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ABSTRACT

Reinforced concrete waffle slabs have been used
gquite often in buildings and other structures, resulting
in a reduced dead weight and material cost. The use of
prestressed concrete waffle slabs for rectangular and
skew decks of short and medium span bridges can also
lead to further economics in dead weight and material.

In this investigation, a series solution for the
analysis of rectangular and skew concrete waffle slabs
by the orthotropic plate theory is presented. Single
spans of reinforced and prestressed concrete deck bridge
models are investigated. The deflection function of the
slab is assumed in the form of a Fourier series so as to
satisfy the governing differential equation of equilibrium.
The arbitrary constants in the deflection function are
chosen to satisfy the appropriate boundary conditions.
The in~plane prestressing force along the edges and the
resulting edge moment are represented by a Fourier series
using a graphical technique.

Available computer program for solving orthotropic
plates or slabs subjected to lateral loads is modified to
compute the stresses and deflection due to the prestress-
ing force. This computer program can be used for rein-
forced and prestressed concrete waffle slabs of rectangular

and skew shapes subjected to uniform as well as concentrated

iv
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transverse loads.

The experimental study is carried out on three
one-eighth models of reinforced concrete waffle slabs
and two one-eighth models of prestressed concrete waffle
slabs. The first slab is tested under uniformly distri-
buted load applied by means of air pressure while the
remaining slabs are tested under concentrated loads only
at various positions; the tests were carried in the
e;astic domain as bridge slabs and finally to collapse.
The effect of concrete cracking on the rigidities of the
slabs is studied. The strains and deflections obtained
from the tests are found to be in satisfactory agreement
with the theoretical solution. Furthermore, theoretical
studies are carried out on two types of structures, the
waffle-type and the slab-type with a uniform thickness,
both structures having the same volume of concrete and
reinforcing steel. The comparison of stresses and
deflection for the two types of structures show that the
waffle type exhibits much smaller deflections and lower
stresses, especially for prestressed concrete waffle

slabs.
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CHAPTER I

INTRODUCTION

1.1 General

In recent years reinforced and prestressed concrete
waffle slabs have become gquite popular in buildings and
deck bridges. Orthotropic plate structures are often
required as component parts of large scale structures as
floor system in buildings, auditoriums, aircrafts, ship
bottoms, tunnels, highway structures, etc. The trend
towards high-rise buildings, modern highway interchanges
and the commercial availability of high strength light-
weight concrete have re-focused attention on concrete
waffle slabs all over the world. The use of prestressed
concrete waffle slabs for rectangular and skew decks of
short and medium span bridges can also lead to economical
design by having a crack-free concrete wearing surface,

lower maintenance costs and better live load distribution.

1.2 Objective

The primary objective of this investigation is to
determine the behaviour of reinforced and prestressed con-
crete waffle slabs over the total range of loading up to
the point of collapse, from the standpoint of deformation,
stresses, cracking and ultimate strength capacity. A
waffle slab can be classified as geometrically orthotropic:
as such its orthotropic flexural and twisting rigidities

must be accurately predicted before and after cracking of

1
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the concrete in order to reliably estimate its performance
under working and collapse loads. In general, the deflec-
tion of a concrete waffle slab is rather small in compari-
son with the thickness of the slab so that for a proper
design of such structures a linear (small deflection)
analysis is sufficient. An experimental investigation and
a theoretical study based on a series solution are under-
taken; this solution is found by superimposing three
solutions due to three different loadings, namely: the
transverse loads (uniform as well as concentrated load at
various locations), in-plane edge loads and edge moments,

the latter two being due to in-plane prestressing.

1.3 Scope

The test of a structural concrete one-eighth scale
"direct" model can simulate the behaviour of the prototype
both before and after cracking of the concrete. This
investigation covers reinforced and prestressed concrete
waffle slabs, including both rectangular and skew plan
forms and subjected to uniformly distributed, as well as
concentrated lateral loads.

A review of the theoretical and experimental studies
of orthotropic structures, reinforced and prestressed con-
crete waffle slabs are presented together with simple
expressions for estimating the orthotropic rigidities.
Mathematical formulation of the problem using a Fourier

series for lateral and in-plane forces are derived.
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Analysis and discussion of the theoretical and
experimental results from three reinforced and two
prestressed concrete waffle slabs are presented in this
work. An approximate method is proposed to solve the in-
plane stress problem due to the prestressing force along
the four sides of the slab.

The experimental work comprises the following two
groups:

1) Group A, includes three reinforced concrete
waffle slabs. The first and second slabs were rectangular
in plan with identical geometry and subjected to uniform
and concentrated lateral loads, respectively. The third
slab had a skew of 450, and was subjected to a concentrated
lateral load.

2) Group B, includes two prestressed concrete
waffle slabs, one was rectangular in plan and the other had
a skew of 450, and subjected to concentrated lateral loads.

All the slab models are analysed as bridge slabs
having two opposite edges simply supported and other two

edges free (Group A) or elastically supported (Group B).
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CHAPTER II

HISTORICAL REVIEW

2.1 Review of Literature

The study of theory of plates goes back to the
French mathematician, Sophie Germain (1816), who obtained
a differential egquation for vibration of plates, but she
neglected the work done by warping of the middle surface.
The first corrected differential equation for the free
vibration of plates was used by Lagrange by adding the
missing term in Sophie's equation. This work, which was
improved by researchers such as Navier, Poisson and Kir-
choff, is considered to be the basis for the classical
thin plate theory. Solutions of many problems in plates
of circular, rectangular, skew, triangular shapes are
available (see Timoshenko (31) and Szilard (29,30)). The
exact solution to a plate problem should satisfy the boun-
dary conditions as well as the governing differential
equation of equilibrium or minimize the potential energy
of the plate. The deflection function could be in the
form of an infinite series and its sum to infinity gives
any deflection pattern of the plate which satisfies the
imposed geometrical conditions by suitable choice of
values for the infinite number of constants of integration.

The development of the modern aircraft industry
Provided another strong impetus toward more rigorous analy-

tical investigations of plate problems. Plates subjected
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to in-plane forces, postbuckling loads, stiffened plates,
etc., were analyzed by various scientists and engineers.
Most recently, the invention of high-speed electronic
computers exerted a considerable influence on the static
and dynamic analysis of plates. Probably the first
approach used in computer analysis was the finite differ-
ence method.

Considerable attention has been given recently to
developing methods of designing more economical concrete
bridges. Various methods of estimating the load distribution
in concrete bridge decks have been proposed to date. 1In
all these methods values of the effective flexural and
torsional rigidities of the deck system are required before
the analysis can proceed. Little information was available
as to how these figidities might be assessed for many of the
bridge~deck systems.

In 1956, Huffington (10) investigated theoretically
and experimentally the method for the determination of
rigidities for metallic rib-reinforced deck structures. It
was applied to the case of equally spaced stiffeners, of
rectangular cross section, and symmetrically placed with
respect to its middle plane.

Methods of analysing rectangular and skew deck
Plates with simple boundary conditions have been recently
investigated by Kennedy et al. (12,14,15,16) . They
solved the problem of skew plate under uniform load by

means of variational techniques and a series solution were
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presented for rib stiffened plates under uniform and con-
centrated loads; the results were verified with experiments.
They observed that critical stresses often occur in obtuse
corners of such skew plates.

In 1968 Jackson (1ll) proposed a method to estimate
the torsional rigidities of concrete bridge decks, using
the membrane analogy and the estimation of the junction
effect. The effect of the continuity of the slab on the
flange plate was not accounted for.

In 1972, Perry and Heins (21) studied a series of
equations for preliminary design of transverse floor beams
in orthotropic deck bridges. The applied loads were
represented in the form of a Fourier series. This method
is not exact since it neglected the effects of contributions
of bending to the torsional rigidities of the plate. Car-
dens et al (4,5) investigated the in-plane and flexural
stiffnesses of isotropically and nonisotropically reinforced
concrete plates. Results indicated that the stiffness of
such plates was related quantitatively to the relative
orientatiop of the reinforcement with respect to the applied
forces.

Mathematical analysis of grid systems with particular
regard to bridge type was given by Bares and Massonnet (2)

and Rowe (24) together with practical applications.

2.2 Prestressed Concrete Slabs

Possibly, Guyon, in the early 1950's was the first
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to realize that slabs, prestressed in two directions
behaved analogously to the two-way arch action of thin
shell structures. In the late 1950's several prestressed
slab research projects were undertaken in the United
States. Scordelis et al, 1960, (26,27) studied the
ultimate strength of continuous prestressed slabs and pro-
posed several design recommendations. They investigated
the load distribution between the column and the middle
strips and the following conclusions were obtained:

1. The elastic plate theory may be used satis-
factorily to predict the behaviour of a pre-
stressed concrete slab loaded within the
elastic limit.

2. The slab can sustain a large increase in load
before widespread cracking takes place.

Possibly the largest stride in the design of pre-

stressed slabs was taken by Lin (18) who was the first to
introduce the Load Balancing Method. It was soon made
apparent that the tendon profiles could be designed so
that the upward cable force neutralized the vertical
downward load. Between 1957 and 1969, many researchers
developed the method and studied the load distribution in
bridge slabs (Sherman (28), Rowe (24) and Wang (32)). In
1969, Muspratt (20) used the load balancing method on
Prestressed concrete waffle slabs. For other applications
of this method in U.S.A. see references (19) and (23).

Another investigation was made by Hondros and Smith (9) on
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a post-tensioned diagrid flat plate, simply supported on
four edges using the link force method of analysis. The
force method applies compatability but disregards the in-
fluence of torsion on the plate.

" Burns and Hemakom in 1977 (3), investigated the
problem of post-tension flat plate using frame analysis;
furthermore, the cracks were predicted and the stresses
compared with that obtained by ACI code (318-71), (1).

Although an appreciable amount of work has been
done on the analysis of prestressed flat slabs, very
little work is available on prestressed concrete waffle
slabs. It is beyond the scope of this thesis to give a
comprehensive survey of the entire literature in this
field. However, a study of the literature shows that no
exact solution is available for prestressed concrete
waffle slabs under a general type of lateral load and in-

Plane prestressing force.
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CHAPTER III

FORMULATION

3.1 General

With reinforced concrete structures cast in-situ,
it is common practice to cast the slab and the supporting
beam grid at the same time. The grid elements may be
either reinforced or prestressed concrete beam or steel
girders. Since a reinforced concrete slab has to with-
stand the local effects of heavy concentrated loads, the
slab thickness is usually substantial, and composite
action of the grid-and-slab system must be taken into
account. Due to the action of concentrated loads, the
transverse direction becomes important and the transverse
strength of the structures has to be considered carefully.
In dealing, herein with orthotropic concrete structures,
it is assumed that orthotropy is a result of geometry and

not of material, see Figure 3.1.

3.2 Assumptions

The\analytical approach to the problem of the ortho-
tropic plate has to be based on some simplifying assump-
tions related to the form and material of the plate and to
the state of strain induced by the external loading. The
assumptions for orthotropic plates are based on the same
assumptions used in the analysis of isotropic plates,
and they are as follows:

a) The material of the plate is elastic, i.e., the

9
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stress-strain relationship is given by Hooke's

law.

b) The material of the plate is considered to be

homogeneous, by transforming the steel area

into an equivalent area of concrete.

c) The thickness of the plate is uniform and small

in comparison to the other lateral dimensions

of the plate. Thus the shearing and normal

stresses to the plane of symmetry are small and

can be neglected.

d) Straight lines normal to the middle plane of

the plate remain straight and normal to the mid-

dle plane of the plate after bending.

e) The deflections of

the plate are small in com-

parison with its thickness; and are such that

there is no normal
the middle plane.

It should be mentioned

strain in planes tangent to

that the theory of orthotropy

is applicable for structures which have a small ratio of

stiffness spacing relative to

structure.

any lateral length of the

3.3 Governing Differential Equation For The Lateral Loads

And Edge Moments

It is assumed that the
three planes of symmetry with
Perties. Taking these planes

relations between the moments

material of the plate has
respect to its elastic pro-
as the coordinate planes, the

and deflections are:

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



11

MX = —(DXW,XX + Dlw'yy)

M_ = -(D W, + D.W, .
Y ( Yy 'YY 2" e (3.1)

Mey T Pxyrxy

where,

D ,Dy = flexural rigidities of the plate per unit
width in x and y directions respectively

Dl,D2 = coupling rigidities, measuring the contri-
bution of bending to torsional rigidities
of the plate.

ny’Dyx = torsional rigidities of the plate and ribs

Substituting expressions 3.1 in the following
general differential equation of equilibrium, given by

Timoshenko (31),

M + M -

X, XX voyy ~ PMey,xy T T9XY) (3.2)

The following fourth order differential equation governing
the deflection of the orthotropic plate is obtained in

rectangular coordinate:

D W,

X Rxxx 2HW

, + D.W, = . 3.3
XXYY YWoyyyy - 2x0Y) (3.3)

where,

H = (D1 + D2 + ny + Dyx)/Z

and known as the effective torsional rigidity of the plate
and characterizes the resistance of the plate element to

twisting.
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To generalize the solution from the rectangular

slab to a skew slab the following transformation is used:

u = x/cos?
(3.4)
v =y - X tan®
where, 8 is the skew angle.
Equation 3.3, known as Huber's equation, becomes,
D W huuu Elwiuuuv OB W suvy T BV ey T OBV puvy
= ct*g(u,v) (3.5)
where,
El = 4sDX
= 2 2
E2 2(3st + Hc*4)
- 2 2
E3 4s(st + Hc*<)
E4 st 2Hs “c Dyc
¢ = cosf8 and s = sind

3.4 Relation of Stress and Strain for Bending Action

Solvxpg equations 3.1 and 3.3 to find W,xx and W'yy

and substituting these two terms in the following formulae

(31) relating strain to curvature,

€ = -zW,Xx

(3.6)

= -2zW,
Y vy

Yields the strains in x and y directions in terms of the

rigidities and moments:
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€= Z(MXD - M Dl)/(DXD

x y v a D;D,)

(3.7)

£

v Z(MyDX - MXD2)/(DXD - D.D,)

Yy 172
Z is the depth of the neutral axis from the top fibre.

3.5 Elastic Properties of the Waffle Slab Model

As mentioned earlier, the condition of orthotropy
for the slabs treated herein, was mainly due to geometry
and steel reinforcement. The problem was idealized by
assuming that the slab is made of a homogeneous material
with different elastic properties in two mutually perpen-
dicular directions. Waffle slab construction considered
as a "composite system" consists of two parts, the grid,
and the plate. This "composite system" displays a high
degree of torsional rigidity, especially for skew slabs.
The composite system may be arranged in a sequence of
structural forms; the sequence may consist of limiting
case having a simple grid with no plate and the other
extreme case of a true orthotropic slab; various types of
composite systems fall between these two limits.

In addition to the basic assumptions in deriving
the governing differential equation for an orthotropic
Plate, the following assumptions are made with respect to
waffle slab construction:

1. The number of ribs in both directions is large

enough for the real structure to be replaced by

an idealized one with continuous properties.
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2. The neutral plane in each of the two ortho-
gonal directions coincides with the centre of
gravity of the total section in the corres-
ponding direction.

3. The area of the flange plate is magnified by
the factor 1/(1 - u?) due to the effect of
Poisson's ratio u.

Since the thickness of the slab is constant and the
slab material is continuous, as assumed before, the dif-
ferent elastic properties in two principal directions must
be due to different moments of inertia per unit width of
the slab. The modulus of elasticity in two perpendicular
directions are equal (EX = E_= E) as well as Poisson's

Yy

ratio (ux = u.. = py) and the torsional rigidities ny and D

Y ¥YX

are equal.

There is no difficulty in determining the flexural
rigidities D, and Dy of the slab models, but the difficulty
is to find an accurate value for the torsional rigidities.
Various methods of estimating the load distribution in
concrete bridge decks (2,13,26) have been proposed to date.
In all of these methods, values of flexural and torsional
rigidities of the deck structures are required before the
analysis can proceed. Some of the methods used for estimat-
ing the torsional rigidities are very limited in their
application and can lead to appreciable errors in the value
of the torsional parameter, unless their limitations are

recognized. A method of determination of rigidities was
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investigated by Huffington (10).

3.6 Rigidities of Uncracked Sections

3.6.1 Flexural Rigidities

It is assumed that the neutral planes in each of
the two coordinate directions coincides with the centre of
gravity of the total section. This is an approximation only,
since it can be shown that the location of the neutral sur-
faces is a function of the deflection as well as the geo-
metry of the section.

Figure 3.2 shows a typical section of a waffle-type
slab. Based on the assumptions made before, the orthotropic
flexural rigidities Dx and Dy, as well as the coupling
and D, due to the Poisson's effect (13) can

1 2

be put in the form,
»

rigidities D

b, =D + {Eh(ex - h/2)2/(1 - pz)} + EI}'{/SX

Dy = D + {Eh(ey - h/2)2/(1 - pz)} + EI:;,/Sy
(3.8)
Dy = ¥Dy
D2 = uD§
where,
D = the flexural rigidity of the flange plate with
respect to its middle plane, Eh?/12(1 - u?).
E = modulus of elasticity of the concrete
= 5700CVEL - (1)
fé = 28 day concrete cylinder strength in psi
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h = thickness of the flange plate
W = Poisson's ratio of concrete
=VE1/350 (8,12)
SY = spacing of longitudinal ribs
Sx = spacing of transverse ribs
e, = depth of neutral plane from top fibre for
bending in the x direction

ey = depth of neutral plane from top fibre for

bending in the y direction, i.e.,
e = %bxdx(h + dx/2) + (n - l)AS(h + dx - da') + thz/
2(1 - uz)i/gbxdx + (n - DAL + S h/(1 - uz)z \
Y

e = %b dy(h + dy/2) + (n - l)AS(h + dy - d4") + Syhz/ (3.9)

2(1 - u?)

)
/5Pydy + (n - DA, + S h/(1 - uz){

(

Ié = moment of inertia of transverse rib with

respect to the assumed neutral axis

H
H

moment of inertia of longitudinal rib with

respect to the assumed neutral axis, i.e.,

1 = - 2 - ' - ' - 2
Ix bxdx (h + dx/Z) eX + (n l)AS (h + dx a') e

3
+ bxdx/l2
2 2
I' = b d h +d4/2) - e + (n - 1)A h+da - 4d") - e
y vy ( y/ ) v ( ) S ( v ) .
+ b d3/12
Y Y/

(3.10)
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in which,

n = modular ratio

= Es/Ec

by = width of longitudinal rib

bX = width of transverse rib

dy = depth of the longitudinal rib

dx = depth of the transverse rib

d" = concrete cover to the centre of the longitudinal
reinforcements

d' = concrete cover to the centre of the transverse
reinforcements

AS = area of reinforcement steel in the longitudinal
direction

Aé = area of reinforcement steel in the transverse
direction

Dé = flexural rigidity of the flange plate with
respect to the neutral plane of the gross-
section associated with bending in the x
direction

D& = flexural rigidities of the flange plate with
respect to the neutral plane of the gross-
section associated with bending in the y

direction

Since it is assumed that the number of ribs in both

directions is large, the effective width of the flange plate
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acting with one rib is taken as the distance between two
adjacent ribs. Most of the investigators who have taken

the same effective width have obtained very good results.

3.6.2 Torsional Rigidities

Reliable information on the estimation of the
torsional rigidities of a bridge deck are very limited.
The effective torsional rigidities H, in Eq. 3.3 is given
by,

H = (D + D + D

%y v 1t D2)/2 (3.11)

For the analysis of reinforced concrete slabs with

different reinforcements in the two prependicular direc-

tions, Huber recommended the expression, H =\/DXDy :

such an expression gives a too high an estimate for T-
beam section.

The main problem lies in finding the wvalues of ny

and Dyx' which are given by

Dyy = Gyy Ixy
(3.12)

Dy = Gyx Iyx

where,

ny = ny

shear modulus

E/2(1 + yu)

I and I are the torsional constants
Xy ¥X

A number of investigators have obtained the torsional

constants for structural steel and aluminum-alloy sections,
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using membrane analogy and/or numerical methods. Massonet
and Rowe (2,25) have determined the torsional constants

by dividing open section into a number of rectangular areas.
Thus the torsional constant is given by,

3 n 3

= (L
Ixysx or Iyxsy (’kl ay bl + 152 Ki a; bi) (3.13)
where,
Sx’sy = spacing of transverse (longitudinal) ribs
a; = the smaller dimension of the cut area
bl = the larger dimension of the cut area

K = factor depend on the ratio ai/bi (31)

Jackson (l1l1) has considered the value mentioned above
as not accurate enough since it neglects the junction
effect on the torsional rigidity. The twisting rigidity
of the uncracked section of concrete waffle-type slab is
estimated by means of the membrane analogy method (31)
taking into account the stiffening effect afforded by the
ribs in the orthogonal direction to the one under considera-
tion. Considering the geometry of the deflected membrane,
the torsional constant for the rectangular sections 1, 2
and 3 as shown in Figure 3.3 are calculated to give the

total torsional constant, Ixy'
= I + I + I (3.14)

in which,
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3
I =k, d._ b (if 4 >b )
XY, 1 7y 7y Yy Y
(3.15)
= k., b_a’ (if b _>d )
17y 7y Yy Y
= - 1y 2
IXy3 4kl(n l)(As) /m (13)
where,
Ixy is reduced by factor % which accounts for the
1
continuity of the flange plate. The torsional constant
Ixy is modified by (Kennedy and Bali (13)) taking into
1

account the effect of transverse ribs in both directions.
It is assumed that the presence of the transverse rib will
increase the torsional constant of the slab as:
I (modified) = I, (IX /IX ) (3.16)
XYy Y1 *Y(s+w) *Y(s)
in which,
I = torsional rigidity of slab and rib of
2Y (s+wW)
the transverse or longitudinal ribs

Equation 3.14 becomes

IXy Ixyfmodified) + I, + I (3.17)

}.yz XY3

in which,

I

%y torsional rigidity of transformed section
3

of steel (13)
Similarly, the torsional rigidities Dy# can be calculated

in the same way.
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3.7 Plane Stress Problem Due To Prestressing Force

3.7.1 Elastic Constants For Membrane Action

Assuming the corresponding strains in the flange
plate element (deck) and the ribs are equal, and that
shearing action is resisted by the flange plate alone, the
following relations for equivalent elastic constants can
be developed. The stress resultants per unit length in an

isotropic flange plate element, shown in Figure 3.2, are:

(TX)l = oh = h(E /(1 - u?)) (e, + uey)

= = _ 2
(Ty)l cyh h(Ey/(l u ))(8y + ue) (3.18)
(Txy)l = Txyh = hGYXy

where E, G and u are the material properties of the concrete.

For the same strains in the rib, the stress resul-

tants per unit length, are:

- *

(Tx)2 = ExexAX

(ry)2 = EyeyA; (3.19)
= 0

(TXY)2

where A; and A; are the cross-sectional areas per unit
length of the ribs in the x and y directions, respectively.

The total stress resultants per unit length of an element

are:
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T, E, l/(l-u2)+A;/h HEX{(l_UZ) 0 €y
Ty (T h iig/(l_UZ) Ey l/(l—u2)+A;/h 0 ey
TXY 0 0 G Yxy
E. E; 0 €,
= h E, E§ 0 €y (3.20)
0 0 G Ty
where,

=
i

*
E (1/(1=u2) + A /h)

=
ll

1 HEX/(l-Uz)

3]
il

' -y2 A*/h)
Ey Ey(l/(l n2) + y/

Based on the directions of the axes, x and y, as shown in

Figure 3.2,

*
Al (b ) (d - h)/Sx

*
= - S
Ay (by) (d h) / y

solving equations 3.20 to find the strains in both direc-

tions yields,

m
il

((t/ME, = (1,/R)E,)/(E;ES = E)E)
(3.21)

™
il

((t,/R)E} = (v, /h)E )/ (E}E) - EE,)
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in which € o and ey are the strains in the x and y direc-
tions due to the in-plane prestressing.

It should be noted that the deflection due to in-
plane stresses is very small and can be neglected. There-
fore the total deflection in the slab can be considered to
be due to the lateral loads and the edge moments. On the
other hand, the total strain in the slab is due to the

lateral loads, in-plane forces and edge moments.

3.8 Boundary Conditions

A solution for the deflection function W( ) in
cartesian coordinates or for w(u,v) in oblique coordinates
to the plate problem must be consistent with the conditions
at the edges of the plate. The kind of support is theore-
tically defined by three "boundary conditions" along each
edge. The boundary conditions have to be re-formulated
first in terms of the deflection, if the solution is to be
based on the deflection. Thus rectangular and skew slabs
have 12 boundary conditions which are to be satisfied by
the solution of the partial differential equation governing
the problem. However, this governing equation is of the
fourth order ih the variables x and v or u and v, and its
solution involves only 8 arbitrary constants. These con-
stants can be made to fit only 8 boundary conditions, two
for each edge, so that the three conditions mentioned above

must be reduced to two conditions. The boundary conditions

for single span waffle slabs are presented below.
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3.8.1 Bridge Slabs

The simple bridge type shown in Figures 3.4, 3.5 is
simply supported along two opposite edges (v = tb) and

free or elastically supported at the remaining two edges

At the simply supported edges, there is no vertical
deflection, and the bending moments about these edge-lines
equal the edge moments due to the prestressing. These

two boundary conditions can be formulated as follows:

1. W(v=+b) =0 for -a < u < a (3.22)
2. M = M.s?2 + M c? + (M - M __)sc
n(v=tb) ¥ 4 xY yx (v=zDb)
= Mexternal(v=+b)
or
le'uv + R2W’vv = Mexternal at v=tb for -a < u < a
(3.23)
where
= 2 s 2
Rl s(ZDXs /cc + 2D2 + ny + Dyx)
2 m=l 2 - 2
R2 s (st /c?® + 2H) c DY

It should be noted that W,uu = 0 and W = W,u = 0
on the simple support
3. According to Timoshenko (31l), combining the shear
force along the edge with forces replaced by the twisting
couples and equating this to the pressure transmitted from

the plate to the supporting edge beam, lead to the following
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equation:
-(QX - MXY,y) = EI W,yyyy
il.e.,
Duflrax ¥ Py ¥ Dyy + Py Wrgey = BT Worguyy
or
RaWrguu T Ra"rpue 7 BsWrguw * RgWoguy = B Wouuw = 0
@ u = ta for -b < v < Db (3.24)
where,
Ry = D, /c’
R, = -3DXs/c3
Rg = (3DXs2/c2 + Dy + ny + Dyx)/c
R, = -s(D,s?/c? + D, + Dyy * Dyx)/c
EI = flexural rigidities of the edge beam

4. Along the elastically supported edge (u = a), equating
the external moment due to prestressing force combined with
the change in twisting moment in the edge beam to the

plate internal moment parallel to the x-axis, yield:

-M_, = -GJ (W, - M
X ( Xy,y) ext. (u=+a)
i.e.,
D W, + D,W, = -GJ (W, - M
X 'xx 1l 'yy ( xyy) eXt'(u=:a)
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or
R7W’uu + R8W’uv + R9W’Vv + GJW'uvv + RlOW’vvv = —CMext.
@ u=4=*a for =-b < v < b (3.25)

where,

R7 = DX/c

R9 = —ZDXs/c

— 2 2
R9 = (D.s* + ch ) /¢
Rlo = =g5GJ

GJ = torsional rigidity of the edge beam

The boundary conditions for the bridge slab where
the two edges are free are obtained by putting the rigi-

dities for the edge beams EI and GJ equal to zero.
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CHAPTER IV

ANALYTICAL SOLUTION

4,1 General

The mathematical solution comprises of finding a
suitable complementary function which satisfies the govern-
ing equation (Egqg. 3.5), and a particular solution which
satisfies all the given boundary conditions. Combining
the two solutions, a complete solution for the slab is

obtained as follows:

W=w, + wp (4.1)
where,
W = The total deflection at a point on the
plate
Wc = Deflection found from the complementary
solution of the homogeneous eguation (Eg. 3.5)
Wp = Deflection from the particular solution of

the non-homogenous equation.

4.2 Complementary Solution

According to Levy's solution, the deflection of
the plate surface is assumed in the form of a Fourier

series as

u *
W= El e (Pn sin an + anos an) (4.2)
where,
An, Pn and Qn are basic functions of the elastic

properties and the geometry of the plate; n equals number
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of harmonics chosen to make the series closely convergent;
and, Bn = nm/b

Solving equations 4.1 and 3.5 for gq(u,v) equals
zero, and equating the coefficients of sin 8nv and cos an,
vields two equations in Pn and Qn‘ According to Gupta

(8) the final expression for Xn is

0.5 .
An = {t[(H * /hz - DXDy)/DX] c * 1s}8n (4.3)

It can be observed, from egquation 4.3, that there are
eight possible values for An which give rise to eight
possible solutions.

For the slab model considered herein, it is assumed
that the slab is flexurally stiff and torsionally weak,
i.e., (H2<DXDY). This case includes all T-beam and open

rib deck bridges.

4.2.1 Waffle Slab Which is Flexurally Strong and

Torsionally Weak

The solution of a waffle slab can be taken as

[=]

Wcl = n=l(Clngosh k3Bnu + C2ns1nh k38nu)cos(k4u + V)B

+ (C3ncosh kBBnu + C4nsinh k38nu)sin(k4u + v)B

n
+ (CSncosh k38nu + Censinh k38nu)cos(k5u - V)Bn
+ (C7ncosh k38nu + C8nsinh kBBnu)sin(ksu - v)Bn (4.4)
in which An for this case can be written in the form
An = :(kl * is)sn or :(k2 t.is)sn (4.5)
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where,

5

xl
It

2 0.
(c(d + YH® - D,D,)/D,)

5

~
i

2 0.
(c(d - /a? - Dny)/Dx)

Cln to C8n are arbitrary constants dependent on n
and adjusted to satisfy the boundary condition. See
references (7,8) and Appendix (A) for a more general repre-

sentation of the deflection function W. Another possible

complementary solution of W can be written as;

WcZ =
ngi(cgncosh X, ka0 v o+ CiopSinh xxk3anv)cos(x2k4v + wa,
+ (cllnCOSh x2k3anv + Cl2nsinh x2k3anv)sin(x2k4v + u)cxn
+ (Cl3ncosh y2k3anv + Cl4nsinh y2k3anv)cos(y2k5v - u)an
+ (C15ncosh y2k3unv + Cl6nsinh y2k3anv)sin(y2k5v - u)an
(4.6)

where,

a = nt/a

x, = 1/(ki + s?)

X, = l/(k; + s2)

The boundary conditions used for the slab are eight
in number (two along each edge) and the deflection function
is made to satisfy these boundary conditions. Expanding
each boundary condition in a Fourier series, will yield

three equations and hence 24 equations for the eight

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



30

boundary conditions.

To use the same number of arbitrary constants in
the deflection function, the following polynomial function
is assumed and added:

= 2,2 2 2
Wc3 {Cl7 + Clsu/a + Clgv/b + Czou /ac + CZlV /b +
3 3 3 3 [ [ 4
C22u /a’ + C23v /b + C24(Tu v*')/b } (4.7)
in which,
T = (s"D_ + 2s2%c?®H + c“D _)/D
X Yy X
C17 to C24 are arbitrary constants. Thus the total

complementary solution becomes,

Wc = Wcl + Wc2 + wc3 (4.8)

4.3 Particular Solution

The particular solution has to be determined and

added to the complementary solution and must satisfy the

boundary conditions. The uniform load or concentrated
load acting on a limited area as shown in Figure 4.1 is
expanded into double Fourier series over the entire area
of the slab. Following Gupta (8) the particular solution

can be taken as:

W
P

1l

{(aoc“/4E4)(v“/24 - v2b2/4 + 5b"%/24)

sina_u)

o o]
+ lZ (TSmcosamu + T7m o

+ 57 (T  cosB Vv + T

1 n51n6nv)

8

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



31

[o¢] o]
+ . .% (K costc u cosB v + sinc u v
1 1 ( mn m 8n pmn nen COSBn
+ o i + inc i .
ancos % SlanV LmnSln " 51n8nv)} (4.9)

4.4 Symmetric and Anti-Symmetric Loading

The loading on the structure is divided into sym-
metric and anti-symmetric components. This division is
applied to the lateral load and the prestressing force

along the edges of the slab. For symmetric loading odd

terms vanish, i.e.,

I

c2n = c3n CSn C?n = ClOn = Clln = cl4n = ClSn =

Cig = Cp9 = Cop = Co3 = Qyp = Qg = Q3ppn = Qpp = 0 (4.10)

For the anti-symmetric loading, all even terms

vanish, i.e.,

Cln = C4n = C5n = C8n = C9n = C12n = Cl3n = ClGn = C17 =

Cap = Cp1 = Co4 = 235 = QUnp = %y = Qun = Upp = 0 411

By superposition, the results for any lateral load-
ing can be obtained with the added advantage that the
number of bodndary conditions is reduced to four for each

loading component.

4.5 Expansion of the In-Plane Prestressing Force In a

Fourier Series by Graphical Method

When the equation for a periodic function is not
known but a graph of the waveform is available (such as a

variable prestressihg force along the edges of a slab
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bridge), it is possible to obtain an approximate solution
for the Fourier coefficients by means of graphical tech-
niques (17,33). Actually this method represents a concept
of graphical integration. This is accomplished by dividing
one cycle into m equal divisions. The dependent-variable
value (donated by Yk's) in Figure 4.2 is obtained at the
mid-point of each of these intervals. The coefficients of

the Fourier series representing the in~plane prestressing

force can be shown to be, (See Appendix C),

= £y
a_ = (2/m) I] (-1)"¥, cos(2nm/m) (k - %) (4.12)
b= (2 £ (-1)"Y, sin(2 K
n = (2/m (I (L)77YY sin(2nn/m) (k- )
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CHAPTER V

SATISFACTION OF BOUNDARY CONDITIONS

To obtain the matrix equations, the deflection
function must satisfy the boundary conditions for the slab
subjected to any arbitrary lateral load. This is accom-
plished by dividing such a load into symmetric and anti-
symmetric loads.

5.1 Symmetric Load

1) The deflection must be zero at the edge v = tb.
Substituting equations 3.22, 4.4, 4.6, 4.7, 4.8, 4.9 and
4.10 in equation 4.1, the following equation is obtained

(8).
fo(u) + 12 (fn(u) + An cosanu + Bn smnunu)

= - ZmT coso_u - Zm(—l)nT - Zm Zm(-l)nK coso_u (5.1)
1 5m m 1 6n 1 1 mn m

in which

2 2 5y L -
£ (u) Cyq * Cop U /a? + ¢ + C24[(T ut/b") 1]

21

+ C,_sinh u,_sin u

_ ,_-\D
fn(u) = (=-1) [Clncosh u 4n an

cos u
3n

4n 4n

+ C ncosh u, COs u + Cg_sinh u, sin ug ]

5 5n 8n 3n n
An = C9nKln + ClZnKZn + C13nL1n + chnLZn
and
Bh = “Con¥an * Cian¥an *

C13nL4n - C16nL3n
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In which, u u u K to K and L to L

3n’ “4n’ “S5n’ "1n 8n 1n

defined in Appendix (A).

gn 2%e

The function fo(u) and fn(u) must be expanded in
Fourier series to satisfy the boundary condition along the
entire length of the edge, thus:

=]

fo(u) = a_ . + lE (aomcosamu + bomSLnamu)
(5.2)
(o]
£ (u) = ¢ + I (c__cosa_u + d__sinda_u)
n no 1 nm m nm m
where, aoo’ aom, bom' ho’ Snm and dnm are Fourier coeffi-

cient and defined in Appendix (B).
Substituting equation 5.2 in equation 5.1 and equat-
ing the coefficients of sinamu and cosa _u and the constant

term to zero, the following three equations are obtained:

® n
alo + lZ cno = -12 (-1) T6n
[++] [=-] n
anm + lZ cnm + Am = -T5rn - lZ (-1) Kmn (5.3)
Bm = 0 for each m.

Substituting the Fourier coefficients in equation

5.3, yields three equations:

I 4 -
Ciq * 020/3 + Cyy F C24[(T a*/5b") 1]
*® n
+ ]_z (=1) (Clnwln * C4nW2n * CSnw3n + C8nw4n)
=]
= - _1yh
= lZ (-1) T6n (5.4)
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4 4
Coolim T C4T I3y 2'/b
5o n
1L L) TGy Ay F CypByy F CupByn F CspBys T CgpByy)
ComF1m * C12mf2m T C13mPim T C16ml2m
- EC I |
=7, - 271K (5.5)
-C9nK4n + C12nK3n + Cl3nL4n B ClGnLBn =0 (5.6)

2) Boundary condition 3.23 relates the moment

normal to the support to the deflection function. Thus,
m L3
fo(u) + lZ (fn(u) + Ancosanu + Bn51nanu)

nEy CL) BT Ry F ok nZy (FLTB (RyK B R,L o )cosa u

+(l/mu)k§?u m + (2/m ) kéTu n__}‘:?_(-l)nmkcos[nﬂ(k - %)/mu]

(507)
where,
_ 2 _ 2
fo(u) = 2C21R2/b 12C24R2/b
= (=1)2g2 - : .
fn(u) = (-1) Bn{Cln(A7cosh us cos u, . RlKBSlnh u, sin u4n)

+C4 (R,K.,cosh u
n

1K 3 cos u + A_sinh u._sin u4 )

3n 4n 7 3n n

+ R,K_.sinh u

+C n(B7cosh u 5n 1K 3pSin uSn)

cos u
5 n

3

+C8n(—RlK3cosh u3ncos Ugp, + B.,sinh u3nsin uSn)}

7
- N2 -
A an{CQn(ABKln * AgRop) F Cpop (FRgK ) AgKy )
tC13n (Bglyin * Bolan) *+ Cgn ("Bolyy * BSL2n)}.
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(A K + A_X_ )

B, = ¢ {C9n("A8K4n tAgKy) + C o¥an 8%3n

12n

*C13nBglyn = Bolzn) * Cign(~Boly, - BaLan)}
the wvalues of A7, A8' ...B9 are defined in Appendix (A)
m, = total number of concentrated edge moments (for
-a<u<a) due to prestressing force ( m is for
-b<v<+b).
m. = an edge moment at any point along the support.

The second set of three equations due to the boundary

condition (Equation 3.23) is obtained using the same

procedure. Hence,

2 _ 2 ® .,y -
20, R,/b2 = 12C,,Ry/b? + 2T (-1)783c, (AW, - RiKW, )
+C4n(RlK3Wln + A7W2n) + CSn(B7W3n + RlK3W4n)

TCan (TR K3W3, * B7W4n)}= 27182 Ry 4 (1/my)y By iy
(5.8)

néz(-l)nsé{cln(A7Ajl T RyR3Ryp) F Cyn (RyKghyy *+ Aghy5)
+Cg (BoAyy + RyKghu,) + Coo (~RiKjA,y + B7Aj4)}
+“§{C9m(AsK1m * AgRom) * Cprop(TRAgKy i * AgKyp)

2m
*C1amBglum * Bolop) * Crgm(Bolyp * BaLzm)}

— w_ n -
=py (FL) B (RyB Ko Ryoplny) + (2/m)

kg?u(-l)nmkcos[znn(k - %)/m ] for mx1
(5.9)
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2 -—
an{c9n( AgKyn * BgKyp) + Cppp (AgRyy + AgK4))
*Cyan(Bglyn = Bglzy) *+ Crgn(-Bgoly, - BgL3n)} =0 (5.10)
for n>1

3) The third boundary condition (Egquation 3.24

for -b<v<b) yields the following three equations:

u
24C,, (R,T, + EI)/b* + 117 (-1)"a { o (AgWs  + AW )
FCron (mAgWg, + AgWe ) + Cyq (BgW, + BgWo )
- —1 l‘
#Cy o (=BgWo  + BgWg_ )} c‘a EI/4E, (5.11)

NG { om(B5hys * Bghyg) * Cion(“AghAsg *+ Aghsg)

*C13m(BsPyy + Bghyg) * Cign(-Bghyy + BgAsg)l

K +

+8 { 1n(-BIB Ko+ Aj K.+ A K )

K +

FCypn ("EIB Kgy — A 7n A4 oKgp)

11

Copn (“EIB Loy * Byglay * Byjlgy)

+C8n(—EISnL6n - B,,L

7n + BlOL8n)}

— v, 4 "
=274 l)meanEI + T B'EI , for n3l (5.12)

11

3 P m 3
24C24R615 /b® + lz (-1) o { + A

m(P12B55 13856’

*Ciom("213By5 * R1aByg) * Cp3n(BypByy + ByjByg)

+C +

16m{"B13B57 BlZBjB)}
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3 -
+Bn{cln(AllK5n AioKgn * EIB Kgp)

+Cun B1oRsy T Ay1Kgn — EIB Kg))

+C -B,.L + B

5n L

sn("B11 10lgn ~ EIBLgy)

+Con("B1olsn = Byiilgn * EIBnL7n)}

_°°_m_ 2 2
=L (-1) { Bh (R0 *+ RgBy

)Kmn 3"m

2 2
+ a (Rjal + RgB2) L }
- b - 3
RcC aobISn/4E4 T BaRe (5.13)

4) The fourth boundary condition (Equation 3.25)

for -b<v<b) gives the following equations:
2 2 2 _ 2 4
2020R7/a + 2C21R9/b + 12C24(R7Ta R9b /3)/b

(=) an{c9n(Al7W5n * RigWen) T Couon(RygWs, + Ay We)

*C13n(B17%9n T BigWgn) * Cien ("BigWon Bl7w8n)}

=-R7{lZm(-l)m(-T5ma$)} + a_c"b?Rg/12E, - ¢ (1/mv)k;Tumk
(5.14)

-12C,,RgI, /b% + lZw(—l)maé{Cgm(A17Aj5 + By ghy)

FCrom("R1gRys * ApgRye) F Cram(Bi7R57 + Brghyg)

*Ciom(™Byghyy * B17Aj8)}

t8oiC B 4Key * AysKgy * B, (FGIRgK,  + By (Ko )}

+ - - -
Cyni=BigKg, * BygKg, *+ B (A Ky = GIKKg )}

+ . -
Con{BiaLls, + Bislen + 8, (=GIK3Lg + Byglgy )i
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*CanlBislsy * Biglen * 84 (-Biglyg - GJKBLBn)%
=-c*a_b?RgI, /8E, + T, B2Rg
+lzw(—l)m{(aéR7 * BARgIKp, - LmnamBnRB}

-C

(2/m) lzmv (-1)"m,_cos 2n7 (k - %)/mv% for n>1
(5.15)

- 3 Py, 3
24C, R I /b? + 27 (1) am{Cgm(AlgBjs + ByoByg)

*Crom(™R30By5 * R19Byg) * Cy3n(BigByg * BypByg)

- 2
*Ci6m(BpoBy7 ¥ B19Bj8)}+ Bngclnisn(AlsKsn + GIK4Ke)

*A gKo = A)Kgo b+ Cyp{B, (FGIR K, + Ay Kg)

A1 4Kgn + BigKyn} + C5a {8, (-Byglg, = GIKSL

3 Gn)

"Byglg, * Byglgn} + Cgni8, (GIR3Lg, = Byglg)
— - = - [} - 3
Bi4Llon ~ Bislgnl c'a bRy I /4B, = Tg B Ryg
- 20 (-1)™82 (R, B K__ =~ GJa_L__) for n>l (5.16)
1 n'Tl0Tn mn m-mn z ‘

5.2 Anti-Symmetric Load

1) Proceeding as mentioned before for symmetric
loads, the first boundary condition (Equation 3.22) gives

the following three eqguations:

C = .
lOnK3n + clan4n + Cl4nL3n + clSnL4n 0 for n>1 (5.18)
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C ISn/a + C,,I,_/a

18 227 7n

(C C, B.,)

2mle * C3mBj2 M c6mBj3 T S j4
“Cionf2n ¥ C11nf1n * C14%2n T C1snFin

© m
=-T7n - lZ (-1) an for n>l (5.19)

2) The second boundary condition (Equation 3.23)

along the support gives the following equations:

6c23R2/b2 =0 (5.20)

2 -
an{CIOn(A8K3n T AgKyn) * Crin(FAgR3y * AgKyy)

*C1an(Bgl3n * Bolyy) * Cign(~Bolzy + B8L4n)} =0
for n>1 (5.21)
12 (-1) Bz{ Com(A7Byy = RyK3By,) + Cyp (RiKgByy + ABL)
+Cen(ByByy + RiKGBL,) + Cop (<R KBy B7Bj4)}
*o { 1on‘Pg¥in = BgKan) * Cr1n(RgKyn * AgKyy)
*Cran("Bolyn * Bgloy) + Cygn(~Bglyy - B9L2n)}
=lz‘m("']‘)msm(R Bmpnm + 0LnQnm)
+(2/m) L 27% (-1)"sin 2nm(k - ¥)/m, for n:l

(5.22)

3) The following three equations result from the

third boundary condition (Equation 3.24):
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3 3 @ _y0 3
6CypR3/a3 * 6CHaRe/b" + Iy (=1) cxn{clon(AuWSn * Ay 3Wgy)

+C ~-A. W + A, W

13%5n 12%gn) + C

+ B, W

11n’ 14n B12%7n 13%gn’

) _ ®, m
Cign(™B13Won * B12W8n)} = m21 (1) TononRs (5.23)

<0 m -
1 n{clOm(AlejS * A13Byg) T Cpiq(tRyaBRys T By aRse)

+ B, LA

*Cram (B12Py7 1384g8)

tCism("Bp3Ryy * BlejS)}

3 _ ,
+Bn{c2n(AlOK5n + AllK6n EIBnh7n)

+C -A,; 7K + A

5n K - EIB Kgp)

3n {7211 10%6n

+C + B,.L

6n B1o¥5n 11 - EIf L

6n 7n)

*Con("B11lsn * Biolgn - EIBn?Sn)}

_ 3 *® . : 2 2
_TSanRG + mél( l)n}lm(amRB + BnRS)Pmn

2 2
+8n(amR4 + BnRG)an} for n»>l (5.24)

Ly (=1) 0‘mgc"lom(p‘s]?’j5 T AgByg) * Crin(TRgBys + AgByg)

*C1am(BsByg * BgByg) * Cygn(~BgByqy + BgByg)

3 -
+Bn C2n(EI8nK6n + AllK7n AlOKBn)

+C3n(-EIBnK5n + A, K + A

10%7n 11¥gn)

L +

+C6n(-EIBnL6n - Bll 7n B10L8n)

TCon (FEIB Ly = Byglgy - B11lgn)
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—Qt ® by @
—BnTSn +‘12 EIBn( 1)'Q for n2l (5.25)

mn

4) Finally, the following three equations are

obtained from the fourth boundary condition (Equation 3.25):

/b3 + _57(~-1)"

6R.C../a%? + 6R 1

3
7C22 1023 n C10n®19%sn T AooWen)

+C (=AW + A

20%sn 19%gn) T C

+ B, W

11ln 14n(B1oW7n 20Ygn’

+C15n(—B20W7n + Bl9w8n) =0 (5.25)

+ AL AL

11m("B20Rys 19256

w, ~vm 3
m&y (-1 O‘m%"lolm“*19‘1“3‘5 * Raohye! T C

*Cram(B1gRy7 * Bophyg) + Cygn(-Byphyy + Byghyg)

+B;zc2n Bp(-GIKgRg, + Ay gRgn) + AygKon + Ays¥gy
TC3pn Bn(~BygRgy = GIRKg ) = AjgRg, + Ay yKgy
TCon Bn(=CGIR3Lg, + Byglgy) + Byglgy + Byglgy
*Con Bn(~Byglsy = GIK3Lg,) = Byglgy + Byglgy
=TBnB;RlO * 12m(-l)mB;(GJaumn + RlOBann)'
nz1 (5.27)
6RGC,3Tg /b2 + 117 (-1) 702 CromP17B55 + B1gB46)
*Crim(~R1gBys * B19Bjg) * Cryn(BysByg * BrgByg)
*Ciom(~BygByy ¥ Bl7Bj84
t8n1{Can 21sKsn = ApgXen T B (RA1eKg, T GIK3Kg))
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+C K + A, K, )

* Bn(—GJKB 7n 167°8n

3n 214¥5n 7 B15Kgn

+C + B, ,L + 8 _(-B, .L - GJK,K

6n “B1slsn 14%6n n{Bigl7n 3Kgp!

*Con "Bislsn ~ Biglen * BL(GIK3L,, = Byglgy)

a2 ®, 1y 2 2

-BnTBnR9 * lZ (-1) R8°°mBann + (R7am + R9Bn)an§

- clz/my 2oV (-1)® sin[2nm(k - %)/ >1 (5.28)
c mv kZ1 sin|2n 5 va n2 .

It should be noted that for one boundary condition,
(2n+l) equations are obtained. For the slab bridge with
four boundary conditions, (8n+4) equations are obtained,
so that for each case of loading (symmetric or anti-
symmetric) the size of the matrix will be (8n+4).

Once the matrix equation is formulated and solved
for the unknown constants, the deflection function is known
over the entire area of the slab. The moments and strains

can be computed readily as follows:

- (e 2 2 _ 2 .2
MX = Dx/c )W,uu + (2st/c )W,uv (st /cc + Dl)W,Vv
(5.29)
- (- 2y 2 - 2 s 2
My ( D2/c )W,uu + (2Dzs/c )W,uv (Dzs /cc + Dy)W,Vv
(5.30)
MXy = (O)W,uu + (ny/c)W,uV - (nys/c)w,vv (5.31)

The strain can be obtained from Equation 3.7 by substituting

for MX and My‘
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CHAPTER VI

EXPERIMENTAL PROGRAM

6.1 Scope of the Experimental Program

To verify the analytical approach proposed in
Chapters III, IV and V, tests were carried out on two
groups of concrete waffle-type slabs: reinforced and
prestressed. The waffle slabs tested were one-to-eight
scale models of concrete bridge decks. The tests were
aimed at obtaining the deflections, stresses and bending
moments at various points and determining the cracking
and ultimate loads.

The first group consisted of three reinforced con-
crete waffle slabs, two were rectangular and the third
had a 45° skew. One rectangular slab was tested for a
uniformly distributed load by means of air pressure and a
rubber membrane while the other two slabs were under con-
centrated loads only. The second group consisted of two
post-tensioned rectangular and 45°%-skew prestressed con-
crete waffle slabs, each subjected to edge prestressing
forces and external concentrated loads applied transversely

at various points.

6.2 Materials

6.2.1 Concrete
High Early Strength Portland Cement (CSA) manufac-
tured by Canada Cement Company was used in all slab models.

This type of cement'provides high strength within a week.
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A clean sand free of impurities was used. The maximum

size of aggregate was restricted to 0.25 inch (6 mm) since
the narrowest dimension between the sides of the formwork
was equal to 1.25 inch (32 mm) and the concrete cover to
the reinforcing wires was 0.375 inch (10 mm). The combined
aggregate was prepared according to the ACI code (1) by
mixing 40 to 60% fine aggregates of the total aggregates.
This combination gave a well-graded aggregate mix with a
fineness modulus equal to 2.50. The coarse aggregates used
were crushed stones with hard, clean and durable properties.
Natural water having no impurities was used to obtain
different concrete pastes and varying maximum strength for
the concrete specimens.

Five trial mixes of air-entrained concrete of medium
consistency and different water cement ratio varying between
40% to 70% were examined. Mixing was done in an Eerich
Counter Current Mixer, Model EA2(2W) with five cu. ft.
charging capacity and manually operated. Two batches of
concrete mix were required for each slab model, each weigh-
ing 700 lbs. The compressive strength of all specimens
were measured after seven, fourteen and twenty-eight days

as shown in Appendix (D).

6.3 Steel

6.3.1 Mild Steel For Reinforced Concrete Slabs

To fulfill the code requirements (1 ), and using

the minimum area of steel, three one-eighth inch (3.2 mm)
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in diameter mild steel wires were used. The wires were
straightened and twisted in the laboratory, keeping the
cross-sectional area the same along the whole length by
providing the wires with cénstant number of pitches per
unit length. The wires were cut into different lengths,
hooked at both ends and cleaned from rust. The stress-
strain relationship for the reinforcing wire is shown

in Appendix (E); the yield strength was found to be
33,000 psi (227.7 MN/m?). The modulus of elasticity was
determined from the calibration test using strain gauges
mounted on the wire and was found to be 30,000 ksi (207

GN/mz).

6.3.2 High Tensile Steel for the Prestressed

Concrete Slabs

High tensile steel wire of 0.196 inch (5 mm) in
diameter were used for the prestressed concrete waffle
slabs. Tensile tests on the wire indicated an ultimate
strength of 225,000 psi (1.553 GN/m2), and a yield stress
of 29,700 psi (204.9 MN/mZ); see Appendix (E). This
wire gave good resistance against slippage from the grips.
Figure 6.1 shows the twisted reinforced steel wire and

the high tensile steel wire used in the slab models.

6.4 Formwork

Two forms were made from plywood, 3/4 inch (19 mm)
thick, and wood joists, 2 x 4 inches (51 x 102 mm) cross-
sectional dimension, were used as stiffeners. The first

form was rectangular in shape and used for casting three
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slabs, two reinforced concrete and the third being the
prestressed concrete slab. The second form was used for
casting the reinforced and prestressed concrete slabs of
45° skew as shown in Figure 6.2. Styrafoam cubes were

used for producing the waffle shape; styrafoam plates of

3 inch (76 mm) thickness were cut into cubes of 3 x 4 x 4
inches (76 x 102 x 102 mm) dimensions, to fit the clearance

between the ribs.

6.5 Experimental Equipment

6.5.1 Prestressing Equipment

The prestressing equipment used in prestressing the
wires, were manufactured by Cable Covers Ltd., England. A
hydraulic jack of twenty kips (89 KN) capacity was used for
post-tensioning as shown in Figure 6.3. The mechanical
gfipping devices of the open grip type and washers shown in
Figure 6.1, were very simple and quick to use. Black wax
lubricant was applied to the wedges to make it easier to
release the grips after completing the prestressing opera-

tion.

6.5.2 ° End Bearing Plate

Fifty~eight end bearing plates, 0.25 inch (6.4 mm)
thick, with holes of 0.25 inch (6.4 mm) diameter and of
1.5 x 3.0 inches (38 x 76 mm) dimensions, were used to
distribute the prestressing force at each end of the rib.
Twenty-six steel blocks of 1.5 x 1.5 x 3.0 inches (38 x

38 x 19 mm) were used for the prestressed skew slab.
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Each steel block was provided with two perpendicular
eccentric holes to fit the wires in two directions.
Figures 6.1 and 6.4 show the end bearing plates and the
grooves in the concrete skew slab to accommodate the steel

blocks.

6.5.3 The Steel Frame For Producing Uniformly

Distributed Load

The purpose of the steel loading frame, Figures 6.5
and 6.7, was to apply a uniformly distributed load by means
of an air chamber and a rubber membrane. The top of the
air chamber was made of a stiffened steel plate, 0.25 inch
(6.4 mm) thick and, 104.25 x 87.50 inches (2.65 x 2.22 mm)
in plan. The bottom of the air chamber was a rubber mem-
brane, 0.09 inch (2.4 mm) thick and 134.25 x 117.5 inches
(3.41 x 2.98 m) in plan. The steel cover plate was placed
on the top of the rectangular steel frame made of two steel
channels as shown in Figures 6.5 and 6.6. Figures 6.7 and
6.8 show the longitudinal and transverse sections in the
steel loading frame. Two steel rods of 1.25 inch (31.8 mm)
diameter, were placed on the top flange of the beams to
be used as simple supports for the slab. Styrafoam strips
were placed inside the channel of the air chamber to avoid
any damage to the rubber membrane from the sharp corners
of the steel frame.

All supporting beams were tack-welded onto the floor
to avoid any sliding or uplift during the experiment. Two

steel rods, 0.25 inch (6.4 mm) in diameter were tack-welded
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onto the flange plate around the supporting steel rods

to prevent sliding and to allow rotation. Three pressure
gauges, two valves and a regulator were fixed on the steel
plate to measure and control the air pressure as shown in
Figure 6.6. Heavy steel clamps were used to clamp the
steel plate and the rubber membrane with the steel frame

as shown in Figure 6.5.

6.6 The Construction of the Slab Models

Figures 3.2 and 3.3 show the dimension of the cross-
sections of the five one-eighth scale model slabs. Figures
6.9 to 6.13 show the layout of the five slabs. The rein-~
forced concrete slabs (Group A) are denoted by A.l, A.2
and A.3, while the prestressed concrete slabs (Group B) are
referred to as B.l and B.2. The required form was prepared
as shown in Figure 6.2 and then painted with grease mater-
ial, Vitrea 0Oil 150, for easy form release after the con-
crete has set. The twisted steel wires for group A were
placed in the form; they were instrumented with electric
strain gauges. The bottom steel layer was supported on
steel wire chairs which provided a clear cover of 0.5
inch (12.7 mm) from the bottom. The second steel layer
was supported directly over the first layer and fixed with
thin wires. All reinforcing wires were hooked at both
ends.

For the group B slabs, rubber hoses having an inner

diameter of 0.25 inch (6.4 mm) and 0.062 inch (1.6 mm)
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thick were used to cover the steel wires during casting
of the concrete. The first layer of the steel wires was
placed at a distance of one inch from the bottom, and
supported on thin steel wires fixed between the styrafoam
cubes. The second layer was placed directly over the
first layer.

To determine the compressive strength of the con-
crete, six 3 x 6 inches (76 x 152 mm) cylinders were cast
with each model.

All concrete in the slab models was vibrated with
a high frequency vibrator. Care was taken during casting
and vibrating to ensure that no segregation occurred. The
top surface of the slab models was troweled smooth after
casting. The slab models and the cylinder specimens were
cured in water for 14 and 28 days and then were allowed to

dry at least four days before mounting the strain gauges.

6.7 Instrumentation

6.7.1 Strain Gauges on the Reinforcement

The longitudinal and transverse wires were instru-
mented with electric strain gauges as shown in Figures
6.10 and 6.11. The gauges used were metal gauges of type
EA-06-062AP-120. The surface of the reinforcing wire was
prepared by cleaning it using fine silicon carbide paper
and acetone. The gauge was mounted using Eastman M-Bond

200 adhesive with 200 catalyst as bonding agent according
to the manufacturer's recommendations. The lead wires

were then soldered to the gauges and water-proofed with a

i
H
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plasticised epoxy resin system, Bean Gagekote #3. After
curing for 24 hours at room temperature a layer of wax
was applied on the gauge and plastic tape for further

protection from the wet concrete.

6.7.2 Strain Gauges On The Concrete

To measure the strain on the top and the bottom
surfaces of the slab models, electric strain gauges of
type EA-06-500 BH-120 were used. Three-legged rosette
gauges were used also on the deck surface of the skew
model at the obtuse corner. All gauges had a nominal
gauge length of 0.50 inch (12.7 mm). The locations of
the strain gauges are shown in Figures 6.9 to 6.13.

The concrete surfaces at the locations of the
gauges were smoothed using sandpaper, all dust was re-
moved and then the surfaces were cleaned with acetone.
Surface cavities were then filled by applying an epoxy
of high strength (RTC). This epoxy was mixed by one
volume activator B, and the same volume of resin A.
After the surface was dry, it was again smoothed and the
gauge was mounted, soldered with lead wires and covered
by coating epoxy Bean Gagekote #3. The gauges were then

connected to a strain indicator, Strainsert model TN 20C.

6.7.3 Mechanical Dial Gauges

The deflections were measured using mechanical
dial gauges having 0.001 inch (.025 mm) travel sensiti-

vity. The locations of the dial gauges are shown in
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Figures 6.9 to 6.13, and are seen in position in Figure
6.14. In group A slabs, the dial gauges were placed at
the bottom surface of the slab. In group B slabs, the
dial gauges were placed at the top surface of the slab

and supported by a light steel frame.

6.7.4 Load Cells

a) Universal Flat Load Cell

Two universal flat load cells, having capacities
cf 5 kips (22.25 KN), and 25 kips (1l11.3 KN), were used
in réinforced and prestressed concrete slabs respectively
to determine the value of the applied concentrated load
through the hydraulic jack as shown in Figure 6.15. The
calibrations of these load cells are given in Appendix (E)

b) Cylindrical Load Cell

Thirty-eight cylindrical load cells were used to
measure the prestressing force in the wires. The cali-
bration of these load cells is given also in Appendix (E).

Figure 6.4 shows the cylindrical load cells in position.

6.8 Experimental Setup and Test Procedure

Due to the heavy weight of each slab model and the
difficulty in handling, it was decided to cast the slabs
near the portal loading frame and in the vicinity of a

crane.

6.8.1 Reinforced Concrete Waffle Slabs, Group A

a) Slab A.l
Reinforced concrete slab A.l was subjected to a

uniform load, applied by pumping compressed air into a
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chamber formed by a rubber membrane and a steel frame as
shown in Figures 6.7 and 6.8. The setup was désigned and
fabricated. Care was taken to insure that the rubber mem-
brane was in contact with the slab's surface, without
allowing any tension in the membrane, which might affect
the results. Shims were provided along the support rods
so that uniform contact was maintained between the supports
and the slabs. Clearance of 0.125 inch (3.15 mm) was
allowed between the edges of the slab and the edge of the
steel frame to allow rotation of the slab during the test.
To ensure that the air chamber is totally air tight, heavy
steel clamps were used every ten inches along the steel
plate.

To measure the air pressure inside the air chamber

2 (107 KN/mz) accuracy

three pressure gauges of 0.15 1lb/in
were used at various points as shown in Figure 6.6. A
regulator valve was used to control the air pressure and
for loading and unloading as shown in Figure 6.6. Forty-
two strain gauges were mounted on the concrete, at top of
the deck and bottom surface of the longitudinal and trans-
verse ribs and at mid-depth of the rib to observe the
strain gradient through the depth of the rib. Nine dial
gauges were used to measure the deflections as shown in
Figure 6.9.

b) Slab A.2

Slab A.2 was identical in geometric shape and amount

of steel to slab A.l, but was tested under transverse
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concentrated loads, applied through a rigid portal frame
supporting a cross I beam and a hydraulic jack of 20,000
lbs. (89 KN) capacity. The arrangement was such that the
concentrated load could be applied anywhere without moving
the slab; see Figure 6.16. The transfer of the load from
the hydraulic jack to the slab was made through a small
rectangular steel plate, 1 inch (25.4 mm) thick and 5 x 6
inches (127 x 152 mm) in plan. Grooves of 0.187 inch

(4.8 mm) thickness and 0.75 inch (19 mm) width were made
on the bottom of the steel loading plate to avoid contact
with the strain gauge located at loading positions. Load-
ing and unloading were applied three times before starting
the test, to minimize the residual strains and for proper
seating of the slab on the supports. Figure 3.4 shows the
loading points: points 1 to 6 for the working load stage,
and point 7 up to failure of the model.

The strains were measured by thirty-five electric
strain gauges mounted on the concrete and steel. Deflec-
tions were measured by sixteen mechanical dial gauges as
shown in Figure 6.10. The readings from loading and
unloading were recorded and averaged.

c) Slab A.3

The dimensions of this slab are shown in Figure
6.1l1 and its loading system is shown in Figure 6.17. The
lcading plate was one inch (25.4 mm) thick and 6X7 inches
(152 x 179 mm) in plan as shown in Figures 4.1 and 6.15.

The slab was tested under concentrated load at eight
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locations, Figure 3.4. Twenty-three electric strain
gauges were used to measure the strains in the concrete.
and steel. Ten mechanical dial gauges were used to

measure the deflections; see Figure 6.11l.

6.8.2 Prestressed Concrete Waffle Slabs, Group B

This group consisted of two post-tensioned waffle
slabs, a rectangular slab B.l and a 45° skew B.2.

a) Slab B.1l

Forty-five strain gauges were used to measure the
strain on the concrete surfaces and eleven mechanical dial
gauges were used to measure the deflections as shown in
Figure 6.12. The slab was prestressed by twenty-nine high
tensile steel wires, each one connected to a cylindrical
load cell to measure the prestressing force.

All care and adequate precautions were taken during
the prestressing process. To avoid any distortion in the
edge beam and/or local failure, the wires were tensioned
in a sequence starting with the odd-numbered wires and
followed by tensioning the even-numbered wires. Figures
6.18 and 6.20 show the loading system and the final amount
of prestressing force.

The slab was tested under concentrated load through
a universal load cell of twenty-~five kips capacity. Fig-
ure 3.5 shows the loading points: points 1 and 2 for the
working load stage, and point 3 up to failure of the model.

b) Slab B.2

The slab was mounted with twenty-five strain gauges
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to measure the strain on the concrete surfaces and eleven
dial gauges to measure the deflections as shown in Figure
6.13. The slab was prestressed by thirty-eight high
tensile steel wires in both directions, thirteen wires in
the longitudinal direction (parallel to the traffic) and
twenty-five wires were perpendicular to the edge beams.
To prestress the wires along the skew supports, steel end
blocks were placed in ninety degree grooves formed before
casting the concrete; see Figure 6.4. The wires were
tensioned in the sequence mentioned earlier for slab B.l.
The loading system used is shown in Figure 6.19.
The slab was tested at four points; Figure 3.5 shows the
loading points: points 1,2,3 and 4 for the working load

stage, and again at point 1 up to the failure of the model.
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CHAPTER VII

DISCUSSION OF RESULTS

7.1 General

The theoretical and experimental results for
deflections and strains of reinforced concrete waffle
slabs are compared in Figures 7.3 to 7.8, Figures 7.1l to
7.17 and Figures 7.20 to 7.25. The upward deflections
(camber) and strains of group B slabs due to prestressing
force are presented in Figures 7.28, 7.29, 7.30, 7.39,
7.40 and 7.41.

The comparisons between experimental and
theoretical results for stresses and deflections for group
B slabs, are given in Figures 7.31 to 7.34 and Figures 7.42
to 7.46.

Finally, comparisons between the results for the
waffle slab type and those for the slab type with uniform
thickness and having the same volume of concrete and amount

of steel, are given in Figures 7.47 to 7.56.

7.2 Reinforced Concrete Waffle Slabs (Group 3)

7.2.1 Rectangular Slab Under Uniform Load (Slab A.l)

Figures 7.3 and 7.4 show the comparison between the
theoretical and experimental results for the load-deflection
relationships at various points on the centre line and on
the free edge of the slab. Figures 7.5 and 7.6 show the
comparison between the theoretical and experimental deflec-

2

tions for a uniform load of 0.3 lb/in”® (2 KN/mz) before
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cracking. Close agreement is observed in the results
before reaching the cracking load, with a maximum differ-
ence between the theoretical and experimental results of
varying from 5 to 7%.

Load-strain relationships for points at the centre
and at the free edge are plotted in Figures 7.7 and 7.8,
showing the strains at the top and bottom fibres in the x
and y directions. Close agreement between the theoretical
and experimental results is observed before cracking of
the concrete. Considering the maximum moments due to self-
weight of the slab, the microcracking occurs at a strain of
approximately 100 x 10—6 in/in, which agrees with the results
formed by Evans (6).

Figure 7.2 shows the crack progression during load-
ing of slab A.l, and finally the failure of the slab as
shown in Figure 7.1. It can be observed that the cracks
appear in the longitudinal ribs between the supports with
no cracks in the transverse ribs. Figure 7.8 shows that
the maximum strain occurs in the longitudinal ribs, while
the strain in the transverse ribs is very small. The
final failufe of the slab occurs when the maximum tensile
stress due to bending is reached at the centre of the slab.
The microcracking loads starts at a load equal to one-third
the ultimate load.

7.2.2 Rectangular Slab Under Concentrated Load

(8lab A.2)

Figure 7.11 shows the load-deflection curves up to
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the ultimate load due to a concentrated load at the centre

of the slab. A very good agreement is observed between the
theoretical and experimental results before microcracking.

The microcracking occurs at 0.70 of the experimental crack-
ing lcad and 0.50 of the ultimate load.

Since the slab was tested first up to 0.60 of the
yield stress of the steel for various locations, local
cracks occurred near the loading point. It is found that
these local cracks redﬁce the rigidities of the slab by a
ratio of 65 to 75%. Figure 7.12 shows the load-deflection
curves up to 0.60 yield stress in the steel due to a con-
centrated load at the central point on the free edge. For
this loading case if one accounts for the presence of local
cracks by multiplying the experimental deflections by 0.70
(due to reduced rigidity of the slab) the adjusted experi-
mental results become much closer to the theoretical ones.

Figures 7.13 and 7.14 show the theoretical and
experimental deflection patterns for a one-kip (4.45 KN)
concentrated load at various positions. Curve #l1 repre-
sents the deflection due to a concentrated load at the
centre of the slab and shows good agreement with the
theoretical results. Curves #2 and #3 show the theoreti-
cal and experimental deflections due to a one-kip load at
points 2 and 3; it is observed that 70% of the experimental
deflections, gives good agreement with the theoretical

deflections; as explained before, this percentage reduction
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is applied because of the reduced rigidities at points
1l and 2 due to local cracking resulting from prior
loading of the slab at these points.

Figures 7.15 and 7.16 show the load-strain
relationships for concentrated loading at the centre and
at the free edge. There is better agreement between the
theoretical and experimental results for a concentrated
load at the centre; comparing the results in Figure 7.15
with the results for uniform loading, Figure 7.7, the
orthotropic slab subjected to a concentrated load is more
efficient than one loaded by a uniform load. In the case
of concentrated load, the transverse ribs are working
effectively together with the longitudinal ribs to trans-
mit the load to the supports; which in the case of uniform
load the slab acts as a wide beam. The differences in the
strains in the transverse ribs for both slabs can also be
noted. Figure 7.10 shows the cracks in the bottom fibres
of the slab A.2, before failure. It is observed that the
majority of the cracks occur in the longitudinal ribs,
while only haircracks appear in the transverse ribs.

The strain patterns at the bottom fibre due to a one-
kip load at the centre of the slab are shown in Figure
7.17. It can be observed that the strains in the trans-
verse ribs at the loading point equal about 50% of the
strains in the longitudinal ribs at the same point. The
recorded ultimate load for this slab was 2.25 kips (10 KN)

with the corresponding deflection of 2.50 inches (64 mm),
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Figure 7.9.

O

7.2.3 457 Skew Slab Under Concentrated Load

(Slab a. 3)

Figures 7.20, 7.21 and 7.22 show the load-
deflection results before and after cracking and the
deflection pattern along the transverse direction. A
very good agreement between the theoretical and experi-
mental results is obtained before cracking as shown in
Figure 7.20. It is observed that the experimental
results in Figures 7.21 and 7.22 when scaled down by
70% (due to the reduced rigidities) are in close agree-
ment with the theoretical ones.

Figures 7.23, 7.24 and 7.25 show the load-strain
relationships and the strain pattern in both directions
and in the top and bottom fibres. A study of Figure 7.23
reveals good correspondence between the theoretical and
experimental results and demonstrates that in skew slabs,
the transverse ribs work effectively together with the
longitudinal ribs to transmit the load to the supports.

Figures 7.18 and 7.19 show the diagonal cracks in
the bottom‘fibre at the free edge. Referring to Figures
7.10 and 7.19 and comparing the two patterns of cracks,
it is observed that the cracks in the rectangular slab
is due to flexure while the cracks in the skew slab is due

predominantly to twisting.

7.3 Prestressed Concrete Waffle Slabs (Group B)

7.3.1 Rectangular Slab Under Concentrated Load

(Slab B.1l)
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Figure 7.28 shows the upward deflection due to
prestressing force and edge moment, while Figures 7.29
and 7.30 show the strain pattern in the top and bottom
fibres of the slab due to prestressing force in both
directions. The variation in the strain along the edge
beam is due to the variation in the prestressing force.

Figures 7.31 and 7.32 show the load-deflection
relationship for a concentrated load at the centre and
on the edge beam respectively. It can be observed that
there is very good agreement between the theoretical and
experimental results before reaching the cracking load
with a percentage difference of about 1%.

Load-strain relationships are shown in Figures
7.33 and 7.34 for concentrated loading at the centre of
the slab and at the centre of the edge beam. It can be
observed that there is close agreement between the theore-
tical and experimental results. From Figure 7.34 it can
be noted that the cracks start due to flexure under the
concentrated load, folloWed by another crack developing
in the top fibre leading to the formation of a yield line
as shown in‘Figure 7.26. Figure 7.27 shows the final

collapse due to punching shear around the loading plate.

7.3.2 45o Skew Slab Under Concentrated Load

(Slab B.2)

Figures 7.39, 7.40 and 7.41 show the deflection
pattern and strain distribution in the top and bottom

fibres over the entire area of the slab. The differences
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between the theoretical and experimental deflections
(camber) and strains vary between 4 to 6%.

Figures 7.42, 7.43 and 7.44 show the load deflec-
tion curves for the theoretical and experimental results;
very good agreement is obtained before reaching the crack-
ing load, the difference between the results being less
than 2%. Figures 7.45 and 7.46 show the load-strain
relationships for concentrated loading at the centre and
at the free edge. Point 3 located near the obtuse corner,
Figure 7.46, appears to be the critical point on the slab
as indicated by the magnitude of strains in the bottom
and top fibres. For concentrated loading at the centre of
the slab, the cracks start first at the bottom fibre under
the load, followed by cracks appearing close to the obtuse
corner as shown in Figure 6.4. Figures 7.35 and 7.36 show
the development of these cracks. The cracking load for the
concentrated load at the centre is 6 kips (26.7 KN) and the
slab continues to carry load up to 11 kips (49 KN) and
finally fails in punching shear as shown in Figure 7.37.
Figure 7.38 shows the number and direction of cracks in

the bottom fibre for the same slab under load.

7.4 Comparison Between the Behaviours of a Waffle Slab

and a Uniform Thickness Slab Having the Same Volume

of Concrete and Reinforcement

An analytical study, using the computer program
and the proposed formulae to estimate the rigidities (13)
is made on two types of orthotropic slabs. The first

type is a waffle slab structure and the second is a slab
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structure with uniform thickness, both structures having
the same volume of concrete and reinforcing steel. The
study includes prestressed concrete waffle slabs as well
as reinforced concrete waffle slabs before cracking.

According to the proposed formulae for flexural
and torsional rigidities, the wvalues of the flexural
rigidities of the orthotropic slab of uniform thickness
are approximately one-half of the investigated waffle slabs
in both directions; however, the torsional rigidity of the
former is four times that of the latter. Figures 7.47 to
7.56 show the results for deflection and strain patterns
over the entire area of the slab due to uniform load as
well as concentrated load.

Rectangular and skew slabs are considered in this
study. The figures show the comparison for deflections
and strain between the waffle slab and the slab with uni-
form thickness. It can be observed from these figures
that the waffle slab exhibits much lower stress. For
example, the reinforced concrete waffle slabs of rectan-
gular shape and subjected to uniform load have deflections
at the centfe and centre of the free edge of 43% and 51%,
respectively, of those obtained in a slab of uniform thick-
ness. These ratios increase for the skew type to 88% and
94%. The higher flexural rigidities of the waffle slabs
produce much smaller deflections and lower stresses,
particularly for the rectangular slab. It should also be

mentioned that increase in skew leads to a decrease in the
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advantages cited above as well as when the concentrated
load moves away from the centre of the slab.

One advantage of waffle slabs over slabs of uniform
thickness is in prestressed construction. The efficiency
of the prestressed waffle slabs in carrying load is much
higher than that of slabs of uniform thickness of the same
volume of concrete and amount of steel. This is due to
the presence of the ribs which contribute to increased
eccentricities in waffle slabs for prestressing. Figure
7.56 shows a comparison for the deflection pattern between

the two types.

7.5 Sources of Error

The discrepancies between the experimental and
theoretical results can be attributed to several sources of
error such as:

1. The assumptions made in the theory.

2. Estimates of Poisson's ratio and the modulus

of elasticity of concrete by means of empirical
formulas.

3. Approximation of the plane stress problem

encountered in the prestressed waffle slab.

4, Estimating the strength of the concrete from

tests on 3 x 6 inches cylinder.

5. Distortion in the formwork due to effect of

water, and lack of complete contact between
the support and the test model.

6. Positioning of reinforced and prestress wires.
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7. The calibration of load cell, sensitivity and
drag in mechanical dial gauges, the stability.
of strain gauges and the strain gauge measuring

device.
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CHAPTER VIII

CONCLUSIONS AND RECOMMENDATIONS

8.1 Conclusions

The overall objective of this study was to obtain
a better understanding of the behaviour of reinforced and
prestressed concrete waffle slabs, before and after crack-
ing of the concrete. A Fourier series method of analysing
single span rectangular and skew waffle slabs by ortho-
tropic plate theory was presented; uniform load as well as
concentrated loads were considered. Proposed theoretical
formulae for calculation of the various orthotropic rigi-
dities were used. The theoretical solutions were supported
by the experimental results obtained from tests on pre-
stressed and reinforced concrete models. An analytical
study and comparison between the behaviour of a waffle slab
and a uniform thickness slab having the same volume of
concrete and reinforcement were made.

Based on the results obtained from the theoretical
and experimental studies the following conclusions are
drawn:

1. The good agreement between the experimental

and theoretical results supports the relia-
bility of the proposed formulae for estimating
the orthotropic rigidities.

2. The theoretical solution gives good conver-

gence in the results for uniform and concen-

trated loads at the centre of rectangular
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slabs. Such degree of convergency decreases
as the concentrated load moves away from the
centre of the slab or when the skew angle
increases.

3. The discrepancies between the theoretical
and the experimental results for reinforced
concrete slabs are due to microcracking.

4. Local cracks produced near the concentrated
load in reinforced concrete slabs can reduce
the stiffness of the slab by as much as 30%.

5. The torsional rigidity of the slab plays an
important part on the behaviour of a skew
slab as well as when a concentrated load is
close to the unsupported edges.

6. The behaviour of prestressed waffle slabs
can be much better predicted than that for
reinforced concrete waffle slabs; this is
due to absence of local cracking and micro-
cracking.

7. The presence of the ribs in waffle slab con-
étruction makes it possible to accommodate
the prestressing steel more readily and at
varying levels of eccentricity, and therefore
the realization of its use for longer span,
resulting in substantial economy.

8. In general reinforced and prestressed waffle

slabs are structurally more efficient than
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slabs with uniform thickness.

8.2 8Suggestions For Future Research

The following suggestions are recommended for

future research:

1. An exact solution for the plane stress
problem for rectangular and skew prestrassed
concrete waffle slabs is required for better
predictions.

2. The after cracking behaviour of reinforced
and prestressed concrete waffle slabs up to
failure of the slab should be investigated.

3. The effect of edge beam with different cross
sections is of practical interest.

4. An analysis based on a finite element method
or finite difference technique should be
established to deal with the problem of
varying rigidities of the slab due to crack-

ing of the concrete at various locations.
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FIGURE 7.19 BOTTOM CRACKS FOR SLAB A.3.
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FIGURE 7.26 CRACKS DEVELOPMENT FOR SLAB B.l.

FIGURE 7.27 CRACKS FAILURE FOR SLAB B.l.
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FIGURE 7.35 CRACKS FAILURE FOR SLAB B.2.

FIGURE 7.36 CRACKS DEVELOPMENT FOR SLAB B.2.
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FIGURE 7.37 PUNCHING FAILURE OF SLAB B.2.

FIGURE 7.38 CRACKS FAILURE FOR SLAB B.2.
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APPENDIX (A)

Expressions For Matrix Elements

A, = 2k k,
A, = k3 - kg

Ay = k3(k§ - 3k})

A, = k,(3k3] - k})

A, = -EI(AS - Ai)x;

A, = 2EIx;AlA2

By = —“Riky = Ry

Ag = =x,(Rik, = Ry%,A,)

A9 = -xz(le3 + R2X2Al)

Bio T R3P3 = RyB; = Rgkg

Ay = -RjA, - RA, + Rk, + R

Byy = "%y (Rykg + Rgx Ay = ReX3Aq)
Ay3 = Ry + Ryxyky = Rgx3A, = RexJA,)
Big = RgBy = Rgky = Ry

Bis = “RgA; - Rgky

A16 = GJk4 + RlO

Bi7 = “Ry = RgXyk, + Rgx3A,))

Big = "% (Rgky + RgXyAq)

Aig = —x%(GJAl = Rypx,A,)
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By = x5 (GJA, + Ry X,A,)
AZl = _Tnk3

A22 = Tnk4 - 1/c
A23 = x2k3/c

A24 = Tn - x2k4/c
A25 = k3/c

A26 = 'I'n - k4/c

By7 = ~TpkaX;

A28 = -1/c + Tnk4x2
B, = 2kjkg

B, = kj - k;

By = ky(ki - 3ki)
B, = k5(3k§ - k&)
Bg = -EIYE(B; - Bi)
Be = 2EIY;BIB2

B, = Rk - R,

B =

g = Yo (Rykg + Ryy,By)

Bg = ¥, (Ryky = Ry¥,B,)

Bio = RaBy * RyBy = Rgkj

Bll = -R3B4 + R4B2 + R5k5 - R6

Bip = “¥,(Rgky = Rgy,By = Rgy3By)
By = "Ry * Ry¥ kg + RgyiB, - Rey; By
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B = R7B2 + R8k - R

14 5 9
BlS = "R7Bl + R8k3
Big = GIks = Ryg
By; = =Ry + Rg¥,kg + Rgy,B,

Big = Y,(Rgky = Rgy,B,)

— 2
Big = ¥3(GJB) + Ry,y,B5)
= 2 -
Byo y5(GIB, = Ryg¥,By)
B22 = Tnk5 + 1/c

Bysy = kjy,/c

Byg = Ty ~ kgyy/c
B26 = —'I‘n - k5/c

By7 = ~Thkia¥y

B28 = 1l/c + Tnk5y2
dy; = ~Dy/c?

d,, = 2st/c2

d,5 = —(stz/c2 + D;)
dyy = ~Dy/c?

d,, = 2D25/c2

dyqy = —(Dzsz/cz + Dy)
dyy = O

d3p = Dyy/c
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d33 = -nys/c

Kln = cosh Rlncos er
Kop = sinh Rlncos er
K3n = sinh Rlncos R4
Kgn = cosh RlnSin R,
K5n = cosh R2ncos er
K6n = sinh Rznsin R,
K7n = sinh R,,c0s R,
K8n = cosh Rznsin er
Lln = cosh Slncos Ssl
L2n = sinh Slnsin Sq1
L3yp, © s;nh Slncos Ssl
Lyn = cosh Slnsin Sqq
L5n = cosh Rzncos S52
L6n = sinh Rznsin S¢o
L7n = sinh Rchos S82
L8n = cosh‘RZnsin Ssz
er = x2k4anb

R., = k4Bna

Ry, = x2k3unb

Ron = *38p2
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Saa = 2/(8;a2(83a2/x§ + 2A2m2W2) + m'T)
5., = saamn(-l)m

Saz = saaBna(-]‘)In

Sy, = 2/(B2a?(8 a%/y5 + 2B,m*m?) + m'm*)
Spp = Spamm(=1)" |

Spa = Spabpa (-1

Ss1 = Ypksonb

SsZ = kSBna

Syq = 2/(x§aéb2(agb2 + 2A,m?m?) + mtm*)
S,y = Syamm(-1)7

Sx2 = sxao‘nb(_l)m

Sya = 2/(y§agb2(a;b2 + ZBzmznz) + mbnh)
Sy1 = Syamn(-l)m

Syp = Syaanb(-l)m

Sln = y2k3anb

Ta1 = B18p2a’

T o, = Azsgéz + m?m?2

T, 4 = k3(B;a"/x2 + m272)

T 4 = k4(Bga2/x2 - m?7?2)

Ty = BpBpa’

Ty = BpBRa?/y, + min?
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Ty = k3(B;a2/y2 + m2m?)

Ty = kS(Brzlaz/y2 - m27?)
- 21.2,2

Txl Alanb x2

TX2 = A2a;b2x§ + m2m?

T,3 = x2k3(x2a;b2 + m2m2)

T, 4 = x2k4(x2a;b2 - m2?7?)
_ 2. 2.,2

Tyl = Bja by,

Ty2 = Bzyéa;bz + m?nw?

Ty3 = k3y2(y2agb2 + m2mw?)

Ty4 = yzks(yza;b2 - m27?)

u3n = k3Bnu

u4n = k4Bnu

u5n = kSBnu

v3n = x2k3a v

Vin T YpK3onV

Van = Xakgopv

Vsn T Yokgopv
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APPENDIX (B)

Fourier Coefficients For Lateral Load

The Fourier coefficients of Equation 5.2 are

evaluated below:

a
ho (l/2a)/r fo(u)du

-a
a
(l/2a)./.{cl.7 + Czo(uz/az) + C2l + C24 (Tu“*/b*" -l)'}du
-a

4 v
C + l/3C2 + C + C24(Ta /5Sb 1)

17 0 21
a
Qom = (l/a)J/’fo(u) cosa u du
-a
— Y 8
= CZOIlm -+ C24T I3ma /b

The integrals Ilm’ I3m' etc. are defined at the end

of this appendix

a
bOm = (l/a)J/'fo(u) sinamu du = 0
-a
a
cno = (l/2a)J[ fn(u) du
-a
n
(Clnwln + C4nW2n + C5nW3n + C8nw4n)(-l)
a
Sim = (l/a)J{ fn(u) cosa _u
-a
(C C_A.. + C. A. (-1

1n®41 T CanPy2 t CsnPya an™j4
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=}
dnm = (l/a)J/.f(n) sina u du =0
-a
Fourier Expansions and Definite Integrals
a
- 2 /.2
Iln (l/a)J/‘(u /a )cosa u du
-a
b
= (l/b)d/.(vz/bz)cossnv dv
-b
= 4(-1)%/n2n? and so on.
= - n - 2.2 2.2
I3n 8(~-1)""(1 6/n“mwe)/nxw
RN ¢
ISn 2(-1) " /nm
- _nf_1y0 - 2.2
I7n 2(-1)" (1 6/nw?%)/nw

a
Wip = (l/2a)J/‘cosh u;,cos u, du

-a

= x2(K3K7n + K4K8n)/a Bn
Won = Xp(K3Kg, = KKg)/ a8,
Win = y2(R3L7n + Kglhgy)/ag,

W = y2(K3L

4n - K5L7n)/a8n

8n

W, = (RK3R3, + K K, ) /ba,

W6n = (K3K4n - 34K3n)/ban
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W7n = (K3L3n + K5L4n)/ban

Won = (K3Lypy = Kghy)/bay

a

Ajl = (l/a)v/‘coshu3n cos u,. cosamu du

-a
= S5,2(T43K9, + Taa¥gn)
Byo (822 ("Ta4%7n * Taz¥gn!
Ajy = S12(T3lyn * Tpalgn!
Byg = Sp2("Tpelyn * Tpslgn)
Bys = Sx2(Tx3¥3n * TxaKan
Bye = Sx2 ("Tyxa¥3n T Tyx3¥qn |
Ajg = Syp(Tyalzy + Tyulyy)
A, =

58 = Sy2(Tyalan = Tyalyy)
a
le = (l/a) jf31nh Uy, COs U, Sina u du

-a

= Sal(-Ta2K7n - TalK8n)

j2 Sal('TalK7n - Ta2K8n)

33 = Sp1 " Tpalyn = Tpilgn!
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(o]
!

54 = Sp1Tp1l7n = Tpolgn!

BjS - le(—Tx2K3n - Tle4n)
Bj6 = Sx1(Tx1¥3n ~ TxaKyp)
B —

57 T Sy1CTyolan T Tyilyy)

38 = Syl(TylL3n - Ty2L4n)
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APPENDIX (C)

The Fourier series is given by

=

y = £(x) =ay/2+ I

co(ancos 2nTxX/X + bnsin 2nmx/X)

where X is the total length of the cycle.
The coefficients for Fourier series are obtained

by evaluating the following definite integrals (33);

X/2
ay = (2/X) ./. £(x)dx (C.1)
-X/2
X/2
a. = (2/X) j{ f(x)cos(2nrx/X)dx (C.2)
-X/2
X/2
bn = (2/X) -/. f(x)sin(2nwx/X)dx (C.3)
-X/2

From Figure 4.2,

The width of one division = dx = X/m

x ={&x/m(k - %) -x/2}

x/x = {(L/m)(k - %) - 3% }

Substituting in Equation (C.1l)

a

m
o = (2/%) £7 v, (x/m)

(2/m) 17 vy (C-4)

Substituting in Equation (C.2)
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a, = (2/%) I7 v, jeos 20m( 1/m (k - %) - 5)f X /m
= (2/m) kgT(-l)myk cos{(an/m)(k - %) - nw}
a, = (2/m  IM-17y, cos (2am/m) (k - k) (c.5)

Substituting in Equation (C.3) and following the same

procedures the final equation is obtained,

b, = (:z/m)kg’:‘L‘(-l)myk sin (2n7m/m) (k - %) (C.6)
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APPENDIX (D)

Design of Concrete Mix

Five trial mixes were made to meet the following
conditions: concrete is required for reinforced and pre-
stressed concrete waffle slab deck bridges;

Concrete mix must have: 3 to 4 in. range in slump,

suitably vibrated and adequately cured.

Cement content: Different cement contents range from 660

to 750 lbs. per cu. yd. and air content of 5% were used in
the concrete mixes.

Strength: Two different concrete mixes for strength equal
to 4000 and 6000 psi were required for the reinforced and
prestressed concrete slab models, respectively.

Aggregates: Maximum size of coarse aggregate was chosen

as % in. with a specific gravity equal to 2.65.

Assumptions: According to reference (22, Table 10), the

amount of water required per cubic yard was 300 lb. The
percentage of fine aggregate to the total aggregate was
assumed between 40 to 70% for the different trial mixes.

Quantities per cubic yvard: From the information given,

the absolute volume occupied by the paste was calculated

as:

Cement, abs. vol. = 750/(3.15 x 62.4) = 3.81 cu. ft.
Water, abs. vol. = 300/(1.0 x 62.4) = 4.8l cu. ft.
Air, abs. vol. = 5 x 0.27 = 1.35 cu. ft.
Paste, total vol. = 3.81 + 4.81»+ 1.35 = 9.97 cu. ft.
Aggregate, abs. vol. = 27 - 9,97 = 17.03 cu. ft.
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Coarse aggregate, wt. =

Fine aggregate, wt.

17.6 x

17.6 x

156

.40 x 2.65 x 62.4

]

.60 x 2.65 x 62.4 =

1126 lbs.

1689 1lbs.

The above guantities per cubic yard were approximate,

and used as a preliminary trial batch.

For 10

Cement c e e e ces e s eee c o e e

lbs,

of cement,

4 € & & 6 6 4 6 0 0 s 0 06 0 0 0 a0

Water ceesesssssscssssss 265 x 10/(750)

Fine aggregate

Coarse aggregate

e &8 06 0 060 02 0 o

® & o 0 0 8 @

1746 x 10/(750)
1164 x 10/(750)

a trial batch consisted of:

10.00 lbs.
4.00 1lbs.
22.50 lbs.
15.00 1lbs.

Based on the workability and maximum strength of this

trial mix, four trial mixes with different water/cement ratio

and fine aggregate content were made using Figure 32 in

reference (22)

the five mixes and their strength after 7,

. The following table shows the proportions of

TABLE (D.1l)

14 and 28 days.

Mix Ratio by Weight in 1lbs. Strength in psi
No. Cement Water Sand Gravel 7 days 14 days 28 days
1 1.0 0.70 3.00 2.00 4000 4670 5090
2 1.0 0.60 2.50 1.80 5580 5870 6270
3 1.0  0.50 2.00 1.50 6720 6580 7710
4 1.0 0.40 1.40 1.20 7045 7965 8275
5 1.0 0.40 2.25 1.50 6600 7400 7900

The total volume of the slab and cylinders

10 ft?3

and the total weight of the concrete mix required

10 x 146 = 1460 lbs.
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which was divided into two batches. Mix No. 1 was chosen
for the reinforced concrete waffle slabs, and Mix No. 2

for the prestressed concrete waffle slabs.
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TABLE D.2
E, = Ey Poisson's Depth of Neutral Eccentricity of Prestressing Wire
. . axis inch
x10°psi Ratio ~ —
e, ey e ey
GROUP 5.00 0.200 1.420 1.425 0 0
A 4.65 0.230 1.405 1.410 0 0
SLABS 3.90 0.195 1.415 1.420 0 0
GROUP 5.00 0.250 1.375 1.380 1.400 1.620
B
SLABS 5.20 0.260 1.370 |1.375 1.400 1.620

GEOMETRY AND PROPERTIES OF SLAB MODELS

86T



‘uolssiwuad noyum panqgiyosd uononposdal Jeyuny “Jaumo JybuAdoo ayy Jo uoissiwiad yum peonpoideay

TABLE D.3
_ Edge Beam
Slab | fc28 | Span | Width | Skew D, D 1 D, D, x10°
psi Inch | Inch | Angle Y Y EI GJ
A.1 | 5000 | 84 71.5 0 |10.73 | 10.88 .78 | 0.79 | 1.65 0 0
GRgUP A.2 |6635 | 84 71.5 0o |12.47 | 12.48 | 1.03 |1.02 | 1.85 0 0
A.3 |4690 | 84 101.1 45 |10.34 | 10.48 .74 1 0.73 | 1.50 0 0
croup | B+l 7665 | 84 71.5 0 |12.91 | 12.91 .13 | 1.14 | 1.95 | 60.00 34.30
B B.2 |[8285 | 84 71.5 45 ] 13.35 | 13.40 .22 | 1.22 | 2.05 | 62.70 35.35
. L 6
D, D, Dl' D2, & ny in 1b. in“/in x 10

ORTHOTROPIC

RIGIDITIES OF SLAB MODELS

66T
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CALIBRATION OF LOAD CELLS
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STRAIN (1@ invin)

FIGURE (El) CALIBRATION OF REINFORCING STEEL
WIRES.
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/ Ft = 225 KIP/ir?

LOAD=-KIPS
(82

E=29.7 «10% ib/in2

0 20 40 60 80 100 120
DEFLECTION(GndO3 )

FIGURE (E2) LOAD DEFLECTION FOR HIGH TENSILE
STEEL WIRE.
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2
1
0
0 1000 2000 3000 4000 5000

STRAIN (108iryin)

FIGURE (E3) LOAD STRAIN RELATIONSHIP (LOAD
CELL 5 KIPS).
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STRAIN (108 ivin)

FIGURE (E4) LOAD STRAIN RELATIONSHIP (LOAD
, CELL 25 KIPS).
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FIGURE (E5) LOAD STRAIN RELATIONSHIP
(1-15 LOAD CELL).
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FIGURE (E6) LOAD STRAIN RELATIONSHIP
(6-11 LOAD CELL).
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FIGURE (E7) LOAD STRAIN RELATIONSHIP
(12-20 LOAD CELL).
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FIGURE (E8) LOAD STRAIN RELATIONSHIP.
(21-38 LOAD CELL).
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COMPUTER PROGRAM

(WAFFLE)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



170

W NH AAAAAAAAAA [ SEESSEEEEEEEE
Wy N AAAAAAAALL AA L A
N d'd AA AA - £

N & AA AA Ml =

L] WA AA AA f [N =

dd W AAAAAAAANAAA  FFTFEFRFF FEFFEFSFF [ SZESEEE:S

e 'Y MW AAAAAAAAAAAA FREFRF=F FFFFFTFF [N ZgEzz=¢cs

WA Wuwd A AA AA FF = [ €

AN Nw AW dW AA AA FF sF L S=

Ad AR WA AA AA FE FF [ IE

AW Avd AA AA F= = LLLoLLLoLL L, S22

R L AA AA FF F Lhlhlihblollln. IZzT=EzET

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



171

/7 AAFFLE JCB _(XXXXXXXXXX¢30S5s43257) " SETAKHY® L 4SGLIVELS( L4 1) +CLA3SSY

DONO0OKOOONGOAONNOOOONNNGOAOOOOINAANIOOANOOLOHOONOONONONNNOANNDNONNNDOOBE LA

I T EE P E T FYFEFFIFLEFRFEFESFFFFREFELIEE L RE-RASEEE L PR R EEFE FIFE EF W ERE TUREE IR S P e
AREIMFARACED J PQESTIESSESED CINCRETE wAFFLE 3LAB JECK 3RIDGES =
ZEARA T AR I ABAAALAE THAEE TR A X LAX X AL ST ERAXABEN ANAR IRX LI ETCALAE ST TEL AXNAXE T BN Y RE LK ITAULERELEXNRNEE X
I E S+ P YRR R UFEEFIAELEEE I FERE RS I FELI R AR RERELRREREIRER PR RS IR REYFRERELERER R R R
«CORTHC D {ME43[ANAL ARRAY AF QIMEMSIOM(NS.JS) T2 STLRE THE MATRIX SQAUATION=
20C=2T w40 DIMIANSIANAL ARRAY JF JIMENSIUN(MSLNY) T2 STIRE THE 30l YVECTORS
*START 2 JIMENIIANAL ARRAY QF DIMENSIIMINSTL  NST2) TJ STISRE SCME JQF THE
*CLZMENTS FJ1 ANTI=-SYMMETRIC LOADING

2L LEMIaVECTIRS OF DIMENSION (NS)

BYLITAQ DIMENSIANAL ARRAY QF DQIMENSICN(3I+S)TrHE FIRST DIMENSICN IS THE
eSERITAL NUMUaR IF THE LLIADING CASE AaNDO THE SECOND CGNE REPRESEMTS Wev
«CCORDINATES JAF THE CEMTRE QF PATCH LCAQ,THE WIDTH AND THE LIENGTH OF THE
®PATCH LOAD AND THE TQTAL LOAD RESPECTIVELY.

ENS=3N+a

& JSANF+LN

«HSTL=8N+S

®ENST2=aN+4 +LN

ANSS=NS NS

eMHEMAXINUA IJMBER OF HARMUONIC
E_N=MAXLAUM JUMBER JF LJADING CA (

®Z2LESS THAY 3. [F AlLL QUANMTATIES € NEZSCSED AND GREATER THAN 3. ([F INPUT &
*FINAL IESULT 5 ONLY ARS MEZDED.

elA=0 CR +VI LR SYMMETRICAL LOADING aANLY.

*ZAz2=VE FIR A iTI=SYMMETRICAL LUADING.

«Z3=0 FQR 3L OGE 3LA8.

x{1=3LAd NUMIER.

®A=SGEAL ALOT1 JF SLAB.

*8SSEMI SPAN 3F THE SLAD.

XRTARIKEIA ANGLZ IN DEGREE.

ENLZACTUAL NJHBER OF LJIARING CASES TJ 3E SCLVED.

sMMNHaF [NAL IJMBER 3F HARYMONIC TC 3E 3QULVED.

BNGCTNUNMEER JF POINTS AT wHICH THE JEFULSCTIONS AND ACHMENTS ARE REQUIRED,
TNGPB=THE SZlAL MNMUMBER 3F THE JAGE FUR aMICH THESTRAIN I[N THE 30TTOM

=F LJRE OF THI SLAB (S REULIRED.
SNGPI=Q J3TRAINS ARSE NOT EVALUATED.

Yy TA=QEPTH JF MEUTRAL AX!S QF BENDI G FRCM THE TCP FI3RE (M X=-DIRECTIOM.
=Y TRP=DEATH J7 NEUTRAL AXIS JF 3EMDING FROM THE TGP FI3RZE (M Y-OIRECTION.
sYTUaDER T4 J¥ NEUTRAL PLANE FQR Td[STtNG MCMENTS FRJM THE TOP FISRE
ETHR2TCTAL 3,33 THICKMNESS.,

sMUENG . OF PLEISRESSING FARCES ALING THE SUFPNQAQT.

wMVENC e IF 2AZTIRESSING TIRCIS ALING THE FREE ZCGE.

SECUICCOIHTIL L TY QF PRESRESIIING FIRCEI ALCNG TwE su==ﬁR Se

TECVYICCI ITLLITY CF PAESRESSING AFTRC: ALCONG TwE FRIE IDGC.
‘FU:PRCSTRE;JIHG FCRCEZ ALONG TrE SUPOCRTS.

sFVIPRESTRIESSING FURCE ALONG THE FREI SD04GE.

sEXC2MCOULUS IF SLASTICITY JF CONCRETE [N X-OIRECTIUNG

FEYCRMGOULYS IF SLASTICITY 3F CONQRETEZ (N Y=OIRECTIUON. .
SAXXSAREA J° QONE RIZ PER UNIT 4IOTH UF RI(I8 SPACING (N X=QIRECTION
RAYYSAREA JIF INE R{3 PSR UNIT wlOTH UF RI[B SPACING [N Y-OIRECTICN

2AMU=RC {S53ON!'3 RATII NF 3LAJ MATERLAaL.,

*TR=2THIIKANESS CF FULANGE INLY .

HNEABVAF IR IR LIL ENES A EXENIE TR R LAEIRNXE T RNEEAAEI I UL ARAEXEEE CACREITAA AN TN EMARTRE XN
BEZSVTEABEEXERAXINEXLERLEI AT SIETRA N
# HMUIW TO OSUT THE LNRJUT CATA =
AEIBERECEEXA XN EAEXAT IR EIRNEEI NN S LgN TR &

IR FEFYRErPIFRE I RLEFERES IR E A PRSI ARSI R L AR ERY R R AT R E R RS R A LR FFEREEWFE ¥

®¥Z 2 ZAZ2H1Y TR YTY YTU» THK (11X, ?F10.9Q) *

[ ZEEEREESNEEEENEEEREEEEEENEEE R EEEENE R NENERNENERHNH:]

{11 A0e3A504,07,01 (1XsA3,0F10Q0.0) b
*O2 4 0OXY s IYXe I 1Gd il 4+NP, 2 (SF10.044a1%5) x
=NGC «30TTOM FI3RE(IS) ,IF 38TH QR TORP F (SRE (2(3) L
CsCENTARE CIQRIINATES QF THE PATCH LQAD-IICTH.%EES;HOANQ TOTAL LQAD QF 2aATCHx
* L ar . H Yeseeoss e L
SEXC 4EYC HAXX J AYY ¢ AMU TX (13X &F1J.3) .
BMUidV ¢ EQU I LY (2I10.2F1243) =
BEJL L) {2 L AJEFV( L) IS 1MV (22X, 12F0 «2,6X) =
*CCORVINATZES SF NGQUITRTAL PQINTS) ( L2F% Q) .
A A RA RS A IR AR A KA A AT R T E A A L X AR E IR U A AL AT E AN I L T I AN T LA AR A AR A ARSI AR CE AXT A UMK T ®
JQUILE 3REZ{SIUN CHLDC P
COHAMOCN 23l o SAC eSeTNWCI, AA 1AA3L A3, Z¢S5YAS.C2.23,S5T, bp ToeT3sMNKH A 2
CIMMON /307 DeDX DY s OXY Y X431 ,4,0203L+3JaH VLIS ,5),2 A 53
ZCMMON/SL /334G N33 tflClJCo“HZcNHJn(Hﬂv |NHE.NP“°'\JH7v‘lHq'N3l'-“5~INH.NL

COMHCN /307 FHM203)1,F130128).7238 (T L) +F13(3a) 7290125 A 55
CIMMON /S X/ uC(Ed)-VC(Z‘).NGC.YA(%QO.JQ).NR.LF(Q).JQ(J)-ND(lo)
COMMUN/DAT/TJ(20) +FAVI2D) MU MV ,FiUL VL
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22 KRITE (3.57) IJ'(Kn(CD(“JvNH‘(J"l)“NJ!JS‘ 18) yCO NI NHE+K ) 1AL 4NN A |5
G3 TQ (23+23+23425%) 4 NH A 165
HRITE (D5,F22) (K.{CQ3(NJ, NH® (J= L] +K 1, =L 43) , K334 NM ) A 148
338 TO 23 . A 1867
23 Ni=sNR+L A 1543
NRLITE (S5,F33) (CO(MJINHB+K) sK3INL +4) A 1o
23 WRITSE (89528 ) . (CDINJINCrJ),d=2l oNL) A 170
ARITE (64F4s) (HMF,I=1,32) A 171
< - A 172
[od XL EEEE L LR BT xz:at-:-x:-tuaa;t: FARAXE I AT AARME FRAMC L AN AL XT AMERE KW WX TR 20w ww
C INVERSZE THE MATRLIX A 173
< xss*stt-‘lax#a-a ac:x:a:x::::x:::sx-::nst:x‘au::- LRS- P RAEERELLESEEREEER LSRR LR
(o4 A 174
23 CALL "MINA (-'3!tNS.:JCDOQCoaTORqNSDJacLN'NSTlDNSTaoLlc«“‘l CH) A 178
IF (Z.8T43) GO TOQ 32 A 176
WRITZ (& .F32) A 177
00 J1 L=1lvda A 178
{F (WH-4I 20127427 A 179
2% HNENH ' . A 180
S3 TQ 25 A 131
arv MN=S ' N . A 1382
<8 WRITE (S3.F12) L,(VvLI(IL .l).I=l»5) A 133
. URITE (A,F3S8) -~ - A 18a
WRITE (& ,F4s) (HF.l=l.J’) A 185
GRITE (3,F23) (K.(DC(NH‘(J-I)’K.L)-J-l-E)-DC(NH$*<.L).<“1.VN1 A 138
IF (NH=4) -3J+31.,29 A 187
z9 WRITE (64F3+) (Ke(DQINH®(J=1)+LK L) 1d=1 18} 1 K22 4 MH) A 138
GS TO 3¢ . A 139
30 Nl=mMH+ L A 190
WRITZE (84F33) (DCINHASK L) K=N1,3) A 191
21 HARITE (5.FH$) (HF s I={.,32) A 192
C - : A 193
c AR EREREEES E R E AR LSS LR AL RESEEE R R ERELEE R ELLESRLE LS ELELIELELLESEELELRE SRS
C T CCMPUTE AGQMENTS AND DEFLECTIANS . A 1Ga
< EEIBS A LS IRA BT AARARNLAARXT S LT S AL I AAAR AL I IERIA LA RS AN TR A TR AR EL SR AKX RME N
[ A 19S
32 LF (SYAJ) J+ 133433 . A 166
33 CALL DS3A (lO,OC+STOR NS JSILNWNSTLINST2) A 197
IF(NR NZS.0) CALL OSRA(CDOC+STSReNSI1JIS LN oNSTlnNST&)
G3 70 3sS A 198
Sa CALL CA2A (UDeDCsSTAR NS IS WLMNINSTLINST 2 A 199
’ IFUNR «MEI)  CALL DARA(C0.0C.STCR.NS.JSoLN-NSTl-NST")
38 (F (3YA3) 37 37,36 - A 201 -
36 [F (ZA) 12,47,37 A 202
kivd V3 &0 L= WMo ’ A 203
: LTX=(L'1)'NF*HHHONHC
LTY=UTX+4NA A 208
LXYSUTY +M4NA A 2906
LMLILXY AN . A 207
LML ¥ 1 # 40 A 293
LMT=UNE #4NH A 209
CC 30 I=st sl A 210
XPYS(YA(LTK, L)+YAILTY, ()} =0,5 A 211
XMY={YA(LTX [ ) =YA(LTY L)) 20 .3 A 212
XY1=3CRT( X4y ¢=2+ {YA{LXY 1)) 2x2) A 213
YALLML 1) aX3Y+XY L : A 214
YA(LMZ»1)=XPY~-XY1 A 21S
O IF (XMY) 33,3%.39 A 216
38 YALLMT A L)=ATANI(YALLXY 1) /XMY)2P19Q N A 217
GO TO a0 A 218
39 YA(LMTs L)), A 219
& Q CONTINE A 220
IE-(YTP) 3al+236.51 A 221
3t C3TR(CX»0v-~ Jltoz) A 222
. DQ 43 L=) i A 223
LIXS(L=1) sNT #MNH+NHC
LTY=SLTX+ ANA A 22S
LAYZUTY #olivH A 225
LEIX=LIY+ 43S " - - A 227
LIYSILSXraN ) . A 228
SUSLEY #ANA N ’ A 229
O0C 44 I=l ,»taC 4 230
i ({=NTP) +2,32,33 . A 231
42 YA(LSXy L )=yTO2x(OYsYA(LTX,[)=O13YA(LTY,,[})/DSTR A4 232
YA(LIY L) ar Yy s{OXeYA{LTY, [} =02y aA{L TX,[)}/DSTR A 233
YA(LSUOI)=((\(LSX-{)*YA(LSYo[))‘0-5‘30'77U‘YA(L‘Y|.)/(DXYQDYX)‘Xo- A 224
126 A 238
YA(LIX el )=sYA(LSX ) -=XX .
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ARIMNT &9

GC TQ s

PRINT %0

HRITE (&,F12) (LY LILaL) s D=13) sl oML}
F {(23) 3+5,7

PRINT &1

SQ ryg =

RAINT 22

3 1C 3

PRINT 63

THETASSASPRI/ 13040
C=CAI(THETA)
S=2IIN(THITA)

HE{(O1l+C2 rOXY+OYX) /2.0
PRIHK 22D X)) Y )

IF (PK) 9795+:53

WRITE (64FU3)

YIMNI THK+Y T
YOYSTRK+YTY
YBUS ThX ey Tl

PRINT &3, "‘p([,u!=la"'NH‘)

KRS BRI M A B IR ITS AR K S IR L ER BT RS t‘t“t-‘ti I A RIS PR RRLIEEEL RS I ERERLEEER R E R

CTSHMPUTE QUNSTAMTS IF THE 3SLAZ

CALL CINST- (ML)
D3 36 MHC=1% MaH

CMA- = NAIIHC)

HHI2=NRINA
NHI=NMI+NH
NHSGSNHI+NH
NHSENHI MM
NhOSNHS+MH
MH7=NRE+NR
NHEZNPE 7NN
NB81aNMB+L
HB2=NHE+2
N8 IJ=INHE+ I
MNC=NHEB S

- JCINCQ eAL

EREAETIXLAZIXRIXL XS EAET XA XN AESIAIYIEAE SN AN AR L E RN AXRL L IRNX XX ANLE I AAXAAXIMEXE IXE X XX

CCMAUTI THE MYATRIX

AATESFIT I I FX IXAAIXAAIXNTAEIAAXTTEARALCBAINIRNE X T EIXAFALIICTEAEE AT INEAXNCEIERTY SN K &

CALL SYLA (1431 +NSL«COWOC+3TAR NS 4+ JSeluN s NST1AST2)
SS Ty L
CALL ASLA (IS1 iNSLISYAS GO+ 0C iSTTRINS+ IS LNWNSTLWNST2)
[F (Z43T.2.) GO TO 2S5
(F (3Ya3) Losl3,la R
PRIINT 25
SC T 16
PRINT ¢85
FRITE (5:F21) ((VLIL 1) L=l 32) 01,2
URITZ - (84F43) (HF,1=1,32)
D0 20 =1l .3
08 20 N=t o+
IJSNHs([=1)r 3
GS TU (L7417 417), NM
Nh=Q . : N
GJ TS 13
MN=NH :
URITE (64F23) [ oNs IR {CO(LI o NHE{I=1)+K) 43J=1+3),COCLJIINHE*=K]} K= NN
1) : '
GO TQ (19451 9:13+2Q0) s NH
WRITSE {6 7F22) (& (CO(IJNHE(J=Ll)exX) Jd=1.8),K=S, NK)
S0 Ta &2 .
MLSNRH+ L :
ARITE (5.,723) (CO(LJdsNHA LX) 4K Q)
WRITI (3:7213) (L1 JaNZ eIy Id=10040)
2C 24 'N=1,3 . >
LJ23N+Z
MJ=NHS
ST TA {21420 921) 0 MH
ST
SO TY z2
CONN=MM

'
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A 'CENERAL LIAD INGUISYMMETRIC &.4A

FORMAT (/a2 NT ISYMMETRIC LSADS) ')
FCRMAT (/SOKL'THE SLAZ S CLAMPED aJM ALL EDGES')

FCRMAT (/30A'THE SLAG 13 ZSLASTICALLY  SURPCRTEID ON T3 ZDGES')
FCRMAT (/334 'THE SLAS3 [S SIMPALY SUFPORTED CN ALL ZDJSES')

FORMAT (35X, *NUMBER QJQF HARMCNICS ANALYSED ' »3XI[2,100', ' (2)//)
SCRMAT (/S4L*SYMMETRIC LOAD SYSTITM!')

FORMAT (/SLLAPANTI=SYMMETRIC LOAD SYSTEM'*)

FORMAT (/13,[3.,9F13,8/(17.:,3F13,.,31)

FORMAT (/354K 'OEPTHS 2F N.A, FICM 70P FlARE! ,3Fl1Q.a/

< ISL'SLAS THICKNESS = ,F10+44+' [NS® ZA3X¢TCP CGAGES
1 ',25X'L THIU L, [S/389X'30TTAM GAGES ', 125, THRU ', [35/)

FORMAT {(2X32A4/2XA1 ,6XA1.12(15+¢3XAL)) .
FOCRMAT (2XS2AA/2XAL 43 XtUz2 AL, 12(F3a2,1X,A1)/2XA e XtV ,al,12(F3,
1201XeALl)/Z72X32A8) : .
FCRMAT (2XAL JLX'NHZ*, (243 12(ALsFDe )21 AL/ (AZ24ALWISLL2(ALLFP243),AL1))
FORMAT (23X'CONTINUED )

FORMAT (/80X *'REACTIONS' /)

FORIAAT (LXAS 16E1 Q6375812323 1S5,10X/21415,10X)

ZND

¢
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PRKI=2C2aY A
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PRAISCSSIRTI(DXOY=-A) /DX2)
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‘

A6 +AL3AxX232E]

A72=R1CI~R2

AR =X 2 (R 14+ ~-R2=X2A%xa7)

A== (R IKIMRLIxX2EAL) 2X2
LORBRIVAI =R+ a A -RS =X
~RIXAA=X A HA2 PRI AKI+RD |

e X2 (RAAKI+RIT#XTxA| ~6« X224 3)
(RI+X 22 3 8K3 ~AF AX22%A2~RO *X2 3 x43)
ARTRAI =Y £XI=I9

=2=R732A1-_R3=K3 .

AKAAGI+]L O .
S=R7=-8xL2 KA +RI*X22 w22
Ba=X23(RIAKI+RFAX2wAl)

7: x22=(Al 3GJ-R10=2X2«73)

= (A22GJ+rR10=XD2*A4 ) xX22

*23J

Pt"\)b—-

W

[EY STV Y Tl o F SRSy e e

nikhhoy

K“NXM

DI EDVDBAUe MLV U

PRA3I=3 . *sPXKS)

e BPCKI =PKKS )
J2x52=3 L «31)=yY3a5 "
Jj’JYZA-EI

-2)

+RR2IY2582)=sY2

-R2s*y2«81)*xYy2

I+ 81l -RS52XK]
34v44¢82«ﬂsn<5-45
(R43K3J~NSa72«3| =RExY2233]3)
RIY 2K S+RSLY22232-REH5Y2 3234
7332+ 3xK5=-R9
“R723 L +R I =K
KE2aGu=1 9
~R7+RJuy 23K S+I9sY22x32
(nass3-49~v7=at)-va
(BLl*5J+A10xY2383) sarv22
(S22:5J=12xY2284) xv22
3/0X
=1.,/C
TNKa=Th 2K
TNKS=TNaLS
CK3aK 3/C
CKS=KE/C
A2l==-Th2K]
A22=TNKA~CL
A233TN=CK 42
A25=K3/C

i

TN R Rt ta N 3
A Ttd = e e ¥ K

b rm e e )OOV
[FYSYFR B 9 N & » FI el
fﬁ!hUhuwnu

Net.Ne—o Ik

‘E

n-101(.‘)(2“11(1)01(](;30:0)0](:0[lC!(!)CJC)Oﬂ))’)'lﬂ)')')-)—)O)ﬁb}-)-
OB~
SRR

nh 372 e os o

X
*
o
x
[ (']

e7rAZIsY2

A23=C L +TNKI=sY2
TNAS =2, 2T N/A

TNAJ= =4 .= TNaT2AAJ/384
TN33=2.,5TN/3
TNBaxxeg o 3TNY
g8C=de3/C/ll.
SBTINSESIs TN/ 24,

R7ZAIRT/AA

S1(l)a=dx/C2

SR2(L)==2,3252351 (1)

S3(L)=2=CXT=01

Si1(2)ya=-dar/sce

SS(a)a=2.3n,x51(2)

S3(2)==028T (222~0Y .
31(33¥=0.3

Sa{diasxrsa

S3{(J)==5233(J)

S2(Ll) = - X /23

S3(1) = =J¢JdxsS=3a(1) :

383(1) = =(1.5252(1) xS +O 1+ oYX )
37(1) = ( -33(1) - QYX)
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IR I AT AL I AL A C A A AN T AL AR AL AL AAB AR LSRN TT LI AR LT TATIRNIALIALETARNSECTA R SR XL REE MK
SUSRCLTINE o27LA (MSL NSL,CD HyOCSTURIMS e IS LMW MMSTL 3T 21 < l
FAZXIFAXSIFTIFRAMAB EANIAXAM LS AR X I XX XILITAR YA LIS TAT IR T AL S LA IAALL T XX AR I XX XK XE X

oQuUBLE PREIISIAN CH.0C .

REAL KIN)KIN KN e KANKSMe REN s KT 1 &8Ny L INL2N s LIN L3N e L3N LONJLINGL
LONSLAMNs EINeISNS L 7N eRI 1831 KS J KMN LMY

COMMON AdPLISAIC IS iTNIC21AA 1AAT AAGL 215 Y7AS, 82,83 ST HSFHT T3 2 MNM
COMMUN /3037 Ts0Xs0TY QXY DY X o014 D211 GJeHMeVL(2e35)423

0

O

NNna0nn
NOUE L

CTMMAON /3LL/ P,CR(2),CQ3(34) 134145 ,%X5,38,883.834 4X2,72,A1,A2,A3,A4,
581ndZé%J(i?ﬁtSCA.SCSvSCC.SCJnSl(r’%)JSZ(Q)tSJ(Q)vSQ(G)vSS(“).SC’J(Q) )
CCHMMAN Z3L27 RLIIR24,RI IRA RS ¢ROR7IRB yAF yRICIRIL W RI2 RIKI X222, X234+ X c 9
L2830 72347230724 4A50A8 A7 1 A1 AG 1AL IALLIAL2+A1TALAIALS W ALS»aALT7,4LG, c 10
2A20+ AL A22 4A23,1A2840A5.35,84487,93,89:310,811,812:313+312,3315,318, < 11
S8174+313,317,320,322,323.,8324,A13 c 12
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SUl=SIN(AUL) 3139,

31HN=CLL=CVL +80

DMM= IL 1 X3V a8l

Od‘N SULaC/L 262

TaMHNICL L 2SSV 3463

ALRSAMIVL (L, LT Y
.

5388=23IN(3LI) /BLS
RS=CN/(RWH149-:NN112)!SAA!SBB‘CG(L)
RSRIBRGIRMN
RGSaRGasMM !
KMNSQINNXRSI-Q2MN=R . -

c
<
ot
c
E
C
C
¢
(=
c
C
SS C
LHUNaCIMNIRS ~QLMNERSS C a?2
PHMNIQIMNERSR+AIMNERSS C 473
S AMNSRQ4MNERS]A +Q3IMNERSS C a?va
NCL=NC #L. . , C a7s
NALSNS3 » . - C . a76
(F (M=1) 39434,36 C 77
Ja [F (N=1) 30+s35.40 C ars
>3 LFE - (Z8) 36:.33.,37 . C a79
26 COINC HCLI=-CQ3(L)=884a/180Q. < 480
S0 TC a9 : T C agz2
a7 COINC »NCL)I=-CQS(L)*®33a/30, C 3383
IF (ZB) 4Q+53,39 C 4da
33 COSINC ' NCLI=SZI=CAS(L) /4. < a8s
CO(MNBILNCLISFUL
39 CD(NSZ.N:LJ=R9:CQS(L)laalla.*FVl C agé
aQ ClD=Cis{L)=ia3B/2. C a87
TONa2CLT2C VL C aas
TIN=CQI =S5V C 3a9
SCINBLl.NCLI=CD( NS l.NCL)- HNECN/DNS C a%0
LF (Z28) 31.34,32 C 491
41 CO{NINCL)IZ=CAS(L)®(I3N=22{ IN)2t384/98 . ~THN/ANS C ag2
COUHHIN/NCL) 2B3TNRCAS (L) ([ 7M=[SMH)-TON/BNI®TN C 463
CO(NHINWNCL) = ABTNECAS (i) R ( [ 7N=2 .2 [ SN)I~THN/BNIaTN C.43Ga
STOR{INHIMN yNAL)STNSTAN/ING ' C a4gs
ST:R(NC.NALJ=STUR(NC.NAL)-TaNsuN/DNJIC L ..C a96
‘ GaQ TO a3 . C AsS7?
a2 COUNSACL)==CAS(L)2({IN/S =] LN)334/]15.~TON/BNG . : ¢ 498
a3 STCRINPANINAL) =T 3N/BNA * C AGY
. IF (2Z23 3He+3,89 C S99
L SM1I==CL3 (L)«BttaN/a.-roN/aN C S01
CO(NIACLI=EL =mToN C. 502
CO(NHNINCL) =RS525MIL C $S03
CO{NHININCL) ER10wSMI C S0a
STCR(NsMAL)=2S2TANI/IN C Sas
STCRCNHN.NA_)=ExtTSN C 508
STCRINHZ2 I sHAL)I =R 1O TAN/BN C S07
45 23 20& K= ly4vY .
236 YMCILI=VMC( ) +2e» FVIKIX((=-1,)®xN)eCOS(2.2NeD[*x(KX=0.5)/4V)
CO(NHI2M)NCL) S-29% ({CAS(L) s3T «{ IN/Se~TEN/BNZ2) ~CxvMCiL )/ {(2.¢3) :
COCNHBIWNCL)ICOINSIWNCL) +R2%THN®MINI/BN2 C So09
00 2335 K=l,44dV
209 VMQLI{L)IaVACL (L) +2,sFV{K) a( (=1 ) ssN)ESIN(2., 2Nl & ({K=2.5)/MV)
STCRI NI JNAL) 2RI Tau/auﬁ-c sYMCLl(L)/ (2. 23)
36 [F (M=1) 47,37.:52 C St
7?7 CAD=CC(L) =S3A/DX /2. C S12
TSM=2CCIsCJl c 513
T7M=CCO*»3Jl \ C S.1ta
COUNHAM yNCL) 3=TSM/ 1 Ma C S1it1s
STUR (NHS3M +MALI==T74/AMa C S1%
IF (Z2) 33,204,349 < S17
423 COUNMHTM ¢ NCL) ==TSM/AMI =TN C S18
T STOR(NHEM ¢+NAL)I=T7M/AM3&TN C S1s
STUR(NEZ2 ,NAL)=STCR(NAZ2, NAL)-Y7H=OM/AM3/C C 520
9 CO(NC NCL )= -D(ﬂC.NCL)-T:MxQM/Amc C sai
[F {(Z23) 32.,393+31 < 522
50 STURtNal.J ) SSTIARINAB L MAL) +RIAT 7w M/ AN S 523
2Q 237 K3l dd -
23T UMCIL)SJIMCIL)I+2 438 FUIR) B((=1.)swN)sCOS{2.2sN2pPlx(L=0.35)/74)
COUNHEM qICLI3UMC L)/ (2, 34) .
oG 208 K=1+4J . ’
233 UMCLIL)I3JMCL (L) +2 ,2FU(KI2( (=l )aaN)I2SIN(2.sNeP[ x(K=F.5) /1)
STOR(NMH?A yHAL) SUMCLIL)IZ (2,8 4)
51 CD(NdZoNCL)=~J(NBZoNCL)*R?iTSN!OM/AMQ C S52a
32 SKI=E[3dN4 . ‘ C 528
SKA3-(R3 %A C S32s

4l eRASGN2] @8

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



S3

Sa

SS

(4]
[+ 3

un
[0

(LU
o

&1

‘

Reproduced with permission of the copyright owner.

188

f

SKI=(S3xaM2+35«8N2 ) «AN
CRIZIR?7TAM2rmi 928N 2

CXIAI=RaxaM=xiN .

CRI=-RLI=3IS .

[oR X TR K WTE FIIES ]

CRSIRIZNI®INM

CREA=RITAMBINAINM

COUNHAN 4 NCL ) ICO( NHAM NCL ) =K MN =0, {4
STOR(NHS4.NA_)=STOR(NHSM.NALJ-DMN-QQM

IF (28) 23,5545a

CO{NHININCL) =COINHIN s NCL) = { TN#E I aXMN+AM/CELMN) :

COUNHTNINCL) SCOINH?M e NIL) ={( TN®AMSKMN+SIMN/CELMN ) e QNN
STCRINMHZN «NAL)ISTOR(NMH2ZN e MAL) =AM/ CRBMN+ TN NaCUN

STOUR(AMAM s NA L) ZSTORINFHOM e NAL I +{TNXAM XS UN<GN/ CECMN )= ONM
COININCL) =CO (NINQL) =X My

STOR(NHNNA_JSSTOR(NHNNHAL) =3MN

IF (23) 37,03,56
'CD(N-AC_)—CJ(NoVCL)¢SKlUKWN

COCNHANSHCLISCOINHN NCL) »SK2 sKMN+ 3K Ix N

CD(NH:N.JCL)sCO(aHJN‘NCL)*CKJJKIN*C(étLNN

STCRINIHALIISTORIMN ¢ NAL) +SK3 sPNNe SK2%xCMN

STCRINHAN ¢ HAL) SSTCR{NHNGMNAL) #5K1 «2MN
~STCH(AH£N.xa.)=STOR(NH2N.NAL)+c&a-PHN~C<J*OMN

COUNHI2N/ICL) SCOINHRN NS L) +C KL s KMN+CL 2L NN

CO{NHOEN +MCL) TCO(NHEM I NIL) +CRSEKMN+CR S al MN

STOR(&HeA.HAbjzsr RINHIN s NAL) ~CKX2xEMM +C KL XQMN

STARINH?M ¢ AL SSTIRINHT M NAL) +CX SEOMNCXO SO MN

CCNTIANUE -

SYA3= 1.

RETURN

FORMAT (33X, *INPT* , 13X, 'RNPP! 12X, 'RMNPS! 4 12X, *SNA2* 412X, 'ANB2" 4/ 1X,5
LF1643/73X, '3 1X2 412X "INY 2, 12X, PANXT ! , [ ZXs PANY2 , 12X+ 'A28BN* 43X, *'32
2BN VI EXe P A2A X1, 12X, 'S2AY ' /1 X,3F16.3/3X, '8N Pl 22X 3BNY L 12X tANX
SPel2X,PA0HY L 12X, TTAL 12X, 'TBL L I2XITXL O, 12X TY L/ 1X8F16.3/5%x811
3S/BA*' Al 'y 543F15.8) y

FORMAT (/30A'MNHZ=1, [S,SXi'N =2¢,[35,5X,'9 3',15/)

FCRMAT {3X,'RMP J 13X, "RUPO (12X TAMPZ ', 1AX,'RAVU28 1", 12, *AIM25', 12X, *Q
LMRY/IX 1 EF 1854 3/79X ¢ 'SAA 13X, *SAAT 13X,y *SXA 13X, *SYA 13X, 'SAL, (32X
25 'S81 "L 13X, TSXLLI3X,'SYL '/ IX,8F16.8/79X,°SA2,13X,"332 413X, *'3x2",
SU3Xe PEY2 413X "TA2 13X, TI21 413X, "'TX2' 413X, *TY2'/1X.3F15.,3/3X,1'Ta
3% 13X, ' T3 13X, "TX3I* 313X, 'TY3* ,13%,'TAG, 13X, "T85, 13%,°'Txa,3x
S+'TYS ' /1 X4,37186.8) ;

gchAr (3X,3013/5X4'Ad '",S5X 3F158/75X,°33'45X,8F135.3)

N T RN N

+

Further reproduction prohibited without permission.

[alelatarataaratatalalalaYalatataXaXalataYaYalatataYaXatataYaYeTaXaYo Yo a aYaYs s aYaYaTs!

i isinauiuuauuuunian
NN OOGUILOIOLRGBWN

AU URAUUOOW B BLOVUWOG
PR PPOLLLUULILIUULIGNIGLN
LU UN~OQOOD~0CNPLUN~OOWY

nuia
[ X
ou~0

=00 WNOOPL WO NOUBELIN~O



189

« . me e e - . . . .. .
E L RS EE PR REY RIS R ENFEFFIFPEIEREREFREEAREFE R R R LRI E R AR R R EEERE LRI EERRLEEEYFESEE ]

SUSRUOLTINE Aa3LA (NMSL I NSLWSYAS.CQD . OC e STSRINSJS LN WISTL MET2) o] 1
[ Sz:ia:t:axxl:tallI:!illixtxzta'xxatxuasxstl:::-xtawxxx:aal:-::x--l-:xxtxaat
QCUBLE PRICI{3IAN CH,»DC o} 2
D‘Ncht QN ».J(NS’J.:) . JC(NS.LN). STCR(MST11+NST2) ! 3
COMMON/BLLS/74AC s NBI s MC o JCy NH 2 s NHT s MG s NHS s NHO aNH 7 o NS N3 L s N8B s NH N .

QIMENSION COJ(3) ., COK(a) o} 5

00 3 <=1 NHe o} 8
NHAJINHS +» J 9 ?

0Q L I3l.Nds o] 3

CD(I., NHQJ)=ofOR(I 4 [»} S

{ CQNTth 0 10
NHSG lanNHG+ | [»] 1l

0Q 2 I=NHAL.NHY o) 12
COCLvdI=3TIR(L J )} 2 13

2 CCNTINUE . 2 13
CO(M8!L,3) =0, ] 15

CO(MNB 1A} 2STOR(NEL 4 J) Q 15
CO(NS2,4)=0, 0 17
CO(NI2NI1AY ) ISTOR(MNB2,J) 2 13
COUNGIWJI=SSTIRINGI W J) ] 19
CO(NIIeNHAY) =0, .0 20

CUINC 2 J)I=STIR(NC W I 3 21
CU(NC.NHQJ.):-O- D 22

3 CONTINLE o] 23
CC S N=t 84 o] 248
NHNINF+N o] 2S
NHINSAH2+ N 0 26
NHINSARJI PN o 27
NHANZ=ANPRA+N Q 29
NHSNIINHS+N o] 29
NHEN=ZNHS M © 3o
ANHTN=ART? #N D 31

03 3 I=1,2 0. 32
[NHNINH®(2%( 1) +N o 33

INH1= [NHM=11 o 3a
lNH2=l‘dHL+N-‘¢ o] 3%

DO 4 J=l, s o) 36
NJ={Jd=1) sNA+ N o 37

NL=( J+J) ate N 2 28
C2J1JI=CD(Lir L NJ) 9 39
COR{JI=CD(LIH2 I NK) = &0

4 CONTINLE . . ) Al
COCLNHLINI=TID(INMN,NHN) 2 a2

SOl N hlade)z-CD(lNHNoV) o 43
COQOUINMLINALI I ==C (I MHN NHIN) o} 4
CD(!Nh1-NHI{)=CD(INHN.NH2N) 9 as
COCINMN)==CDJL2) - o) 6

CO{ INHASNHN) 2CDJ (L) 9 a7
COCINHN VM2 1) =CDJ(3) ol a8
COUINPN NHII)==CDL(3) o} 9

INHN3 INHY+ 14 4 O So
COLLNHI I NHAN ) =CO{ LNHNNHEN) o Sli
CCOCINHZ W NASI) ==CO( LNHNNHAN ) 9 Sz
COUINRZ NHo 1) ==CO (I NHN,NHT?N) 9 S3
COCINR2,NH?N )=CO ( INHNNHEN) 2 Ss
CA({NENsNHay ] ==-COK(2) 2 S5
COCINHNZNHSI) =CDK( 1) N o 3¢
COUINRN s NAD ) =COK (3} o 57

< COCINPN,,HHPN)==COKI(3) 0 S8
0Q & J3N31,M450 o 59
NHGJ:NH&*J o &0

2C 5 =L NC 2 51

) CD(I.NH&J):;TOR(K-J) 2 82
SYASa-1, O &3
RETURAM 2  ge
END [a} 55~
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c ZXAXTEAEA T IXTARNL ZAXE INXLENERX AT A I AL AXRLAATSL I A ELALTIAMAXAIBAAXLETIAATAXILL TN SEX L TW R ENN

SUBRCULTINEG 4INA (P N33+CDsOC i 3TCR IS I IS LN eNSTLINST2 L1001 8H)
'-".*“'*"“‘-"*'I""-"l-“’-‘""x‘#‘.““-"‘a"“::ﬂ“.a:““:.‘:“““‘

n

QQUBLE APRECISICN CH.+OC 2 2
REAL K3 K244 3 ! = 3
CCMMON /3LL17 P,.CQ(A)+CAS(3) KT +KA,K5,38 383384 X2y Y21AL+AS AT 1AS, < Q
éax.aa;g%;?s.sca.sca,scc.sco.51(¢).sata).53(4),54(4).ss<¢).56(4).
- %
COHMMON/BLE/AC N8I3 s NC 1y JC o NH2 3 NHI s NHA (NHZ JNHS JNHZ o N3 N8L s MNEB2 o NH o NL
OIMENSIION ZO(NS+JS) s DCIMNSILN) e STIRIMSTL MNST2)y LIINS), ML(MS)s C g 7
IH({NSS) . £ 3
0Q 1 «=1,NC -4 9
. NCJaNCs(J=1) £ 19
0Q 1 (=1,NC £ 11
! CH(NCJPK)=CJ(I-J) =1 12
NCCENC s MC . =4 13
CALL MINV {<CA /NS, Dslll s ML NS3 (NS =3 13
00 2 l=1.M8 £ 1S
00 2 L=atl«NU -8 16
OC(I-L):D.O‘ £ 17
0Q 2 J=1 .\ £ 18
2 DC(l.LJ—Juli.L)*CH(NC’(J-L)v[)tCD(J.chL) < 19
00 3 N3l NA =) 20
ANaNn < 21
PN=PI »/N 1= 22
CXN=KIsPN g 23
PRIBCKRN/P £ 24
ERISEXP (X 2sP LE) £ 25
SRZIZZEXA(CKI=R) < 25
ESt=EXR(YvaxwKE) =3 27
MENENRSN ” s 28
NH2IN=ANRZ +N z 29
NHIN=ZAH3I+N £ 30
MHAN=NRG +N g 3t
NHSN=AHS » N . L..E_ 32
NHONmAME +N Tt " 33
TMHTNINRT N £ ga
00 3 L=tl,MN0 = 35
ACINSLI)=0C (L) Z7ER2 2 36
DCIMNHNLL) =0I ( MHN LWL /ER2 = 37
OCINHINLI=SSCIMHZM L) /SR2 = 338
QCINHINIJLI)ISITS{INHINL, L) /ER2 £ 39
DCINMANL)ZIC {NHAN L) /ERL g 30
OCQINHENILIIVCINHSMN L) /ZERL £ al
DC{NMEN,L)3IC(MNHOEN,L)/EST € a2
3 ocmnm.uauc:(NHN.L)/:—:S: . E a3
RETUR 3 aa
EMND g AS5S=-
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C It E R PSR EF R I WIS ENFFIEF I FEYFTLSEEFEEINFERFFEARRXENISESFEEFEIFPRFIEINEIFEEAER S L)
SUSAQUTLIE 410V (AN DL Yy NS3 NS

4]

Q0OUELE ANESISIUN A, 2C 03531 GAHILD

O IMENSICH A(NS3)

LINS) ., MONSY

o=1.3
NK3 =N
D8 L3 K=t 4.4
NEK=NK PN
LiRK)=K
MK }=3K
KKanK +K
BIGAzA(KK)
00 2 J=X,N
1ZaNx(J-1)
0Q 2 [=K.N *
td=l 2+t
[+ 10 [(F{ AgS(3[GA)= ABS(A{TJ))) 18.23,20
{[F (DAG3(3L5A)=DA8S(A(TJI))) 1242
1 81l5A=48(210)
LI{K)=!
MK)=J
2 CONTINUE |
JaL(K)
[F (J=-K) S+3:3
3 KlskK=n" -
Q0 3 [=1l.N
KI=SKI+N
HCLO==A(K1!)
JIz=xKl=Ke+y
A(KI)=AlJ])
A{J1)=HOLD
LY CONTINLE
S IT=M4(K)
IF (1=K) S.3,6
=} JPRaN=([-1)
0Q 7 J=(,N
SJKENK+J
JI=Jp+Jd
HOL3==A{ JK)
Al JK)=alJt)
A{JL)I=rCLD
7 COSHNTINLE
8 [F (3IGA) 1J.,9,10
el 23Q0.3
PRINT 27
RETURN
[ Qo) 0C 12 (=14
IF (l=-K) 11,12.11
11 IKanK+ !l -
Al IR)=A(IRK)I/Z(=-B1GA)
ta CONT INLE
OC 13 =1 4
TIKINK
HOLS=A( LX)
[l =N
QC "15 J=1 .+
(J=LJ+N
IF (l=X) 13+415.13 -
13 (F (J=K) 13, 19,14 5
La K= (J=[+L
ACLJ)=HCLO=aA (KJ)Y+A( [J)
1S CANT INLE
RJIK=N
’ 00 17 4= .04
KJISKJI N
(F (J=K) L3, 17416
14 A{KI)=A(KI)I/ZILSA
| g CONTINLE
< O=C«J[SA
A(KL)I=1e3/313A
13 CONTIANLE
L3N
19 Ka{K-1)
(F (K) 295424420
2Q =LK
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IF (1=-K) 23:23.,21
el JOCEN= (K= ).
JRE=NNE ([=]1)
D3 22 J=1l,N.
JR=JT+)
HOLO=A(JK)
JI=JR+J
AldIR)==A(J1)
AlLJL1)=ROLD
22 - CONTLIRNUE
23 SEM{K)
IF [J=K) 19,19.24
c4 KIsK=N
20 25 1l=1 .4
KiIzKi+N
T HOLD=A(KL])
Jl1zKl=-K+J
A{KI)I==A(J]1)
AL JII=RILD
CONTINUE
GO TO 153 ’
2¢ RETURN
C
27 FORMAT (/10X *THE MATRIX 1S SINGULAR')
END .
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C *3‘.:““'.““‘..‘*’It‘kl‘t“ltt.*‘t‘3!‘.‘tlt,'tlxl‘“*‘8"3!"38 EEXEXERELE XX X
SUSROLTINE US2A (COVDCHISTURINSIJS LM NSTLWNST2) s 1
< TXXEEFEL I 4SS A AN ER XA MR A XS I A T TR E TR LA AR BAL L XTI AR AT ARZRLARTI X EKNE ITSERES ST FRXXRRERE S
c DOUBLE PREZISION CH,DC g 2
g COMRUTE JESFLECTIONS AND MCMENTS (OLD SERIES) g 4
]RE;‘L KMN e RKL s MK2 ¢y MKI s MRS ) MRS 3 MRE , ML s ML2 M3y MLA s ML T R3 y K& s K5 MF L LM G s
N G
COMMON APl SAsCrSeTReCEr AALAAD, AAL) 213 YAS,C2+C34STeSF.TT5 ) MNH G 8
COMUON "Z3L3/ 520Xy DY+ OXY DY XsD1+D2sL 10 ClrHiVL (4280 25 G 9
" COMMON /3L1/ P.CG(4)1COS(4) sRI KA KD s BB B3, BBL aX2: Y2, Al s A2, A3,44s G 10
éBl.BZ;??.?z.;CA.SCB.SCC.SCD.SI(4).5‘(4)oSB(Q)-Sa(O) W S5(4)s856(4)
“e3T4
COMMIN/BLS/VHC W NEBI G NC e JC s NH20 NH3 s NMoy ¢ NHE s NHS s NH7 o NHEB, NB1 s N32 s NH o NL
COMMON /Z2X_/ UCL24) 4VC(26) 4 NGC,YALA00+126) sNR,UR(9)y VRI3) I N2({10)
QIMINSION ZO(NSvJS) DC(NS-LN)- STORN(NST1,NST2) G 14
DIMINSION 21{20), 22(20)y P3(20), P4{20). P5(20), P6(20),s 27(20), S 15
1PEL20)s CLC(20,20), SS(20,20) G 1¢
LT=MNH*1) 6 17
OC 14 I=1esNsZ G 18
=uC(ly . G 19
v=vC (1) G 20
0O ‘1 h=1,N4 & 21
RN=N G 22
RNP2=RN®P T . G 22
AN=RNF2/4 . - G 2a
EN=RNF2/3 G 25
VR=DBNY ' G 26
AUusaN=y G 7
BLU=BNx{, G 28
AVESANSY G 29
AVK=AVEKS | G 30
USNEK233J, G 2
VINZAVKEX2 G 32
VIrY=AVKEY2 G 33
UsVERK4E3I30+VN G 34
USVEKS$BImvy - - ¢ 3%
VAUEK 4 x X2 AV +AU G 3&
VSUSKE*Y2aav=LaU ¢ 37
CHUN=CTSH{JON) S : e G 3&
SHUN=SINA(JS §) G 39
PlINJ=CHUNRZ3S(U4V) G 40
P2IN)ISSHJINESIIN(UGV) G al
P3N} =CHUNEZCS(USY) G 42
PL{NISSHUNSS I NIUSV) : G &3
PSINJ)=CASHIVY3IN)=COS(VAU) G a4
PUINIZSSINRIVIN)*SIN(VAY) G &5
P7I{NI=CASH(V3Y)=COS{VSU] . G 4t
PSIN)ESINRIVIY)®SINLVSU) . G &7
cY=COs(va) G &8
Sv=SINn{VN) G 4%
DO 1| M=14NH G S0
RMEM 6 51
UM=RM3P 1l xU/s G. &2
CC(MsNI=ZCAS(UM) =TV G S3
1 SSIM¢NI=SIN(JM) eSSV G BS54
OO 14 L=14N. - ¢ S5
LNw = NHC+(.=1)=LT
CO&=CLCS({L )/ % o G S7
WLEOCINSL sL)+DCINB2 L) (U/A)x22+DCINBI L) (V/B)me2+(Truxsa~-vxxas)/8 & 58
1B4&SCINC, L) G 59
IF (28) 3s2+2 = - : G o0
WL=WL+CQ3 &/ x4 =(VEB) 25256, +5.2084)/7 24, G 6l
GO TO. & . G 62
3 WL=ulL +CO4 s{vexd=(VaB) xx2%2, +BB4L) /24, G €3
& 029 13 K=1,3 | ] G 64
LNMSLANR+MNHUK - ’ g G €5
L=2.¥S1(K)¥DCINB2, L) /AA+2, *S3(K)*DC(NB3L)I/DB+12.+ (TrUxe2=S1(K)=-V 6 60
1ex2%S2A(K)I=JTINC L} /8B G 67
IF (2ZE) 61345 - G 68
5 MLEML+C04 %[ v ™VeB3) /2. %53 (K) G 69
[ do B4 . G 70
¢ MUEHLACO4 (Vv EV-88/3.) /2. *53 (K ¢ 71
7 MK1S51(XK) %42=S2(K)®sKa=33(K) ¢ T2
MK2=S1({K) s34, +S2({ K) =K3 . G 73
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AN=RNF2/A
BN=RNFZ/3
AN2EANE®E2
BHN2=2hes2
SNe=3N2x 3

AN=RMEEI /A

AMZ2SANTAM

AMGZ AR Z®AND -

AUl=anvevi (L,1)"

CUI=CCS(AUVIy

CiMn=CL 1=V

C2MN=SIiN{ AUL ) =S5V
RMN=DX#AMA+3CARAMR2BN2+SC B 3G
SHN=({ ECC2AM+SCO*BN2) =aMeBN
ALR=ANIY_ L, 3)/2. N
SAA=SIN{ALR) ZALR

RSZ1 o/ ({RMN3a=SHMNEX2 ) *SAAXSSDBXC0O (L)
nsR=R5lRMh

37-1)

(2T )

©
Y
-
x

.

[4]

N*SS( M, N)
9 . MKOS=AM2=x3 (xR}
S MKO=3N* A4
MLENL= (M5 MN)®CC( M, N)*(MKb*KHN-PKS'LMN)!SS(N N)
10 CONTINCE N
HHNSNRP+N ’
NHZ2NE=ENHZ2+N !
NHINSNRI+N
NHINZ=NME +N
NHONSNRS+N -
NHON=NMO +N
HNH7ZN=SNNH7+N
TONdSCCS(k)*
IF (Ka3T
wL=ToN3/
1+L)®P4G(N
27N )37 8
11 MUsML +AN
1*DCINKHSN,
‘2) Y %DC INKH?
ML=ML +3N2
lNHN LY+(™

Bl N g
p

XX~ Cat

IR+IQONMO~~C

A7

U‘i’-‘ "o (D re D~

2+./BN2*COS(ON*V)

pl(N)*DC(NHl L)=sP2(N)+D
:Pb(N)+DC(NH5N-—)'PO(N)

NH2NL )*PJ3(H)+D
C(NHbN.L)'p7(N)
(
-+

N~ {Le

O a2 #2247

<
+
N)=MKaxP6IN))*DLINHENIL)
IN)*NLO‘pS(N))*D ( Nel
}=MK2 %P 2(N) ) *D R
2*94(N) «DC(NH 2

t~40i4
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(
Pl(N)+Mhl'PZ(N
P3¢

CI{NHE
Nyl )+
Lt NY+ML1%P4(N)

— -
#® e

> (M
. ML

L re v U~

et
z‘y

,4
[N |
"

r-

)
L
¥

]

—efllr=qtt |

i
»
L

Te
)
]

L N
n
(¢
7

e

!
N
[
N
»
[

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

[o]
o

P Y2 XA 1141112111211 12 12 12 XA T A X2 12 12 JaXa X aTa YA T2 X a 1A A Ta X aXa 1a AT Ta T XA T a T A A A A A A DA T A A TA TA T A TA T A TA T A A Ta Y AT XA TAY A R A R A R AT A YA T a YA

o et s St Gt st gt b A g g e B Bt (=8 Pt e b O b $e ik 5O Pt P P gt 0 1t oh b ot 0ot e 00 $h (0 e bt gt e bt Bt e $S O

PEO L P LUIUUUWWLWWUNNMNNNNNRNN e s e~ Q00000000
T PP LUN=ODENCN P UN OO NCNPUN=OOONC NP UN—~OODNDINF LN~



195

C ERERE PRI INSEZ EXEI EERAXNRLAXRET LA IFEARAXEXTFXX EX A TSI TR EIRNT A SATXXAAREXIXIRTE EEXEET SRS X

. LTINS "o ETOR o N S UIn e NSTL1 yNST2) H 1
;:fiit:;ij;tf:z:&LSi;iS;:Iié;xi;i:;;;;t:u:xu:x&sx:x::xxt:tx:tnts-:nauat:;xx

(2]

2
CUSLE PRITISION Ch,DC o KS 3
F:;)Ezil.-'(a'-ﬂ\pﬂ-'\i ?Mgz 'EN’é'MK‘O' MK 5y MKS » ML s ML2 o ML I oML & o Mo o‘KJ'V-‘*v KSe MF LM : 3
1) o - = S, MNH ] )
COMMIN A Pl s 0A«C1SeTMNChys AA L AAD, ALty 2+5YAS,C2.03,S5T WSF.T.TE,
COHMUN  /3L37 BeDXsOYDXY,DYX,01:02.C!,GJsHVL(445), 28 LD, A3 AL : $
COMMEN #3011/ £,CO4) ,C2S{e) K3, Ke,KE 198,983,884 1 X2, Y2, A4 A2, &304 L,
L2 1232433, 8++SCAsSCHBeSCLISCDS1(2),+35c(6)+S3(4)454(4)455(4),456 s
2 £7(4) ! , Ny NL
COMMON/BLS/ 148 s NSI NS s JC s NH2 3 NH3 g N s NHS , NHE S NHT7 o Nri8. NB 14 NS2, v
COMMgN 23Xl JCU236) 2VC{26) s HNGCsYALRI0,24) sNRHYUR (D) VRIIIsN2(ID) " ‘1
DIMINSICN. COUNS4JS) s DCINSILN)sy STOXINSTIINST2) bratzol. P1s o 1)
DIMINSIION 25(20), PIO(20), P11(20), P12(20), P13(20), l14( ’ N 15
1020}, P13(20), 5C(204+,20)s €S(20.20) H 1o
LI=MINH®1O M 15
€0 B I=1.N3: Ho 1o
u=yg(il) . N 17
'=ve L) H 18
DO 1. hal N+ H 19
RNS=N . H 20
RHNP2=RAN%D ] H 21
ANSRNF2/A H 22
BN=RNFZ/U M 33
VNEZE3INFY | ~ 24
AU=ANSY H 25
AVEANSY, = 27
AVK=AVEK3 H 28
V3ANER3D Y L] 2%
VINSAVRE&EX2 ~ 30
VIYSAVKEY2 H 23
Vav=Ka 20 0+V H 32
USVSKESSS=V (- K 33
V&aU=K4xX2 AV + AU . . H.™ 3¢
VoU=KEsY2raV=AU K as
CHUNSCESHIJIN) M 3&
SHUN=SINA (JINJ H 37
PO(N)TSEHUNE_JS(VeV) W 38
PIJINI=CRUIESINIVLY) H 3%
PlI(NI=3HUNECDS(USY) W 40
Pl2I{R)ISCHUNCIINIUSY) - 4
PI13I(N)ISIANAIVIN)®=ZIS({VLU) H 4z
PIS{N)SCISH{ VIN) *SIN(VaU). - . 2} 43
PLIS(NIZSINALVIY) =sC0OS( V5U) (=] &6
PlCINI=CISA( VIY) sSIN(VSU), ~ 45
CVv=Cas(Vvl) : ™ P
SVE3IN{VYN) H &7
gc & M1, NAL H. &8
M= . H a%
UMSRM2P s U/A - H S0
SCNI,NI=SS LI UMY ®CY = 51
1 CS{M,N)=CO3{UM) *¥SY (3] 52
DO .8 L=1&N% 1ysLT
LW & MHL (.~ x - s {V/8)xx o] S4.
§L=DC(N01--)tU/A+OC(N83.L)'(U/A)t:J#DC(N&Z.L)tV/S¢D»(NC'L) { n 22
1 . ] 56
C 7 K=1,3 | o 5;'
LNMELAR+INHEK . . H 58 .
ML=6-°‘51(A)tO/AAJ‘DC(NBSvL)*b-#SS(h)-V/BB3lDC(NC‘-) " oo
ngzsz(x)sgg-sg(E):EQ—SB(K) " 60
Mr2=SI(K) 2Ll «S2(XK) ™ o] 61
MKJ:Sl(Kf*S:(n)-xz:xa-s3(x)*12*'2‘*2 H 62
MR&m{ SA(K)sX3+83(K)*X2xA]l )& X2 HoEZ
ML1=SI(K)¥5J*SZ§K§'§§‘S3(K) " H o:
ML2=S51(K)*x3, -S2(K) = - - ab.
MLJ=51(K;-gJ(K)'Y2¥KS—53(K)*Y2“2’54 o] (33
ML&=(S2(XK)*L3-83(K)*y2>3))*xY2 H -4
CO 6. N=1, M4 - H (4321
RNSIN M ¢S
RNP2=RN&P] M 70
ANBRNFZ/A H 71
DNERNFZ/I H 2
TANZ2ZANSAN T

BRI=IN* 3N
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(8]

I IR A R I AR R A ML A A A I R R AR NS SR I AR SRS XX F P RS RS S E AN KT R AR RE XXX XX EXRCERR XK K
SUSROUTINT O3RA (COvIOC . STORINSH»JISWLNsNST L NST2)

FAFRFEI L FILEEREZXNMNE A B AL XA EAXXSLSZIEEZIAENAIRLI AN ASAIAFCERARNRI XL AL ERABLEEXZE SN T FXLA KX SE XX S

(A

SIU3LE PRTIISIUN CHHDC G E
C . G 3
C COMEUTE JZFLECTIONS AND MOMENTS (QLE SERIES) é g
C .

REA KMhp"ﬂlaMKZcMKBoMKQ'NK'-VK‘tVLI-HLEOML30ML40M50K3'K4'K50MFtLH g $

IN ’

COMMON Aop‘cSAQC SeTNeCl ) AA s AA3 AAGL 2 s SYAS I C2+C39STaSF T T2y MNH S B

COMMON /3L07 S5+0XsDYsDXY DY XsO14D2,Z1+vGldeHiVL(G46,5),28 G =

COMMON /OL17 PL.CUl4)+CQS(4) ,K3+R4 K5 s8HBBB3,284 +X2,Y2¢A1+A2+A3eA4, S 10

éBl.da.e%.?acSCA.SCB-SCC.SCD.SI 4’05&(4)053(4)054‘“’!55( 4)+56{(4 )
- 4

COMACN/ZILS/ AMC o NE3 s NC o JC s NH2 y NHI JNHE s NHS s NHOE g NHT y RSy NET o NS2 « NH g NU

COMMON /2 X/ UCL28) 4y VCI24 ) 4y NGCHaTYA(LD0128) s NRLUR(F)I,VRII)IIN2(10) :

DIMENSEION CO(NS+JS)y DCUMNS LMYy STORINSTIWNST2) G 1a

DIMENELISIN 21 (20), P2{20), P3(20)y PS(20)s P5(20)s Pl20)s P7(20), G 18

1P8(20), CCL23.42C)y 55(22.,20) G 1¢&

CIMINSION P2(20)..P10{(20),P11120),P12(20)+P13(20),+F14(20),P15(20)

1 . 2P1B{2D),. - ' CS(20,20),5C (20, 20)

LT=SMNR*1D G 17

DT 16 J=1 4NR

vV & VR{J)

D: 1a I=1.,3

U UsR({l)

DG 1 N=1,N4 - G 2!

B N=N 5 22

RNP2=RN=2 G 23

ARERNFZ/A [ 24

BN=RANF2/3 G 25

VN3NV G 2C

AUSAN®U G 27

EU=3N*L G 28

AVSAN®Y & 2%

AVRK=AVERZ . . R G .30

U3N=K 3B ‘ T i G 2

VINEAVKEXD G 32

VIV¥Y=AVKEY2 G 23

VavzK4135+V.4 G 3&

USVEKE*BU-Y,y G s

NEUSRKI s X2 xAV + AU G 36

VEUSKE*Y2®aAvV=~AU" G 27

CHUNSCLISH (JIN) [« 38

SHUNSS INR(JuN) & 3¢

CHVN = CISA{ Y3N)

SHVN = SI N+{ V3N)

CHVY = COSH(I VYY)

SHYY = SINKVIY)

CuUs = LO3(Us V) -

SU4 = SIN(JI+V)

CUS = CCS(USV)

SUS = "SIN(USY)

CY4 = CO3(VeU)

SV& =-8IN(VIY)

CvYS-= COS(VSJ) N

SVE = ESIN(VaV) |

P IIN) = CHUN = CU4

P 2(N) = SHUN * SU&

P 3{N) = CHJUN = CUS N

P . 4(N) = SHJN » SUS ’

P S({NJ) = CHVvN % CV&

P GIN) = S4VN * SV

P 7{(N) = CHvY -» CVS ¢ -

P 8(N) = SHVY = .SV5

P S{N) = SHJUN = CUs

PI1O(N) = CHJN * SU&

PLI(N) = SHnJw~N * CUS

‘Pl2{N) = CHUN * SUS

P13IN) = SHYN = CV4

P1&4(N) = CHvIs ' Sva4

PLIS(N) = SHYY = CVS

Ple(H) = CHYVY = SVS

SVY=COSsS(VXN) " . G LE

SVESIN{VIN) G 85

OC 3 M=1.NH G 5o
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C AXEEEF IXRF IS BEF AEEXTEZEXRAEEIE REFIXNEIIXAREEL BE X FATFTEI I SAERX AN X AF EXITLUEERTEC X INXKRXTF XX &

SUSRULVTINEG JARA (CUDC1STOR NS JS L NST1NST2)

: EBEFES IIFTEFAEFELAXS AXXEIXAEITXFEAX SIS I EXARXIJUENE ESAZILE I XX AXAXF RAFTELERLEXRE T FARXER X NE S
DOUBLE PREIISION CH,DC - Hoo2
REAL RMN» MRZ o MK2» MK3; MK G o MK 50 MKE » MUT 3 MLZ s ML3 oML & o Mee 1 K3 s K&y KS o MF , LM : :

1K
COMMIN A1 Pl ) S5A+CeSsTNCh o AA s AAS AASL 2, SYAS,C2,C34 ST SFs T TBWMNH ] s
COMMIN /J-o/ 3:¢DXDY, DXY.DYX.D.lybz.'_‘I,GJ.H'VL(L-S).ZS .. H 3
COMMON /3L1/ P,CUIL) 4CAS(4) ¢RI K4, KL, BB ,BE2,306.X2, Y21 Al A2+ A3 A4 K 7
151482 ,83, BbsSChe SCSs SCC s 5CD 1S1(4) 1S2(8) v53(4)+54(a) 15508} ,56(48),
2 S7(4) ,
CTCMMON/BLS/ IHC W NEZ W NC yJC, NH 2, NHB.NHI. e NHE s NMHG o NHT7 o Nt S:NaloNSZvNHoNL
COMMON /2 X/ UC{24) +VC(24 ), NGCIYA(430+,28) +NRLJURI(S),VRI3},H2(1Q)
DIMENSION COUINS,JS) s DC{NSsLNJ)s STORINSTLINST2) o1l
CIMENSION P1(20) s P2(20)s P3(20)s P4l20)s PS(20)s P6{20), 37(20J,
1P5(20), CCL29,20), $S(20,20) .
DIMSNSION P2{20), P10(20), P11{20), P12(20}), P13(20)s Pl4i{2C), P15 H 12
10233, P1a(2J), $C(20,20), CS5(20,20) Ho3
LTI=MNR®1D : Ho
D0 2 J=1,NR
vV = VR{J)
0% %ei1)? -
= U .
DO 1 N=1,NA H 18
RIsEN : w 19
RNP2=RANXP] H 20
ANSRNFZ/A =2l
DN=RNFZ/3 - Ho 22
VNSINY Ho 23
AUZANSU Hoo2s
BU=3Na*V H 2
AVEANTY "o 26
AVRKSAVEKS H 27
UIN=KIs3J W28
VIL=AVKEX2 Ho2¢
VY= AVK®Y2 . H 30
Vav=rasBJevy =32
USVSKE$3U=YH Ho 32
VAUZKG $X2 %AV ¢ AU Ho 33
VSUSKE53Y2 %AV =~AU H 5
T CHUNSCOSH (SN H >
- SHUNES INA (USN) H 36
CHVN = CISH(VY3INy
SHVN .= SIN4{V3N)
CHVY = COSH(V2Y)
SHVY = SINH(V3Y)
CUs = CAS(UaeV)
SUL = £13({Ya V)
CUS = €D3(J5V)
SUS = SIN(JIV)
Cva = CGS(YeU)
SV4 = SIN(V4J) -
CVs = CAS(VLU)
SV3 = SIN(VaU)
P 1I{N) = CHJIN - » CU&
P 2(N) = SHJIN -s SUa
P A(N) = CAJIN = CUS ..
P &4{) = SHJN .+ 5US .
P S({(N) = CHAYN =* CVa
P 7(N) = CHVY = CVS
P B(N) = SHVYY & 'SV5 - o
P 3(N) = SHVY =x SV5 . N
P 9IN) = SHAJN = CUs
Pl1O(NJ) = CHJN = SuUs
Pl1(N) = SHJN = CUS
P12{N) = CHJUN = SUS
PL3(WR) = E4YN ® CVs -
P16({NJ) = LHYN = SV&
PISIN) = SHvyY -+ CVS " .
PlL{N) = CHYY = SVS H &S
Cv=CaS(v) . " acC
SW=SINIVN). nooes
S8 1 w=1,NA - a8
CRNE=M . : 4
UMS RSP ®U/A
CUu = CC3lu)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



n
ty

29

3]
[ A

201

7
[ &

n~a~

oxrxXxxil
ce e
OV L
[ S SO
'R

+= NHup~

ZO00LWounnNng
Axnv|l|u4pﬂaﬁ ~2

"
i | BTGRP

N

r wuwoonn
- <€<<<g

)
P
~—

L]

(J*d ) =M

XCO0LOLOOn

R.l.Z0.
*DCINE3
*Ka=S3¢
*K3
=K4=S3(
)'XZ‘AI
{

-~

U T 290
«®xS3(N ) =V /BE3=CCIRC L)

e
[ |
1
g~
+
(4 A

x

lre

EX2®RE2RAZ
X2

”
x
m
M
[ %]

v2ss2%8z

Pal
(¥}

K4
i
T AN Q7 20T 70
VOW VO~~~ ()

s R T

»n

]

(7]

1A AR YR ARG ART | AT

2
[ ]
SN XNEP AU~ 4L~ 1l

N

J+ST(K}aDC(NC L )/BE2)

e S7(NR)

Ré = \ .
X2 *A1=-5 7(\)¥X2*X2¢&3)
4

v R b N e e B

——u,

X289 X2 A2=S7 (K) *¥X2*& 3% A%

LEL P ~RARR~RARUA

o~~~

3 ,
+S7(K)

§5T 57t -s7(kyxv2myara)

2=y2s02+57(K K)svy2=s3s3a

s b lato—
Hhpnpph

mmmmmmamamANAN- AN~ WO {

ANERRXFTARARXARA~— RN
e el AR 3P
0 %R R N %D

NERQOQUARAPPUN
COOO0O0OREN\N~X X=X R'C 2

NEPWHY WX TRVt ANMNCO
LR IR Kok B 47 R M N YT g ST VAN

LNt g~~it—~~D>
GO NU AKX ~H KX)o
trite t i ww

nHLVONVY — -~
P Y T P PPy s v*v

00O 0LO0N
FrreExXxxREre
VW~ LN~ %

CRARRRAERRP LM
I R RN

DD 6 M=), N

RN=N

RNPZ=RN®P T’

ANZRNF2/4

DN=RNF2/73

ANZEANEAN

BNI=8N33N

ANZ B AN2sAY

BR3 = EN223n o

BRG=RNZXIN2 . .

Svi=anNEVL( "’

Cvi=CLs(ayv
\
(

&

)
)
I}
)
)
)
)
)

AMERMEPI /A
ANI2ZANIAM
AMGEALZRAN2
AULISAMBVL
cui=CCs
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RS=1 ./ (RANE SMNtxz)tSAA*SBBuCO(L)

ROR=RS=RMN N
RSS=RS*3MN
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LMN = C2MN®QXSR=-Q)MNXRSS .
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IF { oNCTe(leZ8el1s0OR.1.30.9)) GO TO &}
MLEML=T7438%31 (K) ZAM®SIN(UM)

GL = CL=T7438S4 (K)=COS{UM) -

“IF (eRCTe(le8Cs1.0R.150.9)) GO 70 22
MKS5=ANZ2ES1( ) +BN2*S3(K)

MROSBNSA 452 . '
ML:nE-(ugs:a&fingbeowN):sc(M,N)-(uxoxpuh+MK5tOMN)aCS(M.h)
OKG = aAME{4d2xS6 (K)+BN2*¥S6(K))
COKG = AN®(A42%SS5(K)I+AN2*S57(K))
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