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Abstract

Constraints, actuating delay, uncertainties and imperfect state information have many
realizations in the actual applications. These phenomena affect the system analysis

and controller design in that care should be taken in designing associated stabilizing

controllers.

This thesis is dedicated to a setting where the constrained control of an input-
delayed linear discrete-time system subject to bounded measurement noise and dis-
turbance input is in question. Using a propagator-based delay compensation strategy
and a set theoretic model predictive control scheme, a robust control synthesis for
such a setting is introduced. More complications arise from the imperfect state infor-

madtion.

In this manuscript, a scheme to satisfy the constraints as well as to compensate for
this delay is presented. It is also guaranteed that the closed-loop system’s trajectory
will remain at the vicinity of the origin at the steady state. A number of illustrative

examples verify the theoretic results.

v
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Chapter 1

Introduction

1.1 Motivation

The areas of time delay systems and constrained control have long been under inten-
sive investigations. Many advancements have been made in either topic and there is
a myriad of publications pertinent to each subject. However, in actual applications
(e.g. process control and networked control of constrained systems) there are many
situations where the presence of neither of them can be neglected. Unfortunately,
this fact has not received the attention it deserves and the main reason behind this

work is to address this lack.

The time delay and constraints on the system shrink the domain of attraction of
the closed-loop system. Domain of attraction is simply defined as the largest possible
region in the state space in which the closed-loop system is asymptotically stable

[71]. In order to have an effective control, this region should be enlarged as much
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1. INTRODUCTION

as possible. More specifically, effective control demands a method which can ad-
dress the adverse effect of both time delay and constraints on the closed-loop system.
This, hence, motivates one to do an in-depth analysis in both areas and to try to
address their combinatorial problem by means of the available design control tech-
niques. This issue becomes more difficult when besides the stability of the system
some performance specifications are also imposed on the design. These performance
requirements usually appear in the problem setting as new constraints on the behav-
ior of system dynamics. For example, it may be crucial in a design that how fast the
closed-loop response of the system is going to be regulated. This kind of performance
specification can be introduced as a set of contractive constraints on the state trajec-

tory of the closed-loop system, for instance.

To make the motif behind the subject more applied, it is also wise to consider the
effect of imperfect state information in control and to account the need for measuring
the output of the plant to reproduce the system states, known as output feedback.
This issue becomes difficult due to various sources of unmeasured uncertainty like, no
perfect model of the plant under control, persistent state disturbances and measure-
ment noise. The effect of these uncertainties makes it impossible to design a controller
able to guarantee the exponential or even asymptotic stability in their original sense
[71]. This makes another motivation which is aimed to design an estimator which to-
gether with the controller scheme can guarantee the a bounded steady state response

known as ultimate boundedness [11] of the system.

On the other hand, control of a system suffering from a problem like actuating
delay is effective when the computation of the control does not compromise the hard-
ware infrastructure (e.g. faster CPU and more memory) and is fast enough so that

it does not make another delay problem in the loop. This limits the set of applicable
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1. INTRODUCTION

tools which can be used to tackle this issue.

Given these motivations and requirements for designing a safe estimator /controller
combination, this thesis concentrates on incorporating the effect of delay and uncer-
tainties in design of a controller which beside guaranteeing stability guarantees that
the constraints will not be violated and compensates for the actuating delay after a

short interval as if no delay is present in the control input.

The rest of this chapter is devoted to give the reader a background on the works
already done for the time delay systems and constrained control. The intention is to
highlight the motivations more specific to each field as well as to their overlap. A

note on the thesis structure is also included at the end.

1.2 Systems with Actuating Delay

The control of time delay systems has been the hot spot for the last years and has
already received a lot of attention. The motivation behind this push first came from
the process industry since there were many examples of the delay systems which re-
quired a better control than the conventional memoryless PI controllers (e.g. heat
exchangers and feeding/exhausting systems in the process plants). As a result of such
motivation many theoretical advancements have been made during the last decades.
See for example, [35, 78, 88] for comprehensive survey on the recent results in this
realm. Interesting discussions on the controllability of actuating delay systems can be
found in [44, 45, 46] for both continuous and discrete-time systems. For some books
on the subject reader may be referred to [34, 48, 57, 58, 70]. Unfortunately, except
for [70] which has a dedicated part for actuating delay most of the material available
is on the systems with state delays, though the control of systems with actuating is

no less challenging.
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1. INTRODUCTION

The developments of the theoretical ground for control of the systems with ac-
tuating delay has tracked two somehow independent ways for continuous-time and
discrete-time systems but started within the same time frame. The credit for discus-
sion in the continuous-time domain goes to [2, 54, 59] wherein authors advocate the
use of propagator based controller (e.g. a controller which works on the future states
of the system rather than the present states) to enlarge the domain of attraction of
the resulting closed-loop dynamic system. Their approach is then tailored for robust-
ness against uncertainties in many publications (e.g. see [47]) which usually consider
a robust analysis for the systems with state feedback. Although not as fruitful as
propagator-based control, some efforts have also been made on tailoring the existing
non-delay methods or memoryless feedback schemes [20, 85, 91] in order to achieve
a degree of robustness. However, it has been shown via simple analysis [80] that the

memoryless controllers are far inferior to the propagated-based schemes.

By the advent of the digital control, some developments in the discrete-time sys-
tems was needed. Many propagator-based theories has been developed for the nomi-
nal systems. Smith predictor which has attracted so much attention in the industry
was first introduced by [86]. In the nominal sense it could compensate for the ac-
tuating delay very easily. Due to the poor stability of smith predictor design other
schemes addressing actuating delay have emerged. See for example, [27, 28, 29] for
internal model control (IMC), [23, 67] for analytical and discrete analytical predictor
(AP/DAP) schemes and generalized analytical predictor (GAP) [89, 90]. IMC also
has got some attention in the industry due to better steady state performance as op-
posed to Smith predictor. However, because it utilizes the inverse of the plant model,
the model of the plant should exactly be known. Also demerits of the Smith predictor

for unstable and uncertain systems is still true for IMC. Analytical predictor schemes
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1. INTRODUCTION

AP, DAP, and GAP ameliorated these demerits and have shown better steady state
response and better robustness to known uncertainties, however, they also fall short
in case of unmeasured perturbations. To avoid scattered discussion an in-depth anal-
ysis cannot be given on these schemes here. A basic comparison of these schemes
is given in [90] where it can be concluded that all the schemes fall short when it
comes to the systems with uncertainties where f unmeasured disturbance or modeling
error is present. Later, some researchers have attempted to modify these schemes in

order to use them for the unstable systems [3, 66, 64, 87], though not with big success.

All in all, the result of the researches done to date justifies the fact that more or
less there is not much one can do to control of the input-delayed systems when the
they suffers from unknown or unmeasured uncertainties either in the form of modeling
error or in the form of exogenous disturbance and noise. By using a propagator which
is in a way related to DAP and the work done in [2], it will be shown in later chapters
that the effect of this issue strains the controller design and certain cares should be
taken while designing a controller to stabilize the general systems with actuating

delay.

1.3 Constrained Systems and Predictive Control

1.3.1 An Overview

In terms of finding applications in industry, theories developed for the constrained
systems come in the second position after the regular linear system theories. This
is due to the fact that simply all the controlled systems have either implicitly or
explicitly constraints on their input or states. In many applications like ship rudder
control or compressor systems not attending to the existence of such constraints is

tantamount to deadly accidents [32].
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1. INTRODUCTION

The constrained control via schemes other than predictive control is not common.
However, some researches have been done in this direction. In [38] a procedure is
presented in order to maximize the attractive region of the input-constrained closed-
loop system with linear feedback. Using linear matrix inequalities (LMI) [13] a way
to determine the maximal domain of attraction of linear systems, albeit in the form
of an ellipsoid, is introduced. Differently, [75] has used the invariance set theory in
order to characterize the domain of attraction in the form of a polytope. Each taken
approach assumed linear state feedback law. This is because nonlinear control syn-
thesis for such systems in optimal scheme requires finding a robust control lyapunov
function (RCLF) [26] which is not an easy task for general nonlinear systems in most
of the cases. Moreover, the design of the proposed linear law is done offline removing

the chance to change it according to the changing online conditions.

On the other side of the spectrum comes the MPC which is related to the op-
timal control concept and is tailored mainly to consider constraints on the system’s
input and/or states. It is a recursive methodology wherein at each time instant an
optimization is performed over a future control input trajectory rather than a con-
trol input alone. Implementation is done by applying only the first entry of such a
trajectory to the plant. MPC removes the shortcomings of the other constrained con-
trol approaches by adopting a time varying control law which can adapt to condition
changes and introducing variations with nonlinear law which are easy to implement
and can have an immense effect in enlarging the domain of attraction of the closed-
loop system [81]. These capabilities has turned MPC into a popular control approach
with over 2000 reported applications [61]. Also it is known as the only advanced
method with significant impact on the industry [56]. This is no surprise by knowing

the fact that MPC is first used in the industry and then has attracted the academia.
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1. INTRODUCTION

For the cogency of discussion further notes on the origin of MPC is omitted here. A

comprehensive note on MPC history can be found in [56].

1.3.2 Major MPC schemes

In this section the aim is to discuss the major MPC schemes which have found good
merits in terms of a combination of robustness, optimality, and computational inten-
sity. For comprehensive notes on various types of MPC schemes to date reader may
consult several surveys and books on the model predictive control [6, 56, 68, 63, 77].
The nonlinear MPC schemes are discussed in [61, 63, 72]. Also, industry-oriented

discussions can be found in [73, 74].

The MPC scheme which was first used in the industry had a finite horizon ®.
However, 1t is proven that finite horizon scheme falls short in stabilization of the
systems [56]. As a remedy to this problem a dual mode MPC (DMMPC) was then
introduced. In this scheme a terminal cost and a terminal constraint have been added
to the finite horizon MPC in order to emulate an infinite horizon problem. The idea
of using a terminal cost and constraint at once to guarantee nominal feasibility as well
as stability was first introduced in [41], where the terminal constraint was chosen to
be the origin, i.e. 7 = {0}. However, this constraint reduces the size of the feasible
set and could result in numerical convergence problems in the optimization, especially
when working with nonlinear models [61]. Also it could not be extended to the case

of systems with uncertainties.

One of the most popular MPC methods for guaranteeing robust stability is to
choose an invariant terminal set [65]. Such a set has a feature that every state trajec-

tory starting inside this set will remain in its interior for unlimited time. By choosing

!Discussions on finite and infinite horizon problems can be found in Chapter 2.
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the terminal constraint to be such a set, rather than the origin, the size of the feasi-
ble region of the MPC optimization for a given horizon N is increased and most of
the numerical convergence problems are addressed. After introduction of this noble
approach to the academia almost all the robust MPC schemes proposed were in a
way a subsidiary to it. Major schemes which have found considerable attentions are
(5, 18, 51]. Among these schemes model predictive control with contractive invariance
constraint (MPCCIC) [18] is chosen and extended in this thesis resulting in a whole
new method. This scheme makes the grounding of the main discussion of the thesis
which can be found later in Section 3.3. It is based on set invariance theory [12] and
involves computation of problem-relevant invariant sets or attractive regions prior to
doing any online optimization. This has the effect of less online computation which

is amicable for actuating delay problem.

It is also important to point out that using this approach one can easily take the
state estimation error and actuating delay into the consideration. This then can be
seen as a remedy to problem of output feedback in MPC which has not lent itself to
full disclosure yet. In fact, there are only few useful papers published on this issue
[4, 55, 62, 83] which as a result make this area remain fairly open to new investiga-
tions. The cause of this issue is the strict dependence of MPC predictions on the
current system state. Therefore, any error in the state measurement yields predic-
tions which are not close to the actual plant state trajectory in future. An adequately

updated survey on the output feedback MPC can be found in [25].

There are other DMMPC schemes which have considered the delay in the system.
The major work is done in [51] which spawned a series of schemes based on LMIs
[39, 40, 80]. However, LMI approach has the shortcoming in that it is not clear how to

use it for the output feedback structure [56]. Moreover, LMI dimensions can increase

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



1. INTRODUCTION

rapidly with number of the states and amount of delay in the system which renders

it an online-computationally demanding scheme[56].

1.3.3 Different MPC Optimizations

All the MPC schemes which have found considerable attention in the industry assume
either linear or quadratic constraints for the processes under control. The reason is
that using nonlinear constraints can yield to non-convex and/or nonlinear optimiza-
tion problems which then put the computation resources under pressure. Common
optimizations involve quadratic programming with linear constraints (QPLC) and
linear programming with linear constraints (LPLC). However, there are instances of
successful schemes using quadratic programming with quadratic constraints (QPQC)
[52] albeit at the expense of heavier but tolerable computations. Since quadratic
constraints, usually in terms of ellipsoids, can fall short in tightly approximating the
actual constraints on the system, theoretical developments in this thesis has been
grounded on linear constraints. Furthermore, the scheme proposed in this thesis is
intended to compensate for delay and base a procedure to address faster applications

like networked control [92]. Hence, using the quadratic constraints is not advocated.

1.4 Estimation

There are various estimation/reachability analysis technics using for examples ellip-
soids [9, 16, 53, 82], zonotopes [1, 31] and parallelotopes [17] to define a guaranteed
state estimation. However, each of these approaches has shortcomings when compared
to the polytopic approach taken here. For example, each step in the estimation by
ellipsoids requires outer-approximation of the resulting estimation error bound which
is detrimental to precision of the analysis. Zonotopes and parallelotopes are special

polytopes and this speciality makes them not as flexible as the general polytopes in
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1. INTRODUCTION

estimation of an arbitrary region in the space. A brief comparison is given in [76].

It is known for a while that coupling an stable state estimator and a nominally
exponentially stable MPC scheme will result in asymptotic closed-loop stability of the
whole system given the disturbances and noises are decaying overtime [84]. However,
when the problem deals with the persistent uncertainties in the form of unmeasured
disturbance input, measurement noise, finding a control scheme to guarantee asymp-
totic stability is not possible. The reason is that when the perturbations are persistent
using an stable estimator can only guarantee a bound on the state estimation error
and the problem of coupling of such an estimator with a nominally exponentially
stable MPC scheme does not guarantee even the asymptotically ultimately bounded
(AUB) stability?. However, it is shown in [60] that by applying invariance theorem

one can achieve the AUB stability of the closed-loop response.

The idea of set invariance for designing an estimator first published in [24] where
a method to define a polytopic bound on the estimation error is proposed for the
systems with disturbance input. In this thesis, the idea in [24] is extended to the case
where the measurements are contaminated by persistent but polytopically bounded

noise.

1.5 Structure of Thesis

This thesis is organized as follows:

Chapter 2: Set Invariance and Robust Predictive Control

In Section 2.1, a preliminary definition on the MPC is given in both nominal case and

?Relevant discussion on AUB stability has been included in Section 2.2.4

10
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1. INTRODUCTION

general dual mode scheme. Section 2.2 is dedicated to give preliminaries regarding
the polytopic objects and their representations. A group of set valued operations and
tools is also defined and characterized in this section. In particular, Section 2.2.3 is
devoted to the discussion on the basics of the set invariance in control. The way to
design and implement the invariance sets under time-invariant linear feedback law as
well as time-varying controller schemes is also discussed in this section. The final sec-
tion of Chapter 2 regards to the MPCCIC scheme since it is needed for understanding

the materials given in Chapter 3.

Chapter 3: Robust Predictive Control with Actuating Delay

The main contribution of this work is squeezed in this chapter. Chapter 3 begins with
the analysis and design of a error—bouhding state estimator which is a extension to
the work done [24]. It also deals with introducing a linear set propagator which plays
an important role in compensating for the actuating delay as well as in enlarging
the domain of attraction of the resulting closed-loop system. The discussion on the
proposed MPC approach is given in section 3.3. This includes the notes on designing
various invariant sets like terminal constraint and a new feasibility and stability guar-
anteeing constraint set for the proposed MPC model. Section 3.4 is then intended
to verify the theoretics developed in the previous sections of this chapter via a set of

illustrative examples.

Chapter 4: Conclusions and future work
This chapter summarizes the contributions made by this thesis and outlines directions

for future research.

11

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 2

Set Invariance and Robust

Predictive Control

In this chapter, first an overview of the model predicitve control methodology is given.
The basic conceptual definitions are explained and different tools needed to operate on
sets are characterized. General idea behind the set invariance theory and its relation
to MPC is also discussed. In particular, The MPCCIC scheme is also introduced to

provide prerequisites to help assimilate the discussion in the main part of this thesis.

2.1 Model Predictive Control

Assume a case in which no disturbance is present and exact state information is
available for control-related computations. Let a system dynamics be summarized as

the following:
z(k + 1) = f(z(k), u(k), w(k)), (2.1)

12
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2. SET INVARIANCE AND ROBUST PREDICTIVE CONTROL

where k is the time step, z € R", u € R™, and w € R and f: R* x R® x R* - R"
is general time-invariant continuous function of state z, input » and the disturbance
input w. It is also assumed that f(-,-,-) possesses a fixed point at origin, i.e. 0, =

f(0,,0m,0,). The following set memberships are also held

z€X>0,, (2.2)
u €U S 0y, (2.3)
weW >3 0, (2.4)

where X is a generic set and U is compact. Model predictive control is a scheme in
which a nominal copy of plant model (i.e. when w = 0,,) known as internal model is
used to predict the future states and inputs of the plant. In this section, a brief dis-

cussion is dedicated to the MPC schemes defined for the system (2.1) under different

conditions.

2.1.1 Nominal Regulation Problem for MPC

Consider the dynamics (2.1) where it is assumed that w(k) = 0,,Vk € Z*. The

nominal MPC problem can be described by the following procedure:

e At each instant k£ find the solution to the following constrained optimization

13
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2. SET INVARIANCE AND ROBUST PREDICTIVE CONTROL

problem:

Ugpt = mmZL (k 4 i|k), a(k +i|k)), (2.5a)
= [u(k|k) ya(k + 1|k)T, .. a(k + N — 1|k)T)T, (2.5Db)

subject to
2(klk) = z(k), (2.5¢)
E(k +1+ 1|k) = f(2(k + ilk), a(k + i|k), 0,), (2.5d)
E(k+ilk) € X, i=0,...,N~—1, (2.5¢)
a(k +1ilk) e U, t=0,...,N—1, (2.5f)

e Set the actual input u(k) = @(k|k) and repeat the optimization with updated

data at next sampling instance.

In the above optimization &(k + i|k), @(k + ¢|k),2 = 0,..., N — 1 are the MPC’s
predicted state and predicted control input respectively. They are defined as predicted
state and predicted input of the system for time step k + ¢ which are evaluated based
on the state information at time k, i.e. z(k). (2.5d) is the MPC’s internal model
used to do the predictions. L(.,.) is called stage cost function which is a continuous,

non-negative and time invariant function defined on X x U.

It is known [56] that due to finite horizon nature of the problem (i.e. when
N < o0), optimization (2.5) cannot guarantee feasibility nor stability of closedloop
dynamics in any sense. The following general scheme is then introduced to get over

this problem.

14
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2. SET INVARIANCE AND ROBUST PREDICTIVE CONTROL

2.1.2 Dual-mode MPC (DMMPC) - Need for Terminal Cost

and Constraint

Considering (2.1), a generic DMMPC optimization can be represented by

N-1
Uope = min F(#(k + N|k)) + }; L(&(k + ilk), u(k + |k)), (2.6a)
u = [u(k|k)T, a(k + 1|k)T, ... a(k + N — 1]k)T]7, (2.6b)
subject to

i(k|k) = z(k), (2.6¢)

ik + 1+ 1|k) = f(z(k +i|k), u(k + i|k), 0,), (2.6d)
k+ik)eXx, i=0,...,N—1, (2.6€)

a(k+ilk) e, i=0,...,N—-1, (2.6f)

u(k +ilk) = g(#(k +ilk)) €U, >N, (2.6g)
i(k+ik)eTCX, i>N, (2.6h)

where F'(.) is the terminal cost which is a non-negative, time invariant and continuous
function on X. ¢(.) is a time invariant function on X which defines a time-invariant

state feedback law inside the set 7. 7T itself is called the terminal constraint.

Remark 2.1: The reason for naming this scheme as dual-mode is caused by the
fact that for the predicted control inputs with indices higher that that of horizon
N, control law switches from MPC law to a fixed control law defined by g¢(.). In the
simplest case g(.) can be a linear state feedback law which is will be discussed later

in this chapter.

Remark 2.2: It had been known (e.g. see [10]) for quite some time that using
Bellman’s principle of optimality one can use the problem (2.5) with infinite horizon,
i.e. setting N = co. However, it was not known how to handle constraints with infinite

horizon since it makes (2.5) an infinte-dimensional problem for which a solution can

15
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2. SET INVARIANCE AND ROBUST PREDICTIVE CONTROL

not be conceived. DMMPC has solved this problem by doing the optimization over
an N-tuple trajectory with matrix representation (2.6b) and relegating the rest of

the problem to time-invariant control law (2.6g) for which a terminal cost F(-) can

be defined.

2.2 Set Invariance and MPC

Invariance concept in control has been considered relatively early in modern control
literature (e.g. see [22]) and is proven as a tool both in analysis and synthesis of
control sysytems [12]. This section is dedicated to relation of set invariance and MPC

methodology.

2.2.1 Polyhedrons, Polytopes and Their Representations

Definition 2.1 (Closed Half-space): Consider n-dimensional Euclidean space R™.
Associated with any constant vector 7 € R™, w # 0,, and a constant § € R, there is a

Closed Half-space defined by
H(m,0) = {z € R"nTz < 6}. (2.7)

Definition 2.2 (Polyhedron): A convex set, A C R", is called a polyhedron if it
can be represented by a finite intersection of closed half-spaces.

Nha
A == ﬂ'H(m,Gi), € ]R",Hi R

i=1
where ny, is the number of half-spaces involved.

Using (2.7), a polyhedron can be represented by its half-space representation of

the form

A={acRrfa<8;, i=1,...,n4} = {a € R"|lla < 6}, (2.8)

16
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2. SET INVARIANCE AND ROBUST PREDICTIVE CONTROL

where II € R™a*" and © € R™sa. In particular, for a polyhedron A containing the

origin in its interior .4°, a representation (2.8) exists where 6; > 0,7 =1,..., ny,[50].

Definition 2.3 (Extreme Point): Consider a convex set A € R™. A point @ is an

extreme point of A if and only if
ac€A:Pay, ay€ A Pre (0, 1) such that a=(1— A)ay + Aao.

Intuitively extreme points of a convex set are the corners or vertices of that set. The

set of all extreme points of A is called extreme set of A.

Definition 2.4 (Convex Hull): Consider a set of points A = {a; € R", i =
1,...,n}. The conver hull of A is a set A represented by

A =hull(4) = {a e R"30 ={a;,i=1,...,n:a; > O,Zai =1} and a = Zaiai}
i=1 i=1

(2.9)

and is intuitively the minimal convex envelope containing all points in A.

Theorem 2.1: [79], Consider a convex set .4 with a countable extreme set A =
{a, € Ayi=1,...,np} Letalso A= {a; € 4,9 =1,...,n} be arbitrary. Then A
has the minimum number of points such that hull(4) = A if and only if A = A.

Proposition 2.1: Let A be a polyhedron with extreme set A = {@;,5=1,..., N4 }.

Then A has also a convex hull representation of the form
A =hull(A) = hull({@;,i = 1,...,7}). (2.10)

Remark 2.3: Representations (2.8) and (2.10) are interchangeable. However, as
the dimension and the number of half-spaces grows finding all vertices of the polyhe-
dron which involves a mix of search and linear programming (LP) can become quite
demanding. The same is also true for finding a numerically robust algorithm which

can compute the convex hull of a large number of points [21].

17
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2. SET INVARIANCE AND ROBUST PREDICTIVE CONTROL

Definition 2.5: A set A € R" is said to be bounded if and only if there exists a
constant r > 0 such that A C B", where B" = {z € R": ||z|| < r}’.

Definition 2.6 (Polytope): A bounded polyhedron is called a polytope.

Definition 2.7: A polytope A is said to be symmetric if and only if Va € A, —a €
A. Briefly shown, A is symmetric if A = —A.

Remark 2.4: In order to have a compact and unified representation, a notation
K" is adopted in this thesis to define all compact and convex sets in R"™. Notice that

in this sense polytopes in R™ are members of K".

2.2.2 Basic Set-induced Operations

Definition 2.8: Consider a polyhedron .4 C R™ with half-space representation
(2.8). Then affine translation of A with respect to the translation vector v € R™ is a

set B C R™ and is defined by
B=v+ A= {be R"b< O +1v}. (2.11)
Definition 2.9: Given two polyhedrons
A = {a € R"|ll1a < ©1}, B ={be€ R"|b < Oy},

their intersection is a set C C R™ with the following representation

Hl @1
C=AnB={ceR" c<
11, O,

Remark 2.5: The matrix concatenation above may yield redundant inequalities.
These inequalities may strain the computations involving these sets since they cause
redundant computations. To tackle this problem some methods already are intro-

duced to remove such redundancies [15, 42].

Y- || can be any vector norm defined in R™.

18
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Definition 2.10: Let A € K" be a polytope and T : R® — R™ be a linear transfor-

mation. The linear transformation of A is a set B C R™ with the following definition

B=T(A)={be R"b="T(a), Va € A}. (2.12)

When the transformation is written in the form of a matrix in R™*"™, m > n, two
situations might arise which are discussed by the following theorems.

Theorem 2.2 (T € R™*™ is invertible [8, 42]): Assuming A possesses the repre-

sentation (2.8), the linear transformation of A can be written as

B=TA={beRIT ' < O}.

Theorem 2.3 (T € R™™ m > n [42, 69]): Let r = rank(7T"). Then
B=TA={beR™T.b=0,IITb < O}

where rows of T\, € R(™~")*™ form a basis for subspace of R™ which is orthogonal to

the subspace spanned by columns of T and 77 is any matrix with property 77T = I,,.

A more elaborated account on these theorems as well as their proofs can be found
in [42]. As a general alternative to Theorems 2.2 and 2.3, the following theorem
can be used to address the problem of linear transformation. However, according to

Remark 2.3, this may cause heavy computations when the number of vertices is large.

Theorem 2.4: [79] Let A € K™ be a polytope. Assume A = vert(A) = {@;,i =
1,...,Nya} is the extreme set of A and T € R™*" is a linear matrix transformation.
Then the set B = T(A) is a subset of K™ with the set of vertices B = {b;,j =
1,...,ny} such that

Nyp < Ty, and Vl_)j €B g cA: l_)j =Ta,.
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Theorem 2.5: [79] Consider a countable set of points A in R™. Let also B be a
set of points in R™ such that A C B. Then hull(A4) C hull(B).

Definition 2.11: Consider a polytope A € K™ and a linear matrix transformation

T :R™ — R™. Then, pre-image of A with respect to T is defined as

Pre(A) = {z € R"|Tz € A}.

Definition 2.12 (Support Function [36, 50, 79]): The support function of a set
A C R™ calculated at a given direction 7 € R™ is defined by

ha(n) = sup(n’a).
acA

Furthermore, if A is a polytope with representations (2.8) and (2.10), then
ha(n) = max(na), a € vert(A). (2.13)

Definition 2.13 (Minkowski Addition [36]): Consider A and B as two generic sets

in an Euclidean space. The Minkowski addition of the two sets is described by

C=AdB = {c=a+b:ac€ Abc B},
= [JA+b). (2.14)

beB

The notation “@” will also be used in order to show the sum operator for this type

of addition.

Lemma 2.6: [33] When the operands A and B in (2.14) are polyhedrons, their

Minkowski addition can be computed as per following,

C = {c € R*|c € hull(a + b),Va € vert(A),Vb € vert(B)}. (2.15)
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Remark 2.6: Lemma 2.6 suggests that Minkowski addition can be done through
finding the vertices of each operand and then, finding all combinations of addition of

their vertices and taking the hull of the resulting combinations.

The following theorem characterize the relation between support function of the

sets and their Minkowski addition.

Theorem 2.7: [79] Let A and B be two sets with their Minkowski addition defined
in (2.14). For any direction n € R", we have

he(n) = ha(n) + hs(n).

Definition 2.14 (Pontryagin Difference [36]): Given two generic sets A C R"™ and
B € K™, the Pontryagin difference or shortly p-difference between A and B is defined

by
C=A~B = {ceR"c+BcC A}
= [J(A-b). (2.16)
beB

Theorem 2.8: [50] Let A and B be such that their p-difference (2.16) is defined.

For any direction n € R™, we have

he(n) < ha(n) — hs(n).

Lemma 2.9: [50] Let A and B be sets in Euclidean space such that A ~ B # 0.
Let B= Bl &) 62, then
ANBZ (.ANB1) NBz. (217)

The following lemma shed light on the way with which the p-difference can be
computed for polytopes.
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Lemma 2.10: [50] Suppose A C R™ is a polyhedron with representation (2.8), and

assume B € K" is a polytope for which hg(m;),i = 1,...,74,, then

A~B={ceRrfc<;—hp(m),i=1,...,mn} (2.18)

Definition 2.15 (Hausdorff Metric [14]): The distance between two compact sets
A,B C R” can be discribed by Hausdorff metric which is defined as

dip(A,B) = inf{e > 0|A C B, and B C A}

where A, and B, denote the union of all closed balls of radius ¢ centered at points of

A and B respectively.

Proposition 2.2: Let B¢ be a closed ball with radius ¢ centred at origin. Then,
according to the definition 2.13, in defintion 2.15 we have

A=A B and B, = Bd B°.

2.2.3 Set Invariance Basics

The following discussion grounds the idea behind the set invariance concept for linear
discrete-time systems. The concepts given here will be extended in Chapter 3 to

address the main contribution of this thesis.

Consider the following constrained linear discrete-time system
z(k+1) = Az(k)+ Bu(k)+ w(k),
u(k) = h(z(k)),
y(k) = Cuz(k). (2.19)

Here, k € Z% is the time step. (k) and z(k+1) € R™ are the current and next states

of the system. u(k) € R™ is the current control input and w(k) € R" is the current
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realizaton of the disturbance input. Function A : R® — R™ is the feedback control
law on the perfect state information = and is assumed to be continuous. y(k) € R?
is the system output. Moreover, it is assumed that the matrices A, B, and C have

compatible dimensions. The system is subject to the following constraints,
reX, 0,eX (2.20)
veU, 0,€U, (2.21)
where X is assumed to be a polyhedron in R" and &/ € K" is assumed to be a

polytope. Furthermore, no information is assumed on the disturbance input w(k)

except for a polytopic set membership
weWw, 0,€W. (2.22)

Remark 2.7: Compared to (2.1), the state evolution in (2.19) can be found by
setting f(z(k),u(k),w(k)) = Az(k) + Bu(k) + w(k). Also here, X is a polyhedron

and U is a polytope which results in a more restricted condition.

For the system (2.19), basic invariant sets under different control laws are discussed
in the sequel. A more general discussion for the case of nonlinear feedback law, h(-),

can be found in [42, 43].

Invariant Sets under Linear Time-invariant State Feedback, h(z) = Kz

Let in (2.19) the control law be defined by,
u(k) = h(z) = Kz(k), (2.23)

then
z(k + 1) = (A+ BK)z(k) + w(k), (2.24)

where it is assumed that K is such that the matrix ® = A+ BK is stable, i.e. all its

eigenvalues lie inside the unit circle.
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Definition 2.16 (Input Admissible Set [43]): For the system (2.19), a set X,q C X

is called input admissible under the linear state feedback law (2.23) if and only if
Xy ={z:2€X, KrelU}. (2.25)

Definition 2.17 (Positively Disturbance Invariant(PDI) Set [49, 50]): For the sys-
tem (2.19), a set 7 is called PDI under linear time-invariant state feedback if and

only if for a time step kg, we have
Vz(ko) € T and Vw(k) € W, z(k) € T and u(k) = Kz(k) eUd  Vk > ky. (2.26)

Proposition 2.3: If T is a PDI set then by the condition (2.26) we have T C X,,.

Proposition 2.4: T is a PDI set if the following condition is satisfied:
(A+ BK)TCT ~W, TCX,. (2.27)

Remark 2.8: PDI set can be defined for any general nonlinear but time-invariant
feedback law [42]. However, in this thesis PDI set alludes to linear state feedback law
(2.23).

Invariant Sets under Affine Feedback, h(z) = Kz + ¢
Consider (2.19) with the control law defined by
u(k) = Kz(k) + q(k), (2.28)

where ¢(k) is a residual computed via a control law other than state feedback so as

to give more flexibility in controlling (2.19). Then, (2.19), can be written as
z(k +1) = (A+ BK)z(k) + Bq(k) + w(k), k=>0. (2.29)

Definition 2.18 (Robustly Stabilizable Set {7, 43]): Assume (2.29) admits a PDI
set 7 under linear state feedback law, i.e. when g(k) = 0p,. Then, a set Sy (X,T) C
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X, is called M-step robustly stabilizable set for (2.29) if and only if it contains all
states in X for which there exists a time-varying feedback control law (2.28) which
produces an input trajectory {u(k) = Kz(k) + q(k)}15! which satisfies the input
constraint (2.21) and drives the system state to 7" in M steps or less, while keeping
the evolution (2.29) inside the state constraint X'. Mathematically speaking, this is

equivalent to say

Su(X,T) = {z(0) € R"Hu(k) = Kz(k) + q(k) e U}, AN < M :
{z(k) € X150 {z(k) € THly, V{w(k) e WhIH'} (2.30)

Proposition 2.5: The following condition is true for stabilizable sets. For any

positive integer N,
SN(X,T) _D_ SN__l(X,T) 2 2 Sl(X,T) 2 So(X,T) = T

In this manuscript, the arguments (X, 7) may be excluded for brevity whenever

it does not cause confusion.

2.2.4 Predicitve Control with Contractive Invariance Con-

straint

MPCCIC scheme is a variant of DMMPC. Because the controller scheme which is
going to be proposed in this thesis is infact inspired by model predicitve control with
contractive invariance constraint(MPCCIC)[18], here a brief section is dedicated to

its background. Beforehand, the following definition is in order.

Definition 2.19 (Asymptotically Ultimately Bounded Stability {11, 60]): Consider
a system resulting from (2.19) by omitting constraints (2.20) and (2.21) and u = 0.
This system is called asymptotically ultimately bounded(AUB) if the system evolves

asymptotically to a bounded set, i.e. there are finite constants J, v > 0 such that
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the following condition is satisfied.
Va € (0,7),3k* 2 0: [lz0)]| < = ||lz(k)|| < B,VE > &

where ||.]| can be any vector norm.

To give a definition for the case in which u % 0 and constraints (2.20) and (2.21)

are present the following proposition is given.

Definition 2.20: The system (2.19) is said to be AUB stabilizable if there exists
an initial state (0) € X and an infinite input trajectory {u(k) € U}, which

can satisfy the following conditions disregarding all possible disturbance trajectories

{w(k) € Wi,
(i) z(k) e X,k =0,..., 0.

(i) Fk* > 0 such that for all £ > k*, ||z(k)|| < 8, B > 0 is such that ||z]] < 8 =
e k.

The set of all initial states which admit an admissible input trajectory to guarantee

these two conditions is called AUB stabilizable set.

MPCCIC definition

Here, a variant of MPC which is then extended in this thesis to form the main
contribution is discussed. If the quadratic stage cost and terminal cost is considered
and an affine control law (2.28) is assumed, the MPCCIC scheme at time step &k can
be implemented by a quadratic programming with linear constraints (QPLC) over a

predicted auziliary input trajectory {g(k -+ i|k)}X 5! where N is the control horizon:
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e Having the perfect state information z(k), solve

N-1

J(N) = {:zT(k + N{k)Pi(k + NIk) + ) [27 (k +ilk) Qi (k + i|k)+
q" (k + i|k)Ra(k + i|k)) } (2.31a)
q = [§7(klk),...,d" (k+ N = 1]k, (2.31b)

subject to

i(klk) = z(k), (2.31c)
i(k+1+ k) = Ai(k +ilk) + Ba(k +1i|k), (2.31d)
w(k +ilk) = K&(k +ilk) + (k+1ilk) e U, (2.31e)
i(k+ilk) € X, (2.31f)
#(k+ N|k)e T, or §(k+ilk) =0, i>N, (2.31g)
i(k+1k) € Seon C X, (2.31h)
P>0, @>0, R>0, (2.31i)

e Put u(k) = Kz(k) + §(k|k) and repeat the optimization at th next time step.

In this procedure,q is the matrix representation of the predicted auxiliary input tra-
jectory. 7 is the terminal constraint and assumed to be PDI under state feedback
(2.23). (2.31i) simply means matrices P and @ are positively semidefinite and R
is assumed positively definite. This assures that the stage cost and cost satisfy the
reuirements discussed in Section 2.1.1. Sy, is called contractive invariance constraint
which involves a contraction of a proper stabilizable set defined in(2.30) and is cal-

culated by the following algorithm:

Algorithm 2.1: At each time instant k, considering z(k) as the true plant state
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1. Check if z(k) € Sy, where N is considered the smallest integer which makes

this condition true.

2. Impose an constraint on MPC which makes z(k + 1) € Sy_; true. By (2.29)
this can be written in terms of the MPC predicted state (2.31d) which is the
same as (2.29) but with no disturbances w(k) € Wi.e.

ii‘(k‘ + 1“9) ESn1~W=> ZE(/C + 1) € Sn_1 = Secon = Sn-1 ~ W. (232)

Remark 2.9: AUB stability of the MPCCIC scheme comes from the fact that each
stabilizable set S;,4 = 0,..., N — 1 satisfied the AUB condition in Proposition 2.20.

See [60] for the relevant but scattered discussion and proof.
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Chapter 3

Robust Predictive Control with
Actuating Delay

This chapter embraces the major contribution and results of this thesis. It starts
with the problem formulation. Then using a combination of disturbance invariance
concept [24] and the set-membership membership estimation [82] an estimator is
designed which guarantees a polytopic bound on the estimation error. Later, this
bound is used in designing an output feedback MPC scheme which together with the
proposed estimator guarantees the AUB stability. More improvements are given by
considering the observer dynamics and a correlation between the uncertainties. The

proposed scheme also compensates for the delay in the control input.

3.1 Problem Formulation

First, let us introduce two new notations.
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Definition 3.1: Consider a polytope A € R" and a trajectory {a(k) € A}2,.
Then a time-stamped polytope A(k) € R™ is a set such that Vk € Z*:

e It is shape-wise time-invariant, i.e. A(k) = A.

e Only a(k) € A(k).

Definition 3.2: Consider a trajectory {a(k)}{2,. Then, a polytope denoted by
A (k) with k and ¢ as integers and ¢ < k, refers to a polytope computed at time ¢
such that it defines a set at time k: A:(k) > a(k).

3.1.1 System specifications

Consider a system described by

z(k+1) = Ax(k)+ Bu(k — 1)+ w(k),
ym(k) = Cz(k)+ v(k). (3.1)

where £ € R" is the plant state and v € R™ is a retarded control input vector with
a finite delay described by 7 € Z*. y,, € RP is the measurement output which is
contaminated by the noise signal v € RP. The following set of assumptions are made

on the system (3.1).

Assumption 1. Polyhedral constraints on the input and state of the system are
assumed by

uel € K7, reX CR" (3.2)
where 0, € X and 0,, € U.

Assumption 2: Disturbance input and measurement noise admit the following set
memberships

wk) e W) e K®,  o(k) € V(k) € KP, (3.3)

where W(k) and V(k) are symmetric polytopes time-stamped as per Definition 3.1.
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3. ROBUST PREDICTIVE CONTROL WITH ACTUATING DELAY

Assumption 3: If 7 = 0, then the resulting system is controllable and observable

following the general definitions of these terms [71].

Assumption 4: A Luenberger linear estimator is coupled with y,, to make an

estimate Z(k) of the actual state z(k). The estimator dynamics can be defined by
E(k+ 1) = Az(k) + Bu(k — 7) + L{ym(k) — Ci(k)) (3.4)

in which L € RP*" is called the estimator gain. Moreover, it is primarily assumed
that the estimator is stable, i.e. the matrix ¥ = A — LC has spectral radius p(¥)
less than 1.

Assumption 5: At time step k the following trajectory of the system
{u(k —7+1) e U} (3.5)
is assumed to be known.

Assumption 6: Let the initial input trajectory be defined by setting k£ = 0 in (3.5).
It is assumed that this trajectory along with the initial state z(0) make an admissible

set of initial conditions, i.e they satisfy the following requirement,

z(r) € X, V{w(i) € WY, (3.6)

where by iterating state equation in (3.1), we have

z(1) = A7z(0) + T‘: ATV Bu(—T +14) + 2 AT (1), (3.7)

Remark 3.1: In the sequel, Assumptions 1-6 are implied whenever (3.1) is refer-

enced. Any exception will be stated.

3.1.2 Requirements

General Synthesis Problem: Devise a new MPCCIC scheme which together with the

estimator (3.4) ensures the followings.
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e Guarantees the AUB stability of the closed-loop against the estimation error,

disturbance input, and measurement noise.

e Compensates for the actuating delay, i.e. makes the closed-loop response behave

asif 7 = 0.

e Respects the constraints in Assumption 1 for all-time, given Assumptions 2-6

are given.

The above problem can be described with three inter-connected smaller problems:

Estimation, delay compensation and control.

Let the estimation error be defined by

e(k) = z(k) — &#(k),k € Z*.

Then the estimation error admits the following dynamics,
e(k + 1) = Ye(k) + w(k) — Lu(k). (3.8)

Estimation Problem: Consider the system (3.3) with the corresponding state esti-
mator (3.4). The aim is to design L such that for a given symmetrically polytopic

estimation error bound denoted by £ € K" the following condition is satisfied,
e(ko) € €, for some ky > 0 = e(k) € E,Vk > k. (3.9)

Delay Compensation Problem: In order to compensate for the actuating delay 7, a
method should be specified to provide an estimate of the system state xz(k) at the

earlier time k — T.

Lemma 3.1: Consider the state evolution (3.1) at time k—7 which can be described
by
z(k—7+1) = Az(k — 7) + Bu(k — 27) + w(k — 7). (3.10)
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Let &(k — 7) be the estimate of z(k — 7) computed by estimator (3.4). Then an
advanced estimate of z(k) calculated at time k — 7 and its corresponding advanced
estimation error can be characterized by the following set of propagations

T—~1
Bpr(k) = A"d(k—7) + Y _ A" Bu(k - 27 +1), (3.11)
=0

érr(k) = (k) — p_r(k) € E_(k), ke ZF,

T—1
Err(k) = ATE(k—7)® DA Wk -7 +9). (3.12)
=0

Proof. Tterating (3.10) gives

7—1 T—1
w(k) = ATe(k =)+ > A" Bu(k - 2r +i) + »_ A w(k — 7 +1i). (3.13)
=0 1=0

Now comparing (3.11) and (3.13) yields the following advanced estimation error

ér—r(k) =ATe(k — 1) + T‘: AT p(k — 7 +4). (3.14)

i=0
The actual values of {w(k — 7 +14)}I2; and e(k —7) are not known to compute (3.14).

A set containing all realizations of (3.14) can be defined by
Eir(k) = {&x—r (k) is evaluated by (3.14) V{w(k—7+i) € W}IZ} and Ve(k—7) € £}.
Using Definition 2.13, (3.12) is derived. O

Proposition 3.1: Let a control input calculated according to Zx_.(k) in (3.20) be
denoted by ug_,(k). Then setting

u(k - 7') = uk_T(k) - h(i‘k_T(k))), (315)

defines a delay compensating control law®.

!The function h : R® — R™ can be a time varying control law which is specifically defined later

in Section 3.3.1.
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3. ROBUST PREDICTIVE CONTROL WITH ACTUATING DELAY

Proof. Inserting (3.15) into (3.1) yields to the following expression.
z(k + 1) = Az(k) + Bh(zx_.(k)) + w(k)

which clearly shows that z(k + 1) is depended upon information on time step k

only. ‘ |

Proposition 3.2: Since (3.12) consists of Minkowski addition of shapewise time-

invariant sets also is & (k) and &_,(k) = £, Vk. We then have

71
£ =Aco PHAaW. (3.16)

i=0
Definition 3.3: The set € is called advanced estimation error (AEE) set.

Control Problem: Define a new MPCCIC scheme such that, given Assumption 6 is
satisfied, guarantees that the closed-loop response regulates to origin and respects the
constraints defined in Assumption 1. This feature should be invariant of the adverse
effect of uncertainties in Assumption 2 and AEE set(3.16). The control problem can
be solved by

e defining an invariant terminal constraint set for the new MPCCIC to assure

ultimate boundedness of response (steady state requirement).

¢ finding a feasibility region in X for any point of which new MPCCIC scheme
guarantees convergence to the invariant terminal constraint set in less than or

equal N time steps (transient response requirement).

The system setup is shown in Fig.3.1. It is worth noting that by feeding the
control with the advanced estimation (3.11), it is actually possible to split the plant
into a delay-free part and a part consisting of delay units only. Also note that at each
instant k — 7 the MPC optimization is finding u(k) = ug_,(k). At time k — 7, this

input has not yet been applied to the plant.
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Figure 3.1: Problem formulation
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At each instant, the only information available for state estimation are the current

input, measured output and the bounds (3.3). In order to have a well defined struc-

ture, it is imperative to guarantee a predefined set bound in (3.9) on the estimation

error.

Proposition 3.3: Associated with a predefined error bound set in (3.9), and the

uncertainties defined in Assumption 2, there exists a £ C R™*? which, if not empty,

contains the admissible estimator gains which solve the estimation problem in Section

3.1.2. Such a set is defined as

c={LeR™WECE~W, W=Wa LV},

(3.17)
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3. ROBUST PREDICTIVE CONTROL WITH ACTUATING DELAY

Proof. Consider the estimation error dynamics (3.8). Define w(k) = w(k) — Lu(k).
Then estimation problem in Section 3.1.2 implies that given e(k) € £ for some integer

k, the outcome of the following condition should be true
e(k+1) =We(k)+w(k) € £, Yw(k) € W,Vu(k) € V.

However, by Definition 2.13 , this implies that e(k + 1) € £, Va(k) € W, where
W =W & (—LV). By symmetry of V, we arrive at (3.17). O

Proposition 3.4: Consider the system (3.1). Assume & is a symmetric polytope
such that
€= {CEIR,n|77?6S€l’ §z>0, i=0,...,nhe},

where 7, # 0,,. Let also the set of vertices of £ be known and be defined as
vert(€) ={e; e R",j =1,... ,nye}.

Then by Lemmas 2.9 and 2.10 it is possible to have the following alternative for
(3.17).

L= {L € R™?|nl We; < & — max(nf ) — max(—nf Loy), @), € vert(W), T, € vert(V),
W )

Wzlwwnmj=L“qu.@B)

Remark 3.2: Note that in (3.18) there is a maximization over a phrase which
involves the unknown variable L. Implementing this maximization is not possible.

To get over this problem let us introduce the following lemma.

Lemma 3.2: labelestlemThe following definition of £ is equivalent to one in (3.18),
L= {L € R™?|nf We; — nf Lo, < & — max(n] @), O € vert(W),
W
W=1w“mmg=1wumW3=L”wmgxam)

where n,, is the number of vertices of the measurement noise set V.
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Proof. By symmetry of V, we have —max(~n! L7;) = max(n7 Lg;). This implies that
Ve Ug

(3.18) can be rewritten as

L= {L € R™*?|nTVe; — max(n] Ly) < & — max(nl ), @y € vert(W), 7, € vert(V),
Ve Wk
Vi=1... e, ] = 1,...,nve}.
Also we have

Vn; € ]R",m_ax(n;fLﬁg) €V, where V ={as:a,=nl Lo,V =1,... Ny}
T

The proof is complete if it is noted that for all 7,5 defined in (3.19), the following

condition is held,

Nyy

(Ml Ve, & — max(n] ) = H(n] ©e; — max(n? L), & — max(n] @)
=1 D o7} Dy

3.3 MPC Structure

3.3.1 Correlation None-observant MPC(CNOMPC)

In order to keep the true plant state z(k) inside the state constraint (3.2) using this
imperfect information, an effective control algorithm should be able to handle the
effect of the AEE set (3.12). Using (3.11) this can be implemented in part and in

terms of set operations by
Zrr(k) € X=X ~ &= z(k) € X, (3.20)

which would be the first shot on properly defining the MPC optimization constraints.

The MPC Optimization Problem P(N)

Define k, = k — 7. The proposed MPC optimization to be solved can be described
by the following
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(i) Solve at each time instant k.,

q,, = arg m(_in {i:T(k + Nk, )P&(k + N|k,) +

N-1
27 (k + ik, ) Qi (k + 1|k )+

1=0
q" (k +ilk:)Rg(k + 1|k, )] } (3.21a)
a = [¢"(klk),...,d"(k+ N —1}k,)]7, (3.21b)

subject to

#klk,) = Zr_r(k), (3.21¢)
E(k +i+1|k;) = Az(k +dlk.) + Bu(k +ilk,), (3.21d)
w(k +ilk,) = Ki(k +ilk.) + Gk +ilk,) €U, (3.21e)
&(k +i|k,) € Xy, as per (3.20) (3.21f)
E(k+ Nlk-) € T, or g(k+ilk;) =0pn, 2N, (3.21g)
2(k +1|k;) € Seon C Xons (3.21h)
P>0, @>0, R>0. (3.211)

where 7 is the terminal constraint and S.., iS a contractive constraint which
should be designed in order to ensure feasibility of the problem for all time steps

later than the optimization time k..

(ii) Apply
u(k) = h(@e_r (k) = alklk,) = K3(kiks) + dop(klkr). (3.22)

Like Section (2.1.1), MPC predictions can be defined as follows. #(k + i|k,), @(k +
ilk;) and ¢(k + i|k,) are the MPC’s predicted state, predicted control input and
predicted auxiliary input for time & + ¢ which are calculated based on information at

the optimization time k,. It is assumed that ® = A + BK is a stable matrix and P
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can for example be the solution to a discrete Lyapunov equation, i.e.
P:OP®T — P+ Q = 0,xn.

Since the MPC internal model (3.21g) is nominal, its decision making can become
completely wrong for the plant. To tackle this problem it is wise to consider the
deviation between MPC model trajectory and the that of the plant. Inserting (3.14)
into (3.1) and considering ¢ € Z* yields

i—1
z(k+1) = @x(k) = Y &I BKé_ (ki + j)
7=0
+ YO TIBG(k + k) + Y T T w(k + ). (3.23)
Jj=0 7=0

Definition 3.4: The point-wise differences between trajectories (3.23) and those

obtained by recurring (3.21d), can be characterized by
d(k +ilk,;) = z(k+14) — #(k +1ik,;),i > 0.

They are called predicted deviations (PD) and can be presented by

—

i i—1
d(k +ilk,) = @' Abpr (k) = > O IBK e ryi(k+ )+ > O w(k + 5),
7j=1 7=0

d(k) = e, (k). (3.24)

I

Since (3.24) involves unknown entities, the set terminology is utilized to define a set

bound on each PD realization, i.e.

d(k +ilk,) € D(k + i|k,),

-1 3—1
Dk +ilk,) = 1 Abi_, (k) & @D I BEE_rii(k+ 5) 8 D Wk +5),
=1 =0
D(klk,) = Epr (k). (3.25)
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Remark 3.3: Using time invariance in (3.3), and slight abuse of notation an equiv-

alent form of (3.25) can be introduced where the dependency on time k is removed.

For i € ZT,
) i—1 ) i—1
D(i) = ¥ 'Afe@P e BKES DI IW,
j=1 §=0
D(0) = &. (3.26)

where the minus sign is removed from the summand involving & due to the fact that

£ is a result of Minkowski addition of individually symmetric sets.

Remark 3.4: The PD bound sets admit the following linear dynamics, i.e.
D(i+1) = dD(i)) d BKE D W. (3.27)

After discussing the MPC dynamics, we now are ready to give explanation on
the procedures needed to design terminal and contractive constraints which make the

whole closed-loop AUB stable.

Terminal Constraint 7

e General setup
In order to have an acceptable closed-loop behavior under the linear control we should

guarantee

w(k+1i) € Xy, i€ZY,

where X4 is defined in (2.25). Translation of this condition to its equivalent for the

MPC’s predicted states gives,

Vk, z(k+1i) € Xg — Z(k+ilk,) € Xog ~D(k+ilk,), 1€Z".
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where by (3.21g) Z(k + i|k,) = ®*%Z(k|k,),i € Z*. The set T can be characterized as

follows
T = (2, (3.282)
=0
Q; = {ZeRMP%c Xy~ D(k+ilk,)}. (3.28b)

The analysis can be done by first introducing the following lemma which is a direct

extension to the Theorem 4.1 in [50].

Lemma 3.3: Assume @ is asymptotically stable. Consider (3.25). There exists a
compact set, D C R™ such that Vk,lim,_,., D(k +ilk,) =D, i.e.

Je > 0 and i* € Z" : d,(D, D(k + i*|k,)) <e.

A proof can be find in [50].

As discussed in the Chapter 1, for computational purposes [81], it is of interest to
find a terminal constraint which is not empty and is bigger than just the origin {0}.

To this end, let us introduce a new notation.

Definition 3.5: Consider a generic set A € R™, then
AZD e A A#Qand A # {0,}.

Similarly,

A= A: A=0or A={0,}.

Theorem 3.4: T # ) if and only if Vi € Z*,D(k + ilk,;) C X.q and also D C X4,
where D = lim; o, D(k + 1|k, ), VE.

Proof. The necessity follows by noting that if

Fi € Z" Dk +ilk,) ¢ Xog = Xoa ~ Dk +ilk,) =0,
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This plus (3.28b) gives 7 = (). Also D ¢ X,4 contradicts the invariance of T if it is
assumed that 7 # {0,}.

On the other hand, if D, D(k+i|k,) C X,q,i € Z* then by (3.28b) % € Z* : Q; = 0.
Extending this to the limit gives 7 % 0. O

Although above theorem gives a necessary and sufficient condition for existence
of T it does not give a practical tool to test it. The following discussion is intended

to address this issue.

Theorem 3.5: Consider X,z and & C X,y. Then T Z# () exists if a small positive
real number & > 0 exists such that X,; is a PDI set with respect to the effective
disturbance

W=BKEaWa B’

Proof. If X4 is PDI, by definition (2.27) it can be séid that
PXog C Xoa ~ W.
If the initial deviation D(k|k,) = £ C X,q, then by (2.17) and (3.27)
OD(k|k,) C Xyg ~ BKE ~ W ~B° = D(k + 1]k,) C Xog ~ B° C Xog.
Continuing this way leads to
Dk +ilk.) C Xpy ~B%i € Z*
and D C X,q ~ B° C X,q. By Theorem 3.4 T # () exists and proof is complete. [

Remark 3.5: The condition which has been set by Theorem 3.5 might be very
tight in many circumstances. In fact, there are many situations in which one can
find a prestabilizing feedback gain K which does not meet this condition whereas it
can define a PDI terminal constraint by using the procedure (3.28). This issue will

become clear later by illustrative examples.
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o Finite Determinedness
One of the most important conditions which should be satisfied in order to make
the construction (3.28) implementable is the finite determinedness of the set 7T, i.e.

existence of an index * € Z% :

,L'*
T=()2:
i=0
i* is called determinedness index [30] and ensures the procedure for computing ter-

minal constraint 7 takes finite number of iterations.

Theorem 3.6: Assuming X, is a compact set and 7 # @) exists, then
(i) Q;, ¢ € Z™", are also compact.
(i) Fi* € Z* : T, = T. where T;x = ﬂ:zo Q,.
Proof. The proof of (i) comes naturally from (3.28) and compactness of X, since

(3.28) involves linear transformation and set intersection which preserves the com-

pactness. To prove (ii), we know
Vk, Ve > 0,F € Z7 :
dp(Xeg ~ D, Xag ~ D(k +ilk;)) < e, Vi> 1.
Let us define an outer/inner-approximation of the sets Q;, Vi > i respectively by
Q; = {i € R"®'z € Ay}, Xog = Xog ~ D B,
Q, = {# € R*O'E € Xyg}, Xpg = Xaa ~ D ~ B-.
Two issues should be cleared here:

e By Theorem 3.4, X,y ~ D # { and by definition (X,q ~ D)° 3 0, , hence
ifXadND¥®=>36>OZX%7%®.

In this discussion assume ¢ satisfies such a property.
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e By p-difference and Minkowski addition properties [36] X225 0., Ay 3 0,
which implies

ANe(0,1): Mg C X

Now assume the spectral radius of ® be denoted by p < 1, then for an arbitrary

convex and compact shape C € K" [37]
Jueloo): VLeZ, dC C pup'C.
Now 3¢* : V£ > ¢*, up® < X, then it is trivial to show that V¢ > ¢* :
Qite D Q= {2 €RMNO™ME € Xy} DG D Q.

By (3.28a) this is tantamount to 7;1, = ;441 and by construction T;,, = 7. This
proves that ¢* = 4 4 £* is a determinedness index (though might not minimal) for 7,

hence, 7 is finitely determined. O

Contractive Invariance Constraint

To implement (3.21h) at time instant k. = k — 7 it is necessary to find a contractive
constraint for #(k+1|k,) in such a way that the initial condition of MPC optimization
at the next step Z#(k+ 1|k, +1) still falls inside the feasible region of the optimization.
This guarantees the feasibility of optimization in future or all-time feasibility. The

following theorem helps in addressing this problem.

Theorem 3.7: Consider the set A € K™. Suppose the aim is to find a contraction
Acon = cont(A) such that Z(k + 1|k;) € Ao implies Z(k + 1|k, + 1) € A, then

cont(A) = A® D(klk,) ~ D(k + 1|k;) (3.29)
is such a contraction.
Proof. Suppose &(k + 1|k, + 1) € A then by (3.25) it is true that

2(k +1) — &k + 1k + 1) € D(k|k,) = z(k + 1) € A® D(k|k,) (3.30)
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On the other hand, (3.25) suggests z(k+1) — #(k+1|k,) € D(k+ 1|k,) which implies
r(k+1) € Z(k+1|k.) +D(k+1lk;) . Now (3.30) is true if #(k+1|k,)+D(k+1|k,;) C
A @ D(k|k;). This is equal to say

i(k+1|k.) € A® D(klk,) ~ D(k + 1]k,)
and (3.29) is immediate. O

In order to quantify the stabilizable sets for the proposed scheme, let us start from
the terminal constraint (3.28) and find the sets of initial states Z(k|k,) € R"™ which can
be driven to it in 1,..., M steps despite the bounded PDs (3.25). Let S;(X,,7T) C
Xsn,t = 0,..., M denote such sets and call them deviation-robust stabilizable (DRS)
sets. Tt is assumed that Sy(X,7) = 7. In order to characterize these sets the

following definition is delivered.

Definition 3.6 (Deviation-Robust One-Step (DROS) Set): Consider system (3.1)
with constraints and uncertainties (3.2) and (3.3), respectively. Given a compact set

A C Xy, Q(A) is called a DROS set, if
Q(A) = {#(klk,) € Xp|Fu €U : 2(k + 1|k, +1) € A}.
By (3.29),
O(A) = {z(k|k;) € Xep|Fu e U : #(k + 1|k,) € cont(A)}. (3.31)
Equation (3.31) implies
Sii1(Xan, T) = Q(Si(Xen, T)), i=0,..., M.
By (3.21d),

Sii1(Xan, T) = {E(k|k;) € X Fa(k|k,) €U -
Ai(k|k.) + Bu(klk,) € cont(Si(Xen, T))}.(3.32)
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Proposition 3.5: Equation (3.32), can be rewritten as
Sit1(Xan, T) = X, N Pre(cont(S;(Xen, T)) & —BU).
where the pre-image is taken with respect to A (see Definition 2.11).

Proof. The necessity of intersection with X;h is obvious from the first condition in
(3.32). The second condition implies that A#(k|k,) € cont(S( X, T — Bu(k|k,).

The proof is immediate. O

Now the following algorithm gives the procedure to compute the DRS sets:

Algorithm 3.1 (Construction of DRS sets): The stabilizable sets, then can be

characterized by the following recursions.

&
I

T,
Sis1 = X NPre(cont(S;) ® —BU).
Here, arguments (X, 7) are omitted for brevity.

Algorithm 3.2 (Proposed MPC Control): Assume a maximum control horizon N

and the corresponding problem defined by (3.21a). At each instant k — 7,
1. Set M = 0. If #(klk,) € Sy = T , set a(k|k,) = Ki(k|k,), else continue.

2. Set M =M +1,
if M <N,

o if Z(k|k,) € Sus set
Seon = cont(SM_l)

and run the optimization (3.21a), else go to step 2.

else run a feasibility recovery algorithm [83] which is not in the scope of this

thesis.
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3.3.2 Correlation Observant MPC (COMPC)

Consider (3.25). Although for every k the affine control law (3.22) guarantees the
boundedness of d(k + i|k,), ¢ € Z™, it is still possible for a system with reasonable
deadtime 7, that the PD sets become unnecessarily large, rendering (3.21a) infeasible.
The cause of this problem is oversight of the fact that (3.25) consists of Minkowski
addition over expressions sharing the same realizations. For example, assuming 7 > 1,
it is readily seen that using (3.12) the sets ék_T(k) and ék,7+1(k + 1) share on the
phrase W(k — 1). The main problem of ignoring this fact and attempting to make
Minkowski summations in (3.25) is that the result may become unnecessarily large.
The following discussion is devoted to give a reason for this phenomena and address

a design in order to ameliorate its effect.

Theorem 3.8: Let Ty : R* — Rf and Ty : R® — R¢ be two linear transformations.

Then for arbitrary compact set C C R™,

(T1 + Ts)C C T1C & TsC. (3.33)

Proof. To be specific to this text, we only prove the case when C is a polyhedron and

the transformations can be presented by matrices. Let
C=vert(C) ={g eR"i=1,..., N}
It can be shown [79] that
vert((Tq + T2)C) C (T + Ty)vert(C) = {(T1 + T3)& : & € C},

which implies that during the linear transformation some vertices may be removed.

On the other hand by Theorem 2.5,

T:C @ ToC = hull(A),
.A == {a’i,j € ]R”}am- = Tléi + TQEj,\Vli,j = 1, . ,’)’ch}.
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Now
vert((Ty + T2)C) C A = hull(vert((Ty + T5)C) C hull(A)
which is another explanation of (3.33). O
As a result of this theorem, the aim would be to regroup those phrases in (3.25)

which are in the form of righthand side of (3.33). Inserting (3.14) and (3.8) into

(3.25), and regrouping those terms which has correlations gives

-1
d(k +ilk,) = (&TATH =" TITW)e(k — 7)
i=1
i—2 . 1—2
+ Y (@A = N eI (k- 7+ )
Jj=0 L=j+1
+ZAT—jw(k+i —1—-747)
§=0
-2 -2
+> OV L)k — 7+ §).
=0 f=j

where ' = BKA". Using set terminology, this can be rewritten as

i—-1
D(k +ilk,) = (P TA™ = > HITW)E
j=1
1—2 i—2
® @(@i~2—jAT+1 _ Z (Di—z—er\l,e—j)w
=0 f=j+1
aPAa—w
7=0
—2 i—2 . .
@O e vy (3.34)
J=0 t=j

Remark 3.6: All the theorems discussed previously in Section 3.3.1 are also appli-
cable to PD sets defined by (3.34). In fact, it will be shown via illustrative examples
that smaller PD sets gives us the ability to apply the results to bigger uncertain-

ties/delays. In terms of offline computation of the terminal constraint 7 this yield
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usually to smaller determinedness index as opposed to the scheme described previ-

ously.

3.4 Illustrative Examples

Consider (3.1) with unstable openloop dynamics

1.2 0.5 1
, B , C=[1 0 (3.35)
0 0.7 0.5

Assume uncertainties

lwllo < 0.1, |Jvlleo <0.1
and the constraints

10 -10 0 0
0 0 ) -5

lullo <2, z€hull

It is desired that the estimation error satisfies the condition & : |le]lec < 0.5. Let
K be the solution to the discrete LQR problem where in (3.21a) @ = 2I, R = 10.
This gives K ~ [—0.50 — 0.38]. Moreover, using the discrete Lyapunov equation
P:(A+BK)P(A+ BK)T — P+ Q = 0,,x». A proper terminal cost weight matrix

3.82 —0.70 .
for (3.21a) can be found P =~ . Also using (3.19)
—-0.70 3.26
0 -1 0.083
-1 0 —-1.125
L: Lg : (3.36)
1 0 1.250
i 0 1 i 0.083

It is allowable to choose any L € L. In this example it is chosen to be the Tcheby-
chev center of £ ie. L ~ [1.188 —0.021]7. Figure 2, shows the estimation error

realizations assuming e(k) = [0.5 0.5)7 € vert(&).
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0.8f

0.6}

0.4

0.2

Figure 3.2: Estimation error trajectory

3.4.1 Simulation Based on DP Sets (3.25)

Assume the system suffers from delay 7 = 3 and the MPC optimization (3.14) has

the maximum control horizon N = 5. Also consider the following initial conditions

z(k) =[1.1 2.2]%, u(k) = up_s(k) = 1,

wk+1)=uo(k+1)=-1, ulk+2)=wu-1(k+2)=1

The result of simulations has been depicted in Fig 3.3 and Fig 3.4. Figure 3.3 shows
both the state response of the plant and the control inputs before and after the MPC
is utilized. It has also shown via horizontal dashed lines that input constraints have
been satisfied.

In Fig 3.4, the plant state trajectories x(k+7), k > 0 and propagated state trajectories
E(k+7) = Z(k + 7|k, + 7), k > 0, denoted by plus signs and asterisks, have been
compared to each other. The two outer sets shown via dashed boundaries present
the original state constraints X and X, and the invariant sets 31-,0 < i < 5 have

been shown via dashed/dotted style. Apart from conversion and ultimate bounded-
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MPC effect

x,(K), %,(k)

Figure 3.4: Invariant sets, propagated state and true future plant state trajectories

pertaining to Example 3.4.1.

ness, Fig 3.4 verifies that keeping the propagated states inside the DRS sets is equal
to keeping the plant states inside the original state constraints defined by (3.2) and
example data. Note that in Fig 3.4 the DRS sets Sy, S are so close that they cannot
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be discerned. It is also verified that having an admissible initial state the proposed

algorithm is capable of driving the trajectory inside Sy = T in less than N = 5 steps.

3.4.2 Simulation Based on DP Sets (3.34)

Figure 3.5 shows the evolutions of DP sets defined by (3.25) and (3.34) for the system.
It can be seen how the method proposed in Section 3.3.2 has shrunk the PD sets.
The effect of such an improvement will be bigger upper bounds on delay and/or
uncertainties. In fact, running the Example 3.4.1 with 7 = 4 results in empty terminal
set which is tantamount to failure in design introduced in Section 3.3.1. However,
COMPC can tolerate such a delay. Fig 3.6 and Fig 3.7 show the results of simulation
for COMPC, using the same control horizon as Example 3.4.1 and 7 = 4 and the

following set of initial conditions:

(k) =[0 3.4,
u(k) = ug-4a(k) =1, wk+1) = wp—3(k + 1) = -1,
u(k+2) =uk_2(k+2) = —1, u(k+2) =’U,k_1(k§+3) =1.

It is worth noting that comparing Fig 3.7 with Fig 3.4 shows the terminal constraint
set pertaining to COMPC scheme possess a simpler polytopic shape compared to
that in Fig 3.4. This is due to the fact that smaller DP sets yield to lower finite
determinedness index in computing the terminal set which is equal to savings in

offline computations, though of not much interest.
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Figure 3.5: Comparing the DP sets computed by (3.25)(dashed style) and
(3.34)(dotted style).

4l MPC effect

x,(K), %,{K)

uk-’t(k)

Figure 3.6: Plant states response for Example 3.4.2, 7 =4, N = 5.
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Figure 3.7: Invariant sets, propagated state and true future plant state trajectories

pertaining to Example 3.4.2.

54

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 4

Conclusions and Future Work

The main contributions of this thesis are summarized in this chapter and suggestions

for possible future directions are outlined.

4.1 Contributions

The central idea of this thesis was to develop an output feedback methodology ad-
dressing the control of an input-delay linear system subject to polytopic constraints
on its input and state. Development of the ideas included some contributions which

are enumerated as follows.

4.1.1 Estimator Design

e An error-bounding estimator has been designed which can guarantee a given
bound by finding a set of all estimator gains in such a way that any gain

selected inside such a set can guarantee the specified error bound by making it
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a positively disturbance invariant set. It extends the result first given in [24] by

accommodating measurement noise in the synthesis (Theorem 77).

4.1.2 Controller Design

A novel MPC structure capable of handling the effect of actuating delay, persistent
uncertainties and imperfect state information is presented. The pertinent contribu-

tions are as follows:;

e Development of an optimistic procedure to characterize the future possible de-
viations between true system trajectory and that of the MPC internal model
(Equation (3.25)). This characterization then could be an avail for the rest of
synthesis development since it guarantees the boundedness of the deviations by

incorporating the notion of pre-stabilized predictions.

e Giving a procedure to characterize the terminal constraint and cost necessary
to ensure feasibility and stability of the problem. The sufficient conditions for

existence of the terminal constraint set are discussed (Theorems 3.4 and 3.5).

e Giving sufficient conditions for the finite determination of the terminal con-

straint sets under mild conditions (Theorem 3.6).

e Defining a new contractive invariance constraint with which the all time con-
straint satisfaction (feasibility) as well as stability of the scheme given admissible

initial conditions is achievable (Theorem 3.7, Algorithms 3.1 and 3.2).

e Making improvement in the basic scheme primarily proposed by incorporating
the correlation among the different prediction deviation (PD) sets given by
(3.25). This leads to ability to deal with combinations of bigger uncertainties,
error bounds, and actuating delay (Theorem 3.8 and Equation (3.34)).
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4.2 Future Work

History has shown that controlling the systems with delay in their control input is a
challenging subject. This is because not many synthesis schemes have been developed
for the control of such systems and most of the work has been done for the analysis
of such systems (see e.g. [34]). Here the possible future research directions , though
not all of them are given to facilitate the future investigation in continuation to the

work done in this thesis.

e In [19] a procedure is presented which can address the problem of trajectory
tracking of piecewise constant references. Although this result is now only valid
for MPCCIC, it may be extended to CNOMPC or COMPC scheme proposed

here to give more applications to these scheme .

o It is interesting to consider the statistical information if available. Knowing
statistical information on the uncertainties give the ability to tailor the current

work in a way to get better performances, e.q. better steady state performance.

e Although the class of uncertainties addressed here have made a good stride
on achieving more applicable scheme for real world problems, other cases of
uncertainties can also be investigated. These cases include but are not limited
to the structured uncertainties, measured disturbances which includes constant

disturbance rejection, and modeling errors.

e The last but not the least is the developments for the nonlinear systems. Al-
though current research has shown improvements in the softwares to implement
the nonlinear optimizations and invariance, extending the ideas available for
linear systems to the nonlinear case demands more investigations. Availabil-
ity of such tools can guarantee achieving bigger domain of attractions for the

closed-loop setup.
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