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ABSTRACT

In this thesis we are concerned with the determination of the
values of ¢ for which the resulting matrix A +{£ is positive semi-
definite. That is, we want to find the positive semidefinite interval
for the matrix pencil A+1E. We first present a new point of view
for the case that A is positive definite to obtain the same results
as in [Car88| and then use this point of view to determine the
positive semidefinite interval for the case that A is negative def-
inite. In both of these cases, the positive semidefinite interval is
determined from the eigenvalues of the matrix A™!E. We then
show how to combine our results to obtain the positive semidefi-
nite interval for the case that A is nonsingular but indefinite, and
for the case when A is singular and R(E) C R(A). Examples and
remarks on implementation are also provided.
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1. INTRODUCTION

Let A and E be real symmetric n x n matrices. The (linear)
matrix pencil A + tF is the function

t— A+ tE (tE]R).

We consider the problem of determining the set T" such that for
t € T, A+ tE is positive semidefinite. [Recall that a symmetric
matrix is positive (negative) semidefnite if all of its eigenvalues
are non-negative (non-positive), is positive (negative) definite if
all of its eigenvalues are positive (negative), and is indefinite if
it has both positive and negative eigenvalues.] Since the set of
positive semidefinite matrices is a closed convex cone in the space
of n x n matrices, T is a closed (possibly unbounded) interval.
We call T' the positive semidefinite interval.

One source of interest in this problem is its connection to math-
ematical programming. Consider first the parametric quadratic
program problem ([BC86], [Rit67], [V&l85))

min{(c(t)) Tz + %xTC(t)ﬂ(ai(t))Tx <bi(t)i=1,--m}.

If C(t) = A+ tE, then the quadratic programming is convex if
and only if A+ tF is positive semidefinite. The positive semidef-
~ inite interval gives the values of ¢ for which the critical points of
the quadratic programming problem are guaranteed to be global
minimizers.

Consider also the area of semidefinite programming ([WSV00],
[VB96]) where the contraints can be written as the system of



linear matrix inequalities
n
Fi(g) = F + Y aFY =0, j=1, g
i=1
where Féj ) and Fi(j ) are symmetric matrices, and where F¥(z) > 0
means that FV(x) is positive semidefinite. An application of the
Coordinate Directions (CD) hit-and-run algorithm (introduced

by Telgen [Tel79] and published in [Bon83]) for finding necessary
constraints in the system of LMI requires the determination of 7.

In this thesis we are concerned with the computation of the
endpoints of T. Chapter 2 gives some background material, in-
cluding Caron and Gould’s results for A positive semidefinite and
E of rank one or two ([CG86]), Valiaho’s results for determining
the inertia (number of positive, negative,and zero eigenvalues) of
the matrix pencil as a function of ¢ ([V&l88]) and Caron’s results
for A positive semidefinite ([Car88|). Chapter 3 discusses the case
when A is nonsingular. Explicit expressions of the endpoints of
the positive semidefinite interval are given when A is positive
definite and when A is negative definite. In these cases, the end-
points are determined from the eigenvalues of A~!E. Then we can
combine these results to obtain the positive semidefinite interval
when A is nonsingular but indefinite. Chapter 4 discusses the
case when A is singular. Chapter 5 presents remarks on imple-
mentation and includes examples. Concluding remarks are given
in Chapter 6.



2. BACKGROUND

2.1. Preliminaries.

Throughout this paper, we shall denote the range space of a
matrix M by R(M), its null space by N(M), and its rank by
r(M). For areal symmetric n x n matrix M, we say M is positive
definite (and denote it by M > 0) if for all z € R™, x # 0,

x Mz > 0.

We say M is positive semidefinite (and denote it by M > 0) if
for all z € R"

"Mz > 0.
It is well known that M is positive definite if and only if all

eigenvalues of M are positive and M is positive semidefinite if
and only if all eigenvalues of M are nonnegative.

Given a real symmetric n x n matrix M, the Schur decomposi-
tion ([GVLS&3], [HJ90]) of M provides an orthogonal n x n matrix
() such that '

T (D1 0O
g = (10, 1)
where D, is diagonal and nonsingular, and hence r(D;) = r(M).

The inertia of a real symmetric matrix M is an ordered triple
consisting of the numbers of positive, negative and zero eigenval-
ues of the matrix. i.e. the inertia of M is the triple

(M) = (7(M),v(M),5(M)),

where w(M),v(M), (M) denote the numbers of positive, nega-
tive and zero eigenvalues, respectively, of M. Note that ([Hoh73])



if L is nonsingular, then
In(LML") = In(M).

The Schur complement ([Cot74]) M of the nonzero element my
in a matrix M with row index set I and column index set J, is

~ MigMh
M = ShkM = [mij — ],
Mhpk

where i # h, j # k. Note that M is an (n—1) x (n—1) matrix with
rows and columns indexed by I \ {h} and J \ {k}, respectively.
Here the operator Sy is called the pivotal condensation with the
pivot mpi. Note that

Sin(SneM) = Shi(SknM)

provided that both sides are defined. By means of pivotal con-
densations it is possible to determine the inertia of any real sym-
metric matrix. If M is of rank r, then, independent of the order
of the pivots, it is possible to perform on M exactly r successive
pivotal condensations ([ZA66]). Thus, we can compute In(M) by
the following algorithm.

Algorithm 2.1. ([Cot74]) Computing the inertia of a real sym-
metric n X n matrix M. '

Step 0. Set C = M, p=q=0.
Step 1. If C = 0 (possibly vacuous), go to Step 2. Otherwise,
(i) Select, if possible, a cpp, # 0. Set C' «— SpC, and set
p—p-+1 ifep, > 0; g — q+ 1, if ¢pp, < 0.
(ii) If every diagonal entry is zero, select a cpr # 0. Set
C «— SppSpC,andset p—p+1,g—qg+ 1.
(iii) Go to Step 1.
Step 2. In(M) = (p,q,n—p — q).



Throughout the above algorithm, we have

In(M) = (p,q,0) + In(C).

Given two real symmetric n x n matrices A and F, because of
continuity of the eigenvalues (Lemma 2.3), if there exists a t for
which A + tE is nonsingular, the solutions of the equation

det(A+tE) =0

divide the real line into open intervals in which the matrix pencil
has constant inertia. We refer to these as intervals of constant
inertia. The inertia for each interval is the inertia of A+{F where
t is in the interval. When A is nonsingular, if det(A +tE) = 0
then :

det(—%[ — AT'E) = 0;

SO —% is an eigenvalue of A~'E. On the other hand, when FE is
nonsingular, the solutions of the equation det(A + tE) = 0 are
eigenvalues of —AE~!. This gives us two points of view for the
determination of T'.

The continuity of eigenvalues of A+ tE is crucial in the follow-
ing chapters. We shall state the more general Wielandt-Hoffman
Theorem ([Wil65], page 104), from which one can deduce the
continuity of eigenvalues of A + tF.

Theorem 2.2. If C = A+ B, where A, B,C are symmetric ma-
trices having eigenvalues o, 35,7, respectively, arranged in non-
increasing order, then

n

Z(% — )’ < Zﬁf N
i1

1=1
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For each t, let A\;(t) (1 < i < n) be the eigenvalues of A+ tF
arranged in non-increasing order.

Lemma 2.3. For eachi=1,--- ,n, the function X; is continuous.

Proof. Let AF (1 < i < n) be the eigenvalues of F arranged in
non-increasing order. By Theorem 2.2, we have

n

D ult) = Mlt))” < (8 = 10)* 30 (AF)’

1=1

Hence for every 4, ); is continuous. U

The following Theorem and Corollary give a necessary and suf-
ficient condition to guarantee that a block symmetric matrix is
positive semidefinite.

Theorem 2.4. ([Hay68] ) Suppose that A is nonsingular and
A B

In(M) = In(A) + In(C — BTA™'B).

Then
Corollary 2.5. Suppose that A > 0. Then
A B

C—-BTA'B>o0.

iof and only if

We are now ready to present some of the known results.
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2.2. Caron and Gould’s results for A positive semidefinite
and E of rank one or two.

If A is positive semidefinite and E' is of rank one or two, then
-explicit expressions for the endpoints of T, and a numerically
stable method for computing them, are given in [CG86]. We will
summarize these results. A symmetric matrix of rank one or two
can be written as
+(uu' +Avo ")
where v and v are linearly independent n-vectors and A = 1,0 or
—1. However, if A+tFE is positive semidefinite for ¢ € {a, b], then
A+t(—F) is positive semidefinite for ¢t € [—b, —a]. Therefore, we
can assume without loss of generality that

E=uwuu'+ v’

Let the positive semidefinite interval for A+tE be T = [t,7]!. The
expressions for ¢ and ¢ are derived for different cases according to
the choice of £ (A = 1,0 or —1) and the relationship between A,
u, and v.

(1) A=0or 1. In this case,

(a) if u € R(A) and v € R(A), then

2
—uTz —vTy — /(uTe —vTy)2 +4(u'y)?
t = +o0,

where z,y € R" are such that Az = v and Ay = v.

(b) if u ¢ R(A) or v ¢ R(A), then
| t=0, t=-+oo.

t=

1Here, and in the sequel, we will use [a,b] for {t € R : a < t < b}. For example, if
a = —oo and b € R, then [a,b] = (—o0, b].



(2) A = —1. In this case,
(a) if u € R(A) and v € R(A), then

2
L= '
—uTz+vTy—/(uTz +vTy)? - 4(vTx)?
_ 2
f =

—uTz+vTy++/(uTz +vTy)? —4(v )2
where z,y € R" are such that Az = u and Ay = v.
(b) if u € R(A) and v ¢ R(A), then
1
ulz
where z € R” is such that Az = w.
(c) if u ¢ R(A) and v € R(A), then
1

t=0, t=—,
z ’UTy

2:_ ) z:O)

where y € R" is such that Ay = v.

(d) if u ¢ R(A) and v ¢ R(A), but v € R(A u), where
(A' u) denotes the matrix A augmented by u, let = €
R™ and o € R satisfy Az + au = v. Then,

1—-a?=0 = t=1=0;

l1—-a’?>0 = t =0 and

- l—a
f =

2

)

(v —auT)z

l1-a?<0 =

o~
|
)
=
ol




(e)ifué R(A),v ¢ () nd v ¢ R(A u), then
= 0.

H~|

2.3. Valiaho’s results for determining the inertia of the
matrix pencil as a function of the parameter.

Valiaho ([V&l88]) extended the results in [CG86] by present-
ing a method to determine the inertia of A + tE as a function
of the parameter t. He first observed that if F is nonsingu-
lar, the inertia change points are the values of ¢ equal to the
eigenvalues of —AFE~!. Then, using Algorithm 2.1, he evaluated
In(A + tE), for one value ¢ interior to each interval of constant
inertia. The positive semidefinite interval is the interval with

inertia (w(M),0,6(M)).

If F is singular, the problem is reduced to a nonsingular case of
lower dimension. As a preliminary step, by using the Lagrange’s
reduction ([Hoh73]), we put E into the form

(DO, T
E—L(O 0>L

where L is nonsingular and D is nonsingular and diagonal. D is
of order r(FE) and

(D) = (n(E),v(E),0). (2)

)
E=(P Q)(? 8)(51):131)13?

FE) matrix of full rank. Also, we have

~~

Note that Pisann x r
([MS75])

R(A E)=R(A)+R(E)= R(A)+R(P)= R(A P).
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So
rank (A E) = rank (A P) ,

which will be denoted by 7.

The basic idea is to compute the inertia of the matrix (of order

n + r(E))
c=(pr _ip )

Theorem 2.4 gives us that

In(C(t)) = In(—t'D™!)+In(A+ PtD)P")
= In(—tD) + In(A +tE).

From (2), we have

[ ((E), n(E),0) + In(A+tE), if t>0;

In(C(t)) = {(W(E),U(E), 0)+In(A+tE), if t<0.
Thus,

) In(C(1)) = (v(E),n(E),0), if t>0;

In(A+1B) = {In(C(t)) — (m(E),v(E),0), if t<O.

So, in order to compute In(A + tE), it is sufficient to compute
In(C(t)). We perform Algorithm 2.1 (Schur complement) on C(¢)
in two phases to obtain In(C(t)).

Phase 1: We perform Algorithm 2.1 on C(%), using elements
(h,k), h,k < n, as pivots as long as possible. The number of
possible operations is 7(A). At the end of this phase, we have
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and C of the form

0 P,
Cl(t) = ( PIT P2 _ t—llD—-l ) 3

where the zero block is of order n — r(A).

Phase 2: We continue performing Algorithm 2.1 on C(t), ap-
plying double operations SkpSpr with h < n, k£ > n, as long as
possible. The number of possible double operations is 7(P;). So
at the end of this phase, we have

p=n(A)+r(P), ¢q=v(A)+r(H),
and C of the form

/0 0 {0 0
=9 g ) =7 (0 1554, )

where A; and F; are of order r(FE) — f(Pl) and the zero block on
the main diagonal is of order n — r(A) — r(P).

Since the total number of operations in Phase 1 and Phase 2 is
r(A) + r(P), we have

r(A) +r(P,) =rank (A P) =rank (A E) =r.
So,
r(P) =r—r(A).
Therefore,
p=n(A)+r(P) =r—v(A),
q=v(A)+r(P)=r—mn(A).

Moreover, A; and E; are of order r(A) + r(E) — r and the zero
block on the main diagonal of Cy(t) is of order n — r.



Now we have
In(C(t)) = In(Ce(?)) + (p,q,0)
In(A; + tEy) + (p,g,n—r), if ¢ > 0;
In(—(A; +tEr)) + (p,g,n—r), if t <O.
Therefore, when ¢ > 0,
In(A+tE)=In(A1 +tE1) + (p—v(E),q—n(E),n—r)
:II](Al + tEl)
+ (r—v(A) —v(E),r —7m(A) —n(E),n —r);
when ¢t < 0,
In(A+tE)=In(—(A1 +tEy))+ (p—7(E),q —v(E),n—r)
=1In(—(4; + tEy))
+ (r—v(A) —n(E),r —7(A) —v(E),n—r).

Then we only need to compute In(A; + tF;). Note that the
matrix pencil A; + tE) is of order 7(A) + r(E) — r. When E is
singular,

r(A)+r(E)—r <n.
Thus, we have reduced the dimension of the problem. If E; is
singular, we repeat the process.

While Valiaho’s method can indeed determine the positive semi-
definite interval, in all cases, it is a consequence of having deter-
mined all intervals of constant inertia and the inertia of the matrix
pencil for some  within each interval.

However, if we are only concerned with finding when the matrix
pencil is positive semidefinite, Valiaho’s algorithm is more than
what is necessary, because we are not interested in the matrix
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inertia. Note that this is the case in the analysis of linear matrix
inequality constraints sets in semidefinite programming problems.

In the next section we show how the results in [CG86] can
be extended more directly, focussing on the positive semidefintie
interval alone.

2.4. Caron’s results for A positive semidefinite.

In the technical report [Car88], Caron extended the results
in [CG86) to general E, with A positive semidefinite. In case
R(E) C R(A), the positive semidefinite interval is obtained from
the eigenvalues of the n x n matrix X satisfying AX = F and
R(X) € R(A). In particular, if A is positive definite, then it
follows that R(E) C R(A) and X = A™'E. We summarize this
result in the following theorem.

Theorem 2.6. Suppose that R(E) C R(A). Let X be ann X n
matriz satisfying AX = FE and R(X) C R(A). Let 6, be the
largest eigenvalue of X and 61, the smallest. Then A + tE 1is
positive semidefinite if and only if t € [t,t] where

t—{_i’ if 0, > 0

o0, otherwise

+00, otherwise.

. {—;—1, if 61 < 0

[Car88] also discussed the case R(E) Z R(A). The results,
however, are incorrect and we will present a counterexample. To
state the claim, we need some notation.



14

The Schur decomposition of E/ provides an orthogonal matrix
@ such that

o D; 0 0
Q'EQ=| 0 0 O
0 0 —Ds

where D; and Ds are diagonal positive definite matrices.

Define the n x n matrices U and V by

D, 00 00 O
U= 0 00 and V=100 0
0 00 0 0 D

Let B = QTAQ. Then A+ tE is positive semidefinite if and only
if B+ t(U — V) is positive semidefinite. Since R(E) € R(A),
then R(U — V) € R(B) and therefore, either R(U) € R(B) or
R(V) € R(B).

Now we can state the claim as in Theorem 4.1 of {Car88]: If
R(U) € R(B) and R(V) C R(B), then T = [0, ty] where ty is as
given in Theorem 2.6, with A replaced by B and E replaced by
V. ' |

Example 2.7. Let

SO = OO O
SN O NN O
SO — PO

<
I
o oo

w
~ O O
Ih
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Then B is positive semidefinite, R(U) € R(B), and R(V) C
R(B). We have

1 0 0
B+ (U-YV) 04 1
01 1/4
and
00 O
B-V=1021
01 1/4

So B + (U — V) is positive semidefinite, but B — V' is not.

Let the positive semidefinite intervals for B+(U—V) and B—V
be T and T, respectively. According to Theorem 4.1 in [Car88]
T = T. However, in this example, we have 1 € T but 1 & T.

For the case R(U) C R(B) and R(V) € R(B), we can get a
similar counterexample.

In the next chapter we present new results.
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3. THE POSITIVE SEMIDEFINITE INTERVAL WHEN A IS
NONSINGULAR

In this chapter we assume that A is nonsingular. In this case,
det(A+tF) is a polynomial in ¢ and is not identically zero. There-
fore, the equation

det(A + tE) = 0 (3)

has finitely many solutions. We present the results in three sec-
tions, according to whether A is positive definite, negative defi-
nite, and indefinite.

3.1. A is positive definite.

This case has already been solved in [Car88] and summarized
in our Theorem 2.6. We shall present a new point of view that
will help us present new results.

When A is positive definite, the right endpoint ¢ of T is strictly
positive. Thus, if ¢ # +oo, then A +¢tE > 0 and it follows
that all eigenvalues of A + ¢tF are nonnegative. Moreover, one of
them must be zero. Otherwise, the continuity of the eigenvalues
would imply the existance of a § > 0 with A+ ({ + §)E = 0,
contradicting the fact that ¢ is the right endpoint. It then follows
that det(A + tE) = 0. So, t must be a positive solution for (3).
In other words, if (3) has no positive solutions, then ¢ = +o0.
Similarly, if (3) has no negative solutions, then ¢ = —oc.

Lemma 3.1. If A is positive definite and equation (3) has positive
solutions, then the smallest one is the right endpoint t of the
positive semidefinite interval T for A+ tE. Otherwise, t = +00.
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Proof. We have already shown that if (3) has no positive solutions
then t = +oo. Let t,;, be the smallest positive solution to (3).
We will will first show that A + ¢,,;,E > 0.

 Indeed, if A+ t,,;,F is not positive semidefinite, then it must
have a negative eigenvalue. Let X\;(t) (1 <4 < n) be eigenvalues
of A + tFE arranged in non-increasing order. Without loss of
generality, assume that A (t;,) < 0. Since A > 0, A;(0) > 0. By
continuity of eigenvalues, there must be some ¢y € (0, t,n) such
that /\1(t0) =0. So -

det(A + toE) = 0.

This is a contradiction, because t,,;, is the smallest positive so-
lution for (3). Therefore, A + t,;n B = 0.

We now show that A +tE = 0, for t € (0,tm). Indeed, for
t e (Oat’rm'n)a

A+tE = t(%A+E)
1

—

1

= ( _A+E)+(;—t —)A]
1 1 1
= t[— (A+tminE)+(Z—t —)A] = 0

It now remains to show that A+{¢FE is not positive semidefinite,
for t > t,n. Since det(A+t,;,E) = 0 there exists y € R", y # 0,
such that y' (A +t,m,E)y = 0. It then follows that y' Ey < 0. So
for t > tmin, ¥ (A+tE)y =y (A+tminE)y+ (t —tmin)y' Ey < 0.
Therefore, A + tE is not positive semidefinite, for ¢ > %,,,.

O
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The next lemma presents the analogous result when equation
(3) has negative solutions.

Lemma 3.2. If A is positive definite and equation (8) has neg-
ative solutions, then the largest one s the left endpoint t of the
positive semidefinite interval T for A+ tE. Otherwise, t = —.

Recall that if det(A + tE) = 0, then t # 0 and —1/t is an
eigenvalue for A7 E. The following theorem follows from Lemma,
3.1 and Lemma 3.2. It is the special case of Theorem 2.6 when
A is positive definite, since X = A7'E.

Theorem 3.3. Suppose that A is positive definite. Let §, (91) be
the largest (smallest) eigenvalue of A~ E. The positive semidefi-
nite interval for A+ tE is T = [t,t] where

{—31;;7 if 6, > 0

—o00, otherwise
- —311-, if 61 <0
+o00, otherwise.

3.2. A is negative definite.

We first show that if ' is singular or indefinite the interval is
empty.

Lemma 3.4. Suppose that A is negative definite. If det(E) = 0

or E is indefinite, then T = 0.

Proof. If det(FE) = 0, then there exists y € R”, y # 0, such that
y' Ey = 0.
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It then follows that for any ¢,
y (A+tE)y < 0.

Therefore, when det(E) = 0, A + tE is not positive semidefinite
for any ¢.

If F is indefinite, then there exist u,v € R", such that
v Eu>0,

v'Ev < 0.
It then follows that for ¢ < 0,

u' (A +tE)u < 0;

and for ¢t > 0,
v (A+tE)v < 0.

Since A + 0F = A is negative definite, T = 0. O

The next result shows that when A is negative definite and E
is positive definite, then A+tE is positive definite for sufficiently
large t. |

Lemma 3.5. Suppose that A is negative definite and E is positive
definite. If
max z' (—A)z

=1
. [l : 7

then A+tE = Q.

Here, the numerator is the largest eigenvalue of —A and the
denominator is the smallest eigenvalue of E. It is easy to see this
by using the diagonalization of a symmetric matrix.
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Proof. For any z € R", ||z|| = 1, E > 0 implies 2" Ez > 0. Then

for
max z' (—A)z

[lz]|=1
t
Z ming Ez
lzl|=1
we have
" (A+tE)x = —2'(-A)z+tz' Ex
max ' (—A)z
> —x' (—A)z + == ' Ex
“Irhin 2z Ex
z||=1
> —z'(—A)z+ max ' (—A)x
> 0.
Therefore, A+ tE > 0. O

We can now determine the interval T.

Lemma 3.6. Suppose that A is negative definite and E is positive
definite. Let t,,q, be the largest positive solution for equation (3).
Then the positive semidefinite interval for A+ tE is

T = [tmag, +00).

Proof. We first show that A 4+ ¢,,..F > 0. Indeed, if A+t,,,-F is
not positive semidefinite, then it must have a negative eigenvalue.
By Lemma 3.5, A+ tFE is positive definite for sufficiently large t.
So, there exists some t; € (s, +00) such that det(A + 4 F) =
0. This is a contradiction, because %,,,, is the largest positive
solution for equation (3). Therefore,

A+t E = 0.
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We now show that A+ tFE > 0, for t € (tpmee, +00). For t €
(tmaz, +00), we have

1
A+1tE = t(;A+E)

1 1 1
— —A+E)+(5 - )4
1 1 1
= tl—(A+ tmaeB) + (5 = —)A] - 0.

Finally, we show that A + tE is not positive semidefinite, for
t < tmaz. Since det(A + tne ) = 0, there exists y € R™, y # 0,
such that

Y (A + tma E)y = 0.
Note that E > 0 implies
y Ey > 0.
So, for t < t,,4z, We have |
Y (A+tE)y =y (A + tmaE)y + (t — tmaz)y ' By <0,
and so A + tFE is not positive semidefinite for t < ¢,,45.

0

The next lemma gives the corresponding result for the case that
E is negative definite.

Lemma 3.7. Suppose that A is negative definite and E is nega-
tive definite. Let i be the smallest negative solution for equa-
tion (8). Then the positive semidefinite interval for A+ tE is

T = (—OO, tmm] .
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The following theorem gives T for the case of A negative defi-
nite.

Theorem 3.8. Suppose that A is negative definite. Let 6, (61)
be the largest (smallest) eigenvalue of A™'E. Then the positive
semidefinite interval T for A+ tE is given as follows.

() T = @ if AYE has a zero eigenvalue.
(2) T=01if 6 <0< dy.
(3) T = [—— +00) if 6, < 0.
(4) T = (—00,—5] if 61 > 0.
Proof.

(1) Since A"!E has a zero eigenvalue, we have det(A™1E) = 0.
Hence det(FE) = 0. By Lemma 3.4, T = {).

2) Let u,v € R™ be eigenvectors corresponding to d;, d,. So
g
A_lEu = 51u,

A7YEv = 6,v.
Then,
u Eu=6u’ Au > 0,
v Ev=6,v Av < 0.

Therefore, E is indefinite. By Lemma 3.4, T = .
(3) Since 6, < 0, all eigenvalues of A™'E are negative. Hence
the equation

det(A+tE) =0

has no negative solutions. It then follows from A is negative
definite, that for all ¢t < 0, A +tEF < 0. That is, for any
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r€R” 2#0,and any t < 0, z' (A + tE)z < 0. Thus, for
any t < 0,

-
x' Az
2 Ex > — T

Letting t — —o0, we have for any z € R", z # 0,
z Ex > 0.

That is, & > 0.

On the other hand, §, < 0 implies A~'E has no zero
cigenvalue and hence det(A™'E) # 0. Thus det(E) # 0.
Therefore, £ > 0. By Lemma 3.6,

1

(4) The proof is similar to (3) and follows from Lemma 3.7.

g

3.3. A is nonsingular and indefinite.

We now combine the results in Section 3.1 and Section 3.2 to ob-
tain the positive semidefinite interval when A is nonsingular but
indefinite. The Schur decomposition of A provides an orthogonal
n X n matrix () such that

T (D O
QAQ——(O ) (4)
where Dy, Dy are diagonal and positive definite.
Let

ore= (5 1)
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Then

T _ D1 —|—tE1 tE3
Q (A+IE)Q = ( tEf  —Dy+tE; )

By Theorem 3.3 and Theorem 3.8, we can determine the posi-
tive semidefinite intervals for Dy +tFE; and —Dy+1tFE,5. We denote
them by 17 and 75, respectively. Let d1,--- ,d; be the nonzero
eigenvalues of A7'F and t; = —5%_, i=1,--- k. Define

TOZ{till <13 <k, A—|—t2E>_'O}
Clearly, To C T C Ty NTs.

Theorem 3.9. When A is nonsingular and indefinite, the posi-
tive semidefinite interval T' for A+ tE 1s given as follows.

(1) Suppose that To =0. Then T = 0.
(2) Suppose that Ty is a singleton {ty}.
(a) ]f T1 N T2 = {to}, then T' = {t()}.
(b) If Ty NTy = [a,b], then T = {to}.
(c) If hN'Ty = [a, +00) and for some t* > ty, A+t*E > 0,
then T = [tg, +00). . -
(d) If T N'Ty = [a,+00) and for some t* > ty, A+ t*E is
not positive semidefinite, then T' = {to}.
(e) If Ty NTy = (—o00,b] and for some t* < ty, A+t*E > 0,
then T = (—o00, ).
(f) If 1 NTy = (—o0,b] and for some t* < ¢y, A+ t*E is
not positive semidefinite, then T = {to}.
(3) Suppose that Ty has more than one point, say t;,, -+ ,ti.,
where r > 1 and by, <00 <t
(a) ]le N T2 = [a, b], then T = [til,tiT].
(b) If T:NTs = [a,+00) and for somet* > t; , A+t*E > 0,
then T = [t;,, +00).



25

(c¢) If Ty NTy = [a,+00) and for somet* > 1, , A+ t*E is
not positive semidefinite, then T = [t;,,1; |.

(d) If TyNTy = (—o0, b] and for some t* < t;,, A+t*E > 0,
then T = (—o00,1;,].

(e) If Th N'Ty = (—o0,b] and for some t* < t;,, A+t*E is
not positive semidefinite, then T = [t;,, t; ].

Proof. The above results are straightforward. For example, we
will prove 3(b).

Let T = [t,t]. In this case, if < 400, then det(A +tE) =0
and A+tE = 0. Thus t € Ty. Since A+t*E = 0 and ¢ is the right
endpoint of the positive semidefinite interval, we have t > t*. It
“then follows from t* > ¢; that ¢ > ¢; . This is a contradiction,
because t;, is the largest element in Ty. Therefore, t = +oo.

On the other hand, since T' C T3 N T, we have t > —o0. So
det(A+tE)=0and A+ tE > 0. Thust € T and hence t > ;.
Since A + t;;E >~ 0 and t is the left endpoint of the positive
semidefinite interval, we have that t <t¢;. Sot =t;,.

Therefore, T' = [t;,, +00).
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4. THE POSITIVE SEMIDEFINITE INTERVAL WHEN A IS
SINGULAR

In this chapter, we are concerned with the positive semidefinite
interval for the matrix pencil A + tF when A is singular.

The Schur decomposition of A provides an orthogonal n X n
matrix ) such that

T (D O
where D, is diagonal and nonsingular.
Let :
E, FE
T _ 1 b3
re=(gf )
Then

T _( Dy +tEy tEs\

where F7 has the dimensions of D;.

Since D; is nonsingular, the positive semidefinite interval for
the matrix pencil Dy +tFE1, which we denote by T}, can be found
using Theorem 3.3, Theorem 3.8, or Theorem 3.9.

Let T3 denote the positive semidefinite interval for the matrix
pencil tE. Then,

(1) B = 0= Ty =R
(2) Ey > O,EQ 7é 0=15 = [O, —|-OO)
(3) Ey, < O,EQ 7é 0=1T), = (—O0,0].
(4) Es is indefinite = T = {0}.
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Note that if A+¢F is positive semidefinite, then both D; +tFE;
and tFy are positive semidefinite. However, in general, 71 N 75 is
not the positive semidefinite interval for A + tF.

Example 4.1. Let A = é 8) and F = (1) (1) Then
the positive semidefinite interval for A + tE is T = {0}. But

T1 = TQ = (—OO, +OO)
In the following, let’s consider the case R(E) C R(A), which is
equivalent to N(A) C N(E).

Given the Schur decomposition of A in (5), for any n x n matrix
W, let

W, W
e (3 ut)

Lemma 4.2. R(W) C R(A) if and only if Wy =0 and W3 = 0.
Proof. Note that R(W) C R(A) if and only if for some X,
CAX =W,

l.e.
Q'AQQR'XQ =Q'WQ.
T X1 Xy
9 XQ= <X3 X, ) '
Then R(W) C R(A) if and only if

D, 0 X1 Xg\ (WL Wy
0 0 X3 X2 - W3 W2 ’

DXy DiXy\ (W1 Wy
0 0 o\ W Wy )

Let

i.e.



Therefore, R(W) C R(A) if and only if Wy = 0 and W3 = 0.

In Lemma 4.2, if W is symmetric, then Wy = W3 = 0.
By Lemma 4.2, we have for the case R(E) C R(A), that.

sa-(51)

Dy +tE 0
QT(A+tE)Q=< 10 10).

Since A +tE > 0 if and only if Dy 4+ tE; > 0, we have

Hence,
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Theorem 4.3. Let the positive semaidefinite interval for D+ tE;
be Ty. Then the positive semidefinite interval for A+tE isT = T7.

Since D is nonsingular, we can use Theorem 3.3, Theorem 3.8,

or Theorem 3.9 to determine 7;.
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5. IMPLEMENTATION AND EXAMPLES

When A is positive semidefinite, it is necessary to determine
whether or not R(E) C R(A). This can be done by checking the
consistency of AX = FE. One approach is to first determine a
decomposition of A using Choleski factorization with symmetric
pivoting ([DMBS79]). If r(A) = r, there exists a nonunique per-
mutation matrix P and a triangular matrix R (unique for a given
P) such that PTAP = R" R, where

_ ([ Ru R
h= ( 0O 0 J°
and where R;; is a nonsingular upper triangular r X r matrix and

Ry is an 7 x (n—r) matrix. Let Xp = PTXP and Ep = PTEP.

‘Now, AX = F is equivalent to RTRXp = Ep. Set Y = RXp.
We first solve R'Y = Ep for the matrix Y. This is done as
follows. Set

and

Then we can rewrite R'Y = Ep as
Ry} 0 i Yo\ _( E;m Epq
R, 0 Y3 Y, Eps Epy )’
Since R;; is nonsingular, Y; and Y, are uniquely determined by

RirlYl = Ep1 and
R\Y, = Eps.
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But Y3 and Y5 are undetermined. Furthermore, the equation
AX =F
has a solution only if ¥ and Y}, satisfy

RLY, = Eps and R,Y; = Eps.
Next we solve Y = RXp. Let
Xp1 Xpa
Xp= .
P ( Xp3 Xpa )
Then Y = RXp can be rewritten as

Ri1 Rig Xpt Xps \ _ (V1 Y]

0 0 Xp3 Xpo Y3 Yo )7
This implies that Y3 = 0 and Yo = 0. Also, Xp3 and Xpy are
arbitrary; and Xp1 and Xp,s are the unique solutions to

R Xp1=Y1 — RiaXp3
R Xpy=Ys — Ri9Xpo,

respectively. We choose Xp3 = 0 and Xpy = 0. The resulting
matrix is

We can use Householder reduction and the QR method ({GVL83])
to compute eigenvalues of the matrix X. The Householder matrix

is of the form
2 T
a2

H=1-

where [ is the identity matrix of order n and v € R™. Note that
H is symmetric and orthogonal.



31

Suppose that r(X) = r. Then there exist Householder matrices
H,,---, H, such that

H...-H X =R,
where R is upper triangular. So
X =QR,
where () is orthogonal.
Let X; = R(Q. By Householder reduction,
Xy =1 Ry,
where (J; is orthogonal and R; is upper triangular.
Let X2 = R;();. By Householder reduction,
Xo = Q2Ry,
where ()7 is orthogonal and R, is upper triangular.

In general, suppose that we have X; = QyRx, where Q) is
orthogonal and Ry is upper triangular. Let Xy, = RpQk. By
Householder reduction,

Xkt+1 = Qr+1 k41,

where Qi1 is orthogonal and Ry, is upper triangular.

Since
Xir1 = RiQr = Qf XiQk,
all X; have the same eigenvalues as X.
Also, as k — +o00, X}, tends to an upper triangular matrix. So,

for sufficiently large k, the diagonal elements of X} are approxi-
mate values of the eigenvalues of X.
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Example 5.1. Let

4 00
A=1090
000
and
1 0 0
EFE=10-10
0O 0 O
The Choleski decomposition of A is
P"AP=R'R
with
200
R=<RO” }2012): 030
000
and
100
P=1010
001
We see that
20
R“‘(o 3)
and
0
Rm-—(o).
Then

First we solve the equation
R'Y = Ep
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which is

os0) (B 3)-(0=0)
000 0 0 0
to get
Yl:(lt/)Q —f/3)
and
- (3)
Since both
RLY: =0
and
RYy =0,

we have R(E) C R(A). Set Y3 =0 and Y, = 0.

Next we solve the equation

Y = RXp
le.,
20 0 1/2 0 0
030 (?’1 §P4 ): 0 —1/3 0
000 ps 4Pz 0O 0 O

Setting Xp3 and Xpy to zero, we get

Ap1= ( 1é4 —f/g)

s (0)

and
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The resulting matrix X is

1/4 0 0
X=PXpP'=| 0 -1/90
0 0 0

Finally, the eigenvalues of X are 1/4,—1/9, and 0. Therefore,
the positive semidefinite interval is [—4, 9].

In case A is negative semidefinite, —A is positive semidefinite
and the above procedure applies.

The next example shows how Theorem 3.9 can be used in the
case when A is indefinite.

Example 5.2. Let

10 0
A=|01 0
00 —1
1 0 1
E=[0-10
1 0 2

The matrix pencils

1
D1+tE1:<O ?)—i—t((l) ~O1>

and

—Dy +tEy = (—1) 4+ t(2)
have positive semidefinite intervals T} = [—1,1] and Ty = [1/2, +00),
yielding

T1 ﬂTg = [1/2, 1]



The eigenvalues of A™'E are:

6 = —1
1 5}
52:‘5*%‘
S 1 5
3= —5 " 5
2 2
So .
tl——'(s—zl
1
e L1 _¥8
2T T8 2 2
1 1 5}
o Ll 1,V5
03 2 2
Then

_ 1 s}

Therefore, the positive semidefinite interval for A + tFE is

T — [—%Jr‘/;,u.

35
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6. CONCLUSION AND FUTURE WORK

In this thesis, we present a summary of overview of the results
on the positive semidefinite interval of the matrix pencil A +tFE.
Also, for the case that A is positive definite, we present a new
point of view (Lemma 3.1 and Lemma 3.2) to get the same result
as in [Car88].

For the case that A is negative definite, Theorem 3.8 shows how
to determine the positive semidefinite interval from the eigenval-
ues of the matrix A™'E. For the case that A is nonsingular but
indefinite, we can use Theorem 3.9 to determine the positive semi-
definite interval.

For the case that A is singular and R(F) C R(A), the Schur
~ decomposition of A provides an orthogonal matrix @) such that

QT(A+tE)Q = ( Dy+tEy 0 , where D; is diagonal and non-

0 0
singular. Then the positive semidefinite interval for A + tE is

exactly the positive semidefinite interval for Dy + tF;.

We summarize the results with the following table.

A E PSD interval for A +tF
PSD rank 1 or 2 [CG86]
PSD R(F) C R(A) [Car88]
PD arbitrary Th 3.3
ND arbitrary Th 3.8
indef. nonsing. arbitrary Th 3.9
singular R(E) C R(A) Th 4.3

Answers to the following questions require further research.
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(1) How do we determine the positive semidefinite interval when
A is singular and R(E) € R(A)?

(2) How do we solve the equation det(A + tE) = 0 when both
A and E are singular? In this case det(A 4 t£) may be
identically zero.
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