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UTAH STATE UNIVERSITY

Predictive Formula For Electron Range over a
Large Span of Energies
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o o A simple formula [Eqg. (4)] was found to predict our single range parameter, N,, as a function of only mean atomic Nv(Zm) = AZ B __ C T e—— z S ==

Anne Sta rley, GregO ry WI|SOI‘I, LISa number derived from the stoichiometric formula. This simple formula resulted from extensive analysis of much V( ) m R
cane . more complex predictive formula for N, involving sums of power law terms for density, effective atomic number and Eq. (4). Predictive formula for effective number of ey

Ph | I I | p pS, an d J R De nnison weight, and bandgap plus other properties including plasmon energy, conductivity, phase, and more. This general fit valence electrons, where Z,, the is mean atomic number 5 S 2

and A, B, and C are constants found through fits shown

for N, was evaluated using general least squares fit analysis methods to simultaneously determine the best i3
in Fig. 3.

USU Materials Phys:cs Group estimates for fitting parameters for each material property. Amazingly, the simple formula Eq. (4) involving only Z
Utah State University, Logan, UT 84332-4414 was the result. . - .
Fig. 3 and Table 1 show the results of the fits with Eq. (4) for A,B and C. The fitting parameters was then used to Table 1. Constants and Goodness of fit predictive N, fits.
calculate an estimate of N, using the power law model. Plotting this estimate of N, versus the true value of N, mnnm“
Goodness of fit metrics x2,, and R allows quantification of the quality of the fits. All 20.196 0.653 21.727 0.006 0.99
To refine Eq. (4), separate fits were made for materials subcategorized into grouping such as insulators,

Zoos conductors
1.3
semi-conductors

insulators

. semiconductors, and conductors [see Figs. 3(b-d)] and solids, liquids, and gasses with the hope that this LTIl e e
I. Int rOd uction to Ra nge categorization might unearth additional information. Semiconductor show excellent agreement. Insulators show Conductors 22.898 0.604 24.982 0.0053  0.99
The range, commonly known as the penetration depth, describes the maximum distance very good afgfeemer!t, with a slight dovynward concavity. AIthougI.1 conductors show good agreement, it is a!oparent Semiconductors 14.817 0.153 16.585 0.0055  0.99
. i e r e . that an additional higher order correction for conductors needed is needed to account for electron overlap in the d
electrons can travel through a material, given an initial incident energy, before they lose ) " ..
v 12 . : : and f orbitals of transition and rare earth/actinide elements.
all of their kinetic energy and come to a rest.»* The primary energy loss mechanism which
causes the electron to lose its kinetic energy is due to inelastic collisions within material. All Materials Insulators Semiconductors Conductors
Due to the probabilistic nature of this mechanism, the Continuous Slow Down . ————— . — . — . s

15+ 15+ . .

Approximation (CSDA) is often employed to simplify the problem where the stopping oo Nvest B eee Nvest L ' oo Nvest . @ eee Novest RS
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This idea is illustrated by a
Lichtenburg discharged tree
pictured in Fig. 1. This “tree”
demonstrates a situation
where accelerated high
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energy electrons comes to

rest and deposit charge at a %

given range in an insulating O ; T E 0 : T % : T % 5 T T

material.3 The side view of Emperically Fitted Nv Emperically Fitted Nv Emperically Fitted Nv Emperically Fitted Nv L00E00 Fig. 5. (inset) .Number of
the Lichtenburg tree displays . z:;:,:ons di?os“eo‘e,:::s:
the melted plastic caused by Fig. 3. The graphs examine N, found from fits to the NIST database data versus N,, predicted using Eq. (4). Nominally, for exact agreement the slope of the fit would be 1 with an intercept of 0 and x?,, Hoosot SEnEETem o A (o cavms

approaching 0. 10% and 30% error lines to the slope are marked in dashed red and dashed purple lines, respectively. Values for the constants for predictive N, from Eq. (4) and the goodness of linear fit
for Fig. (3) graphs are found in Table 1.

beam energies using
GEANT4. The dotted lines

the energy of the deposited

incident electrons at a - f . . . .
uniform penetration depth. I. 1. Front (Left) and side (Right) views of a Lichtenberg

) discharge tree. The white line (Right) indicates the narrow 1
H.er? the stored charge is distribution of deposited charge from a ~1 MeV electron IV‘ ACCU ra Cy Of Ra nge fO r P rEd ICtEd NV
dissipated through d beam at R=3 mm in a PMMA sample.
discharge.!

1.00E-03 indicate CSDA range as
‘ | | predicted by Eq. (1). (Main
Loot0s | | i | L graph) Fraction of electrons

oo -— =X R e — deposited normalized by the

Range values as a function of energy predicted with L0005 || : maximum deposition fraction

Ratio of electrons Deposited

_— _ empirical NV values derived from fits to the NIST | : as a function of penetration
”- Orlglnal MOdeI | [ star Figh Energy Range Data_| | | | | F—="Tlieh Encrey Range Gmperica) database range and inelastic mean free path values Ol Ccpth scaled by the CSDA
110 e Low Range using ESTAR IMFP I%;;;Eange ('Pl'ital:)en(c;rl)d1 2 were found to give gOOd fits with differences typica"y Depth normalized to Range Formula range.
. ° . r———s / [— nergy (= edicte
The previously developed model predicts the energy-dependent range, R(E), as a function B g T less (oft h less) than £20% el 10 eV<E<10
P . e 1x10°H—— Range (Emperically Fit Nv) ; 2 ess (orten mucn less an T o over 1Tu eV<E< : : : : :
of incident electron energy for materials found in the NIST ESTAR database. In a 110?H{—— Range (Predicted Nv) The fraction of electrons deposited as a function of penetration depth can be calculated with

MeV spans.! Fig. 4(a) shows such a plot for one of the

continuous composite analytic approximation to the range with a single fitting parameter,
N,, spanning incident energies, E, from <10 eV to >10 MeV, the following functions (Egs. 2,
3, and 4) describe the energy-dependent range, R(E), in terms of N, and material
parameters mass density p,, effective atomic number and weight N, and M, and band gap

worst fit materials, Sr [see ?n Fig. 3(d) and Fig. 4(b) and adva.nced simulation progrrf\ms such as.GEANT4, as sho.wn in the |n§e-.t of Fig. .5. Fig. 5 shovys the
Table 2] fraction of electrons deposited normalized by the maximum deposition fraction as a function of

apie 21. penetration depth scaled by the CSDA range. The dotted lines indicate CSDA range as predicted
To better gauge the validity of the predictive formula for by Eq. (1). Note for energies of 10 keV and above, where GEANT4 simulations are valid, the

Range (jpum)
Percent Difference

E.. 1 N,, Eq. (4), comparisons are made of ranges calculated scaled cur\{es are the same with a depositi.on fraction ~0.2% at.the FSDA range. This suggests
o e 0 . , 8[E2 . EZ]% e o with both empirical and predicted N, values (found in that t|hi- smglihn::?n ra}nges Ifor enirgy u:j.otur CSDA. aptpr?x;matlrnhcan :Ie brc?:.dened by
imrp (E)(1—exp|— _ s cam Energy (e cam Energy (e . . convolution wi is universal curve to predict approximate internal charge deposition curves
;E<E m gap p . .
[Em] (1—exp —E—])Z " . ) Tabl? 3) .Comparlsons .are fhown. in Figs. 4(b) .amd 4.(c) for a wide span of energies for any material using our composite formula for the range and
g1 gk Em Eq. (2). Mean energy lost per Percent Difference , ——— for five different materials [including two materials with predictive formula for N,
IMFP o o . S - . o o °
: — [ ] ool E Em =< E<Epy;  collision. ®o¢ Chi-squared (Predictive Nv) the highest inconsistency between the two data sets--
R(E, NV) Evl 1 exp[ E ] Chf squared (Predfcted Au)
" 1 O e o) | strontium (Sr) and gold (Au)]. Agreement between the Vl Futu re WOrk
bE™ (1 _ [1 n [E/Ng]] ) E > Ep, E = h (NVNAqug)Z | ranges calculated with predicted N, values and ESTAR _ _ o .
mec p MeeoM 4 : range data are shown Fig. 4(d) for all 249 materials in = We will create an opllne range prediction calculator that. will be able to produce t!1e
Eq. (1). Range for low, medium, and high energy regimes Eq. (3). Plasmon energy g Table 3 range of a material with only input of the common material parameters mass density
p,, effective atomic number and weight N, and M, from the stoichiometric formula (or
Manual fits to these range == T~ Table 2. Differences in the empirical and predicted N, for relative amounts of elements in compounds and composites), and band gap E op (or
equations and optimum W j===LowRup whg RSTAR REP p— various materials. HOMO-LUMO gap).
S k- = We propose to develop a better relativistic approximation for Eq. (1) to improve
::2::;5 da(t); f(l)\:"a;:) i:ezofc‘)’\t:er:f_l T — Bewm Eocrw ) Empirical | Predicted Percent range predictions above m_c?=0.5 MeV.
p4=——— Relatrne Be Form . . . . ey .
known elements and —T Fig. 4. (a) Strontium range calculated using both empirical and predicted N, values as compared to ESTAR Error = We prose to improve N, predictions by adding addition Z | dependence in Eq. (4).
compounds with range data range data. (b) Percent differences for both medium and high energy regimes for Sr range calculated Sio, 4.716 4.646 1.5% = Gas and liquid materials do not have band gaps, a necessary parameter in our range
from the ESTAR database.2 ranges for both empirical and predicted N, values as compared to ESTAR range and inelastic mean free ALO 4538 4.652 5 5% model. The HOMO-LUMO energy gaps may be an appropriate surrogate. We will study
Fiz. 2 shows several a rO).(- path data. (c) Percent differences between ranges calculated with empirical and predicted N,, values for .2 ’ ; the HOMO-LUMO gap and its potential connection to the range.
) & . Pp Si0,, Al,O,, Si, Al, Au and Sr. (d) x? values for comparison of ESTAR range data to ranges calculated for both Si 5.493 5.702 3.7%
imate fits to the range data. the empirical and predicted N, values for all materials in the NIST material database (see Table 3). The x? Al 5.195 5.468 5.1% VI I Refe re n Ces
Beam Energy (¢V) . . . . . - . . . °
values for Si, Au and Sr with predicted N, are highlighted, illustrating their extreme variances from the AU 10.814 11.800 9% _ . o _ _ o
el d R 1. Wilson, G., & Dennison, J.R. (2010). Approximation of range in materials as a function of incident electron energy.
Fig. 2. Comparison between several range approximations and the data from the ESTAR database CINPIRCAltatd: Sr 10.074 9071 10% 2. Teancum Quist (with Greg Wilson and JR Dennison), “Compilation and Comparison of Electron Penetration Ranges as a Function

. of Effective Number of Valence Electrons,” Utah State University, Logan, UT, April 2013.
for Au. The IMFP data for Au are also plotted along with the TPP-2M IMFP formula for A,,,..(E). 3. Starley, A., Phillipps, L., Wilson, G., Dennison, J.R., Predictive Formula For Electron Range Over A Large Span of Energies APS

Four Corners Poster presented at APS Four Corners Meeting 2015,Arizona State University, Mesa, AZ, 2015.

- t h St t 4. Meloy, R., private communications, 2016.
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