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Abstract—The noise radar concept can be extended to an array of
K transmit antenna and M receive antenna. When independent
noise sources are transmitted from each antenna the approach
may be viewed as a special case of MIMO radar and matched
filters may be derived. In this contribution statistical properties
of matched filters for MIMO noise radar are derived.

For any array the concepts of the sum and difference coarrays
are useful and important tools for understanding an array’s
beamforming properties particularly for sparse arrays. Element
space matched filters are shown to be related to the concept of
the sum coarray and some examples of the advantages of this for
sparse transmit/receive array geometry are provided. A variation
of this result for beam space matched filters is also presented,

Index Terms—Noise radar, MIMO radar, Waveform diversity

1. INTRODUCTION

For single channel noise radar the use of a wide bandwidth
and correlation processing enables range profiles with low
sidelobes and suppressed range ambiguities to be realized [1].
Additionally there appear to be advantages in using noise
waveforms in conjunction with low bit resolution analogue to
digital convertors as intermodulation products are avoided.
However perhaps the most motivating reason for the use of
multi-channel noise radar is its low probability of intercept
making such radars difficult to detect with standard ESM
receivers [2]. A frequency domain formulation of the
extension of single channel
noise radar to multi-antenna n(f) ——<
on both transmit and receive
indicated that two main
transmission  configurations
were useful. These were
termed element space (ES)
and beam space (BS) [3,4].
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Figure 1: Element space
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In the ES approach K channels of independent noise are
transmitted by omni-directional antennas as illustrated in
Figure 1.

For the BS approach proposed in [3] each independent noise
source is used to form a beam illuminating a selected sector of
the radar’s field of view — effectively coding each sector
according to a particular noise source. The direction of each
sector is determined by the phase shifts and the width
determined by the beam-width of the transmit array. The
approach is illustrated in Figure 2 and it should be noted that
the number of beams, N, need not equal the number of transmit
antennas but may be chosen to be less than K.
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Figure 2: Beam Space transmit

In [3] matched filters for both the ES and BS approaches were
derived and in this contribution statistical properties of ES
matched filters are derived. For ES and the case of co-located
transmit and receive arrays, a generalized form of the receiver
matched filter leads to a beamforming scheme that is based on
the sum coarray [5] of the transmit and receive arrays. The BS
matched filter is also considered and shown to be equivalent to
a hybrid beam/element space approach based on the sum
coarray.
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II. NOTATION AND BACKGROUND

Let x,(f)and x,(f) denote the Fourier transforms of
the transmit and receive antenna element waveforms
respectively and let n( f) denote the Fourier transforms of a

vector of independent noise sources. (The number of noise
sources may be different for the ES and BS approaches.)
Consider a single scatterer located as illustrated in Figure 3.

Figure 3: Transmit/receive geometry
In Figure 3 u(k )and v(k' )are the transmit and receive

steering vectors and the wave-vectors k  and k' denote the

direction of the scatterer from the phase centres of the K
element transmit and M element receive arrays respectively.

For both ES and BS the matched filter corresponding to the
scatterer illustrated in Figure 3 is given by

1 .
ﬁH'ﬂ/' (kq ’Es) = e./% EtH (f)ﬁ(lfg )‘_}H (Eq) (1)
Gl’l
where the phase delay, ¢ represents the time delay from the
phase centre of the transmit array to that of the receive array
via the scatterer and O, is the transmit noise power.

The signal flow diagram of one implementation of the ES
matched filter is illustrated in Figure 4 and illustrates how the
matched filter, implemented at the receiver, incorporates both
the transmit and receive beamforming.

III. ES MATCHED FILTER
For ES x,(f) = n(f) and the output of a filter matched to

a scatterer in directions k£  and &' , w.r.t. the transmitting

and receiving arrays respectively is given by

e " &), (" ()

o

n

Vores )=l Ox, (f) =
2)

It is illustrative to compare the performance of the ES
matched filter with that of a conventional beamformer at the
receiver. To do this consider co-located receive and transmit
arrays with the same phase centres. For this case

k=k,=—k' . (This is not an essential point — it just
reduces the complexity of the notation.) The output of a

conventional receive beamformer, y, (k), where k denotes

the beam steering direction, is given by

, (,;)zv”(lbxr(fy
con \— M

where y(E )is the steering vector. The output power of the
conventional beamformer is given by

p =Y ©R, (f)V(k%l 2
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Figure 4: ES Matched filter implementation
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where R_(f)is the cross-spectral matrix of the receiver
outputs. For the case of a single scatterer with a normalized
scattering cross-section of O, Yz located at a direction k& from

the array phase centre the above expression can be shown to
reduce to

~ 2
R (1113
I)con (k) = KO-Q O-n T =+ wn M2

Beampattern of Rx array

where O 5 is the power of the transmit signal at any antenna

2 . L . .
and O, is the self noise (i.e., thermal noise) at a receiver.

Calculation of the output power of the matched filter is
somewhat more complicated as both the matched filter and the
received waveform contain the noise waveforms, see Eqn. 2.
Thus it is first necessary to check whether the matched filter
output has zero mean and in order to obtain analytic
expressions it is first necessary to make the assumption that
the transmit and receive waveforms are Gaussian.

From Eqn.2 and adding in self noise, the output of an ES

filter matched to a scatterer in direction k from the array
phase centre is given by

ho Ofx, () +n,, ()}
n (Hutew” ©)fx, () +n,, (N}
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For the single scatterer illustrated in Figure 3 x, (f)is
given by
H
x,(f)=ovk I (k)n(f)

and assuming, quite plausibly, that n(f)and n, (f)are

uncorrelated, the expectation of both sides of the above
expression reduces to
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By )= Z Efp” (o Eou” Gn( )}

The above expression may be rearranged to

O-S
o

n

and since £ {g( fn . (f )}: o 5 I the above expression can
be shown to reduce to
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which is non-zero.
Interestingly
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Beampattern of Tx array Beampattern of Rx array

The above expression illustrates the ability of the matched
filter to reconstitute, at the receiver, the beampattern of the
transmit array.

An example is illustrative. Consider co-located transmit and
receive linear arrays and a single scatterer at -30° whose
normalized cross-section is 20dB. The expressions

P, (k)and ‘ E{ym s (k )}2 are plotted in Figure 5 for the case

where K=8 and M=4 and for both arrays % =0.5. The ES

matched filter results have been normalized to equal those of
the conventional receive beamformer at their respective peaks.
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Figure 5: Single scatterer

In the above example the difference between the
conventional beamformer and the ES matched filter can be
clearly seen. The ES matched filter squared results do not
depend on the level of white noise at the receiver and the
effect of the transmit beam pattern can be clearly seen though
the reduction of the width of the main lobe response due to the
larger aperture of the transmit array. The above example can
be extended to multiple scatterers and in Figure 6 results for
two scatterers at -30° and -10° whose normalized radar cross-
sections are 20dB and 10db respectively are plotted.
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Figure 6: Two scatterers
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Again the advantage of the ES matched filter which takes into
account the transmit antenna is well illustrated by improved
angular resolution.

Evaluation of the variance of the matched filter output
requires deriving an expression for

£y @}

—— £ (@ O, (! (rou” O}

n
For illustrative purposes consider the example of a single
scatterer as illustrated in Figure 3. In this case the above
expression reduces to

E{ Vo (1?)2}=012E{n”(f)Cn(f)n”(f)C”n(f)}

where C = E(E w! (E W(k)u" (k)and after some tedious

manipulation of fourth order Gaussian moments the above
expression can be shown to reduce to

~ |2 ~ )2
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Substituting for C and simplifying gives

e’ cl= k" Evw|

Finally taking receiver noise into account the variance of
the output of the matched filter can be shown to be given by

v )|
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Thus the rather surprising conclusion that the variance of the
matched filter is a scaled version of the output power of a
conventional beamformer is obtained.
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Figure 7: Two realisations

To illustrate the above single scatterer scenario was
simulated in the frequency domain and the output of the ES
matched filter for a single realization was calculated. Two
realizations are illustrated in Figure 7 and they illustrate the
large statistical variability of using just a single realization.
The variance of single realization matched filter outputs was
calculated for the above scenario using 100 independent
realizations. This result is plotted in Figure 8 together with
the expression for the output power of a conventional
beamformer and illustrates close agreement with the result of

Eqn (3) after the normalization factor KM > is accounted
for.
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Figure 8: Matched Filter variance

The single realization results for the ES matched filter are
typical of what would be obtained using a single pulse in the
time domain. To improve the performance of the matched
filter additional averaging of the matched filter outputs is

required. Denoting y’fm (E) as the g-th realisation the
averaged output of the matched filter, i.e.,

LS e @)
N y}neS —_—
Q pr ife

is plotted for various values of Q in Figure 9.
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Figure 9: Averaging
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IV. RELATIONSHIP OF MATCHED FILTER TO COARRAYS

Under closer inspection of Figure 4 we can observe that
output of each receive element, prior to multiplication by the
transmit beamforming weights, can be decomposed into a

further K channels through multiplication by the 7, .

Rewriting Eqn. 2 and ignoring the bulk time delay term, the
matched filter output is given by

(N =33 futew” @)k L (Hn" ()

k=1 m=1
In the above expression the phase terms can be rewritten as

jkod, —jksd, Jlk,d—k sd,)
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Now consider co-located receive and transmit arrays with the

same phase centres. For this case k. =—k' and so the above

expression reduces to

Wl v (k,)), , = et
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Figure 10: Coarray examples

These phase terms can be interpreted in term of a KM element
array as illustrated in Figure 11 with receivers located at the
vector sum of the positions of the transmit and receive
elements. Indeed this is just the sum coarray of the combined
transmit and receive elements reviewed in [5]. Examples of
some transmit/receive arrays and the resulting coarrays are
given in Figure 10.

xl(f)

xz(f)

V. BS MATCHED FILTER IMPLEMENTATION

In the beam space approach the transmit waveform is given
by

X (f)= Zn (Nuk,) =0k, ke k¥ ()

where the KxN matrix U (.) is given by

UG k) = Y ) ).

152 N .
and the k,,k,,...,k, are the wave-vectors corresponding to

the steering directions illustrated in Figure 2. The %/ﬁ

normalisation factor ensures that U(.)is unitary and hence

the total transmit power is the same for the element and beam
space approaches.
The matched filter for the beam space case is given by

substituting the above expression for x,(f)in Eqn. 1, i.e.,

Yo () = €™ (K e, (Pon" (U

Similarly to the ES approach the BS matched filter signal flow
diagram may be realised as illustrated in Figure 12.

Notice that if #(k ) happens to be orthogonal to all but
u(k)),u(k?),...,u(k” )then the above

architecture considerably simplifies. Again the inefficient
implementation illustrated in Figure 12 may be rewritten as

one of the

(D=3 0wk " @) e (e (),

n=l m=1

and may be interpreted as a hybrid beam/element space
version of the sum coarray of the transmit and receive arrays.
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Figure 11: KM synthesized outputs
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Figure 12: BS Matched filter implementation

VI. CONCLUSIONS

MIMO noise radar can be formulated in terms of either
element or beam space and matched filters have been given
for each approach. Expressions for the mean output of the ES
matched filter have been derived and shown to offer
considerable improvement over a conventional beamformer
using just the receiver outputs. However the instantaneous
output of the ES matched filter has a large statistical
variability and needs significant averaging before approaching
the mean output. An expression for this statistical variability
has been derived and confirmed by simulation.

In both cases the filters can be interpreted and implemented
in terms of the coarray of the combined transmit/receive
geometry. Whilst these virtual or phantom sensors offer
conceptual advantages for conventional beamforming on both
transmit and receive such implementations are not efficient
and will not improve detection performance over simpler
implementations of the matched filter. However the coarray
approach does offer advantages in terms of DOA estimation
procedures and allows the possibility of implementing MVDR
processing on the coarray outputs.
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