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ABSTRACT

The perturbation method is used to analyze the problem 

of small and large deflections of clamped skewed plates under 

uniform pressure. The results are improved by successive approximations 

to the three displacement components in the middle plane of the plate. 

Numerical and graphical results are presented. Comparisons are made 

with existing results for skewed plates with small deflections as well 

as with results for rectangular plates with small and large deflection 

behaviour;.good agreement is shown. The effects of skew and aspect 

ratio on plates with large deflections are investigated. It is shown 

that the centre deflection decreases with increase in skew and aspect 

ratio, and that the maximum resultant stress occurs along the longer 

edges of the plates and is displaced towards the obtuse corners.

Four aluminum skewed panels of different skew angles and aspect 

ratios were tested to verify the theoretical predictions. Experimental 

results for deflections as well as maximum edge and centre stresses 

are compared with those obtained analytically. Close agreement is 

found. It was also revealed from these experiments that, at large 

lateral loads producing plastic permanent deformations in the plate 

models, the obtuse corners are not only regions of stress concentration 

but also of instability, exhibited by sudden reversal of stresses.



! ACKNOWLEDGMENTS

The writer wishes to express his gratitude to 

Dr. J.B. Kennedy for his guidance and suggestions in the preparation 

of this work and for his generous aid and constructive criticism 

throughout its development.

The writer is also indebted to Mr. William James and
>

Mr. David Wongsing who have helped in the checking of the theoretical 

analysis. Thanks are also due to Mr. George Michalczuk who has 

helped generously in the setting up of the experiments.

The financial assistance given ' by the Defence Research 

Board is greatly appreciated.

iv



TABLE OF CONTENTS Page

ABSTRACT ..............................................  iii

ACKNOWLEDGMENTS .......................................  iv

CHAPTER

I INTRODUCTION .......................................  1
II REVIEW OF LITERATURE ............................... 7

III THEORETICAL ANALYSIS . .
(a) Assumptions ..................................  3.0
(b) Formulation of the Governing Partial 

Differential Equations  .........   11
(c) The Oblique Co-ordinate System ............... 17
(d) Method of Solution ..........................  20
(e) Dis-olacement and Stress Relationshios ........  28
(f) Observation and Discussion of Theoretical 

Results ........................... ..........  31
(g) Convergence of the Results ......... .......... U3
(h) Plastic Analysis.............................  1**+

IV EXPERIMENTAL ANALYSIS

(a) Materials and Apparatus  ............ ......... 50
(b) Procedures and Results ............. .......... 5*1
(c) Comparison and Discussion of Experimental

and Theoretical Results ......................  6l
V CONCLUSIONS ..................................... . 78

APPENDIX A Fortran Programmes for Theoretical Analysis... 80
Fortran Program for Experimental Analysis  116

APPENDIX 3 Experimental Data for Lateral Deflections  12^
Experimental Data for unit strains for 
all gauges at different intensities of 
loadings ....................................  139

REFERENCES ..........     160

NOMENCLATURE ........................................... 163

VITA AUCTORIS ..........................................  166

v



LIST OF TABLES PAQ2

Table 1. Maximum 'Small'Deflection at Centre for
Various Skew Angles and Ratio of Sides ....  32

Table 2, Geometries of Test Plates  ............. . 51

Table 3. Location of Rosette Gauges in inches ....... 51

Table h. Location of Dial Indicators (in)  ....... 57

Table 5. Lateral Deflection Results for Plate 1,
Test 1 ..................... ............. 125

Table 6. Lateral Deflection Results for Plate 1,
Test 2   126

Table 7. Lateral Deflection Results for Plate 1,
Test 3     127

Table 8. Lateral Deflection Results for Plate 2,
Test 1   123

Table 9. Lateral Deflection Results for Plate 2,
Test 2.      129

Table 10. ’ Lateral Deflection Results for Plate 2,
Test 3     130

Table 11. Lateral Deflection Results for Plate 3t
Test 1   131

Table 12. Lateral Deflection Results for Plate 3>
Test 2  ...............................  132

Table 13. Lateral Deflection Results for Plate 3,
Test 3   133

Table lU. Lateral Deflection Results for Plate U,
Test 1................................... . 13 L

Table 15. Lateral Deflection Results for Plate I*,
Test 2       135

Table 16, Lateral Deflection Results for' Plate U,
Test 3     136

vi



LIST OF TABLES (Cont.) Page

Table 17. Lateral Deflection Results for Plate 3,
Yield Test ..............................  137

Table 18. Lateral Deflection Results for Plate U,
Yield Test ..............................  138



'list OF FIGURES Page

Fig. .1 In-plane Forces on Plate Element   12

Fig. 2 Moments and Shear Forces on Plate Element ......   12

Fig. 3 The Rectangular and Skewed Co-ordinate Systems ..... 16
Fig. U Variation of Centre Deflections with Skew

for Aspect Ratio = 1/2     3**

Fig. 5 Variation of Centre Deflections with Skew
for A.spect Ratio - 2/3 ......... «... 3^

Fig. 6 Variation of Centre Deflections with Skew for
Aspect Patio = 1   3^

Fig. 7 Variations of Bending and ‘■'embrane Edge Stresses
with Centre Deflection for Aspect Ratio b/a = 1/2  ̂ 36

Fig. b Variations of Bending and Membrane Stresses at
Centre of Plate with Centre Deflections for 
Aspect Ratio b/a = 1/2  ^  37

Fig. 9 Variations of Bending and Membrane Edge Stresses
with Centre Deflections for Aspect Ratio b/a = 2/3 %%% 3Q

Fig. 10 Variations of Bending and Membrane Stresses at
. Centre of Plate with Centre Deflections for 
Aspect Ratio b/a = 2/3    39

Fig. 11 Variation of Bending ana Membrane Edge Stresses
with Centre Deflection for Aspect Ratio b/a =1 ....  îq
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. CHAPTER I 

INTRODUCTION

Skewed plates and slabs are often required as component 

parts of large scale structures such as triangular dams and building 

floor systems. In the field of reinforced concrete, such plates are 

also of considerable interest and practical importance, especially 

in the case of skewed slabs for highway bridges that cross rivers, 

railways or other highways at an oblique angle. In general, the 

deflections of skewed plates or slabs used in the aforementioned 

structures are usually rather small in comparison with the thickness 

of the plate so that for a proper design of such plates, only a 

linear (small deflection) analysis is required. In contrast, the 

requirements of skewed plates or panels for the aircraft industry 

are quite different. In the case of the design of swept wings and skin 

panels of aircrafts, for example, the weight is of primary importance; 

for this reason, when skewed plates are used as their component parts, 

they must be thin and, as a result, their deflections are usually 

quite large in comparison with plate thickness. Hence, in order to 

obtain design charts and formulas for stressing skewed plates 

used for swept wings, skin panels and other related components 

of the aircraft, the nonlinear (large deflection) analysis must 

be used,
0

Many diverse and indirect methods are now available for



the linear analysis of. clamped square and rectangular plates 

subjected to uniform normal loadings. Some of these methods are 

cited by Timoshenko and Woinowsky-Krieger (l). For the solution of 

a clamped uniformly loaded rectangular plate, Timoshenko and Woinowsky- 

Krieger employ a double series which operates with two independent 

■''systems of infinite linear simultaneous equations. Approximate solutions, 

for the nonlinear (large deflection) analysis of uniformly loaded 

rectangular plates under similar boundary conditions have also been 

examined by Hay (2) using the P.ayleigh-Ritz technique and by Levy (3) 

who substituted a double Fourier series solution into the differential 

equations and evaluated the coefficients. Invariably, all the methods 

employed are extremely laborious and require considerable computations.

In contrast to the square and rectangular plates, skewed plates 

have not received as much attention. This may perhaps be due to its 

relatively difficult mathematical model and its absence of orthogonal 

relationships. For the clamped skewed plate under consideration,

Morley (h) has presented results for a very limited number of skew 

angles and aspect ratios. Recently, due to the work of Kennedy (5) (6), 
deflections as well as principal stresses for such plates have been 

determined for various skews and aspect ratios both analytically and 

experimentally. However, with regard to large deflection behaviour of 

uniformly loaded skewed plates, no general solutions are as yet 

available.



The work embodied in this thesis comprises:

(i) a theoretical linear (small deflection) analysis on 

the bending of clamped skewed plates subjected to a uniformly 

distributed load and a comparison of the results so obtained with 

those obtained earlier by the author and other investigators (U) (5)

(6) and (7)
' (ii) an extension of the theoretical analysis to include 

the investigation into the large deflection behaviour of uniformly 

loaded skewed plates unde.r the same boundary conditions.

(iii) an experimental investigation into the effect of varying 

the skew angle, aspect ratio and plate thickness on the small as 

well as the large deflection behaviour of uniformly loaded clamped 

skewed plates and thereby verify the theoretical predictions. The 

experiments performed consisted of the following aluminum plate 

models:

a) Test Panel 1 ---  a skewed plate with aspect ratio 1/2,

• ■ skew angle 50° and plate thickness 1/8 in.
.b) Test Panel 2 ---  a skewed plate with aspect ratio 1/2,

skew angle 50° and plate thickness 1/16 in,
c) Test Panel 3 -—  a skewed plate with aspect ratio 2/3,

skew angle 30° and plate thickness 1/16 in.
and d) Test Panel U ---  a skewed plate with aspect ratio 2/3f

skew angle 30° and plate thickness 1/8 in.

3



With reference to the theoretical work, the perturbation 

method (8) (9), based on the smallness of the central deflection was 
used to determine the lateral deflection, the in-plane displacements 

and hence the moments and stresses of clamped skewed plates. Throughout 

the theoretical analysis, the dimensionless ratio of the central 

deflection to the thickness of the plate is used as the perturbation 

parameter. Essentially, the perturbation technique is based on the 

principle that, if a well constructed asymptotic power series should 

satisfy the differential equation, then each parameter should also 

satisfy the' governing differential equation independently. Following 

the perturbation procedure, asymptotic power series containing a 

number of undetermined coefficients are assumed relating first the 

dimensionless load to the central deflection perturbation parameter WQ.

Power series containing unknown functions of the oblique co-ordinate axes 

are also assumed relating each of the displacement components u, v, and 

w in the middle plane of the plate with the same perturbation parameter 

W0. In assuming these‘functions for displacements, care was taken to 

ensure that these assumed functions satisfy not only the boundary conditions

of the plate but also the condition of polar symmetry ---  a necessary

condition for a uniformly loaded skewed plate. The assumed displacement 

functions are next substituted in turn into the governing partial 

differential equations derived in each step in the successive 

approximation sequence. 3y equating equal powers of the oblique 

co-ordinates £  and1'/, and by solving the set of simultaneous linear

U



equations thus obtained, all the unknown coefficients in the displace

ment functions are evaluated. Finally, these displacement functions 

with their determined parameters are differentiated to yield the 

required bending and membrane stresses anywhere within the plate 

boundary.

Also included in the theoretical analysis is a brief discussion 

of the initiation of yield along the edge of the plate if the plate 

material reaches its y'ield in a region where the Von Kerman equations 

are valid ( v/hs2), In this connection, the Huber-von Mises yield 

theory is used.

The experimental investigation consisted of the testing of 

four plate models of different skew angles, aspect ratios and plate 

thicknesses. All test plates were made of 0O6I-T6 aluminum alloy.
Metal foil strain rosette gauges were installed at selected points 

on the plate models and principal stresses were calculated from the 

strain measure’ ents- recorded for the different intensities of loadings. 

Dial indicators were also installed at the bottom of the plate to 

measure the lateral deflections. In order to verify the results of 

the nonlinear (large deflection) analysis, all four test panels were 

loaded so that the centre deflection of the plate approaches twice 

the plate thickness.

In order to study the behaviour and stress distribution’of 

skewed plates loaded beyond the validity of the Von Karman equations, 

two of the above-mentioned test panels were subjected to large loads 

resulting in plastic permanent deformation of the plate models.

5



To facilitate the computation of deflections, principal 

bending and membrane stresses at specified points on the skewed 

plate, all computational work for both the theoretical and experimental 

investigations was programmed in Fortran for the IBM lo20 II. The 

programmes are included in Appendix A.

6



CHAPTER II 

Review of Literature

(a) Linear Analysis of Skewed Plates

The linear small deflection behaviour of skewed plates 

§md slabs has been investigated mainly by the method of finite 

difference. The first publication on skewed plates was probably 

due to Brigatti (10) who obtained limited results, by means of 

finite difference equations, for uniformly loaded rhombic plates 

simply supported and clamped.

In 1939/ Anzelius (ll) investigated into the small 

deflection behaviour of uniformly loaded skewed plates, simply 

supported on two opposite sides and free on the other two. His 

solution is in the form of a series involving hyperbolic and 

trigonometric functions which yield an infinite system of linear 

equations. Results were given qualitatively only for twisting 

moments for a U50 skewed slab.
Studies of skewed plates by means of finite difference 

techniques were also made by Jensen (12) in I9I+I. Uniformly loaded 
skewed plates simply supported on four sides and similarly loaded 

skewed plates simply supported on two opposite edges and free on 

the other two sides were anslysed by use of .difference equations 

developed in a form readily applicable to networks made up of lines 

parallel to the sides. Throughout his work, the aspect ratio of 

the plate was taken as l/2 and Poisson’s ratio was taken to be 0.2.

7



Since the work of Jensen in 19*+1> st great deal of work has 

teen done on skewed plates and skewed structures. In 1953t Dorman 

(13) used the energy approach to investigate into the bending 
behaviour of a clamped skewed plate but the function he assumed 

for the lateral deflection has the restrictive character of 

satisfying not only the polar symmetry but also quadrant symmetry

  a condition which is non-existent in a skewed plate. The

outstanding researchers in skewed plates and related structures 

in the past decade include Morley (*0> Mirsky (1*0 and Jones (l5)» 

More recently, Kennedy and the author (5) (6)have solved ' 
the small deflection problem of uniformly loaded skewed plates 

by means of variational techniques and the results were verified 

by experiments.

In 196k, Kennedy and Huggins (l6) presented an analytical 
solution for skewed stiffened plates under a uniformly distributed 

load. Stresses near the corners of skewed stiffened plates were 

also examined by Kennedy and Martens (17) who have observed 
experimentally that critical stresses often occur in obtuse 

corners of such skewed plates.

(b) Nonlinear Analysis of Skewed Plates

No general solution for the nonlinear (large deflection) 

analysis of skewed plates is as yet available in the literature. 

However, nonlinear analyses of rectangular, circular and elliptical 

plates are quite well known. Results for the nonlinear analyses

8



of such plates are largely due to the vork of Way (2), Levy (3),
Chien (l8), Wang (19) and Weil and Newmark (20). Large deflections 
of simply supported rectangular plates on elastic foundations 

vere examined by Sinha (2l) in 1963 and more recently, approximate 
solutions for the small and large deflection behaviour of rectangular 

plates resting on elastic supports have also been obtained by Kennedy 

and.the author (22):

9



CHAPTER III 

THEORETICAL ANALYSIS

(a) Assumptions

Based on the small deflection theory of elastic thin plates, 

the problem of the clamped skewed plate subjected to uniform normal 

loading has recently been solved (U) (5) (6) by various theoretical 
methods. However, in all these theoretical analyses considered, the 

deflections are considered to be of such magnitude that the effect 

of the stretching of the middle plane of the plate on its curvature 

can be neglected. When the lateral deflection of the plate is 

moderately large, that is, in the neighbourhood of one half the 

plate thickness or'more, the linear theory of thin plates is no 

longer applicable and the effect of the forces acting in the middle 

surface must be"taken into account.

Throughout this theoretical work of linear and nonlinear 

analyses of skewed -plates, the following assumptions are made:

i) points which lie on a normal to the midplane of the 

undeflected plate lie on a normal to the mid-plane of the deflected 

plate.

ii) the stresses normal bo the mid-plane of the plate, 

arising from the applied loading, are negligible in comparison 

with the stresses in the plane of the plate.

iii) the slope of the deflected plate in any direction is 

small so that its square may be neglected in comparison with 

unity.

10



Also, for the linear (small deflection) analysis, the forces 

in the middle plane of the plate is neglected and this entails one 

additional assumption, viz.,'

iv) the mid-plane of the plate is a neutral plane,i;e.,any • 

mid-plane stresses arising from the deflection of the plate into 

a non-developable surface is ignored.

(b) Formulation of the Governing Partial Differential Equations

The nonlinear large deflection behaviour of thin elastic

plates is governed by three coupled nonlinear partial differential

equations. When the boundary conditions of the plate are known, it

is often convenient to express these equations in terms of the

displacement components u, v, and w (parallel to the rectangular

co-ordinate axes x, y, and z respectively) of a point in the

middle plane of the plate.

i) Equilibrium of the Plate Element in the x and y directions

Consider the equilibrium of a small element cut out from

the middle plane of the plate with sides dx and dy as shown in

Fig. 1. Let N , N and N be the in-plane forces per unit x ’ y xy
length of the plate.

Neglecting body forces, the equilibrium of the plate

element in the x and y directions yields respectively,

N + N = 0 ............................ (3-1) ‘x,x xy,y

N + N = 0   (3-2)xy,x y,y
where the comma notation signifies differentiation.

11



dx

Nyx

0

3

Qx+Ox,x dx

Qy+Qy,y dy

-e— X

Nx+Nx>x dx

M Xy+MXy>X

Mjf+Mx^ **x
M y+ M y,yd y

MXy+MXy,ydy

Fig. 1. In-r»lane Forces on Plate Element Fig. 2. Moments and Shear Forces 

or* Plate Element
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ii) Equilibrium of the plate element in the z direction

Forces in the z direction due to the in-plane forces:

From Figire 3, it is easily seen that the net contri

bution of the downward force by in the plate element is*

-Nx w>xd>'+ (Nxw'x dy^'x dX

or (N w, + N w, ) dx dy  (3-3)' x 'xx x,x 'x

Similarly, the net downward contribution of N on the plate 

element is

( N w, + N w, ) dx dy .............. (3-*0> y yy y,y 'y

The net downward contribution of N on the plate elementxy
is

-N w, dy + N w, dy + ( N w, , ) dx xy *y xy 'y xy ’y dy7 ,x
or ( N w, + N „ w. ) dx dy ........... (3-5)' xy 'xy xy,x 'y ' '

Similarly, the net downward contribution of N isyx
( N w, + If w, ) dx dy  ............ (3-6)v xy 'xy xy,y 'x ' J

Hence, the net downward contribution of all the in-plane

forces can be obtained by adding Eqs. (3-3) through (3-6), viz.,

( N w, + 2 N w , + N w,yy ) dx dy.......(3-7)' x 'xx xy 'xy y '
Forces in the z direction due to lateral loads;

Let Qx, Qy be the shear forces per unit length (Fig. 2). 

Also shown on the same figure are the direction of the bending and 

twisting moments acting per unit length.

13



Equilibrium' in the downward direction (along the z axis)

gives:
Q + Q + q = 0  (3-8)x, x y,y *

Also, hy taking moments about an axis parallel to the

x a:;is and ignoring terms of lower order of magnitude gives:

Q dx dy - M dy dx + M dx dy = 0y y,y - xy,x
or M - M - Q  = 0   (3-9)y,y xy,x >

Similarly, by taking moments about an axis parallel to

the y axis, we have,

M - M - Q  = 0  .......................(3-10)x,x xy, y x-

Putting the well -known expressions for moments and

curvature relationships (l), viz.,

M = -D ( w, +-0 w, ) x ' xx 7yy 7
M[ = -D ( w, * +-{> w, *y ’yy ^ ’xx )

M = D (l-H ) w, xy 7xy

into expression (3-9) and (3-10), we get
Q = -D ( w, + w, ) .................. (3-11)x ' 7 xxx 7xyy '

Q = -D (w, + w, )  (3-12)y yyy yxx 7
Substituting Eqs. (3-H) and (3-12) into Eq. (3-8) gives,
w, + 2 w, + w, = q/D ........... (3-13)7xxxx xxyy yyyy
If we now add to this equilibrium equation in the vertical

direction due to the lateral loads the effect due to the in-plane

forces Eq. (3-7), we finally arrive at the equilibrium equation

1U



in the vertical direction due to the combined action of the

lateral and membrane forces,

D ( v, + 2 w, ' + w, ) = 4 + N w, v ’xxxx xxyy yyyy x xx
+ 2 H  .w, + N v,  (3-1*0xy 'xy y 'yy

In terms of stresses, Eqs. (3-l)> (3-2) and (3-1*0 can be

written as

+ r  = o ...................... (3-15)crx,x ^xy,y w

^  r  - 0  (3-16)0 y,y Zxy,x

and

D v 2 V 2 w = <1 + * ( «rx w >xx w,yy + 2 ^  w , ^  )

....(3-17)

But, from the elementary theory of elasticity (23), the equations 
of plane strain are:

= e / U - ^ )  (ex * i e y )

<ry - ®/ (1-f2 ) ( € y +)>ex )   (3-18)

Vxy  ■ = /2 ( l+ ^ )  fxy

and, the equations of compatibility are: 

e x .u , x + i/2 (w,x)2

£ y = vly + 1/2 (w,yj2 ................(3-19)

<hxy = u, + v, + w, w,J ’y 'x 'x 'y

Substituting equations (3-l8) and (3-19) into Eqs. (3-I5),
(3-16) and (3-17), the three general differential, equations in

15



/ / // z,

Fig. 3. The Rectangular and Skewed Co-ordinate Systems.



rectangular cartesian co-ordinates governing the large deflection 

of thin ielastic plates are obtained:

u + w w + v(v + W W ) -» 4  (l-i/)(u + V + w w,xx ,x ,xx ,xy ,y ,xy' 2 n ,yy ,xy ,x ,yy

+ w w ) = 0     (3-20)
>y

V + w w + v(u + w w ) + sr ( 1 -V)(V + u + w w
, y y  , y  , y y ,xy ,x ,xy 2 ,xx ,xy ,y ,xx

j w w ) = 0   .......... (3—2l),x ,xy

d . V  „ , , ♦  h< ( .
g ^ 9J ^ >y ,xx

+ E

(l-vc )

~ * v  « + h ( w „ ) 2  + v  1 °  „  + 4  ( w „ ) 2  1 * w

_E__
(1+v) • (u,y + V ,x W ,x W ,y^ W ,xy > ...... (3-22)

whore P is the Laplacian operator, v being Poisson's ratio,

D, the flexural rigidity, E, the modulus of elasticity of the 

plate material, q, the intensity of uniformly distributed load, 

and h is the thickness of the plate. The comma notation signifies 

different iation.

(c) The Oblique Co-ordinate System

In investigating the small and large deflection problem 

of skewed plates, it is often advantageous to adopt a co-ordinate 

system parallel to the edges of the plate, namely the oblique 

co-ordinate system a and 3 as shown in Fig. 3.

17



(3-23)

By the transformation 

x = a cos 0 
y = 3 + a sin 0

in which 0 is the skew angle, the following relationships between' 
the rectangular and oblique co-ordinate systems hold:

u, = u, sec 0 - u,„ tan 0 x ’a *3
U, XX = u , ^  sec 0 - 2  u,a3 sec 0 tan 0 + u,QO tan 033

u’xy ~ u'a3 sec 0 - u.na tan 0'pp

%  ~ u’3

u'yy= u,33
= V

’a sec 0 - v, tan 0 3
v, = v, „ sec 0 - v,  tan 0'xy 'a3 '33
’xx = v, sec 0 - 2 v, „ sec 0 tan 0 +v,rtQ tan 0*/vr 7 Rft'a3 33

v'y ' v?3

v'yy = v,33
w, w,a sec 0 - w,fl tan 03

W 'xy " w'«3 S6C 9 ~ W,33 tan0
w,'XX = w , ^  sec 0 - 2  v,^a sec 0 tan 0 + tan ®'act 'a3

. k q
u 'xxxx * w *aco» seo 9 - '■ w’aco3 Eec 9 9

+ 6 "'0a m  se°2 8 tan® 0 - I. w,a W  seo 0 tan3 Q

+ sec 0 tan^ 0 + v,aooa tan 03333
v, = w, _' xxyy 'oa33 sec 0 - 2  w. _QO sec 0 tan 0 7a333

+ w,3333 tan2 0

W,yyyy = w '3333
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Using these transformation relationships and, by defining 

further the dimensionless quantities

v = ^  > w « - i *4 = ^  h h Dh

Eqs. (3-20), (3-21) and (3-22) can be re-written into the 

oblique dimensionless form as:

2 R^c U - ^R2 sc 0 + R(2s2c+(l-v)c^ )U + R(l+v) c (RV - sV )
, > cn * W  * tn ’

+2R2 W (RW - sW ) + RW { - liRs W + W [bs2 + (l+v) c*] )
> cc > c » n » Cn

+ W [RW (1 + s2 - VC2) - 2 s W ] = o   (3-21*)
y nn > C * n

8(1 + c2 - vs2 ) V - 2 R2(1-v)s V + R5(1-v)V + <Hv)(R2c U - R.c U )
> nn * *

+ W [2 W - R( 1+v )s W ] + RW [(-5+v)a W + R(lfv)W ] + R2 W lft-v)W ] 
» nn ■ » n . * 5 > 5n > n > C » «  »n

= °   (3-25)

RU w - M r 5 w + R w ) + 2R2 (l+2s2 ) w + w *, v cccn , Cnnn > « n n  , nnnn

Qc* + 12 { (R2c U - R s c U  ) + - (R w r - s W )2 + v[Rc2 V + i(cW )2 1 }
,5 , n 2 > 5 » n * *

(R2 W - 2Rs W + s2 W ) + 12c2 {Rc2 V + \  c2(W 12+v[(R2cU -Rscu „), «  , cn t nn , n 2 , n >
+ |  (RW^ -sW ^)2]} W ^  + 12(l-v)$?cV^-RscV n )+(RcW^ scW ^ W ^

+ R c2 U >n ] (Rc W ^ ?n - sc W^ nn) .................  (3-26)
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where, for brevity, s = sin 0 and c = cos 0, 0 being the skew 
angle, 2a and 2b are the oblique dimensions ofthe plate.

Hence, the problem of large deflections of skewed plates 

is reduced to finding a solution to Eqs. (3-2*0> (3-25) and (3-26).

(d) Method of Solution

The small parameter perturbation method is now used to 

obtain approximate solutions to Eqs. (3-2*0, (3-25) and (3-26) 
for clamped skewed plates subjected to lateral uniform pressure.

This method requires the expansion of the displacement components 

and the dimensionless load quantity in a power series of ascending 

powers of the dimensionless centre deflection parameter Wq . Thus 

we let,

Q = 7 I Wo + 7 3 Wo + *5 Wo +   (3-27)

w = wL( c , n) Wq + w3 U  , n) w3 + ( 5, n) W* + ...... (3-28)

U = s2 U  , n) + sk U  , n) + . . .    (3- 29)

V = tg (c ,n ) + tk ( c,n ) wj + ....................  (3-30)

where . are the undetermined parameters relating

the dimensionless centre deflection W to the dimensionless loado
Q, Sg, s^,--- , tg, t^,..., and w^ w^,w,^,-...., are functions of

the dimensionless oblique co-ordinates'?and *7 , relating the 
in-plane and lateral displacements to the same perturbation 

parameter W .
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/ *\From the series for W, Eq. (3-27) > it is evident that,

in order that the centre deflection he W as defined, it iso 7
necessary to require

w1 (0,0) = 1 and (0,0) s w  (0,0) = 0 ...(3-31)
The prescribed boundary conditions for the clamped edges

are:

v, = v cos 0 = w = 0 at'*7=+ 1
.........(3-32)

and w, = u = v = 0 at £ = + 1
’ x

Solution to the Linear Small Deflection Problem 

(First Order Approximation)

Substituting Eqs. (3-27) and.(3-28) into Eq. (3-26) and 

equating coefficients of the terms containing W , yield the following' 

differential equation governing the linear (small deflection) 

behaviour of skewed plates:

RU w, - it.R5 s w. - k Rs w. + 2R2 (l+2s2) w.1 > ccct 1 > Cnnn « n n
+ w = 7 . c*    (3-33)1> nnnn 1

The associated boundary conditions for this first order 

approximation are:

W l,n = W1 * 0 at „ = + i

and

Wl,x = W1 “ 0 at e s
(3-3*0

21



It can be readily verified that conditions (3-3*0 are 
identically satisfied when

' 2 2
w != (l-n2 ) (l-C2 ) (l-sn)(i+cin2+c2c 2+c3 \  c? 52 n2 ) .. (3-35)

where C, .... C= are undetermined coefficients. It is perhaps
1 5

worth noting that the deflection function assumed, Eq,. (3-35) not 

only meets the conditions, set out in (3-31) hut also satisfies 
the inherent condition of polar symmetry, i.e.,

« l( C, n) = ( - c, -n ) , and ( -Z t n) a Wi (c t -n)

----- l a necessary condition for a uniformly loaded skewed

plate.

Substituting expression (3-35) into Eq. (3-33) an<i equating 

corresponding powers of "’/and we obtain six linear algebraic 

equations for the six undetermined coefficients,^,... C^, ...,C^.

The solution of this matrix equation defines uniquely the value 

of the small lateral displacement (deflection) of the plate anywhere 

within the plate boundary".

Solution to the Ifonlinear Large Deflection Problem (Higher Order

Approximations)

Making use of Eqs. (3-28) through (3-3O) in Eqs. (3-2*0 and
2(3-25) and collecting coefficients of W terms, result in two 

differential equations governing the in-plane displacement components 

of the plate:
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2 R5c s - k R2sc s + R(2s2c+(1-v)c5)s0 +(l+v) R2c2t„«  2 ^ n  2 ,nn 2 , Cn

-R(1+v ) sc2t + 2  R3w  w  - 2 R2s w . w . - U R2s w , w ,
>nn 1>CC1>n c

*R[ *s2+( U v  1C2 ]-, ( c ̂  ( n . R( U ^ - v c 2 )., 2s 0 ... (3-36)

R(l+c2-vs2 ) t 2 n[i -  2R2( 1-v)s  H i t * R5( l - v ) t 2 jU +  R ( l+V> « ‘ 2 , cn

-R(1+v)sc s + 2 w w - R(l+V )s w w + R(v-3)s w. w.i,nn i,n i,nn l,c l,en l,n
+ R2(1+v ) w w  + R2(1-v ) w w = o ...... (3-37)

i,q i,n

The boundary conditions for the in-plane displacements

require

s2 = tg cos 0 = 0
at =lj+ 1 and =f+ 1 ................... (3-38)

which are satisfied if we take,

S2 = ( 1  -C2 ) ( l  - n 2 ) ( D 2  D5  n+ \  5 3+ D5  n 3+ *>6  1 *+' D?  ? 2  „

+ Dq r,\2 + n C2 n 3 )   (3-39)o 9

Cg = (l-?2 )(l-n2 )(Eg n+ Ej c+ Eu n5+ E? q3+ Eg c2n + E? en2

+ Eg c 2n3 + E9 c5 n2 ) .......................  (3-*+0)

Employing expression (3-35) f (3-39) and. (3-^0) as 

dictated by Eqs. (3-36) and (3-37) and equating powers of x and y, 
yield sufficient linear equations to determine the twelve undetermined 

coefficients Dg,...., D^, E2,....,E^, and hence the in-plane displace

ment components.
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Collecting the coefficients of W  ̂terms in equation (3-26), 

the differential equation governing the first nonlinear term of 

the lateral displacement expression is obtained, namely,

R** w - U Rs(R2 w, + w, )+2R2(l+2s2 )w_ + w3>cc:cn 3>Cnnn 3*nnnn
V fr U ’S 2 2 *1

= 7_c + 1 21 [R c s_ w. - 2Rysc s„ w. +R s cs_ w. -R-'scs- w 3 L 2,5 1,5C 2 , 5 1,5„ 2,5 l,nn 2,n 1,

+ 2R2s2c s w - Rs5c s w ]+ ~  [r\* (w. )2
l*nn « ijCC

- 2R3s w (w ) + R s w. (w. ) - 2 R^s w. w. w.
1>Cn l , c  l»nn 1>«: n

) 2 +  R2s2 w .  ( w  ) 2  -  2 R5
! » n n

2 2 7 2 2 2+ UR s w , w . w , - 2Rs^ w, w, w, + R s w, (w, )l >Cn 1 , 5  l,n l,nn 1 , 5  l, n 1 , 5 5  l»n

- 2Rs3 w (w )2+ w (w )2 ] + v [R5c2 tj
l , r . n  *»n l >nn l »n >55 * n

- 2R2sc2 w , t + Rs2c2 w  t + |  R2c2 w  (w  )2
i > 5 n  2 >n 1 >nn ^>n e  A>55 >n

- R,c2 «. r (». )2 * ± A 2 «, ( » . ) * ! }  ' 12 »i,nn,8,n1iCn 2 *>nn x>n J l > >

+ \  * ” l , ^ (“ l , n)2 + ' f*2'5 " l , n n s2 , f  ^  "l,nn ‘a, n

* I '2'r2 ̂ ' V ™ ’ • 2 ** W‘*  + 52 “> ^ (”l,n >2 ' > ’

* 12 < 1-v)[R2c5 «ljtn s2in - Rsc’ s2;n + „5C2 r

- R2 sc2 w t R2 sc2 w , t_ + Rs2c2 w . + R c w. w. w.
l , n n  2 ,  5 R s c  l , c n  2 ,  1, ^ n n  2 > n 1 ,n 1 >5 U n

- Rsc2 w. w w - Rsc2 w (w )2 + s2c2 w (w i )2 3 (3-^1)
l , n n  l,n 1,5 l,5n l»n l>nn 1>n
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The boundary conditions to be met here are: 

w =r w = 0 at y) = + 1
3'n 3 -  ...(3+2) .

and w = w = 0 at £ - + 13 • ~

which are identically satisfied by the following expression:

2 2
= ( 1 - n 2 ) ( I - ; 2 ) ( l - 5 n ) ( F 1 n 2 +F2 5 2 +F3 n U+F4 5 lt+ F ^ n 2 ) ( 3 - ^ 3 )

Substituting Eq. (3-^3) into expression (3J+l) and again

equating powers of^jand^, the undetermined coefficients p ^ ......

F are evaluated by solving the resulting set of simultaneous 

equations.

Repeating the same procedure, i.e., now collecting coefficients 

of W , equations governing the next approximation for the in-plane 

displacements can be written as:

2R3c b R2 sc sk^ f} + R(2 s2c + (l-i?)c3 )

♦ (l4) A 2 tufir (l4)Re2s tk>vl * 2R3 + ”3, ^ ! , ^  )

- 21,2 E (vl,,w3 , « +  "s.A.tS)- ’• A  (W3,4W1,-S’7+ W1,5W3,^)
2 . .ax 2

+R(**S + (l+,)c > K v  W3,S7 + W3.,"i,«,) + R(1+A j >=2 ) 

(wl,<w3,W  + w3,Svl,W ) - 2s (wM v3>w « 3j,»1,w ) '=o

(3-W)

1 6 9 1 ) 2 8

UNIVERSITY Or
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R(l+C2- s2 ) t ^  -2(1-1) )H2st^,^+(l-V)R3 t^#+(l+»>) R2c s ^ r ,

-(l+1>) R e s  s1+,,7+2(w1,1jV3^^+w3,l?w1,17r,)-Rd+i>)s(wi,?w3^ 7+w3^ w i,^l7 )
2

+R (-3+^) s (vx iY)v 3 +v3, r)v1 ) +R (l+^)( v3 ,^w1 ,^+ ^  ,g<r3 ̂ )

+ R2 (1-1>)(w1,17v3,^+v3,i?v1^ )  = 0 ......................  (3-U5)

The associated boundary conditions for this approximation

are:

s^ = d  cos 6 = 0
at V = + 1 and"£ = + 1 .................................. .(3-1+6)

Eq..(3-1+6) are satisfied by assuming the following forms for the 

in-plane displacements:

sk =(l-t2) (1-72) (1-57) ( g ^ ^ + g ^ ^ g ^ + g ^ Z + g ^ + g 8̂ V +g| V )

......................................   (3-1*7)

tu=(l-t2) (I-’?2) (1--57) (H2t+H3i;+H^3+K5^3+H6-$>72+HT^  +h8̂ 372+
H9^  »73)................................................... (3-1+3)

The unaetermind coefficients 02,.•..,Gg,....,Hg are again evaluated 
by substituting Eqs (3—1+7) and (3-1*8) into Eqs. (3-1+1+) and (3.U5).

As a last appoximation in this analysis, we put Eqs.(3-27) 

through (3-30) into Eq. (3-26) and collect coefficients 

yields the differential equation:

rS » 5 # 5 - UFs(R% ' ^ +V 5 W 7  } +2r2(1+2s2)w5,̂ 7 +W5,W*77:= ^ +12r u o 2 2
{[R c(v1 >̂ S^>^+v3, ^  sg^J-SR^sc (vlt r̂)Skl^ v 3t^  s2*$ )+R cs (wi»77

^  ‘ 2 2  
l̂j»£ +w3»>?7 cs(w3, ^  5^,^ +wq»£j Sjt»q)+2R cs +w2 *gq

3 1*
S2,7)-Rcs ^1+*7+w3*77 ^2*7 )]+l/2[R wi*^ W3*£ +1<?3*££
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V s  W3»S +W3‘S9
(wltg) )-2S s(w1#^  w1,^ v3,7 +Vl^ 5 v3,^ w1#7 +w3^  v ^  v ^  )

^ ?s ( v ^ v s  V » 7 +V S 7 W3»S V *  +V3 ^ V1 * « V  

vl*$ w3»7 +wl»*7»? Y £  V>? +v3’77 V S  V*7 >+r2®2<2V S S  wi»7 V ?
+v3>££ V ?  W1»7 )-&si(2vltgy w1#9 v3,|? +*.'3,^7 (vx,y )2)+sU(2vlf>;(7

Wl*7 w3»7 +w3*>?7 W * 7  >2H r * 3c2( V ^ V ?  + w3'££ t2,^)-2R2sc2

(wl’S7 V 7 +V £ 7  } +Rs2c2(’V ^  V 7 +Y ^  V 9  }
+ 1 / 2 c 2 (  R 2  ( 2 w i i $ $ W i » 9  w 3 ’ 7  + V 3 ’ S S  ( w i ’ 7  * *

2 2
-2Rs(2w^,£^ v1»7 w3»7 +v3*^7 ŵ1*7  ̂ +̂s ^ vrl»'77 vl*7 v3*7 +w3*?7 

V̂l*7 +^ [ ^ c ŵi»77 \ *7 +W3’7? t^,y)+l/2c ^ w »̂i?7 ^ * 7  W3*7

+ » , )2)*’»i®2=3(»i.w  S f S  « 3 , W V g  )-^==J<«a»,7 s u.,
2 2 2 2 

+w3»77 >52"7 +̂i/2 R̂ c +W3’77 )"2Rsc (wi»»?7

wl* £  w3’ 7 +w1»77 V3’S V ?  +w3*77 Y S  wi ’7 )+c2s2(2wi ’77 wi *7 V ?  

+w3*77 W1’7 Wl*7 )^ } +l2(l‘1?)fR ^  (wi»?7s U»fv3»?7 ̂ 2»7)-Hsc3

(wl»77 5 lj>7+v3»77 ^2*7 +̂?'3c2(wi<7 tl+»$ +vf3>£7 V s  “̂R S° ^1*77

V *  +w3’77 V S  } ** r2s° 2 ( V S 7  V *  +V S 7  V 7 *
+ Rs2c2 ( -|-̂ t3» î7 t2*7 ) + R c (v i >-§7 V ?

w3»£ +w1*^7V3»-7 W1 ’ $ +W3 ’S7 Vl*7  wi* €  ) -Psc2 (w1»ij7 V 7  ^3»£ +w1 *o7 

w3»7 V $ +w3*77 wl*7  w1 » $ ')-P8C^ 2w1 »«7 V * ?  Wl*7  +V « ? 7  W * * 5 }
2 2 2 +s c (w1>)7)7 v1>)̂  w3,^ + ^ , 7 7^ , ^  w1#^ +^3 77 (v\» 7 * *....... (3-H9)

The boundary conditions for this last approximation are:

v5»n = Wj = 0 at Y)= + 1
and   (3-50)

w_, = wc = 0 at % = + 1? x >
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which are me't we choose:

v5 = (1-»12)2 (l-t'J) (Tj92 +'?2t +T3V +\ t  +T$ t V  >

............. (3-51)

Using this expression in Eq. (3-49) and equating powers of 

•gaudy, provide six linear simultaneous equations from which the 

undetermined coefficients,^,., T^,....,T^ are found.

The above perturbation procedure has provided a means of 

determining uniquely the coefficients in all the dimensionless 

load and displacement functions represented by Eqs. (3-27) through 

Eq. (3-30). From these displacement functions, the principal bending 

and membrane stresses at.any point within the plate boundary . 

can be obtained.

(e) Displacement and Stress Relationships

It is well known that, in the theory of thin flat plates, the 

bending and membrane stresses can be expressed in terms of the dis

placements^. In terms of rectangular coordinates x and y , these 

displacements and stress relationships are given by:



0
1 2 ! 2 

{ u + ~  (w ) + v (v „ + -  (w ) ] >X (1-V )2* ,x 2 ,x ,y 2 ,y

I
0 2 1 2 . + I (w ) + V [u + -  (w ) 1 >*’ X A • Ay (l-v2 ) ’y 2 ’V 2 '

T = G (u ■» V + w w )  xy ,y ,x ,x ,y
uhere o 0 " and T are the extreme-fibre bending and wnere x > y xy

* 1 »
shearing stresses, a , o and t are the membran'ce stresses6 , x ’ y xy
in the middle surface of the plate, and G is the shear modulus.

ft

By means of the transformation Eqs. (U) and, by adding further 

the following dimensionless ratios for stress, viz., 

thenondimensional bending stresses:

S
" p p ” p p

o b (1-v ) O b T b
* ■ : ■ ■ ; S.. - - * S —  (1-v2 ) ; * -

x Eh2 * y Eh2 ’ xy Gh2
and, the nondimensional membrane stresses:

i p -  ’ 2 - ’ 20 b • „ , o b* _ . . t b

Eqs. (25) can be readifyexpressed in terms of 

the dimensionless oblique co-ordinates as follows:

s" = - i  [R2sec20W - 2Rsec0tan0 W  + (tan20 + v) W  ]x 2 £5 . , cn /in

S = - - [(l+vtani)W + v(R2sec20 W - 2Rsec0tan0 W )]y 2 /in , «  f ,n 1
ff

S = R sec0 W - tan 0 W xy , cn , nn

(3-53)

(>-5>0

(3-55)
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' 2 tSx = R sec© U - R tan© u + vR V + A [R2sec2©(W )
*  ̂ j 1' > n 2 t C

/ 2 2 + (v + tan 0) (w ) - 2 R sec© tan S H W ]
* n > n

,2’ j * 2
y = R v ; n + 2  ( 1 + v  t a n  e ) ( w  n ) + v f R" s e c 0  u -  R t a n 0 u

a  '  ,  C , n ( 3 _ 56 )

+ -  f(R W ) sec2 0 - 2 R W W sec© tan©] }

S . -2 xy = R U + R sec© V - R tan© V + W (r Sec© W - tan 0 W ) 
* > ̂  » n , n  ,t; , n '

From these dimensionless "bending and membrane stresses, 

the dimensionless principal stresses can he calculated in the 

usual manner:

S" = 1/2 (S " + S " ) + 1/2 J(S "-S " )2 + U(S** )2 max / v x y - ' N ' x y  xy'min
(3-57)

S* = 1/2 (S • + S • ) + 1/2 I (S' -S ’ )2 + *»(S ' )2max ' ' x y - /v| x y '  xy'
min

The solution to the problem was programmed in Fortran 

for an IBM 1620 . To guard against round-off errors, all computations 

were carried to 16 significant figures.
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(f) Observation and •Discussion of Theoretical Results

Deflections (Lateral Displacements):

Results for the small deflection problem, obtained from the 

first order approximation, are shown in Table 1 for various skew 

angles and aspect ratios. It can be observed that the results are 

in close agreement with those obtained by Morley (U) and Kennedy (5)* 

The results were also compared with experimental values obtained 

recently by the authors (6); the agreement was found to be good with 
the theoretical results being on the conservative side.

Results for the large deflection problem are shown graphically 

in Figures U, 5» and’ 6, for aspect ratio R = 1/2, 2/3* and 1 
respectively. To exhibit the difference between the linear and non

linear behaviour, results based on the small deflection theory are 

shown plotted in the above-mentioned figures.

For a given aspect ratio R, each of the figures U, 5, or 6 
shows that the maximum deflection at the centre of the plate decreases 

with an increase in the skew angle. A similar observation can be made 

regarding deflections governed by the small deflection theory. (See 

also Table l). This is due mainly to the increased rigidity of the 

obtuse corners with increase in skew, thus reducing the central 

deflection.

Furthermore, comparison of results for different aspect 

ratios R, indicates that the effect of skew on the central deflection 

decreases with decreasing R; this is expected since the influence of 

the plate corners on the central deflection diminish with decreasing R.
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Results from the present method of solution are compared to 

those obtained by Way (2) for rectangular plates with small and 

large deflections, figures U, 5, and 6. Excellent agreement is 
shown for the small deflection results for all the aspect ratios 

considered, and for the large deflection results for aspect ratio 

R = 1/2; whereas for R = 2/3 and R = 1, the agreement is not as 

close, the difference not exceeding 5# for R = 1 and a dimensionless 

uniformly distributed load of 200. This discrepancy can be explained 

by the fact that the expressions assumed here for the displacement 

components, u, v, and v provide polar symmetry only in contrast to ' 

the rectangular plate where quadrant symmetry is required. The effect 

of this difference in symmetry on the behaviour of the plate under 

load seems to increase with increase in the aspect ratio R.

Figures 5» and 6 also indicate that results obtained from 
small deflection and large deflection theories are sensibly the same 

when the central deflection is small compared to the thickness of the 

plate. However, the ratio, wmax /h at which the results from the 

two theories begin to deviate significantly is influenced by the 

aspect ratio, R = b/a. ^or example, figure U (ft = 1/2) shows that 

a distinct deviation between the small and large deflection results 

occurs when wmax /h exceeds a value of approximately O.U; whereas 

Figure 5 (R = 2/3) and ^igure 6 (R = 1) show such deviations 
occurring at ratios wmaX /h approximately equal to 0.35 and 0.22 
respectively. Thus we may conclude that the ratio wmax/h » ^  which
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marked deviations of results from the two theories occur, decreases 

with increasing aspect ratio, R. It may be added also that the above 

wmax /h ratios do not appear to be sensitive to changes in the 

skew angle. In general, as the load on the plate is increased, the 

effect of the membrane forces on the deflection of the plate also 

increases, thus substantially reducing the lateral deflection as 

observed from Figures kt 5, and 6.
The influence of the nonlinear terms on the deflection appears 

to diminish with increase in skew. Thus, for any given aspect ratio, 

the large deflection curves tend to become increasingly linear for 

large angles of skew.

Bending and Membrane Stresses:

Variations of the maximum principal bending and membrane 

stresses, at the edge and centre of the plate, with maximum centre 

deflection are shown in figures 7 through 12 for several aspect ratios
Oand skew angles. For the limiting case of zero skew ( 0 = 0  ) and

all the aspect ratios considered, the edge bending stresses are in 

close agreement with those obtained by Way (2). However, the 

corresponding membrane edge stresses reported by Way are approximately 

30% higher. This discrepancy is probably due partly to the approximations 

in Way's energy solution, noted also by Timoshenko (l), and partly to 

the difference in symmetry existing between the skew and rectangular 

plate problems.
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Inspection of Figures 7 through 12 indicates that the 

maximum resultant or total stress occurs along the longer edge of 

the plate. The location of this resultant stress is invariably- 

displaced towards the obtuse corners, and increasingly so with higher 

skew. It can also be observed from the above figures that, for a 

particular lateral displacement at centre, both the maximum edge and 

centre stresses increase with increasing skew; this is to be expected 

since more load is required to produce the same lateral centre 

displacement in a plate with a large skew than one with a small 

skew.

For different values of skew and aspect ratio considered, the 

curves representing the bending and membrane stresses are sensibly 

linear up'to a point where the-ratio wmaX is between 0.35 and 0.U0.
This observation confirms the generally accepted criterion as to 

the limit of applicability of the small deflection theory.

Although the maximum membrane stresses along the edge and 

at the centre do increase with skew, they are relatively insensitive 

to changes in the aspect ratio, R. For any particular plate geometry 

the membrane stresses at the centre are invariably larger than 

those along the edge. However, for the entire combinations of 

independent variables considered, the magnitude of the membrane 

stresses is quite small when compared with the maximum resultant 

stresses along the longer edge of the plate.
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(g) Convergence of the Results:

Although the convergence of the perturbation method has not 

been fully and rigorously clarified (25) (26), the method has 
been used successfully in solving many practical problems. Invariably, 

when the method was employed in solving plate problems, approximations 

beyond the third were not considered, mainly because of the formidable 

computational labour entailed. However, due to the restrictive 

symmetry of the problem treated herein, approximations up.to and 

including the 5th were considered to obtain the results reported.
It should be mentioned that in some cases with skew angles as high 

as 60° , the 5th order approximations were discarded, since with 
their inclusion the results began to diverge. The convergence and 

divergence- of series solutions .used in perturbation methods are 

fully discussed by Van Dyke (26). To illustrate the convergence, 

typical values for^", in Equation (3-27), are given below:

For

R = 1/2 , 9 = 15° : fri =27.6.51*, ^3 = 25.27*+, fe = 0.792 
R = 1 , 0 = U50 : = 181.11*9, <f3 = 38.71*5, Y ? = 15.253

1*3



(h) Plastic Analysis

As a  r e s u l t  of fo rego ing  th e o re t ic a l  a n a ly s is ,  i t  has  

b e e n  found th a t  the  m ax im um  p r in c ip a l  s t r e s s  of a c lam ped  skewed 

p la te  o c c u rs  along the lon g er  edge of the  p la te  and is  d isp lace d  t o 

w a rd s  the obtuse c o r n e r s  (F ig u re s  7, 9, and 11.) This  m ax im u m  

p r in c ip a l  s t r e s s  a c ts  p e rp e n d ic u la r  to  the edge of the p la te  and i n 

c r e a s e s  with in c re a s in g  l a t e r a l  c e n tre  deflec tion . When the yielding 

s t r e s s  of the  p la te  m a te r ia l  is  re a c h e d ,  the bending s tre n g th  a t  the 

edge  would b re a k  g radua lly .

T he  condition of y ield ing along the edge can be com puted 

m o s t  s im p ly  by follow ing the a s su m p tio n s  of the  v o n -m ise s -H e n c k y  

th e o ry  of p la s t ic  f a i lu re .  If c f ^  and o", a r e  the p r in c ip a l  s t r e s s e s ̂ 2j
in the  th re e  p e rp e n d ic u la r  d i re c t io n s ,  the y ield ing condition is  (23):

( _ O2)2 + (cr2 _(T̂ )2 + (<r3 -<n)2 - ...................................(3-58)

W here  E Q is  the y ield ing  s t r e s s  in s im p le  tension .

A t the edge of the  p la te ,  we m a y  identify  <7'. the m axim um  

p r in c ip a l  s t r e s s  p e rp e n d ic u la r  to the edge of the p la te  a s  and

* 2. the p r in c ip a l  s t r e s s  p a ra l le d  to the edge of the p la te  as (7"y.; 

and , due to  the a s su m p tio n  of p lane s t r e s s  (a ssu m p tio n  2), ( in the 

von  M ises equation  is n eg lec ted  and Equa tion  (3-58) is



reduced to- :

<rx2 -  f f i O y  + (Ty2 = So2 • ............... (3-59)

Using equations (3-18) and (3-19) and recalling that the 

boundary conditions at the longer edge of the plate are: 

v,x = v,n = v,y = v,y = 0 at = + 1  (3-60)

we have,

(1 - J 2)
= --------  u»x

cry = — s—  ̂  u,x 
(1 — “0 2)

or cTy = i>(Tx ......   (3-61)

Putting Equation (3-6l) into Equation (3-59) and, after 

simplification, the yield condition at the edge of the plate on 

the convex side is obtained:

Er 1?  d . r.ijj.. -  / ( T - y  2) ( s ^  -  ) . . . ( 3 - 6 2 )

E h2
This equation for the yield condition is plotted for 

aspect ratios R = 1/2, R = 2/3, and P> = 1 respectively for various 

skew angles in Figures 13, 1*», and 15.

5̂



n
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From these figures, it can be seen that, apart from the 

elastic and plastic properties of the plate material, the initiation 

of the yield condition in a clamped skewed plate depends largely 

on the angle of skew and is rather insensitive to changes in the 

aspect ratio R of the plate. For skewed plates with a given plate 

material, aspect ratio and oblique dimensions, the yielding occurs 

at a much lower dimensionless centre deflection ratio wmax / h 

for large skew angles than it is with small skews. This is to be 

expected since, for a given aspect ratio R, the maximum stress of the 

plate increases with the angle of skew for a particular dimensionless 

centre deflection w/h (Figures 7, 9» and 11). Due to the assumptions 

on which the large deflection equations (3-20),(3-21),(3-22) are 
based, the' results from this analysis are applicable only to 

those skewed panels where the plate material has a very low yield 

strength so that yielding occurs in a region where the von Karraan 

equations are still .valid ( w / h - 2).TucLX



CHAPTER IV

EXPERIMENTAL ANALYSIS

(a) Materials and Apparatus

Pour aluminum alloy (2U) 6061-T6 skewed panels were tested. 

The aspect ratio, skew angle, thickness and dimensions of these 

test panels are given in Table 2. A total of 18 metal-foil strain 

rosette gauges were installed on each rjanel, equally divided between 

the top and bottom surfaces of each test plate. All these rosette 

gauges are of the 3-gauge U50 rectangular type, having a gauge . 
factor of 2.05 and a resistance of 120 ohms. Since the stress gradient 

near the edges of the plate is expected to be high, all the rosette 

gauges installed near the edge of the plate have a gauge length of 

1/16 in. For'gauges installed near the centre portion of the plate, 

gauges of gauge length 1/8 in were used. Terminal strips (type T-50) 

were used to connect the lead wires to the gauge tabs. All the lead 

wires are sixteen feet long, made of No. 26 stranded copper wire and 

with vinyl insulation. To provide mechanical protection and water

proofing, all gauges after installation were covered with gauge coat 

No. 1 (synthetic resin compound), gauge coat No. 2 (nitrite rubber) 

and gauge coat No. 5 ( a two-component rubber epoxy resin )

A skewed frame left over from a previous experiment (7) 

on skewed plates was re-used as the supporting structure. The
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Table 2, Geometries of test plates

Panel 1 Panel 2 . Panel 3 Panel U

2b, in. 26 26 20 20
2a, in. 52 52 30 30

6, degree 50 50 30 30

h, in. 0.125 0.0625 0.0625 0.125

Table 3. Location of rosette gauges in inches

Point
Panels 1 and 2 Panels 3 and U

A at. A
A -11.0 12.6 -5.25 9.6
B 0.0 12.6 n.o 0.6..
C 0.0. 0.0 0.0. 0.0
D -25.0 12.6 -1)4.0 9 . 6 ....

E -13.0 0.0 -7.5 0.0
F -25. 0 11.5 --1I4.0 ..
0 -25.0 -12.6 -1)4.0 -9.6
H -21.0 12.6 -13.0 °.6...
I 11.0 -12.6 5.25 -9.6



frame was made from four standard steel channels twelve inches deep 

and weighing 20.7 pounds per foot. To increase the rigidity of the 

• skew frame, 1/1+ in. thick vertical stiffeners were welded to the 
channels and were spaced approximately six inches apart. The plate 

and channel assembly was' then seated on steel angles which were in 

turn bolted to heavy structural posts.

To assimulate the built-in condition, the aluminum test 

plate was sandwiched between the flange of the channels and a 1 in. 
thick cold-rolled steel cover plate, 3 inches wide. The test panels 

were all cut in such a way so as to provide a clamping edge of three 

inches while the flange width of the channel was also three inches. 

Heavy structural erection clamps were used to clamp down the edges 

of the plate. These clamps are spaced approximately three inches 

apart centre to centre.

For tests within the elastic limit, the 1/16 in. thick 

plate models 2 and 3 required relatively low pressures and hence, 
for these two models,- the uniformly distributed load was provided 

hydrostatically. In this connection, for each plate model, a one-foot 

tall wooden tank having the same dimensions and skew as the plate 

model was made and a waterproof sheet of polyethylene material lined 

the inside of the wooden tank and test plate.

Plate models 1 and U are relatively thick and hence to 

exhibit .large deflection behaviour, a high intensity of lateral 

uniform pressure was required. For each of these plate models,



a 1/U in. thick plate was used together with leather gaskets to 
form an airtight connection. Air presser was used to provide the 

uniformly distributed load, this presser being regulated and 

recorded by means of two pressure gauges, one placed at the 

entrance to the test plate, the other in the vicinity of the 

centre of the plate. Similar experimental set-ups using air as a ' 

loading medium were also used for yield tests on plate models 3 and
U.

During the test , the strains were measured by means of 

three switch and balancing units(model C-10T and C-10 LTC, 3udd 

Instrument Division), a digital strain indicator and an automatic 

print out unit (photograph A) which can print out strains in micro

inches per inch at all gauge locations for the different intensities 

of loadings. Dial indicators which permitted the measurement of 

lateral deflections in one-thousandth of an inch were installed at 

the bottom of the plate to measure the deflection of the centre and 

quarter points of each test plate. To clarify the description of 

the aforementioned apparatus and the general set-up of the 

experiments, photographs were taken and are included on pages 57 
and 59 .
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(b) Procedures and Results

For each of the four plate models, the plate was first cut to

the required dimensions and skew, leaving three inches all around for

clamping purposes. The plate was then cleaned with acetone and the

locations for both the top and bottom surface gauges laid with

reference to the oblique co-ordinates and /3 (^ig. 3). In order

to ascertain the magnitude of the membrane stresses, care was taken

to ensure that all the top gauges are in proper alignment with the

corresponding gauges at the bottom of the test plate. The co'-ordinates

of the gauge locations are given in Table 3. The installation of these

rosette gauges followed a set procedure. The spot where the rosette

was to be placed was first wiped clean with acetone and then sanded

with a metal conditioner using silicon carbide paper. The exact

location of the gauge was then marked and then cleaned in turn first with

a metal conditioner and then with a neutralizer. With the rosette

and the terminal strip properly lined Eastman 910 cement was applied

to cement the assembly onto the plate. The gauge and terminal were

then left to dry for approximately one minute during which time
»

pressure was applied to the gauge by means of the thumb. The 

installation of both ends of the lead wires was next stripped and 

the bare copper strands twisted. Each lead wire consisted of three 

copper strands, one strand was soldered to one tab of the terminal 

strip while the other two strands were twisted together and soldered 

to the other tab of the terminal. The tabs of the teminal strip

5h



were then connected in turn with the tabs of the gauges by means 

of thin copper jumper wires. After the lead wires were soldered into 

•position, the gauge is then covered with gauge coats for waterproof 

and mechanical protection. Photographs B and D show a clear picture 

of some of the gauges completely installed on the plate models.

The skewed supporting structure was next prepared by first 

cutting the standard steel channels to the required dimensions and skew 

as the test plate and then welded and seated onto four heavy structural 

posts (photograph C). Each test plate with all the rosette gauges 

installed on both the top and bottom surfaces was then placed on top 

of the skewed supporting frame with the edges of the plate sandwiched 

between the flanges of the steel channels and a one inch thick cold 

rolled steel cover plate. A 1/U in. thick plate cut into the same 

skew and dimensions as the plate model was in turn laid on top of the 

cold-rolled steel cover plate and the entire edge assembly was then 

clamped by closely spaced special structural clamps; allowance was 

made here to have damps placed closer together near the corners 

of the plate. All four edges of the plate model were made airtight 

by inserting thin leather gaskets both immediately above and below 

the edges of the test plate. Compressed air, regulated and measured 

by means of two Bourdon type gauges was used to provide the uniform 

lateral pressure (photograph C).For plate models 1 and k with plate 

thickness equal to 1/16 in., a relatively low pressure was required 

to produce the desired centre deflection and hence for these two



models, hydrostatic pressure was used to provide the uniformly 

distributed load .

IJext, gauge lead wires from the rosette gauges were soldered 

to ten 5-channel receptacles especially provided for the three 
switch and balance units. Unit strains for different intensities of 

loadings were automatically recorded by a precise digital strain 

indicator and printer.

To allow a direct measurement of the lateral deflections, 

four dial indicators graduated in one thousandth of an inch were 

installed for each plate model in locations previously marked on the 

bottom of the plate. The locations of these dial indicators in terms of 

the oblique co-ordinate axes <L and $ are tabulated in Table 1*.

Three independent tests were performed on each of the four 

plate models loaded within the elastic limit with test data obtained 

for both loading and unloading. All experimental results for deflection 

and principal stresses reported herein represent an average value of 

these tests. To avoid the tedious task of copying the experimental 

results , strain readings from the digital indicators were 

photographically reduced and are included in Appendix B. Test data 

for experimental lateral deflections of each plate model recorded 

by means of the dial indicators are also reported in the same 

Appendix.



Table h. Location of Dial Indicators (in.)

Dial Panels I and 2 Panels 3 and k

Gauge aC fi ot- /S

1 0.0 0.0 0.0 0.0
nc. 13.0 ‘-6.5 5.0 -7.5
3 6.5 -5.0 7.5
k 13.0 6.5 5.0 7.5

Photograph A. Digital Strain Indicator and Automatic 
Print-out Device



Photograph B. Test Plate Permanently Deformed after Yield Test.

Photograph C. Photograph shoving air-tight Chamber 
and F *pportiiig Structure.
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Photograph D. Bottom View of Test Plate showing Dial 
Indicators in position
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max

cr
min

From the values of unit strains e , e, , and e_ obtaineda* b* c
from each rosette gauge, the principal stresses can he obtained in 

the usual manner:

+ - d r V 2(e° - e* )2 + 2 U > - e' ) 2 )   < ^ >2 H 1-V) l+i?

+ e

2 I (l-tf) 1+t)
— — j 2 (ea - e-0) 2 + 2 ( eb-ec)^ . . . .  (U-2)

To facilitate the computation of principal stresses from 

the unit strains, a small programme in Fortran was written and is 

included in Appexdix A.
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(c) Comparison and Discussion of Experimental and Theoretical 

Pesuits

• Deflections (Lateral displacements)

Experimental and theoretical results for the centre deflections 

of the four test panels' are plotted in figure 16. Prom this figure, 
it is noted that, for low intensities of the uniformly distributed 

lateral pressure, the agreement between the theoretical and 

experimental values is excellent. However, as the lateral pressure 

increases and the centre deflection exceeds the thickness of the 

test plate, the measured experimental centre deflection starts to 

deviate from the theoretical values. This deviation may be due to 

a slight slippage of the test plate taking place at the edges of the 

test model, with the result that the experimental deflections range 

from 1+-8 % higher than those predicted analytically. Since the ideal 

theoretical clamping conditions assumed in the analytical solution 

can never be realized in practice, this discrepancy between the 

experimental and theoretical values in the lateral displacement of 

clamped plates will always exist and must be taken into account in 

the design of such plates.

The variation of the plate thickness does not seem to affect 

appreciably the deflection pattern of the plate models as deflection 

measurements 1 om test plates 1 and 2 (or test plates 3 and U) do 
not differ significantly.
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Total Principal Stresses

Figures 17 and 18 show comparisons between the theoretical 

and experimental maximum total principal edge and centre stresses 

for panels 1 and 2 and 3 and U, respectively. The agreement is quite 

good, with the theoretical predictions invariably on the conservative 

side. Here the degree of skew does affect the closeness of the results . 

since with a high skew of 50° (Figure 17) the results from the 1/16 

inch plate is shown to be closer to theory than those from a panel 

with the same thickness but with a moderate skew of 30° (figure 18). 
Analytical results based on the linear theory are shown for 

comparison.

Typical experimental and the corresponding theoretical . 

variations of the bending and membrane edge and centre stresses with 

the centre deflection are given in Figure 19. It can be observed that 

the results compare quite well generally, with the exception of the 

theoretical and experimental membrane stresses for test plate 3. This 

discrepancy may be due to a slight relaxation of the test panel along 

the clamped edges, resulting in an appreciable relief in the membrane 

stresses. Such discrepancies are of no great significance since, 

within the range of the centre deflections considered in the analytical 

solution (w/h^2), the membrane stress accounted for a relatively 
small percentage of the total stress; hence, despite the apparent 

discrepancy between the theoretical and experimental membrane stresses, 

the agreement between the total stresses remains close (Figures 

17 and 18).
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To exhibit the_ relative magnitude of the maximum total 

principal stresses at critical locations on the test panels, such 

stresses are shown plotted versus the applied pressure in Figures 20-23. 

Examination of these figures shows that for low intensities of 

pressure, the principal stress increases linearly with the applied 

pressure, producing a centre deflection not exceeding half the plate 

thickness and with insignificant membrane forces. However, with higher 

intensities of load (producing large deflections), the membrane forces 

become more pronounced, effecting a decrease in the slope of the 

stress-pressure curves shown. The total principal stresses at different 

locations will now be discussed:

As predicted by the analytical solution the experimental maximum 

total stress occurs along the longer edge of the plate and is displaced 

towards the obtuse corpers, point A. [Compare with theoretical 

investigations of clamped rectangular plates (2) (3) where such stress 
occurs at the middle of the longer edge.] . The total stress at the 

middle of the longer edge, point 3, is about 85# of that at point A 
for test panels 1 and 2 with a skew of 50°. This percentage increases to 

approximately 90# for test panels 3 and 1* where the skew is 30°. 
Variations in the thickness of the plates do not seem to affect 

this percentage.

The variations of the experimental total stress at the panel 

centre (point C) with load are shown in Figures 20-23. It can be 

observed that for the entire range of loading considered, the total 

stresses at the centre of the test panels are approximately 35 to

67



1*5# of the. corresponding maximum total edge stresses. This • 

observation seems to indicate that the ratio of total stress at centre 

to maximum total edge stress is sensibly unaffected by changes in 

skew, aspect ratio, or plate thickness.

Results from the experimental study have revealed, as expected, 

severe concentration of stress in the vicinity of the obtuse corners. 

[Theoretically, stresses at the corners are zero, due to the nature 

of the mathematical model of the problem.] Figures 20-23 show that 

for low intensities of loading the total stress at the obtuse corners 

is of the same order of magnitude as the stress at centre of panel.

With increased loading, the magnitude of the total stress at the 

obtuse corners can exceed that at the centre by approximately 10# for 
plates 1 and *4 (with .1/8 inch thickness) and by as much as 20# for 
plates 2 and 3 (with 1/16 inch thickness). Therefore, it may be surmised 

that the stress concentration at the obtuse corners, relative to the 

stress at the centre of the plate, is more affected by the plate 

thickness than by changes in skew or aspect ratio.

In contrast to the high level of stress in the vicinity of the 

obtuse corners, only nominal stresses were recorded in the vicinity of 

the acute corners. The experimental results obtained indicate that the 

total stress at such corners remains insignificant until parts of the 

edges yield due to excessive lateral loading.'This will be expounded 

on in the next section.
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Y ield  T e s ts :

In  o rd e r  to s tudy  the  b e h av io u r of c lam p ed  skew ed p la te s  beyond 

th e  v a lid ity  of the Von K arm an  equations (9), w h ere  the  c e n tre  d e 

f le c tio n  should  n o t exceed  2 to 2 .5  tim e s  the  p an e l th ic k n e ss , p la te s  3 

a n d  4 w e re  loaded  u n til p la s t ic  reg io n s  w ere  fo rm ed . The r e s u l ts  of 

su ch  te s ts  a r e  show n in  F ig u re s  24-26 .

T he v a r ia tio n  of the  to ta l p r in c ip a l  s t r a in  a t  the p la te  c e n tre  w ith 

ap p lied  p r e s s u r e  is  shown in  F ig u re  24. It is  in te re s t in g  to o b se rv e  

th a t  when th e se  p la te s  w e re  loaded  e x c e ss iv e ly  the  s t r a in  in  the  m idd le  

p la n  of the  p la te  in c re a s e d  to su ch  a  le v e l th a t i t  n u llified  th e  c o m p re s 

s iv e  s t r a in  a t  the top of th e  p a n e l a t  c e n tre . T h is  is  n o t s u rp r is in g  

s in c e  i t  w as show n in  F ig u re  15 th a t  the m agn itude of the m e m b ra n e  

s t r e s s  a t  c e n tre  in c re a s e s  ra p id ly  w ith in c r e a s e  in  c e n tre  d e flec tio n .

F ig u re  25 ex h ib its  the  b eh av io u r and the d is tr ib u tio n  of p r in c ip a l 

s t r a in  in  th e  v ic in ity  of th e  ob tu se  c o rn e r  when the p a n e ls  a r e  loaded  

beyond the e la s tic  reg io n . A sudden  r e v e r s a l  in  s t r a in  a t th e se  c o rn e rs  

i s  noted  when a c e r ta in  c r i t i c a l  load  on the p la te  is  re a c h e d . Such in 

s ta b il i ty  is  p re c e d e d  by p ro g re s s iv e  y ield ing  of the p an e l edges to w ard s  

th e  ob tuse  c o r n e r s .  (The v a r ia tio n  of th e  m ax im um  p r in c ip a l s tr a in  

a long the lo n g er edge w ith l a te r a l  load is  g iven  in  F ig u re  26) Idea lly , 

one would have ex p ec ted  the  c u rv e s  f ro m  the top  and bo ttom  gauges to 

»c ro s s  the h o r iz o n ta l ax is  a t  the sam e  load . H ow ever, th is  w as no t the 

c a se  and th e  d isc re p a n c y  se e m s  to  be m o re  p ro n o u n ced  fo r
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p la te  4 (1 /8  inch  th ick) th an  p la te  3 (1 /16  inch  th ick ). T h is  can  be  

a ttr ib u te d  m ain ly  to e x p e r im e n ta l e r r o r s  such  a s  th o se  in c u r re d  in  

gauge a lig n m en t, su p p o rt co n d itio n s, e tc . I t  m ay  be  m en tioned  th a t 

r e s u l t s  f ro m  a bo ttom  gauge lo ca te d  le s s  than  1 inch  aw ay, a t  po in t F , 

do  in d ica te  the  expected  r e v e r s a l  in  s tr a in .

V a ria tio n  of the to ta l p r in c ip a l  s tr a in  a t  the m ax im u m  po in t along 

th e  lo n g er edges of p la te s  3 and 4 w ith load a re  shown in  F ig u re  12.

I t  can b e  o b se rv e d  th a t a f te r  the  y ie ld  s t r e s s  of the  m a te r ia l  is  reach ed  

th e  to ta l s tr a in  d e c re a s e s  w ith fu r th e r  in c re a s e  in  s tr a in  in  the v ic in ity  

o f the acu te  c o rn e rs  a f te r  the  edges have yeilded ; r e v e r s a l  of s tr a in  is  

a lso  p o ss ib le  a t  such  c o rn e rs  a s  ev idenced  fro m  th e  r e s u l ts  ob tained , 

a lthough  the o b se rv e d  in s ta b il i ty  h e re  is  n o t as p ro nounced  as  w as 

found fo r  the ob tu se  c o rn e rs .
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CHAPTER V 

CONCLUSIONS

As a result of this theoretical and experimental investigation 

on the small and large’ deflection behaviour of clamped skewed 

plates, the following conclusions may be drawn:

1.. For the limiting case where the skew angle is reduced to

zero, the perturbation method yields results which are in 

good agreement with those obtained for rectangular plates, 

analysed by more laborious methods.

2. The small deflection results for clamped skewed plates are in

close agreement with those obtained by experiments and by 

other analytical methods.

3. For a given aspect ratio and a given uniformly distributed load

the maximum deflection at the centre of skewed plates

decreases with increase in skew.

k. The effect of skew on the centre deflection decreases with

decreasing aspect ratio R, where R<1.

5. The ratios wfflax /h , at which results from the linear and

nonlinear theories begin to deviate significantly from 

each other are influenced by the aspect ratio, R; the ratio 

wmax /h decreasing with increasing R. Thus the deflection 

value, at which the influence of the in-plane forces begins 

to be effective, can be assessed.
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6. Analytical nonlinear (large deflection) results have been 

substantiated by model tests. Notwithstanding the experimental 

errors inherent in such "tests, the agreement between theory 

and experiment is found to be quite close.

7. Nonlinear deflection of clamped skewed plates tend to become 

increasingly linear with increase in skew.

8. The maximum resultant stress occurs along the longer edge 

of the plate and is displaced towards the obtuse corners.

Such stiess indreases with skew for any specified aspect ratio 

and centre deflection.

Q. Invariably membrane stresses are relatively insignificant in

magnitude when compared to the maximum resultant edge stresses. 

10. Experimental results obtained for very large loads, producing 

plastic regions, and outside the range of applicability of 

the analytical solution of the Von Kerman equations have 

indicated that:

(a) The obtuse corners of clamped skewed plates are not only 

regions of severe stress concentrations, but also of instability, 

giving rise to sudden reversal of stresses.

(b) The stress in the vicinity of the acute corners are 

relatively insignificant; however, when the edges have yielded, 

the stresses in such corners increase sharply with possible stress 

reversal at very large loads.
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APPENDIX A

FORTRAN PROGRAMS FOR THEORETICAL AND EXPERIMENTAL 

ANALYSIS
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THETA 
v ANU

CA LL | 
SUBROUTINE; 
3INV77(A, N)

C l, C2, C3 
V C4, C5 
AALPHA1

N = 16 
BM (I, J)

SM (I, J )

BV(J)

V (J)

CALL 
SUBROUTINE 
CINV77(A, N

D 2 .D 3 .D 4 , 
^D5, D6, Tilt 

D8.D9

^ E 2 ,E 3 ,E 4 ,  
kE 5 ,E 6 ,  E7/ 

E 8 .E 9

1t.
N = 6
SM(I, J)
J  = 1, N
I = 1, N

V(J)
J  = 1, N

CALL 
SUBROUTINE 
CINV77(A,N)

F 1 . F 2 . F 3  
F 4 .F 5  
A LPH A 3

N = i b
BM(I, J)

= 1, N
I = 1, N

V(J)
J  = 1, N

CA LL
s u b r o u t i n :
CINV77(A, N

G2, G3, G4 
G 5 ,G 6 ,G 7  
G 8.G9

H2, H3, H4, 
H 5 ,H 6 ,H 7  
H8, H9

mgjW.ifcsiS' 'FT"*'-
UilG



©
N = 6 
SM(I, J) 
J  = 1, N 
I = l . N

’
V(J) 
J  = 1,N

C A LL 
SUBROUTIN 
CINV77(A, N

VrTTT2,T3 j 
T 4 .T 5  /
\ a l p h W

©

C'TT'LZ, C3 
C4, C5

r m T m
D 5.D 6.D 7  
D8.D9

E 2 .E 3 .E 4  
^E5, E 6. E7/ 
VE8, E9

F 1 .F 2 . F 3 ,  
F4 , F5

I
G 2 .G 3 .G  
G5.G6.G7y 
. G8, G9

H 2 .H 3 .H 4  
H 5 .H 6 .H ; 
,H8, H9

©
T 1 .T 2 .T 3  

T4, T5

CALCULAT
P ( l)
P(48)

CALCULATE 
W1XX 
W1YY 
WOX

CALCULATE 
W3XX 
W3YY 
W3X

CALCULATE 
W5XX 
W5YY 
W5X

©

CALCULATE
WOY
W3Y
W5Y

1
CALCULATE
S2X 
S4X 

W1X, W3X

«►

CALCULATE
T2Y
T4Y

W1Y, W3Y

'r
W02X
W04X
W02Y
W04Y

' >

WOY

, W02X 
,W04X 
iW02Y 
kW04Y

©



j= j+l

j :2n

j+ j+1
j=j+l

f:2n i=i+l
j :2n

i= 1 i:n<
i= i+ l

k=k+1
x:n

irk>
k:n
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P l \ L- L

av(V)=-( ? . . * {  2 . acf-a.) +2.*F2*( ?.*c?-4. ) )+;'2 A( i . j
1* (2. v I-1 *(2. - C 2 - 4. ) -I- ( 2. - C 1 -4. ) A 2. a F 2 ) )
OV (i> ) = -( 2. + ( ( 2.*C?-4. ) * { -2 4. a F 2 +12 . * FA ) + ( -F . A02+A .AG4-r4. ) a 2.* .-2

1 + 2 . * F 2*.( - 2 4 . * C 2+12 . * C 4 +12 . ) + ( -R. AF 2 + A . * F A ) A ( 2 . +02 -4. ) ) :?a ( I .
2 — A A Li) A { ( 2 • a C2 - A • ) A ( — A- • A F 1 — 4 . a F 2 + 2 • A P 5) + 2 • A P 1. a ( — A. . A(, 2 +A . AC A + A . )
3 + ( 2. AC 1—A . ) A' ( -y ,a F2+4. *FA) + ( -4.AC 1-4.A02 + 2 ,*C5+R . )*2.a F2) )
,'V ( 0 ) = -( 2. *( { 2. AC2-A. )* ( — A . AF 1 —A • AF 2 + 2 . AF5 ) + (-A. AC 1-A . +0 2+2. a C8 
1 . ) A > . AF 2+ 2 . *F2* ( -A. AC 1-A. AC2 + 2 . AC 5 + R. ) + ( -A . AF 1 -A . a f- 2+ 2 . AF L ]
2a ( 2.+C2-A. ) ) +R2A( 1 . +AMU ) A ( (-y . AC 1-ft . *C? + 4 . AC3 + 16 . l+( 2.#C1
3 -A. ) A( -8. AF 1-8 .AF2+A.AF? ) ) +'R 2 a ( l.-ANU) A ( ( 2.AC2-A. ) A ( -24.AC 1 
A+ 12.AF 3 )+(-A.AC 1-A .AC2+2.AC5 + 8.)*2.*F 1)} 
jV('-; ) =iiV (c0 -( +R2A ( l.-ANU) A( +2.AF2A( -2A.AC1 + 12.AC3 + 12. ) + { -A. AF i

1-A.AF 2 + 2.AF5)a (2•A C 1 — A• ) ))
CALL Lli-:K(KJEAK7)

ALOIS KK Jt: AA7
b V(10)=-(2.A ((2.AC2-A.)A{30.AF2-6 0.AFA) + (-F.AC2+A.ACA+A.) + ( -2A. 

1AF2+12.AFA) + ( 6.AC2-12.ACA) A2.AF2 + 2.AF?,A( 30.AC2-60.ACA) + (-c.AF2 
2 +A.AFA)a {-2A.a C2+12.ACA+12.)+(6.AF2-12.A F A )A (2.AC2-A.))+k 2A(1.
3-AMU)A ((2•AC 2—A •)A (2•AF1 + 8.A F 2—A •A FA—A •A F 5) + (— 8•AC 2 +A.ACA+A.)
AA i-A.AF1-A.AF2+2.AF 5) + (6.*C2-12.A C A )A 2.A F 1) )
0V(10)=BV(10)— (+R2A(1.- A M U )A (+2.AF 2A (2.AC 1+ 8.AC2-A.ACA-A.AC5
1-A.)+(-8.AF 2+A.AF A ) A {-A.AC 1-A.AC2 + 2 .AC5 + 8 .) + (6.AF2-12.ApA)
2A (2.AC1-A.) ) )
SVl11> =-(2.A((2.AC2-A.)A(8.AF1 + 2.AF2-A.AF3-A.AF5)+{-A.AC1-A.+C2

1 + 2. AC 5+8. ) A { - A. AF 1-A. AF2 + 2 . A-F5 ) + ( 8 . AC 1 + 2 • AC2-A • AC3-A . a C d -A . ) 
2A2.AF2+2.-F2A(8.ACl+2.AC2-A.AC3-A.AC5-A.)+(-A.AF1-A.-F2+2.AF5)a 
3 ( -A . AC 1-A. AC2 + 2. a C 5+8 . ) + ( 8 . a'f 1 + 2. A F2-A. AF3-A . AF 8 ) A{ 2.AC2-A. ) )
A +!s 2 =:= ( 1. + A M U ) A ( ( 3 2 . A C 1+8 . A C 2 -16 . A C 3 -16. A C 5 -1 fc . ) A 2 . A- F 1 ) )
8 V ( 11) = t> V ( 11) - ( +k 2 A { l. + AMU) A( H-(-8.AFl+A.AF3 ) A (-8.AC1-8 .AC2+A.V-C5 
1+16.)+(2.AC 1-A. ) A ( 32 . A F 1 + 8. A F 2 -16 . A F 3-1 6 . A F5 ) + I - 8 . AC i+A . -.:C3+A . )
2A(-8.A F 1-3.AF2 + A.Ap5) )+R2*(1.-AMU)A ( (2.AC2-A.)A {30.AF1-60.AF 3) +
3 ( -A . a C 1 -A . AC 2 + 2. A C 5 +8 . ) A ( -24 . A F1 +12 . AF3 ) + 2 . A F1 A ( 8 . AC 1 + 2 . AC 2-A . AC 3
4-4. AC 5-A • ) +2. AF2A( 30 .vC 1-60 ,*C3)') )
3V {11)=3V (11)-(+R.? A (1.-AMU)A (+(-A.A F 1 -4 .AF 2+2.AF5)A (-24 . AC 1 

1+12.AC 3+12.) + (8.Ap1 + 2.A F2-4.A F3-4.AF5)A {2•AC 1-4. ) ))
3V( 12)=-( 2.A{ ( 2. a C 2 - A . ) A ( 12.AF1+A8.AF2-2A.AFA-2A.AF5 ) + (-r..AC2 +

1A . AC A+A . ) A ( - A . AF 1-A . A F2 + 2. A F 5 )-+ ( -A . AC 1-A . A C 2 + 2 . AC 5 +8 . ) A ( - 2 A . af 2
2 +12. A F A ) + ( A . AC 1+1 6 . A C2 -8 . AC A- ft. AC 5-R . ) A 2 . A F 2+2 . A F 2 a ( 1 2. AC 1+48. AC 2
3-24.ACA-2A. AC 5-2A . )+(-8.AF2 + 4.AF4)A (-A.AC1-A.AC2+2.ACS+0.)+(-A.A 
A F 1 —A . AF 2+ 2 . a F 5 ) A ( — 24. A C 2 + 12 • AC4 +1 2 . ) ) )
cW( 12) = l>V ( 12) -( 2.A( +( A. AF1 + 16.AF2-8. AFA-8 . A F S )*( 2.AC2-4. ) ) +k 2a
1 (I.+m M U )A(2.AF1A (8.A C1 + 3 2•A C 2 — 16.A C A— 16.AC3-16.)+(-4.*F1-4.*F2
2 + 2. AF 3 ) A ( . a C1-U . AC2+4. AC5+ 16. ).+ ( 2 . AC 1-A . ) A ( 8 . AF 1 + 32. AF 2-16 . a F A
3-16. a F 5 ) + ( - 4 . A C 1 — 4 . A C 2 + 2. AC 5 + 8 . ) A ( — 8 . * F 1 — 8 • A F 2 + 4 • A F 5 ) ) + is 2 A ( 1. -
A AMU)a ( {2.AC2-4.)A (48.AF1 +12.AF2-2A.AF3-2A.*F5)))
8 V ( 12 ) = bV ( 1 2 ) - ( +K2A(1.-AMU)A (+(-8.A C 2 + A.*C4+4.)A (-24.a F 1 + 12.+F 3)

1 + { -A. AC 1 - A . A C 2 + 2 .'AC 5 + 8 . ) A ( - A . a F 1-A . A F 2 + 2 . A F 5 ) + (A . AC 1 +1 o . AC 2- w . a C A
2-8.AC 8-8.)A2.AF1 + 2.AF2A(Ab.ACl+12.AC2-2A.AC3-2A.AC8-2A.)+(-8.AF2 
3+4. a f- A ) a ( - 2 A . A C 1 +1 2. A C 3 +12. ) + ( -A. a F 1 - A. a F 2 + 2 . A F 5 ) A ( - A . A C 1 - A . a c 2 
4+2.AC3+0.)+(A.AF1+16.AF2-8.AFA-8.AF5)a {2.AC1-A.)))

[j Cl ]. 8 rl= 1 t 1 2 
00 18 M=ltl2 

15 SM(M,M)=BM(M,N) 
eUUIVALENCE(SM*A)
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P A G E  29

N = 12
PUNCH 36, ( ( At I , J) ,J=1,N) ,I=1,N)
!JU;:Cr; 36, (iiV ( J ) , J=1,N)

3 6 F i ; i \ r , A T ( / ( 6 X , A H 16 . H ) )
CALL A1NV77(A ,N ) 
i)u L;- 1 = 1, a:
A[\ S ( I ) -0 . 
i'UJ 13 J= I, M

13 AN 3 ( 1 )=ANS( I )+A{ I » J ) * L5 V ( J )
G l- : \ , \ s (l)
G2 = A,\S( 2) 
b3-Ai'.-S ( 3 )
G4 = An 6(A)
G8=AnS ( b )
G6 = Ai\ S ( 6 )
H1 = ANS(7)
H2=ANS(o)
H3-ANS(9)
H4=ANS( 10 )
H5=ANS(11)
H6 = Ai>: S ( 12)
PUNCH 36,G1,G2,G3,G4,G5,G6,K1,H2,H3,H4,H5,H6 
00 14 1=1,12 
bV{I )=0 .
00 14 J=1,12

14 ti V ( I ) = 3V ( I ) + BM ( I , J ) *ANS ( J )
PLX\Crl 36, (BV (I ) ,1=1,12)

36 FGRNAT (4-H G1=E16.8,4H G2=E16.8,4H G3 = E16.8/4H G4=E16.8,4H G5=E16.8 
1,4 H G6 = E 16 . 8 /4H H1=E16.8,4H H2=E16.8,4H H3 = E16.8/4H H4=E16.fi,
24H h3=E16.8,4H K6=E16.8)
CALL LINK(KJ EAR6)
END 

rrf C;\ 5 
+ L 0 I S KK J t Ar<, d

U( 1) =k 2*R2#( ( 2.+C1-4. ) +G1+2.+F1+D1) +ANU*( R2 + P.+ ( (2 .-Cl-4. )*H1
1 + 2. * F 1 * E 1) ) + R * ( H 1 ■* ( 2 . * C 2- 4 . ) + 2 . * F 2 * E 1) + A N U * ( R 2 * ( G 1 * ( 2 . * C 2 - 4 . )
2 + 2. -vF 2+D 1 ) )
U(1)=U(11-12.
U ( 2 ) = i; 2 * A 2* ( ( 2. * C 1 - ■4. ) * ( - 3. * G 1 + 3. v  G 2 ) + { - 2 4 . * C1 +12 . * C 3 +12. ) * G 1 

1 + 2. *F i* ( -3 . *01 + 3. *f)2 ) +D 1* ( -24 . 4 F 1+ 12 . *F3 ) ) +0 .5* ( R2+R2* ( 2. * ( 2 . *C 1
2-4. )*2.*F1*( 2.+C1-4. )+2.*Fl*(2.+C1-4.)*(2.*Cl-4. ) ) ) +ANU + (A?.* a * ( (
32 . *C 1-4. ) * ( -H 1+H 3) +H 1 * ( -24 . *C 1 +12. *C 3 +12 . ) +2 . *F 1 * ( -E i + E 3 ) +E 1 + 
4(-24.*Fl+12.*F3) ) )
U(2)=U(2)+R*( ( 2. VC2-4. ) * ( -H1+H3) + ( -4. *Cl-4 .*C2+2 . *C5+d . )*F1 
1 + 2 . * F 2* ( -E 1 + E 3 ) + ( -4 . * F 1 ■-4 . * F 2+ 2 . * F 5 ) * E 1) + A KU * ( R 2 * ( G 1# ( -4 . *C 1
2-4.+C2 + 2. + C9 + 8 .)+(2. + C2-4. )* (-3.+G1+3.+G2)+2.*F 2 *(-3.*D 1 + 3.*! > 2)
3 + ( -4 . *F 1-4. *F 2+2 . *F 5)*Pl)+0. 3+ ( R 2 * ( 2. * ( 2. *C2-4 . )*?. #F 1 * ( 2. * C 1
4-4.)+2.*F2*(?.*Cl-4.)*(2.+C1-4.))))
U( 2)= u (2 1+12.
U(3)=R2*R2*((2.+C1-4.)*(-G1+G3)+(-4.* C 1-4.*C2 + 2 .*C5+».)+Gi .
1 + 2. *F 1 * ( -n 1 + D3 ) + D 1 * ( -4 . *F 1 ■-4. * F2+ 2. * F5 ) ) + ANU* ( R2*R* ( ( 2. +C1 -4 . )
2*(— 3.+h1+3.*H2)+(-4.*Cl-4.*C2+2.*C5+fi.)*H1+2.+F1*(-3.+F1+3.+E2)
3 + ( -4 . -r 1-4. * F 2+2 . +F5 ) v E 1) +0 . 3+ ( P. 2+ ( 2 . * ( 2 .*Ci-4. ) * ( 2 . *C 2-4 . ) * 2 . -F 2 
4+2.*F1*(2.+C2-4.)*(2.+C2-4.))))
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■.oL- 50

0(3) =U ( 3 ) + 0* ( ( 2. *0 2-4. )*(-3.*Hl+3. *h? ) + ( -24. *02 + 1 2 . *C4 
i+ 5. * F 2* ( -3. *F 1 + 3 . *u2 ) + ( -24 . *F2 + 12. *F4) * F ].) +0. 5 * ( 2 . ■■■ ( 2. . - C >-4 . } - X .
2*r2*( ?,.*c?-4. )+2.*fx*(2.*C2-4. )*{2.*C2-4.)) +a;:i>* (k/* ({ 2 .*.ex-' .;
5 * ( -o J.+' - 3 ) + ( - 24 . *C 2 + .1 2 . *C4+1 2.. ) *01 + 2 . *1-2* ( -01+03 ) + ( -2* . ;•:+1 X . 4 )
4*31) )
0 ( 5 ) =1.- ( 3 ) * I 2..
U ( 4 ) = K ,5* K 2 * ( ( 2 . •> C 1 - 4. ) * ( - 3 . * 0 2 + 5 . * (;4 ) + ( - 2 4 . * C 1 + 1 2 . * 0 5 + 12.) * { - j.
1*0 1 + ̂ .*G2 ) + ( 30. vC 1-60 . *C3 ) *U1+2.*F1* ( -5 .*02+S. *04 ) + (-2.4 . -1
2+1.2. *F 3 ) -•* ( — 3 • *01 + 3 .*02) + ( 30 . * F 1-60 . * F 3 ) * 01) +0 . 5 * (r!2** 2* ( 2 . * ( 2 . v 
5C1-4. ) * ( ( ?.* *C 1-4 . ) *( -o ,*F 1 + 4.*(-3) + ( -2 . *C 1 + 4. *C3+4 . )*2 .+!-1 ) + (
4-24.*C i+12.*C 3+12.)*(2.+C1-4.)*2.*F1) )
U (4 ) = L ( 4 ] +0 . 5* ( R 2*K 2* (+2.*F1*2.*(2. *C 1-4 .)*(-0 . * Cl+4. *C3 +4 . )

1 + (-24. *F 1+12. *F3) * ( 2 . *C 1-4 . )*( 2.*Cl-4. ) ) ) + AHJ* ( 2  *K* C ( 2 . *C 1-4 . ) 
2*{-ri3+h5 ) + (— 24.*C1+12.*C3 + 12. )*(—H1 + H3) +( 30 . *C 1-60 . *C3 ) *,-; 1
3 + 2. *F 1*( -r-3 + E5) +(-24.*Fl + 12.*F3) *(-31 + 53) + { 3Q . *Fl-6() .*F3 ) -:"1 i ) 
U(4)=0 (4) +K*( ( 2.*C2-4. ) * ( -H 3 + H5 ) + ( —4. *G 1—4 . *C2 + 2 . *C 5 + '. ) v ( -t ; l-i-.-.i ) 

1+(o .*C1+2.*C2-4.*C 3-4.*C3-4.)*!: 1 + 2.*F2*(-E3+E5) + (-4.*F1-4.*F2
2 + 2. *F 5 ) * ( -E I+ £ 3 ) + ( d . *F 1 + 2. * F2-4 . * F3-4. * F5 ) * E1 ) + A! :U* ( K 2* ( ( 2 . *C 2-4 . )
3 * ( — 5 • * l j 2 + 3 . * G 4) + ( — 4 • * C1—4 • * C 2+2 • * C 5 + 8 . ) * { — 3 • * G 1 + 3 . * 0 2 ) + ( 4 . * C 1 
4+ 2.*C 2-4.*C3-4.*C 5-4.)*Gl + 2.*F2*(-5.*02 + 5 »*D4)) )
U (4)=0(4)+AKU*(R2*(+(-4.* F 1-4.*F2+2.*F5)*(-3.*D 1+3.*D2)+(3.*F1 
1 + 2. *F 2-4. *F 3-4. *F 5 ) *D 1) +0 . 5* (R 2* ( 2. * ( 2 • *C2-4 • ) *( ( 2. *C 1-4 . ) * ( . *
2F 1+4.*F3) + {- a .*C1 + 4.* C3+4.)*2.* F 1) + (-4.* C 1-4.*C2 +2.*C5 +8 . )
3 * 2 • *F 1 v ( 2 . *C 1—4 • ) +2 • *F 2* 2 • * ( 2 • *C 1—4 • ) * ( — & . * C1 + 4 . *C3 +4 . ) + ( —4 . *!■ 1
4-4.v F2+2.*F5)*(2.*Cl-4.)*(2.*Cl-4.))))
‘ U ( 4 ) =u ( 4 ) * 1 2 .
U (5 )=--K2*2 2*( ( 2.-+C1-4. ) * ( -G3+G5 ) + ( -4. *C 1-4 . *C2 + 2 . *C 5 +8 . )*{ -01 
1+G3 ) + ( 2 . *C 1 + 8 . *C2-4. *C4-4. *C5-4. ) *G 1 + 2. * F 1* { - 03 +D5 ) + ( -4 . *F 1-4 . *F 2 
2+2.*F5 ) * ( —D1 + D3 ) +( 2.*F1+8.*F2-4.*F4-4.* F 5 )*D1 ) + A*lJ* U2*,<* ( ( 2.*C1
3-4. )*( -5.*!-! 2 + 5.*!-; 4) +(-4.*C1-4.*C2+2.*C5+8 . ) * (-3 . *h 1+3 . *H 2 ) + ( 2 . *C 1 
4+3.*C2-4.*C4-4.*C5-4.)*H1+2.*F1*(-5.*E2+5.*E4)))
b ( 5 ) =C ( 5 ) + \Ni U* ( A 2*R* ( + ( -4 . * F 1-4 . * F2 + 2 . * F 5 ) * ( -3 . *E 1 + 3 . *3 2 ) + ( 2 . *F 1 

l + o .*F2-4.*F4-4.*F5)* E 1)+0.5*{K 2*(2.*(2.* C 1-4.)*(2.*F2*(-8.+C2 
2+4.*C4+4.) + (2.* C 2-4.)*(-8.*F 2+4.* F4))+(-4.*Cl-4.*C 2 + 2.*C 5 + H .)
3*2.*F2*(2.*C2-4.)+2.* Fl*2.*(2.*C2-4.)*{-ft.*C2 + 4 .*C4+4.) + (-4.*F1
4-4 . v-F 2 v 2 . +F 5 ) * ( 2. *C2-4 . ) * ( 2. *C2-4. ) ) ) )
C a LL L IN K ( i< JF AK9 )
tR b

*»* r .* **■

L U I S A i\ J >; a .\ V
U(5)=b(5) +;<* ( ( 2 . *C2—4 . ) * ( -5 . * H2 + 5 . *H4 ) + ( -24 . *C 2 +12 . *C4 + 12 . ) *
1 ( -3 . *;-; 1 + 3 . *M 2) + ( 30 . *C2 -60 . *C4) * H 1 + 2 . * F2* ( -5 . *E 2 +5 . *04 ) + ( -24 . *F 2 
2+12.*F4)*{-3.*E1 + 3.*E2)+(30.* F 2-60.*F4)*E1)+0.5 *(2.*(2.*C 2-4. )*
3 ( 2. * F 2 * ( -■-> . *C2+4. *C4+4 • ) + ( 2.*C2-4. ) *( -8 .*F2+4.*F4) ) + ( -24.+C2
4+12.*04+12•)*(2.*C2—4•)*2« *F2) 
ll ( 5 ) =b ( 5 > +0 .5* ( +2 . *F 2* ( 2 . *C2-4. ) * ( -8 . *C2 + 4 ,*C4+4 . ) *2 . + ( -24 . *F 2 

1+12.* F 4 ) * i 2.*C2-4. ) *( 2. * C 2 - 4 . ) ) +Ai\U*( R2* ( ( 2.*C2-4. ) * ( - 03 + 4:3 )
2 + (-24.* C 2 +12.*C4+12.)*(-01 + G3)+(30.*C2-60.*C4)*Gl + 2 .*F2*(-0 3
3 + 05)+(—24.*F2+12.*F4)*(— D 1+D3) + (30.*F2—60•*F4)* D 1 ) )
0 { 5 ) =b I 5 ) * 12 .
U (6 ) ~~ * 2*2,2* ( ( 2. *Cl-4. ) * ( 3 . *01-3 . *G2-3 . *03 + 3 . *G6 ) + ( -24 . *C 1 + 12 . *C3 
1 +12. ) * ( - 0 1+G 3) + ( - 4 . * C 1 - 4 . * C 2 + 2. * C 5 + 8. ) * ( - 3 . * G 1 + 3 . * 0 2 ) + ( 4;;. * C 1 
2+12.*C2-24.*C3-24.*C5-24.)*01+2.*F1*(3.* D 1-3.*D2-3.*D3+3.*0 6)+
3(-24.*F1+12.*F3)*(-D1+D3)+(-4.* F 1-4.*F2 + 2.*F5)*(-3.*D1-3.*D2 5 +
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i * t \ C  \ . J1

6 (A • •• -•* r 1 + 12. 4 f; 2 - 2 4 . F 3 - 2 4. A F 3 ) + 0 ]. )
U (t ) -U (6) + 0 .S*(K2*K2*(2.*(2.+C1-4.)* ((2.4 C1-A •) 4 { -A • '• r * ** » '2
1+3. ) + / .•v!- ].A(-A . * C 1- 4 . * C 2 + 2 . 4 C 3 + l ' . ) ) +(-4.4C 1 . C 2 + r\ • *•" A)
24(2 • c 1-A . ) A 2 . * r 1 + 2 . i- 14 2 . + ( 2 . A C ! - A . )4( - A .4 C ]-A . •:■('. 2•: / ' « ;
3 (- A . 41- L-A »  2 + 2. =;>•>) + ( 2. AC 1-4. )+ ( 2.4 c 1-A.) ) ) + A1 .A i 4 { i f '•, ■':{ \ 1
A + (3 I• • 1 •a. . +; i 2- 3 . ■••! i 3 + 3 . +:;6 ) + ( - 2 A . AC 1 + 2 . 4C3+12 • ) 4 ( — • *’> ■ 1 •! • t F )i
U ( ii) >. t O )+ A:-; Li•■' ( 1 \ 2 \ ( — A . 4 L 1 — 4 . !• 0 2 * ■j .4C3 + > . )... ( - HI. + ) t- ( • 'r xV

113. *•»* ' > ' o ..— i ’. ‘ . + C 3 - 2 4 . + 05-24. ) A H 1 + 2 . a F 1A (3 . 4 F i - 3 . 4t ■2-3.4 . > • '■) V

2 (- 24 . vF 1 + 1 2. • 4P 3 } 4 ( —3 . + R 1 + 3. 4 L 2 ) + 1 -4 .4F 1-A .4-F2 2 .4F3 )4 { - : ■’ ' i*r
3(46 .1+12 . l ~ e‘.— 2 +. i-* c,—241. '** F 3 ) r* 1 ) * >.34 (.<24 (2. -V(2 . 4 C 1-4 . ) ( 2.. - r 2:
4 ( -4 • *** O 1-4 • 4 C 2 + 2 . 4 C ‘3 + 6 . ) + ( 2 . 4 C 2— 4 . ) 4 (-4.4 (=1-4. 4F 2 + 2 . F ) ))) )
U (t,) > (6) + A M IJ4( +0 . 5 4 ( k 2 4 ( + ( - 2 4 . 4 C 1 +1 2 . 4 C 3 + 1 2 . }42 .4 f-2 4 ( 2. V0 2- •}
X *'* X •vfl -v 2 .4'{ ? . + C 2 - 4. ) 4 ( - 4. -4 C 1 - 4. 4 C 2 + 2 •4 C 3 + f  . ) + (-24.4 FI + 12 •' " r )
At 2. AC 2-A-.)4(2.4C2-4.))))+K4((2.4C2-4 • ) 4 ( 3 • 4 r 11-3 . 4 H 2— 5 • 4 :1.j + 3.
3 + ( -4. AC 1-4 • 4 C 2 + 2 • 4C 3 +6 . ) -4 ( — 3 . 4 i-; 1 + 3 . 6H2)+(-24. 4C 2+12 • *•'C4 + 12. )=:•
4 ( i + n 3) + ( 12. 4 C 1 + 4 6 .4 C 2 - 2 4. 4 C 4 ■- 2 ■4. 4 C t;-24.)4 H 1 )
U (o )= U (6) +114 ( + 2 • 4 F 2 4 ( 3 .43 1 — 3 • 4 E 2— 3. 4 P3+3 .4 E 6 )a.( "4 .4 F ̂ -4 .+F 2 + 2 •4

!-•:=(-3 • 4 L 1+3.4E 2)+(-24.4F2 + 12.4 F 4 ) A ( - E 1+ c 3 ) + ( 12 •4 F 1 +4 4 F 2- 24. F4

fV 1 r\: • *•' r-3 ) 4 El)+0.34{2.4(2.4C2-4.)*{2.4 F24(-4.4C1 -4.4C2+ 2 • 4 C + 0 • )
3 + ( 2 . vC 2-4 .)4(-4.4 F 2-4.4 F 2 + 2.4 F 5)>+(- 4 .4C1-4.4 C2+2.4 C3 )42. 4 F2;
4 ( 2. AC 2-4. )+ 2.4 F 2 42.4(2.4 C 2 — 4.)a (—4.4 r 1-4.4C2+ 2 .4C5 +■w» • ) )
U {6 )= U (6 )+0 • 5 4 ( + ( — 4 • 4 F1 — 4 • 4 F 2 + 2 • 4 F 5 )4 (2.4C2-4 • ) 4 ( 2 .4C 2—4 • ) )

i + w ! ;l>( A  2 :i;( ( 2 . 4 C 2 -  4 . ) 4 ( 3 • 4 G1 —  3 • 4 G 2— 3 • 4G 3 + 3 • 4 G 6 )+ ( -4 . 4C 1-4 • 4C2 j.2 #
2C5 + (j . )* ( -G1+G 3)+(-24.4C2+12 . 4C4+12.) 4 (-3•4 G 1 + .4G2 )+ (1 2 .* Cl+4 ri• •
3C 2-24. vC 4-24.4 C 3 — 2 4•)4 G 1+ 2.4 F 24(3.4 6 ].-3.4 D2-3 •403+3 • 06 ) (-4 .VF
4-4. + F 2 +  2 . 4 .- 5 ) 4 { - D1 + C3 ) + ( - 24 . 4 2+12 . 4 F4) 4 ( - 3  . 4 p.1 +  3  . 4 02 ) ) )
' U ( 6 ) =U (6 )+A0! L)4 ( A 2 4 ( ( 1 2 • 4F 1 + 43 . 4F 2 — 24 . 4 F4-24. F 5 ) 4 i.;1 )
1+0 •5+ (A 2A t 2 . 4 ( 2 . 4  C 2—4 . ) 4  ( { 2 . 4  C 3. — 4 • ) 4 (-4.4F 1-4 4 F 2 + 2 • *’*'F 5 )+ 2  m F 1
2 -4. AC 1-4. 4C2+2.4C5+6.))+(-24.4C2+12. 4 C 4+12. ) 42 .4F 14 (2 • C 1-4. )
3 + 2 • 4 r 2+ 2 • 4 { 2 . 4 C 1— 4 • ) 4  ( -  4 . 4 C 1 ~ 4 . 4  C 2 +  2 • 4 C 5 + r.. ) + (-24.4 F2 + 12 • 4F4 )
4 {  2. '■* w _-4 .)4(2.4C1-4.))))
U (o ) =o t 6 ) + ( 1. -Ais U ) * ( R 2a ( (-b.ACl-6.vC2 +4.4C5+1 6 . ) 4 ( -2. 41,1*ru . * C )
l+(-’ C- • 4F 1-• ■ • 4 F 2 + 4 * 4 F 3 ) 4 ( —  2 . 4 D 1 + 2 • 4 D 3 ) I +  (< 2 4 1< 4  ( (- 8.4C1 • '** ' / . + 1 ; • 4C
216. ) A( -2 . 4 i ! 1 +  2 . 4H3 ) +  ( —0 . 4F .1 —  t i  • 4F2 +  4. * F 5 ) 4  ( -  2 . F 1 +2 . ;;; r 3 ) ) - A V ( ( -

3+C 1—  w . A C2'+4.4C3+16.) 4{2.4F1)4(2.4C2-■4 . ) + ( —  ! • :. 4Q 1 —  b . *■'C2+4 . C 3 +. * •
4 4 ( 2 . i. J /

X  *“7 . ) 4 ( 2 . 4 F 2 ) +  { — A . 4 F 1 -  b • 4 F 2 + 4 . i\c F 5 ) 4 ( 2 . 4C 1-4. ) 4( 2 . 4c2-4 • ) )

DC 10 , > 1 , 0  
d rj i_> . > 1 , 6

1b 6. . ( i. , i . ) — tli ( r» , A )
t; ■ ■ U IV / > L c i ! i-.: ( Sj-i , rt )

F'JI .C.' b 6 , { K 6 ( I , J ) , J = 1 , M } , I = 1 , I'; } 
HU.’.Cr, 6 6  , ( U ( J ) , J = 1 ,  N  )

3 6  FCisi'./.T ( /  I 6X , 6 c  l o  . 6  ) )
CaLL , , i . \ V 7 7 ( A , i \ )  
d c n  i = !,:•:
AO 3 £ 1 ) =u .
DC 1 z> J = 1 , . ,

13  A. . S ( i ) - A i : S  ( I ) + A{ I , J ) * U (  J )
y ].=>;•. 6. ( i )
V 3= A<, S ( 2)
Y3 = A,-.S( 3 )
Y 4 = A 0 S ( 4 )
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i\ Gi* j>

Y13 — Ai . S ( 6 )
AL r'r.l'  ̂ ( A- }

44  , Y I ,  Y / . , Y 3 ,  Y 4 , Y 3 ,  AL Prlb
i ‘ u 14 i - 1 f 6 
U  ( i ) = 0  .
0 0 I A- J = 1 ? 6 

14 U ( I ) =U ( i ) +0;-i( I , J )*A.YS ( J )
>u 1C H 3 6 ? ( U ( I ) ? I = 1» 6 )

444 FcixAAY (4h Yl=516.tt,4H Y2=E16.«,4H Y3=F16 . 8/4h Y4==16.„, 
14ri Y5 = ni6.:>,7H ALPhi3 = Li 16 . H )

CALL L I. \K( X J F A 1 0  )
4006 3 COO Yu 136000 3 20u 70 2490 240 2 5114 63 61130010200 
-.-JOi, 3 
+FC s 5 
FAi\'Di< 15 10 
L0 I G 4 is J  c  t~ Xu

Ol.YEiASIO.Y 0(50}
U (j 1 1. ‘. Ul . K ) ,i\ j .\2 )K4,C1 ,C2,C3,C4 ,C5,PI ,D2 » 03 »04 , D 5 ,06,E l » = 2  j 3

I E  6  j F 1 J r  k ? r  3 ? F 4 , F 5 , G 1, G2 , G3 , G4 ,G5,G6 ? H I j H 2 f H3 1 F4 , H 5 ,1-16 J Y 1, Y 2
2 Y4 , Y t- y A.J'iu 7 P
A XI ~ •
2 7 / . = i •

77 8(1) = ( 2 . + A X I — 0 .4 ( AX I443)—4 . 4AXI 4 ( F 7 A 4 4 2 ) +16  • * ( 7 X I 4+3 )4 ( 27. 4
1-12. * (AXI44 5 )+{ E 7 A * 4 2) + 2 • 4 A X i4 ( 5 1 A* 44) -8.4 (A X I 4*3)4(5 T«4+4 )
2+6. 4 (AX I 4+5)4(ETA444 ) +6 • 4 { A XI 4+5 ) )
P ( 2 )= (-4.+AX 1 +( E 7 A 4 4 2)+4.4(AX 1443)4 ( 27 A 4 4 2 ) + P • 4/. X 1 — ( 2 i7.444 )

1 — 0 . 4 (/.XI 4*3) 4 (ii7 A * + 4 )-4.+AXI+ (577 44 6 ) +4.4(AXT44 3)4(27 t •+ 46 ; )
P ( 3 )- (4 .4(,\XI44■3) -12 .4(AX I 443 ) + H . 4 (A X I4 ■ ■ ' ! ) — h » 4 (/ X I 4 + 3 )- ( ■: 7 A

1 + 24 • * ( /.X I ** 3 ) * ( HTA##2 ) -16 . * ( AX I **7 ) * (FT A 4 *2 )+4 . * ( AX I 4*3 ) * ( 0:7 A
2 4+4 ) -!>;. + ( AX 1**5) 4( 5TA444)+o.4< AXI+47)+ ( ETA**4) )

+ 4. 4 (AX I4 43) + ( F 7 A4 44) J.> ,4/\XI 4 (2 7 -. + ■:-A )
4.4 AX I 4 (i:7 A44 ) +4 • '•’*( A \/A 1 + 43 ) * ( f:7 a *4... ) )
0 § '•'( A X1 + 3) 4 (2 T A ++ 2 ) + 6 . * (/.XI 4+5 ) 4 (, 7 A + + s.
v T/ \ ts 144 3 ) 4 (FT A* 4 4 ) - 12 • t7 X I 4 *.< ) * ( u 7 A 4 )

X I :>c4 3 ) + ( ;Z7 A 4 46)+6 • ( A V /A I 445 ) 4 (:-V,. + +7 ) )
4 3 )+ 0.+A X i+( 2TA4+ 2) — J;.•4 ( A X I 44 3 ) + ( Y ++.- )
*3) 4 ( f; 1 A4 *4) )
30 .4 ( A X I444)-■4. 4( 2 7A 4+2 ) + 4 - • + (A a 1 +-;2 )
* ( 27 A 4 + 2 )+ 2 . 4 (ETA 4) -2 4 . 4 ( AXI ++2) + {27/.+

2+30.+( aXI++4)4( ETA4+4) )
;■J ( w ) = ( -4-. + ( IA 4 4 2 ) +12 . =:- ( A X I 4 V 2 ) * { E T A * + 2 >+8. 4 (FT A * 4 4 ) - 2 4 . + ( A X i + + 

14 (c T /. 4 4 + ) -A . 4 ( 5 T A 4 4 & ) + 1 2. 4 ( /, x I 4 4 2 ) 4 ( F T A 4 4 6 ) )
P (v ) = ( 12.4 ( AX 14+2) -60 .+(AXI++4)+56.*(AXI++6)-24.+(AXI+ 4 ?)+(ETa *
1 + J. 2 > i • + ( I + -+ 4 ) 4 ( :: 7 A + + 2 ) — 112 • 4 ( , • X 144 6 ) 4 ( 5 I A + 4 2 ) + 12 • 4 { A X I + + 2 }
2 4 ( c 7 ,, ++4 } — 6 C . 4 { A XI 4 4 4 ) 4 ( E 7 A 4 4 4) +56. 4 ( A X I 4 4 6 ) 4 ( E 7 A 4 44 ) )
P (1C ) = (-6 .4(STA444)+12. + (AX I 442}4(-7A4+4)+ h .4(E 7 A446 )-24. + (

1 AX I 44 2 ) 4 { : 7 A.446 ) -4 . 4 ( cT A44 b ) + 1 2 . 4 ( AX I 44 2)4(27 A 446) )
P( 115 = (2.-M E 7 A 44 2 ) -24. 4 ( AX 1442) 4 ( 7 7 A 4 4 2) + 3 0 . 4 ( A X14 44 ) + ( E 7,.+v 2 )

1 -4. 4 { 7 a+4 4) + 4H . 4 ( AX I + 4 2 5 4 ( E T A444)-00. 4 ( A X I 4 4/,) 4 ( [= 7 A444 ) + 2 . + ( 17 
2446 +X I 4+2 ) 4 (ETA44A ) +30 . 4 ( AX I 444) + ( ETA4+6 ) )
P (12 )-(-4.+12.4(AX I 44 2 )+0.4(2 T A 4 42 )-24.4(AX I 442)4(E7A44 2 )-4.4
1 ( 27 a,4+4 ) +12 . 4 ( AX I 44 2)4(27 ,<\+44) )
a ( 13 ) = ( — 4. 4 ( /• X I +42 ) 4 E TA + 8 . 4 ( aXI 444 ) 4 57 A—4 • 4 ( AX I 446 ) 45 i a+4 •
14 (/-.X I +4 2) + ( E i A+ + 3 ) — 6 • 4 ( AX 1 444) 4 ( ET A4 + 3) 44. + ( AX I 446 ) ̂  ( j i A445 ) )
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r>«t \.7 iz .*> ~5

P ( i 4 ) = i /..*Li i — 4 •* ( a I * 2 ) 1 /»■■■ 2 . *' ( • ■ * I * 7-) * — i / ■ — i' • '** { ■ i • v )-;* ; I
1 ( / i X J 1) * (. ■ i / » i>) — c. « ( i j ■ I '»* 4*)' - v L' i i ' 7i. *i* ( ■■ i • ) — j. 7 • ■ ■ \ ./ i
2*L:T,\* -2) -i-.).*(oXl**4)*(ZTAv*ij) )
7( 13} — ❖ ( X I ) ❖ t; | /; + >' . V ( /V A I ) ❖ 2 i /’ “4 . ( t X 1 \ ! ~'e. • +
1 ( ‘ \ A I ' '4 ) * (2 7 A** 3) —o . * ( \X I 6 )::- ( :-7/-*' ) +4.* (AX) +*6 )*C:i ' -: + , i )
2(io) = { «v • :o( E7A**3 ) -0 . - ( AXI **2 ) * ( -7 A + + 3 ) +4 .❖(/ XI **6 ) * ( 7 . 3)
J- — 1 « *** V.. T A *3 ) +24.* ( AX I **2 ) * ( :-TA**f>) -12.❖( AX 1 ++4 ) * ( ETA **3 i*•* * •
2(!;Tm** 7) -1 o.*(AXI**X)*( 2TAv*7) +;>. * ( AX T **4) * < F7,.**7 ) )
2(17)- V • *'( A X I ❖* 2 ) * E 7  A - 4 .-.‘(AX I *-•> 4) * '• 7 A+ 2 . ❖ ( X I * * ) * (: 7 , ■ - 2 .

1 ( AX i ++ 2) * (:• 7 /a **3)+ 16. * ( A XI * ❖ 4 ) * ( r. T A v*3)-K. * (/• X I * * 6)*0-T +*3)
2 +6 . * ( AA i * *2 ) * ( 17A**35-12. *(AXI**4)* ( E7A + +0 ) +6 . * ( AX I *❖•:.) ❖ (2 TA
2(10)= ( • .+ F 7 A +;:. * ( A X I * * 2 ) * fc 7 / - 4. * ( A X I * * 4 ) *1-7 a +4 • * ( 27 A. * * 3 )-.:
M A X I + + 2) * (2 7 A**3)+4.*(AX I**4)v (E 7 A** 3))
A ( 19 ) = ( -4 .*(A X I**2)+K.*(A X I**4)-4.❖(A X I * * 6)+12.❖(AX I w 2;* 1 E 7
1-24.+( ' v /\ i *4)*( ETA**2) +12. ❖ (  «XI**6) *  C E7A**2 ) ).
2 ( 20 ) = ( 2.- 4 • *  ( AX I ❖ ❖  2 ) +2 • * ( AX 1**4)-2'.. *( E7A**?") +  4 h . *  { AX I *+ 2 ) *
K c T A * * 2)-24.*(AX I**4)*(ETA**2)+30.*(ETA**4)-60.*(AX I*+2 ) *
2 ( E 7 a * +4)+30.*(AXI**4)*(ETA**4))

P {21 ) = ( - 4 . *  ( AX I * *  4 ) +  8 . *  ( A XI *  *  6 ) - 4 . * ( A XI * * 8 ) + 1 2 . *  ( A X I **4 ) * ( 11 i
1-24.*  { ;\X I * *  6 ) * ( E 7 A *  *  2 ) +12 . * ( A XI *  *H)*(E7A *  *  2 ))
2(22)= (12. * ( i: 7  A** 2 ) -24 .*( AXI -* 2.) *  ( 2 7/-** 2 ) +  12 . *  ( AX I **4 ) * ( •:i t\ *•'

1 —  6 »• . * (1 T,.++ 45+121;. * (AXI * * 2.) * ( E 7 A * *4)-60. * { AXI * * 4 ) * { i: 7 A * * 4 ) +3
^ {.£TA=--v0 ) - 11 2 • * ( A X I * * 2 ) * ( r. 7 A * * 6 ) + b 6 • * ( A X t * * 4 ) * ( b I A * * 6 ) )
2 ( 2 i i - ( 2. * (AX I** 2)-4.* < A XI**4)+ 2.*(A X I**6)-2^.*(AX I **2)*( *“ J /•»
1+4...- (,-,X I **4) * ( ETA** 2) -24. * ( AX I **6) * ( ETA**2 ) + 3 0 . * (/, X j 2 )
2 ( i:7 A*;-4) -4•).* ( AXI**4)*( ETA**4) +30 .*( AX 1**6) * ( E7A-*4 ) )
2(24)= f-4. + 4.*{AX I**2)-4.*(AXI**4)+12.*(ETA** 2 )-24.*(AX I *+ 2 )

i* ( i:7 A** 2) + 12.*(AXI**4)*(ETA**2))
2 ( 2 3 ) - ( 1.- 3 . (  AX I ** 2 ) — ( t I A** 2 ) + 3 • * ( AX I ** 2 ) * ( E 7 A * * 2 ) )
r'(2c ) = ( 3 . * (AX I**2)-5.*(AXI**4)-3.*(AX I**2)*(E TA**2)+3.*(„ :< 1 *

1 * ( ETA* -  2 ) )
4(27)= £ ( E 7A *  + 2 ) - 3 • *  ( A XI * *  2 ) *  ( E T A *  * 2 ) - ( E T A* * 4 ) + 3 . * ( A X I * * 2 )* (r

2 ( 20 ) = ( 2 . * ( AX I **4) — 7• *( AXI **6 ) -5. * ( AX I *+4 ) * (E7A**2 ) +7 . * ( ;,a i *
1* ( 27 .,*-2) )
2 ( 2 9 i = ((27 A**4)-3. * ( AX I**2)*(ETA**4)-(E7A**6)+3.*(AX I+*2) *
1 ( ETA**■ j ) ) -

P i l ' j  ) - ( 3 . v (AX I**2 ) * ( ETA**2)-5.* (AX 1**4 ) * ( ETA**2 ) -3. * {AX I *:*  2 )
I * {  17..*• ❖ 4 )  -f*ij . '■* ( / .a 1 -.” .'4 ) +  ( Li i / a 4  5 )
2(21) = ( —* 2. • *  A X I * E T a  +  2 « * ( a XI * * 3 ) * n I A )
P (3 2 ) = * { AX IV* 3 ) *ET A+2.*( AX I ** 5)*ETA)
y ( 5 j ) = ( 2. * AX I *E l A- 2 •* ( A XI* * 3) * E T A— 4 • * A X I * ( E f A * * 3 ) +4 • * ( AX I** z>)

1 + 6 •* ( ;• X I** 3 ) * { E1 A** ‘j  ) )
P (3 6) = (2.* ( a X I**3)*E TA-2.*(A XI**5)-5TA-4.*(A XI**3)*(ETA**3) +

1 ( AX I **p) v ( 2 7 A**3 ) )
A ( 2 7 ) = { — 2 . *E 7A* AX I + 2 • * AX I * ( E 7 A** 3 ) )
A ( 3 -> ) = ( — 2 •* a X I * ( E7 A** 3) +2 * *AX I * ( E7 A**5 ) }
Hi 3 4) = (2.❖AX I❖ETA-4.*(AX I**3)*ETA-2.* AX I* ( ETA * * 3 )+4.*( a XI**3

1*(h Ta +*3) )
8 (40 ) = ( -2. *AX I v ( c TA**5 ) +2. *AX I * { ETA.**7) )
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j. *Ki • ( AXi ** 3) * ! i. 1 a ** 3) )
!•' { ' : ■ ■ : ) - { 2 . :':Aa 1 * ( LT A A* 3 ) -4 . X ( A X 1 **3 5 * ( FT A A* ;,)->. ; '/■ I T / / v

i ( a a i 3) * ( ;:t .•••:■>)) 
r* {' ■■ ) --1 I. - ( A« i **)-:■>.*( :• T w * ) + 3 .  * ( A a I ** ? ) ■ ■ • ( ' TA *•: 2 ) )
’ (44) -  ; j . ( J' r A - -1 )-_,.* ( A X I 4 - A T A * > A ) -! . - ( Y. * - A ) + o . I / , :

1”'( ) )
<*(•-:> ) •- ( { AA 1**2) -( AX I **4)- 3 . M  AX I * * ? . ) *( ETA**? ) +:,.«(/■>: f •••••4 5 ~ 
i ;: iA.- ))
A ; A ̂  ; = {5. - ( A T A * - A ) - i>. * ( A XI * A } A ( A T A * * A ) - 7 . * ( ;■: V r * 6 ) + 7 . - ( , A i - 
i * i .: Y . : - 6 ) )

• ' (4- Y } = i ( -7X I **A ) — ( AX I -’I'Ve ) -3 • * { AX I As;*<•) * ( £ f A**2) +3 • * ( >• X I vv'; )
1 ( AY A ) }
P(4o)=(3. ( AX I -v*2) - { E TA**?.)-•>.*( AX I **4 )*(2T7 **2 ) -5 . * ( „/ I** 2 )
1 ( E f 3 • * ( AX i **4) * ( E i A**4 ) )
IE ( ;IV A-J . 3 ) 211:24,24 

2 4 C 33.7 1X0 E 
P u .. w i' • it 4

44 5 Eur.;-;.T ( 3X , Yoi-1 j c u DIKG STRESS AT MIDDLE OF LOUG EDGE)
23 X 1XX-G i*P ( 7}+C2*P (c l) +C3*P( 9 ) +C4*P( 10)*C5*P(11 )+P(12)

•.-:1YY=C 1*2 { 14 )+C2*P ( 20 ) +C3*P( 21) +C4* P ( 22 ) + C5*P (23)+2 (24) 
WuX=-G ,3*{ A 2*v; 1XA-f aXU*V 1YY )
,-;3XX = X]>E (7 ) *F2*P (fa ) +F3*P(y ) +F4*P { 10)+F5#P(11)
X3YY = .~ i*P (.19 ) +F2*P ( 20 ) + F 3* P (21)+ F 4* P (2 2; + F5* 2(22 )
••3X=-o .5* ( .-\2*W3a X+ a ;-:u * v:g y y )
Y.5XX=Yi*P (7)*Y2*P ( & ) +Y3*P(9 ) -Y4*P( 10>+Y5*P(11)
:.'SYY=Y1*P ( 19 ) +Y2*P ( 20 ) +Y3*P ( 21) +Y4*P( 22) +Y5*P ( 23 )
3X = “0 .5* (.<2*X d a X + Af.U*W 5YY )
u. !G E' 6 ,;. (3.., $X , i!3 a

’..•3Y-— o .5*( .•J3YY+AE
Y13 Y = -u .3 * ( 3  Y Y+/-. E 
EU.iCr; 447 , ..'AY , '..'BY , ..57 
r(JX, .A 1 ( Or. WAY~n x6 «ci , i 
$ 2X=u 1*2 ( 25 ) +D2*H( 26) +D3*P( 2 7 ) +D4* P ( ? ) +D5*P ( 2V )+D6*P { 30 ) 
S 4 X=jr3' { 25 ) +G 2* ? ( 26) + G 3* P ( 2 7 ) + G4*.; ( 2 h ) <v 5 * P (29) + G 6 * H1 (3 G ) 
!•: IX =C _-?(!) -rC2*P ( 2 ) -5-C3*P ( 3 ) +C4*P ( 4 ) + C5*P ( 5 ) +P ( 6 )
A3 X--i: j.lJ ( 1) +F2*P ( 2) +F3 *2(3) -I- f  4* ? ( 4 ) + F 5* P ( 5 )
T2Y = x x*!‘ ( 43 ) +E2*P ( 44) +£3*P ( 43 ) +E4*P ( 46 ) +£5*P (47 ) +E6*P (4;-.) 
I 4 Y = . i* P ( 42)) -.-H 2 * P ( 44 ) +H 3* P ( 4 5 ) +W4* P ( 4 6 ) + rib * P (4 z') + ric *P (4 c. ) 
h 1Y = G 1*2 ( 1 3) -i-C2* ? ( 14) +C3*P( 15)+C4*P( 16)-i-C5*P ( 17 )+P ( lo)
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Table 5. Lateral Deflection Desuits for Plate 1, Test 1.
(’inches)

rH
•or<
oto3
cr

r*H
•rH
r,

p .s.i. /Dh Loading Unloading Average v/h

•0.3T5 1*6.79 0.012 O.Oli 0.013 0.311
0.5 62.10 0.057 - 0.057 0.156
0.625 78.00 0.067 0.066 0.066 0.532

0.750 93.6 0.081 0.090 0.067 O.696
1.000 121.8 0.102 0.107 0.101 0.636
1.250 156.0 0.117 0.121 0.119 0.952
1.500 187.2 0.115 0.115 0.115 1.160
1.750 218.1 0.159 0.160 0.160 1.276
2.000 215.0 0.171 0.179 0.177 1.112
2.250 280.8 0.191 0.191 0. i q 3 1.5lo
2.500 312.0 0.205 - 0.205 1.610

Di
al
 
Ga
ug
es
 
lio
s. 

2 
and

 
3 .. 0.375 16.79 0.035 0.036 0.035 0.281

0.500 62.1 0.0l9 - 0.0l9 0.392
0.625 78.0 0.057 0.056 0.056 0.152
0.750 93.6 - 0.071 0.076 0.075 0.600
1 .0 0 0 121.8 0.090 0.093 0.091 0.732
1.250 156.0 0.103 0.105 o.iol 0.832
1.500 187.3 0.116 0.120 0.118 0.911
1.750 218.1 0.130 0.131 0.131 l.Oll
2.000 215.0 0.H2 0.113 0.112 1.1I0
2.250 280.8 0.156 0.151 0.155 1.210
2.500 312.0 0.169 - 0.169 1.352

-3*
•or- •*

0>bO
rocr
r*HCO•H
r-

0.375 16.79 0.021 0.025 0.023 0.18V
0.500 62.1 0.029 - 0.029 0.232

0.625 78.0 0.035 0.038 0.036 0.292
0.T50 93.6 0.016 0.051 O.OlQ 0.388

1 .0 0 0 121.8 0.056 0.060 0.058 0.161
1.250 156.0 0.065 0.072 0.068 0.518
1.5O0 187.2 0.075 0.078 0.077 0.612
1.750 218.1 0.083 0.087 0.085 0.680
2.000 215.0 0.092 0.097 0.095 0.756
2.250 280.8 0.101 0.101 0.101 0.808
2.500 312.0 0 .1 1 1 - 0 .111 0.888
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Table 6. Lateral Deflection Results for Plate 1, Test 2.

(inches)

p . s . i. qbU /Ph Loading Unloading Average v/h

0.375 >46.79 0.01*5 0.0U8 0.01*7 0.372
0.500 62. U - - -
0.625 78.0 O.OfcU 0.671 0.067 0.5l*

rH
• 0.75 93.6 o.oeu 0.089 0.085 0.69
o 1.000 12U.8 0.101 0.107 o.ioi* 0.832
o 1.250 156.0 0.119 . 0.121 0.120 0.96
uS3g5 1.500 187.2 0.11*1 0.1U7 O.lUi* 1.152
c:
rH 1.750 218.1* 0.157 0.161 0.159 1.272
G?•HO 2.000 2U5.O 0.177 0.177 0.177 1.1*16

2.250 280.8 0.193 0.193 O.I93 1.51*1*
2.500 312.0 0.206 - 0.206 1.6U8
0.375 1*6.79 0.037 0.039. 0.038 0.301*

n 0.500 62.1* - - - -
'C* 0.625 78.0 0.055 0.059 0.057 0.1*56
OJ 0.750 93.6 0.073 •0.075 0.071* 0.592

1.000 12U.8 0.089 0.091 0.090 0.720
1.250 156.0 0.10U 0.106 0.105 0.81*0

IC<y 1.500 187.2 0.116 0.120 0.118 0.9l*l*

i 1.750 218.1* 0.129 0.131 0.130 1.01*0
rH 2.000 2U5.O' 0.11*3 0.11*3 0.1&3 l.H*l*
•*H 2.250 280.8 0.155 0.155 0.155 1.21*0

2.500 312.0 0.165 - 0.165 1.320
0.375 1*6.79 0.023 0.026 0.021* 0.196
0.500 62.1* - - - -
0.625 78.0 0.035 0.036 0.036 0.281*

o 0.750 93.8 0.01*6 o.ol*8 0.0>+7 0.376
1.000 12U.8 0.056 0.061 0.059 0.1*66
1.250 156.0 0.066 0.072 0.069 0.552

tr 1.500 187.2 0.076 0.0,81 0.079 0.628
*—♦
es 1.750 218.1* 0.081* 0.08b 0.086 0.688
n 2,000 2>*5.0 0.092 0.096 0.09H 0.752

2.250 280.6 0.102 0.102 0.102 0.816
2.500 312.0 0.109 - 0.109 0.872
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Table 7. Lateral Deflection Results for Plate 1, Test 3.

(inches)

p*s.i. qb*4 /Dh loading Unloading Average w/h

•— i
dj
to
5cr
rHd
•rH
P

0.625 78.0 0.065 0.079 0.072 0.576
1 . 0 0 0 12U.8 0.101 0.101+ 0.102 0.82
1.500 187.3 0.11+3 0.11+5 0.11+1+ 1.152
2.000 21+5.0 0.169 0.170 0.169 1.352
2.500 312.0 0.201+ - 0.201+ 1.632

« f>' 
0) ^ 0.625 78.0 0.056 O.057 0.057 0.1+52

t3 c:c5 Csi
c
—I
« o•HpJP

1 . 0 0 0 12U.8 0.089 0.080 0.039 0.712
1.500 187.2 0.117 0.117 0.117 0.936
2.000 2U5.0 0.11+3 o.ii+o 0.11+2 1.132
2.500 312.0 0.16U 0.162 0.163 1.301+

rH
<yuc
§e*
rHd•H
p

0.625 78.0 0.031+ 0.037 0 .0 3 6 0.281+
1 . 0 0 0 121+.8 0.055 0.059 0.057 0.1+56
1.500 187.2 0.075 0.080 0.078 0.620

2.000 21+5.0 0.092 0.095 0.09)+ O.7I+8
2.500 312.0 0.108 0.107 0.108 0.860
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Table 8. Lateral reflection Results for Plate 2, Test 1 
(inches)

Height
of

water

h
qb /Dh Loading Unloading Average w/h

i—i
•o
0!tlj
Scr
*—ic?•rtP

0.5 36.05 0.018 ' 0.020 0.019 0.301
1.0 72.10 0.036 0.039 0.038 0.60
1.5 106.15 0.050 0.051 0.050 0.-808
2.0 ill.20 0.060 0.061 0.062 0.9°2
2.5 180.25 0.070 0.073 0.071 l.ll
3.0 216.30 0.078 o.oe3 0.0 no 1.28
3.5 252.35 0.090 0.091- 0.092 1.17
u.o 288.ll 0.096 0.099 0.98 1.56

m
'Oc
OJ•o
wa>toSJcJc
rH
•iHP

0.5 36.05 0.013 0.013 0.013 0.208
1.0 72U0 0.021 ‘0.022 0.021 0.311
1.5 108.15 0.032 0.033 0.032 0.520
2.0 ill.2 0.036 0.039 0.038 0.608
2.5 180.25 • 0.0l2 0.0I5 O.Oll O.696
3.0 216.3 0.011 0.051 0.018 0.760

. 8,5 252.85 0.052 0.058 0.055 0.880
i.o 288.ll 0.055 0.057 0.056 0.696

-̂r
•o
<1)tiD£Scrttr
r—i
• rHo

0.5 36.05 0.006 0.005 0,006 0.088
1.0 72.10 o.oil 0.013 O.Oll 0.216

_ 3.5 108,15 0.020 0.021 0.020 0.328
2.0 ill.20 0.025 0.027 0.026 0.H6
?.J. . 180,25 . 0.029 0.031 0.032 O.501
3.0 216.30 0.035 0.035 0.035 0.560
3.5 252.35 0.0l2 O.Oll O.Oll 0.661
1.0 288.Ul 0.011 - O.Oll 0.70k
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Table 9. Lateral Deflection Results for Plate 2, Test 2.
(inches)

Height
of

water (in

1* .qb /Dh

)

Loading Unloading Average w/h

rH
•o

o
3wcr.
rHc5♦rH

0.5 36.05 0.019 0.021 0.020 0.320
1.00 T2.10 0.029 0.035 0.032 0.512
1.5 108.15 0.01+6 o. oi+6 0.046 0.736
2.0 144.20 0..061 0.062 0.062 0.984

2.5 160.21; 0.06.9 0.070 0.070 1.112
3.0 216.30 0.082 0.08I+ 0.083 1.328
3.5 252.35 0.086 0.090 0.088 CO0•rH

4.o 288.1+1 0.096 0.102 0.099 1.584
oo
roaCO
OJ
•ort»
Oo
§cr
rHCO■rt

' 0.5 36.05 0.011+ 0.010 0.012 0.184

1.0 T2.10 0.025 0.021 0.023 0.36b

1.5 103.15 0.030 0.032 0.031 0.496
2.0 144.20 0.038 0.038 0.038 0.698

2.5 18,0.25 0.01*3 0.01+5 0.044 0.704
3.0 216.30 0.050- 0.047 0.049 0.776

3.5 252.35 . 0.058 0.056 0,057 0.912
4.0 288.1+1 0.058 0.060- 0.059 0.944

-a-
•o
<u
cJc
rHri•H«

0.5 36.05 0.005 0.006 0.005 0.088
1.0 72.10 0.911 0.013 0.012 0.192
1.5 108.15 0.016 0.019 0.019 0.296
2.0 11+1+.20 0.023 0.023 0.023 0.368
2.5 180.24 0.028 0.032 0.030 0.480.
3.0 216.30 0.031 0.033 0.032 0.512
3.5 252.35 0.038 0.040 0.039 0.624

4,0 288.1+1 o.oi+i O.Ql+2 0.042 0.664



Table 10. Lateral Deflection Pesults for Plate 2, Test 3.
(inches)

Height of 
vater( in.) qb1*/ Dh Loading Unloading Average v/'n

rH
•o
0)
§15
rHra•HCl

0.5 36.05 0.018 0.019 0.018 0.296
1.00 72.10 0.033 0.0314 0.03!4 0.536
1.50 108.15 O.0I45 0.0U6 0.0U6 0.728
2.00 1UU.20 0.061. 0.062 0.062 0.98)4
2.50 180.25 0.065 0.066 0.066 1.506
3.0 216.30 0.075 0.076 0.076 1.208
3.5 252.35 O.C87 0.088 0.087 I.I460
h.O 288.141 0.096 0.097 0.097 1 . 5I* I4

cn
'dn
C\J

•

£.

KOtod«c
f—4d
•rH

0.5 36.05 0.013 O.OlU 0.01I4 0.216
1.00 72.10 0.022 0.022 0.022 0.352
1.50 108.15 0.030 0.031 0.031 O.U88
2.00 114)4.20 0.037 0.038 0.038 0.600
2.50 180.25 O.Ol4)4 • O.OUI4 O.OI4I4 0.70)4
3.00 216.30 O.OI46 O.OI49 O.OI47 0.760
3.50 252.35 0.053 0.057 0.055 0.880
>4.00 288.141 0.059 0.059 0.059 O.OW

•o£25
a>tr
Scr
r Hc3
•rHQ

0.5 36.05 0.005 0.007 0.006 0.096
1.0 72.10 . 0.013 0.013 0.013 0.208
1.5 108.15 0.017 ’ 0.019 0.018 0.288
2.0 1U14.20 0.025 0.025 0.023 0 Jinn
2.5 ICO.25 0.030 0.032 0.031 0.I406
3.0 216.30 O.03I4 0.033 O.03I4 ......... 0.S36
3.5 252.35 0.0U1 0.0)40 0.0)40 0.6)48

!j.O 2P8.l»l O.0I43 0. ouu O.0I4I4 0.696
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Table 11. Lateral Deflection Pesults for Dlate 3, Test 1.
(inches)

Height of 
vater (in) qbU / Dh Loading Unloading Average w/h

rH
•o
<Dtc
C*
rH
•Hr-t

1.0 25.21+ 0.030 0.032 0.031 O.I+96
2.0 50.U9 0.051 0.051 0.051 0.816
3.0 75.73 0.066 0. 06q 0.067 1.072
1+.0 100.98 0.079 0.080 0.079 1.261+
5.0 126.22 0.090 0.091+ 0.092 1.1*72
6.0 151.1*6 0.099 0.101 0.100 1.600
T.O 176.71 0.106 0.108 0.107 1.712
8.0 201.95 0.112 - 0.112 1.792

Di
al
 
Oa
ug
es
 
No
. 

2 
an
c!
3 1.0 25;2i+ 0.018 0.022 0.020 0.320

2.0 50.1+9 0.030 0.031+ 0.032 0.512
3.0 75.73 o.oi+o O • O ST r0 O.Ol+l O.656
i+.o IOO.98 0.01+8 0.0U9 0.01+8 0.768
5.0 126.22 0.056 0.058 0.057 0.912
6 . 0 151.1.6 0.060 0.061 0.061 0.976
7.0 17.6.71 0.065 0.066 0.066- 1.056
8.0 201.95 0.069 — 0.069 1.101+

-3
mo►-T*
ofcO
3cdc
rHtd•r*c •

1.0 25.2U 0.012 0.012 0.012 0.192
2.0 50.1+9 0.019 0.021 0.020 0.320
3.0 75.73 0.021+ 0.027 0.026 0.1+16

l+.O 100.98 0.029 0.031 0.030 0.1+80
5.0 126.22 0.031+ 0.03*+ 0.031+

-
1 
U^ •O

6.0 151.1+6 0.038 0.038 0.038 0.608
7.0 176.71 0.0U0 o.oi+o o.o)+o 0.6I+0
8.0 201.95 0.01+2 - 0.01+2 0.673



Table 12. Lateral Deflection Pesults for Plate 3, Test 2.
(inches)

Height of 
water (in. qb1* / Dh Loading Unloading Average w/h

1.0 25-. 21+1+ 0.028 0.032 0.030 0.1+8
2.0 50.1+9 0.01+7 0.050 0.01+9 0.78

•o 3.0 75.73 0.062 0.066 0.061+ 1.021+
• — l+.O 100.98 0.075 0.079 0.077 1.232

5.0 126.22 .0.089 0.089 0.089 1.1+21+
Cutr 6.0 151.1*6 0.095 0.097 0.096 1.536
cfl
•fH 7.0 176.71 0.103 0.106 O.lOt 1.66U

8.0 201.95 0.109 - 0.10Q 1.71+1+
1.0 25.21+ 0.018 • 0.022 0.020 0.032
2.0 50.1+9 0.032 0.031 0.031 0.1+96

CM
• 3.0 75.73 0.038 0.01+2 o.oi+o 0.61+0
O l+.O 100.98 0.01+5 0.051 0.01+8 0.768
<Utr3 5.0 126.22 0.051+ O.OoO 0.057 0.912
CtfC 6.0 151.1*6 0.059 0.061 0.060 0.960
rHcd 7.0 176.71 0.065 0.065 0.065 1.01+0
n 8.0 • 201.95 0.068 - 0.068 1.088

1.0 25.21+ 0.019 0.022 0.020 0.320
2.0 50.49 0.02b 0.031 0.030 0.1+80

• 3.0 75.73 0.037 0.01+1 0.039 0.621+
l+.O 100.98 0.01+5 0.01+8 0.01+7 0.752

cdtr
5.0 126.22 0.052 0.05!+ 0.053 0.848
6,0 151.1+6 0.056 0.060 0.058 0.928

cd
•rH 7.0 176.71 0.062 0.063 0.062 0.992

8.0 201.95 0.065 - 0.065 . l.oi+o-



Table 13. Lateral Deflection Pesults for ^late 3, Test 3.
(inches)

Height of 
water{ in)

Uqb /Th Loading Unloading /verage w/h

i—i
•o

<utc
§
cr
rHctf•rl
Ca

• 1 . 0 25.2*4 0 .0 2 8 0 .033 0 .0 3 0 0 .U8

2 . 0 50.149 0.0)45 0 .050 0 . 0 U8 0 .7 6 8
3 .0 7 5 .7 3 0 .0 5 9 0 .063 0.06l 0 .976

**.0 1 0 0 .9 8 0 .0 7 5  ' 0 .0 7 7 0 .0 7 6 1 .216
5 .0 126 .22 0 .0 8 8 0.090 0.0b9

■zTC\1-=tjH

6 . 0 151.^6 0 .0 9 3 0 .0 9 8 0 .0 9 5 1 ; 52.0
7 . 0 176 .71 0 .1 0 0 0 .1 0 3 0.102 1 .6 3 2

... 8 .0 201.95 0 .1 0 9 0 .1 09 1.7*4*4
cn
CkI
OJ
•o•* 'l

COa>
tc-
3cr
rH
•H

1 . 0 25.2*4 0 .0 1 8 0 .0 2 2 0 .0 2 0 0 .320

2 . 0 50 .  *49 0 .0 2 8 0,033. 0 .0 3 0 0.4*80

3 .0 7 5 .7 3 0 .0 3 9 0.0)40 0 .0 3 9 0.62*4

*4.0 1 0 0 .9 8 O.OW 0.0 5 3 O.OI49 0 . 78*4
5 .0 126 .22 0.05*4 ■ 0 .0 59 0.05b 0.896
6 . 0 151.*+6 0 .059 0 .0 6 1 0 .0 6 0 0 .9 6 0

7 . 0 176 .7 1 0 .0 6 3 0 .0 6 5 0.06)4 1.02*4

8 . 0 201 .95  . 0 . 0 6 8 - 0 .0 6 8 1 .0 8 8

•o
<u
V,
3c
rH
•rH
Q

1 . 0 25.2)4 . 0 .0 0 9 0 .0 1 3 0 .0 1 1 0 .1 76

2 . 0 50.1+9 0 .0 1 8 0 .0 20 0 .019 0.30*4

3 .0 7 5 .7 3 0 .0 2 2 0 .0 2 7 0.02)4 0.38*4

M 1 0 0 .9 8 0 .0 2 7 0 .0 3 2 0 .030

O•0

5 .0 1 26 .2 2 0 .030 0 .036 0 .0 33 0 .5 2 8

6 . 0 1 5 1 . ^6U 0.03*4 0.09 f 0 .0 3 6 0 .576

7 . 0 176 .71 0 .0 3 8 0.0*40 0 .0 3 9 0 . 62)4

8 .0 201 .9 6 O.OUl - O.OUl 0 .6 5 6



Table lb. Lateral Deflection Results for Plate 1*, Test 1.
(inches)

p • S » X * qb^ / Dh Loading' Unloading Average w / h
0 .5 2 1 .8 5 0 .050 0 .0 5 1 0 .0 5 2 0 .4 1 6
1 .0 13 .69 0 . 0P6 0 .0 9 1 0 .0 8 8 0.701*
1 .5 65 .51 0 .115 0 .1 1 9 0 .1 1 7 0 .9 36

2 .0 87 .36 0 . H 7 0 .1 5 3 0 . 1 5 0 . 1 .2 0 0

2 .5 1 0 9 .2 3 0 .162 0 .1 6 7 0 .165 1 .3 2 0
rH

3.0 1 3 1 .0 8 0 .1 82 0 .1 8 7 0 . 181* 1.1*72
O

3 .5 1 52 .9 2 0 .200 0 .2 0 3 0 .2 0 1 1 .6 0 6
CJto 1 .0 1 7 1 .7 ? 0 .2 08 0 . 211* 0 .2 11 1 . 6 3 8
'iC*' 1 .5  ' 1 9 6 .6 1 0 .2 1 8  - 0 .2 2 2 0 .2 2 0 1 .7 6 0
r-J
ci 5 .0 2 1 8 .1 6 0 .2 2 8 0 .2 3 3 0 .2 3 1 1.81*8
*r-ip 5 .5 210 .3 1 0 .2 35 0 .2 3 9 0 .2 3 7 1 .8 9 6

6 . 0 262 .15 0.24 3 - 0 .2 4 3 1 .9 4 4

0 .5 2 1 .8 5 0 .0 2 7 0 .0 2 9 0 .0 2 8 0 .2 3 2

1 .0 1 3 .6 9 0 .0 1 9  • 0 .0 52 0 .0 5 1 0 .U08

1 . 5 6 5 .5 1 0 .069 0 .0 7 1 0 .0 7 0 0 .0 5 6
00 2 .0 6 7 .3 8 0 .0 8 6 0 .0 8 8 0 .0 8 7 0 .6 9 6
g _ _ 2 , 5 1 0 9 .2 3 0 .0 99 0 .1 0 2 0 .1 0 0 0 .8 0 0
OJ

3 .0 131.08
0 .1 1 0 0 .1 1 5 0 .1 1 3 0 .9 0 4

CO
O 3 .5 1 5 2 .9 2 0,121 0 .1 2 5 0 .1 2 3 0 . 98 !*
too 1,0 1 71 .7 7 0 .1 3 1 0 .1 3 3 0 .1 3 1 1 . 01,8
b?0 1 .5 196 .6 1 0 .1 3 2 0 .1 39 0 .1 3 6 1 .0 0 8

5 .0 218.16 0 . 1 1 1 0.11*7 0 . 11*1* 1 .1 5 2
c3•HP 5.5 2 l 0 . 3 1 0 .1 1 7 0 .1 5 1 O.lUO 1 .1 9 2

6.0 262 .1 5 0 .1 5 3 0 .1 5 3 1 .2 2 4

0 . 5 2 1 .8 5 0.018 0.022 0.020 0 .1 6 0
1.0 13 .6 9 0 .0 37 0 .0 3 9 0.036 0 .3 04

1 .5 65 .5 1 0 .0 51 0 .0 5 7 0.051* 0 .4 3 2
2.0 8 7 .3 8 0.061 0 .0 6 3 0.066 0.528
2 . 5 109 .23 0 .075 3 .0 79 0 .0 7 7 O.6 1 6 '

•o 3 .0 131.08 0 .089 0 .0 8 9 0.0&9 0.712

3 .5 1 5 2 .9 2 0.100 o.iol 0.102 0.816

IP 1 . 0 171 .77 0 .1 0 3 0.110 0 .1 0 9 0 .8 7 2
e:

r-4
1 .5 196.61 0 . 1 1 1 0 .114 0 . 111* . 0 .9 1 2

a4
•H 5.0 218.16 0.122 0.122 0.122 0 .9 7 6

5 .5 210 .3 1 0 .1 26 0 .1 2 7 0 .1 2 6 1.008
6.0 2 6 2 .15 0 .1 3 1 - 0 .1 3 1 i.o4b



Table 15. Lateral Deflection Results for Plate *4, Test 2.
(inches)

p.s.i.
k ,

qb  / Dh Loading Unloading Average v/’n

0.5 21.85 0.0*46 0.05*4 0 . 0 5 0 0.>4 00
1.0 >43.69 0.086 0.083 0.035 0.681
1.5 65.5*4 0.116 0.11*4 0.115 0.920
2.0 87.38 O.II45 0.1*49 0.1*47 1.180

1—1 2.5 109.23 0.162 0.166 0.16*4 1.131
•o 3.0 131.08 0.180 0.185 0.182 l.*4bU....

3.5 152.92 0.201 0.200 0.200 1.605

<D *4.0 17*. .77

v£>HCVJ
O 0.210 0.208 1.660

tos *4.5 196.61 0.220 0.222 0.221 1.770
c
rH 5.0 218.146 0.230 0.231 0.230 1.830
W

•m
n 5.5 2*40.31 0.23*4 0.235 0.23** 1.670

6 . 0 262.15 0 . 2 ' 4 8
- 0.2*43 l.otO

0.5 21.85 0.026 0.029 0.027 0.216
1.0 *»3.69 0.0*46 0.052 0.0*40 0.392

oo 1.5 65.5*4 0.068 0.071 0.069 0.551
CJ

2.0 87.38 0.086 0.088 0.087 O.t yo
ctf
CM

•

2.5 109.23 0.098 0.093 0.098 0.73*4
3.° 131.08 0.110 • 6.110 0.11'* 0.880

o 3.5 152.92 0.119 0.123 0.121 0.969
to
tu *4.0 17*4.77 0.130 0.129 0.129 1.030
3
etf >4.5 196.61 0.130 0.138 0.13*4 1.070

5.0 218. >46 •0.1*41 0.1*46 0.1*43 1.1*40

•r~4 5.5 2*40.31 0.1L6 • 0.1*49 0.1*48 1.180
6 . 0 262.15 0.153 - 0.153 1.220

0.5 21.85 0.019 0.020 0.019 0.157
1.0 *43.69 0.037 0.033 0.037 0.296
.1.5 65.5*4 0.05*4 0.05*4 0.05*4 0.1432
2.0 87.38 O.O65 0.067 0.066 0 . 5 2 3

2.5 109.23 0.077 0.077 0.077 0.6l6
0o 3.0 131.08 0.092 0.089 0.090 0.671

o ..3.5 1 5 2 . 9 2 0.101 0.101 0 . 1 0 1 0.810
£0 >4.0 17*4.77 0.109 0.107 0,108 0.865

rH >4.5 196.61 0.113 0.11*4 0.11*4 0.912
•H
a 5.0 218. >4c 0.122 0.122 0.122 0.977

5.5 2 >40.31 • 0.126 0.126 0.126 1.010
6.0 262.15 0.131 - 0.131 1.0*40



Table 16. Lateral Deflection Results for Plate U, Test 3.
(inches)

p.s.i.

V
qb / Dh Loading Unloading Average v/h

0.5 21.85 0.01*9 0.055 0.052 0 .V16

1 .0 V3 .6 9 0.083 0.091 0.087 O.696

1.5 65.5V 0.113 0.123 O.llo 0.Ql*U
2 .0 87.33 0 . 1V0 0.150 0.1V5 1.160

2.5 109.23 0.160 0.166 0.163 1.310
rH

3 .0 131.03 0.178 0.186 0.182 1.V50
O

o
K"
3ric
rHc?
•rH
n

3.5 152.92 0.195 0.205 0.200 1.600

V.o 17V. 77 0.206 0.216 ' 0.211 1.690
V.5 106.61 0.215 0.225 o.22b 1.760

5.0 2 16 . V6 0.229 0.231 0.230 1 . 8V0
5-5 2U0.31 0.232 . 0.2-V2 0.237 1.890

6 .0 262.15 O.2V3 0 . 2V3 1.9V0

Di
al
 
Ga
ug
es
 
Ho
. 

2 
and

 
3

0.5 21.85 0.026 0.032 0.020 0.232

1 .0 1 3 . 6? O.OVo 0.053 0.051 0 . 1*08

1.5 65 . 5V 0.068 0.072 0.070 0.5t>0

2 .0 67 .38 0.065 0.089 O.O67 o . 6o6

2 .5  ' 109.23 0.097 0.101 0.099 0.791

3 .0 131.08 0.112 0 . 11V 0.113 0.903

3.5 152.92 0.120 0.126 0.123 0.983

V.O 17V.77 ' 0.125 0.137 0.131 1 . 01*0

V.5 196 .61 0.133 0.139 0.136 1.090

5.0 2 1 8 . U6 0 . 11*0 0 . 11*8 0 . 1VV 1.150

5.5 2V0 . 3I •0 . 1V6 0.152 0.11*9 1.190

6 .0 262.15 0.153 - 0.153 1.220

•
O

0)fc.S3«c
»— i d
•rHo

0 .5 21 .85 0.017 0.023 0.020 0.160

1 .0 V3 .69 0.03V 0.037 0.036 0.296

1 .5 65 .5  V 0.050 0.056 0.053 0 .V2V

2 .0 87 .38 0.063 0.069 0.0^6 0.527

2.5 109.23 0.075 0.077 0.076 0.615

3.0 131 .08 0.086 0.092 0.089 0.712

3 .5 . 152 .92 0.099 O.lOl* 0.101 0.803

V.O 17^.77 0.110 0 .108 0.109 0.863

>*.5 196.61 0.111 0.117 0 . 11V 0.911

5.0 2 1 8 . V6 0.120 0 . 12V 0.122 0.975

5.5 2 V0.31 o . r 0 .128 0.126 1.010

6 .0 262.15 o.j .31 - 0.131 1 . 0V0



able 17. Lateral Deflection Results for Plate 3, Yield Test.

(inches)
Dial Gauge So. 1

p  • S # 1 •

U
qb /Dh Deflect ion v/h

1.0 699 0.217 3.1+3
1.5 10U7 0.235 3.76
2.0 lLOO 0.2^0 3.07
2.5 1750 0.275 14.1*0
3.0 2100 0.285 i*.57
3.5 2l50 0.292 U.67
u . o 2800 0.312 5.00

fc.5 3150 0.330 5.28
5.0 3500 0.31*6 5.51*
5.5 3850 0.365 5.31*
6.0 >4200 0.330 6.09
7.0 1*900 0.395 6.32
7.5 5200 0.1*15 6.6 5
8.0 5600 0, M o 7.05
9.0 6300 0.1*70 • 7.52

‘ 10.0 7000 0.500 8.00



able 18. Lateral Deflection Results for Plate U, Yield Test.

(inches)

Dial Gauge No. 1

p • s • 1 •

--- n------
nb / Dh Deflectior w/h

10 1+36.02 0.275 2.20
15 ("55 *35 0.3)45 2.76
20 873.8)4 0.M2 3.29
25 1092.3 O.^f 3.76
30 1260.7̂ 0.535 14.26
35 1*499.2£ 0.585 14.68
U0 I7447.cc O.6L5 5.16

- 5̂ lQob. 144 u.c^u 5.52
50 2lb3.b'J 0.775 6.20
55 21402.0° 0.815 6.52
60 2621.52 0.8b5 6.02
65 2839.98 0.912 7.29

70. 3058.hh 0.9)*5 7.56
75 3276.90 1.0 ti$ B.^J

80 • 3)495.36 1.056 8.I43 •
85 3713.82 1.055 ' .8.68
90 3932..28 1.125 9.00
95 U150.71* 1.195 •9.55 •
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Si (\J OiCVI m u*st <l'rtCJ(\JOHi’̂ONOCr'̂ C3iriOOJ ̂j-'csj ONO^OlAMHHNONOOiOr- CsiO'ir̂C'JsO O HCTnOOJiNJCD; . ^  VjHOt-tHOOHOHOOHHOHftjHHHHHHHHHOOHi-IOf-trtHHHHHHHHOHCiO t O O O 'H r-H <-4 t-l .^ V. ̂  ooooooooooooooooooooooooooooooooooaoaoooooco 'O oooooo
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NOMENCLATURE

D = flexural rigidity of plate

E = modulus of elasticity of plate material

G = shear modulus

Q = dimensionless uniformly distributed load

R = aspect ratio, b/a

U, V, W = dimensionless displacement components parallel
to x, y, and z directions respectively.

W = dimensionless lateral displacement at center of plate0

C, , D., E, . = unknown constants
i ’ y  k *

F,, G , H1 ’ m ’ n
2a , 2b = sides of plates along at and p axes respectively

c , s. = cos 6 and sin 0

h = thickness of plate

n = outwardly drawn normal

q = intensity of uniformly distributed load

u, v, w = displacement of point on the middle plane of plate
parallel to x, y, and z. axes respectively

x ,y, z = rectangular cartesian coordinates

9 = skew angle

0t , P = oblique coordinates

y = undetermined constants

j. ^ = dimensionless oblique coordinates

v .= Poisson's ratio
t! tl

a a t = extreme fibre bending and shearing stressesx ’ y ’ xy
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membrane stresses in the middle

nondimensional bending stresses

nondimensional membrane stresses 
»

Laplacian operator
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