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INTRODUCTION TO BOOLEAN ALGEBRA

The purpose of this section is to define a boolean

algebra and to determine some of the important properties

A boolean algebra is a set B with two binary opéra-

1

tions, join and meet, denoted by + and Jjuxtaposition

spectively, and a unary operation, complementation,
denoted by ', which satisify the following axioms:

(1) for all a,b <€B (that is, for all a,b elements
of B) a+b=Db+a and ab=>b a, (the

2] \

commutative laws),

1

(2) for all a,b,c€B, @ +bec =fLa+ b) (a4+ D)

and a (b +c¢c) =a b+ ac, (the distributive

(3) there exists O €B such that for each a €B,
a + O = a, and there exists 1€B such that for

each ae€b, a 1 a,

i}

(4) for each a€B, a + a!' =1 and a a' = 0.
If a + e =a for all a in B then 0O = 0 + e =
e + 0 = ey g0 that there is exactly one element in

b 4

B which satisfies the first half of axiom 3, namely. O.

3

n B which satis-

}__J.

Similarly there is exactly one element
fies the second half of axiom 35, namely 1.
The O and 1 as defined above will be called the

distinguished elements.
£




If in the statement of any of the four axioms Jjoin,

meet, Oy and 1 are replaced by meeb, join, 1, O regpec-

£

tively, the axiom remains unchanged.

that if a statement can be proved f the axioms,
the statement with join, meet, O, and 1 replaced

y meet, join, 1, and O respectively can also be proved,

The two statements are called dual statements,
From the axioms it follows that: aa=2aa+20=
= ) . ( - o) - 1 PR e o s ie g L T AR
2a + aa' = a (a + a') = a l = dy TNUus TNHE 1laemportent

(i) a a = a and its dual

et ¢+ x =1 and ¢ x = Uy then ¢

c' (x+c) =c'x+e'ce=xc! +xc=x (! +¢) =

X 1l = X Thus axiom 4 defines the operation complementatio

in the respesect that =x = ¢! 1if and only

and ¢ x = 0O,

C
; )]
o
L

The above property is also useful to show

ments are equal.,
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Since 1 = a + a! = a! + a
it follows from above that:
(ii) (a')!' = a

Notice that (ii) is a self-dual statement.

It follows that 1 = b + 1, since Db (1 + b) =

bl+bDPb=b+Db=Db and b! (1 + b) =b' 1 + b!' b =
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Also: a
o+ o Henc

(v) T D=
(1) 5 b
\V /) a b

+

[(x + (y

+ )

+ (b + &)

]

absorption

iy e s T
Laws TAUS

= .a
> a' = (a + b) (a + at) (a
+ b al and its dual
(b + at)
associative law for Jjoin will
a' (ba) =a' (ba) +a alt =

he form x' [(y + z2) x] = O
Cx ¢zt ) + 2z (% ¢ (0 & x!

- 7)) (x
Yook ) X

[x

(x +y) +
[(x +3) + 2]

Ie)
—

+ (b % a)]

m_1
CJ

fla + b)) +

lative laws are proved:

(vi)

Cc

a+ (b+c)=(a+

)

o’

(a ©b)

o

il

(y + 2) vyl

< T <7 > b
D G, LAY += 4
i ‘/ ~7 74 3 =
+ (X -+ )
r~ V4
1 + [x2 % (3 +

+ (y + 2)] z =
« Thus a
[(¢c + D) + al =

= (a + b) ¢, and

and

a + b + ¢ to be the common wval
A ) ~ / y ~ 3

and (a 4 ) + ¢, Also defi
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n

et X <y. Then x +y =3, or by De Morgan'

e/ /

<

v

law x!' y' = y' and J' < x'. Also a (x + y) = ¢
0r & X + 8y =8y thus &8 X < a8 Yy Furbthemmore

a +x+y=(a+x)+(a+y)=a+y thuis a+x<a+7y.

% < Yo pSimilarly if =2 < ¥y then by De Morgan's law

on the above result x'!' + y = 1, and if xl + y = 1

Let : - be variables whose common domain

is a subset D of a boolean algebra B. A function

f 4dis called a boolean function if the rule for the

built up from the

fanetion, £Lx;,°°":x ), can be be
" &2

variables x o X and elements of B by a finite

N

e Qe s S e B gxiP(Xi} means the set of all x
1 n
0

perty Pj§ hence the gset R is

16))]
c
Q
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.
o
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o
Y
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the set of all elements r of B for which there

exist d,,°°",d, elements of D and f(dy,***,d ) = r.
g 5% &

£ = = N ~ ~ v o =~
ik 10Y f one B ha
. L 5 : SN .
e = £ Ik ~ £ £ 'S -
8. Bakes ol S O { — R v ) T R R R i R, b AL
S Y CUE o s . & q
Proof : olnce a = a \ ) = A x!, an

@ iy I(X) = X




If g(x) and h(x) are of the required form,

that is Af glx) = g(1) = + g(0) x' #nd hix) =

are also of the required form, since:

Since a boolean function of one variable is a finite

number of applications of meet, in, and complementation
on x and elements of B, it follows by induction t
all boolean functions of one variable are in the form

= £(1) = + £L0O) x',

\

m
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)

s T vi7 ) . 3 3 R e s
G o=k whnere O anda a1 are







| ®k+1
EE_ ?(el,°°” N e s Thus the statement

8y =) 2 p &
N o TR k+1 °
(e)yg
is true for k+1 whenever it is true for k, and hence

o

true for all positive integers,

Theorem 1.3
PR

- a L d - .-L :3 B

SIS n Ty "

Proof: This also will be proved by induction.

e.
. e (
If 1=1 then ‘z: a = a, + al =1, Assume the statement

e e ot
: b . ; 5 e k k+1
is true for n=k. Then ‘Z: a a. a =

1 k k+1
(e)
B

e e
[Zaloeoak] a. +[Z alooo aﬂK] ?L' e

k k+1 N c k+1

(e)y (e)g

a + a = 1,




DEFINITION OF A RELATIVE BOOLEAN ALGEBRA
This section will define the concept of a relative

1 1

a boolean algebra, and give some

yroperties of them.
Let a-boolean algebra B and a, b elements
»f B iven, Define the set S_ ., by s B s
8,0 = dgD
7 o = ’ St s LS Tawma & R L S
Xix € B 9 a € X < bte aence b(‘ LS Lhe S et of all
( Ao O

elements x of B

Note that if & <« b then a,b€p_ .. Let XE€BD_ .,

a,b a,0
by transitivity a < b. Thus S_ . # ¢, the empty set,
CA 9
if and only if a < b., In section I it was shown tha

for all x€By; O< x < 135 thus SO g = By

Thus for all x&€B, b x + a€S s AL XE S s then
c a,b a,b

a<x<Dh or bXx +8=X+4 8 =X
Throughout this section it will be assumed that a

boolean algebra B has been given and that all elements

sre elements of B,

lheorem II.1

Q

By % is closed under meet and join of Bj§ that
?

ig it wE,ye s

9




2 {5 SOOI (
vnav’ \
= X a +

Xy s of
If 8, =9
a,b
and -
CGALA\L J \ 4 s
From above note t
S # 9o The element

relative complement if
. Aefined P
aer-neday, O course,

Tl ons AT N YA | s ~ g &
dor convenience 3 X

| oy ’ = =
Clx), C(x) will bBe

mentation in the set

mh a
L1110

orem II,.2

is a boolea
8y by Where
and compleme

B with res

operasions, meet

ntation being the relative

X +3) +b=(x+Db) + (y + D)
Yy a = a; therefore a < x + ¥

x+Db) (y+b)=Db,xyas=

a < xy < b. ence X + y &nd

aQ

2 1

a,b’

S_ .. 1is closed under meet
a,b

hat C(x) = b x' + &::Sa e L

a,b

AT T -~ @) <1 M 1 N7 1 o

respect TO O A ol s mpiy phe
CA 9 /

no confusion will result. C(x

P B e P I 3 n

for each element x vt B

ebra, with distinguished

n alg

the meet and join are

and only if

2




closed. lMeet and join are commutative and distributive
sinece they are the gperations in B, 1f Xé:Sa,b’ then

X + 8 =X @8nd X Db = X, thus a @and b are The dis~-=
tingui shed elements of Sa,b as defined 5

Let x° = b x' + a, the relative complement of x.

For each s of B x2° =x (bxt+8a) « baxx! +ax

a,b’?

a &nd X4+ x° =% + bx! 4 a =x+ b= by Thus axion 4

is satisfied., Therefore the set Sa 3 together with the
9

operations meet, Jjoin, and the relative complement in
B with respect to 8 is a boolean algebra.

a,Db

B S8 1, together with the three operations form
L4 L

a boolean algebra, then baab £ Qs

f—‘l
D
o
H
)
U

Since the meet and Join in the boolean a.

are the same as in B, the partial order, <, is also
the same, that is if :gyﬁESasb eand if T < ¥y dn. B
Fhen % « v dn Sa3b°
A relative boolean algebra of a boolean algebra
B is a subset, Sa,b’ of B, & £ b, together with the
operations meet and join of B and the relative complement

in B with respect 10 Sope From theorem 1I1.2, a
s

relative boolean algebra is a boolean algebra.

Theorem II.3
Let S be a relative boolean algebra of B
a,b
and Sc a be a relative boolean algebra of B ..
9 (<5




Then is a relative boolean algebra of B.

O

Ercof: ©SBince So 4 is a relative boolean algebra
9

e ., 8 < e <d < b, I x€B and ¢ £ x < d then

n
Q
1]

éoxésaﬂﬁ ¢ <X<<dj

< d3° The meet and join are the same

both S . @and 8. ., and in B, Thus
840 V9d

it remains to be shown that the relative complement 1in

Q i o P i Zegieaas gy e i £ S o
S . with respect to o
340

3 °©
Cgd
Iet x° = b x' + a be the complement in S_ .
(e 9 |8
Then the relative compler in 8. . wlth Trespect
ek 9 ) ar
co é - 1S adx® + ¢ =4d (bx' + a) + ¢ =
cyd :
dbx'+da+c=4dx' +¢c since a<c <d < b.

m

Thus the complement in is the relative complemer

csd

in B with respect to °
O gL

Theoren IT.4
ir & and S_ ., are relative boolean algebras
a,b g4d
of B and S CS_ ., [Cmeans is a subset of], then
@ .4 a,b? 2
S is a relative boolean algebra of Sa b°
; 9

are relative boolean

algebms of B, the meet and join are the same as in  B.

the meet and join in S,

is the same as in S - Klse B, = ;xiz«:éS~
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a 9 M
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£ Ay A

7 Yo Al 2Cll

£ ek il R C Ol
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s the complement of x in o
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=t ]s

thus

a relative
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Bl etbx' + a) + hl!' + a b [ht (b xt + &) k'] # a =

b hlt ' x! + b h! a + b k! % g =

(bl + a x') + (b k' +a) = h
T NoyTN©
\(‘xX f' ) a) 9

where ° and are defined as in theorem II.6, will

(L
62}

seen later to be a homomorphism from &S,

; onto S. o
n, k 7 k O oo

Broof: I xE€8_ L f) S, g» then x<b and x < d.
[« X @) 5
1 o P T T ( T e o o . -k » T A
Therefore x (b d) = (xb) (xd) =x or x < b d,
Alep s > & and X > ¢, and 1t Tfollows G r > g #

Heneel a4+ ¢ € x < b ds

-

b and @ < X <€ d

i
1y
Q
&
Q
A
™
/\
o3
(@]
ot
T
B
2]
/’\
>
A\

or =ES5 . and xEB q°

he following are equivalent if S

g
g ) e 9(1

(b} a+c <bd

4"\ - a i
\C) a < $ L
(A ~ a L & &
Bl el =& C & A‘\" o -

d40 9
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kt) 8, b/\SC q 1s a relative boolean algebra.

oK 9

Proof: Let S

Sa,b[]Sc 1.°

¥ &

T

(a) implies (b): Let S # ¢. Then there exists

x €S, and by theorem II.7 a + ¢ < x < b d. Hence

antie < b d,

(b) implies (e,

(a +c) (ba)! = (a +¢c) (b!' +4d') =

a}
jorn
0
)
l
o

AV
H
(D
/\
)]
5
Q
Q
VAN
O
L]

(¢) implies (d): ILet a <d and ¢ < b. Since
a8 <b and ¢ <4 it follows that (a + ¢) + b 4 =
(as e +b) (8 +c +d) ={(b+ec)(a+d)=>bd, or
a +c¢c <b d. By theorem II.7y a + c€8S.

(d) implies (e): If a + c¢c €S then by theorem
117 8 + ¢ < bd and hetice b d&€ S by theorem II,7.

(e) implies (f): ©Since b A€ S, 8 # ¢, and by
theorems II.7 and II.2, S is a relative boolean algebra.

(f) implies (a): Since S is a relative boolean

algebra, by theorem II.2, S ¥ @.

—
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BOOLEAN FUNCTIONS

{5 e |
I ¥ d1s 8 funelion in B  such that f£(&a.,°*"",a )

-~ o oo - N e Bl e B i e I - oo o . .

adll T ( {j_ 3 9 Ox Lo TR iy il el Lhele eXlsh C 1 9 9 C n o UL

b.,a. + D

et ©c. = 8, ¢ + b.c', Sinece #. b, €. =

i i) L Al et

+ bi, it follcws that

C i = \ia ¢ =k b ct ‘) ] = a. 1 c + -b 9 . P
1 L ki N ; ) i o
e e. e

4 P 9Jc € 1 e f I 5 £ ( o o0 e
v - — & = Q. c =+ C’'o LIS I Cq 9 &
LRSI I Clea = 1 7 = VNI T k- - 0 e e 4

LS A - R S o © S o ) (a g Sl o LD =

! 4 AE n n
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e res t
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theorem III.1l.

o0 L)
3" 9 ./ L
oo o 2 o dte o A 1 T
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L J n
A o0 @ o Y
fleq, sC.) =a+b
A n

@]
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E..ln

lo

+
o'

-]

I
L

Proofs In theorem II1l.1
e Ble

The next theorem follows by induction on eoren
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tion such

where the meet and join

such that

next theorems show

H 4 ol
Vg n ° XA oL
JehEERT e. /' Lhen

since

Ny )

ange 1s

there is

for each i,

and 4 =

that if £

S
end?

where

combina-—

extend over all combinations

is restricted

and d
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Theorem III.5

Let i

f be a boolean function with a, b, ¢, and d
defined above. Then there exi :

at

aiee T = d ©oo0o0 3
LA 0 L 39 9_,1 A 9 9 4
1 e 0o e o \ N i - 3 o o 0o 3 - 2y
N iat  T(c¢ , §Cpd = and £lds, Q) = d,
xhere ¢

csorem III.3%.
Theorem I

fieg, F

be a boolean function with a, b, ¢, and d
[P o SR | ) M v +
gerined above. Lhen tnere

na 2 defined as in theorem
BT 50 By 1€ ) 3

1 Lo
T = N -
LS T N4 4
such that f£(h,,*°° Yo=1d: h <+ lagUse snd
Boeiga o, s which is a
o C. Q19Q, + Q
1

15 i
7_T f(ny,°°%sn,) and T
(Mg " (Mg —-

8,4,b

a,b
X, ESab then f(xl,°°°,_f;

be a boolean function and let

- ~ ®
C,d
Proof: Let LE R be Recall that
1 R gk
: [ 'nwleooo?*l\‘ ) | and tﬁ & ‘rl = = _f
(e); % i
B

follows by theorem IIIl.4
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3T L X5 9 ?}:A"'.L‘l +E =
€~ e
i ol In
,S‘\ l‘vi\\:‘— 9ooo , ) :&_i 000 Xr' e (3|
\ —f:} i
o e. e
o A eeo0o0 . < L oo < i E I 000 ) =
__Z-ﬁ fin- 3 9., ) X~ + Lf(nl, 9nf")j I =
; ; 1 n 1 £a 1
\S ) /B
oo o I 'K 4 - ~ -
e+ <= [flny, M, )17 = 140! = L.
(e, B

®
H
Hy
©
©
L]
-
g
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Theorem III.S8

The range of a function, £, in B when the domain

is restricted to S o # ¢ is 8 q» Where c¢ =
d 9

e oAl f(n-,°°°,nn) where the

a 9 9] a 9 |
~ « 3 - ey i | -~ - -~ ~ e Y N | =
0 anc are all comb ions such that
%l = o 5 o T
U} I > )1 T . Ve




ome immediate results of theorem III.8 are:

The range of a s e is S, .. where
2 h,k

” “(/\ 000 - A o 3 k. e ol o~ e oo 5 ‘)

’ I(€4, 3 €,/ ana = - 1 (€, g € °

(; / R 2 gl <.€\;‘] i N

d B ‘B

Treorem IITI,10
Lett £ Dbe a boolean function whose domain is B.

Whenever there is an i such that e, # O then

! 1 ' o °n S .
R e SWE St Sincge LU0 0] D =

Ny
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BOOLEAN FUNCTICNS IN A RELATIVE BOOLEAN ALGERBRA

T y 9 ~ - 4o J 1 o~
in 1% pe understood that n. a
L
never e, = 0 and n. = Db whenever e. = 1l, This
, - il
o w11l or relatdional ~ At an 11N et
o LOL W L A G $ reiatlonsn I n LUNCTE Lo
in 3 and functions in a relative boole: 1 o f 125
le S : pe a relative boolean ra ol B
= 48

theorem is:

i Da9b° e
then i’ follows that there exists a permutation,

i T 1j+“’°°°’ i, of the first n positive
oL n :

X a X. X. =
: 1 iq 1
L j I ! ]
J - eJ
e 60 _ 71 T o6 o SN N\
XL D + = (b x! + a) =
=L | i I

1

00 e o) o 06 0 o ok ® o0 . 4d
=
18

> Sl o X e




: 1 °n
iE g, = A fer all i, then b Xq X =
n n
le cee 1L

Hence in all cases the statement is true.

An alternate statement of theorem IV.l follows.

then a' b Xq X = a! Xq Ko

A function, g, of n variables of a relative boolean
algebra, 8. ., of B will have the form g(x,,"°’,x.)
i 840 4 n

> . ! n :
g(ny,*°°sm,) %7 °°° x °, where the join extends over

(n) 5
Sa,b

all combinations stuch that either n. = a o0or 7. = b,

b a
X" =x and X" =x° = b x' + a, the complement in 8. ..

The next theorem connects functions in B and

functions in S 5
a,b

If f  is & funetiecn in B, then the ghatement

HhE . ds a funetion dn Sa bii means there exists a
9

. . . et oo o0 = ceo
g in S_ . such that f(xg, X)) = 8(xq, X, )

whenever x,€8 ..
a4 D




Theorem IV.Z2

Nl Sers T A | % > 2 s
Jlap e s s e R A noin By and x.€ 8. . implie
il 5 'Cia i
1 : e o000 _ A ' ) o " T el
that flx., 2%, )& 8. 55 then T is a funmetion in
ok 4l & 9
S when the domain of the variables is restricted

s % SIS B (e ' Am
106 1IolLLows lIrom

f(nl"ooo’nv‘) X‘!..L o0 o0 % 5

il o il

Thus f£(x °°°,Xn) has the form of a function

1

The importance of theorem IV.2 is not obvious

One
e I

~ i1+ S a +1 S < sl AR
esult 1s nact 11 &a boolean




Next it is of interest to examine the

of a boolean function, that is, given a function g

S Y o [ oo e 3 00 e L]

: 2 f( = B ) = e 4

~ SR LIANXq 9 X, J X9 §

s C z; " - 9 L.
LG Wil > 8 n that a necessary and suff ondition
255 o FEE Ly = e S~ C ~ A - r
that a function g in &_ and a funetion £ in B
(= 3 9 M

et g be a function in Sa b? and f a function
9

] o 00 N o a il = f ® 00 3\ ¥
8t b ol , ,nr) = A 2 & P Yl
00096 3 ap ‘,' (,_‘ ooo n L -




a5 n-
oo i e R o ik 7 5
Z 4 < ?Ni 9 =} ! 1§ - 'u‘\/h.e;‘. e )ﬂ ) = a P
= ) e 2 TN . = o e
€ = 0O N, = [ i o s L f"‘ 29
L k) 1 1
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Let g be a funetion in Sa,b and f a function
i B, such that g(x1,°°',xn) = f(Xl,°°°9XE> whenever
X;E‘Sasb° Thew F(1,°°°41) > g(b,***;b) and
fj‘:mdoo_a':}\) < ;A-"’.’-"\';Ocosfzjq

inition of a booclean function

&

b, %,b) = £{1.,%°%.1) b + £(0,***,0) b'. Binee

£7 7% e o e 1.} sl T e oo 3\ e oo o0 \ A~ TS 2 o o Y e
£fb b) = g(b. b) € S5 bo i ( D, s2) < D Therefore
8o
A g
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e o0 o0 b, > 600 » o6 o0 N
Hence g(b, oD = b, gb) = BT, L) b
. 0 o o 3 L o f © oo N\
aad g(b, Nl 8 P BN

Let g be a function in Sa p @nd f a function in
9

B. A necessary and sufficient condition that f be the

seame as g whenever the domain of f 4is restricted

o
Te B b is that the following conditions be satisfied;
L
N &l 4 oo o0 \ P > o 00 © 00 3 b O
4 < g)(nl‘i ‘)nn/’ =~ (619 9\"1’1) = g(n19 9n1’1) + D
(. N S i > 60 e £ ® 00 = ST ©0e 1
i) g(b, ab) L sl) < gl b sb) + Db

7 follows from theorems IV,.3
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FUNCTIONS BETWEEN RELATIVE BOOLEAN ALGEBRAS

A homomorphism between boolean algebras B and B

,_,
n
j

function, h, of one variable such that:

f

h=-

]

2
2) h(p a) = h(p) h(qg)

h(p') = [h(p)]!

N

whenever p and g are elements of B,
If h 1is a homomorphism then h(0) = h(p p') =

h(p) [h(p)]!

1. Hence the distinguished elements are preserved by

O and h(l) = h(p + p') = h(p) + [h(p)]' =

il

the mapping h.

A boolean homomorphism is a homomorphism which can be
expressed as a boolean function.

This section deals with functions. between relative
boolean algebras of B where the functions are boolean
functions,.

Let S_ , and S be relative boolean algebras

a4b e d
of B. Iet h be a boolean function of one variable

in B. whose domain is 8

and whose range is Sp q°
&y

a,b
Let h(x + y) = h(x) + h(y) and h(x y) = h(x) h(y),

whenever x and y are elements of Sa b For all
9

<1€EE‘b, h(q) = h(q + a) = h(q) + h(a). Since the
9
Parige of h is S, ., if pPpES_ g then there exists a
167 g L Ly

q€ Sy p Such that h(g) = p. Hence p =p + h(a) for
9




and h ©pres

a boolean homomorphism,

boolean homomoryg

by theore

domain S

111.8 the

boolean homomorphism

O
M
ct
D
D

¥

a boolean funeltion, b, in B

0
(-

4 )

e

theorem III.8




AN

that the range of f dis S, ;. Since f(x + y) =

- N\ / - N

d{x+y)+c=(dx+c)+(dx+c)=7£(x)+ ) and
N\ - £ - 3

f(zy) =dxy+c=(4dx+c) d + = £(x) £fi

SN R NS s M EEE N Qe T e B L o n o - —ie i B
\1l) 1ApPlies \ 1Lk )s oince all boolean homomor phlsms

a relative boolean algebra it follows

6]

thet there exists a boolean function in B with domain

: Let f Dbe a function with

s
{

(08

Then by theorem III.¢

f(e) £(b) = ¢ and f(a) + £f(b) =4 or
¢ = £(1) a + £{0) bt 4+ £(1) £(0) at b and
d =f(1l) b + £(0) a', Thus a = f(1) a =

o

n V.l that if there is any boolean

N T+ ~ T
Note in theore

fun:tion with domain S_ ., and range S, q° then there
9

gl
exists a boolean homomorphism with that domain and range.

urshermore the constants a, b, ¢, and d completely

det:rmine the existence of a homomorphism.

ther since 85y, =B and Oc =0d and 1' ¢ = 1' 4,

nomomorphism from B +to S




N
14

Let B, ;i and S be relative boolean algebras

g8f B, B is a homomorphic image of Sa wy bhat is

there exists a boolean homomorphism from Sa O 1 SR =
9 W W 9’»,{

if Lf there exists a relative boolean algebra,

S;. 1.9 of B with complementation °, such that a°® = d

A !

1 o L1
o 1. © !
anda } = Co

EFroof: Let B be a homomorphic image of S_ ..

Then by the previous theorem, a ¢ = a d and D! ¢ = b' d.

Thus d at! + ¢ =4d a!' +ac+c=dat' +da +c¢c =

o
H

+c=d and 4 b' +¢c =c¢c b! +¢ = c., Hence

is the relative complement with respect to S, 59 then

.. 0

&
ot
Cf
>
n
~
Q)
=
o
e
&
)
H
o)
i
Y
ot
’, J
®
o
o
r
W

Consider f(x) = x° = k x' + h.,

5

0
=
i

N
3
b
il

[¢

(<]

Since f(a) + £(b) = d and f(a) f(b) = ¢ it follows

from theorem III.8 that f has a range Sc d when
"9

s 8 s By theorem V.1, B, d is

o

a,b

8 homomoiphic image of S_ ..,
o 2 a,b

is a homomorphic image of S be
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B to SC ar Theorem V.4 follows from theorem V.3
9

Theorem V.4

If B is the domain and S is the range of

(o B8
a boolean homomorphism f then f(x) =4d x + Co.
Furthermore f 1is the only boolean homomorphism from

B onto Dcsd°

Let S and S be relative boolean algebras
a,b c,d
3 + . . ; ; " .
In B and °, be the complementation operations in
respectively. 1 S is the mo-
Sa,b and chd espectively £ B is t homo
morphic image of Sa b then the function £ defined by
9
oy*t ] 7 v 1
f(x) = (x°)", will be shown to be a boolean homomorphism
from S to S s flx) e 2T = (x Bl 4+ a) =
a,b ¢ 4 .

d(bx' +a)! +c=4da'x+dbd!'+¢c=4a8a'x+c¢ =
da'x+c¢cax+c. By theorem V.1 ¢ a =4 a thus
f(x) =da'x+dax+c=4x+c, and therefore f

is a boolean homomorphism,

& .
Let Sasb and Sn,k be relative boolean algebras

of B ond %% = B x! + 8, %X =k %'+ H, On page 14

it was stated that f(x) = (((x")°)")° is a homomorphism ;

this will now be shown. By theorem II.6, Sk° ho is a
9

relative boolean algebra with the complement of x
being ((x°)*)°. Thus, from above, f(x) = (((xT)y°)*h)e

1s a boolean homomorphism from S to 8 o
i i - TRk i




A

ATIVE BOOLEAN ALGEBRAS AND SUB-BOOLEAN ALGEBRAS

A sub=boolean algebra of a boo

=)

ean algebra B is a

t__.'

o) 1S )
! which

D wnicn

C‘J

subset of

e meet,  Join an

- e S N SO
0ESs. S dg @ distineguishec
elements O, 1,

N

T

his section deals with the

¢

relative boolean and sub=boolean algebras.

Let SRBA mean f!

1t will be shown that if S is a SRBA of B then
S 1is & BSBA of B &and if 8 418 a RSBA of B then

a boolean alget

\\
n
58]
f‘cd
=
o
0
w3
7‘\
P
D
o
)
0

VI,
] - Ty S sl e g aE e ] e
If o 15 a =-boolean algebra of B allc Sa .
is a relative boolean algebra of S, them 8_ ., is a
(;19 @}

i




ment in the RSBA, Sj ws 18 defined by b x' + a, the same
r.$l,

88 in H_ ... 4Also the meet and join in both S? h and

L 5 0 2l
o, 4, are the same as in B and thus the same, Hence
,.,&.’ v
S is a sub=boolean algebra of S
4D = a,b’

Theorem VI.Z

Let B 1, DPe a relative boolean algebra of B

a.b
w9

and S a sub-=boolean algebra of Sa be Then © is
9
a relative boolean algebra of some sub=-boolean algebra
of B. That is, a SRBA is a RSBA,
Proof: Let 8 = ZXé% X + aéﬁ%jg If x,y€S then

r are elements of S since b (x + y) + a

A

X +y and x
(bx+a)(by+a) and bxy+a=(bx+a)(by+
are elements of S, lLet x€S., Then b x! + a is

the complement of b x + a with respect to S, e

Thus b x' + a€8S and x'€S. Hence S is a sub-

e

algebra of B. Note that, since b a + a€8 and

b Db+ a€S, then a and b are elements of S,

Let Sa,b = {sz EG, 8 < X £ gjo Sa,b is a relative

boolean albebra of S. If x€8, ,CB, then x = b.-x + g,
9
2nd by definition of S, b x + a€8, Hence x€8 and

)

g

& L 8. If x€S5CS, , then a < x<band x = a x + b,
2,0
Thus x€8S_ .. Therefore S = S 1o Since the complement

6of x in S and S 1s b x' + a, and since the meet
and join are the same as in B, the boolean algebras

Sa 5 and S are identical. Therefore S is a RSBA,
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