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Periodic nonlinear sliding modes for two uniformly magnetized spheres

Boyd F. Edwards
Department of Physics

Utah State University

Logan, UT 84322

John M. Edwards
Department of Informatics and Computer Science

Idaho State University

Pocatello, ID 83209

(Dated: March 8, 2017)

A uniformly magnetized sphere slides without friction along the surface of a second, identical
sphere that is held fixed in space, subject to the magnetic force and torque of the fixed sphere and
the normal force. The free sphere has two stable equilibrium positions and two unstable equilibrium
positions. Two small-amplitude oscillatory modes describe the sliding motion of the free sphere near
each stable equilibrium, and an unstable oscillatory mode describes the motion near each unstable
equilibrium. The three oscillatory modes remain periodic at finite amplitudes, one bifurcating
into mixed modes and circumnavigating the free sphere at large energies. For small energies, the
free sphere is confined to one of two discontiguous domains, each surrounding a stable equilibrium
position. At large energies, these domains merge and the free sphere may visit both positions. The
critical energy at which these domains merge coincides with the cumulation point of an infinite
cascade of mixed-mode bifurcations. These findings exploit the equivalence of the force and torque
between two uniformly magnetized spheres and the force and torque between two equivalent point
dipoles, and offer clues to the rich nonlinear dynamics of this system. Online MagPhyx visualizations
illustrate the dynamics.

Magnetic interactions have been studied sys-

tematically for centuries. Yet calculating mag-

netic forces and torques, which are simple for two

point dipoles, generally require numerical or ap-

proximate analytical techniques for extended ob-

jects. We showed recently that magnetic interac-

tions between two uniformly magnetized spheres

are identical to the interactions between two

point magnetic dipoles. This equivalence opens

the door to simple, exact studies of nonlinear dy-

namical interactions between extended magnets.

In this paper, we explore the motion of a uni-

formly magnetized sphere in response to the mag-

netic forces and torques produced by a second,

fixed sphere. We derive the Hamiltonian and

consider periodic orbits for which the free sphere

maintains contact with the fixed sphere, sliding

along its surface without friction. For low ener-

gies, the free sphere is confined to the vicinity of

one of its two stable equilibrium positions. For

higher energies, the free sphere may visit both

positions. The critical energy marks the cumula-

tion point of an infinite cascade of periodic finite-

amplitude modes. The work was originally moti-

vated by interest in the interactions between col-

lections of small neodymium magnet spheres used

as desk toys.

I. INTRODUCTION

Collections of small neodymium magnet spheres are
used as a creative medium to build beautiful sculptures,
some made from thousands of magnets, including mod-
els of molecules, fractals, and Platonic solids.1 These
spheres have spawned a learning community dedicated
to sharing photos and tutorials of magnetic sculptures,
with YouTube tutorial videos attracting over a hundred
million views.2 These spheres offer engaging hands-on ex-
posure to principles of magnetism, and are used both in
and out of the classroom to teach principles of mathe-
matics, physics, chemistry, biology, and engineering.2,3

This general interest has motivated scientific stud-
ies of the behavior of assemblies of spherical magnets.
These studies address the dynamics of chain, ring, and
tube formation,4–6 a continuum model for magnet chain
energy,7 mechanical properties of chains and cylinders,8

stable defects along chains and rings,9 eigenmodes for
lateral oscillations of a straight chain,10 and stability of
vertical chains.11 These studies emphasize the energetics
and stability of symmetric assemblies of many spherical
magnets. Yet even small numbers of magnets can ex-
hibit complex non-symmetric translations and rotations
as they seek a stable equilibrium state.
In this paper, we consider the simplest possible case of

two magnets remaining in frictionless contact at all times,
with one magnet fixed and the other free to slide along
the surface of the other, with their magnetic moments
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in the same plane, and with the position and magnetic
orientation of the free sphere specified by angles θ and
φ, respectively. Corresponding orbital and spin momenta
pθ and pφ bring the phase-space dimensionality to four,
and energy conservation supplies an algebraic relation-
ship between these four dynamical variables that reduces
the effective dimensionality to three.

This sliding two-magnet system has the same
phase-space dimensionality as the double-pendulum
problem,12–14 and offers simpler algebra, closed-form re-
sults for normal modes and domain boundaries, finite-
amplitude results for normal modes, and an infinite cas-
cade of mixed-mode bifurcations culminating in a transi-
tion from oscillatory motion to orbital motion. The two-
magnet system also offers a straightforward extension to
a six-dimensional problem with radial motion and sphere
collisions, in addition to orbital and spin motions.

A solid sphere of radius a and uniform magnetization
M has total magnetic dipole moment

m1 =
4

3
πa3M. (1)

At a point r outside of a uniformly magnetized sphere
centered at the origin, its magnetic field is a pure dipolar
field given by15–18

B(r) =
µ0

4π

(

3m1 · r
r5

r− m1

r3

)

, (2)

where r = |r| > a.

We showed recently that this field exerts forces and
torques on a second uniformly magnetized sphere that are
identical to the forces and torques on a point dipole.19,20

Namely, for a second sphere of total dipole moment m2

centered at position r, the energy of interaction, force,
and torque are respectively

U = −m2 ·B (3)

F = −∇U (4)

τ = m2 ×B, (5)

where B is given by Eq. (2).

In this paper, we exploit this point-sphere equivalence
to study the 2D dynamics of two identical, uniformly
magnetized spheres of radius a, dipole moment magni-
tude m, mass m̃, and moment of inertia I = 2

5
m̃a2.

Sphere 1 is fixed at the origin, with magnetic moment
m1 = mx̂. Sphere 2 is free to move about a plane in
response to the forces and torques produced by the fixed
sphere. We use polar coordinates (r, θ) to describe the
position r = r cos θ x̂ + r sin θ ŷ of the center of the free
sphere, and angle φ to describe the angle of orientation of
its dipole moment, given by m2 = m cosφ x̂ +m sinφ ŷ

(Fig. 1).

x

y

θ

φ

r

m1

m2

FIG. 1. Polar coordinate system (r, θ) used to describe the 2D
position of a free sphere with magnetic dipole moment m2,
whose direction is given by the angle φ. This sphere moves in
response to the forces and torques produced by a sphere that
is held fixed at the origin, with its magnetic momentm1 in the
+x direction. Reproduced with permission from Ref. 20 by
IOP Publishing. Copyright 2017 European Physical Society.
All rights reserved.

For this geometry, Eqs. (2)-(5) become

B =
µ0m

8πr3

[

(1 + 3 cos 2θ) x̂+ 3 sin 2θ ŷ
]

(6)

U = −µ0m
2

8πr3

[

cosφ+ 3 cos(φ− 2θ)
]

(7)

F = −∂U

∂r
r̂− 1

r

∂U

∂θ
θ̂ (8)

τ = −µ0m
2

8πr3

[

sinφ+ 3 sin(φ− 2θ)
]

ẑ, (9)

where

r̂ = cos θx̂+ sin θŷ (10)

θ̂ = − sin θx̂ + cos θŷ (11)

are the polar unit vectors.

We approach the problem by writing its Hamiltonian
(Sec. II), defining dimensionless variables (Sec. III), find-
ing the equilibrium positions of the free sphere (Sec. IV),
determining the spatial domain(s) to which the free
sphere is confined (Sec. V), specializing to sliding solu-
tions for which the two spheres are always in contact with
each other, and involving only orbital and spin motions
(Sec. VI), analyzing the linear stability of the equilib-
rium positions for such sliding solutions (Sec.? ), explor-
ing finite-amplitude periodic sliding solutions (Sec. VIII),
and concluding with suggestions for further explorations
(Sec. IX).
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II. HAMILTONIAN

The Hamiltonian formalism supplies an elegant de-
scription of the dynamics. The total kinetic energy of
the free sphere,

T =
m̃

2
ṙ2 +

m̃

2
r2θ̇2 +

I

2
φ̇2, (12)

includes, from left to right, the radial kinetic energy, the
orbital kinetic energy, and the spin kinetic energy. The
Lagrangian of the free sphere

L = T − U (13)

is a function of the coordinates r, θ, and φ and the ve-
locities ṙ = dr/dt, θ̇ = dθ/dt, and φ̇ = dφ/dt. The
momenta

pr =
∂L

∂ṙ
= m̃ṙ (14)

pθ =
∂L

∂θ̇
= m̃r2θ̇ (15)

pφ =
∂L

∂φ̇
= Iφ̇ (16)

give the respective radial momentum, orbital angular mo-
mentum, and spin angular momentum of the free sphere.
The Legendre transformation H = ṙpr+ θ̇pθ+ φ̇pφ−L

yields the Hamiltonian,

H =
p2r
2m̃

+
p2θ

2m̃r2
+

p2φ
2I

+ U(r, θ, φ), (17)

a function of the coordinates and the momenta. Because
the coordinate transformations have no explicit time de-
pendence, H = T + U is the total energy E. Because
H has no explicit time dependence, it is a constant of
the motion. Because L depends explicitly on r, θ, and
φ, none of the momenta are constants of the motion,
whence momentum and energy may be exchanged be-
tween radial, orbital, and spin motions.
Partial derivatives of the Hamiltonian give the equa-

tions of motion,

ṙ =
∂H

∂pr
=

pr
m̃

(18)

θ̇ =
∂H

∂pθ
=

pθ
m̃r2

(19)

φ̇ =
∂H

∂pφ
=

pφ
I

(20)

ṗr = −∂H

∂r
=

p2θ
m̃r3

− ∂U

∂r
(21)

ṗθ = −∂H

∂θ
= −∂U

∂θ
(22)

ṗφ = −∂H

∂φ
= −∂U

∂φ
, (23)

with U = U(r, θ, φ) given by Eq. (7).

Equations (18)-(23) are equivalent to a Newtonian for-
mulation with

m̃v̇ = F (24)

Iω̇ = τ , (25)

where v = ṙ and ω = φ̇ẑ are the linear and angular
velocities. Inserting Eq. (8) into Eq. (24) gives Eqs. (21)
and (22), the radial and angular components of the force,
with the first term on the right side of Eq. (21) giving
the centrifugal force. Inserting Eq. (9) into Eq. (25) gives
Eq. (23), the torque.

The Hamiltonian approach accounts for both the force
and the torque through the potential energy U given by
Eq. (7). This is no surprise for the force, which satisfies
F = −∇U . For the torque, though, the expression τ =
m2 ×B belies its relationship with the potential energy.
This expression leads to Eq. (9), which must be invoked
explicitly in the Newtonian approach, but is not needed
in the Hamiltonian approach. Comparison with Eq. (7)
allows Eq. (9) to be rewritten as

τ = −∂U

∂φ
ẑ, (26)

which suggests a relationship between the torque and the
potential energy. Equation (23) of the Hamiltonian for-
mulation confirms this relationship.21

When the free sphere comes in contact with the fixed
sphere, the free sphere experiences a normal force FN =
FNr̂ in the radial direction, with FN > 0 to prevent the
two hard spheres from overlapping. Including this force
in Eqs. (24) and (21) gives

m̃v̇ = F+ FN (27)

ṗr = −∂H

∂r
=

p2θ
m̃r3

− ∂U

∂r
+ FN (28)

III. DIMENSIONLESS VARIABLES

To simplify calculations, we scale length by the magnet
diameter D = 2a, force by F0 = 3µ0m

2/2πD4, energy

and torque by F0D, time by T0 =
√

m̃D/F0, magnetic
field by F0D/m, magnetic moment by m, velocity by
D/T0, acceleration by D/T 2

0 , angular velocity by T−1
0 ,

angular acceleration by T−2
0 , radial (linear) momentum

by m̃D/T0, and orbital and spin angular momentum by
m̃D2/T0. In dimensionless units, the magnet diameter
and the center-to-center distance between touching mag-
nets are both 1, and the magnetic moment vectors are
unit vectors.

In dimensionless variables, the Hamiltonian and dy-
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namical equations become

E = T + U (29)

T =
p2r
2

+
p2θ
2r2

+ 5p2φ (30)

U = − 1

12r3

[

cosφ+ 3 cos(φ− 2θ)
]

(31)

ṙ = pr (32)

θ̇ =
pθ
r2

(33)

φ̇ = 10pφ (34)

ṗr =
p2θ
r3

+
3U

r
+ FN (35)

ṗθ = −∂U

∂θ
=

1

2r3
sin(φ− 2θ) (36)

ṗφ = −∂U

∂φ
= − 1

12r3

[

sinφ+ 3 sin(φ− 2θ)
]

, (37)

where we have included the normal force of Eq. (28).
The dimensionless magnetic force and torque are given

by

F = −∂U

∂r
r̂− 1

r

∂U

∂θ
θ̂ (38)

τ = −∂U

∂φ
ẑ. (39)

The dimensionless magnetic field of the fixed sphere

B =
1

12r3

[

(1 + 3 cos 2θ) x̂+ 3 sin 2θ ŷ
]

(40)

has magnitude

B(r, θ) =
1

12r3
(10 + 6 cos 2θ)

1/2
(41)

and direction

φm(θ) = tan−1

(

3 sin 2θ

1 + 3 cos 2θ

)

. (42)

The dimensionless magnetic moment of the free sphere

m2 = cosφ x̂ + sinφ ŷ (43)

has magnitude m2 = 1 and direction φ.
Defining the angle β between m2 and B as

β = φ− φm, (44)

we can write the dimensionless potential energy as

U(r, θ, φ) = −m2 ·B = −B cosβ, (45)

which replicates Eq. (31). At a particular position (r, θ)
the minimum potential energy

Um(r, θ) = U(r, θ, φm) = −B(r, θ), (46)

follows by setting φ = φm in Eq. (31) or by setting β = 0
in Eq. (45), where B(r, θ) is given by Eq. (41). Thus,
orientingm2 in the direction ofBminimizes the potential
energy.
We use dimensionless variables hereafter.

x

y

m2

m2

m2

m2

m1

X+X–

Y+

Y–

FIG. 2. Four equilibrium positions of a free sphere with mag-
netic dipole moment m2 surrounding a fixed sphere with mo-
ment m1 centered at the origin. At positions X±, m1 and
m2 are parallel, and at positions Y±, these moments are an-
tiparallel.

IV. EQUILIBRIUM POSITIONS

Equations (29)-(37) admit four equilibrium positions
(r, θ, φ) of the free sphere.

At positions X+ = (1, 0, 0) and X− = (1, π, 0), the
dipole moments m1 and m2 of the two magnets are par-
allel, and the north pole of one magnet contacts, and
attracts, the south pole of the other (Fig. 2). The po-
tential energy U = −1/3 at these positions minimizes
Um(1, θ) of Eq. (46) with respect to θ. As shown below,
these equilibrium positions are stable.

At positions Y+ = (1, π/2, π) and Y− = (1,−π/2, π),
the dipole moments are antiparallel, the magnets contact
each other at points on their magnetic equators, and the
north and south poles of each magnet contribute to the
attraction between them (Fig. 2). The potential energy
U = −1/6 at these positions maximizes Um(1, θ) with
respect to θ. As shown below, these equilibrium positions
are unstable.

For E > −1/3, the free sphere cannot remain station-
ary at X±, but can pass through this point. And for
E > −1/6, the free sphere cannot remain stationary
at Y±, but can pass through this point. For the free
sphere to maintain contact with the fixed sphere when
the free sphere passes through these positions, Eq. (35)
and FN > 0 require

U < −p2θ
3
. (47)
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0
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2

-2 -1 0 1 2
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x

-1
-2

-3

X+X
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Y+

Y
-

-3

-4-4

FIG. 3. Dimensionless outer domain boundaries rc(θ) for
the center of the free sphere for bound orbits with energies
E = n/12, for n = −1, −2, and −3 [numbered traces, from
Eq. (48)]. When n = −4, the energy reaches its minimum and
the domain shrinks to two points, the stable equilibrium posi-
tions X±, shown as dots. Also shown as dots are the unstable
equilibrium positions Y±, with n = −2. The fixed sphere,
of diameter 1, is shown as a disk centered at the origin, sur-
rounded by a circle of radius 1 that serves as the inner domain
boundary for the center of the free sphere, also of diameter 1.

β

θ

--

0

1

-2

3

-3

-1

2

0 π−π

0

−π

π

X
+

XX

Y+Y
-

-4

FIG. 4. Domain boundaries β = ±βc versus θ for r = 1 and
energies E = n/12, with n = −3, −2, · · · , 3 [numbered traces,
from Eq. (50)]. Shown as dots are the equilibrium positions
X± (n = −4) and Y± (n = −2).

V. DOMAIN BOUNDARIES

The total energy E = T +U determines the domain of
the free sphere, that is, the regions of space to which it
is confined. Because T ≥ 0, a location (r, θ) is accessible

only if E ≥ Um(r, θ). Setting E = Um(rc, θ) and applying
Eqs. (41) and (46) gives the maximum radius,

rc(θ) =
(10 + 6 cos 2θ)1/6

(−12E)1/3
. (48)

The minimum radius is r = 1, where the free sphere con-
tacts the fixed sphere. Thus, the free sphere is confined
to the domain 1 ≤ r ≤ rc(θ).
At the minimum energy E = −1/3, the free sphere

remains stationary at X+ or X− because rc(0) = rc(π) =
1. Thus, X± are fixed points for E = −1/3.
For −1/3 < E < −1/6, sphere 2 is confined to the

vicinity of either X+ or X− and cannot overcome the po-
tential barriers at Y±. For X+, θ is confined to the range
|θ| < θc, and for X−, the range |θ − π| < θc, where θc is
an acute angle given by setting rc(θc) = 1 in Eq. (48),
yielding

cos 2θc = 24E2 − 5

3
. (49)

The value of θc increases from 0 to π/2 as E increases
from −1/3 to −1/6.
E = −1/6 marks the threshold between discontiguous

domains for E < −1/6 and contiguous domains for E >
−1/6.
For −1/6 < E < 0, rc(θ) > 1 is defined for all θ.

The free sphere has sufficient energy to surmount the
potential barriers at Y± and to visit both X+ and X−.
The domain is contiguous and finite.
For E ≥ 0, rc(θ) is undefined for all θ and the domain

is contiguous and infinite. The free sphere is unbounded.
Figure 3 shows domain boundaries for E = n/12, in-

cluding the stable equilibrium positions X± for n = −4,
discontiguous domains for n = −3, the threshold domain
for n = −2, and a contiguous domain for n = −1.
Of interest are the bounding values of β = φ − φm

when the spheres are in contact with each other (r = 1).
Setting U(1, θ, φm + βc) = E in Eq. (31) and applying
Eq. (42) gives

cosβc = r−3
c (θ). (50)

Values of β satisfy |β| < βc, as illustrated in Fig. 4,
which shows domain boundaries for E = n/12, includ-
ing the equilibrium points X± for n = −4, discontiguous
domains for n = −3, the threshold domain for n = −2,
and contiguous domains for n = −1, 0, 1, 2, and 3. Val-
ues of φ satisfy |φ − φm| < βc, implying that the lower
the energy E, the closer the alignment of the free-sphere
magnetic moment to the field.

VI. SLIDING SOLUTIONS

We now specialize to solutions for which the free sphere
begins and remains in contact with the fixed sphere, re-
sulting in sliding motions of the free sphere against the
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fixed sphere. The values r = 1 and pr = 0 imply that the
free sphere contacts the fixed sphere and has no radial
momentum. If these conditions are satisfied initially, the
spheres will remain in contact as long as Eq. (47) contin-
ues to hold. We accordingly ignore Eqs. (32) and (35),
and rewrite Eqs. (29)-(37) as

E =
p2θ
2

+ 5p2φ + U (51)

U = − 1

12

[

cosφ+ 3 cos(φ− 2θ)
]

(52)

θ̇ = pθ (53)

φ̇ = 10pφ (54)

ṗθ =
1

2
sin(φ− 2θ) (55)

ṗφ = − 1

12

[

sinφ+ 3 sin(φ − 2θ)
]

. (56)

A four-dimensional phase space describes the time-
dependent solutions, which take the vector form

x =







θ
φ
pθ
pφ






. (57)

These solutions must satisfy the energy constraint E =
E(x) = constant, which effectively reduces the phase
space dimensionality to three.
Equations (51)-(56) describe a system that is math-

ematically simpler than the double pendulum problem,
which has the same phase-space dimensionality.12–14 As
will be seen below, this simplicity enables closed-form
solutions for domain boundaries, fixed points, and small-
amplitude mode frequencies, eigenvectors, amplitudes,
and stable and unstable manifolds.

VII. FIXED POINTS

Fixed points are values of the dynamical variables for
which ẋ = 0, and are denoted by

x∗ =









θ∗

φ∗

p∗θ
p∗φ









. (58)

For these fixed points, Eqs. (51)-(56) require

E∗ = U (59)

U∗ = − 1

12

[

cosφ∗ + 3 cos(φ∗ − 2θ∗)
]

(60)

p∗θ = 0 (61)

p∗φ = 0 (62)

sin(φ∗ − 2θ∗) = 0 (63)

sinφ∗ = 0, (64)

and Eq. (47) requires U∗ < 0.
Four fixed points satisfy these conditions. Two fixed

points,

x∗

X± =







π/2∓ π/2
0
0
0






, (65)

are located at the equilibrium positions X± and have
energies E∗ = U∗ = −1/3. Two other fixed points,

x∗

Y± =







±π/2
π
0
0






, (66)

are located at the equilibrium positions Y± and have
energies E∗ = U∗ = −1/6.

A. Fixed point stability

We investigate the behavior near these fixed points,
and their stability, by considering small-amplitude per-
turbations of the form

x′(t) =









θ′

φ′

p′θ
p′φ









. (67)

We substitute

x(t) = x∗ + x′(t) (68)

into Eqs. (53)-(56) and linearize in the primed perturba-
tions, yielding

ẋ′ = Ax′ (69)

and

A =









0 0 1 0
0 0 0 10
−1 1/2 0 0
1/2 E∗ 0 0









, (70)

where E∗ = −1/3 for X± and E∗ = −1/6 for Y±. The
energy can be written as

E = E∗ + E′, (71)

with small-amplitude energy perturbations

E′ =
p′2θ
2

+ 5p′2φ − 1

2

(

E∗ +
1

4

)

φ′2 +
1

8
(φ′ − 2θ′)

2
(72)

that are quadratic in the perturbations.
A general solution can be constructed from eigenfunc-

tions of the form

x′(t) = x̃eλt, (73)
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where λ and x̃ are constants. Substituting Eq. (73) into
Eq. (69) yields λx̃ = Ax̃, whence









−λ 0 1 0
0 −λ 0 10
−1 1/2 −λ 0
1/2 E∗ 0 −λ

















θ̃

φ̃
p̃θ
p̃φ









= 0. (74)

Setting the determinant of this 4×4 matrix to zero gives
the eigenvalue condition

λ4 + (1− 10E∗)λ2 −
(

5

2
+ 10E∗

)

= 0. (75)

Equation (74) determines the eigenvector,

x̃ =









θ̃

φ̃
p̃θ
p̃φ









=









1
2
(

1 + λ2
)

λ
λ
(

1 + λ2
)

/5









, (76)

whose overall amplitude is as yet undetermined; any mul-
tiple of Eq. (76) solves Eq. (74) as long as λ satisfies
Eq. (75).
It is often convenient to replace φ with β = φ − φm.

For small perturbations, Eq. (42) yields

β′ = φ′ − 3

2
θ′ (77)

for X± and

β′ = φ′ − 3θ′ (78)

for Y±.

B. Stability near X±

For X± and E∗ = −1/3, Eq. (75) gives two pairs of
imaginary eigenvalues, λ = ±iω1 and λ = ±iω2, with
i =

√
−1 and with frequencies ω1 and ω2 given by the

positive roots of

ω2
1 =

13−
√
139

6
(79)

ω2
2 =

13 +
√
139

6
. (80)

Equation (76) gives the associated complex eigenvectors,

x̃±

j =









1
2
(

1− ω2
j

)

±iωj

±iωj

(

1− ω2
j

)

/5









(81)

for j = 1, 2, with x̃−

j = (x̃+
j )

∗. Here, the ± refers not

to the sign of X± but to the signs of the eigenvalues
λ = ±iωj.

A linear superposition of the four eigenfunctions gives
the general solution,

x′(t) =

2
∑

j=1

(

C+
j x̃+

j e
+iωjt + C−

j x̃−

j e
−iωjt

)

. (82)

For this solution to be real, its complex coefficients must
satisfy C−

j = (C+
j )∗. Accordingly we write C±

j =

(3Cj/2)e
±iδj , where Cj and δj are real constants, and

use these to rewrite Eq. (82) as
(

θ′(t)
φ′(t)

)

= C1

(

3

−7 +
√
139

)

cos(ω1t+ δ1)

+C2

(

3

−7−
√
139

)

cos(ω2t+ δ2) (83)

(

p′θ(t)
p′φ(t)

)

= −C1ω1





3

−7 +
√
139

10



 sin(ω1t+ δ1)

−C2ω2





3

−7−
√
139

10



 sin(ω2t+ δ2). (84)

Equations (83) and (84) give the general solution for
x′(t) near X±, with four constants (C1, C2, δ1, and δ2)
that can be adjusted to satisfy arbitrary initial conditions
on θ′, φ′, p′θ, and p′φ. The solution has two oscillatory
normal modes with frequencies ω1 and ω2, amplitudes
C1 and C2, and phases δ1 and δ2. Unless the initial
conditions are chosen to isolate one of the normal modes,
the behavior near the equilibrium positions X± will be a
linear combination of these two modes. Therefore, x∗

X±

are stable elliptical fixed points.
To isolate mode 1, we set C2 = 0 in Eqs. (71), (72),

(77), (83), and (84) to obtain

θ′(t) = Θ1 cos(ω1t+ δ1) (85)

φ′(t) = Φ1 cos(ω1t+ δ1) (86)

β′(t) =

(

−23

2
+
√
139

)

C1 cos(ω1t+ δ1) (87)

β′(t)

θ′(t)
=

1

3

(

−23

2
+
√
139

)

= 0.097 (88)

C2
1 = 6

E + 1/3

278− 23
√
139

(89)

Θ1 = 3C1 (90)

Φ1 =
(

−7 +
√
139

)

C1, (91)

where Θ1 and Φ1 are the amplitudes of θ′(t) and φ′(t),
respectively. Equation (88) states that the variations
in β(t) are small compared with variations in θ(t), and
the magnetic moment of the free sphere therefore stays
closely aligned with the local magnetic field. According
to U = −B cosβ [Eq. (45)], the free sphere must travel
to weaker field regions to reach its maximum potential
energy U = E, where θ and φ reach their maximum val-
ues, Θ1 and Φ1, and the kinetic energy vanishes. We
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therefore refer to this mode as the “traveling mode.” In
this mode, θ′(t), φ′(t), and β′(t) share the same sign and
oscillate in phase with each other.
To isolate mode 2, we set C1 = 0 in Eqs. (71), (72),

(77), (83), and (84) to obtain

θ′(t) = Θ2 cos(ω2t+ δ2) (92)

φ′(t) = −Φ2 cos(ω2t+ δ2) (93)

β′(t) = −
(

23

2
+
√
139

)

C2 cos(ω2t+ δ2) (94)

β′(t)

θ′(t)
= −1

3

(

23

2
+
√
139

)

= −7.8 (95)

C2
2 = 6

E + 1/3

278 + 23
√
139

(96)

Θ2 = 3C2 (97)

Φ2 =
(

7 +
√
139

)

C2. (98)

Equation (95) states that the variations in β(t) are large
compared with variations in θ(t), and the direction of
the magnetic moment of the free sphere therefore departs
significantly from the direction of the local magnetic field.
According to U = −B cosβ [Eq. (45)], the free sphere
need not travel large distances to weaker field regions to
reach its maximum potential energy U = E because it
can achieve this value primarily by rotating in place. We
therefore refer to this mode as the “rotating mode.” In
this mode, φ′(t) and β′(t) are in phase with each other,
and are out of phase with θ′(t). The rotating mode has
a frequency ω2 that is about 4.5 times larger than the
frequency ω1 of the traveling mode.

C. Stability near Y±

For Y± and E∗ = −1/6, Eq. (75) gives a pair λ = ±iω3

of imaginary eigenvalues and a pair λ = ±σ4 of real ones,
with frequency ω3 and growth rate growth rate σ4 given
by the positive roots of

ω2
3 =

8 +
√
94

6
(99)

σ2
4 =

−8 +
√
94

6
. (100)

Equation (76) gives the associated eigenvectors,

x̃±

3 =









1
2
(

1− ω2
3

)

±iω3

±iω3

(

1− ω2
3

)

/5









(101)

x̃±

4 =









1
2
(

1 + σ2
4

)

±σ4

±σ4

(

1 + σ2
4

)

/5









, (102)

with x̃−

3 = (x̃+
3 )

∗.
A linear superposition of the four eigenfunctions gives

the general solution,

x′(t) = C+
3 x̃+

3 e
+iω3t + C−

3 x̃−

3 e
−iω3t

+ 3C+
4 x̃+

4 e
+σ4t + 3C−

4 x̃−

4 e
−σ4t, (103)

Writing C±

3 = (3C3/2)e
±iδ3 allows us to write Eq. (103)

as
(

θ′(t)
φ′(t)

)

= C3

(

3

−2−
√
94

)

cos(ω3t+ δ3)

+

(

3

−2 +
√
94

)

(

C+
4 e+σ4t + C−

4 e−σ4t
)

(104)

(

p′θ(t)
p′φ(t)

)

= −C3ω3





3
−2−

√
94

10



 sin(ω3t+ δ3)

σ4





3

−2 +
√
94

10





(

C+
4 e+σ4t − C−

4 e−σ4t
)

(105)

Equations (104) and (105) give the general solution
for x′(t) near Y±, with four constants (C3, δ3, C

+
4 , and

C−

4 ) that can be adjusted to satisfy arbitrary initial con-
ditions on θ′, φ′, p′θ, and p′φ. The solution has a stable
elliptical mode with frequency ω3 and an unstable hyper-
bolic mode with growth rate σ4. If C

+
4 6= 0, the unstable

mode dominates at long times, driving the phase-space
trajectory far from the fixed point. The fixed points x∗

Y±

are therefore unstable hyperbolic fixed points, with the
elliptical mode providing oscillations as the phase-space
trajectory departs from the fixed point.
To isolate the oscillatory mode, we set C±

4 = 0 in
Eqs. (71), (72), (78), (104), and (105) to obtain

θ′(t) = Θ3 cos(ω3t+ δ3) (106)

φ′(t) = −Φ3 cos(ω3t+ δ3) (107)

β′(t) = −
(

11 +
√
94
)

C3 cos(ω3t+ δ3) (108)

β′(t)

θ′(t)
= −1

3

(

11 +
√
94
)

= −6.9 (109)

C2
3 =

1 + 6E

94 + 11
√
94

(110)

Θ3 = 3C3 (111)

Φ3 =
(

2 +
√
94
)

C3. (112)

Like Eq. (95), Eq. (109) gives variations in β(t) that are
large compared with, and out of phase with, variations
in θ(t). Accordingly, the magnetic moment of the free
sphere departs significantly from the direction of the lo-
cal magnetic field, and the free sphere primarily rotates in
place rather than translating significant distances. Since
the hyperbolic mode renders this oscillating mode un-
stable for general initial conditions, we refer to it as the
“unstable rotating mode.”
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To isolate the unstable component of the hyperbolic
mode, we set C3 = C−

4 = 0 in Eqs. (104) and (105) to
yield

x′(t) = C+
4











3

−2 +
√
94

3σ4
σ4

10

(

−2 +
√
94
)











e+σ4t. (113)

For this solution, perturbations grow with time and the
trajectory departs exponentially from the fixed point.
Setting C3 = C+

4 = 0 gives the stable component

x′(t) = C−

4











3

−2 +
√
94

−3σ4

−σ4

10

(

−2 +
√
94
)











e−σ4t, (114)

for which perturbations decay with time and the trajec-
tory approaches the fixed point exponentially. Since both
components intersect the fixed point and since E is con-
served along phase-space trajectories, these two compo-
nents lie on a separatrix of energy E = −1/6 that serves
as a boundary between different behaviors in phase space,
with Eqs. (113) and (114) respectively representing the
unstable and stable manifolds of the fixed point.22

Substituting Eq. (113) or Eq. (114) into Eqs. (71) and
(72) yields E = −1/6 identically; all terms involving C±

4

cancel each other, and the unstable and stable manifolds
exist only for E = −1/6. This is in contrast with the os-
cillatory modes, which admit relationships between their
coefficients and the energy given by Eqs. (89), (96), and
(110). The coefficients C±

4 are determined by the initial
conditions alone.

VIII. FINITE-AMPLITUDE PERIODIC MODES

A. General

Having identified small-amplitude periodic sliding
modes near X± and Y±, we now ask whether these modes
persist to finite amplitudes, and ask whether these modes
are joined by other periodic modes as the energy in-
creases.
We consider modes with period T and angular fre-

quency ω = 2π/T satisfying the initial (t = 0) and final
(t = T ) conditions

θ(0) = θ∗ θ(T ) = θ∗ + 2πn (115)

φ(0) = φ∗ φ(T ) = φ∗ + 4πn (116)

pθ(0) = pθ(T ) (117)

pφ(0) = pφ(T ), (118)

where θ∗ and φ∗ correspond to one of the equilibrium
positions, X± or Y±, and n = 0, ±1. Equations (115)
and (116) place the free sphere at one of the equilibrium

positions at t = 0, and return this sphere to this same
position at time t = T . Equation (52) therefore requires

U(0) = U(T ) = E∗ = −1/3 (119)

for X± and

U(0) = U(T ) = E∗ = −1/6 (120)

for Y±. The value n = 0 corresponds to oscillations
of the free sphere about the equilibrium position, while
n = ±1 corresponds to the free sphere making one com-
plete orbit around the fixed sphere, in the counterclock-
wise direction for n = +1 and the clockwise direction for
n = −1. We have not considered periodic modes making
more than one orbit (with |n| > 1). The final condi-
tions on θ and φ differ because φ goes through two cycles
for each cycle of θ. Equations (117) and (118) demand
that the final momenta equal the initial momenta, ensur-
ing a periodic solution. The small-amplitude oscillatory
modes of Eqs. (85)-(91), (92)-(98), and (106)-(112) sat-
isfy Eqs. (115)-(118) for δ1 = δ2 = δ3 = −π/2.
Bounds on the initial momenta may be obtained by

evaluating Eq. (51) at t = 0, giving

E =
p2θ(0)

2
+ 5p2φ(0) + E∗ (121)

Setting pθ(0) = 0 and solving for pφ(0) gives its bounding
values pφ(0) = ±pmφ (0), where

pmφ (0) =

√

E − E∗

5
(122)

is the maximum initial value of pφ. For a particular
choice of pφ(0) satisfying

−pmφ (0) ≤ pφ(0) ≤ pmφ (0), (123)

and for a particular energy E, Eq. (121) gives

pθ(0) =

√

2
[

E − E∗ − 5p2φ(0)
]

. (124)

We use the positive square root in Eq. (124) without loss
of generality. Both in-phase and out-of-phase periodic
modes may be realized in combination with the full range
of values of pφ(0) given by Eq. (123).
We seek periodic solutions at a particular value of

E by finding values of φ(t) at equally-spaced values
of pφ(0) over the full range of Eq. (123), with spac-
ing ∆pφ = 0.0002. For each value of pφ(0), we ob-
tain pθ(0) from Eq. (124) and use fourth-order Runge
Kutta to integrate Eqs. (53)-(56) with a fixed time step
∆t = 0.0001, subject to the initial and final conditions
given by Eqs. (115)-(118).23 We integrate until we reach
a time t at which ∆θ = θ(t) − θ∗ − 2πn changes sign,
and at which pθ has the same sign as it had initially, for
n = 0, ±1. In order to limit computational time lost
on fruitless searches for solutions, we abandon the search
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FIG. 5. Initial values of the spin angular momentum,
pφ(0), vs. energy E for finite-amplitude periodic solutions
of Eqs. (53)-(56) satisfying Eqs. (115)-(118) with the free
sphere located initially at X± (small filled circles merging
to form continuous traces), with periodic modes at energies
E = −0.29, -0.212, -0.18, -0.167, -0.166, -0.01, 0.06, and 0.191
identified by open circles. Dashed lines give the bounding
values pφ(0) = ±pmφ (0) given by Eq. (122). Primed numeri-
cal labels identify orbital modes (green) and unprimed labels
identify oscillatory modes (red). Frame (b) shows a closeup
of the region outlined by the square in frame (a).

if t reaches 50 without these conditions being satisfied,
acknowledging that this restriction excludes high-period
solutions. A linear interpolation between the time step
at which ∆θ changes sign and the previous time step in-
creases the accuracy of our estimate for t, and gives the
corresponding value of ∆φ = φ(t)− φ∗ − 4πn.

Having thus obtained a value of ∆φ for each value
of pφ(0), we use Brent’s method to look for roots of
∆φ vs. pφ(0) bracketed by pairs of values for which ∆φ

0
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FIG. 6. Frequencies of the finite-amplitude periodic modes of
Fig. 5, with detail of the lower portion of frame (a) shown in
frame (b). Horizontal dashed lines give the small-amplitude
frequencies given by Eqs. (79) and (80).

changes sign.24 In this way, we identify initial conditions
pθ(0) and pφ(0) that give solutions that are periodic in θ
and φ, with θ(0) = θ∗ and φ(0) = φ∗. Finally, we accept
a solution as fully periodic, with period t = T and fre-
quency ω = 2π/T , only if |pθ(T ) − pθ(0)| < 0.0001 and
|pφ(T )− pφ(0)| < 0.0001.

The number of periodic solutions and the requisite
computing time increase with decreasing ∆pφ, that is,
finer resolution of φ(t) yields more roots and requires
longer computing times. We used ∆pφ = 0.0002 to ob-
tain a significant number of solutions – up to 26 solutions
for each value of E – in a reasonable time.

We seek for solutions for a full range of values of E >
E∗, at equally-spaced values separated by ∆E = 0.0005.
While solutions with E < 0 satisfy Eq. (47), solutions
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with E > 0 may violate this condition, which ensures
continued contact between the spheres. For U > 0, the
repulsive magnetic force violates Eq. (47) and drives the
spheres apart regardless of the value of pθ. For U < 0,
large pθ implies a large centrifugal force that violates
Eq. (47) and drives the spheres apart. Violation of this
condition causes the free sphere to lose contact with the
fixed sphere, at least momentarily. To ensure periodic so-
lutions with constant contact between the spheres, we ac-
cept only those solutions that obey Eq. (47) at all times.
This sets an upper limit on the energy of periodic sliding
solutions, which turns out to be E = 0.191.
For oscillatory modes, we define the amplitude Θ as the

maximum value of |θ(t) − θ∗| reached during one period
T , and define the amplitude Φ as the maximum value of
|φ(t) − φ∗|.
During the coding and debugging process, we used

MagPhyx software to visualize some of these solutions
and to verify their periodicity.25

B. Initial position X±

We first investigate finite-amplitude modes with ini-
tial positions θ(0) = 0 and φ(0) = 0 corresponding to the
equilibrium position X+, noting that X− gives the same
modes through the symmetry transformation θ → θ+ π.
Following the procedures outlined in Sec. VIII A, we
found 4548 oscillatory solutions and 4513 orbital solu-
tions using a FORTRAN code that ran for 28 hours on
a 2.6 GHz MacBook Pro. Each solution is shown as a
small filled circle in Fig. 5, where adjacent circles gener-
ally merge to form continuous traces.
The two periodic oscillatory modes that appear in

Fig. 5 at E = −1/3 correspond to the small-amplitude
traveling and rotating modes of Sec. VII B, modes 1 and
2. The frequencies of these modes decrease with increas-
ing energy (Fig. 6), and their amplitudes increase with in-
creasing energy (Fig. 7), as might be expected. As shown
in Fig. 8, mode 1 makes large excursions in θ that are in
phase with its small excursions in β, and departs slightly
from the small-amplitude relationship between β and θ
given by Eq. (87) except at small amplitudes. Mode 2
makes large excursions in β that are out of phase with
its small excursions in θ, and honors the small-amplitude
relationship given by Eq. (94) at finite amplitudes. Mag-

Phyx Demos 11 and 12 respectively visualize modes 1 and
2 for E = −0.29.25

At E = −0.236, mode 1 spawns two new oscillatory
modes, labeled 5± in Fig. 5. Each adds 5 rotation cycles
to the traveling motion of mode 1. Mode 5+ has smaller
Θ and larger Φ than mode 5−, and the two modes are
180◦ out of phase [Fig. 7, Fig. 8(b)]. MagPhyx Demo
13 visualizes mode 5+ for E = −0.212.25 The frequency
of mode 5− exceeds that of mode 5+ by about 0.1%,
a difference that is not apparent in Fig. 6, where the
two frequencies collapse onto a single trace, labeled “5.”
Mode 5− expires at E = 0, where it merges with mode 2.
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FIG. 7. Amplitudes of finite-amplitude oscillatory modes as a
function of the energy E (solid traces). Frame (a) shows the
amplitude Θ of θ(t), and frame (b) the amplitude Φ of φ(t).
Also shown are the amplitudes of small-amplitude oscillations
given by Eqs. (89)-(91) and (96)-(98) (dashed traces).

Mode 5+ expires at about E = −0.05, where it merges
with pφ(0) = pmφ (0). The left side of Fig. 5(b) shows that
the bifurcation at E = −0.236 is “soft,” meaning that,
as E increases, mode 1 gradually turns into mode 5−

in preparation for the actual bifurcation, which occurs
where mode 1 is reborn and mode 5+ appears. Plots of
β vs. θ for modes 1 and 5± are shown in Fig. 8(b).

At E = −0.187, mode 1 spawns two more oscilla-
tory modes, labeled 6± in Fig. 5. These are in fact the
same mode, with mode 6− following the same trajectory
as mode 6+, but in reverse [Fig. 8(c)]. These modes
add 6 rotation cycles to the traveling motion of mode
1. Their independently computed frequencies and ampli-
tudes agree to one part in 107. Figure 5(b) shows that the
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FIG. 8. Plots of β vs. θ for finite-amplitude oscillations with
energies E = −0.29 (a), -0.212 (b), and -0.18 (c) (solid traces).
Oval dashed traces give the domain boundaries of Eq. (50),
and straight dashed traces give the relationships of Eqs. (88)
and (95) for small-amplitude oscillations. The arrows in (c)
show the initial directions of motion for modes 6+ and 6−.
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FIG. 9. Frequency ratios ω2/ω1 and energy differences Ec−E
vs. mode number n for n-cycle bifurcations approaching the
value Ec = −1/6 from below. Squares give results for even n,
with solid traces joining these results to guide the eye, while
circles and dashed traces give results for odd n.

bifurcation at E = −0.187 is “sharp,” meaning that 6+

and 6− appear abruptly, at the same value of the energy.
MagPhyx Demo 14 visualizes mode 6+ for E = −0.18.25

Mode 1 continues to spawn oscillatory modes as E ap-
proaches Ec = −1/6 from below, with soft bifurcations
for odd-numbered modes and sharp bifurcations for even-
numbered modes. Fig. 9 shows bifurcation values of the
frequency ratio ω2/ω1 and the energy difference Ec − E
vs. mode number n for n-cycle bifurcations approaching
Ec. Evidently, mode n± is spawned only after ω2/ω1 ex-
ceeds n, indicating that mode 2 is responsible for the n
rotation cycles that are added to the traveling motion
of mode 1. The smallest number of rotation cycles is
n = 5, consistent with ω2/ω1 ≥ 4.5. Figure 6(b) shows
a precipitous drop in ω1 vs. E at E = Ec, and hints
of an infinite sequence of bifurcations with ω1 → 0 as
E → Ec. Indeed, Fig. 9 shows bifurcations up to n = 14,
which has bifurcation values Ec −E = 5.840× 10−6 and
ω2/ω1 = 14.99. To obtain the values shown in this fig-
ure, we increased the energy resolution of Sec. VIII A by
dividing ∆E by factors of 10 until Ec − E and ω2/ω1

changed by less than 0.1%. For n = 14, this process re-
quired ∆E = 1 × 10−9. Although we ended our search
for bifurcations at n = 14, we have no reason to think
that bifurcations stop there, and ample reason to suspect
that they cascade indefinitely to the cumulation point at
E = Ec.

Figure 10(a) and MagPhyx Demo 15 show mode 1 for
E = −0.167, just below Ec = −1/6.25 For E < Ec,
mode 1 is oscillatory, the free sphere being confined to
one of the two domains shown in Figs. 3 and 4. For
E > Ec, these domains merge and mode 1 describes the
free sphere orbiting completely around the fixed sphere.



13

 β

θ

π

−π

0

−π 0 π

(a)

1

 β

θ

π

−π

0

−π 0 π

(b)

1'

FIG. 10. Plots of β vs. θ (solid traces) and domain boundaries
(dashed traces). Panel (a) shows oscillatory mode 1 with
E = −0.167 and a discontiguous domain. Panel (b) shows
orbital mode 1′ with E = −0.166 and a contiguous domain.

We designate this orbital mode as mode 1′ to distinguish
it from its oscillatory brother, and use primes below to
name other orbital modes. Figure 10(b) and MagPhyx

Demo 16 show mode 1′ for E = −0.166, just above Ec =
−1/6.25

For Ec < E < 0, Fig. 5 shows both oscillatory and
orbital modes, and for E > 0, only orbital modes.
The highest-energy orbital mode is mode 1′, at energy
E = 0.191 [Fig. 11(a), MagPhyx Demo 20].25 Moving
to lower energies, mode 1′ spawns modes 3′± with three
rotation cycles [Fig. 11(b), with mode 3′+ visualized at
E = 0.06 in MagPhyx Demo 19],25 modes 4′± with four
rotation cycles [Fig. 11(c), with mode 4′+ visualized at
E = −0.01 in MagPhyx Demo 18],25 and so on, possibly
culminating in an infinite number of cycles at E = Ec

as before (Fig. 11). In contrast with oscillatory bifur-
cations, orbital bifurcations are sharp for odd-numbered
modes and soft for even-numbered modes.

As seen in Fig. 5, mode 2 persists, without bifurcating,
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FIG. 11. Plots of β vs. θ for periodic modes with energies
E = 0.191 (a), 0.06 (b), and -0.01 (c) (solid traces). In frame
(c), the nearly vertical dashed trace gives the relationship of
Eq. (95) for small-amplitude oscillations, and the solid trace
that overlays it gives mode 2. The other dashed traces in
frames (a)-(c) give the domain boundaries of Eq. (50).
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FIG. 12. (a) Initial values of the spin angular momentum,
pφ(0), vs. energy E for finite-amplitude periodic solutions
of Eqs. (53)-(56) satisfying Eqs. (115)-(118) with the free
sphere located initially at Y± (small filled circles merging
to form continuous traces), with periodic modes at energies
E = −0.06 and 0.01 identified by open circles. Dashed lines
give the bounding values pφ(0) = ±pmφ (0) given by Eq. (122).
(b) Frequencies of the finite-amplitude periodic modes, with
the horizontal dashed line giving the small-amplitude fre-
quency ω3 of Eq. (99).

to E = 0, above which the free sphere loses contact with
the fixed sphere. Figure 11(c) and MagPhyx Demo 17
show mode 2 at E = −0.01.25

C. Initial position Y±

We now investigate finite-amplitude modes with initial
positions θ(0) = π/2 and φ(0) = π corresponding to the
equilibrium position Y+, noting that Y− gives the same

-0.2 -0.1 0

 E

Θ

0

π/4

Φ3

3

FIG. 13. Amplitudes Θ3 and Φ3 of finite-amplitude oscilla-
tory mode 3 as a function of the energy E for the free sphere
located initially at Y± (solid traces). Also shown are the am-
plitudes of small-amplitude oscillations given by Eqs. (110)-
(112) (dashed traces).

modes through the symmetry transformation θ → θ +
π. Following the procedures outlined in Sec. VIII A, we
found 334 oscillatory solutions and 2755 orbital solutions
using a FORTRAN code that ran for 12 hours on a 2.6
GHz MacBook Pro. Each solution is shown as a small
filled circle in Fig. 12, where adjacent circles generally
merge to form continuous traces.
Figure 12 shows a family of orbital modes for −1/6 <

E < 0.191 and one oscillatory mode (mode 3) for −1/6 <
E < 0, whose amplitudes are shown in Fig. 13. Figure 14
shows β vs. θ plots for oscillatory mode 3 and for orbital
modes 1′, 3′±, and 4′±. MagPhyx Demos 21, 22, and 23
respectively visualize mode 3′+ at E = 0.06, mode 3 at
E = −0.01, and mode 4′+ at E = −0.01.
While modes 1′ and 4′± of Fig. 14 are identical to

modes 1′ and 4′± of Fig. 11, mode 3′± is different. The
reason is that mode 3′± of Fig. 14 has an antinode at
θ = 0, and is therefore incompatible with the initial con-
dition φ(0) = 0 for Fig. 11, while mode 3′± of Fig. 11 has
an antinode at θ = π/2, and is therefore incompatible
with the initial condition φ(0) = π for Fig. 14. Modes 1′

and 4′± have nodes at both θ = 0 and θ = π/2, so either
set of initial conditions reproduces these modes.

IX. CONCLUSIONS

We have studied the motion of a uniformly magne-
tized sphere that slides without friction along the surface
of a second, identical sphere that is held fixed in space,
subject to the magnetic force and torque of the fixed
sphere and the normal force. We find two stable equi-
librium positions for the free sphere, each with parallel
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FIG. 14. Plots of β vs. θ for periodic modes with energies
E = 0.06 (a) and -0.01 (b) located initially at Y± (solid
traces). In frame (b), the nearly vertical dashed trace gives
the relationship of Eq. (109) for small-amplitude oscillations,
and the solid trace that overlays it gives the corresponding
shape of mode 3. The other dashed traces in frames (a)-(c)
give the domain boundaries of Eq. (50).

and aligned magnetic moments, and two unstable equilib-
rium positions, each with antiparallel moments. We use
a linear stability analysis to determine the frequencies,
amplitudes, and eigenvectors of small-amplitude oscilla-
tory modes near the stable equilibrium positions, and of
an unstable oscillatory mode near the unstable equilib-
rium positions, and determine the domains surrounding
these positions to which the free sphere is confined for
small energies. We show that these modes remain pe-
riodic at finite amplitudes, with frequencies, amplitudes,
and eigenvectors that reduce to the linear stability results
in the limit of small amplitude. We find that one of the
stable modes bifurcates into mixed modes and circum-
navigates the free sphere at large energies, and identify
an infinite cascade of these bifurcations that cumulates
at the same energy E = −1/6 that the domain becomes
contiguous.
Periodic sliding modes offer windows into the rich non-

linear dynamical behavior of this system. UsingMagPhyx

software, we have identified aperiodic orbits that mimic
periodic orbits in some cases and depart from them in
others (demos 3, 4, 5, 7, and 8).20,25 We intend to inves-
tigate the possibility of chaos in such orbits.

We are also interested in investigating solutions for
which the spheres do not slide against each other, but
instead experience hard-sphere elastic collisions. Allow-
ing such radial motion (in addition to the orbital and spin
motions included in this paper) increases the phase-space
dimensionality from 4 to 6, for which MagPhyx reveals a
rich array of nonlinear couplings between radial, orbital,
and spin motions.
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