intersection points P(m1+1,m0) and

P(m1,m0−1) so that k
′
c is always bound on either side by either the m p = m1 and mq = m1 − 1

curves or the mp = m0 and mq = m0 +1 curves (as discussed in Section 4.2). An example based
on the fiber cladding examined in [5, 23] is shown in Fig. 5 (green circle), where Pc = P

( 5
2 ,

3
2 )

≈

(5.34898μm−1,0.976641) corresponding to the 〈3,1〉 gap.
Since the gaps bound by the ñ = n0 and/or ñ = 0 lines are open (above and below, respec-

tively), this definition of the center point is insufficient when Pc reaches these lines, or where Pc

simply doesn’t exist (as is the case for all 〈m1,0〉 gaps). In these cases, we use the general an-
tiresonance point (Eq. (9)) to define Pc = (k

′
c(ñ

′
), ñ

′
) where ñ

′
= n0 or 0 as appropriate. Thanks

to Eq. (12), this gap center formalism is thus consistent for all bandgaps.
It is expected that Pc will determine the approximate point of lowest modal CL for a given

bandgap in not just the k-dimension (via the relation to k
′
c from Eq. (12)) but also the ñ-

dimension. This is to be expected from the work of [30], where it was demonstrated that as the
bandgap edges are approached from any direction, CL generally increases. Since Pc dictates the
point at which light is maximally antiresonant with both cladding layer types, it is reasonable
to expect that the CL is thus minimum near this point. While omitted here for brevity, a quan-
titative verification of this would be straight-forward, requiring the CL spectra of the modes of
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interest to be calculated for a range of ñ. This could be achieved by iterating the spectral analy-
sis (via a FEM as in Section 3.1, for example) over a range of n core to generate modes within the
entire domain of the bandgap of interest (i.e. to calculate CL in both the k- and ñ-dimensions).

Also, similar to the discussion of Section 4.2, the derivatives of Pc with respect to all cladding
parameters (∂kc/∂ni, ∂kc/∂ ti, ∂ ñc/∂ni and ∂ ñc/∂ ti) can also be easily derived, and would also
be ideal for similar applications.

4.5. Bandgap topology and the bounding region

Here we derive another powerful feature of the SPARROW model. Equation (8) can be used
to determine the number of bandgaps (or more precisely, bounding regions) that exist between
a pair of adjacent high-index slab curves, nm1(k), which have orders m1 − 1 (left curve in the
k-dimension) and m1 (right curve). We define Dm1 as the domain enclosed by this curve pair
and the ñ = n0 and ñ = 0 lines. We focus on the TE bandgaps here, since the TM gaps have
the same topology save for the simple gap closure induced by the Brewster effect (Section 2.1,
Figs. 2 and 3).

It is easy to see (e.g. Figs. 2 and 3) that the number of bounding regions, hence TE gaps,
within Dm1 is one greater than the number of intersection points made by the low-index curves
[nm0(k)] with the rightmost bounding curve [nm1(k)], excluding the n0-light-line (m0 = 0). To
show this analytically, we must enforce upon the intersection point expression (Eq. (8)) the
physical condition: P(m1,m0) ∈ R

2. By enforcing k ∈ R, the square-root requires (m1/t1)2 −
(m0/t0)2 > 0⇒ η > 1 (where η is defined with Eq. (8)). This can be used to find an upper limit
m0 < m1(t0/t1), but a more strict limit is found by enforcing the second physical condition
ñ ∈ R: since η > 1, 1−η 2 < 1 so that the numerator (within the square-root) must also be
negative: n2

1−n2
0η2 < 1⇒ n1/n0 < η . This last inequality gives the most strict range physically

imposed on m0, namely:

m0 < m1
n0t0
n1t1

. (13)

Thus, the maximum permissible order of an m0-curve within Dm1 is:

mmax
0 = floor

{
m1

n0t0
n1t1

}
, (14)

which is also the number of m0-curves within Dm1 (excluding the ñ = {0,n0} lines). The num-
ber of TE bandgaps within Dm1 is thus mmax

0 + 1; the ‘+1’ accounting for the ever present
〈m1,0〉 gaps, bound above by the n0-light-line, whose maximal bounding point P(m1,0) doesn’t
contribute to mmax

0 by definition, as discussed.
There is an exception to this analysis: where a maximal bounding point lies on the zero-

line (ñ = 0) such that the point exists but the associated gap does not (the bounding region
becomes singular). In this case, the number of gaps within D m1 is exactly equal to the number of
intersection points on ñm1(k) (including the ñ = 0 bounding point). Quantitatively, the condition
for this behaviour can be deduced from the SPARROW model’s ñ = 0 special case (Eq. (10))
by setting λm1 = λm0 , demonstrating that the above inequality (Eq. (13)) becomes an equality
(i.e. the floor function of Eq. (14) becomes redundant).

We can thus express the total number of gaps bound within D m1 as:

Nm1 =

{
mmax

0 +1 when mmax
0 < m1

t0n0
t1n1

mmax
0 when mmax

0 = m1
t0n0
t1n1

(15)

which depends only upon the cladding parameters and just one order parameter, m 1 (required
to define Dm1 ).
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The only difference in topology for the TM gaps over the TE gaps is that the Brewster-
induced gap closure increases the number of gaps within D m1 by 1 (i.e. Nm1 + 1), the position
of the extra closure being ñ = nB (Section 2.1). The only exception is when nB coincides with a
TE gap closure point, P(m1,m0), in which case the associated TM gap’s bounding region becomes
singular (similar to the Pc at ñ = 0 case above) and the number of gaps within D m1 is identical
to the TE case (i.e. Nm1 ).

The above expressions for the intersections points (Eq. (8)) and the number of gaps within
a given domain Dm1 (Eq. (15)) explicitly define the topology for any given bandgap spectrum:
the number of gaps (in a finite domain) and how they join together. Figure 3 gives an explicit
example of how a bandgap spectrum topology can change with varying cladding parameters.

5. Concluding remarks

In this work we have demonstrated an intimate relationship between the bandgap and an-
tiresonance pictures of light confinement in binary-layered-cladding waveguides on and be-
low the low-cladding-index light-line, implying that Bragg fibers and integrated-ARROWs
guide by fundamentally the same principles. This was done by developing an antiresonance
model, the SPARROW model, which describes the resonances of an arbitrary waveguide’s
cladding layers, independent of the core properties. The SPARROW model is a generalisa-
tion of the Archambault-ARROW model [9] in that we consider only the resonant properties
of the cladding layers and not that of the core, permitting the direct comparison of the layers’
dispersive behaviour with the associated Bloch-wave bandgap spectra. Foremost, the model
demonstrates that the cladding layer dispersion curves replicate the nontrivial structure and
topology of the analogous 2-D Bloch-mode bandgap spectrum. By exploiting this, the model
is also capable of quantitatively and analytically describing nontrivial features of such spectra.
Among the most important features of the model derived were: a consistent nomenclature for
arbitrary bandgap spectra (〈m1,m0〉); the approximate position of lowest core-mode confine-
ment loss of any gap via the general antiresonance point (k

′
c); the precise closure points of a

given gap (P(m1,m0) and/or P(m1−1,m0+1)); the center of a gap in both ñ- and k-dimensions via the
central gap point (Pc); and the number of bandgaps within a specific domain (e.g. Nm1 for TE),
thus the bandgap spectrum topology; all via simple analytic expressions.

The SPARROW model is thus a powerful and simple tool for the spectral analysis and design
of layered cladding dielectric waveguides with core refractive indices equal to or less than the
lowest cladding index. Integrated-ARROWs have recently been demonstrated as ideal hollow-
core waveguides for sensing and microfluidics [13]. However, our analysis of a liquid-core
solid-cladding Bragg fiber implies that fibers have similar promise. These principles are also
useful for achieving guidance in nonlinear liquids and gases, important for the development of
novel nonlinear waveguides.
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