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Abstract

A “spectral gap mapping theorem”, which characterizes exponential dichotomy, is proven
for a general class of semilinear hyperbolic systems of PDEs in a Banach space X of
continuous functions. This resolves a key problem on existence and smoothness of invariant
manifolds for semilinear hyperbolic systems.

The system is of the following form: For 0 < z <l and ¢t > 0

u(t, x) u(t, x)
% v(t,z) | + K(.’L‘)% v(t,x) | + H(z,u(t,z),v(t, z),w(t,z)) =0,
(SH) w(t, ) w(t, )
4 To(t,1) — Du(t,1)] = F(u(t,),v(t,")),
u(t,0) = Ev(t,0),
u(0,2) = up(z), v(0,2) = vo(z), w(0,2) = wo(z),

where u(t,z) € R™, v(t,z) € R" and w(t,z) € R™, K(z) = diag (ki(z));—; _, isa
diagonal matrix of functions k; € C1([0,],R), k;(x) > 0 for i = 1,...,n1 and k;(z) < 0
fori=ny+1,...n1+no, k;=0fori=ny+no+1,...,n1 +no+n3=n,and D and F
are matrices.

It is shown that weak solutions to (SH) form a smooth semiflow in X under natural
conditions on H and F. For linearizations of (SH) high frequency estimates of spectra
and resolvents in terms of reduced diagonal and blockdiagonal systems are given. Using
these estimates and the theory [36, 42] of Kaashoek, Lunel and Latushkin a spectral gap
mapping theorem for linearizations of (SH) in the “small” Banach space X is proven: An
open spectral gap of the generator is mapped exponentially to an open spectral gap of
the semigroup and vice versa. Hence, a phenomenon like in the counterexample [61] of
Renardy cannot appear for linearizations of (SH). The results here differ to the work
[48] of Lopes, Neves and Ribeiro in essential directions: First, the focus is on the “small”
Banach space X (not LP spaces), which is required for nonlinear problems like (SH).
Second, degenerate and equal speed systems are considered needed for applications to
laser dynamics. Existence of smooth center manifolds for (SH) is shown by applying the
above results and general theory on persistence and smoothness of invariant manifolds,
obtained by Bates, Lu and Zeng [7, 8], in the Banach space X.

The results are applied to traveling wave models of semiconductor laser dynamics.
For such models mode approximations (ODE systems which approximately describe the
dynamics on center manifolds) are derived and justified, and generic bifurcations of mod-
ulated waves from rotating waves are shown. Global existence and smooth dependence of
nonautonomous traveling wave models with more general solutions, which possess jumps,
are considered, and mode approximations are derived for such nonautonomous models. In
particular the theory applies to stability and bifurcation analysis for Turing models with
correlated random walk [33, 31]. Moreover, the class (SH) includes neutral and retarded
functional differential equations.
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Zusammenfassung

Es wird gezeigt, dass ein Satz iiber die Abbildung spektraler Liicken, welcher exponentielle
Dichotomie charakterisiert, fiir eine allgemeine Klasse von semilinearen hyperbolischen
Systemen von partiellen Differentialgleichungen in einem Banach-Raum X von stetigen
Funktionen gilt. Dies beantwortet ein Schliisselproblem fiir die Existenz und Glattheit
invarianter Mannigfaltigkeiten semilinearer hyperbolischer Systeme. Das System besitzt
die folgende Gestalt: Fiir « € ]0,[ und ¢t > 0 gelte

u(t, x) u(t, x)
% v(t,z) | + K(x)% v(t,x) | + H(z,u(t,z),v(t,z),w(t,z)) =0,
(SH) w(t, ) w(t, )
g (1) = Du(t, )] = F(u(t,),v(t,-)),

u(0,2) = o(x;, v(0,x) = vo(x), w(0,x) = wo(x),

wobei u(t,z) € R™, v(t,z) € R™ und w(t,z) € R™, K(z) = diag (ki(x)),_, , ist

)
eine Diagonalmatrix von Funktionen k; € C ([0,{],R), k;(z) > 0 fiir i = 1,...,n; und
kEi(x) <O0flri=mn;+1,...n14n9, k; =0fiiri =ny+na+1,...,n1+n2+n3 =n, D und
FE sind Matrizen. Unter natiirlichen Annahmen an H und F' wird gezeigt, dass schwache
Losungen von (SH) einen glatten Halbfluff im Raum X bilden. Fiir Linearisierungen von
(SH) werden Abschéitzungen fiir Spektren sowie Resolventen unter Verwendung von re-
duzierten diagonal und blockdiagonal Systemen hergestellt. Darauf aufbauend wird unter
Verwendung der Theorie [36, 42] von Kaashoek, Lunel und Latushkin der Abbildungs-
satz fiir spektrale Liicken im “kleinen” Raum X bewiesen: Eine offene spektrale Liicke des
Generators wird exponentiell auf eine offene spektrale Liicke der Halbruppe abgebildet
und umgekehrt. Es folgt, dass ein Phinomen wie im Gegenbeispiel von Renardy [61] nicht
auftreten kann. Die Ergebnisse unterscheiden sich von der Arbeit [48] von Lopes, Neves
und Ribeiro in wesentlichen Punkten: Erstens liegt das Hauptaugenmerk beim “kleinen”
Banach-Raum X (nicht bei LP Rdumen), welcher fiir nichtlineare Probleme wie (SH) be-
notigt wird. Zweitens werden Systeme betrachtet, die sowohl degeneriert als auch gleiche
Geschwindigkeiten besitzen diirfen, was fiir Anwendungen in der Laserdynamik benotigt
wird. Die Existenz von glatten Zentrumsmannigfaltigkeiten fiir (SH) wird gezeigt, indem
die genannten Ergebnisse sowie die allgemeine Theorie [7, 8] von Bates, Lu und Zeng
iiber die Persistenz und Glattheit invarianter Mannigfaltigkeiten im Rahmen des Banach
Raumes X angewandt werden. Die Ergebnisse werden auf traveling wave Modelle fiir
die Dynamik von Halbleiter Lasern angewandt. Fiir diese werden Moden Approximatio-
nen (Systeme von gewohnlichen Differentialgleichungen, welche die Dynamik auf gewissen
Zentrumsmannigfaltigkeiten approximativ beschreiben) hergeleitet und gerechtfertigt, die
generische Bifurkation von modulierten Wellen aus rotierenden Wellen wird gezeigt. Glo-
bale Existenz und glatte Abhéngigkeit von nichtautonomen traveling wave Modellen mit
allgemeineren schwachen Losungen, welche Spriinge beinhalten kénnen, werden betrach-
tet, aulerdem werden Moden Approximationen fiir solche nichtautonomen Modelle rigoros
hergeleitet. Insbesondere arbeitet die Theorie fiir die Stabilitdts- und Bifurkationsanaly-
se von Turing Modellen mit korellierter Zufallshewegung [33, 31]. Ferner beinhaltet die
Klasse (SH) neutrale und retardierte funktionale Differentialgleichungen.

Schlagworter:

Semilineare Hyperbolische Systeme, Glatte Abhéngigkeit von den Daten, Zentrumsmannigfaltigkeiten,
Linearisierte Stabilitdt, Lineare Hyperbolische Systeme, Abschitzungen von Spektrum und Resolvente,
Exponentielle Dichotomie, Spektraler Abbildunssatz, Cyp Halbgruppen, Laserdynamik
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Chapter 1

Introduction

This work has been motivated by the investigation of so called traveling wave
models, which have been used successfully in recent years to investigate the
longitudinal dynamics of distributed feedback multisection semiconductor
lasers, see for example [3, 21, 47, 76, 60, 5, 59, 50, 58, 57, 55, 66, 39, 67, 68,
9, 54]. Such lasers exhibit a very rich and complicated dynamics including bi-
furcations, selfpulsations, hysteresis, excitability, frequency synchronization
etc., and so do the models also. One feature is their S! symmetry which im-
plies the existence of rotating waves, also called on-states or relative equilibria
of the laser. The properties of such stationary states, their stability, domain
of attraction and bifurcations, are important from the applications viewpoint.
Other objects of interest are high frequency self pulsations branching from
the rotating waves via a S! equivariant Hopf bifurcation. Potential appli-
cations are high frequency signal generation and clock recovery in optical
networks.

A lot of such dynamical behavior is described numerically, see e.g. [5, 9,
66, 79, 54| and figure 1.1, but only a few of these results are mathematically
rigorously founded [50, 62, 65, 68, 69]. The reason is that for applying, for
example, abstract dynamical systems theory, one needs a smooth Fréchet dif-
ferentiable semiflow, existence and persistence of smooth invariant manifolds,
that the linearized semigroup exhibits a spectrum (of the generator) deter-
mined exponential dichotomy or a spectral gap mapping property, etc. All
these properties are in general well understood for ordinary differential equa-
tions, semilinear parabolic equations [28] and functional differential equations
[27], but not for semilinear hyperbolic systems, even in one space dimen-
sion. Some of these have been verified within the hierarchy of traveling wave
models, a hyperbolic system of partial differential equations (two coupled
traveling wave equations describing the forward and backward propagating
complex amplitudes of the light) coupled to a spatially extended ordinary



differential equation (carrier rate equation), only in some exceptional cases.
These exceptional cases require that the partial differential equations must
be linear and are just nonlinearly coupled to ordinary differential equations,
which one obtains from the general model by a Galerkin projection of the
carrier rate equation (averaged densities) and neglecting of nonlinear terms
in the PDE (due to nonlinear gain compression). Averaging of carrier den-
sities neglects an important physical effect called longitudinal spacial hole
burning [4, 16, 18, 19, 64].

The general traveling wave model, used in numerical simulations (e.g. by
LDSL tool [54]), is a quite complicated (degenerated) semilinear hyperbolic
system including discontinuous coefficients. The discontinuities are due to
the heterostructure of the semiconductor laser device which is composed of
several different laser sections with significant different electrical and optical
features. The question arises if it is possible to state the above mathematical
properties needed for a rigorous description of the dynamics in a suitable
function space setting for general semilinear hyperbolic systems in one space
dimension that appear in many applications including the traveling wave
model, see the examples section.

In this work I show that general semilinear hyperbolic systems of partial
differential equations in one space dimension can be viewed as smooth dy-
namical systems in suitable function spaces of continuous functions. I prove
a spectral gap mapping theorem for these spaces which characterizes growth
and exponential dichotomy in terms of the spectrum of the generator for the
linearized system. This solves a key problem in the proof of the main theo-
rems on linearized stability and existence of smooth exponentially attracting
local center manifold for a general class of semilinear hyperbolic systems in
1d.

The latter allows to reduce the local dynamics on a lower, often finite
dimensional (nonunique) attracting manifold. Thus one can theoretically
justify reduced models and bifurcations on such center manifolds by investi-
gating only the spectrum of the generator (the equations) of the linearization.
I apply the results to the traveling wave model by calculating several cen-
ter manifold reduced or mode approximation equations. My Theorems are
formulated for a large class of semilinear hyperbolic systems and apply to
many other models (including neutral and retarded functional differential
equations, see section 3). I want to mention the hyperbolic Turing model:
It follows that the stability analysis, performed by T. Hillen [31, 30| and
W. Horstemke [33] in a purely linear context only, in fact implies stability
and the occurrence of bifurcations on center manifolds near the homogeneous
steady state of the nonlinear system.



Section 2 gives an overview of hyperbolic systems and frequently used
symbols.

In section 7 I introduce the general form of autonomous semilinear hyper-
bolic systems. The systems can be degenerate and the generating functions
of the nonlinear Nemytskij operators appearing in the PDE only need to
depend measurably on the space and smoothly with respect to the unknown
variables without growth conditions on the nonlinearities (hence the results
will be local). In particular spatial dependent coefficients in the nonlinear
operator are allowed to be discontinuous as it appears in the traveling wave
model when written in compact form. It turns out that smoothness assump-
tions of the nonlinearity with respect to the space variable are not needed
and in fact do not simplify the setting: Even if the generating function is
arbitrary smooth in all variables including space (or even if it is a most sim-
ple constant coefficient linear operator) the Nemytskij operator will not be
compatible with boundary conditions of the system and hence map into a
larger function space that does not satisfy boundary conditions.

I prove that the solution map is Fréchet differentiable in the chosen space
of continuous functions (with derivative generated by the solutions of the for-
mally linearized system). Hence the equations generate a smooth semiflow.
This smooth well posedness goes back to my very first work in Project D8
of the DFG Research Center MATHEON when I started to analyse the (gen-
eral) traveling wave model with the aim to obtain mode reduced equations in
the nonautonomous case when the laser is subject to some external optical
forcing or injection (see section 11). During that time only mode reductions
were known in the autonomous case. One of my first results regarding the
nonautonomous traveling wave equations are contained in section 10 where
I show that weak solutions depend smoothly on the data in the L* sense.
The weak solutions considered there may possess jumps, and discontinuous
forcings appearing in the boundary conditions are allowed. Considering such
general solutions in L*° space has several drawbacks. I only mention that the
solution map will not be measurable (in the sense of Bochner) with values
in the Banach space L*. Hence, because my work focuses on the dynamics
(invariant manifolds) I have decided in all other chapters® to consider contin-
uous solutions, which satisfy the boundary conditions pointwise. In C' space
including boundary conditions the solutions form a Cy (in time) and smooth
(with respect to state space) dynamical system or smooth semiflow.

In sections 7 and 10 the following technical difficulty appears: Nemyt-

Hor the failure of Bochner measurability in L°° see remark 7.4



skij operators, mapping “large” function spaces (for example the L? spaces
with 1 < p < o0) into itself, are continuously differentiable if and only if
they are affine, even if the generating functions are arbitrarily smooth (see
e.g. [40]). Hence one cannot expect that the weak solutions create a smooth
dynamical system (smooth semiflow or process) on such “large” spaces. On
the other hand, there are at least three reasons preventing a setting in “too
small” function spaces: First, the elements of “small” function spaces have to
satisfy certain (homogeneous) boundary conditions, but the Nemytskij oper-
ators usually do not respect boundary conditions and therefore map into a
larger space. Second, we deal with hyperbolic PDEs, which do not possess
a smoothing property, in general. And third, if the coefficients are discon-
tinuous, then the Nemytskij operators don’t take values in “small” function
spaces.

In sections 4 and 6 I discuss properties and estimates for spectra and
resolvents for linearized hyperbolic systems. One interesting phenomenon
appearing with linearized hyperbolic partial differential equations is that the
spectral mapping property must not hold. In fact there is a remarkable coun-
terexample found by M. Renardy [61], a lower order derivative perturbation
of a two dimensional wave equation with periodic boundary condition, where
it happens that growth and spectral bound are different. Hence one sees
that for hyperbolic PDEs just the knowledge on the location of the spec-
trum extracted from the equations does not give the expected information
on exponential rates, stability or dichotomy of the linearized system, in gen-
eral. One has to be extremely careful when one wants to understand stability
and bifurcations of hyperbolic PDEs by just looking at the location of the
spectrum of the equations (the generator) of the linearization.

For general linearized 1d hyperbolic systems I prove spectral gap mapping
Theorems 5.4, 6.7 and 6.16 in the “small” Banach space of continuous func-
tion. This implies that growth and spectral bound coincide and proves the
presence of an exponential dichotomy under a common spectral gap condi-
tion (on the generator), which is a crucial part in the proof on local existence
of smooth center manifolds for the semilinear problem. I prove the spectral
gap mapping Theorem 5.4 in section 5.2 by using my resolvent estimates,
which are obtained in sections 4.2 for nondegenerate and in section 6.2 for
more general degenerate hyperbolic systems (allowed to contain identical
speeds), see Lemmas 4.16 and 6.14, and checking the conditions of the the-
ory of Kaashoek, Lunel and Latushkin [36, 42|, which is based on the Laplace
inversion formula for the resolvent and explained in section 5.1.

My results differ to the work [48] of Lopes, Neves and Ribeiro in essential
directions: First, I focus on a smaller Banach space X (not only LP space)



which is required to prove stability or the existence of smooth center mani-
folds for nonlinear hyperbolic systems. Second, degenerate and equal speed
systems are considered (by using the more general concept of “blockdiagonal”
reduction) needed for applications to laser dynamics.

By considering applications to laser dynamics the following problem ap-
peared: A condition for the vanishing of couplings plays an important role
for the resolvent estimates under the presence of equal speed and cannot be
removed by sticking to the notion of reduced diagonal system (this condition
was also important in the theory [48]). This condition is violated for the
traveling wave model (although when written in complex form it seems that
the model has different speed this is not true because we must consider it as
a real and not complex system of equations, the nonlinearities are of course
only real differentiable, then the realified and linearized system has to be
complexified, see section 12). Therefore, in section 6.1 I have relaxed this
assumption. The idea here is that in the presence of identical speed coupling
becomes important and hence one has to modify the notion of reduced linear
hyperbolic system which will not be diagonal anymore.

Hence, in “small” C' space the solution maps of hyperbolic systems are
not only Fréchet differentiable, but a spectral gap mapping theorem holds
for the linearized system so that the space can be spectrally decomposed into
invariant subspaces with exponential rates given by the location of the spec-
trum. This allows to apply general results on invariant manifold theory, see
the important work of P. W. Bates, K. Lu and C. Zeng [8, 7|, which I have
summarized in section 8.1 (compare also with the articles “Center Manifold
Theory in Infinite Dimensions” by A. Vanderbauwhede and G. Iooss in |75]
and “Invariant Manifolds for Semilinear Partial Differential Equations” by P.
W. Bates and C. K. R. T. Jones in [6]). It follows that center manifolds
persist when one detects a spectral gap near the imaginary axis for the equa-
tions (generator) of the linearized system in a neighbourhood of a stationary
state which can be easily done in practical applications (see section 4, 6.2).
Therefore, as usual for ordinary differential equations, semilinear parabolic
equations and functional differential equations, by just locating the spectrum
one can perform a linearized stability analysis, have the existence of center
manifolds, calculate reduced equations on such manifolds. Here I could not
use the results of Lopes, Neves and Ribeiro for my applications to nonlin-
ear problems mainly because they excluded the case p = oo, their results
were in the context of large LP spaces, 1 < p < oo, probably not having
nonlinear problems in mind?. The problem appearing again is that LP-space

2in the work of [50, 65, 68, 69] it was possible to work in a large LP (with p = 2) space



for 1 < p < oo is too large and does not have the Algebra property (mul-
tiplication property with compatible norms). Hence (nonlinear) Nemytskij
operators are not Fréchet differentiable as a map of LP, p < oo, into itself.
In the limit p = co the Nemytskij operators become smooth as a map from
L> to L™ [24]. By using the variation of constants formula it follows that
the nonlinear problem is a small perturbation (in the L* or C' space sense)
of the linear problem. This is needed in the proofs for the main Theorems on

linearized stability and existence of center manifolds (Theorems 7.26, 8.15,
11.1 and 12.2).

The results of sections 5 and 6.2 are needed to prove the spectrum deter-
mined linearized stability Theorem 7.26 and the existence of smooth center
manifolds in section 8 (Theorem 8.15) and sections 9, 11, 12. Since sections 5
and 6.2 yield the spectrum determined stability of the linearized semigroup
in C space, and section 7 has shown that the solution map of the semilinear
problem is continuously Fréchet differentiable, Theorem 7.26 follows by a
standard argument. To prove the latter assertion on the existence of center
manifolds using invariant manifold theory the method is roughly speaking the
following [8, 7]: Starting from an exponentially attracting manifold (found
by linearizing around a stationary state or setting a small parameter in the
traveling wave equation to zero) one uses a geometric persistence argument
based on Hadamard’s graph transform to show that this manifold persists.
For this persistence argument one needs to check certain exponential rates
along and ‘normal” to the manifold implying the so called normal hyperbol-
icity of the invariant manifold. It is known that this normal hyperbolicity
condition is not only sufficient but also necessary for the manifold to persist
[46]. For a stationary state and the linear manifolds given by spectral pro-
jection normal hyperbolicity is equivalent to exponential dichotomy or the
presence of a spectral gap near a circle of the linear semigroup, see Theo-
rem 5.17. Moreover, for smoothness of the invariant manifold one needs to
estimate the size of the spectral gap of the semigroup. However, the best one
can do is detect a spectral gap only for the generator (the equations) and
not for the semigroup which cannot be calculated analytically, in general.
Here one applies my spectral gap mapping Theorems of sections 5 and 6.2,
see the Theorems 5.4, 5.7, 5.5, 6.15 and 6.16, where I show that the presence
of a spectral gap of the equations/generator implies a exponentially related
spectral gap for the semigroup. In the first part of section 8 I recall in de-

and use the results of Lopes, Neves and Ribeiro [48] because the model equations had an
exceptional structure where the PDE was linear (neglecting for example nonlinear gain
saturation effects) and only nonlinearly coupled to an ODE



tail the notion of normal hyperbolicity and the required general persistence
theorems for overflowing invariant manifolds for semiflows in Banach spaces
obtained in [8].

In section 12 I explain how generically self pulsations are born via a Hopf
bifurcation for the S! equivariant traveling wave equation under the assump-
tion that a complex conjugated pair of eigenvalues crosses the imaginary axis
transversally (of course this can be easily formulated for more general semilin-
ear hyperbolic systems). Using the dichotomy / spectral gap mapping results
of sections 5 and 6.2 it follows that for parameters near the bifurcation point
there exists a three dimensional, in C' space exponentially attracting center
manifold. By using a suitable rotating coordinate frame and calculating the
ODE on this center manifold one sees that the equations decouple and one
can apply the standard Hopf theorem to obtain the equations for the self
pulsations.

In section 9 I calculate a center manifold reduction for the autonomous
general traveling wave equation exploiting slow fast structure. In section 11 I
show that it is possible to perform the reduction also in the nonautonomous
case. There I derive new mode-reduced nonautonomous equations which
approximate the flow on the center manifold. These mode approximations
extend the autonomous ones which have been used recently for bifurcation
analysis using the path following software AUTO, see [66, 54]. The extension
to the nonautonomous case is still explicit and simple enough that now it is
possible to perform a numerical bifurcation analysis for applications when
the laser is subject to external optical forcing (for example locking of selfpul-
sations [59]). The basic idea here to perform the center manifold reduction
in the nonautonomous setting is to find a suitable boundary homogenization,
which preserves the slow fast structure of the traveling wave equations, then
make the system autonomous by adding a artificial time variable and prove
for the resulting skew product semiflow the existence of a center manifold,
which is similarly done as in section 9 for the nonautonomous model.

Finally, I have added an Appendix section 13. In subsection 13.1 I men-
tion the Fejér Laplace and Fourier inversion formulas which are frequently
used in the proof of Lemma 5.27 and Lemma 5.28 of section 5 where the
growth rate for the linear system is calculated. In subsection 13.2 I note
a well known regularity result for linear inhomogeneous evolution equations
which is used in sections 7 and 10 and in the proof of Theorem 8.15.

In this work I have proposed to use C' space as the phase space for a
geometric dynamical systems approach in the context of semilinear hyper-
bolic system and I give a brief philosophical discussion. Of course there is



no universal rule for selecting a suitable function space and the question
arises if one could select a different setting allowing for a more simple or
elegant treatment. From a mathematical point of view one is driven to se-
lect the space in such a way that certain good properties are available which
are needed to prove the theorems one has in mind. In my case I sought a
space that, first, the solution map becomes Fréchet differentiable, i.e. a space
which is small enough but on the other hand large enough to allow general
nonlinear Nemytskij operators which must not be compatible with boundary
conditions, being the case in applications, and, second, the linearized system
has a a spectral gap mapping property (or spectrum determined exponential
dichotomy), needed to prove the main Theorems on linearized stability and
existence of center manifolds, see Theorems 7.26, 8.15, 11.1 and 12.2. From
this point of view and by noticing the resemblance to the well developed
geometric theory of functional differential equations (see the examples in
section 3.3), influenced by the work of Lunel and Hale [27|, choosing C' space
for hyperbolic systems in one space dimension appears natural. I believe this
choice to be close to optimal (even for Nemytskij operators generated by ar-
bitrary smooth functions) because I do not put any compatibility restrictions
to the Nemytskij operators with the boundary conditions.

I want to note that in related works for hyperbolic equations I know of in
the literature the authors have considered very exceptional Nemytskij opera-
tors which are compatible with the boundary conditions so that they map a
small space into itself: Renardy |62] and Haken/Renardy [26] considered not
edge emitting, but ring lasers. There the spatial domain is not an interval,
but a circle, and the Nemytskij operators map the “small” space of continu-
ously differentiable functions on the circle into itself. Similarly Illner/Reed
[34] and Vanderbauwhede/Iooss [75, Section 4, Example 3| considered ex-
ponential decay and center manifolds, respectively, for semilinear hyperbolic
initial boundary value problems (not related to laser dynamics), where the
nonlinearities are compatible with the boundary conditions. Very recently
R. Racke and E. M. Rivera [63] proved exponential stability for a nonlinear
wave equation with nondissipative damping. I roughly recall their procedure
to point to the crucial technical difficulties of boundary compatibility: First
they prove the exponential stability of the linearized system after bringing it
to a first order hyperbolic system (of the type (H), see section 4) and then
estimating the spectral bound in terms of the damping coefficient by using
a fixed point argument. By applying the Gearhart, Herbst, Prss, Greiner
Theorem they get exponential decay in the L? Hilbert space. By recursion
they get exponential decay in W"? space. Then they use the variation of
constants formula to estimate the solution of the nonlinear equation in terms



of the linear semigroup. Here they put a crucial assumption on the nonlinear-
ity which guarantees that the nonlinear operator appearing in the variation
of constants formula is compatible with the boundary data, so that they are
allowed to put the H? norm under the integral [63, page 24, equation (3.24)].

Throughout my work I do not put any compatibility restrictions on the
Nemytskij operator because this is usually required in applications unless
one considers exceptional cases only. As a consequence I work in a large
but still small enough C' space including boundary conditions. The fact that
C' is only a Banach space and not a Hilbert space has put some significant
length in the proof of the exponential dichotomy of the linear semigroup, the
calculations in section 5.2 are due to this.

This work has been made possible by Project D8 of the DFG Research
Center MATHEON, ‘Mathematics for key technologies’ in Berlin, under su-
pervision of L. Recke. I want to thank him for giving me the opportunity
to do research in the interesting field of hyperbolic PDEs and dynamical
systems, introducing me to laser dynamics, reading my manuscripts several
times and helping me to improve the readability. I would like to thank him
and J. Sieber for discussions and M. Radziunas for providing LDSL tool and
figures. I want to thank K. Lu for his interest and comments. I also want to
mention K. Schneider for support and interest.

Berlin, December 2005,

Mark Lichtner
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Figure 1.1: A two parameter numerical bifurcation analysis of a four mode
approximation of the traveling wave model calculated with LDSL tool [54].



Chapter 2

An overview of hyperbolic
systems and frequently used
symbols

Let ni,n9,n3,n € IN be natural numbers such that n = ny +ny +ng3 > 0
(each n; is allowed to vanish).

The symbol (SH) will denote the following class of (degenerate) semilinear
hyperbolic system with initial and boundary value conditions in normal form

a(“) K()a(gmg) H(z, u(t, 2), v(t, 2), w(t, 7)) = 0
t,x + z,u(t,x),v(t,z),w(t,z)) =0,
ot (t, 2) ox (t, 2)

(SH) ¢ d |
7 [v(t.1) = Du(t, 1)] = F(u(t, ), v(t, ),

u(t,0) = Ewv(t,0),
L u(0,2) = uo(@), v(0,2) = vo(x), w(0,2) = wo(x).

Here x € ]0,1[, [ > 0, and ¢t > 0. The unknowns u,v,w are vectors of the
following dimensions:

uw(t,z) =(ui(t,x), ... up (t,z)) € R™,
v(t,x) =(v(t, z),...,vn,(t,x)) € R™,
w(t, z) =(wi(t,x),. .., we,(t,x)) € R™.

The symbol K(z) denotes a real square n X n matrix,

K(z) = diag (ki(z))1<i<n, (2.1)

11
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where for z € [0, 1]

ki(z) >0 fori=1,...,m
ki(z) <0 fori=mny+1,...n1 + no,
ki=0 fori=ni+ny+1,...,n.

We need that the nonlinearity H is smooth with respect to u,v,w and depends
measurably on the space x € [0, (] satisfying a usual Carathéodory condition.
The possibly nonlocal operator F' is supposed to be a smooth map from
C([0,1], R™) into R™. The matrices E and D are of appropriate dimension.
Initial data is denoted by ug, vg, wy. The precise assumptions will be listed
later in the text using Roman capital letters.

When formally linearizing (SH) we arrive to a degenerate linear hyperbolic
system we denote with (DH)

. 3 ugt,xi K )0 ugt,xi o ugt,xi .
— | vt,z) | + K(x)=— [ v(t,z) | +C(x) | v(t,x) | =0,
on ot w(t, ) Oz w(t, x) w(t, )
P L.ty - Dutt.) = Fult. ) + Gue. ),
u(t’O) = EU(t,O),
L u(0,2) = up(z), v(0,2) = vo(z), w(0,z) = wy(x).

Here C'(z) = (¢ij())1<ij<n 1S a square n X n matrix and F' and G are linear
operators.
If n3 = 0 we have a nondegenerate linear hyperbolic system we denote

with (H)
(0 (u(t,x) 0 (u(t,x) u(t,z)\
ot (v(t,x)) + K(x)% (U(t,x)) +C@) (v(t,x)) -
(H) o 5 (D) = Du(t, D] = Fu(t, ) + Gu(t, ),

u(t,0) = Ev(t,0),
L u(0,2) = up(z), v(0,2) = vo(z), w(0,z) = wy(x).

Corresponding to (DH) and (H) we consider different reduced systems
which we explain now:
If the system has different speed everywhere, that is

for x € [0,]] and 1 < 7,5 < ny + ny with i # j we have k;(z) # k;(z), (2.2)

then the reduced system is by definition obtained by first deleting the non-
diagonal entries in C, then cancel the w equation (if it is present) and going
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over to static boundary conditions u(t,0) = Ev(t,0) and v(¢,l) = Du(t, ).
We denote this reduced system by (Hy):

0 (u(t,x) 0 (u(t,x) u(t,z)\
a3 (i) g (s oo (i) =o
u(t,0) = Ev(t,0) and wv(t,1) = Du(t,!).

where
CO<J:> = diag(cn(a:), -+ o5 Cnitngny+ng (:L’))

is the diagonal part of C'(x) and

Ko(x) = diag(k1(x), ..., kn,in, (7)) (2.3)

(If Nnsg = 0 then K(] = K)
Assume that C' satisfies the following property:

ifi # 5, 1 <4i,5 <ny +nyand k;(z) = kj(x) for some x € [0,{] (2.4)

then ¢;; vanishes on [0, [].

Under assumption (2.4) the spectral properties of the full system can still
be described in terms of the reduced diagonal system. Hence we define the
reduced system to be the diagonal system (Hy).

However, if (2.4) and (2.2) are violated then one can show that the di-
agonal system (Hp) is a wrong choice for the reduced system, e.g. see the
example [45, Example 6.8, p.326] which shows that the difference of the semi-
groups of the full system and the diagonal system is not compact anymore.
Hence the essential spectrum of the semigroup of the full system can not
be detected by the semigroup of the reduced diagonal system anymore. We
will show in section 6.1 that if K is of the form (2.5) (containing identical
entries, so that (2.1)4(2.2) and (2.1)+(2.4) are violated) one can still express
the spectrum of both the generator and the semigroup in terms of spectral
properties of a reduced block diagonal system. We now explain how we have
to define the reduced block diagonal system:

Suppose
kilg, 0 0 0 0 0 0 0
0 kolg, O 0 0 0 0 0
0 0 . 0 0 0 0 0
_ 0 0 0 kolg, 0 0 0 0
K= 0 0 0 0 koy1lg,., O 0 0 » (25)

0 0 0 0 0 0 0
0 0 0 0 0 0 kasgla,,, O

0 0 0 0 0 0 0 0 In,



14

where d; € N, d; > 0, a € N, B € N, % di = ny, 327 doyi = no, I,
denotes the identity matrix in R%*% and k; satisfies (2.2) for 1 <i,j < a+p.
Then write

C(x) = (Cij(7))1cijcass.  Cij(x) € CHX%

and define Cy to be the block diagonal matrix containing the square matrices
Cj; on its diagonal

Cho = blockdiag (Cii)i<icnss-

Then the reduced system, denoted again with the symbol (Hy), is per defi-

nitionem
9 (u(t, ) —i—Ko(x)g u(t, ) L Cola) ut,z)) _
(Ho) f(tt,(og(wgg(t,m, af(t%“’%%(t,l), <U(t’m))
u(0,x) = ug(x), v(0,x) = vo(x).

If K satisfies (2.5) but (2.2) is violated for 1 <i,57 < a+ 3, ¢ # j, we need
to assume a condition analogous to (2.4):

Ifi#j, 1<i,j<a+pand k;(z) = k;(z) for some x € [0,]

then Cj; vanishes on [0, [].

Remark 2.1. The reduced system in blockdiagonal form becomes diagonal
if d; = 1, also the required assumptions on the coefficients become identical
then. Hence the reduced blockdiagonal is a analogous generalization of the
reduced diagonal system. This justifies that we use the same symbol (Hy) for
different reduced systems. From the context it will be clear which system we
mean.

Remark 2.2. Systems with identical speed are not just of academic inter-
est. Important examples from applications are traveling wave models for the
dynamics of semiconductor lasers. At a first glance (see the model equation
(3.10) ) it seems that condition (2.2) is satisfied. But in fact it is not: The
linearized system is obtained in real space (since the nonlinearities are only
real differentiable and not analytic). By realifying the complex part of the
equations one sees that the system is of the above type containing identical
speeds with (2.1)+(2.2) and (2.1)+(2.4) violated. But the realified and lin-
earized system is of the form (2.5)+(2.2) (with dy = dy = 2). Hence the
essential spectrum of the traveling wave model can not be described by the
diagonal system, but by the reduced system in block diagonal form.
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set of natural numbers including zero
field of real R or complex C numbers
see (2.3)
real, imaginary part of a complex number
Image of a linear operator
identity operator or matrix (n? matrix size)
characteristic function to (Hy), see (4.7)
characteristic function (for (H) or (DH)), see Def. 4.2
see (4.6)
residual or continuous spectrum due to degeneracies, see (6.5)
see Proposition 4.3
right spectral bound of the reduced system (Hy):
7y = sup {Re X | ho(A) = 0},
if (Hg) has empty spectrum then by definition v, := —o0
derivative symbol
length of the spatial interval [0, ]
Banach space of equivalence classes of measurable
functions f :]0,{[ — K" such that fol || f(2)||" dz < oo
space of continuous functions on [0, ] with values in K"
Sobolev space of functions f € LP with df € LP.
X, = LP(]0,1[; K") x K™, 1 <p<o0
Phase space for (SH),
= {(u,v,w d) € C([0,1]; K™) x K™ |
u(0) = Ev(0), d = v(l) = Du(l)}
(if ng = 0, then
Y = {(u,v,d) € C([0,1]; K™) x K" |
u(0) = Ev(0), d =v(l) — Du(l)})
stands for the space Y or X, 1 < p < oo, only in
sections 5.1 and 8.1 X denotes a general Banach space
denotes a closed densely defined operator in X corresponding
to the class of linear hyperbolic systems (H) or (DH),
only in section 5.1 A denotes an arbitrary
generator of a Cj semigroup on a general Banach space X
spectrum of A
p=C)\ o, resolvent set of A
see (10.10)
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C,:={\eC||Re| <1}
Cop:={AeC|a<Rel <[}

closure of C, g, i.e. Cop={N€C|a < ReX < B}
Xr:=C([0,7],Y)

Projection in extended phase space by dropping
the “right sided boundary component”.

If (w,v,w) :]0,1] = K™ x K" x K™ and d € [K"2,
then I(u, v, w,d) := (u,v,w) or I(u,v,d) := (u,v).
right sided boundary operator,

if (u,v) :[0,1] — Km+m2,

then A(u,v) :=v(l) — Du(l).
Fourier transform, (§ g) (w) = 5= [ e™"g(v)dv.
Integration by Cesaro means of order 1, see Def. 13.1.

oo

BV (], l],bd”dﬂ') Space of matrix valued functions of bounded variation.



Chapter 3

Examples of semilinear hyperbolic
systems

The semilinear hyperbolic systems of type (SH) studied in this work are very
general and appear in many different applications. A large subclass of equa-
tions which can be considered as linear hyperbolic systems with nonlinear
dynamic boundary conditions are retarded and neutral functional differential
equations, see section 3.3, which are generalizations of ordinary differential
equations with delay.

The first two examples we give are two interesting semilinear hyperbolic
systems for which the whole theory of this work applies immediately. The
stability and bifurcation scenarios of these two examples have been inten-
sively studied in the applied literature |9, 66, 79, 79, 35, 39, 55, 33, 31]. The
first example is a generalization of the classical Turing model, where the dif-
fusion process or Brownian motion is replaced by a correlated random walk.
This yields a more realistic model for reacting moving particles, whose mean
free path length is not small, which occurs in mathematical biology. The
second example is the traveling wave model for the longitudinal dynamics of
semiconductor lasers which we already mentioned in the introduction.

According to chapter 6 of [45] hyperbolic systems often appear in counter-
flow heat exchanger processes, gas absorber processes, tubular reactor pro-
cesses, connected vibrating strings and many other applications. Other ex-
amples of linearized hyperbolic system can be found in the work of Lopes,
Neves and Ribeiro [48].

Closely related to first order hyperbolic systems are second order wave
equations when brought to first order form, see e.g. (3.7) or [63] for another
wave equation.

17
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3.1 Turing model with correlated random walk

Reaction diffusion equations

8tp = Daa:xp + f(p) (31)

model the interaction of particles in space, where

p(t, :L') = (pl(ta I), S >pn(t7 I))

is a vector of densities of n types of particles. The reaction is described by
the ODE 0ip = f(p), where f = (f1,..., fn) : R™ — R™ is smooth. Spatial
spread is modeled by the diffusion equation, Brownian motion, 0;p = DAu.
The diffusion matrix D is diagonal with non negative diffusion coefficients
d; > 0,1 <j <n. System (3.1) is based on the assumption that the particle
number is large and the mean free path length is small. A feature of (3.1)
which is often criticized is that the speed of the particles can be arbitrarily
large. The reason of this pathology is that for Brownian motion the direction
of motion in successive time intervals is uncorrelated. This model may be
appropriate for chemical reactions, but when modeling biological populations
of microorganisms or bacteria, where the particle radius becomes larger, the
assumption of finite speed of the particles is more realistic, see [33] and the
references there. Hence other models of motion such as correlated random
walks, which can be considered as a generalization of Brownian motion, are
studied. Correlated random walks for species in one space dimension yield
hyperbolic systems. They have been studied by Kac [37], Goldstein 23| and
more recently by Hillen [31, 30] and Horsthemke [33] among many others.
Kac found an equivalence with the telegraph equation. One assumes that
particles with density p; have constant speed «; and constant turning rate
;. One splits each particle density p; = u; + v; into particle densities u;
for right and v; for left moving particles. Then one arrives to the following
reaction random walk system [25, 31, 30, 33| on the interval ]0, [

1
8tu]- + "}/ja/,;u]' :,Uj<vj — Uj> + §fj(u1 + Viy...,Up + Un) (32)
1
Owvj — 70,05 =p(uj —vj) + éfj(ul + U1, Uy V).
If one introduces diagonal matrices

[':=diag (y1,...,7), M :=diag(ui,..., )
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and vectors of the state variables u := (uy,...,u,), v := (v1,...,v,) then
one gets the following compact notation for (3.2)

200 D20 (O

Neumann boundary conditions are
u(t,0) = v(t,0), v(t, 1) = u(t,). (3.4)

Other boundary conditions of Dirichlet, periodic or dynamic type are also
used. Introducing the variables p := u+ v and ¢ := u — v (o describes the
net particle flow of each species) system (3.3) with (3.4) can be equivalently
written

Oip + Lo = f(p), (3.5)
at(T + F@xp = —2Mo

with boundary conditions
o(t,0) =o(t, 1) = 0. (3.6)

Assume (p,0) are two times continuous differentiable. If one differentiates
the first equation of (3.5) with respect to ¢ and the second equation of (3.5)
with respect to x, eliminates the derivatives o,; and o,, then one gets the
following reaction telegraph system

pu+ (2M — Df(p))pe = T?pue — 2M f(p) = 0. (3.7)

The Neumann boundary conditions (3.4) transform as follows. Because
o(t,0) = 0 and 0o(t,0) = 0 one gets from the second equation of (3.5)
that 0,p(t,0) = 0, and similarly for x = [. Hence the transformed boundary
conditions are

Dup(t,0) = Oup(t,1) = 0. (3.8)

More precisely the relation of solutions of (3.7) and (3.5) is as follows (see
30, Satz 2.21-2.22)):

1) If (p, o) is a (classical) solution of (3.5) then p is a (weak) solution of (3.7).
w) If p is a (weak) solution of (3.7) then there exists a one parameter family
(0c)cer of functions so that (u,o0.) is a (classical) solution of (3.5).

w) If (p, o) solves (3.5) with Neumann boundary condition (3.6) then p is a
(weak) solution of (3.7) with boundary condition (3.8).

w) If pis a (weak) solution of (3.7) with (3.8) then there exists a func-
tion o such that (p,o) is a (classical) solution of (3.5), (3.6) if and only
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if the following compatibility condition for the initial data p(0,-) holds:

Jo(F(p(0,2)) = py(0,2)) dz = 0.
Multiplying (3.7) by (2M)~" yields

(2M) " pu + (I = (2M)"'Df(p))pe — (2M) ™' T?pyy — f(p) = 0.

Hence, if one considers the formal limit

2

Vj, hj — 00 such that i — dj,
21t
then one obtains the reaction diffusion equation (3.1).

Hillen [31] studied the Turing instability for the two species reaction walk
system (3.2) and found that via the identification d; = 2773] the stability
properties of (3.2) are identical to those of the reaction diffusion system
(3.1) if 21 > 0,, f1(p), where p denotes a homogeneous steady state, i.e.
f(p) = 0. He also found that loss of linearized stability, which does not
appear for the reaction diffusion equation, may occur when 244 > 9,, f1(p).
Horsthemke [33] criticizes that (3.2) is unsound because the rate of decrease
of particles of a given type must go to zero when the density of those particles
tends to zero. Instead of (3.2) he proposes to use the following hyperbolic

system
Ouj + v;0,u; =pi(v; —uy) + %bj(ul + U1, Uy F V) (3.9)
—dj(ug +vr, . Uy + Un)Uy
Ovj — 70,05 =p(uj; — vj) + %bj(ul + U1, Uy Uy)
—dj(uy + v, ... Uy + V)5

with positive birth b > 0 and death d > 0 rates. Also the evolution equation
(3.9) preserves positivity, whereas with (3.2) positivity is not guaranteed. In
[33] Horsthemke performs a linearized stability analysis of (3.9) and finds
different results than [31].

3.2 'Traveling wave model for semiconductor laser
dynamics

The traveling wave model used to describe the longitudinal dynamics of a
DFB multisection laser with m sections S of length |Sy|, attached with a
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chosen physical unit of length, 1 < k < m, is of the following form |3, 21, 47,
76, 60, 5, 50, 58, 57, 55, 66, 39, 67, 68, 9:

( op(t,x) = vy (_(ixizbzl((t?ig)) + L(z,n(t,x))(t, )

+K(z,n(t,x),¥(t, x)),

(3.10)

x T m Ug
om(t,x) = Motz hullr) )jvlg)(t’ L4 Dkt Veror

vse(@) (7 Ji, nlt9) dy = n(t.))

—R(x,n(t,x)) — vgg(z,n(t, z)) [RICEDS
) ) ng ) I 1+€G(x)||1/1(t,z)|| .

\

Here ¢ (t,z) and (¢, x) denote the slowly varying complex amplitudes of
the forward and backward traveling light wave at the spacial position z € ]0, (|
and time ¢t > 0, and n(t,z) is the carrier density at x and ¢. The linear
operator L is defined through

Liz,nyb(t,a) = vy (5}—”) () )w,x),

where vy, denotes group velocity, x a coupling constant due to Bragg grating
and ( a field propagation constant which is modeled by the formula

Blx,n) = —id(z) — zﬁth(‘xsi",(x) B 04(2@ + 1 _;aHg(a:,n)

for x € Sy and n € R. There g(x,n) is the field gain function, ¢ and 3, are
detuning constants, I(x) is current injection, v describes internal absorption
and ay is the so called linewidth enhancement factor. For the field gain ¢
one commonly uses a linear or logarithmic model

d
g(@) (n = 1z )

r,n) = n for z € S, and n € R.
9e) { g ey log () :

Ntr,k

Here ny.; denotes transparency carrier density and g,ﬁf differential gain of
the k-th section. Note that the logarithmic gain model has a singularity at
n = 0 which does not exist physically. Thus this model is not appropriate
for n close to zero (this is of importance when one derives apriori estimates

for (3.10)).
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The operator K (z,n,1) accounts for nonlinear gain and index compression

1 1
o) = i) (i =) ¥

«

) H 1
_Z,UQTTQ(mJ,n) <1 + EI((L') ||wH2 - 1> ¢
2
1 1] ¥

§Ugr9($’ n) 1+ eq(x) ||

aHU g( ) ”¢||2
2 7 L+ er(z) [[¥

The time evolution for the carriers is described by a spatially extended ODE
n (3.10). There I(x) denotes current injection at position z, Ip(t,x) cur-

rent modulation, the sum describes current redistribution, R spontaneous
recombination, which is modeled as

= —eg(x)

+er(x)i 5.

R(x,n) = A(x)n + B(z)n* + C(z)n?

and the remaining terms account for stimulated emission. The symbol xg, ()
denotes the characteristic function for the interval Sy, ie. xg, (z) = 1, if
x € S, and s, (z) = 0 if © ¢ Sy. The initial and boundary conditions are

([ Y(0,2) = o(z),
(<O§ Z ettt )+
V1(t,0) = rewa(t,0) + aft),
(ta) = rm'(Zl(tal)? (311)
U (t, xp+) = T$_17k¢1(t,$k—) + e (t, 2 t),
[ Yalt,zi—) = 1y et met) + g (8 2—).

for x €]0,1[, t >0 and k € N, 1 < k <m (see Figure 3.1). Here zx+ (zx—)
denote the trace at xj from the right (left). The symbols rg, 7, r,j_/ Lk r,jk/ -
are complex reflexion coefficients and «(t) is a optical injection term.

In the autonomous case, i.e. @ = 0 and I; = 0, the equations (3.10) and
(3.11) can be written as a hyperbolic system in the form given by (SH)
of (real) size 5m on the space interval [0, 1] when we write the equations

separately for each section of the laser (see Figure):

) = Uit r-xq) vi(t,z) = 1 (t 2 +x (v — 72))
U(t,2) = Po(t,z-11) Un(t, ) = o (t,z2+ (21 — T2))
) = n(t,z- ) we(t,x) = n(t, o+ x (1 — 2))
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y<
Y=
y
y

Figure 3.1: Boundary conditions at junction k=2 of a 3-section DFB laser

us(t,x) = Uy (t,x9 + v (23 — x2))
Um—1(t,2) = o (t,x9 + (x5 — x2))

ws(t,x) = n(t,zo+x(r3— 22))
Note that the operators of the original system (3.10), (3.11) of size 5 are
generated by spatially discontinuous functions, whereas the expanded system
of size 5m is composed of smooth functions only.
All appearing parameters together with their ranges and physical units are
listed in table 3.1. Here L(-,n(t,-)) operates linearly on (t,-), and K is
nonlinear. The reason for the use of this splitting is, as we will see next,
that the nonlinearity in ¢ is small. Introducing dimensionless variables with
suitable reference quantities as follows !

T . g 5 =
T A =: T, t— gt =1, (3.12)
n N 1 ~
n — =7, Y (Ny1€) 29 =11,
ntrl

where € > 0 is an arbitrary scaling parameter and writing the nondimen-
sional parameters £, [, 8, O, @, Ecs G by, A B, C, I (see table 3.1) and the
intervals Sy := [Tr_1, 2], T} = Zﬁ:o l,, 1 <k < m, our model equations
become

'the author would like to thank M. Radziunas and J. Sieber for providing (3.12)
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with
Lz, n)y(t,z) = (@:(3 ﬁ’é?)l)) U(t, &) for x €10, [, (3.13)
B(#,7) = —i (5(@)+Sth) — (%) 1_2@O‘Hgl(5;,n) for 7 € Sy,
Gl(F) (7 — Dok
§(@, 1) = ?’;(}n( ) ”n) \ forie€SiandneR,  (3.14)
i (Z) 72 log nt—kn)
o o] -
R(.n0) = —2()5a(E.0) 0 (315)
1+ é6(2) HwH
+é(x)i—-9(%, 1) —51,
1+€[($) '(ﬂ
R(z,7) = A(@)n+ B(#)na? + C(3)R. (3.16)

We see that the variable n is two orders of magnitudes slower than .
Since I, A, B,C, by, are all of order O(1072) we can use a scaling ¢ ~ 1072
and rewrite the equations, omitting the tildes, in the following form:

ol z) = (Biz;ﬁg’x?)+L(:v,n(t,x))w(t,x)

_|_6K(:L‘7n(t,l‘),1/)(t,l‘))
atn(t,$> = eF(t,x,n(t,QJ),i/}(t,l')),
where

F(t,z,n(t,x),v(t,x)) = I(t,x)+ Z brxs, () (JCSZ”L(t, y)dy — n(t, z))

—R(x,n(t,z))
o Wl
9wl ) o e
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Table 3.1: In the table we list typical parameter ranges for active laser sec-
tions together with their physical units and the formula describing the re-
lation to the original dimensional quantity which follows from the scaling
(3.12), the last column shows the order obtained. The author would like to
thank M. Radziunas for providing the parameters.

parameter typ. range phys. unit nondim. transform new range order
K 130 102m =1 R = Kk|S1] 3,25 0O(1)
[Skl 250 10~ 5m Ir, := |Sk]/]S1] ~1 o(1)
5 400 102m ! § :=6]S1] 10 0(10)
Bin 40 A1
I 70 1073 A
Bend /|Sk| 11,2 103m~! Otk = (Ben/|Sk|) [S1] ~28 o)
« 15 10%2m T 2a = oSt | 0,75 o(1)
ag —4
Nirk 1 10%4m =3 Nr ke /Totr,1 ~1 o(1)
eql 1,5 10=2%m3 €q = eglenir, 1,5¢ O(e)
gf 10 10212 8= ginera]S1] 2,5 o(1)
Ud 6 10-2Vm?
e 1,6 10~ 19As
Vi 150 10~ 18m3
sk 2,5 Q=V/A
Vgr 0,8 108m/s
UL /(eVirs i) 102 10115~ T b = [S1|1UZ/(eViTs,xvgr) | 3,125-10=3 | O(10~%)
A 3 10851 A= AlS1|/vgr 9,375-10~% | O(1073)
B 1 10~ 16m3s~1 B := B|S1|nir1/vgr 3,125-107% | O(10~%)
C 1 10~40mbs—1 C = |S1|n2, | /vgr 3,125-107% | O(10~%)
1/(eV) 0,292 10345 1m—3 I:=|S1|1/(eVvgrnir1) 9,115-10~2 | O(10~2)
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We have used a slight abuse of notation by having written I(¢,z), by and
R(z,n(t,z)) instead of I(t,x)/e, by/e and R(x,n(t,x))/e. Note that F' only
contains terms of order O(1). In the following we will ignore the dependence
of I, b, R, on the fixed chosen scaling ¢ ~ 1072 and treat € as a sufficient
small variable perturbation parameter.

Remark 3.1. The careful reader would notice that here I have excluded polarization equa-
tions in the traveling wave equations which have been added in recent years visible in several
publications already (although the model with polarization can be treated without difficulties
and falls under my general setting for semilinear hyperbolic systems). The reason for this
decision s that I consider the equations including polarization unsound because the carrier
densities can not guaranteed to be positive anymore. In fact it is not difficult to construct
initial data such that the densities become negative due to the added polarization term ap-
pearing in the carrier rate equation. Nevertheless, I have learned that it has benefits from
the practical numerical point of view because it stabilizes modes.

3.3 Neutral and retarded functional differential
equations / linear hyperbolic systems with
dynamic boundary conditions

Next we show that general functional differential equations are linear hyper-
bolic systems with nonlinear dynamic boundary conditions.

Let ny = n3 = 0 and ny = n > 0. Put K(z) = —1,, where I,, denotes
the identity matrix of IK™. Instead of the interval [0,] we chose the interval
[—7,0]. Then (SH) becomes for ¢t > 0 and —r < z < 0

0 0
d
Co(t0) = Fu(t, ) (3.19)

Define y : [—r,d] — R™ by y(t) := v(t,0) for t € ]0,0[ and y(t) := v(0,1)
for —r <t < 0. From (3.18) it follows that v(t,z) = y(t + z) for ¢ > 0 and
—r < x < 0. Substituting into (3.19) we get

d
dt

where F': C([—r,0],R") — R™. Equation (3.20) is the usual retarded func-
tional differential equation (see [27]).

(t) = Fly(t+-)), (3.20)
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Let ny = ng, and ng = 0. Put K(z) = ]81 _OI ) Let E = I,,. Instead
of [0,1] choose [, 0] then (SH) reads
0 0
au(t,x) = —%u(t,x) (3.21)
0
_ = — 22
506 %) ERUGED) (3.22)
d
4 (t.0) = Du(t,0)) = Flo(t,),u(t,) (3.23)
r T
u(t-g) = v(t-g):
Define y : [—r,6] — R™ by y(t) := v(t,0) for t € 0,6, y(t) := v(0,¢)
for —% <t <0 and y(t) := u(0,—r —t) for —r <t < —%. From (3.22)
we get v(t,x) = y(t + z) for t > O and —f < z < 0 and from (3.21)

u(t,z) =y(t —x —r) for t >0 and —F < z < 0. Substituting into (3.23) we

get
)~ Dyl =) = Fly(t+ )yt — =), (329

where F': C([-%,0],R™)?> — R™. Rewrite (3.24) with G : C([-r,0],R™) —
R™ and obtain the neutral functional differential equation

% (y(t) — Dy(t — 7)) = G(y(t +-)).

We mention the mixed initial boundary value problem originating from
a model for electronic circuit dynamics studied by Brayton and Miranker
[12] which belongs to the class of linear hyperbolic systems with nonlinear
boundary conditions.

3.4 Boltzmann systems

Discrete velocity models of the Boltzmann equations are of considerable in-
terest in the kinetic theory of gases. There has been a lot of work on their
mathematical and mechanical aspects. We refer to the review article [52]
which contains a huge list of references until 1985. In one space dimension
such models belong to the general class of semilinear hyperbolic systems
treated in this work. The simplest discrete velocity approximation to the
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Boltzmann equation is the so called Carleman model:

L O+ au) =* — 2, (3.25)

S

1
V2

One can consider = in some interval, x € [0, ], with boundary

(O — Opv) =u® — v°.

u(t,0) = rov(t,0), wu(t,l) =mrv(tl) fort>0
and initial conditions
u(0,2) = ug(x) v(0,2) = vo(z).

Here u(t,z) € Ry and v(t,x2) € R, are the mass densities of particles with
speeds plus and minus one. The boundary conditions mean that the number
of particles hitting the wall with one speed is equal to ry or r; times the
number leaving the wall with the other speed.

The Carleman model belongs to the class of Boltzmann systems [17]:

Definition 3.2. The system of equations

5 + Uia—x = Z B;kujuk, 1<i<n,
1<5,k<n

7vn)
and collision form B = (B',...,B"), provided the matrices B = (B,
satisfy the following: B’ is symmetric, B, > 0, 1 < j,k < n, j # i, k # i,
and B}, <0 for j =i or k =1i.

is called an n-th order Boltzmann system with velocity states v = (vy, . ..



Chapter 4

Nondegenerate linear hyperbolic
systems

4.1 Basic properties

We consider the class of nondegenerate hyperbolic systems (H) for = € ]0,|

and t >0
0 (u(t,x) 0 (u(t,x) u(t,z)\
ot (v(t,x)) + K(:c)% (U(t,$)> +C(z) (v(t,x)) -
(F) pr [v(t,1) — Du(t,l)] = Fu(t,-) + Gu(t, ),
u(t,0) = Ev(t,0),
where

(HI) K(z) = diag (ki(v)),, ., is a diagonal n x n matrix of functions
ki € C'([0,1],R) which satisfy k;(z) > 0 for i = 1,...ny and k;j(z) < 0
for j=n;+1,...n (z €[0,1]).

(HII) C(z) = (c35(2)); j—1.. , 15 @ n X n matrix with diagonal elements ¢;; €
L>(]0,1[,C), i = 1,...,n, and nondiagonal elements ¢;; € BV ([0,[],C),
ij=1,...,n with i j.

(HIII) If @ # j and k;i(x) = k;(z) for some x € [0,{] then ¢;; vanishes com-
pletely on ]0, [.

(HIV) u(t,z) = (w1 (t,x),. .., up, (t,2)) € C and v(t, x) = (vi(t, ), ..., vn,(t, ) €

Cc
(HV) D € C"»*™  E € C™*™ and

F:C(0,1,€™) — €™, G :C((0,1],C") — ¢

are linear continuous operators.

29
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Remark 4.1. In this section we do not need assumption (HIIL), but it will
be required in sections 4.2 and 5.2. In section 6.1 we will relax condition

(HIIT).
System (H) can be written as an abstract evolution equation

d

%w(t) = Aw(t)

in the complex space
X, = LP(]0,1[;C") x C™* (4.1)
for 1 < p < oo, where w = (u,v,d) and A is a closed operator

A:D(A) C X, — X,,

A(u,v,d) = (—K(x)a% (Z) — C(2) (Z) . Fu+ Gv) ,

on the dense domain
D(A) i= {(u,v,d) € X, |(u,v) € W(]0,1[;C"),
u(0) = Ev(0), d =v(l) — Du(l)}.

It is not difficult to verify that A generates a Cy semigroup in Y, see Propo-
sition 7.18. In special cases, for example if

Fu= Fyu(l) and Gv = Gyv(l),

where Fy € C™*™ and Gy € C"*" are matrices, it is not difficult to
see that A is the generator of a Cy semigroup e* in X, for 1 < p < oo,
see Proposition 7.20, the paper [48]| or the book [45, Theorem 6.2, p. 312]
for a detailed proof. Spectral properties of the semigroup in the space X,
1 < p < o0, have been studied in [48]. Hence the space

Y = {(u,v,d) € C([0,]; C") x C"* | u(0) = Ev(0), d =v(l) — Du(l)},

where C([0,[]; C") is equipped with the sup-norm, is an A-admissible invari-
ant subspace in the sense of [49, chapter 4.5|. This means that e*Y C Y for
t > 0 and the restriction of e to Y is a Cj semigroup in the stronger Y -norm.
The generator of the restriction to Y is the operator Ay : D(Ay) CY =Y,
Ayw = Aw for w € D(Ajy) with domain

D(Ay) ={(u,v,d) € WH=([0,1];€") x €™ |

u(0) = Ev(0), d =v(l) — Du(l) and A(u,v,d) € Y}.



31

Together with (H) we consider the reduced system (Hy)

o {20 w2 (567 s () -
u(t,0) = Ev(t,0) and o(t,1) = Du(t,1).

where Cy(z) = diag(ci1(x),. .., con(x)) is the diagonal part of C'(z). A com-
mon choice of phase space for (Hg) is LP(]0,![,C"), 1 < p < oo, and it can
be written as an abstract equation with an infinitesimal generator Ag of a C
semigroup in an obvious way. It has the Ay admissible invariant subspace

Yo i= {(u,v) € C([0,;€") | u(0) = Bv(0), v() = Du()}.  (42)
In the following we put either
X=X, forpefloof] or X=Y (4.3)

and consider A : D(A) — X as a closed densely defined operator in the
Banach space X.
Let T'(x,y, \) denote the fundamental matrix satisfying

%T(m,y, N = —K(@) '\ +C@)T(x,y,\) forz yel0,1],(4.4)

T(y,y,A) = I foryel0,l].

Let Ty be the fundamental matrix (corresponding to the reduced system)

C%To(:zr,y, A\ = —K Na) (M + Co(x)) To(z,y,\) for z,y € [0,1](4.5)

To(y,y,A) = I foryel0,].

A formula for (4.5) is
To(z,y, \) —exp< JE K1 (z) (A + Col=)) dz).

Let 0(A) := {\ € C| A — A is not invertible} denote the spectrum of A and
op(A) == {X € C | Fyep(a)v20Av = Av} denote the point spectrum. We will
see that the spectrum does not depend on the choice (4.3) of the Banach
space X and hence we will just refer to the spectrum of (H).

Further let I € C™*"2 denote the identity matrix and §;, §;f := f(l), the
delta function at . We put

H(\) = (=AD§, — F,AI§, — G)T(-,0, \) (?) (eCmm).  (46)
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Definition 4.2. The function
h(XA) := det H(\)
is called the characteristic function to (H).
Further we put
ho(X) :=det Hy(N), (4.7)

Ho(A) :=(~ D3y, 18Ty, 0, ) (?) (e crmns)

and call hgy the characteristic function to (Hp).

Proposition 4.3. We have
0(A) =0,(A) ={AeC|h(\)=0}. (4.8)
For \ € o(A) the eigenspace is
Fig(A, \) = {T(-,O, A (?) v | o € KerH()\)} |
In particular, the geometric multiplicity of X is less than or equal to ns.

Similarly for (Hy) we have
o(Ag) = 0,(Ag) ={A € C| ho(X) =0}.

For \ € o(Ay)
Eig(Ag, ) = {TO(-,O, N (?) vo | v € Ker HO()\)} .

For any X\ such that h(\) # 0 the resolvent R(X, A) = (M — A)™" is given by

f u(x)
RNA) g || (2)= v(z) , (4.9)
b v(l) — Du(l)
where

(Z) (.00 (115) HO) B0 (f. 9.b) +/' T(y, NVE(y)™ (f(y)) dy
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and B(A) : X — C™ denotes

BO(S,9,b) == b+ (AD&, + F,G — M §) / T(,y, N K (y) ! (f(y>> dy.

0

In particular, R(A\, A) : X — X is compact for A ¢ o(A).

For any \ such that ho(X\) # 0 the resolvent R(\, Ag) = (M — Ag) ™" is
given by

rovan) (1) =m0 (T) s @0

/. To(y, VK (y)™ (gg;) dy,

0

where

wN9) = (-1 [ Ttk () 4

Proof. We have X\ € 0,(A) iff there exists vy € C"?, vy # 0, such that

(“) (¢) = T(z,0,)) (?) vo and  (=AD§ — F,\I6, — G) (Z) =0.

v
This is equivalent to H(\) having a nontrivial kernel or h(A) = 0. Hence
op(A) ={A e C| h(N\) =0}.

The resolvent equation R(A, A)(f,g,b) = (u,v,d) for (u,v,d) € D(A) and
(f,g,b) € X is equivalent to

Ko (4)rarro(4) = (1)

(=AD&, — F, \I§; — G) () =0.
v

And this in turn, since (u,v,d) € D(A), is equivalent to

(u> (z) = T(x,0,)) (?) v(0) + /OI T(z,y, VK (y) ™" (f) () dy

v 9

b= (=AD& — F, X6, — G) (:j) .
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If X ¢ 0,(A), by inserting the first equation into the second one, we get that
the resolvent equation has a unique solution and v(0) = H(A)"'8(\)(f, g,b).
This shows (4.9) and that 0,(A) = o(A).

We note that A\l — A is a compact perturbation of an isomorphism and
hence a Fredholm operator of index zero. Indeed:

Denote K, (z) := diag (k;(z)),_,

For r € R consider the equation

r{v]+ | \v) | =

d 0

: (4.12)

Q, S

where @ € LP([0,1];€™), & € LP([0,1];€") and d € €™ are given and the
unknown is (u,v,d) € D(A). Here p € [1, 00|, i.e. the case p = oo is included.
This equation has a solution (u,v,d) € D(A) iff there exists vy € €™ such

that
(1)@ = ewtrfy k@ (7w
< [T exp(—r [T K1(2)d2) Ky )(

\ = r(=D,I)§ (Z) .

It is unique iff vy is unique. Rewriting (4.13) we have

S <

) (y)dy,  (4.13)

[

r (exp Tfo — Dexp( Tfol K () dz)E) vo  (4.14)
7 l T oy _ U
— A (D) frexo(or [T K G aE ) (5) )
By (HI) we have lim, o, re™" lo K@ dz — 0 and lim, ., Hre‘“fol k(R dz || —
oo for i = ny 4+ 1,...,n. Therefore for sufficiently large » > 0 the matrix in

the left side of equation (4.14) is invertible. Hence for large r the operator
deﬁned on the left hand side of (4.12) is an isomorphism from D(A) onto
LP([0,1],C™) x €™ (p € [1,00]). Since for (u,v,d) € D(A)

u u o (u u u
M—-A)|v]=|r|v]+ ez (v) + | A=r)lv]|+ ¢ (v)
d d 0 d —Fu— Gu

and the imbedding W' ([0, ], C") < LP([0,1],C") is compact for p € [1, 00].
[
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Since ho(A) is a finite exponential polynomial of the form > "  a,eb*

with b, € R and a,, € C we have the following

Proposition 4.4. The zeros of hg are located in a strip, i.e. there exist
Y0, 71 € R such that A € C with ho(X) = 0 implies A € C, ., -

It is important to know the dimension of the spectral projection associ-
ated to an eigenvalue of A. For example, when studying the dynamics on
a center manifold the knowledge of that dimension is essential. In [43] it
has been shown that the dimension of the range of the spectral projection
corresponding to a single characteristic root g is equal to the multiplicity of
the spectral point g as root of the characteristic equation hA(\) = 0. More
precisely the following theorem from [43, Theorem, p.343| holds:

Theorem 4.5. If )\ is a root of h(\) of multiplicity m, then we have
1) X, = Ker(Al — A)™ & Im(N\gl — A)™,
n) Ker(Agl — A)" = m(X,), where

1
e — R(), A) d)
270 Jia—xo|=6

and 6 > 0 is chosen such that o(A) N{z € C| |z — Xo| <} = { o},
wr) the dimension of Ker(Agl — A)™ is m.

4.2 Estimates for spectra and resolvents

In general the fundamental system 7" to (4.4) can not be calculated explicitely.
And even in the case of constant coefficients it will be a complicated expres-
sion. In the following we will give a series expression for T" in powers of AL
Denote the nondiagonal part of C' by

Ci(x) :=C(x) — Cp(x).
Define for k > 1

Ti(x,y, \) = —ATO(:U,y,/\)/ To(y, 2, VK 1 (2)C1(2)Tu—1(z,y, \) dz.
y

(4.15)
Each T}, k > 1, satisfies the initial value problem

Dy N) = K@) M+ Cole) Tel,9,)) (4.16)

dx
_)\Kil(‘r)cl (l’)kal(QZ, Y, /\)7
Te(z,xz,\) = 0,
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and can be calculated recursively in terms of integrals of elementary func-
tions. We will see that the series

i AT (2, y, \) (4.17)

converges in W1 for sufficiently large |JmA|. Therefore (4.17) is a repre-
sentation of the fundamental Matrix T' to (4.4). However, we already note
here that the explicit expressions for T}, k > 2, are not bounded for A\ chosen
from any stripe C,.. Indeed we will see in the following that the expressions
Ty, k > 2, contain some power terms A\’ with 7 up to the lower integer part
of k/2 which will be due to successive failures in partial integration in the
formula (4.15). After reordering terms for any finite x € IN we will obtain an
explicit representation of the form

T(x,y, A ZA FFu(2,y, ) + O(A ),

for A in a stripe C, and sufficiently large |JmA|, where each Fj is of order 1
with respect to A on stripes C, (by this we mean that for any given r > 0
there exists ¢ > 0 such that || Fi(z,y,\)|| < cfor A € C,, z,y € [0,1]).

To see this we calculate the first two steps 177 and 1. Put
folw,y. 2) = Tolw.y, (g™
o\, Y, . o\r, Y, Yo 5--5Y0

with the arbitrary but fixed initial data yéi) € C, 1 <i<n. Define
foim =\ [ Tule 2 VK s (9 A) d
y
for K > 1. Then the i-th component (1 <i <n) of fy is
£ @y N) = exp (= AT W) du ) exp (= [k (w)ei(u) du) o,
fk (x,y,\) = —Xexp (—fm)\k;-_l u)du) exp< f k7N u)ey(u) d >
Z / exp T (u) + 2&%) du) Zl((;)fk (2, \) dz.

1<i<n
1#4

If we choose y(()l) = forl =1,...,n, where 6;; = 1 if [ = j and 6;; = 0 for
[ # j denotes Kronecker’s symbol, then f,gl) is the entry in the i-th row and
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j-th column of Tj. By assumptions (HII) and (HIII) we can perform partial
integration and get rid of the A factor appearing in the recursion formula for

fka
Ay 3) = = exp (= 7 (W )+ 4 ()euu) d)

> /y A (k7 '(2) =k '(2)) exp ( 2N (k7 () — K () du)

cu(z) exp( [, (ki (u)ci(uw) — k' (w)eu(u)) du) O 4,
E(2) EE k) "

7 oey(u) du
) 2\ g1 cu(x) eXp( y Fi(w) )
= Yo' —exp (— [ Ak (u) du - ~

a2 { (=4 ) ki(z) K '(@) — k(o)

(2

Note that for partial integration we used that in the sum for [ # 7 in the
formula for fl(l) the leading A-exponential of fél) is e Jy M (w)du However,
now fl(i) not only contains 2(n — 1) terms with A-exponential e~ Jv A () du
but also (n — 1) terms of the form e~ Jy Mk ) du 1 <] <n,l+#i Therefore,
in the next step for f, we will not be able to get rid of all A terms by partial
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integration as in the first step:

f;)(x,y, A) = — exp (— fyx e (u) > exp ( f ko (uw)cqi(u) du) Z y(()ll))\

1<z, li<n
la#i,l1#ls

/y I{exp (fj‘" A (K (u) = Ky M (w)) du) C}i EZ;ZI(Z)”

kD) c“(u) oyl (u)
exp (fy (m() iy ()

> du> — exp (ff A (ki (u) = Ky, (u)) du)

P (fyZZ (/fl_l(u)c”(u) o klgl(u)clzb (u)) du) C/;f(f;)) [C]l;lh(fyy))

) — k() /;2 P (fyzl A (Kt (w) =kt (w) du)

z1 CZQLQ(U)_Cllll(U)
4 (w0 (" (555 2457 du) dz | bdz

— 1 2-
dz1 \ hiy(21) kit (21) = k(1)

Partial integration is not possible for the terms in the sum corresponding to
l; = i. Therefore we are forced to keep (n — 1) terms containing A factors:

City (22)Clyi 22) 1
2. / (oo (22) KM (za) — i () 2
1<ls<n 2 l2 2 I 2 2
To#i

+ terms of order 1

However, in the next third step for these (n — 1) terms containing a A factor
partial integration can be done, so that in the third step there will be no
A2 factors, only X or 1 factors. Factors with A? in the multisums will first
appear in the fourth step. Thus, generally for m € IN, terms containing A\™
factors appear for the first time in the (2m)-th recursion step. Besides these
A™ terms there only appear terms, which are bounded for A € C,., where the
bound depends on r, C' and K only. Thus, if we reorder the summands in
the partial sums > _, A~ f,gl) (x,y, \) after partial integration - when possible
- we see that there will be contributions for terms of type A™™ only up to
the (2m)-th recursion step. Since the number of terms in the m-th recursion
step can not (3(n—1))™ after partial integration and reordering we arrive at
a series Y o Al gi(x, y, \) where each g;(x,y, \) is of order 1 for A € C, and
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the rough estimate
. RN
e, V] < 130 = 1)E < (2-3(n = 1)C)?)
where C' is some constant depending only on K,C' and r, is valid. Thus,
if > 0 is given, then for all A\ € C, and Jm(\) sufficiently large we see

that the series Y ;2 |A|7|gi(z, y, A)| is dominated by a convergent geometric
series. We have proven the following

Lemma 4.6. There exists a sequence Fy(x,y,\) of matrices, which has the
following properties:

1) Fach Fy, can be calculated from T,, forn = 1,...,2k. We have Fy = T,
and Fy is the matriz with the i-th diagonal element, 1 <1 < n,

(Fi(z,y,\)),;; = — exp <— f; Mt (w) du> exp <— ym ’ZZ((Z)) du) (4.18)

Z /y C];j(f))pm(z) dz,

1<v<n

v#£i

where

 am(2) 1
S @

m

0,1, 1<l,m<mn, l#m,
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w) For r > 0 there exists a constant ¢ > 0 such that

| Fe(z,y, V|| <& for A€ €. andz,y €[0,]] andk =1,2,....
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w) Forr > 0 there exists d > 0 such that for A € C, with |Jm(\)| > d the
series Y oo NP Fy(,y, \) converges absolutely (in L>([0,1] x [0,1],C™™)) to
T(x,y,\). Forr >0 there exist c,d > 0 such that for A € C, and |Jm\| > d
we have

1 1
7002 = T = 3 i) < e
From (4.16) and Lemma 4.6, #2), we have

Remark 4.7. For r > 0 there exists d > 0 such that for X € C, with
1Im(N)| > d the series Y oo o N Ex(-, y, A) converges in W*2([0,1], C"*") to
T('7y7 >‘) fory S [07”

Let Tr denote trace and Ad the adjugate of a square matrix, i.e. Ad(M) =
(bij)lgi,jgnu where bij = (—1>i+j det(Mﬂ) and sz‘ is the matrix after deletion
of the j-th row and i-th column of M.

Then Lemma 4.6, u2), and Jacobi’s Formula for the derivative D det of
the determinant of a matrix,

(Ddet) (B)H = Tr(Ad(B) H),
where B, H are matrices, imply the following Lemma:

Lemma 4.8. For r > 0 there exist ¢,d > 0 such that for A € C, and
|JmA| > d we have

Hﬁm) — Hy()) — %Hl()\)H < c#,

where

H\) = ATTH(N),

Hi()) = —(F,G)Ty(-,0,)) (?) (D&, —I8)Fy(-,0,)) (?) o (4.20)

'E(A) ~ho(\) — %Tr (Ad(HO(/\))Hl()\))‘ < c#, (4.21)

e h(X) == det H()), (4.22)
" Hﬁ[(x)-1 — Ho(\) ™' + %HO(A)‘lHl()\)HO()\)‘l < c#.
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By definition \"h(\) = h()). Therefore
o(A)\ {0} = {A € C | h(N) = 0}.

It is important to note that for A € C, the matrices Hy(A) and Hq(\)
are bounded (the bound depending on r). Therefore (4.21) roughly states
that for |[JmA| — oo the eigenvalues of (H) are close to the eigenvalues of the
reduced system (Hp), which will be stated in Lemma 4.14.

We need the following Lemma

Lemma 4.9. Let f be an exponential polynomial of the form
FO) =D a;e’ (N a; €C, b €R). (4.23)
j=1

Let Z = {\ € C | f(\) = 0} denote the zero set of f. Foralld >0, a, € R
with a < [ and M > 0 there exists a constant m = m(d, o, 3, M) > 0
such that for all X\ € C, which satisfy dist(\, Z) > 6§, a < Re\ < [ and
|JmA| > M, we have

|f(M)] > m(6,, B, M).

Proof. We fix the proof of [13, Lemma 2.2]. Suppose the assertion was false.
Then there exists a sequence (2,,)men in C, 5 so that

f(zm) =2m—ooo 0, dist (2, Z) > > 0.

Put

.
gm(2) = f(z 4+ zp) = Zajebfzebjmmeibfym, where 2, =: z,, + Y.
=1

Then there exists a subsequence so that g,, converges uniformly on C, 3 to
some function g. Indeed, by passing to a subsequence we can assume that
Ty — T € [, f] and e?¥m — s; € S'. Obviously g, converges uniformly to
g =2 _ja;e’*e”s; on Chg. Let U = {z € C||z] < §}. By assumption
gm(2) # 0 for z € U and ¢(0) = limg,,(0) = lim f(z,,) = 0. By Hurwitz
theorem g must be identical to zero on U, and therefore on C. Hence for all
z € C we get that f(z) = gm(z — 2m) —m—oo 0. Which is a contradiction to
the assumption that dist (2,,, Z) > ¢ > 0. O

As a direct consequence of Lemma 4.9 (see also [10, Corollary 1, p. 145])
one has



42

Remark 4.10. Let f be an exponential polynomial of the form (4.23) and
let o, € R, a < 3, be such that f(X) # 0 for a < Re\ < (. Then for any
0<d<(f—a)/2
inf |f(A)] > 0.
AEC,a46<ReA<F—6

An exponential polynomial belongs to the class of sine type functions:

Definition 4.11 (sine-type function). An entire function f : C — C is called
a sine type function if

e there exist constants a,b > 0 so that |f(z)] < ae®l®! for z € C (f is of
exponential type)

e the zeros of f lie in a strip C_;, for some h > 0

e there exist x € R and m,u > 0 so that m < |f(z +iy)| < u for all
y € R.

We need the following proposition [13, Proposition 2.1] [1, Proposition
I1.1.28, p.61] on the distribution of zeros of a sine-type function

Proposition 4.12. Let f be a sine-type function. Then its set Z of zeros is
a finite uniton of separable sets, that is there exist m < oo sets Z; with

Z =Umr.zZ inf A — > 0.
=1 A7MEIZI:7A¢M| 2

Remark 4.13. In Proposition 4.12 a multiple zero is repeated in a number
of times of its multiplicity. Hence the multiplicities of zeros of a sine type
function is uniformly upper bounded (by m).

If (Hp) has nonempty spectrum we define
- :=1inf {ReA | ho(A) = 0} and v, := sup {Re | ho(A) = 0}.

From Proposition 4.4 _ and 7, are finite. If (Hy) has empty spectrum then
we put by definition v, := —oco and v_ := oc.
For A € C and € > 0 let B.(\) := {z € C | |z — A| < ¢} denote the ball

around \ with radius e.

Lemma 4.14. For each v > 74 there exist only finitely many eigenvalues A
of (H) that satisfy Re X > .
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Proof. Let v > ~,. Denote
o, :={XA € C| \is an eigenvalue of (H) with ReA > ~}.

Suppose the set o, was infinite. Because (H) generates a C semigroup in
the space Y, see Proposition 7.18, it follows that there exists an w > 7 so
that o, C C,,. Because the characteristic function h(\) of (H) is analytic it
follows that the infinitely many eigenvalues of o, must accumulate at infinity
within the closed stripe €, ,. Because v > 7, it follows from Remark 4.10
that
AeCh o

where hg is the characteristic function to (Ho) defined in (4.7). Therefore
(4.21) implies that for sufficiently large d > 0

inf{|h(\)| | A € C,., [JmA| > d} > 0.

Hence if we choose d > 0 sufficiently large we get a contradiction to the
assumption that there existed infinitely many A € C,, with [Jm A| > d and
h(A) = A™"h(\) = 0. Hence o is finite. O

Lemma 4.15. Suppose (Hy) has nonempty spectrum. Then the following
hold:

1) For each 6 > 0 there are only finitely many zeros A of h which satisfy
Red < v_ — 0§ or Re\ > v, + 9.

w) For e > 0 there exists d > 0 such that

(A n{reC|[ImA >d}c | B()).
ho(M\)=0

) Suppose p = infy, 2y, ho(A)=ho(A2)=0 |[A1 — A2| > 0. Then for each n < §
there exists d > 0 such that for each Ay € C with ho(Ag) = 0 and |JmNg| > d
there exists A € B, (\g) with h(X\) = 0. Both h and hy have the same number
of zeros in each B,(X\o). In particular, if (Ho) only possesses algebraically
simple eigenvalues, then the eigenvalues A € B,(X\o) of (H) are unique and
algebraically simple.

Proof. Because hg is an exponential polynomial (Hp) has infinitely many
eigenvalues. Let 0 > 0 be arbitrary and fixed. For 6 € [0,1] consider the
family of operators corresponding to a perturbation from the diagonal oper-
ator with C' = Cj to the nondiagonal one with C' = Cy +

Ag(u,v,d) = (—K(x)a% (Z) — (Co(z) + 6Cy () (Z) . OFu(") +9Gv(~)> .
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Let h?(\) denote the corresponding characteristic function. Put h%(\) :=
=h?(A). Note that KO = hy. According to Lemma 4.9 outside of balls of
radius % around each of the zeros of hg in the strip C,__;, s the function
|ho| has an infimum m > 0. From (4.21) in Lemma 4.8 there exist ¢,d > 0

such that 1
W2 (N) — ho(N)| < o (4.24)

for A € C,__s5,,+5 with |Jm(X)| > d. Therefore for
AE 077_577++5 \ Uho()\O)ZOB()\O, 5/2)

with [Jm()\)| sufficiently large it follows from (4.24) that [h(\)| > m/2 > 0.
And this holds true uniformly in 6 € [0, 1]. Starting from € = 0 this shows
that, as long as we increase § up to 1 all but finitely many zeros of h(\)
must stay in a §/2-ball of an zero of ho(A). By the continuity of a finite
system of zeros with respect to the perturbation parameter 6 [38] it follows
that {A € C|ReX <y —0}U{X € C| ReX > v, + 6} contains only finitely
many eigenvalues. The remaining assertions follow by applying Lemma 4.9
and Rouchés Theorem. O

In the following let IT denote the projection of X onto L*([0,[],C") or
C([0,1],C™) by dropping the boundary component C"2.
From the Lemmas 4.6 and 4.8 we get the following explicit approximation of
the resolvent (4.9)

Lemma 4.16. Suppose there exist « € R, d,e > 0 such that for A € C with
|Re — | < & one has |ho(N)| > €. Then there exist constants ¢,d > 0 such
that for all X € C with |Re\ — | < § and |ImA| > d we have X € p(A) and

; .
R 4) 0 (=D, )6, (5) |
where
() no ()
o ro (f) R (§)+R3(/\) % + Ra()) (f)
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and each of the operators R(\, Ag), Ri(A\), Ra(N), R3(N), Ra(X) and E(N) is
bounded by c. Here R(X\, Ay) denotes the resolvent of the reduced operator
defined in (4.10), By has been defined in (4.11) and the remaining terms are

as follows:
m) (E) Ho(N) ™ (M. ),

m g

ol
o

BN, g.5) == b+ (D, 1) / Fu(l, g, NE ()" (ﬁjﬁ) dy

H(.0) [ Ty VK@) (f @)) dy.

9(y)

@ Ho(N) Hi (M) Ho(N)™ oM (/- 9).

=

=
) E
)

~

1> HoN) " B(N)(f, 9. b),

Y MK (y) ™ (f(y)) dy,

9(y)

Remark 4.17. Suppose ho(X) # 0 for all A € C within the stripe |Re\ — o <
r, with some o € R and r > 0. Because hy is an exponential polynomial of
the form (4.23) Remark 4.10 implies that for 6 <r

inf |ho(A)] > 0.
AEC,|Rer—a|<6

Hence the assumption of our previous Lemma 1s satisfied.

Remark 4.18. Consider the problem with static boundary conditions

(i) i (o) <@z (o)~ (i) =o
u(t,0) = Ev(t,0) and o(t,1) = Du(t,l)

for x € )0,1[ and t > 0. The phase space for (Hy) we consider are X; =

LP([0,1],C™) or X; = C([0,1],C") as for (Hy). Let T} : X1 — X; denote the
Co semigroup for (Hy) and T* : X — X the semigroup corresponding to (H)
with F'=0 and G = 0 in the extended phase space X, orY. Then fort >0
we have T (u,v,0) = (T} (u,v),0). The resolvent formula for (Hy) is identical
to that of (Hy) in (4.10) with Ty simply replaced by T and Hy replaced by H
with F' =0 and G = 0. We define the characteristic function for (Hy) to be
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h which we have defined in (4.22) for (H). If Ay denotes the generator for
(Hy) and A the generator for problem (H) with F =0 and G = 0 then

Example 4.19. As a first example we consider a simple linear model for the
pulsation of distributed feedback (DFB) semiconductor lasers: Fort > 0 and
z €]0,(]

at¢1<t7 l’) = Ugr (-@ﬂh(tv JJ) + ﬂ($)¢1(t, $) + Rl(‘r)l/}Q(t? ‘7:))
Oha(t, ) = vy (Opha(t, x) + B(2)a(t, ) + ko(z)Yr (t, ) . (4.26)
1/)1(757 0) = T0¢2(ta O) ¢2(ta l) = Tﬂvbl (tv l)

Recall from section 3.2 that vy and vy denote the slowly varying complex
amplitudes of the forward and backward traveling waves of the electric field,
[ > 0 s the length of the laser, k1 and ks are complex coupling coefficients,
vgr 15 the constant group velocity, B is a propagation constant and ro, r; are
complex reflection coefficients at the left and right facet of the laser. The
semiconductor laser is composed of several (typically two or three) different
laser sections. Hence the spatially dependent coefficients k1(z), ka(z) and
B(x) possess several discontinuities at the junctions of each laser section.
For k1 = ke = 0 (4.26) describes the so called Fabry Perot laser which
corresponds to the reduced system (Ho) to (4.26). The characteristic equation
for the reduced system is

1 I
ho(\) = §log(r0'r’l)vgrl’1 + ll/o B(x) du.

The eigenvalues of the Fabry Perot laser (zeros of hy) are

1 !

A\ = élog(ron)l”vgr + ll/ B(x)dx + 2miz (2 € Z).
0

In dimensionless variables vy, | and 3 become of order one, see section 3.2.

According to condition (HII) we require that

B e L>*(0,l[,C) and ky,ke € BV([0,1],C).

According to Remark 4.18 system (4.26) can be considered as a special case
for (H), where the right boundary condition 1s(t,1) = riiy(t,1) is replaced by
Or(a(t, 1) —ritpy(8,1)) =0 (F =0 and G = 0). Because the boundary condi-
tions are static, (4.26) can be considered as an abstract evolution equation in
L*(]0,1[,C?), 1 < p < oo, or C([0,1],C?). Let f(\) denote the characteris-
tic equation to (4.26) and h(X\) be the characteristic equation when (4.26) is
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Eigenvalues of H(N)

2Im(Omega), lell/s

=30 -20 -10 0 10 20 30

Relative wavelength, nm

Figure 4.1: Spectrum of the traveling wave operator (4.26) calculated using
LDSL. Here the horizontal axis corresponds to the imaginary axis and the
vertical axis to the real axis. Two modes are close to the imaginary axis.

written in the augmented form (H). According to Lemma 4.1/ the eigenvalues
of (4.26) lie in a strip. Since h(\) = f(X) Lemma 4.8 yields for sufficiently
large A

[f(A) = ho(N)] <

In Figure 4.1 we have calculated the spectrum of (4.26) using LDSL tool
[58, 56, 80] under physical realistic parameter constellations.

>0

Example 4.20. Consider the Carleman model (3.25). For d € R (3.25) has
the homogenous equilibrium state uw = v = d. We study the linearization of
(3.25) in this equilibrium

(Opu + Opu) =2dv — 2du,

Sl

L (Opv — Ov) =2du — 2dv.

S

2
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Then after straightforward calculations we get the following expression for
the characteristic function h:

B()\) B )\exp(l\/)\()\—l—él\/id) )—exp(—l\/)\(k+4\/§d)>
- VAO+4V2d) '

Here \/ A\ + 4v/2d) denotes one of the complex square roots of \(A+4v/2d).

It does not matter which one chooses because the expression for h is not

affected when one changes the sign of \/ X(\ 4+ 4v/2d). The zeros of h are
given by the set

a:{—zﬂd<1i@> |26Z}U{0}.

The characteristic function hg of the reduced system is

ho(\) = exp <l(>\ + 2\/§d)> — exp <—l()\ + 2\/§d)) .

The spectrum og of the reduced system which is asymptotically close to o
according to (4.21) is

00:{—2\/§d+@§z|z€Z}.

Here we have v, = ~v_ = —2v/2d The spectrum o is shown in figure 4.2.
Since the root A = 0 is of order one Theorem 4.5 implies that the eigenvalue
0 has algebraic multiplicity one. Moreover we have that

sup ReA < 0.
Aea\{0}
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Figure 4.2: The Carleman spectrum for d = 0.5 and [ =1
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Chapter 5

Exponential dichotomy / spectral
gap mapping

In Lemma 4.14 we have seen that the closed, densely defined linear operator
A corresponding to (H) always has a spectral gap near «y,, that is for v > v,
there exists > 0 so that

{AeC|y—n<NRed <y} Cp(4),

and there exist only finitely many eigenvalues (of finite algebraic multiplicity)
A with
Red > . (5.1)

For such v let m denote the spectral projection of A corresponding to
the finite system of eigenvalues satisfying (5.1) and denote my := I — 7.
Recall that due to operational calculus the projections satisfy 77 = my,
T3 = Ty, mmy = mom = 0, m;D(A) C D(A) and mAx = Amz, v € D(A),
¢ = 1,2. This means that the chosen function space X decomposes into
X = X1 @ X5, where X; = 71(X) is finite dimensional and X, = mo(X), the
spaces X; and X, are invariant under A and the semigroup e of (H), i.e.
AMDA) N X)) C Xy, eX; € X; and A(D(A) N Xy) C Xy, eMX, C X
If A; denotes the restriction of A on D(A) N X;, ¢ = 1,2, then it is easy to
see that A; is a closed, densely defined operator in X;, that generates a ()
semigroup of bounded operators on X; (by the Hille Yosida theorem), and
the semigroup et decomposes into et = eAttmr, + eA2tn,.

Now the important question arises what information the location of the
spectrum o(A) gives about the asymptotic behaviour of the solutions. In
other words: How does the spectrum of A, which is estimated in Lemma 4.14
and can be easily calculated numerically from the zeros of h in a finite region
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of the complex plane, relate to the spectrum of the semigroup e*. For
example, if
sup {ReA | h(A) =0} <0

one would want to conclude that
sup{|A\| | A € o(e)} <1 (t>0)

which yields exponential stability (by Proposition 5.11), i.e. there exist con-
stants M > 0 and o < 0 so that

||€AtH < Me* for t>0.

Moreover, one needs to relate a spectral gap for A (exponentially) to a spec-
tral gap of e, so that one gets two exponential rates according to the loca-
tion of the gap for decay or growth on X; and X5. This is of basic importance
for existence and smoothness of invariant manifolds, using a persistence theo-
rem (see section 8.1), where the presence of a spectral gap for e (also called
normal hyperbolicity) is required. For this one usually applies a spectral

mapping property:

Definition 5.1 (Spectral mapping property). The semigroup e4* has the
spectral mapping property if for ¢ > 0

(SMP) o(e?)\ {0} = e”Wt,
But we note, that we only need a spectral gap mapping property:

Definition 5.2 (Spectral gap mapping property). The semigroup e has
the spectral gap mapping property if for ¢t > 0 and a < b

(SGM) Cap C p(A) & elerl C pe).

Obviously (SMP) implies (SGM). Although in applications for invariant
manifolds (SMP) is usually known, it does not hold in general for unbounded
generators of Cy semigroups. It is known that a strongly continuous semi-
group has (SMP) if it belongs to one of the following classes of semigroups
[20, 41]:

1) eventually norm continuous semigroups,
1) eventually compact semigroups,

1) eventually differentiable semigroups,

w) analytic semigroups (parabolic equations),
v)  uniformly continuous semigroups.



52

A main difficulty we are dealing with is that the hyperbolic system (H) is
only Cy and does not posses one of the regularizing properties 2)-v) unless one
restricts to trivial cases. Hence for (H) it is not obvious how the spectrum of
A is related to the spectrum of e, Moreover, a remarkable counterexample
found by M. Renardy [61, 41, 45|, a lower order derivative perturbation of
a two dimensional wave equation with periodic boundary condition, namely
the system

Upt = Ugg + Uyy + €Yuy,  (z,y) € R?,
u(x +2m,y) = u(z,y), ulz,y+2m) =u(z,y),

is known, where the spectrum consists only of eigenvalues on the imaginary
axis but the growth bound (see Def. 5.9) is greater or equal to . In other
words in two space dimensions both (SGM) and (SMP) fail.

It is well known that the failure of the spectral mapping property is
completely determined by the continuous spectrum, see [49, Theorem 2.4,
Theorem 2.5, p.46-47]. Hence in the counterexample of Renardy the semi-
group has nonempty continuous spectrum which is not exponentially related
to the spectrum of its generator (it contains point spectrum only).

This shows that one has to be extremely careful when one investigates the
asymptotic behaviour of hyperbolic PDEs. Just the location of the spectrum
does not give the sought information, in general.

Hence it is important to investigate the relation of the spectrum of A
and e for the hyperbolic system (H). A result into this direction has been
obtained by Neves, Ribeiro and Lopes [48] in the context of LP spaces with
1 < p < co. Their main result [48, Theorem A] is that for the semigroups
e and e in the space X, (see (4.1)) with 1 < p < oo, where Ay is the
generator of the reduced system (Hp), the difference et — et : X, — X,
is compact (here e is trivially extended from LP to X, by setting the
boundary d = 0). This implies from a well known fact that the essential
spectral radii of e’ and e4°* must coincide. By showing that the essential
spectral radius of e! is equal to €7+! they conclude ([48, Theorem B])

Theorem 5.3. 1) For any v > 7, the set a(A) N{A| ReX > v} is finite,
w) If |z| > e+t then z belongs to the spectrum of et if and only if z = e
for some X € 0(A),

wi) If v > 4 and there is no solution of h(\) = 0 satisfying Re(\) = v then
[T ()l x, < ce™, t > 0.

Our main result in this section, which is more general than Theorem 5.3,
is the following Theorem:



23

Theorem 5.4 (Spectral gap mapping theorem). Leta < b, a,b e R, X = X,
forpe[l,o0[ or X =Y. Then fort >0 (SGM) holds for (H):

Cap C p(A) if and only if {N € C|e™ < |\ <} C p(e).

It will become obvious (see section 5.2) that Theorem 5.4 is equivalent
to the following Theorem on exponential dichotomy (see Def. 5.14 for the
notion of («a, 3) exponential dichotomy):

Theorem 5.5 (Exponential dichotomy). Let o < 3, a, 8 € R. System (H)
is (o, B) exponentially dichotomous in the spacesY and X,, p € [1,00], if and
only if there exists & > 0 so that h(\) # 0 for A € C with a—§ < Re < B+0.

In this case the exponential rates are independent on p > 1.
As an immediate consequece of Theorem 5.4 we get

Corollary 5.6. Growth bound and spectral bound of (H) coincide:

As another special consequence we get the following improvement of The-
orem 5.3 (we will see that in 22) the constant ¢ is independent on p and the
exponential rate also holds in L* or Y.)

Theorem 5.7. Let X = X, forp € [1,00] or X =Y. Let v > 74 be such
that h(y +1s) # 0, s € R. Let m be the spectral projection according to the
finite eigenvalues A with SRe\ > ~, mo := I — w1 and A; be the restriction of
A to the invariant subspace m;(X), i = 1,2. For all v, > v and vy < 3 <7y
such that {A € C | 72 < ReX < 1} C p(A) there exist constants ¢; > 0
and ¢y > 0, which are independent on the choice of X (i.e. independent on
p > 1), so that fort >0

< ce M and < cpe?t,

HeiAltHc(m(X)) HeAQt”z:(wQ(X))

In particular we have: If |z| > e+t then z belongs to the spectrum of et if
and only if z = e for some \ € o(A).

As we have already pointed out in the introduction of this work our
main Theorems 5.4 and 5.5 are obtained not only in the spaces X, (LP)
(1 < p < ), but in the smaller space Y with the stronger sup norm, which
is needed for nonlinear problems. Semilinear hyperbolic systems of class (SH)
do not form a smooth semiflow in L” or X, for 1 < p < oo, but in the smaller
admissible subspace Y equipped with the sup norm. The reason being that
nonlinear Nemytskij operators are not differentiable from the large LP space
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into itself. Because it is possible to expand the Nemytskij operator as a
map from the “small” space Y into L, we will be able to make conclusions
on the asymptotic behaviour for the nonlinear system by locating spectral
properties of the generator of the linearized system only. In sections 7-8 our
main results Theorems 5.4 and 5.5 for the smaller space Y will be the basis
to prove linearized stability and the existence of smooth center manifolds at
equilibria for semilinear hyperbolic systems when the usual assumptions on
the location of the spectrum of the generator for the linearization are known.

We prove Theorems 5.4 and 5.5 by using the theory of Kaashoek, Lunel
and Latushkin [36, 42| together with the resolvent estimates (4.25). First we
introduce some basic notions and propositions and recall the general results
of Kaashoek, Lunel and Latushkin in section 5.1. Then we prove the main
Theorems 5.4 and 5.5 in section 5.2.

5.1 General abstract theory: Growth rate, spec-
tral gap, characterization of exponential di-

chotomy in terms of the resolvent (results
of Kaashoek, Lunel and Latushkin)

In this section A will denote the infinitesimal generator of a C semigroup
e = T'(t) of bounded linear operators on a Banach space X.

We have the following spectral inclusion theorem [41, Theorem 2.6, p.25]
Theorem 5.8 (Spectral inclusion). Fort >0
6tU(A)

C o(e).

Definition 5.9. The growth bound w(A), also denoted w(e??), is defined
through

w(A) = inf{w € R | there exists a positive number M = M (w)

such that ||€AtH < Me* for t > O}.

Definition 5.10. The spectral bound s(A), also denoted s(e?), is defined
by
s(A) :=sup{Rez|z€a(A)}.
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By Gelfand’s theorem for the spectral radius one has the following |73,
Proposition 1.2.2.]

Proposition 5.11. For all ty > 0 one has

_ logr () _ o Togle®]]

= lim
tO t—oo

w(A)

Here r (e) denotes the spectral radius of e®.

Remark 5.12. [t follows from Theorem 5.8 and Proposition 5.11 that
s(A) <w(A).

The counterezample of Renardy [61] shows that s(A) must not equal w(A)
for hyperbolic PDFEs.

Definition 5.13. We say that the Cy semigroup 7'(¢) has an («,3) gap,
where «, € R and a < (3, if there exists a continuous projection P : X — X
so that for all ¢t > 0 one has PT(t) = T'(t)P, i.e. there exists a direct sum
decomposition X = X; & Xy, Xy = P(X), X3 = (I — P)(X), of T(t) closed
invariant subspaces, such that for the restrictions

Tlt = T(t)p(l and TQt = T(t)|X2

the following properties hold
1) w(Th) < a,
1) (T%);>0 extends to a Cy group (T%)ier on Xz so that w((Ty ")is0) < —f.

The next definition is a variant of Def. 5.13 using the generator: Let A
be the generator of a Cy semigroup in X. Suppose there exists a (bounded)
projection P : X — X such that PD(A) C D(A) and PAx = APx for
x € D(A). This means that A is completely reduced by P, i.e. X = X;® Xy,
where Xy = P(X) and X; = (I — P)(X), A maps D(A) N X, into X; and
D(A)N X, into Xy, and A = Ay (I — P)+ Ao P, where A; = Ajx,, Ay = Ajx,,
D(A;) = D(A) N Xy, D(As) = D(A) N Xs, D(A) = D(Ay) & D(Az). From
the Hille Yosida theorem it follows that A; and A, are generators of C)
semigroups on X; and Xs, respectively.

Definition 5.14. We say A is («, 3) exponentially dichotomous, where «, 3 €
R and a < 3, if — A, is the generator of a Cy semigroup (i.e. e??! extends to
a group) and

Z) w(Al) < a,

n) w(—Az) < —p.



o6

Remark 5.15. In the literature a semigroup T(t) is called hyperbolic if it
has a (0,0)-gap. A generator A is said to be exponentially dichotomous if it
is (0,0) exponentially dichotomous, see [36].

Remark 5.16. The projections P in Def. 5.13 and Def. 5.1/ are unique and
therefore they coincide. They are called the separating projections for A.

Indeed, Remark 5.16 is readily verified:

Proof. Let P and P be projections, Q :=1 — P, Q :=1 — ﬁi satisfying the
conditions of ]?ef. 5.13 or Def. 5.14, i.e. X = X1 ® Xy = X1 © Xy, where
Xy = P(X), Xy = P(X), X = Q(X), X; = Q(X) are all invariant under

et and both T¢ = eﬁg and T% = el"}f_ extend to groups on X, and Xo,

respectively, where w((T5")iz0) < =0, w(( Ty i) < =83 and w((TH)=0) <
a, w((T);50) < a. Thus there exists a constant K > 0 such that

| T Q|| < Ke* || Q]

QPQJH > K left || Px]| ,

|7y Pa|| < Ke " || Px|| forz € X, t >0,

and the same relations hold for 7%, T¢, P, Q instead of T7, 73, P and Q.
rl:hls implies X; = X 1- Indeed, suppose there would exist z € X; \ X, i.e.
Px =0 but Px # 0. This yields the contradiction

Ke|Jo| 2 || Tz | = ||e*e]| = | TPz + TH(T — P)a)|
> || TzPa| — | TH(I - P)al]
>K e || Px|| — Ke® ||(I — P)x|| for t sufficiently large.

To verify X, = X,, suppose there existed z € X, \ Xy, i.e. Qz # 0 and
Qz = 0. Since e is invertible on X, and X, we can define

(e’AtQ:c) =Tyte — Ty 'Px fort >0,

which satisfies e (e="Qz) = Qz and ||e™Qz|| < 2Ke™% (||z|| + || Px]]).
But (e‘AtQm) € X; (from PQz = Pet (eQx) = P (e74Qz) =
TiP (e~*Qz) the assumption P (e *'Qz) # 0 would imply the contradic-
tion 0 < || P (eQz)|| < ||T5*|| |IPQz|| = 0 ) and therefore letting ¢ — oo
in

Qx| = || Tie Qx| < Ke* [l Qx| < 2K (|2 + || Pz]])

yields a contradiction. O
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We have the following observation

Theorem 5.17. Let o, € R, a < 3. Then the following statements are
equivalent:

1) A is (a, B) exponentially dichotomous,

w) e has a (a, B)-gap,

) for all t > 0 the set G(t) .= {\ € C | e < |\ < €'} is contained in the
resolvent set of et

w) there exists ty > 0 so that {\ € C | e < |\ < ef} is contained in the
resolvent set of e/t

If one of the conditions 1) — w) holds true, then the splitting projection P is
given by the Riesz projection

where r € [, e].

Proof. 1) < ) is plain.
n) = w): By Proposition 5. 11 we have r(T}) = sup{|z| |z € o(T})} =
e < e and r(Ty ') = (2 ) | which yields

= e (T2) 5 Pt

inf {|z] | z € o(T3)} = T

At we have o(et) = o(T!) U o(TY) which

Because P completely reduces e
implies 212).

w) = u) Put Q = 2m f (z[ — eAtO)_l dz, where 7 is a simple closed loop in
G(to),and P=1— @ . Then for z € X and t > 0

1 _ 1 _
Qe = 5 / (21 — ™) Yoty dy = Py / et (21 — ) '2dz = eMQu.
i J, i J,

Thus X; = Q(X) and X, = P(X) are e invariant and r(71}°) < eO‘tO if
Q # 0 and r((T3°)™') < e P if P # 0, where T} := eéﬁ and T¢ = e|X

t
From Proposition 5.11 we get w((T})i>0) = % < aand w((Ty ) i0) =

t
% < =0, if (T4)i>0 extends to a Cy group on Xy: For 6 € [0,1]

we put Ty % = (T22) 7' 7329 Then Ty %0 Te = T0T, % = [, ie. TS
is invertible. Thus for each n € IN and # € [0,1] the linear map 77 is
invertible which implies that T% extends to a group on Xo. O
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t

Since the semigroup e is usually unknown in applications it is an im-

portant question how to characterize the (a, 3) gap condition on e in terms
of the known generator A only. If
{AeC|a<Rer <G} Cp(A4), (5.2)

and (SMP) is known, then Theorem 5.17 implies that A is («, 3) exponen-
tially dichotomous. If (SMP) is not known and if X is a Hilbert space then
the Gearhart-Herbst theorem implies that A is («, 3) exponentially dichoto-
mous if and only if (5.2) holds and the resolvent of A is bounded on the stripe
{AeC|a<Red <F}. If X isnot a Hilbert space then the boundedness
of the resolvent is necessary but not sufficient to guarantee that e’ has an
(o, B)-gap |41, Example 2.22]. The theory of Kaashoek, Lunel and Latushkin
gives necessary and sufficient conditions on the resolvent of A which charac-
terize the (a, 3)-gap. The basic idea is to use the Laplace inversion formula
to characterize the growth rate of the semigroup in terms of the resolvent.
For this recall that the resolvent is given by the Laplace transform of the
semigroup [49]:

Theorem 5.18. Let M > 0 and w € R be such that HeAtH < Me“t. Then
R\ A) :/ e MeAl qt for Rel > w.
0

By inverting the Laplace transform one has the following (see [49, Lemma 7.1]
and [49, Corollary 7.5])

Theorem 5.19. Suppose ||€AtH < Me“t. Let p > max(0,w(A)). If x €
D(A?), then
1 p+ico
ey = — e R(s, A)z ds. (5.3)

270 J oo

The Laplace inversion formula (5.3) still holds for all z € X if one re-

places the integral by weaker integration using Cesaro means of order 1 (see
Def. 13.1):

Theorem 5.20. /29, Theorem 11.6.2, p. 350] For each x € X, t > 0 and
p > max(0,w(A))

p+ioco

1
At _ 1) — st A 4
ex 2m’<C’ ) /p_ioo e R(s, A)x ds (5.4)
L T (ot : vl
= — lim e R(p+iv, A)x | 1 — — | dv.

21 T—o0 J_ T
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Remark 5.21. The representation formulas (5.4) and (5.3) are valid for
p > w(A) even if w(A) < 0 (apply Theorem 5.20 to al + A for a > 0
sufficiently large).

We next state the main result of [36, 0.2 Theorem|. For this we need to
explain some notations first. The symbol S denotes the Schwartz space of
rapidly decreasing functions equipped with the family of seminorms

sup 256 (x)],  k,q € N,
zeR

that makes S a locally convex topological Hausdorff space. Let §* denote
the topological dual of & and (-,-) the dual pairing on §* x S, i.e. for
s* € 8§ and p € § (s*,¢) = s*(¢). The space §* is called the space
of tempered distributions. Any polynomially bounded equivalence class of
measurable functions f : R — C can be identified uniquely with an element
in 8* by (f,¢) = [*2 f(¥)e(v)dv. Let § denote the Fourier transform on
the Schwartz space,

(F9) (w) := S /OO e"g(v)dv for ge€S,

21 J_ o

which is continuous and bijective from & onto S with inverse

[e.o]

(S_lg) (t) = / e “tg(w) dw.

—00

t

Theorem 5.22. The semigroup et is hyperbolic if and only if

1) There exists anw > 0 such that {\ € C | |ReA| <w} C p(A),
w) sup RO, A)| < o,
[ReA|<w

) (C, 1) — / R(p + iv, A)z dv ezists for each x € X and |p| < w,

w) For each |p| < w there exists a constant K, > 0 such that for all
r € X,z* € X7, the functionr(-,p,x,2%) : R — C, defined by
r(v,p,z,x%) = 2" R(p + iv, A)z,
satisfies

‘<T('7 P, T, I'*), @)S*

< K, all o | |87l gy for allp €5, (5.5)

Since (-, p, x,z*) is bounded it can be identified with a tempered dis-
tribution in §*. The Fourier transform on §* is defined as the adjoint of
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the Fourier transform § : & — S of Schwartz functions and denoted with
the same symbol §. Since S is dense and (L')* ~ L* (5.5) means that
the Fourier transform §r(-, p, z,z*) of r in the sense of distributions can be
identified with a bounded measurable function and the inequality

187 (s oy, )| oo < B ]| 27| (5.6)

holds (from the inversion formula (5.4) it follows that ¢t — §r(-, p, z, x*)(t) is
continuous).

Theorem 5.22 is a consequence of the following characterization of the growth
bound [36, 2.1 Theorem]|:

Theorem 5.23. The growth bound w(A) is the infimum of the real numbers
p satisfying the following conditions:

1)o(A) C {X € C | Rel < p},
w) sup [|[R(A, A)|| < o0,
ReA>p

w)(C, 1) — / R(p +iv, A)x dv ezists for each x € X,

o0

w)for eachx € X, xz* € X*,
the functionr(-, p,z,z*) : R — C, defined by
r(v,p,x,x*) = 2" R(p +iv, A)x,
satisfies

|<7”<', P, T, x*>7 @)S*

< K, ||z|| ||=*| HS’%@HLI(R) forallp € S.

Remark 5.24. Conditions 1) — w) imply (see [36, 2.3. Lemma]) the repre-
sentation formula (5.4) for the semigroup. Therefore
1 <
e Pledly = 2—(0, 1) — / e R(p + iv, A)z dv.
™ —00
Hence w) and (5.6) imply (it is not difficult to see that the Fourier transform
in the (C,1) sense coincides with the Fourier transform on S8*)

e [leta]| = iy S (B oy ;7)) (1) < K ] -
I*e *7 x* =

Thus w) yields the growth bound

] < Ko
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Remark 5.25. Latushkin and Shvydkoy have shown recently [42, Theorem 2.7]
that the integrability condition wi) is a consequence of w). Thus 1) can be
dropped.

Next we give a characterization of («, ) exponential dichotomy which is
slightly more general than Theorem 5.22. The proof is basically the same as
for Theorem 5.22.

Theorem 5.26. A is («, 3) exponentially dichotomous, o < 3, if and only
if there exists an § > 0 such that

) p(A) D Casprss
w) sup  [[R(A A)|| < oo,

AeCa—s,8+5

1) (C,l)—/ R(p+iv, A)x dv exists forz € X anda— 3§ < p < [+,

o0

w) For each oo —§ < p < B+ 9 there exists a constant K, > 0 such that
forallx € X, x* € X*, the functionr(-, p,z,z*): R — C, defined by
r(v,p,x,x*) = 2" R(p +iv, A)x,
satisfies

|<T(-, Py, ZE*), 90>3*

< K, ol 2l 3¢l oy Sor allp € 5.

5.2 Proof of the spectral gap mapping / expo-
nential dichotomy theorem for hyperbolic
systems

In this section we prove Theorem 5.5 by showing that the conditions of The-
orem 5.26 are fulfilled under the assumptions of Theorem 5.5. Hence we
assume the following:

(A): o < and 0 > 0 are such that h(\) # 0 for A € Co_s5+s-

Under this assumption we have to show that the conditions of Theorem 5.26
are fulfilled when X is the Banach space X =Y and X = X,,, and A is the
generator corresponding to system (H).

From (A) it follows that

ho()\) 7é 0 for MNe Ca—é,ﬁ-{-é-
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Indeed, if there existed Ay € Cyo_s 545 With ho(Ag) = 0 then hy would have
infinitely many zeros A with Re A\ = Re \g. From this we would conclude
similar as we deed for Lemmas 4.8 and 4.15 that h had a zero in C,_s 4.

Relation (4.8) directly implies condition 2) of Theorem 5.26. By possibly
making 6 smaller and applying Remark 4.10 we can assume without loss of
generality

a75<i1)£g\‘<ﬁ+6 [ho(N)] > 0. (5:7)

Then Lemma 4.16 implies condition #2) of Theorem 5.26. The remaining
condition we have to check is w), it implies condition #22:) by the results of
Latushkin and Shvydkoy [42]. In the rest of this chapter we will verify con-
dition sw). This will finish the proof of Theorem 5.5 (all calculations will not
depend on p > 1). Before we start we show how Theorem 5.7 follows from
Theorem 5.5 and how one sees the equivalence of Theorem 5.4 and Theo-
rem 5.5:

We prove Theorem 5.7: If v, 4; and 7, are chosen as in Theorem 5.7,
then by Lemma 4.14 there exist 6 > 0 so that C,,_s5.,4+5 C p(A). Hence The-
orems 5.5 yields (72,71) dichotomy. Let 7; denote the separating projection
and 7y := I — ;. By Theorem 5.17

1
g = — (21 — e dz.

271 |z|=ev2t

We have that er}fl (X) extends to a group and there exist constants ¢, > 0 and
c; > 0 so that for t >0

(-1)

A (—t
€17 (X) < cpenh),

< e and ‘

At
||6\7?2(X)HL(7~TQ(X)) ‘C(ﬁl(X))

We have to show that 71 = 7, where

™= /(z[ — A tdz,
B

is the spectral projection accorting to the finite eigenvalues with Re A > v
(B is a closed rectifiable simple loop around these finite eigenvalues in the
half plane Re z > ~): Indeed, for z € X

™Mr = 7T1(ﬁ'137+77'2$)

= /ﬂ(z[ — A)l;i(X) dz Tx + /ﬁ(z[ — A)Eé(x) dz Tox
I (x) ™1 + Oz, (x) T2

= 7~T123.
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Let z € C, |z| > €7+, belong to the spectrum of e*. Choose 1, 72 and 7 so
that v, <o <y <y < logT‘Z'. We have either z € o(e?) or z € o(e??!).
By Theorems 5.5 and Theorem 5.17

ole®) c{zeC]|z] < e}

Hence z € o(e?1!). Because the spectral mapping theorem holds for the
bounded operator A; there exists A\ € o(A;) C o(A) so that z = eM. If
z = e for some A € o(A) then by Theorem 5.8 z € o(e??). O

The equivalence of Theorem 5.4 and Theorem 5.5 can be seen as follows:
Assume Theorem 5.5 holds. Let a < b and C,, C p(A). Then for any
a < [ that satisfy a < a < < b we have that A is («, ) exponentially
dichotomous. By Theorem 5.17 we get that {\ € C | e < || < €7} C
p(e). This shows that {\ € C | e® < |\ < €'} C p(e?). If {\ € C |
e < |\| < €'} C p(e?) then by Theorem 5.8 it follows that C,p, C p(A).
Conversely suppose Theorem 5.4 holds. Let a < 3, o, 3 € R and suppose
there exists § > 0 so that C,_53+5 C p(A). Then by Theorem 5.4

el |e <N <Py c{re | et < |\ <P ple).

Theorem 5.17 implies that A is («, 3) exponentially dichotomous. Finally,
if A is («, ) exponentially dichotomous then from Theorem 5.17 it follows
that

dist ({A € C | ™ < |A| < €7}, a(e™)) > 0.

Hence Theorem 5.8 implies that there exists ¢ > 0 so that C,—_s5+5 C p(A).
]

Now we return back to the proof of Theorem 5.5. We assume (A), (5.7)
and p € Ja — 0, 8 + 0[. We will show that condition wv) holds:

Since it will be used frequently, we denote with 7,;(p 4+ iv), 1 <1i,5 <n,
the 7-th row and j-th column of the matrix

(?) HiYp+iv)(D,—I).

Since Hy'(p + iv) = mAd Hy(p + iv), and both ho(p + iv) and the

elements of Ad Hy(p + iv) are exponential polynomials, where ho(p + iv) is
bounded away from zero by (5.7), it follows from the 1/ f theorem of Bochner,



64

Wiener, Pitt and Cameron [11, 78, 51, 14] that the elements of H; ' belong
to the algebra

A = {f | f(x) =300 ane®™? a, € C,b, € R, Y07 aa| < oo}

of absolutely convergent exponential series. This implies that the Fourier
transforms of the entries of H, ! are of the form Y "> | a,d_y,,, where >_°7 | |a,| <
oo and d_p, denotes the delta distribution at —b,,. In other words the trans-
form is a measure of countable Dirac masses on R with bounded variation.
Further we put

h = (hj)j=1,.n:=(f,g) and

l
Imj(v) = /0 exp (—Z’V Jy ket (2) dZ) exp (— Jy ) dZ) ko () o () dy

forveRand 1 <m,j <n.
For (f,9,0) € X, z* € X*, v € R define the scalar matrix function

TO(V7p7 (f,g,O),fL'*) = <l‘*, (R(p+ZV, AO)(fag)v (_D7I) R(p+ZV7 AO)(f7g))> :

To prepare the proofs we recall that by Riesz’s representation theorem the
dual space C* of C' = C([0, 1], C") is isometrically isomorphic to the space of
countable additive C" valued Radon measures on the Borel sigma algebra B
on [0, ] with the finite total variation norm. That is for * € C* there exists a
Radon measure a = (o, ..., ay) : B — C" such that for ¢ = (¢1,...,pn) €

c((o,1]; €")
@ =Y [

The dual of LP([0,1]; C™) is L%([0,1]; C™), where ¢ € |1, o0] satisfies %—l—% =1
for x* € (LP([0,1]; C™))* there exists a unique f € L%([0,(]; C™) such that for
@ € LP([0,1]; C™) we have

(2", ) = /[ s

where A\ denotes Lebesque’s measure on R.

Lemma 5.27. Suppose (A), (5.7) and p € Jao— 6,8+ d[. Then there exists
k > 0 such that for v = (f,q,0) € X, z* € X*,

Slro(,p, z,2%)] € L=(R) and [|F[ro(-, p, 2, 2]l o < K[(f, 9, 0)] x [|27]]-
(5.8)
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Proof. First assume X = Y, so (f,g) € C([0,1];C"). Corresponding to
x* € X* there exist bounded Radon measures «;, 1 < i < n, on [0,!] and
Z1,...,%Tn, € C such that

n

TO(”? P (f,g,O),l’*) :ZTOJ(% P, (f?g70)7aj) + Zﬁ)j(%pa (f7g70)7xj)7

J=1

where for j =1,...,n

l
i (£.9.00 ) i= [ RO o+ i Ao)(f.9) day
0
and for j =1,...,n9
Foj (v, p, (f,9,0),25) = x; (=D, 1) R(p + iv, Ao)(f, 9)), -

Here RY(p + iv, Ag)(f,g) denotes the j-th component, 1 < j < n, of the
resolvent R(p + iv, Ag)(f,g) and ((=D, )6, R(p +iv, Ao)(f, g)); denotes the
j-th component, 1 < j < ng, of the C" vector (=D, I)R(p + iv, Ao)(f, g).

We show (5.8) for ro; (we omit 7y; because it is even simpler). For j =
1,...,n we have from (4.10)

Toj = (Z Tim(p + iV)Tij) + Tojo0,

m=1

where form=1,...,n

Tojm ‘= /o exp (— [ (p+ v+ cj;(r) k; () dr) doy(y) - Lum(v)

and

Tojo 1= /Ol </0y exp (— [V (p+iv+cj(r) k; () dr) k5 (2)hy(2) dz) da(y).

By Fubini’s Theorem, the Fejer Laplace inversion Theorem, Lebesgue’s dom-
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inated convergence and the change of variables x = f; k1(r) dr we have

1 o
—(C,l)—/ e“"rojm(v)dv

o0

:/Ol (%(6,1)—/_00 exp (iv (0 — [V () dr)) T (v) du)

o0

exp ( Oy pzcij(r dr) da;(y)

l 1 o] fé k,}l(r) dr '
:/ <%(C, 1)—/ exp (iu (w - k;l(r) d?”)) / e
0 —00 0

() exp (= [1) b () (0 + () dr) d dv)

exp (= [/ 17 (1) (p + 15(r) dr) dayi(y)

:Sgn(kj)/ol <%<c,1)—/_ exp (iv (w— [V K )dr))/_
exp (= J; kf(r)(p + (1) dr) day(y)

/0 ( fo j ) exXp ( fo )(p+cj(r)) d?") daj(y)

e~ () du dV)

o0

where
itz eo, [ kM) dr] U L[]kt (r) dr, 0]
x(z) = { 0 elsewhere ’ " ’
() = X(@)hu(2(@)) exD (= 1) k() (o + (1)) dr) (C: R ©),
1

((2) = 5 () +Cam))

Since ¢ has compact support we have proven
Srojm € L with compact support and (5.8) holds for 7. (5.9)

Hence for m=1,...,n
S (rojm * Tjm(p + 7)) = Frojm * T (Tjm(p +i-)) € L™
and || (rojm - Tjm(p 4 @)l oo < 8rojmll o 187jm (0 + i)l 14, »

where ||F7jm(p +i-)|y,, denotes the total variation of the measure §7j,(p +
i-) on R.



67

Suppose X = X,. Then h = (f,g) € LP([0,];C"). Since C([0,!];C") is dense
in LP([0,1]; C") (1 < p < o0) we can choose a sequence (h;);en in C([0,1]; C")
which converges in LP to h. Then the above calculation is valid for h; instead
of h. The integration with respect to the bounded measure da; is replaced
with Lebesgue integration with respect to some L9 density corresponding to

€ (LP)" ~ L%, where q € |1,00], ¢ ' +p~! = 1, is the conjugated exponent
to p. By Hijider’s inequality (5.9) holds uniformly in 7. Since rojm,(h;) —
Tojm(h) in 8* (even in L*) we have Frojm(h) = lim; o0 s+ §T0jm (). Since
§rojm(h;) is bounded in L*, by weak-* compactness of L, after possibly
passing to a subsequence, we see that 7o, (h) € L and (5.9) holds for the
limit also.

In the following we will assume X = Y, the case X = X, follows simi-
larly as just explained.

Using the change of variable z = — fo (r) dr we have

j

%(C, 1)— /Z eiw”rojo(u)dl/
l 1 00
/0 p(— [k j )(p+ c;;(r)) dr) <%(C, 1)—/_ exp (iv(w— [’ ]{j—l(r) dr))

Y

exp (iv [Z k1 (r) dr) exp (f7 k1) (p + ci5(r)) dr) Zj Ez; dz du) do;(y)

~

NN

exp (— [ k j r)(p + cj;(r))dr)

o0

%(C’ 1)— /_OO exp (z’u(w — foy kfl("’) dT)) /_

[e.9]

VR

e~ (x,y) dx du) daj(y)

[e.9]

l
= [ exp (= 2100+ (D) dr) (o = Y () ) o ),

where {(,y) = (=1)*0x, (x) exp (J5 k7 (1) (p + 15(r)) dr ) hy(2(2). 5(5) =
0if 1 < j < my, s(j) =1 1fn1+1 < j < n, xy is the character-
istic set function to [0, — [ k; ' (r)dr] U [— [ k; ' (r)dr,0] and ((z,y) =

0
(C(:C—i— Y) +§ T—, y)> Thus we have

§rojo € L™ with compact support and (5.8) holds for 7.
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We continue verifying condition v) of Theorem 5.26 using estimate (4.25).
Note that (4.25) is valid on stripes if [Jm A| is sufficiently large. But we
need an estimate of type (4.25) on the whole stripe C,—_sg+5. Such is easily
obtained: let —s < o — ¢§. Then for A € C,_5 315 we have

+5 i - (Rl(/\) (g ) + Ry(N) (J;) +Rs(A) (g) TR (g))

——&(\ b
and &, R1, R, Rs, Ry are bounded for \ € Ca—s845-

Hence define the scalar 'matrix elements’ corresponding to the nondiag-
onal terms of (5.10). Put

F(w.p, (f,9,0),27) =k <x (Rilp+iv) (g) (=D, )8R (p + iv) ( ) >
<:1c*, <R2(p+il/) (5) (=D, 1§, Rs(p + iv) f;) >
f f
r(vp. (f.9,0),2%) ==t <x*,<R3(p+il/) (g) (=D, )6, Rs(p + iv) (‘Z)> ,
(o (o))
(5.

T‘;(V, P (fv 9, O)a I*> ::p+sl+il/

b

r4(lj p? (f g7 ’ . p—‘rS-‘er/

Lemma 5.28. Suppose (A), (5.7), p€la—0,8+0[ ands € R, s > —a+90.
Then there exists k > 0 such that for (f,g,b) € X and z* € X*

87, (f,9,0),2%)] € LZ(R), 877l oo < £ 11(f, 9,0l x [l27]] (4 = 1,234)7 |
5.11

8lrs(, (£, 9,0),2)] € L¥(R), 1873/l oo < mNI(F, 9, 0) | 12"} -
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Proof. Let Rl(j) denote the j-th component of R;; 1 < j < n, 1 <1 < 4.
Corresponding to x* € X* there exist bounded Radon measures oy, 1 <1 <
n, on [0,!] and z1,...,x,, € C such that

n

(v, p, (f,9,0),27) = rii(vip, (f,9,0), 05) + Z (v, 0, (f,9,0),25),

=1

where
: 1 ' R0 A (]
le(]/?p? (fag70)7aj) :m ; Rl (p+S+ZV> g dOéj,
» 1 ,
le(yvpv (faga())?‘xj) = ((_DJI>51R1(IO+S+ZV) (g)) A Ty
J

:p—i-s—i-w

We verify (5.11) for 77, the expression 7, will be omitted because it is treated
in the same manner. By definition of R; (see Lemma 4.16) we have

1 : . .
r;=———— Z / (Fl('707p+zy>>jp doj - Ty (p + 1) - L (V)

S %
prstw, o

(5.12)

L ; (Z ij(p+i7/)r1jjm(yvpa(faga0)7aj)

p+s+w \emn

3
+ Z Z Tom (0 + W) 1jpmg (v, p, (f, 9, 0), aj)) ’

1<p,m<n ¢=1
p#£j

where (see the expressions (4.18) and (4.19) for F})
!
i = [ (v 57089 (-0 (s5) )
Z / CJU d’ZdaJ( ) ’ mm(V)

1<o<n
o£j
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and for p # j
l

exp( w fo p du) exp ( fox pzc’z’;) du)
pip() da () - I (),
. c— - d z ptcjj(u) d
T1jpma exp (—iv [ k; ' (u) du) exp (— [, Tt du
0
Pip(0) daj () - Lum (v),
l
T1jpms3 ::/ exp( w fo p du) exp( fox %(”(;L) du)
0
/0 exp (iv [ (k' (u) — k, ' (u)) du)
exp <fxz (p(kj_l(u) — kN u)) + C,jjT(uu)) — (;f;(u)> du)
¢jj(2)  cpp(2)
{oate) (23 = 2820 et dy (o) do) - Lo
We calculate the Fourier Transform of ry;,ms. For z, z € [0,1] we have by the

Fejér Fourier inversion theorem (Corollary 13.3) and the change of variable
w = f k1(z)dz:

T1jpm1 ‘=

N@N

%(C, 1) — /OO exp (iv (w— [y k' (u) du+ [7 (k' (w) — kM (u) du))
L (V) dv

:%(C, 1) — /_OO exp (il/ (w — fox kot (w) du + f; (k;l(u) — k;l(u)) du))

o0

Jo km (2)dz 4
/0 e """ exp (— fyl(w) ’)Jrkm—(’”z)() dz) P (y(w)) dw dv

:%(C, 1) — /_OO exp (il/ (w — fox kot (w) du + f; (k;l(u) — k;l(u)) du))

/_OO e‘”“’{(w) dw dv
=C(w = fo bt () du+ [ (k5 (w) = kM (w))
where
CiR = €,¢w) = 5 (Cwt) + (o))

is compactly supported,

C(w) = (=1 x(w)exp (= [l 2 dz) b (y(w)),
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X is the characteristic function of the interval [0, fol k1 (z) fo ~1(2)dz, 0
and s(m) :=0,if 1 <m < nq, s(m) :zl,ifn1—|—1§m§n

Therefore by Fubini and Lebesgue’s dominated convergence using Remark 13.4
for passing to the limit we have

%(C, 1) — /Z " 1pm3 (Vs p, (f,9,0), ;) dv
_ /0 l exp ( O"’U P*,C‘:zp()“ du) /0 " exp (f; (/J(’f{ M) = k) + G - C'i):(%))) du)
(w_fo p du—i—f ( >_kp_1(u)))

Because the measure dp;, is bounded this shows the existence of a constant
k such that

§r1jpms € L™ with compact support and (5.13)
157 150m3ll oo < ANl I1(f5 9, 0)] -

The Fourier transforms of the simpler expressions rijjm, 71jpm1 and 7ijpm2
can be calculated analogously. We get the same estimate (5.13).

To verify (5.11) for r{; we see from (5.12), since §(7jm (p+i-)) is a bounded
measure, that we only have to show that the Fourier transform of is

in L'(R). For this let

p+s+z

(2) = e 0<r<™
ME=9 0 , —oo<zx <0’
Then (F 1) (w) = [*2_ e ™n(z) dz = . Hence Corollary 13.3 implies
1 o 1 e? 0<r<o
2—(0,1) _/ ezwml . dw = % , =0
g 0 T 0 , —oco<x <0
From this it follows easily that
o e~Pt)r 0 <2< o0
1 TWT 1 1
2—(0, 1) — (& — dw = 5 , X = y
T oo p+s+w 0 o<z <0

which is in L'(R).
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Next we calculate the Fourier transform of rj. Recall that in the expan-
sion for the fundamental solution 7" through our recursion we arrived in the
first step to the matrix F} with nondiagonal entries (i # j)

(Fi(x,y,A));; = — Aexp <— fyx At (u) du) exp (— N ‘;“ @) du) (5.14)

Y

/y Cexp (M S (k7 (u) — Ky (u)) du)
exp (fxz ((};((:f)) - ij;((g))> d“) C];j((j)) dz.

After partial integration we got expression (4.19). A formula for the diagonal
entries of F' is given by (4.18) which we got in the second recursion step.
Therefore we have

p+iv

5w, p, (f,9,0),2%) =L E Tam;i (V5 05 (f59,0), )+
p+3—|—w il
m#]
S Ens( (f,9,0), o)+
. T4mm V7p7 797 7am
p+3+wm:1

7:2 (V7 P (f7 g, 0)7 (xj)lﬁjﬁn2> )

where for 1 <m,j <n, m # j,

Timj = / / exp “(p+iv)k; (u) du) exp <— fyz c,j;((s)) du>
k5 W)hs(y) / exp (= [ -+ i) I () = b5 (w) )

)
T [ cmm(u cjj(u Cm(z)
exp (= 7 (S — 27) ) fn(z) W den (@)

and for j=1,...,n

T = — / / eXp “(p+ iv)k; Y(u) du) exp (_ fyx 2;((5)) du)
Z/y 2 pvj(2) dz k5 (y) R (y) dy do ().

ki(z)

v=

vEj

Again 75 (v, p, (f,9,0), (x;)1<j<n,) Is very similar to its preceding terms in
the sum and we do not consider it. As for 7o the transform of rj;; is in L™
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with compact support and estimate (5 13) holds for r4

Using the change of variable r(z,z) = — [ (k! k:j_l(u)) du we can

write for m # j (recall the definition of p,,; in Lemma 4.6)

Tij = / / exp zyf k )exp (_ fyx Cj?;ﬁ?i?‘) du)

/ _“”Q(y,x r)drdy dog,(x),

kj (y)

G, o= e s (= [ (22500~ 29) 40 g o205, 7)

and x(y, z,-) is the characteristic function of the interval

[ 2 (k) — b () e, 0] U [0, = 7 (ki ) — ™ () ]

Therefore for m # j

5 (C’ 1)— / eVrs (V) dv =

/ / eXp [7 Cjzg(i;rp du> hj(y;( (y,x,w— fyx k:j_l(u)> dy da,(x),
+{(y,z,7—))/2. Hence

S§Tim; € L™ with compact support for 1 <m,j < n.

where ((y,z,r) := (C(%%H‘)

Considering the Fourier transform of 73 it follows from (4.20), (4.18), (5.14)
and the previous arguments that the transform of

S(p+iv) = — (?) Ho(p +iv) " Hy(p+iv)Ho(p + iv) (D, —1)

is a bounded measure. Since

1 l

!
ry = —/ TO(LU,O,p—i-Z'I/)S(p—I—Z'V)/
0 0

— 1 (f(y)
p+s+iv To(l,y, MK (y) <g(y)) dy dov()

it follows as above that there exists a constant s such that (5.11) is satisfied
for ¢ = 2.
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Finally we look at r35: We write

T§(V7 P, (f?ga b)al’*) :m (’rgl(ljv P, (f,g,b),Oé) + T§2<V7 P (f7 g),Oé))
+ 7:§<V7 P (fvga b)? (xj)1§j§ﬂ2)7

where

~

0

£.6) [ Tty 0K (N1) dyda)

and 773 is similar to its preceding terms. We see that 3, is composed of terms
similar to the ones we have already treated. The term 73, differs slightly from
the previous terms since it contains the ny X n; matrix of measures (F,G).
However, the arguments above still work (only an additional integral with a
bounded measure from (F,G) appears and one uses Fubini once more, the
(C, 1)-Fourier transform is taken in the first inner integrals as we did above).
Thus one shows similarly that

1 > ivw,,S [e]
%(C,l)—/ e"“ri(v)dv € L

and (5.11) holds for i = 3. O



Chapter 6

Systems containing identical
speed and degeneracies

In section 6.1 we extend the previous results obtained for nondegenerate
hyperbolic systems to nondgenerate systems containing identical speed where
condition (HIII) of section 4 can be violated. We allow the occurence of
identical entries (speeds) in the matrix K with possibly full coupling C'.

6.1 Nondegenerate linear hyperbolic systems with
full coupling containing identical speed
In analogy with the previous sections we will keep the same notation. This

will cause no confusion because all assumptions and estimates are analogous
to section 4.

We consider the following class of nondegenerate hyperbolic systems con-
taining identical speeds: For z € ]0,{[ and ¢ > 0

0 (u(t,z) 0 (u(t,x) u(t,z)\
ot (v(t,x)) + K(x)% (v(t,x)) +C() (v(t,x)) =90,
E [U(t7 l) - Du<t7 l)] = Fu(t7 ) + GU(t, ')7

u(t,0) = Ev(t,0),

(H)

where

75
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(HI) K is a diagonal n x n matrix of the form

ki, 0 0 0 0 0 0
0 holyy O 0O 0 0 0
0O 0 . 0 0 0 0
K=| 0 0 0 ko, 0 0 0 ,
0 0 0 0 keply, O 0
o 0 0 0 0 - 0
o 0 0 0 0 0 karpla,,,

where d; € N, d; > 0, a € N, B € N, 30 d; = ny, 30 dasi = na,
I;, denotes the identity matrix in R%*% and k; € C*([0,1],R) satisfy for
z € [0,]]

ki(z) > Ofori=1,...,a,
ki(x) < Oforj=a+1,...a+p.

(HIT) C(z) = (Cij(2))1<; jeass € C" with Cy(x) € C4*% and

Ci € L®(0,1[,C%%), i=1,...,a+p,
Ci; € BV([0,1],€%*%), 4, j=1,...,a+p withi# j.

(HIIT) Either
ki(x) # kj(x) for 1 <i,j < a+f,i# j,x €0,1],

or, if i # j and k;(z) = k;(x) for some z € [0,!], then Cj; vanishes completely
on [0, ].

(HIV) same as in section 4

(HV) same as in section 4

Let Cyo to be the block diagonal matrix containing the square matrices
Cii
Cho := blockdiag (Cii)lgiga+ﬁ- (6.1)

The reduced system is per definitionem

i (1)) + gz () + et (5)) =0

(Ho) 4 4.0 = Bot,0),  w(t.1) = Du(t, 1),
u(0, ) = ug(x), v(0,2) = vo(x).
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Let A and A, denote the closed, densely defined operator corresponding
to (H) and (Hp), respectively. Then A generates a Cj semigroup in X,
1 <p<oo,and Y and Aj generates a Cy semigroup in LP([0, 1], C") or Yy
(defined in (4.2)). Let T be the fundamental matrix satisfying formula (4.4)
and Ty be the fundamental system satisfying

%To(x,y,)\) = —K H2) (M + Cy(2)) To(x,y,\) for z,y € [0,1](6.2)

TO(yay7)‘) = I for ye [Oa l]

Because (6.2) here is not in diagonal, but only in blockdiagonal form we do
not have an explicit formula for 7. But we have the following

Proposition 6.1. For 1 < i < a + 3 there exist F; depending only on Chyg
and K, F; : [0,1> — C%*% Fi(-,y) € Wh=([0,1],C%*%) for y € [0,1], so
that for I := (blockdiag F}), ;<5 we have

To(z, 1, \) = exp (—/\ /y CK(2) dz) Flz,y). (6.3)

Moreover for x >y > z we have Fy(z,z) = F;(x,y)F;(y, 2).
Proof. Define F; to be the solution to

L Rwy) = k@O Ey), Flyy) =1,

From (6.1) and (HI) it follows that K, Cy and exp (—)\ f; K7 1(z) dz) com-
mute. And this shows that the right hand side of (6.3) solves (6.2). O

Proposition 6.2. Proposition 4.3 holds literally.

Let ho denote the characteristic function to (Hgy) defined literally as in
formula (4.7) (but where T} is the fundamental system to the blockdiagonal
system (6.2) of this section of course). Again hg is an exponential polynomial.
Let h denote the characteristic function to (H) defined as in Definition 4.2.

Using our definition of the reduced blockdiagonal system (Hy) we will see
in the remaining of this section that spectra and resolvents can be estimated
as in section 4.2. The resulting expressions will be still explicit enough so
that the growth rate of the semigroup can be calculated as we did in 5.2.

Define
Ci(x) := C(x) — Cyo(z) and T} as in (4.15) and (4.16).
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We will check again that > 2 A™*T;(z,y, \) converges in W for suffi-
ciently large |JmA|. After reordering terms we will obtain for any finite
k € IN an explicit representation of the form

$ y7 ZA ka ZL’ ya +O()‘ K—H))

for A in a stripe C, and sufficiently large |JmA|, where each F}, is of order 1
with respect to A\ on stripes C,. (by this we mean that for any given r > 0
there exists ¢ > 0 such that || Fi(z,y,\)|| < cfor A € C,, z,y € [0,1]).
To see this we calculate the first two steps 77 and 1. Put
1 a
fO(m7y7 )‘) = TO('I’ Y, A)(y((] )7 s ay((] +ﬁ))

with the arbitrary but fixed initial data y((f) € C% 1<i<a+ . Define
fr = —)\/ To(z, 2, VK1 (2)C1(2) fae1(2,y, A) dz for k > 1.
y

Then according to Proposition 6.1 the i-th component, 1 < i < a + ( of f;
is

£y ) = exp (—f;kk‘? 1(U)dU>F (. y)u,

Dz, y,A) = —Aexp (— S Ak (u) du) Fy(z,y)
Z / exp )\f k7 (w) > 3y ,z)i”(f)) ® (z,y,\) dz.
I<i<ats i

By assumptions (HIT) and (HIIT) we can perform partial integration and get
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rid of the A factor appearing in the recursion formula for flii):
Dy, N) = —exp (=X [Tk Y w) du) F,
1 (xaya ) eXp fy % (U,) u z(xvy)
3 / A (k7Y (z) — k() exp (f; A (kY (u) = b (w)) du)
1<i<at+8 Y

1#£i
Czl(z) E(Zv y)

(4. 2 W 4y
E(y7 )kl(Z) k’»fl<2) —k[l(z)yo d

. Cy(z) Fi(z,y)

1<l<a+8 i
i#i

+ exp (— fyx Mkt (u) du) Fi(z,y)

Ca(y) 1
kiy) k7 (y) — k' (y)
+/ exp (fyz A (k7 (w) =k (w)) du)

Y

d Cu(z)  F(z,v) )
i (Fi(y“z) R() k() kf1<z>) dz] }y |

Note that for partial integration we used that in the sum for [ # i in the
u) du

. However,

0 : ) - (D) s o= Lo M
formula for f;"’ the leading A\-exponential of f;” is e™ v
— [ Ak (u) du

now fl(z) not only contains 2(a+3—1) terms with A\-exponential e
x -1

but also (a4 f — 1) terms of the form e~ Jy A Wdu | <1 <a+p1 £ 1.

Therefore, in the next step for fo we will not be able to get rid of all A terms
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by partial integration as in the first step:

196,y = —exp (A [k ) du) Fi(ey) 0 A
1<le,li<a+p
la#i,l1#l2

[0 (0700 - 177 ) o 20l

Fuley) (A S22 (k7 (u) = Ky () du) Fi(y, z2)

lo

Cho, (y) 1
ki, (y) k' (y) — k()

+ /:2 exp (A Sy () = Ky (w) d“)

d Claty (1) Fy(21,9) ()
o oh L2 d Y dz,.
le < lz(y7 Zl) klg(zl) klzl(zl> . kl—ll(zl) 21 Yo Z9

Partial integration is not possible for the terms in the sum corresponding to
l; = i. Therefore we are forced to keep (a+ (3 —1) terms containing A factors:

EQ (ZQa y)

f(l)(x Yy, \) = — Aexp ( )\f k! du) Fi(x,y)
Z / zl2 Z2 Clgz 22) F‘(Z% y) dZQ . y(l)
0

1<ls<a+p i(22) ki, (22) kl21<22) k_1(2'2)
loF#i
+ terms of order 1

However, in the next third step for these (v + § — 1) terms containing a A
factor partial integration can be done, so that in the third step there will be
no A\? factors, only A or 1 factors. Factors with A? in the multisums will first
appear in the fourth step. Thus, generally for m € IN, terms containing A\™
factors appear for the first time in the (2m)-th recursion step. Besides these
A" terms there only appear terms, which are bounded for A\ € C,., where the
bound depends on r, C' and K only. After reordering terms we have proven
the following

Lemma 6.3. There exists a sequence Fy(x,y,\) of matrices, which has the
following properties:

1) Each Fy can be calculated from T,, forn = 1,...,2k. We have Fy = Ty
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and Fy is the matrix with the i-th blockdiagonal element, 1 < i < a + (3,
(Fi(z,y,A)),;; = —exp ( )\f k! du) Fi(x,y)

> / il Fi(z,y) dz,

1<v<n
v

where
C’lm(z) 1 -
ki(z) ki H(z) = kgl(z)]

and the i-th blockrow and j-th blockcolumn, 1 <i,j <n, i # j,
(Fi(w,y,M));; = — exp ( ATk dU> pij () Fj(x,y)
+ exp (—)\ fy k7 (u )
+ exp <—)\ f; kj_l )
/y "exp ( 2 (k7 () — by (w)) du)

& (R, a2, ) d=
w) For r > 0 there exists a constant ¢ > 0 such that
| Fe(z,y, V|| £ F for A€ C, andz,y €[0,]] andk =1,2,....
wt) For r > 0 there exists d > 0 such that for A € C, with |Jm(\)| > d the
series Y pe o AR Fi(z,y, \) converges absolutely (in L>([0,1] x [0, 1], C™™)) to

T(x,y,\). Forr >0 there exist ¢c,d > 0 such that for A € C, and |JmA\| > d
we have

pim(2) = €00, 1<l,m<mn, l#m,

(., y)pii(y

1 1
HT(ZL‘,’y, )‘) - To(l’,y, )‘) - XFl(xaya )‘)H < CW

As a consequence we have:
Lemma 6.4. Lemma 4.8 holds literally.
If (Hp) has nonempty spectrum we define again
~v— :=1inf {ReA | ho(A) = 0} and v, := sup {ReA | ho(A) = 0}.
Lemma 6.5. Lemmas 4.14 and 4.15 hold literally.

Lemma 6.6. Lemma 4.16 holds literally. (in the definition of R; one has to
use Ty and Fy of this section of course)

By proceeding as in section 5.2 we prove
Theorem 6.7. Theorems 5.4, 5.5 and 5.7 hold literally.
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6.2 Degenerate linear hyperbolic systems

In this section we will extend previous results obtained only for nondegener-
ate hyperbolic systems to degenerate systems. We will express spectra and
resolvents for degenerate systems in terms of the nondegenerate system we
have already studied.

The degenerate system is of the form

(5 [ult,x) 5 [ult) u(t, z)
5 v(t,z) | + K(x)% v(t,z) | +C(x) | v(t,z) | =0,
(DH) . w(t, ) w(t, x) w(t, )
D fo(e.1) — Du(t.)] = Pult, ) + it ),
L u(t,0) = Ev(t,0),

where = € ]0,[[ and ¢t > 0. We put the following assumptions on (DH):

(DHI) K is a diagonal matrix of the form

kilsy O 0 0 0 0 0 0
0  koly, O 0 0 0 0 0
0o . 0 0 0 0 0
K- 0 0 0 kolg, 0 0 0 0
N 0 0 0 0  kotila,,, O 0 0 ’
0 0 0 0 0 0 0
0 0 0 0 0 0 karpla,., 0
0 0 0 0 0 0 0 0- 1,
where d; € N, d; > 0, « € N, 8 € IN, I;, denotes the identity matrix in
RdiXdi7

o B
Zdi:nl, Zda+i:n2.
i=1

i=1
We assume
kiECl([O,l],R), 1<i<a+p,
ki(z)>0 fori=1,...,«
ki(x) <0 forj=a+1,...a+0.

(DHII) C(x) is a n X n matrix of the form

- (&) &)
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with

Co € CFm2XmFm2 Gy = (Cij)yzyicargr  Cij € CHF0.
Denote

((Zyj> ey = KOO,

We assume

Ci € L>®([0,1],C%*%), i=1,...,a+0

Cij € BV ([0,1],C%*%), i, j=1,....a+0,i# ]

Cs € L>([0,1],Cmtna)xna),

C, € C([0,1,crex i)y

Cs € C([0,1],Cra>ms),

Cy € BV ([0,1],C%*%) , fori # j.

(DHIID) If i # 5, 1 < 4,5 < a+ G, and k;(x) = k;(z) for some = € [0,1] then

both Cy; and C;; vanish completely on [0, 1].

(DHIV) u(t, z) = (ui(t, z), ..., up, (t,2)) € C™ and v(t, z) = (v1(t,x), ..., v, (t,2)) €
C™ and w(t,x) = (wi(t, ), ..., wn,(t,z)) € C".

(DHV) D € C™*™, E € €"*"2 and

F:C(0,1],C™) - C"™, G:C(]0,1],C™) — C™
are linear continuous operators.

Write (DH) as an abstract evolution equation

d
L= 450) (= (worw,d)

in the complex spaces X, or Y with the closed densely defined operator
A: DA CX—-X

u
A(u,v,w,d) := —<K($)§+C($)> v|; Fu+Gul,
v w

D(A):={ze€ X | Az € X, u(0) = Ev(0), d =v(l) — Du(l)},

where X denotes X, or Y. It is not difficult to see that A generates a Cj
semigroup in Y, see Proposition 7.18, and X, for p € [1,00[ and special
choices of F' and G, see Proposition 7.20, [45, Theorem 6.2, p. 312| or [48|.
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Then for given (f, g, h,b) € X the resolvent equation
(M — A)(u,v,w,d) = (f,9,h,b), (u,v,w,d) € D(A)

reads

(6.4)
The spectrum may not only consist of point spectrum, but also continuous or
residual spectrum, depending on the choice of the underlying Banach space

(continuous spectrum when X = X,,, p € [1, oo[ and residual spectrum when
X =Y). Let

Y= {\eC|3we0,]:det(M,, + Cs(z)) = 0}. (6.5)

Then ¥ is compact consisting of a finite union of closed curves. If A ¢ X
then (6.4) is equivalently written as:

(Mpyng + Koz + Co — CgJ (V) C,) (:}L) = (g > — CgJ(M\)h

o - (e () )

A(v(l) = Du(l)) — Fu—Guv = b,

(6.6)
with
TN (@) i= (g + Cs()) ™"
As in Proposition 4.3 it follows that the operator
9 Uu
(U, v, d) NN ()\Iernz + KO% + Co — CB‘]O‘)C’V) <U> (67)

Ad — Fu— Gu
is an index 0 Fredholm operator from
{(u,v,d) € W"P([0,1], €™ F"2) x €™ | u(0) = Ev(0), d =v(l) — Du(l)}

into LP([0,1],C™*"2) x €™ for p € [1,00].
In particular, if A € o(A) \ (XUo,(A)) then (6.7) is injective and hence
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bijective, so that (6.6) has a unique solution, i.e. A € p(A). Hence o(A) \ ¥
only contains pointspectrum

g(A)\ X C o,(A4).

Let T'(z,y, ) denote the fundamental system to

% (553) = — Ky (@) Moysnp + Ca(2) — Cs(z) J(N) (2)C,(2)) (Zgg) _

(6.8)
Define h(A\) and H()) as in Def. 4.2 and (4.6) *:
h(\) :=det H(\),
H(A) :=(=AD8, — F, M0 — G)T(-,0,\) (IE) |
Then
c(A\E={reC|hr(\) =0}
and o(A) \ ¥ is discrete since h(\) is analytic. We have
( f ugx)
g B v(z
R[] @ = | 0]
b A(u,v)
(6.9)

<> = 700N (]f) H(N) B9 h.b)
+ Jy TGy MO 9,0, A ) dy,
w o= JO) (—Cw (ZL)—F}Z)

o(f,9.0 0 = Ki) ™ | (19) = Cata ) ont)
and B(\) : X — C™ denotes

0
We want to express the characteristic functions and resolvents for (DH)
in terms of the nondegenerate system (H) and in powers of A=! for A on
stripes C, with sufficiently large imaginary part. For this let Ty denote the

Lthe reader will not be confused that by analogy we use the same symbols h, H and
T, as we did for the nondegenerate system (H) in section 4
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fundamental system corresponding to the nondegenerate problem (H), i.e.
Ty is the fundamental system of the initial value problem

= (50) = =550 Ot + o) (145

According to Lemma 6.3 (or 4.6) we have that for » > 0 there exist ¢,d > 0
such that for A € C, and |IJm\| > d we have

where Ty and Fj are bounded for A € C, and only depend on the nondegen-
erate system (obtained by deleting w).

Because we only require a expansion of 7" up to order A\=2 we will instead
of T" estimate the fundamental solution to

TH(xaya )‘) - TO(xaya )‘) (610)

! he, y,A)H

1
A e

u

d (u(x)) _ _ = 1 (z)
ar (U<x)) =—K; (z) ()‘[nﬁ-nz + Ca(x) — A Cﬂ(x)c'y<$)) v(z) )
~ (6.11)
Denote the fundamental solution to (6.11) by T'. Because for |A| > [|Cs]|

1 1 s\
‘](/\) = X]ng - EC(SZ (_75)

=0

it follows from Grownwall’s inequality that T is a A\~2 perturbation of T for
A in a neighbourhood of oo.

Define
TO(I7y7 )‘> = TH(x7y7 )‘)
Ti(x,y,\) = / Ty, 2, NV Ky (2)Cs(2)Cy(2)Teo1 (2,9, A) dz for k > 1.
v

Then

. S 1

T(‘Tay7 )‘) = ZFTk(xaya /\) = TH(x7ya)‘)+ )\Tl X ya +Z Tk I’ yv
k=0

for |\| sufficiently large. Hence we only have to estimate 77,

Ty ) = [ Tl 2 0K ()Cal2)C () T .. 3) d
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From (6.10) it follows that

A A

+0<;).

By Proposition 6.1 we have

To(z,y,A) —exp( /K ) F(z,y),

where F' = blockdiag (F;), ;<5 and for 1 <i < a4+ F : [0,1]* — >
only depends on the reduced blockdiagonal nondegenerate system obtained
from (DH) after canceling w.

Ly, 0) =Ty, ) / To(y, 2 \) g (2)C(2)Cs (2)To 2,3, N) dz

Proposition 6.8.

‘/xﬂﬁ%zﬂvK{%@Cb@ﬂixdTMawadz

:/xblockdiag( iy, 2)Cia(2) Fi(2,y) r<isars dz + O (i)

Yy

Proof. For 1 <i,j < a+ [ we have
(To(y, 2, M Ko ' (2)Ca(2)C4(2)To(2, 9, N)

—exp (A / (kT () — K (w) du) Fily, 2)Cis(2)Fy(2.1).

If we integrate this equation from y to x then for ¢ # j we can perform partial
integration by assumptions (DHII) and (DHIIT). We get for i # j

LéxUuyxﬂnKE%ACb@xzﬁdﬂm%%A»Udz:()(i)'

Hence we have proven the following

Lemma 6.9. Let T(x,y,\) denote the fundamental system to (6.8). For
r > 0 there exist constants ¢,d > 0 such that for A € C with |Re\| < r and
|IJmA| > d we have

1 1
HT(x7y7)‘>_T0(xay7>\)_XFI(‘T y7>\)H |)\|2
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Fy is the matriz with the i-th blockdiagonal element, 1 < i < a+ (3,
(File,.0) = (File,y. ),
e (A7 k) da) Fiey) [ Bl 2)CuGR ) de
y
and for the i-th blockrow and j-th blockcolumn, 1 <i,j < a+ [, i # j,
(File.) = (FiyN),

v

Remark 6.10. The expansion differs from the nondegenerate case only in
an additional term on the (block)diagonal of Fj.

Lemma 6.11. Lemma 4.8 holds true literally if we replace Fy with F;.

We have the following two Lemmas which are proved similar as Lem-
mas 4.14 and 4.15

Lemma 6.12. For each v > v, there exist only finitely many eigenvalues A
of (DH) in the complement of ¥ that satisfy Re X > 7.

Lemma 6.13. Suppose (Hgy) has nonempty spectrum. Then the following
hold:

1) For each § > 0 there are only finitely many eigenvalues of (DH) in the
complement of ¥ which satisfy Red < v_ — 3 or ReA > v, + 9.

u) For e > 0 there exists d > 0 such that

sDH) N{xeC||omA>d}c ] BN
ho(A\)=0

wr) Suppose p = infy 2y, no(r)=ho()=0 |A1 — A2| > 0. Then for each n < §
there ezists d > 0 such that for each Ao € C with ho(Ao) = 0 and |[JmAg| > d
there exists X € By(X\o) which is an eigenvalue of (DH), i.e. h(X) = 0.
Both h and hy have the same number of zeros in each B, (o). In particular,
if (Ho) only possesses algebraically simple eigenvalues, then the eigenvalues
A € By(Xo) of (DH) are unique and algebraically simple.

Let .
AFl = F1 — Fl.

Let Hl(H) be defined as in the formula (4.20), and let H{DH) be defined as in
formula (4.20) but using F} instead of Fj. Denote

AH, = HPY — g™,
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Formulas for AF} and AH; are
AFi(x,y,\) = blockdiag (exp <_)\ f; kit (w) du)

Fi(z,y) / " Fi(y, 2)Cul2) Fi(=. ) dz) |

1<i<a+8

AH, = —(D,—~I)AF,(1,0,\) (?) .

Lemma 6.14. Let

! /
RZE g Z:R()\, Ao) (g) +

b
m) (1) + 1oy (1) + ma g nn ()

> =

denote the resolvent approximation for the nondegenerate hyperbolic system
which we obtain from (DH) by deleting terms including w (formulas for
Ry, ..., Ry are given below (4.25)). Suppose there exist h € R, §,A;e > 0
such that for A\ € C with |ReX — h| < 0 and |IJmA| > A the inequality
|ho(A)| > € and the relation \ ¢ ¥ hold. Then there exist constants c¢,d > 0
such that for all A € C with |Re\ — h| < 6 and |ImA| > d we have A € p(A)

and
f U
gl _ v 1
ROA) [ =] 0 |+ EN ),
b A(u,v)
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o0 () Hal) A ) ). 0)

=100 (7 ) Ho) (D= [ lt s () oot dy

+ 280,00 (F) 5Oy 500

—/O'T(J( Y, NI () Co(y)h(y) dy

Th(0,0) (?) Hy(\)(D, ~1) /Ol AR (1L, N (y) (g((zg) dy

+ AF . ,)\K —l(f(y))d ’
/0 145y A) KL (y) o)) Y
1
W=y (=CyR(\, Ao)(f,9) +h)
and the error term & is bounded by c,

€M)l zx) < e

Proof. By Lemma 6.9 and Remark 6.10 we have

1 1
T= T0+)\F1+)\AF1+O()\2>

From this we get (Lemma 6.11)

THO) = Ho)+ () + 5
NHO) = Hy(A)~! — %Ho()\)lHl()\)Ho()\)l - %HO()\)lAHl()\)HO()\)l

1
+0 ( AQ) |
After we plug these into (6.9) we get the stated estimate for the resolvent of
(DH). [

Lo+ 2amo) o (;) ,
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Using the resolvent approximation of Lemma 6.14 it is not difficult to
verify condition ) of Theorem 5.26 for the additional % terms appearing

above in the expansion for the nondegenerate system) (as done in section 5.2).
Thus we have

Theorem 6.15 (Exponential dichotomy for (DH)). Let o < 3, o, 5 € R.
System (DH) is («, 3) exponentially dichotomous in the spaces Y and X,
p € [1,00[, if and only if there exists 6 > 0 so that

h(A)#0 and X¢X

for X € C with a — 6 < Re\ < B+ 0. In this case the exponential rates are
independent on p > 1.

Theorem 6.16 (Spectral gap mapping Theorem for (DH)).
Theorem 5.4 holds for (DH).



Chapter 7

Semilinear hyperbolic systems:
Fréchet differentiability of the
solution map and stability by

linearization

In this section we define weak solutions, show local existence and uniqueness
and regularity for the class of semilinear hyperbolic systems (SH). We show
that (SH) generates a smooth semiflow in the phase space Y and prove the
stability Theorem 7.26.

We consider the class of semilinear hyperbolic systems

(SH) +H(z,u

L u(0,2) = up(z), v(0,2) = vo(z), w(0,z) = wy(x).

for x € ]0,] and ¢ > 0 with the following assumptions:

(SHI) K(x) = diag (ki(x)),_, is a diagonal n X m matrix of functions
k; € C1([0,1],R) which satisfy k;(x) > 0 for i = 1,...,n; and k;(z) < 0 for
i =mn1+1,...n1+ns (z € [0,1]) and k; = 0 fori = ny+no+1,...,n1+ns+ng =
n.

(SHIT) H : ]0,I[ x R® — R™ is a C* Carathéodory function, k& > 1 (see

92
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Def. 10.11). The last n3 components H,, : |0,I[ x R — R" of H satisfy
H,(-,2z) € C([0,{],R") for z € R™. We denote with H,, the first n; + ny
components of H, i.e. H = (Hy,, Hy).

(SHIIT) F : C([0,1],R™m*"2) — R"™ is C* and has bounded and uniformly
continuous derivatives on bounded sets (for each b > 0 and ¢ > 0 there
exists 0 > 0 so that ||0FF(uy,v1) — 0"F(us, v2)|| < € for (ug,v1), (uz,v2) €
C([0, 4], R™77), [ (u, v1) = (uz, v2)|| < 6, | (ug, v1)[| < b).

(SHIV) u(t,z) = (w(t,x), ..., un, (t,2)) € R™, v(t,z) = (v1(t, x),...,vn,(t,x)) €
R™ and w(t,z) = (w1 (t,x),. .., wy(t,x)) € R™

(SHV) D € R™*™ E € R™m*™

Let $ : C([Oa l]a Rn) - Loo([ov l]? Rn)?
D(u,v,w)(x) := H(x,u(x),v(z),w(x)), aa ze]l0,l],

denote the superposition operator generated by H. We denote the (u,v) and
w component of § with $,, and §,,, respectively.

Remark 7.1. By (SHII) the superposition operator $ maps L*°([0,1], R™)
C*-smoothly into itself and has locally bounded derivatives [24]. In particular
$) is locally Lipschitz from L*([0,1], R™) into itself, i.e. for b > 0 there exists
L > 0 so that for zy = (u1,v1,wy) € L>®([0,1], R") and zy = (ug,ve,ws) €
L0, 1], R") with || 1]l o < b and |22, < b one has [5(z1) — 9(z2) | <
L||z1 — 22||;«- By (SHIII) also F is locally Lipschitz from its domain into
R,

Let T'(t) denote the semigroup to

(5 u(t, x) 9 u(t, )
5 v(t,x) | + K(a:)a— v(t,x) | =0,
w(t, ) T \w(t, z)
d 7.1
S [o(t.1) = Du(t.)] =0, =
u(t,0) = Ev(t,0),
L u(0,2) = up(z), v(0,2) = vo(z), w(0,z) = wy(x).
System (7.1) can be written as an abstract evolution equation
d
az(t) = Aoz(t) (2= (u,v,w,d)),
in the space X, or Y with the closed densely defined operator
PRAL
Ay :D(A) C X — X, A(u,v,w,d):=|—-K(z)=—|v]; 0], (7.2)

o8
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D(Ap) = {(u,v,w,d) € X |Ap(u,v,w,d) € X, (7.3)
u(0) = Ev(0), d = A(u,v)},

where X denotes X, or Y.

By integrating along characteristics one can derive an explicit formula
for the semigroup 7T'(t). We do not need such a formula, we only need the
following

Proposition 7.2. The semigroup T(t) is strongly continuous on the spaces
X, for1 <p <o0,Y and D(Ag) (but not on X, see Remark 7.4 and [44]).
For T > 0 there exists ¢ > 0 such that for (ug, vy, wy) € L*([0,1], R™) and
dy € R™ we have

| 7(t) (w0, vo, wo, do) || x, < (o, vo, wo, do)l| .,  for 0<t<T.

In particular Proposition 7.2 states that 7T'(¢) is a semigroup of bounded
operators on X, (which is not Cj, even not Bochner measurable according
to Remark 7.4). Our choice of phase space for (SH) will be Y. For T" > 0
denote

Xr:=C([0,T],Y). (7.4)

Definition 7.3. Let 7' > 0. The triplet (u,v,w, A(u,v)) € Xr is called a
weak (or mild) solution of (SH) up to 7 for the initial data (ug, vo, wo, A(ug, vg)) €
Y if for all ¢ € [0, T

(u(t), v(t), w(t), Alu(t), v(t))) = G(u, v, w, Alu, v))(t),

where
Ug
G(u, v,w, A(u,v))(t) := T(t) Z(;
A(ug, vo)

e freso (Phan ) e e

We need to add a remark and explain in which sense the integral in (7.5)
has to be understood:

Remark 7.4. It does not make sense to define the Bochner integral

fma=o (Pt ) o
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in the space X because the integrand s — T(t — s)

—YJ(U(S),U(S)W(S)))
F(u(s), v(s))
will not be measurable in the sense of Bochner in X.

Indeed, consider a real valued step function on [0,1] which has a jump
(shock) at % Then translation of this function is not measurable on a time
interval with values into the Banach space L*([0,1],R) because the image
is not separable with respect to the strong L™ norm '. Now the Nemytskij
operator $) will not be compatible with the boundary conditions (even if the
generating function is arbitrary smooth with respect to all variables or linear
with constant coefficients, in general), so that shocks will travel along the
characteristics due to incompatibilities at the boundary when the translation
semigroup T'(t — s) is applied.

Hence the integrand will not be measurable in X, so the integral in
(7.5) can not be defined in X. But it is well defined in the Banach space
X, for 1 <p < oo: Because T is a strongly continuous semigroup on X, for
1 < p < oo it follows that the integrand is measurable with values in the larger
space X,. Moreover, we are allowed to estimate the Xo, norm of the integral:
Let f :]0,T] — X be measurable and bounded. Then s — T(t — s)f(s) is
measurable on [0,t] with values in X,, 1 < p < oo, and we have

where ¢ does not depend on 1 < p < 0o. By letting p — oo we get

/Ot T(t — 5)f(s) ds

L= / 1£6)lx, ds, (7.6)

/Ot T(t — s)f(s)ds

< / 1)y ds. (7.7)

In this work we will do such L* estimates many times without any comments
even though the integrand will not be measurable with values in the Banach
space L™ (or X ). In section 10 we will consider even weaker solutions where
it will happen that f will not be measurable on [0, t] with values in L>([0,1]),
but f will be measurable on the time space product space [0,t] x [0,1], f €
L>(]0,t] x [0,1]). For almost all s € [0,t] we have that f(s,-) € L*>([0,1])
and it follows that s +— |[f(s,)|| pee(oy) @ measurable (because the map is
obtained as a limit for p — oo of the measurable map s — || f(s, )|l 1o(o1/)-

Again the integral f(f T(t — s)f(s)ds will be well defined in LP, p < oo and
we are allowed to perform norm estimates as (7.6), (7.7).

Theorem 7.5. Weak solutions of (SH) are unique.

Lthe author would like to thank Prof. A. Mielke for pointing to this technical difficulty
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Proof. The proof is standard and uses Gronwall’s Lemma: Let
21 = (ug, v, w1, Aluy,v1)), 20 = (ug, V2, w2, Aug, v2)) € Xr

be solutions of (SH). By Remark 7.1 and Proposition 7.2 there exist constants
¢>0and L > 0 so that for t € [0, 7]

Iz = 2|y
o= (PR A ),
=[RS )
<cl /Ot 121 — 2]l ds.
Gronwall’s inequality vields
|(z1 — 22)(t)|ly =0 fort e [0,T7.
U

Proposition 7.6. Suppose
p € C([0,T],L(]0,1[,R™*"2) x C([0,1],R™) x R").

Then .
/ T(-—s)p(s)ds € C([0,T],Y).

0

Proof. Denote Xooc := L>(]0,1[, R™*"2) x C([0,1],R") x R". By mollifi-
cation there exists a sequence p, € C*([0,T], Xooc) such that py converges
uniformly to p in C([0,T], Xooc). Let D(Ap) be as in (7.3) with X = X, for
a fixed 1 < p < co. Since p; € C([0,T], X)) it follows from Proposition 13.6
that

/ T(- — s)pu(s) ds € C([0,T), D(Ao)).

0
The domain D(Ay) is continuously embedded in

{(@,0,@,d) € C([0,1, R™*2) x LP([0,1], R"*) x R™ |
a(0) = BEo(0), d = o(l) — Da(l)}.
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Moreover, the third component of pj lies in C'([0,], R"3) and the semigroup
acts trivially on the third component. Therefore

/' T(- — $)pu(s) ds € C((0,T],Y).

0
For t € [0,7]

Hence it follows that

<T sup ”T(S)HL(XOO) o= pk||C([07T]7Xoo)
Xoo s€[0,7T

/0 T(t - 5)(pls) — pu(s)) ds

<cllp = pelleqorxae) -

/‘T(- — $)p(s)ds € C([0,T),Y).

0

As an immediate consequence we have:

Corollary 7.7. If (ug, v, wo, A(ug,v9)) € Y and (u,v,w,A(u,v)) € Xp,
then

7() 1o + /O'T(- —5) (_5(“(3)’ <3)’3’;(3))) ds € C([0,T],Y).
A(ug, vo)

The following Proposition is a direct consequence of Definition 7.3 and
Corollary 7.7:

Proposition 7.8. If (u,v,w, A(u,v)) € Xr is a weak solution to (SH), then
d
A(u,v) € C*([0,T]),R™) and %A(u,v)(t) = F(u(t),v(t)).

Proposition 7.9. Let z = (u,v,w, A(u,v)) € Xr be a weak solution of (SH)
with initial data z(0) = (ug, vo, wo, A(ug, vo)) € Y. Suppose
(ug,vo) € WH(]0, 1], R™T"2),
Then for all p € ]1, 00|
(u, v, w, Au,v)) €C([0,T], WHr(0,I1[, R™*"2) x C([0,1], R"3) x R™)

N CH([0,T], LP(]0,1[, R™*"2) x C([0,], R") x R™)
(7.8)

and (SH) holds in a classical sense.
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Proof. Let h >0and 0 <t <t+ h <T. We have

2+ h) — 2(t) =(T(h) — DT (t)2(0)

' — s —55((%”,10)(]1 + S)) + ((uvv’w>(s)> s
+/0 (e )<F(u(h+s),v(h+s)) —F(u(s),v(s))) d

i /O T+ h—s) (‘?Efj“(‘) “g)g)))) ds. (7.9)

By (SHII), (SHIII) and Proposition 7.2 there exists ¢ > 0 so that
I2(t + 1) = 2Oy <[(T(h) = DT(1)z(0)]|x,, +ch

+ c/o |z(s 4+ h) — 2(9)|ly ds.

Moreover we have

(T(h) — I)T(t)2(0) = /0 T(s)T(£)(Ag2(0)) ds. (7.10)

And because Apz(0) € X by our assumption on the initial data we have
(the constant ¢ will differ from each line)

(T(h) = DT(t)=(0)]Ix, < ch.

Hence .
12(t +R) — 2(0)lly < ch + c/ I2(s + ) — 2(s)|ly ds.
0

Gronwall’s Lemma implies
=t +b) = =(®)]ly < he.

Hence w : [0,7] — Y is Lipschitz continuous. This shows that

(v w)(DY o
( Flu(), o) ).[O,T] Xo C X,

is Lipschitz continuous. Because X, is reflexive for 1 < p < oo it follows that

—9H((u, v, w0)(")) 100
( u(), v()) ) e WH([0, 7], X,)

and Proposition 13.6 yields the assertion. O
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Remark 7.10. Suppose F : C([0,1], R™*"2) — R" satisfies a LP Lipschitz
condition for a fixred p € |1,00[ on bounded subsets of C([0,1], R™*"2), i.e.
for any bounded subset B of C([0,1], R™*"2) there exists a constant L > 0
so that for (uy,vy1), (ug,v2) € B the relation

[F (1, v1) = Fug, va2)|| < L[| (ur, 01) = (2, v2) | oo
holds. If
(ug,v9) € WHP(]0, 1], R™H2),

then (7.8) holds.

Proof. The proof is similar to Proposition 7.9. Indeed, the generating func-
tion of the Nemytskij operator ) is locally Lipschitz with respect to the un-
known variables (uniformly for almost all = € ]0, 1], see the Definition 10.11

of C* Carathéodory function), which implies - since z is bounded with values
in X, - that there exists a constant ¢ so that

19 ((u, v, w)(h+ 5)) = H((w, v, w) ()| 1, (7.11)
<c H(u,v,w)(h + S) - (u7v7w>(5)HLP :

Since F satisfies a LP Lipschitz condition, we get from (7.9) and (7.10) using
the assumption on z(0) that

Jett-+ ) = (0, < IT(H) — DTW=(O), +ch
wo [t ) = =0, ds
gch+c/0 (s + ) — 2(5) |, ds.

Gronwall yields that z : [0,7] — X, is Lipschitz.

And (7.11) implies that (_?((S‘(;’ ;’(’))() ))) :[0,7] — X, is Lipschitz. From

the reflexivity of X, it follows that (_?,E(uu’v’f);)))) e Wh([0,T], X,)

and we apply Proposition 13.6 again.

Theorem 7.11 (local existence). For any (ug, vy, wo, A(ug,v9)) € Y there
exists a 0 > 0, depending only on ||(ug, vo, wo, A(ug, vo))lly, such that (SH)
has a weak solution up to J.
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Proof. Corollary 7.7 shows that G maps X into itself. Let 0 < § < 1. Define
the closed subspace of X (see (7.4))

Bs ::{(u,v,w,A(u,v)) € Xs | fort €[0,4]

(@), v(t), w(t), Alu(t), v(t)) = T(t)(uo, vo, wo, Aluo, vo))|ly < 1}-

By Remark 7.1 there exists L > 0, depending only on || (g, vo, wo, A(ug, vo)) ||y,
such that if zq, 2o € Bs then

1G(20)(1) = G(z2)(B)lly < OL |21 = 2ol - (7.12)

Moreover, since $) and F' are locally bounded it follows from the definition of
Bjs that there exists a bound M > 0, depending only on ||(ug, vo, wo, A(uo, v0))|y,
such that for z = (u, v, w, A(u,v)) € B;

1G(2)(t) — T'(t)(uo, vo, wo, A(ug, vo))]ly (7.13)
' — g —f)((u,v,w)(s)) s
S‘/ Tt >( Flu(s), (s)) )d N
<M$ for ¢ € [0, ].

Therefore (7.12) and (7.13) imply that for sufficiently small § > 0 the opera-
tor G maps By into itself and becomes a contraction. By Banachs contraction
mapping theorem G has a fixed point in Bs C Xj. n

For zp € Y let w = w(zg) € |0, 00] denote the maximal time up to which
the solution exists, i.e.

w(zo) := sup{t € R | there exists a weak solution up to ¢ with z(0) = zo}.
(7.14)
We have the following consequence of Theorem 7.11

Corollary 7.12. For any zy € Y either

1) w(zp) = 00

or

1) w(zo) < 00 and limy,(so) [|2(t)]ly = 00, where z : [0,w(20)[ — Y denotes
the weak solution with z(0) = z.

Proof. Suppose w(zy) < oo and the assertion limyq,(.y) [|2(t)]|y = 0o was false.

Then there would exist a sequence (t,)nen in R, 0 < ¢, < w(zp), converging
to w(zp), such that ||z(t,)||,, were bounded. Since in Theorem 7.11 § > 0

only depended on the norm of the initial data we would find a 6 > 0 and

oo

construct a solution z : [O,w(zo) +5} — Y with 2(0) = 2, contradicting

definition (7.14) (here we have used that the concatenation of two solutions
is a solution which follows directly from Def. 7.3). O
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Theorem 7.13. Let z € X be a weak solution of (SH) up to T'. Then there
exists a neighborhood U of z(0) in' Y such that for all yo € U there is a weak
solution y € Xr of (SH) up to T satisfying y(0) = yo.
There exists a constant ¢ > 0 such that for all yo € U

12(t) = y(@)lly < cl[2(0) = wolly -
Proof. Proceed similar as in the proof of [71, Theorem 11.15, p. 117]. O]

For a given solution z = (u,v,w,A(u,v)) of (SH) we consider the z-
linearized equation of (SH)

(5 ur(t, x) 9 ur(t, x)
— UL(t, ) —f—K((L’)— UL<t,JJ)
ot w(t, ) Oz w(t, )

ur(t, x
(LH) +0(wv,0) H (2, (u, v, w)(t, x)) UL((i;, 3:)) =0,

% [UL(tv l) - DUL(t7 l)] = <8F(u(t7 ')? U<t7 ))7 (uL<t7 ')7 UL(tv ))>7
ur(t,0) = Fvr(t,0),

( ur(0,2) = hy(z), vp(0,2) = hy(z), wp(0,x) = hy(z).

Definition 7.14. Let z = (u, v, w, A(u,v)) € Xr be a given weak solution of
(SH). The quadruplet z;, = (ur,vr, wr, Alug,vr)) € Xr is called a weak (or
mild) solution of (LH) to the initial data z1,(0) = (hy, by, by A(hy, hy)) €Y
iff for all ¢ € [0, 7]

zu(t) = Gu(z, z0)(t),

where
hu
Gz, 21)(t) =T (1) Z:}
Al )
o (=05 ((v,w)(6), (unls),vi(s) wilD)
+/OT“ )( (OF (u(s), v(s)), (uz (), 02 () )d'

(0% denotes the total derivative of the Nemytskij operator ) : L>°(]0, [, R™) —

L=(]0,1[, R™))

Theorem 7.15. Let T > 0. For any weak solution z = (u,v,w, A(u,v)) €
Xr of (SH) and (hy, hy, ha, A(hy, hy)) € Y there ezists a unique weak solution
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zr, = (up,vp,wr, Alug,vr)) € Xp of the corresponding linearized problem
(LH). There is a constant c > 0, depending only on | z| .., such that

Iz (Olly < el (hus hro, B, AP, b))y -

Proof. First we note that by Proposition 7.6 we have that the operator
Gr(z,-) maps Xr into itself. We have to show that zp = G (z,2.) has a
unique solution z;, € Xr. As in Theorem 7.11 one shows local existence, i.e.
that a unique solution exists in Xy for § > 0 sufficiently small. Then we need
an a-priori estimate to show that § can be chosen arbitrary large (6 = T):
By assumptions (SHII) and (SHIII) the derivatives 0$) and OF are bounded
on bounded subsets. Hence it follows from the variation of constants formula
in Definition 7.14 that there exists a constant ¢ depending on ||z||,,  such
that ||z1(t)|ly < cllz(0)]ly +f0t cl|lzL(s)|ly ds. Gronwall’s inequality implies
les®lly < cllz )]y . &

Suppose there exists a weak solution Z € Xp of (SH) up to T. Then
according to Theorem 7.13 there exists an open neighborhood U of Z(0) in YV’
so that for any 2o € U there exists a unique solution z € Xy with z(0) = z.
Define the solution map

St U =Y, SYz):=z2(1) (te€l0,T)). (7.15)

For zp € U and h = (hy, hy, hyy, A(hy, hy)) € Y define the linearized solution
operator
Sh(20): Y =Y, Sh(zo)h:=zp(t) (t€][0,T)), (7.16)

where z;, € Xr denotes the solution of the, along the given solution z(t) =
S*(zp) of (SH), linearized system (LH) with initial data h.

Theorem 7.16. For ecach t € [0,T] the map St : U — Y is C* smooth.
Moreover,

0S*(z0) = St(z).

Proof. For z = (u,v,w, A(u,v)) € X and initial data zo = (ug, vo, wo, A(ug, vo)) €
Y the operator G(z) has been defined in Definition 7.3. To emphasize the
dependence on zy we write G(z, z9). Define the operator F

(F(2,20)) (1) = (G(2, 20)) (1) = ().

By Corollary 7.7 for each zy € Y the operator G(-, zg) maps X7 into itself.
Thus F : Xr x Y — Xp. By assumption for each zy € U the equation
F(z,20) =0,z € X, has a unique solution z = y(zp).

It follows from (SHII), (SHIII) and the definition of G (see (7.5)) that G is C*
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from XT x Y into XT and that we have for hj = (huj, h@j, hwj; A(huj, hvj)) €
Xr, 1<j<k tel0T]

(%(2, 20)hs ... hj) (t) (7.17)

T g (POls),v(5),w(s)) (i (8), hui(9), husi($) 1<
_/0 Tt =) ( & F(u(s),v(s)) (hui(s), hui(s))1<i<; ) o

Indeed, for 7 = 1 we have

G(z+ h)(t) — G(2)(¢)
‘ —09((u, v, w)(s))
_/0 T(t—5)< OF (u(s), v(s
t —09((u, v, w)(s)
:/0 T(t—s) [-( OF (u(s), v(

n <—YJ(U(S)+hu1() v(s) 4 hei(s), w(s) )
F(u(s) + ha(s),v(s) + hoi(s)) — F(u(s), v(s))

i [ (9 0 ) (5) (), Bar (), (5)

AL )/“ sttt ™)

(720 06) k8 B, ) O P e g
OF (u(s) + Bhua(5), v(3) + Ohua () (). hun (5)

Therefore by the uniform continuity of the derivative stated in conditions

(SHII) and (SHIII) we have

hallzy (|G (2 + Bn) = G(2)

”hl”XT 10
—

- [ = (7O NN ) B B, 0

OF (u(s),v(s)) (hui(s), h vl(S)SU

By induction one obtains (7.17) for 1 < j < k.

It follows from a generalization of Banachs fixed point theorem tha is an
isomorphism from X onto itself. Indeed, assume w € Xr is given. Then for
h = (hu, ho, ho, A(hy, hy)) € Xr the equation 22(z, 29)h = w is equivalent
to Ph = h, where P : Xr — Xp,

(Ph) (1) = /(; T(t — s) <—8S§((U,U: w)<5))(hua>h’v7 hw)<5)) ds — w(t).

X

tc’?]—'



104

There exists a constant M > 0, depending only on T, $), F, z, so that for
]’Ll, hg e Xr
[Phi(t) — Pha(t)lly < Mt|[hy — haolly, -

Proceeding with P* = PoP we get [|(P2hy) () — (P2ha) (1) ]|y < 2% |[Ay — hol 5,
By induction

, , MT)
Pt =Pl < O i~ ol

Thus for ¢ sufficiently large P is a contraction on Xp.
From the implicit function theorem it follows that v is a C* smooth map
from U into Xr. Hence St : U — Y is C*.

From (7.5) and (7.17) it follows that 9S* is the solution to (LH) in the
sense of Definition 7.14. O]

Remark 7.17. The map S" : U — Xp,u s S'u is C* smooth.

Suppose H and F' are linear. i.e.
Hyo(z,u,0,w) = Coup(z) (w,v,w)",  Hy(x, u,v,w) = Cy()(u, v, w)",

where - denotes transpose, C,,, € L>([0, 1], K(+n2)x7) ¢ e O([0, 1], Ks*™)
and F' € L£(C([0,1], K™*"2) K"). Then the weak solutions exist for all
t > 0. We denote the corresponding linear semigroup by 7i(¢). Further

denote C := (gﬁ’)

Proposition 7.18. T(t) : Y — Y is a Cy semigroup in'Y with infinitesimal
generator Ay : D(Ay) — Y,

Ay

Q8 <

Dmg:ﬁ%um@eyuwuw@emﬂﬂmmKMW) (7.18)
x C([0,1], K™) x K™,
Aq(u,v,w,d) € Y}.
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Proof. By our definition of weak solutions to (SH) in the space X we have
that T} is a strongly continuous semigroup on Y. We verify that A; is its
infinitesimal generator:

Let (u(s),v(s),w(s), A(u(s),v(s))) = Ti(s)(uo, vy, wo, A(ug,vp)). Then

we have

Uo Ug

Tl(h> -1 Vo T(h) —1 Vo
_ = — 7.19
h Wo h Wo ( )

do do

u(s)
v et v ]
+ /O T(h— s) D) | as

)
F(u(s),v(s))

SEES:

Since T'(t) is a Cj semigroup on X, for 1 < p < oo (recall the definition of T
and Ap in (7.1), (7.2), (7.3)) we have the following convergence in X,

u(s) u(h — s)
v [ oo [TOLS  wet [ | O e
F(u(s),ols) Flulh—5)o(h
5=t . (7.20)
F(ug, vo)

Hence, if yo = (ug, vo, wo,dy) € Y and the limit

T -1
lim —1(h)

=A Y
o Yo 1Y% €

exists in Y C X, then it follows from (7.19) and (7.20) that the limit
limp, o T2y exists in X,. Therefore, (ug, vo) € WP([0,1], K™ +") and

h
Uo

Aoyo = A1yo — —c0) Z(; € Xoo-
F(ug,vo)

This shows yy belongs to the right hand side of equation (7.18).
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Conversely suppose o belongs to the right hand side of (7.18). If we plug

h
(T(h) - I)(anvoawmdo)t = / T(S)Ao(uoavmwoado)t
0

into (7.19) we get

U U u(h —s)
T1<h]i -1 | /h T(s) | K% ol () (5)((23 ds.
do F(u(h —s),v(h —s))
(7.21)

We have to show that the right hand side of (7.21) converges in Y for h | 0
to

Ug Uo Uo

1211 Vo — —K()E)m Vo — C() Vo
Wo Wo Wo
do F(UO, Uo)

(Note that the integrand in (7.21) belongs to X, and not to Y, this would
be true even if C' and C,, would have constant coefficients, in general. Also
T(t) is not Cy on X, but on X,,.)

Uo Uo
Ti(h) =1 | v i | Yo
a2 |
h Wo Hwo
dy dy
. u(h — s) — ug
o C) [ v(h—s)—w
N /0 T(s) w(h — s) — wy ds
F(u(h — s),v(h —s)) — F(ug,vg)
U Ug
h
+h! / T(s)A, Z;O — A | Y as
0 0 Wo
do do

=I+1I.

The first term [ tends to zero in Y for h | 0 because (u,v,w, A(u,v)) € Xr.
And I1 goes to zero because A (ug, vo, wo,dp) € Y and T' is a Cy semigroup
onY. ]
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Remark 7.19. The question arises if the semigroup Ti(t) on Y can be ex-
tended to a Cy semigroup on the larger space X, for p € [1,00] or a semigroup
on Xoo (which will not be Cy). For many cases, see Proposition 7.20 and Re-
mark 7.21 this is not difficult to verify. The space Y then can be considered
as an admissible subspace in the sense of [49, p.122, Definition. 5.3]. On
these larger spaces the functions do not have to satisfy the boundary condi-
tions pointwise and hence it makes sense to write the variation of constants
formula z(t) = T1(t)z(0) + fot Ti(t — s)r(z(s)) ds where r is a Nemytskij op-
erator which is not compatible with boundary conditions and hence maps out
of the space Y. This will face us when we will discuss the existence of cen-
ter manifolds for equilibria, where we expand the Nemytskij operator at the
equilibrium state (Ty will correspond to the linear part and r the remainder
containing terms of order two).

A detailed proof of the next Proposition by using the Lumer-Phillips
theorem (and an equivalent weighted norm on X,) can be found in [45,
Theorem 6.2, p.312|

Proposition 7.20. Suppose
F(u,v) = Fou(l) + Gov(l)  with Fy € K"*™ and G € K"2*"2.

Then Ty can be extended to a Cy semigroup on X,, p € [1, 00, with infinites-
imal generator

Ai(u,v,w,d) = ((—K(2)0, — C(2)) (u(z),v(z), w(z))"; F(u,v)),

D(A)) = {(u,v,w,d) € WHP([0,1], K™+"2) x LP([0,1],K") x K" |
u(0) = Ev(0), d = A(u,v)}.

Remark 7.21. Proposition 7.20 can be seen directly by solving the equation
for C = 0. One can verify Proposition 7.20 for more general choices of F
including “delays”.

Definition 7.22. We call @ € Y a stationary or equilibrium solution of (SH)
if the constant function z(t) := a is a weak solution of (SH) in the sense of
Definition 7.3.

Proposition 7.23. A state a = (ay, @y, @y, Aay,a,)) € Y is an equi-
librium solution if and only if there exists p € [1,00[ so that (a,,a,) €
WP([0,1), R™*2) and both KOy (ay, @y, ayw) +9(ay, @y, ayw) = 0 and F(a,, a,) =
0 wvanish. In this case (au, ay) € (Ny<peos WP([0,1], R™H72).
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Proof. 1f a is an equilibrium, then the constant solution z(t) := a is differ-
entiable with values in X, for 1 < p < co. Because z satisfies the variation
of constants formula (7.5), and 7" is a Cj semigroup on X, for 1 < p < oo,

and the constant map s — —$Hlaw, av, au) is differentiable into X, it
F(ay,ay)

follows from Proposition 13.6 that ¢ — T'(t)a is differentiable into X, for
1 < p < co. Hence a is in the domain of the generator A, of the semigroup
T(t) : X, — X, which means (a,,a,) € W'([0,[], R"+"2), O

Definition 7.24. Let @ € Y be an equilibrium of (SH). Then a is called
(exponentially) stable if there exists a neighborhood U of a in Y and constants
¢ >0, f > 0, such that if z is a mild solution of (SH) with z(0) € U then z
exists for all ¢ > 0 and

2(t) — ally < co® [2(0) — ally for ¢ > 0.

Definition 7.25. Let a = (ay, ay, @y, A(ay, a,)) be an equilibrium of (SH).
Define the linearized operator 2, in Y:

" u
" A, | v
A = w , (7.22)

A(ZU, v) OF (ay, a,) <:}‘)

A, = —K ()0, — 09 (ay, ay, ay).

Theorem 7.26. Let a = (ay, ay, Gy, Alay, a,)) be an equilibrium of (SH)
such that there exists a > 0 with the property that the spectrum of A, lies
in the left half-space ReX < —a. Suppose that (the complexification of ) A,
belongs to the class (DH), satisfying the conditions (DHI) — (DHIII). Then
a is a stable equilibrium of (SH) in the sense of Def. 7.24.

Proof. Theorem 6.16 and Proposition 5.11 imply that the solution operator
St for the linearization (LH) in a satisfies ||[Sz ()| gy < ce” 7" for some ¢ > 0
and v € ]0, [. With this and Theorem 7.16 the proof is in the line with the
proof of |71, Theorem 11.22, p.121-122]. ]

Remark 7.27. In all applications we have encountered linearization U, be-
longs to the class (DH) and satisfies conditions (DHI) — (DHIII).



Chapter 8

Smooth center manifolds for
semilinear hyperbolic systems

In this section we will show that near an nonhyperbolic equilibrium of (SH)
there exists a smooth C* center manifold which is exponentially attracting
with respect to the C' norm in the phase space Y. For this and later appli-
cations to model reduction of the traveling wave model and Hopf bifurcation
of rotating waves into modulated waves (selfpulsations of the laser) we will
need the persistence results of P. Bates, K. Lu and C. Zeng [8| for overflow-
ing manifolds in the context of a smooth semiflow on a Banach space. First
we summarize the required main results of [§] in section 8.1 without proofs
and then we show the existence of center manifolds for semilinear hyperbolic
systems in 8.2.

8.1 Persistence of overflowing manifolds for semi-
flows in Banach spaces (theory of P. W.
Bates, K. Lu, C. Zeng)

Let X be a Banach space and T' € C*(X, X) a map. Suppose M is a C' Ba-
nach manifold without boundary and ¢ : M — X is an C'* immersion from M
into X, i.e. ¢ is C! and locally injective (so M is allowed to penetrate itself).

For a subset S C X and a > 0 put B(S,a) := {r € X | d(z,S5) < a}. For
each my € M let B.(my,a) denote the connected component of 1)~ (B(1)(my), a))
which contains my.

Definition 8.1. The manifold M is said to be overflowing with respect to
the map T if the following conditions hold:

109
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1) There exist an open subset M; C M and a homeomorphism u : M — M;
such that
Y(m) =T (W(u(m))) forallm e M.

1) There exists an r > 0 such that for any mqy € M; the set (B.(mg, 7)) is
closed in X.

Condition ¢) means that the image of ¢(M;) under T covers (M), condi-
tion 22) roughly says that the distance from (M) to the boundary of ¥(M)
is at least 7.

The overflowing manifold is required to be normally hyperbolic. More pre-
cisely assume the following;:

(H1) For each m € M there is a decomposition
X=X, X,
of closed subspaces with X7 being transversal to 0y (m)(T,,M), i.e
X =o¢Yp(m)(T,,M) & X;,

(here T,,M denotes the tangent space of M at m). Furthermore, for any
my €M
115, 0T (p(mo)) = X5y — Xy

is an isomorphism, where my = u(m,) € M; and IIS, is the projection onto
X¢ with kernel X3 . There exists A € |0, 1] such that

Hn OT ((mo) ) x,

‘ < /\mln{l m( fmaT(;z)(mo))W%)}. (8.1)

Here I} := 1 — II¢, and

m (115, O (o)), ) o= inf |10, OT (o(mo))a| | 2 € X5, [l = 1}
(8.2)
denotes the minimum norm of I, 0T'(¢(mo)) x, -

Condition (H1) means that ¢ (M) is exponentially stable and that 07" con-
tracts along the normal direction and does so more strongly than it does along
the tangential direction. Hypothesis (H1) differs slightly from the standard
definition of normal hyperbolicity, see for example [32|, where X¢ is usually
required to be equal to the tangent space of (M) which is invariant under
JT. Here X¢, is only required to be an approximation of the tangent space
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of (M), see the forthcoming condition (H3).

In order to establish tubular neighbourhoods with a uniform size the fol-
lowing assumption is needed:

(H2) For any mg € M> my, Mg € BC<m07T)7 ma 7é mo,
[T, =TI, || < L lwo(ma) — v (mo) |

and

|1(m1) — ¥(mg) — T2, (1p(my) — ¥ (ms))||
[ (ma) — P (ma)]|

where L, e; are constants that satisfy 1 < L < @ and €; < 1.

S €1, (83)

This means that the projection II, is Lipschitz in m and that M does not
“twist” too much.

Moreover, the following uniformity assumptions on 7', II¢ and II} are needed
(note that M is not required to be locally compact)

(H3) @) There exists a constant B > 0 such that ||[II¢,|| < B and I, < B
for all m € M.
1) There exist a constant py > 0 and for any m € M a A, € L(X¢,, X))
with

[Amll < 0, 9b(m) (TnM) = (I + Am) X7,
u1) For any n > 0 there exists € > 0 such that for any xq, 29 € B(¢¥(M),€),
21 — 22fl <,

10T (z1) — T (z2)|| <.

w) There exist constants a > 0 and B; > 0 such that (m(-) denotes the
minimum norm (8.2))

m (L, 0T (é(mo))ix;,, ) > @ and  [|0T || < B

for my € M, mg = u(my) € M.

Condition ) implies that X¢ is an approximation of the tangent space
(I + Ap) XS, of (M) at 1p(m) with an error bounded by . The follow-
ing main Theorem 8.6 states the persistence of the overflowing manifold if
X¢ is a good approximation of the tangent bundle of ¢)(M). The following
conditions for ug have been shown to be sufficient: Denote

(1 +€1>M0
(I —e)(1 — o)

M1 =
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Then pq satisfies
- (1 —N)? (1—-MN)2%a
* " 16B2B? 4BB,

If X¢ is equal to the tangent bundle of (M) then py = 0 and (8.4) is of
course satisfied automatically.

" min{l,a®} and 1 < min{l,%}. (8.4)

The following fourth hypothesis is needed for proving the C'-closeness of
the perturbed manifold to the original manifold from which it follows that
condition #2) in (H3) also holds for the perturbed manifold. This is needed
for obtaining higher order smoothness of the perturbed manifold stated in
Corollary 8.9. For this we need the following straightforward Lemma which
is contained in [7, Lemma 4.1, p.20]:

Lemma 8.2. Ifm; : X — X, 1=1,2, are two continuous linear projections
from X into itself that satisfy |m — m| < n < V2 — 1, then Tijmx 15 an
isomorphism from 1 X onto m X and mo., x s an isomorphism from m X
onto me X. Moreover we have

_ 1
(7T2|7r1X> 1“ < m

9

|1 pmex || |2 x|| £ 147 and H(m‘mx)fl

We recall the following standard estimate which is easy to verify

Lemma 8.3. I[fA:V — W, B:V — W are bounded linear maps from the
Banach space V' into the Banach space W, A is invertible and ||A — B|| <
|A=Y|7", then B is invertible and

Ay
[A=H[A = B
Proof. Let I :' V — V be the identity operator. Then we have
|1 - A7 B] = 474~ B)|| < 47 1A - B] < 1.

-1
B < —

Hence a standard argument using Neumann series implies that A~!B =
I — (I — A7'B) is invertible with

_ 1 1
A'B 1H < < .
[478) | < ==y < oA

Because A"'B and A are invertible it follows that B is invertible and we
have

Ay
= AT A= Bl
[

(T =

|57 =|[(a7m) A

<Js
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From (H2), since Lr < v/2—1, and Lemma 8.2 we have that for my € M
and m € Bc(mg,r) the projection II7 is an isomorphism from X, to Xy,
with

-1
>1— ||, — 115, || - (8.5)

()

Let mog € M, m € B.(mg,r) and K € L(XE,X5). Then define for suffi-
ciently small || K|

-1

W (K, mg) == (115, (I + K) xe,)

and
W(K,mg) =11, (I + K)W.(K,mq) € L(X, , X,)-
Since
[T, K[| < [T, = 105, || 11

it follows from Lemma 8.3 and (8.5) that W.(K,mg) and W (K, mg) are well
defined, when

1K) < e, — e, |7 -1 (8.6)
From (H2) a sufficient condition for (8.6) is || K| < v/2.

By definition of W (K, mg) one sees that W (K, my) is just the representation
of the subspace (I + K)(X7,) in the coordinate system X7 @ X7 . i.e.

(I + K)XE = (I +W(K,mp))XE,.

We are now able to define condition

(H4) For any n > 0 there exists 6 > 0 such that for any my € M; and
m € Be(mo, ) N~ (B(¥(mo), 0))

W (A, m0) = A [| < 1.

Remark 8.4. By definition (I + Ap)(XE,) is the tangent space of (M) at
m so that W (A, mg) is the representation of the tangent space at m with
respect to the coordinate system X[ @ X, .

It can be shown (see [8, Lemma 3.6, Lemma 3.7, Lemma 4.1]) that for any
mo € M there is a local coordinate representation f : {z¢ € X5, | |lzc|| <
6} — X, (6 > 0 sufficiently small), i.e. for m sufficiently close to mo and
x. sufficiently small

P(m) = ¢(mo) +2° + f(z°).

Since Of (z°) = W (A, mo) and W (A, mo) = Ay hypothesis (H4) is equiv-
alent to assuming that Of is uniformly continuous in some sense.
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If ¢ can be extended to an immersion on a compact manifold, i.e. there exists
a compact manifold My with M C My and an immersion 1y : My — X so
that oy, = 1, then (H4) holds.

In order to state the main result of [8] precisely we briefly explain the
“tubular neighbourhoods” of ¥(M) used in the construction of the perturbed
manifold.

Definition 8.5. For each mg € M and € > 0 define
N(mg,€) :={¢(m) +2° | m € B.(my,7), 2° € X, ||2°]] <€},
N(M,e€) := Ungermr N (mo, €).

It can be shown (see Lemma 3.4 and Lemma 3.5 in [8]) that there ex-
ists €9 > 0 (depending only on r, €, B, L) such that for 0 < ¢ < ¢ the set
N(myg,€) is open in X. Thus N(M,e¢) is an open tubular neighbourhood
containing ¥ (M).

Now we can state the main theorems on persistence and smoothness of over-
flowing manifolds (which is a slightly more detailed summary of Theorem A,
Proposition 4.8 and Theorem B in [8]):

Theorem 8.6. Suppose M is an overflowing invariant manifold for the map
T and (H1)—(H3) together with (8.4) are satisfied. Then there exist constants
¢* and o(€), which depend only on the constants given in (H1) — (H3), such
that if € < ¢ and T € CY(X,X) satisfies |T — T < o, then
L (Bp(M:) 7))
there exists a C' immersion hg : M — X such that ho(M) is an overflowing
manifold within N(M,e) and (H1), (H2) and conditions 1),112),1w) in (H3)
hold for T and ho(M) with possibly larger €1, B, By, L, A and smaller a and
r. Under the C° norms for hy and T, hg is Lipschitz with respect to T. If
the spectral gap condition (8.7) in Theorem 8.8 holds for (M) then it also
holds for ho(M) with possibly larger A < 1.
If (H4) holds for (M) then hy is close to 1 in the C' topology, i.e. for
o — 0 we have || — hollgr(py) — 0. In particular (H3) is satisfied for ho(M)
when (H4) is true for ¢ (M).
Moreover, there exists a constant 6 > 0, depending only on € and the con-
stants of (H1) — (H3) such that for any mg € M and xj € X3, (€) one has
the following characterization of hy: The relation 1¥(mg) + xf = ho(mg) holds
if and only if there exists a sequence

(Mg, 2)iew  withm; € M, z; € X, ||7j]| < e forieNN,
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such that
m; € Be (u(mi_y,7) N~ (B(¥(u(mi—1)),d))

and )
T(W(m;) +af) =(mq) +x;_, fori=1,2,....

Remark 8.7. If ¢ is an embedding (i.e. injective) and (8.3) holds for
my, my € v (B(1(myg),7)) (m1 and my are not chosen only from the con-
nected component in contrast to condition (H2)) then hy is an embedding.

If T is C* with uniformly bounded i-th order derivatives, j is chosen
smaller than in (8.4) and a higher order spectral gap condition holds, then
the following theorem states that a C! overflowing manifold is automatically

C*.

Theorem 8.8. Suppose T € C*(X,X) and M is an overflowing invariant
manifold for T and (H1) — (H3) hold. Assume there exist constants By > 1
and d > 0 such that |0'T(z)|| < By for x € B(y(M;),d) and 1 < i < k.
Furthermore let

<A (m (1,07 @), ) (87)
formq € M, mg=u(my) € My, i=1,2,...,k and some X € |0,1]. If

(1-Na (1—=X)2%a* (1-)N)?a?
2BBi(k+a*)’ 16B°B2 ' 16B2B2

185,07 (0 (mo))ix,

fo < min{ (8.8)

then (M) is C*. When T € C* (X, X), then (M) is also C*1.

Corollary 8.9. Under the assumptions of Theorem 8.8 it follows for hy in
Theorem 8.6 that hg € C* (hg € C*1) if condition (H4) is satisfied.

Finally, we state the persistence for semiflows. Let T% T* € C([0, oc] x
X, X) be a semiflow, i.e.

T =1, T =T'oT*, fort,s>0.

A semiflow T is called C* smooth if T* € C*(X, X) for all t > 0. The fol-
lowing hypothesis is required

(H5) For all n > 0 there exists ( > 0 such that for all x € B(y¢(M),r)
and t € [0, (] we have

T x) — mH <.

Then we have the following
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Theorem 8.10. Let T, T be C semiflows so that condition (H5) is satisfied
for T. Suppose to > 0 is such that (M) is overflowing invariant with
respect to the map T™ and (H1) — (H3) together with (8.4) hold for T'. Let
€* and o(€), € < €* be the constants from Theorem 8.6. Further, assume

HTtO — Tt < 0. Let hy be the immersion for T'. Then, for

CH B (M),)) )

anym € M there exists t1 > 0 such that T*(ho(m)) € ho(M) for allt € [0,t4].
If v : ]—00,0] — N(M,¢) is a trajectory that satisfies T2y (—t) = y(—t + A)
fort,A >0, A <t, then y(—t) € ho(M) for all t > 0.

Remark 8.11. If T, T are C* semiflows and the conditions of Theorem 8.8
together with (H4) are satisfied for T*, then ho(M) is a C* smooth invariant

manifold for T when o s sufficiently small.

Remark 8.12. [t can be shown that t1 only depends on the size of r9 which
satisfies
{2 € X0 [ 2% <72} C Bn(¢(Be(m, 7))

Here P, denotes the map from X to X, that is given by P, (z) = 11§ (z —
w(m)). Note that P, o1 is a diffeomorphism from B.(m,r) to its image,
which is an open subset of X&, [8, Lemma 3.4].

Remark 8.13 (Uniqueness). Suppose the conditions of Theorem 8.6 are sat-
isfied. It should be stated that the perturbed manifold ho(M) is unique. From
the proofs in [8] this uniqueness is obvious within the category of certain
Lipschitz graphs (T') contained in the tubular neighbourhood N(M,e€), where
€ < €. However, it is desirable to state the uniqueness within the larger class
of continuous manifolds in N(M,¢), i.e. for C°(M, X ¢€) :={h € C°(M, X) |
h(m) —(m) € X5 (€) form € M}. From a correspondence with Chongchun
Zeng the following statement follows from [8, Lemma 4.5/

Suppose

1) hy € C°(M, X ¢€)

1) hi(M) is overflowing invariant with respect to T, i.e. there exists a home-
omorphism uy : M — uy (M) such that T(hi(ui(m))) = hi(m) for m € M
and there exists vy > 0 such that for any my € uy (M), ¥(B.(mqg,r)) is closed
n X.

w) For any mg € M, my = u1(mg) € Be(u(mg),r) N~ B (u(myg)),d)
(here § = €/(2u) and p satisfies (3.13), (4.1)-(4.3) in [8]).

Then hy = hg.

To see this take hy as the h in [8, Lemma 4.5] and x5 = hi(mg) — 1 (my),
my = ui(my), 5 = hi(my) — ¥(my). Then it follows from [8, Lemma 4.5/
that ||h1 — ho” < /\1 ||h1 — h()” where /\1 < ]_, 1.€. hl = ho.
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8.2 Center manifolds for semilinear hyperbolic
systems

Let a € Y be an equilibrium of (SH). Suppose that the (complexification of
the) linearization 2, defined in (7.22), belongs to (DH) and satisfies (DHI) —
(DHIII). Moreover suppose for the spectral set ¥, defined in (6.5),

sup{Re X | A € ¥} <0,

and v, < 0 for the reduced system (Hg). Assume that the spectrum o of 2,
is on the left side of the imaginary axis,

o C{A e C|ReA <0},
and that a is nonhyperbolic, i.e.
E.:=onNiR # 0.

Then FE. is finite and only contains eigenvalues of finite algebraic multiplicities
and we have a spectral gap: There exists a § > 0 so that

C,(w No=~F,.
The critical set of eigenvalues E, is of the form
E.= {0 A

Let
T.(t): Y =Y

denote the C semigroup generated by 2,, see Proposition 7.18. As in (7.15)
and (7.16) let S denote the solution map and Sk(a) = 95*(a) its linearization
in the equilibrium a. We have

To(t) = Si(a).

Define the spectral projection
Te i= /(/\] —A) AN, mo=1d -7, (8.9)
gl

where 7 is a simple positive oriented loop in C_5s5 around E.. Let XE,
X% and Y€ denote the complexifications of the (real) spaces X,, X, and
Y. Since the resolvent in (8.9) is analytic in A with values in the space of
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bounded linear maps on X;DU, XE and Y9 the projections 7. and 7, are well
defined on X, X§ and Y“. We have that 7, maps X continuously into
the n. dimensional subspace

X :=Imn. C D(A,),

where D = D(2,) is the domain of 2,. We have [ = 7.+, w15 = mem. = 0,
7D C D, D CD,U(DNX,) C X, A (DN X;) C Xs. Denote
X¢ .= Imm,.

s

The linear spaces X* and X¢ decompose the space
Ye=Xx%p X°

(YC denotes the complexification of Y) into the direct sum of two closed
linear subspaces which are invariant with respect to the complexification
of the linearized semigroup S%(a). Both X and X¥ are invariant under
complex conjugation. Hence it follows that

X, =X’NY and X,:=X'nY
decompose the real space Y
Y =X,® X,

in, with respect to the a-linearized flow Sk(a), invariant closed subspaces.
The spectral gap mapping Theorem 6.15 implies that there exist constants
a > 0 and ¢ > 0 such that

| St(@)x,
Hence there exists 0 < A < 1 so that for sufficiently large t > 0

‘ s

t
L|X,

<ce ™ (t>0).

L(Xs)

ot < Amin {1, inf{||SLz|| | z. € X, [|zc|| = 1}}. (8.10)

Because the operator (£, F') will map out of the space Y (the Nemytskij
operator $) is not restricted to be compatible with the boundary conditions),
we will need that the semigroup 7, can be extended to a larger space in order
to be able to write the variation of constants formula. Hence we assume that
T, can be extended to the space X, see Proposition 7.20 and Remark 7.21.

Moreover we require that F' can be truncated in the following sense: Let

F(ay, +u,a, +v) = F(ay, a,) + 0F (ay, a,)(u,v) + re(u,v) (8.11)
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with 7p(u,v) = o(||(u,v)]|,,). We suppose that for any truncation parameter
§ > 0 there exists a C* smooth map rrs : C([0,1], R™+"2) — R"™ having the
following properties:

v) rrs(u,v) = re(u,v) for (u,v) € C([0, 1], R™*"2) with |[(u, v)|[, <0

u) there exists a positive function § = §(8) with limgjo 6(8) = 0 so that

lres(u,0)lo < 6(8)8 and  [|dres(u, v), < 8(6) (8.12)
for all (u,v) € C([0,1], R"*"2).

Example 8.14. Let x;, € [0,1], 1
Suppose F is of the form F(u,0)

above truncation property.
Indeed, we have rp(u,v) = > 7" re(u(zy), v(zg)), where

re(u(ze), v(zk)) = Frlau(zr) +u(zg), ap(zr) + v(zr)) — Frlaw(zr), a(T))
—0F(au(zr), av(zy)) (u(zy), v(Tk)).

Thenrps(u,v) = > 00 ri(u(zy), v(zk))xs(u(zy), v(zy)) does it, where xs(-) =
X (071) and x : R — R is a C cut off function so that x(z) = 1 for
|lz]| <1, x(z) =0 for ||z|]| > 2 and 0 < x(z) < 1 for x € R™*"2,

Theorem 8.15 (Existence of C* smooth center manifolds). Let k > 1. There
exists an open neighbourhood Q of zero in'Y and a graph v € C*(QN X,, X,)
such that

1) 7(0) =0, 07(0) = 0;

u) the manifold

m, and Fj, : Rm+"2 — R"™ be CF.

<k<
= Z Fi(u(xy),0(xy)). Then F has the

W={a+z.+v(z.) | 2. € QN X }

is locally invariant for (SH), i.e. fort >0 we have S‘(W)NQ C W;
) if z 1 |—00,0] — a+Q is a solution of (SH) then z(t) € W fort € |—o0,0].
w) For p € [1,00[ we have
Y(QNX.) C XN (WHP0,1[,R™™) x C([0,], R™) x R™),
W cyn(Wh(o,I[,R") x C([0,1],R™) x R™).

If z:[0,6] = W (0 > 0) is a solution of (SH) then
z € C*([0,4],Y).

The flow on W is given by the ordinary differential equation

d
E:{:c A.z. + f(z),

where f: X, — X, is C* smooth, f(0) =0 and 0f(0) =
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Proof. Let z(t) be a weak solution with
2(0) € W (]0,1[,R™*") x C([0,1], R") x R"™

close (in the sense of the space Y) to a = (ay, @y, @y, Alay, a,)).
We expand $) in (ay, a,,a,) and F' in (a,,a,) and denote the remainders r
and 7p, respectively: We write (8.11) and for z € L>([0,1], R")

D((uy Ay, ) + 2) = H(au, y, ay) + 09D (ay, ay, ay) 2 — 7(2),

where r(2) = o(]|Z]|;«) (here 0% € L(L*([0,{],R")) denotes the Fréchet
derivative of §). Put

x(t) = (Tu, Ty, Twy ATy, ) (L) := 2(t) — a.

Then

d (2 (), (1), 2y (t
(1) =e(t) + ( (TF&;U( t><, ; ( t)g ))) | (8.13)

By assumption 7,(t) can be extended to a Cj semigroup on X, with some
p € [1,00[. Hence we can write

_ ' s 7(2u(8), 7o(8), Tw(S)) s
x(t) =T,(t)z(0) +/0 Ta(t )( re(za(s), 2o(s)) > ds. (8.14)

Note that (7(z4(s), 2y(8), Zw(s)), TE(Tu(s), 2,(s))) is in X \ Y, in general.
Define
Te:=T.x and X, := TX.

Then we have by projecting (8.14) or (8.13)

— 8)re(ze(s), 24(s)) ds, (8.15)

Te(Tey s) 1= ToT (e + T5),  7Ts(Te, x5) 1= WT (20 + T5),

r — T(.Tcu + Lsuy Lew + Lsvy Lew + $sw>
Pz + 14) = ( 15 (Zow + Tow, Tep + Too) ) .

or, equivalently,

{ %xc(th Qlawc(t)—l-rc(%(t)axs(t))i (8.16)

Denote the restriction of 2, to X, as

AC = Qla‘Xc‘
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The projections x,. and x4 form a smooth semiflow in X, x X,. For z. and z,
close to zero (8.16) is a small C'! perturbation of the linear flow T, (¢) which
has the invariant linear center manifold X, x {0}. Inequality (8.10) means
that the center is normally hyperbolic.

In the following we will modify the linear flow e on X, ~ X, x {0}
and make it overflowing at the border of an ellipsoid. This will be our start-
ing overflowing normally hyperbolic center manifold. Then, after modifying
(8.15) on X, outside a small neighbourhood of zero we will see that this mod-
ified system will be a small smooth C! perturbation of the modified linear
flow. Thus we see that the assumptions of Theorem 8.10 and Remark 8.11
(see (H1) — (H5) and (8.7)) are satisfied, so that we obtain the existence of
a CF invariant smooth center manifold for the modified system. Since the
modified system coincides locally near zero with the original one (8.15) this
will prove existence of a local C* invariant smooth center manifold for (SH)
near the equilibrium a as stated in our theorem.

Let 0 > 0 be a small parameter. Then A.+ oI has only eigenvalues with real
part equal to o > 0 and it follows from Jordans normal form theorem that
one can find an overflowing invariant ellipsoid & for the flow e(<tot  This
ellipsoid is independent on o because the Jordan basis does not depend on
0. According to £ let e : X. — R be a C'*° bump function with the property
that e(x) =1 for each x € 9, 0 < e(x) < 1 for z € X, and e(z) = 0 for all
r € X, with dist(z,0€) > 7, where

r:= dist(0€, {0}).

Consider the small perturbation of the flow e’ given by

d
Emc(t) = (A. + oe(x.(t)))x.(t)

and denote the corresponding flow by S%. For each o > 0 the flow S? is
identical to e<! within a small neighbourhood of 0 in X, (whose size depends
on t) and it has the invariant overflowing manifold £ for ¢ > 0.

Next we verify that for sufficiently small o > 0 the manifold £ x {0} C
X. x X, is normally hyperbolic with respect to the flow

{ velt) = e (0) + [ M ge(r(s))acl(s) ds,
xs(t) = T,(t) z4(0).

We have to check (8.1) and (8.7). For this we need to verify that there
exist A < 1 and ¢ > 0 such that for all m € €

Amin {1, inf{[[0SH(m)z.|| | 2. € X, ool = 11} > 1Tl gy (818)

(8.17)



122

and for all 1 <¢ <k
A (inf{||@SE(m)ze|| | ze € Xe, |zl = 13)" > [ Ta() £ (x.) - (8.19)

By (8.10) we have that there exist & > 0 and C' > 0 such that

ITa()llpx,y < Ce™® fort >0. (8.20)
Now 9S:(m)z. solves
d
() = (Ac+aD(1)) y(1) (8.21)

with initial condition y(0) = x., where D(t) := S!(m)de(SL(m))+e(SL(m))I.
If y is a solution then y satisfies the variation of constants formula

t
y(t) = eAC(t_tO)y(tg) —I—/ eAC(t_s)aD(s)y(s) ds.

to

Let D be a bound for sup,.y || D(s)|| for all m € £. Then for all € > 0 there
exists a constant M (e€) so that

ly@)ll < M(e)e "l [ly(to)]l +

/MMM“@M%%

to

Multiplying with e~¢*=*l yields

WWWMWSM@MWWb/meW*WM%w

to

Gronwall’s inequality implies
e~y ()| < M(e) y(to) || M P11

or
ly@)l < M(e) [ly(to)| el Ol

In other words, if T'(t,%;) denotes the fundamental solution to (8.21), then
we have
IT(t,to)|| < M (e)elcHoMODi=to]

Thus for z. € X, with ||z.|| = 1 we get from

L= llzell < ITO BT 0)ae] < M(e)e!HMEOP Tt 0)x]| (> 0)
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the estimate

[0S (m)ae|| = IT(t,0)z]| > e FMOPE (¢ > ).

M(e) -

Now choose € < « and ¢ so small that € + cM(e)D < a. Then it follows
that for each A\ < 1 condition (8.18) holds if ¢ is chosen sufficiently large. If
¢ and o are chosen so that i (e + oM (e)D) < a for 1 < i < k, then condition
(8.19) is also satisfied for ¢ sufficiently large.

We have seen that £ is an overflowing invariant normally hyperbolic man-
ifold for (8.17) if o > 0 is taken sufficiently small and ¢ > 0 sufficiently large.
In a small neighbourhood close to zero (8.15) is, roughly speaking, a small
perturbation of (8.17). Let S denote the flow of (8.15) and U* the flow
generated by (8.17). We will modify (8.15) outside a small §-neighbourhood
of 0 and close to the boarder 0 of the ellipsoid £. Thus we will construct
a perturbed semiflow P! of U! in such a way that for any given neighbour-
hood B (which contains a tubular neighbourhood of the with respect to U*
overflowing, normally hyperbolic invariant manifold &), and any given n > 0
and t; > 0 there exists dp > 0 such that for 0 < 0 < dy the relations

HPt—UtH1<nforO§t§t1 and (8.22)
| P —U"||, <mfor0<t<t (8.23)
hold. Here
[P = 0], = sup | Pa) — 070
zeB
and

| Pt — U'||, :=sup || P"(z) — U'(x)| + sup||0P'(z) — OU'(z)|| .
zeB zeB

Then Theorem 8.10 implies that £ persists uniquely for the perturbed semi-
flow P!. Since P! coincides in a small neighbourhood of 0 with the original
unmodified flow (8.15) this will prove the existence of local center-manifolds.

Let rps be a truncation of rrp as explained before Example 8.14. As in
Example 8.14 we truncate the remainder r of $: Let xy : R® — R be a C'*®
cut off function such that y(x) = 1 for ||z]| < 1, x(z) = 0 for ||z| > 2
and 0 < x(z) <1 for z € R". Put xs(-) := x (67 '+). Define the truncated

remainder rs
rs(2)(x) = 7r(z, Z(x))xs(2(x)).
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Due to this type of truncation we have
r5(2) =r(z) for H§HL°<>([O,I],IR”) <9

and
Irs(2)]| < 8(8), ||Ors(2)]| < 8(6) for all Z € L™ (8.24)

with some positive function ¢ satisfying lims o d(5) = 0.
Define P! to be the flow generated by the following modification of (8.15)

{ To(t) = eA )+ ft 6A (t=s) [r 5(Ze(s), Z5(5)) + oe(Ze(s))Te(s)] ds,
Ts(t) = T, +f0 $)rss(Ze(s), Ts(8)) ds,
(8.25)
Tes(Tey s) = Tels(Te + X)),  Tss(Te, ) = TeTs(T0 + T5),

f (m _i_x ) — r(s(xcu—i_xswxcu+$sv,$’cw+$5w)
s\Ze s) ¢ TEs(Tew + Tsuy Tew + Tsw) .

Choose 0; > 0 so small that |||, < d; implies ||z|ly, < 5. Then for § < 6
the flow of (8.25) coincides with (8.15) locally within a subset of the ball
Bs C Y (depending on t). Subtracting (8.25) and (8.17) we get

From (8.24) and (8.12) it follows that

[7e (e, 335)” (5)57 755 (e, 335)” < 5(5)5
||(3T05(:EC, xS)Hﬁ(YY < 5(5)7 ||8T55($07x5)”£ (Y, Xo) < 5(5)

If A, denotes a Lipschitz constant for the bump function e, B, is a bound for
e, B. is a bound for supy.,<;, [|Zc(s)|| and supg<,<;, [|(5)|| (depending only
on t; and B) and

. Ac
D := sup (He o LX) + HTa(9)||£(Xoo)>’

0€[0,t1]

then for 0 < ¢ < ¢,

|Ze(t) — 2.ty < Dt0(8)5 + [, oD(AB. + B.) ||E.(s) — z.(s)] ds,
1Z4(t) = zs(D)lly < DH(8)0.
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Thus there exists 6y > 0 such that for all 0 < § < Jy condition (8.23) is
satisfied.
By taking the norm of

&%’c( ) — Ox(t )

= f eAelt= 587’ Ze(s), T5(8))(0Zc(s) + 0Ts(s)) ds
—i—af eAe(t= s)[a€(~c(8))af0(8)f0(8) — Oe(x.(5))0xc(8)xe(s)
+e(Ze(s ))(93:0( ) — e(ze(s))0z.(s)] ds

= fte =) 0r,5(Te(8), T5(5))(0Fc(s) + 0F4(s)) ds
0 [y e (De(Fo(s)) = De(we(s)))0Fo(5)F(5)
+0e(x.(s)) (0Zc(s)(Te(s) — we(s)) + (0Tc(s) — Oxe(s))we(s))
+(e(Ze(s)) — e(ze(s))) O c(s) + e(xe(s)) (OTc(s) — Oxe(s))]
04(t ) Owy(t)

= [ITu(t — 8)0re(3.(s), 35(5)) (Dic(s) + Diy(s)) ds.

we get for 0 < ¢ < t; because of (8.26)

10Zc(t) = Oxe()]| oy, x.

Dti2E6(9) +0Df[ [0e(Ze(s)) — De(ze(s))| [|0Zc(s)] | Ze(s)]]

+ [|0e(ze () (10Zc(s) | [|Zc(s) — @e(s)]| + [10Fc(s) — Oxe(s)]| [|x(5)]])
+lle(ze(s)) — e(xe(s)I| 19Zc(s)| + lle(ze(s))] [|0Zc(s) — Oxe(s)]]] ds
Dt12E(5(5 +0D [J[(E.B.+ B,) |07.(s) — 9z.(s)|| +

E(AB. + E. + A.) [[Zc(s) — we(s)|] ds
Dt,2E5(0) + 0 D*2E (AB +E. +A ) 3(8)5eo P(AeBet Belta
+ [ oD (E.B.+ B,) |0c(s) — Ox.(s)| ds

IN

IN

IN

and 3
1024(t) = 025 (t) || £y, x,) < Dt12E6(0).

Here E is a bound for supg<,<;, [|0Z(s)|| and supy<,<,, [|0Zs(s)|| which only
depends on B and ty, E, is a bound for ||de||, and A is a Lipschitz constant
for Oe.

Gronwall implies that §, > 0 can be chosen sufficiently small such that (8.22)
holds for 0 < § < 9.

Next we prove 2):
The relation v(0) = 0 is plain from the construction of the center manifold
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because 0 is a fixed point of (8.25) for any § > 0.
Since 7 : £ — X, is invariant unter the flow P! we have
V&) = mP!(ze + y(ze)) with § =7 P! (ze + 7(zc)) (8.27)
for all . € £ and t > 0 such that £ € £. Deriving (8.27) at xz. = 0 yields
Oy(0)m AP (0)(I + 07v(0)) = 7, 0P (0)(I + 9v(0)). (8.28)

Here I : X. — X. x X, denotes simple inclusion. Because dP'(0) =
(eAet, T,(t)ms) we have m.dP'(0)07(0) = 0 and 7,0P*(0) = T,(t)m,. Multi-
plying (8.28) from the right with (7,dP!(0)I)~"

= e~ A< yields
97(0) = T, (t)ms0v(0)e ",
Letting ¢t — oo equation (8.20) implies
0v(0) = 0.

Note that (8.27) makes sense for arbitrary large ¢ for z. in a neighbourhood
of zero (whose size depends on t). Therefore (8.28) holds for all ¢ > 0.

Statement u22) follows from the final sentence of Theorem 8.10.

Finally we prove w). Let 20 € QN X.. Let z : [0,0] — Y be a local
trajectory with z(0) = a + 2% + y(2?). Then 2(¢) = a + z.(t) + z4(t), where
z4(t) = v(z.(t)). Because v € C*(QN X,, X,) and z, = y(z.) it follows from
(8.15) that z.(t) is the solution of an ODE in the unknown z. with a C*
smooth vectorfield. Hence z € C*([0,4],Y) and

(_ﬁ}(&,%)w))) e C'([0,0], X,).

Since 7" is a Cj semigroup on X, Proposition 13.6 yields

[ (TR ase ol x)
for 1 < p < co. Hence T(-)z(0) € C*([0, 4], X,,) which implies
z(0) € WHP(]0,1[, R™*™2) x LP(]0,1[,R") x R"2.

Hence (z2) = 2(0) —a—122 € Whr(J0, [, R™T"2) x LP(]0, ][, R™) x R™. O
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Remark 8.16 (Nonuniqueness). Center manifolds are not unique (not even
in a sufficiently small neighbourhood of the equilibirium). This does not con-
tradict the uniqueness stated in Remark 8.13. In the proof of Theorem 8.15
we have obtained a local center manifold which coincides with a unique cen-
ter manifold in a neigbourhood (size &) of the origin of equation (8.25). We
have obtained this unique manifold after modifying the nonlinearities H and
F outside such a neighbourhood. Many different persisting manifolds can co-
exist each depending uniquely on the type of modification one has performed,

see [70, 74].

Remark 8.17 (Center manifolds including parameters,bifurcations).
Suppose H and F depend on a parameter X\ € R%, i.e. H :]0,1[x (]R” X ]Rd) —
R" is a C* Caratheodory function and F : C([0,1], R™*"2) x RY — R" is C*
with bounded and uniformly continuous derivatives on bounded subsets. We
explain how one obtains a center manifold depending smoothly on A. Write

ﬁ((u,v,w),)\) = ﬁ((awavyaw>70>
+a(u,v,w)~6((au7 Qs a'w)a O)(U = Oy, UV — Gy, W — aw)
+6)\ﬁ<au7 Qyy Aoy 0))\ - T(U T Oy U = Gy, W — Ay, >‘>7
F(u,v,\) = F(ay, ay,0) + 0w F (ay, ay,0)(u — ay, v — ay)
+ONF (ay, ay, )N+ 17R(U — yy, v — Gy, A),

where r and rg are of second order in all variables. Then (8.14) becomes

o) = Tt)a(0)+ [ Tofes) (“O g BN OO 1Y) s

and (8.15) changes to

{xﬂ%=ﬂ@u@+ﬁﬂ@ﬂﬂmm%%®ﬂ)aww
A

+
xs(t) = Ta(t) 1‘5(0) + fot Ta(t — S) (T5($6(3)71'S(5)’ ) + ﬁ)\) ds’ (829)

Te(Tey sy A) 1= Tl (e + X5, A), T5(Te, Ts, A) 1= T (e + 5, A), @ 1= 7.,

. ~ . T<:Bcu + ZTsuy Tev + Tsvy Tew +xsw;)\)
ﬂ o WSC, T(ch + s )\) o ( TF(.Tcu + Tsyy Tep + Lo, )\) ) ,

= — O\ (y, Ay, Gy, 0)
T\ OWF(ay,a,,0) )7

Let A denote the restriction of U, to Xs. Since 0 ¢ o(A) the operator
Ag is an isomorphism from its domain of definition (equipped with the graph
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norm) onto X,. A further transformation of the form &, = x,+A;1 B\ makes
B =0, ie (829) can be written as

Ore = A+ a+To(Te, Ts, N)
OTs = AsZs+ Ts(Te,Ts, N,

where Toss(Te, Tg, N) = 15T, Ts — ABNN), T and Ty are of second order
in all variables. Following the above proof we get that (8.30) has a local
center manifold of the form M = {(z¢, A\, y(ze, N)) | (ze,A) € Q}, where
Q is a neighbourhood of 0 in X. x R and v(0,0) = 0, 9,,7(0,0) = 0,
0\y(0,0) = 0 and for each k > 1 one can choose Q sufficiently small such
that v : Q — X, is of class C*. The manifold M contains all sufficiently
small bounded time reversible solutions (for example equilibria and periodic
solutions). The intersection of M with the planes A = const are invariant
under the flow of (8.30). On such intersections the equation is given by the
ODE
Oxe = Acte + aX+ f(z, N),

where f(xz,\) is of second order in both variables.

If 0 ¢ o(A,), which occurs e.qg. for Hopf bifurcations, then we can solve
— KOy (ay, ay, ay) — H(ay, ay, ay, A) = 0 and F(ay,a,, \) =0 for

a = (au;avaawyA(awav>)
— a*(\) € Y N W([0, 1], R"72) % C([0, 1], R™) x R™.

We then translate a*(\) to the origin,

and get the following equation for x

ay(N) 4 (1)

Ay (N) + x4 (t)
ay(N) + (1)
d _Kax av(A) + mv(t) -9
"t = () + 2 (1) t(X) + 2ulf)
F(ay(X) + 2,(t), ay(X) + 2,(2), N)
4y~
dt

There are two ways to proceed then: We can expand — KOy (@, (N)+ Ty, ay(N)+
Ty Gy(A) + T0) — H(ay(A) + Ty, ay(N) + 2y, aw(A) + Ty, A) 0z, = 0,2, =
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0,24 = 0,A = 0 (similarly for F') and arrive at an equation which has the
same form as (8.30), but with o = 0, and get the existence of a smooth center
manifold M as above in X. and X coordinates.

Another possibility is to expand around a*(\) for X\ near zero and use A
dependent coordinates: Denote

au(A)
_Kax Ty - a(uﬂu,w)f) av ()\) Ly
ANz = Loy v Ty
A
Ty,
Ot Pl 0. ) ()
((0) = A, ). Then we have
%x(t) = AN)z(t) + r(z(t), ) (8.31)
d
E)\ =0
with
7(0,A) = 0, Ow,0,u)7(0,A) = 0 for X in a neighbourhood of zero,
and

8(%”@,”7”(0, 0) =0.

For X\ in a sufficiently small neighbourhood of zero let w.(\) denote the
spectral projection for the critical eigenvalues of A(N) near the imaginary
azis, ms(A) = Id — m.(A), X.(A) = Relmm (), Xs(A) := Relmms(N),
X, = X.(0), Xy = X;(0). Let B.(X) : Xo — X.(A) and Bs(N\) @ Xy — X(A)

be smooth linear bases. By using the coordinates
v, = B '\ 71Nz, ,:= B,(\) 'r,(\)x

(me(N) leaves real space invariant, because m.(A\)x = m.(A\)T) (8.31) recasts as

Goll) = B OVAN BN + (5:32)
S TN (BeNaelt) + Bo (V0. )
¥ S OVANBO)) +
ey
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The linear part

Z7e(t) = BI AN Be(N)ze(t) (8.33)
%ﬂfs(t) = B'(WAN)Bs(N)zs(t)

d

%)\ = 0.

has the invariant manifold x5 = 0, which is normally hyperbolic due to the
presence of the spectral gap and the mapping Theorem 6.15 (we have to lin-
earize the flow generated by (8.33) with respect to all variables x., xs and
Xin xy = 0; the A derivatives do not cause any difficulties). For xz., xg
and X\ near zero (8.32) is a small C' perturbation of (8.33). By modifying
the equations we can obtain an overflowing manifold. Then it follows from
Theorem 8.10 that locally this manifold persists: There exists a smooth graph
v: Xe xR — X, and a 6§ > 0 so that zy = y(ze, N), ||z|| <0, |\ <, is a
C* smooth invariant center manifold for (8.32). On the center manifold the
equations are governed by the following ODE

—e(t) = B (VAN Be(Ne(t) + f(ze(t), A),

where f(ze, N) = B Y (A)7(AN)r(Be(A)xe+Bs( M)y (xe, A), ) is of second order.

Suppose d =1 and a pair of complex conjugated eigenvalues Ay = A1 (A),

A2 = Xa(A) = A(N) crosses the imaginary axis at A\ = 0, the remaining

spectrum being separated to the left with a spectral gap. Then we can choose
a basis B.(\) so that

B VAN BL(N) = (i)%e A (N) —Jm)\l()\)>

¢ Jm A (A) Re(N) /)7

Remark 8.18. By taking higher derivatives of (8.27) in x. = 0 one can
prove the following: Suppose

aj’s;j(a'uaavaaw) J .
7TS( & F(ay, ay) =0 forze X, and2<j<k.

Then we have ‘
’v(0)=0 forl<j<k.



Chapter 9

Center manifold / model
reduction for the autonomous
traveling wave model

In section 3.2 we have seen that the traveling wave model has a slow fast
structure. The carriers n are two orders of magnitude slower than the optical
field ¥. In this section we consider the autonomous case when o« = 0 which
we will generalize later to the nonautonomous case o # 0. Hence, here we
consider the static boundary conditions for the optical field :

¥1(0) = ro2(0),  Yo(l) = b1 (1).

The slow-fast structure is expressed in (3.17) within the small variable €. For
better readability we rewrite (3.17) in the following operator form: For fixed
carriers n(-) denote the linear differential operator of the ¢ equation in (3.17)
with 2((n),

A:=2An) = (Qloa—l— L((a)ﬁ, n(x)))¥(t, x), o)
A = ( O (%)’ :

where L is given in dimensionless form by (3.13). Then (3.17) can be written

as:
{ Op(t) = An(@)p(t) + eR(n(t), v (1)) 9.2)
On(t) = e§(t,n(t),v(t)). '
Here R is a Nemytskij operator generated by the nonlinear function K de-
fined in (3.15) and the operator § is composed of Nemytskij operators and
a nonlocal term as in the definition of F' below (3.17). Without the non-
local term (9.2) falls under the setting for degenerate semilinear hyperbolic
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systems introduced in section 7 after expanding the system size to obtain
completely smooth operators as explained in section 3.2. So we obtain a
smooth semiflow in a function space setting of systems of continuous func-
tions including boundary conditions. For a more compact (and equivalent)
formulation here we prefer not to expand the system size and consider (9.2)
as a smooth semiflow in the space W x Cp, where

W= {w = (%ﬂ/&) S C([O, l], CQ) | ?/11(0) = 7’01/12(0)7%@ = 7’1%(1)}

and Cp denotes the space of section wise uniformly continuous functions
exactly as we have done in section 10. We denote the smooth semiflow by
the symbol T* t > 0.

We have seen that the spectrum of 2(n) always possesses a gap at v,
where v, denotes the supremum of the real part of the spectrum of the
reduced diagonal operator. That is for @ > 7, the set () N {\ € C |
MRe X > «} is finite. Under physical realistic parameters v, < 0 is always
satisfied and there are only a few critical modes (typically one to four) which
are close to the imaginary axis. We have seen in section 4.2 that this splitting
of the eigenvalues holds for a (probably small) open neighbourhood U for n
because all but finitely many eigenvalues can be controlled (see Lemmas 4.8
and 4.15) and the remaining finite eigenvalues must depend continuously
on n. Therefore, since € > 0 is small one expects that the ¢ dynamics is
appropriately described by those few leading finite critical eigenvalues. If U
is sufficiently small then one has a uniform spectral gap of the generator 2(n).
According to this spectral splitting we get uniform exponential dichotomy for
n € U by Theorem 5.5.

If we assume that U is a starshaped neighbourhood & C Cp (for example
choose U to be a small ball), then one can choose bases corresponding to
the spectral splitting for n € U in the space VW so that the bases depend
smoothly on n € Cp. More precisely, there exist smooth maps

B:U— LCLLP) and €:U— LY, L),

where ) C L? is a closed codimension g subspace of LP, [P = Im®B(n) @
Im€&(n), ImB(n) = ImP(n), P(n) := f7 (AT —A(n)) " dX, PA = AP Q(n) =
J—PB(n), Im&€(n) = ImO(n), v denoting a positively oriented path in the
resolvent set of 2 in a neighbourhood of ¢R enclosing the finite critical eigen-
values uniformly for n € U. Here £ denotes the space of bounded linear
operators, Im denotes the image of a linear operator, J denotes the identity
operator in LP. Let Yy := Y N W and € denote the restriction of € to
Yw, Cw(n)(y) = €(n)(y) for y € Wy. We have €,y € C* (U, L (D, W)).
We are interested in solutions with n(t) € U for 0 < ¢t < oo (for example
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(relative) periodic solutions bifurcating from (relative) equilibria). Using the
n-dependent coordinate transformation

<w7 n) = (SCC, Ls, n)v = %<n)xc + Q:W(n)$s

the transformed smooth semiflow S* € C* (C? x )y x U) in the phase space
C? x yw X Z/{,

B(T,(¢,n)) ™" Fn )T (¥, n)
S (@e, s, m) o= | Ew(T(y, n)) ™! ()Tt(w, n) |
T.(3,n)

where be € W denotes the 1-component and T € Cp the n-component of
the flow T%, is described by the following set of equations:

( Or.(t) = Acn)x. + eB.(n, x., xs)

Oxs(t) = Us(n)zs + eBg(n, xe, x5)
om(t) = e§(t,n,B(n)x.+ €(n)xs),

z.(0) = e, (9-3)
I'S(O) = Ts0,
n(0) = ny,

Yo = B(no)reo + €(no)Ts0,

where
A(n) = (B(n))" An)B(n),
As(n) = (€(n))" An)e(n),
&e(n, 2, z5) = (B(n))" B(n)&(n, B(n)z. + €(n)z,)
< (m)” ' <n> OB (n)F(t,n, B(n)z. + €(n)xy)) .

(
(0€(n)F(t,n,B(n)x. + €(n)xy)) zs,

&y(n,zc,x,) = (€)' Qn)R(n, B(n)z, + E(n),)
—(€(n)"" Q(n) (9B(n)F(t,n, B(n)z, + E(n)z,)) z
—(€(n)) " Q(n) (9E(M)F(t, n, B(n)z. + E(n)z,)) x,
The above set of equations can be understood as follows: If ¢y € W12(]0, [, C?)
then x. € C*(]0, 0o[, C9), 25 € C([0, 00[, V) and n € C([0, 0o[, L*°(]0, L[, R))
and (9.3) holds in a classical sense. For ¢ = 0 S* has the (not locally compact)
invariant Banach-manifold

Mg :=C? x {0} xU C C? x Yy x Cp.
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Theorem 5.5 implies that the semigroup generated by 2A5(n) on My decays
exponentially in the C' topology, this decay is uniform for n € U and faster
than the decay of the exponential e*<(™¢  This means that the manifold IM,
is normally hyperbolic. Hence it persists smoothly in our chosen function
space C? x )y x Cp >~ W x Cp as a nonlinear smooth manifold IM, for
sufficiently small 0 < € < €, and can be represented as a C* smooth graph

’Yi@qXZ/{X]O,Eo[Hyw.

(In order to prove the persistence we would modify the flows to obtain an
overflowing manifold and apply invariant manifold theory similarly as we did
in Theorem 8.6. We omit the details.)

Therefore the flow on IM, in the coordinates C? x U is given by the equations

Oxe(t) = Ac(n)z.+ €B. (n, z.,v(xe,n,€))
{ omn(t) = €§(t,n,B(n)z. + C(n)y(z.,n,e€)). (9-4)

Here the operators on the right hand side are C*-smooth in n € U, =z, € €Y,
e € R and we have arrived to a Banach ODE. In (9.4) the nonlinearities can
be expanded in terms of powers of €. In a first order approximation, dropping
the O(e?) terms, the unknown graph ~ disappears, the resulting equation is
called mode approximation. We will calculate the first order approximation
on the center manifold in more detail for the more general nonlinear and
nonautonomous traveling wave model in section 11.

Mode approximations have been first derived formally by physicists [3],
the first rigorous derivation in the context of Laser equations modeled by
ODEs has been obtained in [72] (by using persistence theory of invariant
manifolds for ODEs [22, 32|) and then was extended to a special linear au-
tonomous traveling wave model in [65, 66] by using a L? phase space and the
spectral theory of Lopes, Neves, Ribeiro [48] which works for L2 This was
only possible because of the exceptional structure of the model in |65, 66| that
the PDE was linear and only nonlinearly coupled to an ODE (this simplified
model in particular neglects relevant effects such as spacial hole burning or
nonlinear gain and index compression). For this special model the mild solu-
tions generate a smooth semiflow in a L? space (plus some finite dimensional
components for the nonlinear carrier rate ODEs) which will not be the case
for nonlinear hyperbolic systems such as the general traveling wave model.



Chapter 10

Nonautonomous traveling wave
models

10.1 Assumptions and results

The system we consider is of the following form:

atw(tvx) = (_amwl(tv‘r)uazw2(tvx))+G(x7w(t7x)7n(t7x))
om(t,x) = I(t,x)+ H (x,¢(t,x),n(t,x))

(10.1)
# 55 b, o) (fn(e) dy = it )
with the inhomogeneous, dynamic bouncfary conditions
{59 = 0 102)
and the initial values
V(0,2) = ¢°(z), n(0,z) =n’(x). (10.3)

The function n is real valued, 1 = (¢, %5) is C? valued. They depend on the
time t € R and space variable = € [0,1]. The interval [0,1] = U™, Sy is divided
into m subsectional intervals Sy, := |zg_1, Tk, Tp—1 < Tk, k = 1,...,m. By xs,
we denote the characteristic function of S, that is xg, (z) := 1 for z € Sk,
Xs,(z) == 0 if x ¢ Sk. The symbol fsk:: ﬁ fSk denotes the integral
average on the subinterval S;. The nonlinearities G : ]0,/[x C?* xR — C? and
H :]0,][ x €* x R — R are differentiable with respect to the phase variables
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(1, n), but only measurable and bounded with respect to the spacial variable
x € [0,1]. We now list the general assumptions required:

(I) The functions G and H are C*-Carathéodory functions
(see Def. 10.11) on ]0,I[ from C? x R into C? and R, respectively.
(II) There exist constants 0 < 14 < 15 and ¢q, ¢9, dq, dy > 0 such that
for all ¢ € C? and a.a. z €]0, 1] the relations
H(z,v,n) > —cn, it n <y,
H(z,,n) < —con, if n > vy,
H(z, 9, n) + diRe (G(z,¢,n),¢) < —dy (n+ |¢f°) forn e R
hold.
(ITII)  For every compact K C R there exists M > 0 such that for all
n € K, € C?and a.a x € ]0,1[ we have
G, v, )l < M (6] +1).
(IV) 1€ L>*(0,T[x]0,I[,R),I(t,x) > 0 for a.a. (t,x) €]0,T] x ]0,I].
(V) a€ L>(0,T[;C).
(V) 1o, €C, |ro| <1, |m| < 1.
(VII)  n° e L>=(]0,I[;R), n°(x) > 0 for a.a. x €]0,1[, ¥° € L>(]0,1[;C?).

Remark 10.1. Comparing with the results in [35] I have added two new con-
ditions. Condition (1) roughly is a smoothness assumption of the nonlinear-
ities with respect to the unknown state variables (but not the space variable)
which 1s needed to prove the smooth dependence on the initial data. The third
relation in condition (I1) implies the apriori estimate (10.7) which allows to
treat the monlocal term appearing in the carrier rate equation. When the
nonlocal term vanishes, as in [35, 50/, this condition can be dropped.

We assume that T' > 0 is arbitrarily chosen but fixed. The abbreviation
"a.a." stands for "almost all" in the sense of Lebesgue’s measure, SRe denotes
the real part of a complex number, (-,-) the canonical scalar product in C?
and -] its corresponding norm.

Definition 10.2. A pair (¢,n) € L>(]0,T[ x ]0,[; C* X R) is a weak solu-
tion to (10.1), (10.2), (10.3) if

/<¢ T),p .tc)>da:
- /0{ [ [W O] — bl ) ) @)

' <G<x,¢<s,x>,n<s,x>>,¢<m>>}dx+a@m@}ds
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for all t € [0,7] and all ¢ € W2(]0,1[,C?) with ¢2(0) = Top1(0) and
©1(l) = Tpa(l) and if

n(t,z) = n’x) —i—/o {[(s,x) + H(z,9¥(s,x),n(s,x)) (10.4)
+ ; brxs, () M?(s, y) dy — n(s, x)} }ds
for all t € [0, 7] and a.a. = € ]0,].

Theorem 10.3 (Existence, Uniqueness and smooth Dependence). Assume
(I) — (VILI). There exists a unique weak solution (¥,n) to (10.1), (10.2),
(10.3). Moreover, the map

(10,10, 1, @) € L (0,[; €* x R) x L (0, T[ x J0,1[, R) x L* (]0, T C)
— (,n) € L> (]0,T[ x 0,1[; C* x R)

is C*-smooth.

We denote the closed subspace in L>(]0, [, R) of section-wise uniformly
continuous functions

Cp = {n € L=(]0,[;R) | njs, uniformly continuous for k =1,2,...,m}.
(10.5)

Theorem 10.4 (Solution Regularity I). Assume (I) — (VIII). Let (¢,n) be
the weak solution. Then the following holds:

) ¥ e C([0,T];L%(]0,1[;C?)), ne WH(10,T[; L= (]0,1[; R)) .

u) Fort € [0,T] denote 9)(t) := fotw(s) ds.
Then for all t € [0, T] we have (t) € W'2(]0,1[; C?) and

B2 (£)(0) = rodha(£)(0) + / a(s)ds, Palt)(1) = riiha(£)(0).

w) Let o € W2 (10, T[;C), ¢° € W'2(]0,1[; C?) and suppose

Y1(0) = rot5(0) + (0), 95 (1) = rei (1). (10.6)
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Then
¢ e C([0,T); Wh(Jo,1[;€*)) nC* ([0,T]; L* (]0,1[; C?))
and (10.1), (10.2) hold fort € [0,T] in the classical sense.
If T € C([0,T); L>=(]0,T[;R)) then n € C*([0,T]; L>°(]0,I[; R)).
w) Suppose P € C ([0,1];C?), a € C([0,T];C) and (10.6). Then
Y e C([0,T] % [0,1];€%) and (10.2) is satisfied pointwise.

Further assume n° € Cp, I(t) € Cp for a.a. t € [0,T] and
(IX) H (-,4,n) € Cp for allyp € C* and n € R.
Thenn € C([0,T);Cp). If I € C([0,T); Cp), then n € C*([0,T];Cp).

Theorem 10.5 (A priori estimates). Suppose (I) — (VIII). Let (¢,n) denote
the weak solution.

For allt € [0,T]

l
[ a4 G 1o < e { [

where

l

)+ G [ - 0,
(10.7)

: 2d; _ dh 2
— min 4 dy, 2 e [ — M P+ L] )
C ln{ 2 dl }7 H c (2(1 _ ’ro‘z) ”a“L + || ||L )
Moreover, for allt € [0,T] and a.a. x € 0,1]

min {n’(z), v } e~ @I < p(t ) < N 4 max {n°(z) — N,0} e~', (10.8)

where
Ni:maX{VQC <||]|| + max <b—k)-max{,u /l O(x dx—i——HwOH })}
12 L% 1<k<m \ | S| "Jo Lz
and
b:= max (by).
1<k<m

If the data ¢° and a are W'2-smooth, then Theorem 10.4, 222), states that the
weak solution v will be W12-smooth with respect to the spacial variable z.
Of course, under assumptions of piecewise smoothness for the data entering
the equation for n, this smoothness of 1 carries over to n via the coupling of
¢ and n in (10.1). Theorem 10.6 states this precisely. Let

Wp? = {ne L*(0,I;R) | ns, € W' (S R) k=1,2,...,m} (10.9)

denote the Hilbert space of piecewise W2 functions.
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Theorem 10.6 (Solution Regularity 11, piecewise smoothness of n). Suppose
(I) — (VIII) and
(X)  Hpggxezxr € CF (S x C? X R;R) for 1 <k <m.
(XI)  For all compact K C R there exists A > 0 such that
|OH (x,1,n1) — OH (x,1,n9)|| < Alny — no| for x € Sk, ¥ € C, ny,ny € K.
(XII)  There exists a constant T > 0 such that for all compact K C R there exists
R > 0 with

O H(z,,n)n+ 0, H(x, 1, n)n? + OpH (x, 1, n)z@ﬁ
<o ] i e ) -
forallz € Sy, 1<k<m,peC® e nekK andn € R.

If a € WH2(]0,T[;C), ¢° € Wb2(]0,1[; €C?), (10.6) is satisfied, n° € Wp5*
and I € C ([0,T]; Wp?), then

n e CY([0,T]; Wp?).

In (XI) the OH denotes the total derivative of H with respect to all
variables (x,1,n). We note that all assumptions (I) — (XII) are fulfilled in
applications, see Section 3.2.

Define the phase space

P = {¢ € C([0,1],C?) | ¥1(0) = ro1h2(0),1ho(1) = g1 (1)} x Cp.  (10.10)

The following Theorems 10.7-10.8 are a direct consequence of Theorems 10.3-
10.5:

Theorem 10.7 (C*-Semiflow property). Suppose (I) — (IX).
In the autonomous case, that is a« = 0 and I = 0, the weak solutions generate
a smooth semiflow in the function spaceB. The operator St : P — P, defined
through

St (0, n0) = (), n(t))

fort >0 and (¢°,n°) € P, where (Y(t),n(t)) denotes the weak solution cor-
responding to the initial values (1°,n%), has the following properties

1) (t,9,n) — SH(,n) is continuous from [0, c0[xP into P,
w) S':P — P is C* smooth,

) St =8'05% t,seR, t,s>0,

) S is the identity operator on ‘P.
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Finally consider the nonautonomous case: assume a € C(R;C) and
I € L*(R;Cp). Let G € C(R; x Cp; C([0,1],C?)) be such that G satisfies
the inhomogeneous boundary condition G(t,n)1(0) = r¢G(t,n)2(0) + a(t)
and G(t,n)2(l) = rG(t,n),(l) for t > 0. For t > s define X (¢, s, (v/°,n°%)) :=
(¥(t — s),n(t — s)), where (¢,n) is the weak solution in the sense of Defini-
tion 10.2 to the initial data ¢°, n® and a(s+-). Then X (¢, s, (¢°,n°)), s <,
can be interpreted as the weak solution at time ¢ + s corresponding to the
initial condition ¥ (s, z) = ¥°(z), n(s,z) = n°(x) for a.a. x € ]0,([ at time s.
Define the operator Y (¢, s) : 8 — P, through

Y (t,s) (v°,n°) ==X (t,s, (¥°+ G(s,n"),n’))

- (G(t, I, X (t, s, (1/)8 +G(s,n°), no))))

for t > s and (¢°,n°) € P (I1,X denotes the n-component of X). The
operator Y (t,s) maps ‘B into itself, hence the function G homogenizes the
boundary condition (10.2). From the definition of Y one verifies that Y has
the process property stated in Theorem 10.8.

Suppose that for t > 0 the map

n € C,— G(t,n) € C([0,1],C?) is C* smooth.

Theorem 10.8. The operator Y (t,s) is a C* smooth two parameter nonau-
tonomous process satisfying

1) fort>s the mapp € P Y(t, s,p) € P is C* smooth,
w) the map (t,s,p) — Y(t,s,p) is continuous
from {(t,s) € R? | s <t} x P into P,
w) Y (s,s,-) is the identity operator on B,
w)  fort > s >r the process property Y (t,s,Y (s,r,p)) = Y (t,r,p) holds.

Example 10.9. In applications one has to choose an appropriate homoge-
nization G. We give two examples of choices of G:
. _e [alt
i) G = 5= ().
(i1) For each n € C, G(t,n) solves

atG(tvn) = Q[(n)G(t,TL),
Gl (t, n)|w:0 = TQGQ (t, n)‘xzo + Oé(t),
Go(t,n)emt = 1G1(t, )0
with suitable initial data.
The simple choice (i) has been used by Sandstede and Peterhof in [50]. Choice

(71) is used in section 11 to perform a center manifold reduction for the
traveling wave equation with optical injection.
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The process Y can be equivalently written as a skew product semiflow Z*

on the trivial Banach bundle B x [0, oo if one defines for (p,6) € P x [0, 00|
Z(p,0) = (Y(0+1,0,p),0 +1t), pe B, (6,t>0).

We extend Z! onto the Banach space B, := B x R by setting

Z" (p,0) 0>0
Z'p,0) = ¢ (ILZ""(p,0),0+t) ,60<0,0+¢t>0
(p,0+1) 0 <0,0+t<0.

Then we can state the following

Theorem 10.10. If a € C*([0,00[,R) and G(t,n) is of class C* in both
variables (t,n), then the operator Z*' is a C* smooth semiflow on P..

In assumption (I) we require that both G and H are C*-Carathéodory
functions, which we define next.

Definition 10.11 (C*-Carathéodory functions). Let V, W be finite dimen-
sional vector spaces and k € IN. A function S:0,/[x V — W, S = S(z,v),
x € 10,1, v € V, is called a C* Carathéodory function iff S satisfies the
following three conditions:

1) For a.a. z €10,1[ S(x,-) € CK(V; W) and S(-,v) is measurable for all v € V.
1)  For all compact K C V there exists a constant M > 0 such that

25|l < Mfor 0<i <k, allv € K and a.a. o € ]0,1]

wz)  For all compact K C V' and € > 0 there exists a § > 0 such that for
all v € K, vg € V with ||v; — v3|| < § and a.a. x € |0,!] we have

okS(z,v)  0FS(z,v2)
ovk vk

< €.

10.2 Variation of constants formula and proofs
for the truncated problem

Let S :]0,l[ x V — W be a C* Carathéodory function. Denote the corre-
sponding superposition operator

S M(0,1[; V) = M(]0,1[; W), &(v)(z) := S(z,v(z)), a.a.x €]0,I[,
(10.11)
where M(]0,[[; V) denotes the linear space of measurable functions defined
almost everywhere on |0, [ with values in V. We need the following easy to
prove differentiability property of &.
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Proposition 10.12. (see [24]) The superposition operator & maps L*°(]0,1[; V)
C*-smoothly into L>(]0,1[; W).

In the following we will frequently make use of the superposition operators

& € CH(L>®(]0,1[;C? x R), L>(]0,1[; C?))
9 e CH(L>(]0,1[;C? x R), L>=(]0,1[; R))

generated by G and H through (10.11). Also the following operators
B € L(L>(0,I[;R)), T € L>(0, T, L>(]0,I[;} R))

will appear which are defined through

B(n)(x) = 3 bixs, (2) | £n(y)dy — n(t,x) | for a.a. x €10,
; Xs (7[ y) dy >

J(t)(x) = I(t,z)forz e ]O,kl[.

Here £(L>(]0,![; R)) denotes the space of bounded linear mappings of L>°(]0,[; R)
into itself.

For establishing the variation of constants formula for our notion of weak
solution we first need some definitions:

Forn € R let
L2(]0,00[,C) := {f 10, 00[— C | f measurable /OO |f ()P (1 + 2*)"dx < oo}
0

denote the Hilbert space of complex valued weighted square integrable func-
tions on ]0, oo with weight (1 + 22)” with respect to the Lebesque measure
on J0,00[. We denote its scalar product by (f,g)rz = [~ f(x)g(x)(1 +
2?)"dx. Let W,-* denote the corresponding Sobolev space of functions f €
L2(]0, 00[, €) with distributional derivative in L?(]0, co[, C). Define the ex-
tended space

Xe = L*(J0,1[;€?) x L*(]0,{[; R) x L2(]0, oc[; C) (10.12)

with some fixed n < —0.5. This choice of n guarantees that L>°(]0, oco[; C) is
continuously embedded in L3(]0, oo[; C). Put

Te(t) (?/1(1)7 1/187 nO’ (I) = (@/11 (t)a 1/12(?5), 77,0, Tta) )
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where 1ya(z) := a(t + x) denotes the left translation of a by t and ¢y, 1) are
given by

. P(z —1t) , for a.a. x €]t
hilt.a) = { 7"011#3(15 —z)+a(t—=z) , fora.a. z€]0,t
(10.13)
o VI +t) , for a.a.x €10, — 1]
Valtio) o= { rlip?(%—x—t) , fora.a.x el —tl.

Extend T.(t),t € [0,!] to the whole positive axis [0, co[ by defining for ¢ > [
inductively T, (t) := T.(t — )T.(1). Then it is easy to verify that T.(-) is a Cy
semigroup of bounded operators in X, with infinitesimal generator

Ae = diag(_aa:7 axa 0, aa:)
having the domain
D(Ae) = {(¢,n,a) € WH(]0,1[; €*) x L*(J0, I[; R) x W, *(]0, 00[; €) |

¥1(0) = ro2(0) 4+ a(0), ¥2(l) = r (1)}
Set,
T(t)(4°) = T (1) (¥°, 0,0)

for ¢ > 0 and ¢ € L*(]0,[,C?), where II, is the projection onto the first
variable ¢». Then T'(t) is a Cy semigroup of contractions in L?(]0, [, C?) with
infinitesimal generator

A = diag(—0,, 0,)
and domain
D(4) = {w € WH2(J0,1[5€%) | 91(0) = roa(0), (1) = 7"1%(”} :

Let H ) denote the projection of X, onto L2(]0,1[; C* x R) by dropping
the tr1v1al last component. Then the following Lemma holds

Lemma 10.13. The pair (1, n) is a weak solution to (10.1), (10.2), (10.3)
iff (¥, n) satisfies the variation of constants formula

W(t) 3 t T(t— s)B(¢(s),n(s)
(vin) - I ()« | (30 s )
(10.14)
for allt € [0,T7].
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Proof. Straightforward calculations yield that the adjoint A of A. is the
closed densely defined operator
As(,n,a) = (Opthr, —0pt2, 0, —(1 + 2%) "0, (a(z) - (14 2°)")) =: (A},0, A})
with the domain
D(47) = {(wn.a) € WH(0,1[;C?) x L2(0, [ R) x W, 2(J0, 00[;€C) |

02(0) = 7901 (0), 1 (1) = Titsa (1), a(0) = 41 (0) }.

We trivially extend « on the whole axis [0, 00| by setting « to zero on [T, ool
Then define a € C([0, oo[; L7 ([0, 00[; €)), a(t) := na,t € [0,00[. By defini-
tion (1, n) is a weak solution iff (v,n) € L> (]0,T[ x ]0,1[; C* x R) and for
all (¢,0,¢,) € D(A?) the equation

@)z + {alt) = a(0), o)z
(V(s), Aje) iz + (B((5),n(5)), @)1z + 4, (5)¢1(0) ) ds

‘N{* |
/N

holds and (10.4) is satisfied for n. Here

“*”?:A my(e — y)aly)dy, n%@wz”“f” (e, € R)

denotes the mollification of o with parameter p > 0 with respect to some
mollifier my € C*(R), mg > 0, supp my C By, ffooo mo(y)dy = 1. It was
used above in order to perform partial integration. For the first equality
one should note that for o € L2, o, € W,* and lim, oo a,p(z) (1 4 22)" = 0.
The above calculations together with 2] proves: (¢, n) is a weak solution iff
(10.14) holds for t € [0, T7. O

We now define the truncated problem to (10.1)-(10.3):

Definition 10.14. Let 6 € ]0,00[ be arbitrary. Let 77 : R — R be a
C* function with TP(n) = n for |n| < §7! and T{(n) = 25~ |n|"tn for
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In| > 2671, Similarly let T3 : C? — €% be C* with T3 (v) = v for |jv|| < 61
and T9(v) = 26~ ||v|| ™" v for ||Jv|| > 26~!. Define the truncated nonlinearities

GO 0,l[x C* xR — €2, G(z,9,n) = Gz, T2 (), TV (n)),

HY:J0,l[x C* xR — R, H(z,¢,n):=H(z, T (), T (n)).

Then G?, H° are C*-smooth Carathéodory functions generating the smooth
superposition operators &°, $°. The truncated problem reads:

O (t,x) = (=0:00(t,2),0:05(t, @) + GO (x, ¥ (t, ), n’(t, )
oml(t,z) = I(t,x)+ H°(x,°(t,z),n’(t,x))

FE b o) fu'te.0) dy = )

s
’ (10.15)
with the same boundary conditions and initial values:
Y9(t,0) = roua(t,0) + a(t), ¥5(t1) = ry(t,1) (10.16)
(0, 2) = °(z), n°(0,2) = n’(x). (10.17)

Weak solutions to (10.15)-(10.17) are defined analogously to Def. 10.2.

Remark 10.15. After truncation G° and H® satisfy condition u) of Def-
inition 10.11 globally. In particular G° and H° become globally Lipschitz
uniformly with respect to x € 10,1[, that is for each 6 > 0 there exists a
constant A such that for all 11,1, € C%, ny,ny € R and a.a. x €0,1]

“G6($a¢17n1) - Gé(x’¢27n2)H + |H5(l',¢1,n1) - H6($a¢27n2)|
< A([thr = Yol + 1 — nal).

The superposition operators &° and $H° become globally Lipschitz from LP(]0,1[; C? x
R) into LP(]0,1[; C?) and L*(]0,1[;R), respectively, for any p € [1,00].

Lemma 10.16. For each 6 > 0 the Theorems 10.3 and 10.4 hold for the
weak solution (°,n’) to the truncated problem (10.15)-(10.17)

Proof. Denote the weak solution space
X:=L>(]0,T[x]0,I[;C* x R).
Extend it to

X, = X x L2(]0,1[; €2 x R) x L=(]0,T[:C) x L=(]0, T[x]0,[; R)
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by attaching the corresponding spaces of the initial data 1° n° and the
dynamic data «, I. Both X and X, are equipped with the corresponding L>°
norms. Define the operator §: X, — X,

(0

3 o (G
S no (t> T (”(t))_(g) e(t) 7; +

I

For fixed 9%, n°, o, I denote Fy : X — X,

Fo(¥,n)(t) = (Y(t),n(t)) = (F(¥,n, ¥" 0", 0, 1))(2).

By Lemma 10.13 the truncated problem (10.15)-(10.17) has a unique weak
solution (1?,n°) corresponding to the data 1% n° «a,I iff §y has a unique
fixed point in X. By Remark 10.15 &° and $° are globally Lipschitz from
L>(]0,1[;C* x R) into L* (]0,1[,C?*) and L>(]0,I[,R), respectively, with
some Lipschitz constant A depending on the truncation parameter . Thus
from the explicit formula (10.13) for the semigroup 7,(t) it follows by induc-
tion that for I € N, (¢a, na), (¥p, np) € X

AT)
18 0. 20) — B o)L < L ) — (o).

Hence, for [ sufficiently large ) is a contraction in the Banach space X. By
a generalization of Banachs fixed point theorem §, has a unique fixed point
(4°,n?) in X. This proves the existence and uniqueness part of Theorem 10.3.

From the assumptions that G, H are C* Caratheddory functions (Defini-
tion 10.11) and Proposition 10.12 we get that § maps X. C*-smoothly into
X. The existence and uniqueness of the weak solutions just proved is equiv-
alent to saying that for any ¢°, n° «, I there exists a unique (1, n) € X such
that F(¢,n,v°% n’ a,I) = 0. The partial derivative of § with respect to
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(¢,n) operating on v = (vy, v,) € X satisfies the formula

(aSmenam%myw

Oy, n)
(06°(1(s), n(s))) v(s)

(ﬁ) H/ (t=s) %WVWWV%MWM ds.

Again it follows by Banachs fixed point theorem that for any w € X there
exists a unique v € X such that

(0&° ((s),n(s))) v(s)
H/ (t— ) %vn()wﬁé(w(s),n(s))v(s) dstw(t) (t€[0,T)).

()

Banachs open mapping theorem implies that 0y ) is an isomorphism from
X onto X. Hence Theorem 10.3 is a consequence of the implicit function
theorem.

Statement 2) of Theorem 10.4 follows directly from Definition 10.2 and the
variation of constants formula.

We now prove u2): As in the proof of Lemma 10.13 trivially extend « to
the whole [0, oco[ by setting a almost everywhere to zero on [T, oo[ and define

a € C(]0,00[; L;(]0,00[; €)), a(s)(x) := Tsa(x),

for s > 0 and a.a. x € ]0, 0o[, where 7, denotes the left translation of o again.
Integrating the variation of constants formula (10.14) with respect to time
yields

[ N s [ 1 ")

& (Y (r),n(r))
// (s—r)3(r)+ (r)—l(—)s’_)‘s(dz() n(r)) | drds (t € [0,T7]).

From this formula and the uniform continuity (¢,p) +— T.(¢t)p of the Cj
semigroup 7T, one easily proves that the limit

%g%iAW®M$WWS
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exists in X, (see (10.12)) for each ¢t € [0,7]. This is equivalent to

| @s)n(s).ats)is € D(4)
or statement ).

Now assume o € WH2(]0,T[;C), ¢° € W2(]0,1[; C?) and (10.6). Extend
a to the whole ]0, 0o such that the extension lies in W,*(]0, oo[ ; C). Then
(¢, n° ) belongs to D(A.). Since X, is reflexive it follows from Proposi-
tion 4.3.9 in [15] that

(¥,n, ) € C([0, T D(Ae)) N CH([0, T Xe),
which proves 212).

We prove Theorem 10.4, 2v). Choose sequences ¥? € Wh2(]0,I[; C?),
a; € WH(]0,T[;C), i € N, which satisfy the boundary condition ¢?,(0) =
rot?5(0) + a;(0) and ¥9,(1) = rh? (1), and have the property that ¢) —
Y% in L*=(]0,1[;C?) and o; — « in L>=(]0,T[;C). By Theorem 10.4 1)
Y € C([0,T) x[0,1]; C?), and by Theorem 10.3 the solution sequences (¢;, n)
converge to (¢,n) in X. Thus ¢ € C([0,T] x [0,]; C?)) and + satisfies (10.2)
pointwise in [0, 7]. By assumption (IX) on H the superposition operator
$° keep the space C'p invariant. The v-part of the fixed point (1), n) of the
operator § is uniformly continuous on [0, 7] x [0,]. Since n® € Cp and the
part n can be obtained by a fixed point iteration in the space C([0,T]; Cp)
alone, keeping 1) unchanged, we obtain that n € C([0,T]; Cp). The relation
n € C1([0,T],Cp) follows directly from (10.4) if I € C([0,T]; Cp). O

Remark 10.17. (Lipschitz dependence of solutions with respect to L*) Be-
cause of Remark 10.15 Gronwall’s Lemma applied to (10.14) easily shows
that there exists a constant C' = C(6,T) such that

| = @) <

C([0,T];L2(]0,I[;C2xR)

N

([ - @)

where (1, n) and (P, 1) denote the weak solution with initial data (¢¥°,n°, @)

and (°,7°, d) , respectively.

L2(J0,l[;C?xR) - dHL2(]0:T[;@)>
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10.3 A priori estimates
We will use the following elementary inequality:

Proposition 10.18. Let u : [0,b] — R be absolutely continuous and u* € R.
Suppose there are constants 11,179 > 0 such that u/'(t) < —ryu(t) +ry for a.a.
t € 10,0] with u(t) > u*. Then u(t) < u+max {u(0) — @, 0} e ™" fort € [0, ]
with @ := max :—f,u* .

Proof. Define h : R — R, h(z) := (max{z —a,0})>. Set f(t) := h(u(t)).

Then f is absolutely continuous and

) = W) (0 < < ul)rs (u(0) - ) < ~2rif0)
1
for a.a. t € [0,b]. Therefore f(t) < e 2!f(0) for t € [0,b] and taking the
square root yields the inequality. O]

Lemma 10.19. Let (¢°,n°) be the weak solution to the truncated problem
(10.15), (10.16), (10.17). There exists &g > 0 such that for all 0 < § < &y
estimate (10.7) holds for t € [0,T] and the bounds (10.8) are satisfied fort €
[0,T] and a.a. x € |0,1[. Moreover, there exists a constant B not depending
on 0 > 0 such that

[42(t)||,. <B  forallt € [0,T].

Proof. Let ty € [0,T] be arbitrary and assume first that fsgz‘s(t, y)dy > 0
for all t € [0,tg) and all 1 < k < m. Let k € N, 1 < k < m. Suppose
0 < <wv;'. Then for a.a. z € Sy assumptions (II), (IV), (VIII) imply that
for a.a. t € [0,ty] which satisfy n°(t,z) < vy the inequality

holds. Put

7n§V1

h(t,x) == min {n’(t,x),11} and 7(n): ne
) 1

Il
—N
S =

Then for a.a. x € Si, and a.a. t € [0, %]

Th (n‘s(t, x)) %né(t, x)

(—c1 — by) T (n5(t, z)) n°(t, z)
(—c1 — bg) h(t, x).

d

(AVARVS
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Therefore for a.a. x € Sy, and all t € [0, ¢o]

n’(t,x) > h(t,z) > h(0,z)e” @+ = min {n°(z), 11} e~(@ttlt (> ).
(10.18)
Nowweshowthatfn (t,y)dy > 0 for all t € [0,7] and all 1 < k < m.
Assume the contrary. Then there exists a k € N, 1 < k < m, such that
to := sup {t €1[0,7] |

n°(s,y)dy > 0 for s € [O,t]} <T. (10.19)
Sk

By (10.18) we have n°(to, ) > 0 for a.a. x € )0, 1] and by (10.19) fs (to, y) dy =

0. Therefore n°(ty,z) = 0 for a.a z € Sy. Hence, by continuity, there exists
0 < € < T —ty such that for all t € [tg,to + €[ and a.a. x € S) we have
n°(t,z) < ;. Thus from the assumptions (II) and (IV), definition of H° and
due to the choice § < 17" we have for a.a t € [to, to + €

d

Gty = U+ Hew 6.6 dv > e fn i)y
Sk Sk

This ylelds fn t,y)dy > fn (to,y) dy - e=1t=10) = 0 for t € [to,to + €]

which contradicts the choice of to from which there exist infinitely many

points s € |tg, to + €| with f (s,y)dy < 0 accumulating in ty. This proves

(10.18) for all ¢t € [0, 7] and the lower bound for 7 in (10.8).

Now define

Ty :==sup {t € (0,17 | Hw‘s(s) <6 ' and Hn‘s(s) < ¢ ' forse0,}.

(PN [P

Suppose d > 0 is sufficiently small such that Ts > 0. Assume o € W12(]0, T[; C)
and vy € W2(]0,1[; C?) together with (10.6). Denote

I I
h(t) ::/0 n‘s(t,x)dx—l—%/o Hw‘s(t,x)HQ dx.

From (I), (II), (VI) and Theorem 10.4 22), proved for the truncated problem
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in Lemma (10.16), it follows by partial integration that for a.a t € [0, T}]

d
;igil(t)

l
= 4% /0 =0t )0t ) + D04 (t, )0t @) | de

+ /0 [I(t,x)—|—H(x,z/15(t,x),n5(t,x))
+dyRe (G, 00t ), n (¢, 7)), ¥ (¢, 7)) ] dz

D (e + [0 o) + e O = [wse o))

+/Ol[(t,x) dx — dy (/Oln‘s(t,x) dr + /Ol “¢6(t’x)||2 dx)

(ol = 1) 18, O + oD + 2lrall 51, 0) 1)

(Il = 1) [ DF) + I — e A(E)

ro|* — 1

IN

IA

IN

d; 9
lHIHLoo + B HOéHLoo + d; r;lgé( (

dl 2
= s U joc — - D(2).
2<1 o |7"()|2) ||a||L + || ||L ¢ ( )

0% + Irol ] p) o h()

Therefore the d-independent estimate (10.7) for (¢°,n°) and ¢ € [0, Ty) fol-
lows from Proposition 10.18. Because of Remark 10.17 this remains valid
by density if a € L>(]0,T[;C) \ Wh2(]0, T[;C) or vy € L>(]0,I[;C?) \
W12(]0,1[; C*). By Definition 10.2 n°(-, ) is absolutely continuous on [0, T
for a.a x €]0,![. From assumption (II) it follows that for a.a t € [0, Ts] with
no(t, z) > vy the inequality

1<k<m

d b ! d
Gt (ta) < Wl e (i Jmnax {0+ G ) et

holds. Proposition 10.18 yields the d-independent upper bound for n® and
t € [0,Ts] in (10.8).

From the explicit formula (10.13) we have the following decay rates for the
semigroups 17" and T,: For t > 0

0

My T.(t) | n° < Doe™ " [|¢"
(6%

[ +2(1 = lrora) ™ flall e, (10-20)

Lo
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A from|Tt e #0 [ =@ og|reri| ot #0
where Dy := { . oty = 0 and v := (2”,1 o =0
Let My be a constant in assumption (III) for K = [0, N + ||n°||,]. From
(10.20), (10.14), (10.8) and (III) we get for t € [0, Tp]

Y t
Hw(t)HLoo < ||T,T.(t) | n° Jr/ HT(t—3)65(¢6(3)a”5(3))|‘md5
o oo 0
< Doe™ " |90 o +2 (1 = Jromal) " [l o

t
+M0T+/ Mo ||4°(s)]| . ds.
0

Gronwall’s Lemma yields the existence of a constant B independent on ¢ > 0
such that HQ/)‘S(t)HLOO < B for t € [0, Ty].

Moreover, since assumption (III) is valid also for the truncated nonlinearity
G° and n’ is continuous from [0,7] to L* by choosing a possibly larger
My corresponding to a larger set K than above we can find a constant B
independent of § > 0 such that for each § > 0 there exists a neighbourhood
Us of Ts so that H@D‘s(t)HLm < B for t € [0,T5] UUs. This proves that T5 =T
if 0 is chosen sufficiently small. m

We have shown that for sufficiently small § > 0 the weak solutions of the
truncated problem coincide with the original weak solutions of the nontrun-
cated problem. Hence the proof of Theorems 10.3-10.5 is complete. We are
left with the proofs of Theorem 10.6 and 10.10.

of Theorem 10.10. From the assumption that o and G are of class C¥ it
follows that the map

o’ P+ G(0,n°)
n | € P.— nY e L=(]0,1[, € x R) x L=(]0,T[,C)
0 ald+-)

is C*. Hence Theorems 10.3 and 10.4 imply that

wO
n’ | € P.— X(0+t,0, (wo * 2()(9’”0))) € 0([0,1],C* x Cp
0

is C*. This shows that for ¢ > 0 the map (p,0) € B.— Y (0 +t,0,p) € P is
of class C*. Hence Z! is a C* smooth semiflow on P.. O
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of Theorem 10.6. Let (1), n) be the weak solution. From the differentiability
assumption (X) on H the map w — $(1)(s), w) is well defined from W5? into
itself for s € [0,7] since ¢ € C([0,T], W?). Furthermore condition (XI)
implies that this map is Lipschitz on bounded subsets of W};Q uniformly in

€ [0,T]. By truncation we can make it globally Lipschitz: for n > 0 let
T, : Wp* — Wp* be globally Lipschitz with T),(w) = w, if HwHW}),z <y
T,(w) = 2n tw ||w||;V11,2, if ||w||W}13,2 > 2171, Define the following truncated
operators i

9,(p,w) == H(p, T, (w)) for p € W2 and w € WH*.

Then for all p € W2 the map w — $),(p,w) is globally Lipschitz in W};Q
where the Lipschitz constant depends only on 7 and ||p||y1...

Define § : C([0,T], Wp?) — C([0,T], Wp?),

(3m) (1) == n® + /0 (3(s) + Brm(s) + 9 ((s), m(s)) ds (¢ € [0,T]).

Then § has a unique fixed point n, in C([0, T, W};z) by a generalization of
Banachs fixed point theorem since sufficient high iterates of § become con-
tractive. In particular n, € C([0,T], Wp?).

Set T, := sup {t € [0,7] | |ln(s )||W12 <nplfor0<s< t} By (XII) and
the HI&%der—Young inequalities we have for all ¢ € [0,T})]

1 2
8t§ ||axnn (t) ||L2(Sk)

= i Oy (I(t,x) — bgny(t,x) + H(x,Y(t, x),n,(t, x))) Oyn,(t, z) do

IN

|0, 1(t, x)0yny(t, z)| dx + O H(z,(t, ), ny(t, )0z, (t, x)
Sk Sk

+0yH (x,(t, x),n,(t, 2))0x0(t, £) 0y (t, )
+0, H (z,90(t, x),ny(t, x)) (Oxny(t, x))2) dx

IA

3 )

o 10 (B)[725,) = 75 101 (D)l[72(s,,

R0 (U35 + 190835 + 107 () a5y 102Dl s,
005,

3 up 0O + Bol + = B2+ (258 1) a2
2T tE[OI;] L2 0 2T 0 2T * L2(Sk)

~75 10z ()72

IN



Hence (see Prop. 10.18) we get the following 1 independent bound

3 Ryl 3R
2 2 0
10:ms Ol < 575 0 10T Fegs,) + 25 + 53
3R2 1> 2
{55+ =) sup [|0.0(s
(272 2) s 10w

which is valid for ¢ € [0, T,)].

154

Since the a priori estimates of Theorem 10.5 must hold for n, as long as

t € 0,T,] we see that T, = T" and n,, = n if 7 is chosen sufficiently small.

]



Chapter 11

Center manifold / model
reduction for the traveling wave
equation in the nonautonomous
case

We now perform the center manifold reduction for (3.17) in the case of nonau-
tonomous boundary conditions, o # 0 in (3.11). Assume a € C* ([0, 00[; C)
and there exists

G € CF ([0,00[ x L= (10,1, R); C ([0,1]; €%))

which satisfies for all n € L> (]0,[[,R)

0:G(t,n) = A(n)G(t,n),
{ Gi(t,n)jg=0 = 710G2(t,n)2=0 + (t),
Gg(t, n)|z:l = TlGl (t, n>|$:l.

Let Z' be the smooth skew product semiflow on . defined in section 10.1.
Then Z! is generated by the equations

Op(t) = An(t)) +e|R(n(t), (1) + G(s,n(1)))

—0,Gi(s, n(t) (s, n(t), (1)

i%(& n(t), (1) + G(s,n(1)))

@n(t)
(9,55

Y
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with boundary condition

P(0) = ¢°—G(0,n),
n(0) = n’
s(0) = 0,
Pi(t,0) = roha(t,0),
¢2(t7l) = lel(tab'
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Here £ and § denote operators generated by K and F' in (3.17), respectively.
Note that the boundary conditions are homogeneous and time independent
now, the nonautonomous time dependence appear through the variable s in
the terms G(s,n(t)) and 9,G(s,n(t)) in both equations for ¢ and n. Under a
spectral gap assumption for 2(n) we can locally make a change of coordinates,

= B(n)z. + C(n)xs,

as we have done in section 9 and arrive at the following set of equations

(compare it with (9.3))

(O = A(n)z, + eB.(s,n, T, T5)
Oxs = WUs(n)xs + eBy(s,n, z, )
%n = i@(s, n,B(n)x. + €(n)xs + G(s,n))
2(0) = BEO) P (00 — G(O,n)
z5(0) = €(n°)71Q(n°) (¥° - G(0,n%),
n(0) = nY,
where
Ae(n) (B(n))~" An)B(n),
As(n (€(n))~" An)e(n),
Bo(s,n, 7, 25) = (B(n)" PB(n)®(s,n, zc,z,),
G(s,n, e, Tg) = (@(n))_lQ(n)@(s,n,xc,xs),
and

6(57 T, Ly .%'5)

= R(n,B(n)z. + €(n)xs + G(s,n))
0B(n)F(s,n, B(n)z. + €(n)zs + G(s,n))) x,

(n)S(s,n, B(n)z. + €(n)zs + G(s,n))) xs
LG(s,n)8(s,n, B(n)z. + €(n)zs + G(s,n)).

(
Gl
)
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Theorem 5.5 implies that for € = 0 the smooth semiflow Z! in the Banach
Space €7 x )y x Cp X R has the (non locally compact) normally hyperbolic
invariant Banach-manifold C? x {0} x U x R C C? x J}y x Cp x R. Using a
cut off modification we can construct overflowing manifolds

IM = {v. € CU |Yb| <71} x {0} xU x {seR||s| <7}

for any given r > 0, so that the modified equation coincides with the original
one within a radius of 7. By applying persistence theory for semiflows in
Banach spaces [8] we get

Theorem 11.1. For any r > 0 there exists an ¢y > 0 so that for 0 < e <
€0 the manifold IMy persists as a nonlinear exponentially attracting smooth
invariant manifold IM?, which can be represented as a C* smooth graph x, =
’Y(Q’,Ca n, s, 6)7

v IMg x |0, 0] — Y.

The flow on IM is given by the equations

Ore = Ue(n)ze+ €B. (s,m, T, Y(8, Tey My €))
omn = €§(s,n,B(n)x. + En)y(s,xen,€) + g(s,n))
3,53 = 1.

If 2 : I — B, is a trajectory on IM! then z € C*(1,B.).

Rewriting the equations without the time substitute variable s we arrive
to the following C*-smooth ordinary nonautonomous differential equation in
the Banach space C? x U:

{ Oxe = Uc(n)z.+ €SB, (t,n,xc,y(t, Te,n, €))

on = €§(t,n,B(n)x. + E(n)y(t, ze n,€) + G(t,n)). (11.1)

Since 7y is smooth and ~y(t, z.,n,0) = 0 we have (¢, z., n, €) = ey(t, z., n,€),
where 7 is smooth. Next we expand (11.1) in powers of €. According to
the Table in Section 3.2, (3.17) and (3.15) the generator of the Nemytskij
operator R is

[l
L+ eer(z) ]

1 2
K, n,) = ~ale) oo, ) L )i ()

where ¢ is given in (3.14) and €;(z) = GGE(:C) = egI'ny1 ~ 1,5 (and similarly

€r(z)) is of order 1. In the following we frequently use the expansion

[
L+ eea() [0l

= [[]* + O(e).
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Then
o 1 2  _, \.0f 2
K(z,n,¢) = —ea(z)59(z,n) [¥I" + €(@)i— gz, n) |4 + Oe).
Therefore we can expand the terms of &, as follows:

€ (B(n)) " P(n)&(n, B(n)z, + C(n)y(t, 2, n, €) + G(t,n))
— € (B(m)) ™ B [Fe () 39, n)) [B()ze + Gt ) (Bl + Gt )|
+ e (B(n) " Pln) [Gi G g n()) [B(n)xe + Glt.n)| (Bln)z. + G(t,m))|
+0(e),

(n) [0B(n)F(t,n, B(n)z. + €(n)y(t,z.,n,€) + G(t,n))x.]
()| 9B(n)b(t,n, 2 )z + O(E2),

I
o
A M
2 2
s 2
1L
B B

b(t,n, z.) =I(t,-) + ibkxsk G[Sk y)dy — n(- ))

R(, n(7)) g(.n() [B(n)ae + Gt

—€ (’B(n))_1 B(n) (0€(n)F(t, n, B(n)x. + E€(n)y(t, ze,n, €) + G(t,n)))
Y(t, xe,m, €) = O(e?),

— ¢ (B(n)) " B()0.G(t, n)F(t, n, B(n)x. + C(n)Y(t, 20,1, €) + G(t, n))
= —¢(B(n) " P()I.G(t,n)b(t,n,z.) + O(e).

Suppose 2(n) has g critical eigenvalues Ay, ..., Ag near iR of algebraic multi-
plicity one for n € U. Then, see Proposition 4.3, each eigenvector is a scalar
multiple of

() =108 () 1=

where T'(x,y, \,n) denotes the fundamental system to the nonautonomous

ODE
i () o=(E™ iee) (1)@
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Note that if n is a piecewise constant function - for example obtained after
a Galerkin projection using Steklov average step functions - then there is an
explicit expression for 7" and b; in terms of elementary functions. A natural
choice for B(n) then is

q
B(n)x. = Z Teibi(n)  for z. = (2.4)1<i<q € CL
i=1

The inverse B(n) 1P (n) can be expressed in terms of adjoint eigenfunctions
b7 which are simply related to b;. To see this one calculates that the adjoint
operator 2A*(n) to A(n) is

W) = ( 7 —8z+ﬂ(-’n(')))’
P2(0) = To1h1(0)
Pi(l) = Tba(l).

Hence there is a one to one correspondence of (generalized) eigenvectors of

20 and A* via the map -
/2)-C)
(e Y1)

If b; is a eigenvector of 2 to the eigenvalue A then b] = Jb; is the correspond-
ing eigenvector of A* with the eigenvalue X. It has been shown in [60] that the
system of root functions corresponding to the eigenvalues of 2l is complete
in L2([0,1], C?). From the completeness it follows that (z},z)) # 0 because
(¢*,d) = 0 if ¢ and d are generalized eigenvectors to different eigenvalues.

Therefore b ()
“(n
B0 Py = ()
b; (n)bi(n) 1<i<q
Summarizing we arrive at the following expansion of (11.1)

( 8t$c,i = (’B’L(tﬂ Le, n) + 0(62), 1 S 7 S q,
Omn = ebh(t,n,z.) + O(e?),

Pilt,zen) = Ntos— e (bib) 0 [
ec()3g(-n() |B(n)z. + G(t,n)|’ (%2(”)% +G(t,n))
+er()i%g (-, n(-)) |B(n)z. + G(t,n)[|” (B(n)z. + G(t,n))
LDB()h(t, n, w)xe — DuG(t,n)b(t, 7, xc)] ,

(11.2)
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Remark 11.2 (Explicit formula for G). It is possible to give an explicit
expression for G in the case of simple a. For example, if o is quasiperiodic,
that is can be represented as a(t) = > " age™* with wy € R, a;, € C, and
if the frequencies wy do not coincide with a point in the spectrum of A(n) for
n € U, that 1s

{iweg |[E=1,2,.... m}n{Aea(™A(n))|neld} =0,

then .
G(s,n) = Z (akeiw’“sg(n)) ,
k=1

where
An)CG = iwrCe,
Ce1(0) = 70Cr2(0) + 1,
Cra(l) = m1Ca(l)

is an explicit expression for G. For each (; we have

Ce(n) = T(-, 0, iwg, n) (’”0” 1) ,

c

where

(e 1) T, 0, ) ((1))

h(iwg, n)

c=—

and
h(\n) = (n —1)T(1,0,\,n) (7"10>
is the characteristic function to A(n).

In the system (11.2) the unknown graph « only appears in O(e?) terms.
The system resulting from (11.2) when neglecting all O(€?) terms, i.e.

{ (9,5:Ccyi = ml(ta Le, n), 1 S 7 S q,

omn = eh(t,n,x.). (11.3)

is called mode approximation. Thus mode approximations can be regarded
as a small perturbation of the flow on certain local center manifolds. Mode
approximations, first derived formally by physicists [3], for the traveling wave
equation have been studied by several authors, see [55, 68, 66, 5. They have
been rigorously derived first in the thesis [65] of J. Sieber for a simplified
model (averaged carrier densities, no optical injection, no nonlinearities due
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to gain or index compression in the PDE). We note that the mode approxi-
mations calculated by Sieber follows from (11.3) when one uses a lowest order
Galerkin approximation, where on each section Sy = [xy_1, x| the distribu-
tion n(x) is projected to the average fslz(y) dy (indeed, the formulas coincide
when one sets a = 0 and ¢ = ¢; = 0 and ignores gain dispersion terms
gp = 0; note that gain dispersion can be easily incorporated to (11.2), but
we have not done this because the model including gain dispersion allows for
negative carrier densities as we have mentioned in remark 3.1). Such kind of
low dimensional projection of course neglects the spacial variation of n in a
active laser section totally, so that important physical effects such as spacial
hole burning get lost. Of course, using a higher order Galerkin approximation
scheme of (11.2) for n using piecewise constant step functions we get a re-
fined scale of ODEs which converges to the full model (11.2), we will remark
this next more precisely. Thus, if one wants to include spacial hole burning
effects a higher dimensional Galerkin projection should be used. The advan-
tage of using piecewise constant step functions is that the vector field of the
resulting ODE can be expressed explicitely in terms of elementary functions
where only a few critical eigenvalues \; have to be traced numerically, and,
moreover, the Galerkin approximations converge uniformly to the solution of
(11.2). Of course there is no natural global choice of basis functions for n.
Let m € IN be the number of laser sections and k, 7, s, € IN be indices, where
1 < k < m runs trough all sections Sj, s denotes the order of the Galerkin
approximation and 1 < r < s. Then the basis functions b, we use are the
following characteristic (step) functions

T — Tp—1

bksr = XApsrs Akzsr = [xkz—l + (T - 1)9ksa Tp_1+ Teks], 6)k:s = s

Then, by approximating n ~ > 1<g<m Nks-brsr, the Galerkin projection of
1<r<s

order s for (11.3) is given by

atxgi = SBI <t7$7cr7 Zlﬁkﬁm nksr(t)bksr<')) ) 1 S l S q,

1<r<s

ONksy = €Tgsy b <t, Y i<k<m nksr(t)bksr(')axg) , 1<k<m,1<r<s,

1<r<s

where g0 1= m fA;m n(y) dy.

It follows readily, by using Theorem 10.4 wv), Theorem 10.5, Lemma 10.19
and Gronwall’s Lemma, that for T > 0 and any initial data z.(0) and ng € Cp
corresponding to a 1y € C([0, 1], C?) satisfying the boundary condition (10.2)
and for the corresponding projected data x7(0) = z.(0) and nys,(0) = mgsrno
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we have

H
C([O’T]’CP)

§—00 0.

lze = 3¢l oo mxon.c2) + H” - ansrbksr



Chapter 12

Hopf bifurcation of rotating
waves Into selfpulsations for the
traveling wave equation

We consider Hopf bifurcation of rotating waves (relative equilibria) for the S*
equivariant traveling wave equation (3.17), (3.11) which we write in operator

form
[ Ob(t) = A(n()p(t) + eR(n(t), (1))
827;8 = ?((n(t),)?/}(t))
€ "0, T"m
n(t) € Cp (12.1)
1/)(0) = o
L n(0) = no,
where

Yi(ro, rm) == { (1, 02) € C([0,1], C?) | ¢1(0) = ro02(0), w2(l) = rmer(l)},

Aln) = Ao + L(n), A= (—631; 60> ,

has been defined in (9.1), 8 is generated by (3.15) and Cp is the space of
piecewise (on each Sj) uniformly continuous functions, see (10.5). Let T'(9),
6 € S' =R/(277Z), be the group of linear isomorphisms acting on (¢, n) via

T(6)(,n) = (", n).
The system (12.1) is equivariant with respect to T, i.e.

&(T(9)(¢y,n)) = T(0)&(p,n) for § € S* and ) € D(A),n € Cp,
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where

 (AU(n)yY + eR(n,Y)
®,n) '—( &5 (n, 1)) )

We consider the autonomous case, where the pump term [ (injection current)
does not depend on ¢ and no light is injected into the laser (o = 0). Typical
bifurcation parameters are I or the phase ¢ of the reflection coefficient r,, =
7,,]€? at the right facet of the laser [9, 66] (for simplicity neglect internal
reflections, i.e. put r,_,, =r,_,, = 1 and rf, = ry = 0in (3.11)). Note
that the reflection coefficients rq and r,, are hidden in the function space
Y;. Therefore, when considering them as bifurcation parameters, one has to
normalize the boundary conditions first [60]: Let a be a complex number
satisfying €2 = ror,,, and U : [0,1] — £(C?) be the diagonal matrix function
U(x) := diag(roe™ ", ") generating the Nemytskij operator U, (LU)(x) :=
U(z)y(x). Then the linear transformation

b= U

normalizes the boundary condition, i.e. (12.1) recasts as

[ 0(t) = Hn)p(t) + U R(n(t), W(t))
&:th% = ;4/3((1”%)7111#(0)
i S AT
nit) € Co (12.2)
v(0) = U
L n(0) = no,

—1 —ax O o —ax+a, O
U (0 Oy U= 0 O, +a

-1 _2a-
ufls n u: B(Ln<l) o € K()) .
= (850 Bl
(note that if ¢ € Yy(1,1) then UL ¢ Yi(1,1) unless rg = r,, = 1) In
the T-equivariant system (12.2) the bifurcation parameters ro, r,, appear in
the operators on the right hand side and the function space Y;(1,1) stays

constant.
A solution to (12.2) of the form

and

(1h(t), n(t)) = T(wt)(,n) for somew € R\ {0}, ¢ # 0 and 7
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is called a rotating wave or relative equilibrium, because with respect to the
moving time frame obtained by the change of variable

(W (t), n(t)) = T(=wt)((t), n(t))

system (12.2), where $(n) is replaced with ($)(n) — iw), has the family (or
group orbit) of equilibria T'(0)(¢), 7), 6 € S*.

In the linear case & = 0 in (12.2) there exists a rotating wave solution if
and only if there exists n € C), iw € 0($H(n)) and an eigenfunction ¥ to the
cigenvalue iw so that (7, k) = 0. This is equivalent to the solvability of

hiiw,7) =0 and  F(7, |S|?Uo(w,n)) =0 (12.3)

for some S,w € R and 7, in this case 1) = |S[24y. Here 1o(w, ) is a normal-
ized eigenfunction with a certain fixed boundary (recall that all eigenvalues
are geometrically simple), e.g. 1o(w,7)(0) = (ro, 1), and h(X, n) is the char-
acteristic function to H(n).

If R # 0 then (12.2) has a rotating wave solution iff there exist S € R, w € R
and n so that

(rm —1) R(w,n)S (Tf) =0 and §(R,UR(w,7)S (7"10)) =0, (124)

where R(w,n)d =, d € C?, is the solution to
(H(n) —iw) Y + etk ' R(A,Up) = 0  with initial value (0) = d.

We assume that such a rotating wave exists and that - by means of the im-
plicit function theorem applied to (12.3) or (12.4) - it (i.e. the parameters
w, S and n) depends smoothly on some bifurcation parameter.

Hence we suppose that there exist 1»(\) € Y;i(1,1) N W2([0,1],C?) and
a(\) € Wg? (see (10.9)), which depend smoothly on a bifurcation parameter
A in some neighbourhood of zero in R, such that T(0)(¢)(A), A()) is a family
of equilibria for the system

O )
A P
c Il
ity € Cr (12.5)
¥(0) = o
\ n(0) = mne.
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Here & is T equivariant and of the form &(¢),n, \) = (Ag20,0) + Q(, n, N),
where Q(¢,n, \)(z) = Q(z,¥(x),n(x), \) is a Nemytskij operator generated
by a C* Caratheodory function @ : 10,/ x C* x R x R — C? x R (in the
sense of Definition 10.11) which is piecewise smooth on finite sections of the
interval [0,7]. We consider the linearization 9&(1)(X), A(N), A)ja=o which is
a closed densely defined degenerate hyperbolic system with equal speed in
the real Banach space P C C([0,],R?) x Cp (see (10.10)). For spectral
properties we have to complexifiy the operator and Banach space. It is not
difficult to check that the linearization belongs to the class (DH) with equal
speeds which we have treated in section 6.2 (for checking condition (DHII)
we use that n(\) is piecewise smooth).

Note that here n € Cp is only piecewise continuous although we assumed for (SH)
and (DH) in sections 7 and 6.2 that the degenerate part of the equation is continuous
on the whole interval [0,{]. We give the following answer to this observation: First,
it is not difficult to extend the results to piecewise continuous data in the degenerate
equation. Second, one can avoid the space of piecewise continuous functions (due to
appearing discontinuities) if one writes the traveling wave equation as a hyperbolic system
of extended size with everywhere smooth Nemytskij operators as explained in section 3.2
(this moreover has the advantage that one can treat internal reflectivities). The extended
system then belongs to the class (SH) and the linearization belongs to (DH). We assume
that by, = 0 in the model (3.17).

We assume that the reduced system satisfies v, < 0. It follows from the
model of the gain function (3.14) and recombination function (3.16) and the
positivity of the constants A, B, C, g%, see table 3.1 in section 3.2, that there
exists § > 0 so that the spectral set ¥ (see (6.5)) satisfies

X C C,OQ,(;.

From the T-equivariance it follows that zero is an eigenvalue of & (T(0)()(\), 1))
with eigenvector

T'(0)(H(N), 2(N) = (ied (), 0).
We suppose that zero has algebraic multiplicity one, there is a pair of simple
complex conjugate eigenvalues +io, 0 # 0 and the remaining eigenvalues in
C \ ¥ have real part strictly less then zero.
Note that
0&(T(0)(vh,n), A) = T(0)0&((v,n), )T (0) "
Hence
o(0&(T(0)(h,n), A)) = a(0&((¥, n), A))
and T'(¢) maps the generalized eigenspaces of 98 ((¢,n), A) to the correspond-

~

ing eigenspaces of 0&(T'(0)(),n), A)). Along the group orbit T'(6)(1(0),n(0)),
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§ € S', the linearized system has a vector bundle of two dimensional (real) in-
variant center subspaces associated with the eigenvalues +i0. Theorem 6.15
implies that this bundle is exponentially attracting, more precisely it is a
normally hyperbolic three dimensional center manifold with respect to the
C topology. Theorem 8.10 implies that close to the relative equilibrium
T(0)(¥(0),7(0)) this manifold persists. Hence we have that there exists a
local three dimensional exponentially attracting normally hyperbolic center

manifold for (12.5) in a neighbourhood of T'(6)(x),n). In the following we
will calculate the flow on the center manifold and prove Theorem 12.2.

We have the following assumption: For A in a small neighbourhood A of
zero we have curves pi(A) and pa(A) = pr(A) of complex conjugated simple
eigenvalues of A& (h(\), A(N), ) with p;(0) = i, o > 0, a constant simple
eigenvalue zero due to the T" symmetry, and a set of discrete eigenvalues in
C \ X separated uniformly for A € A. Hence there exists a < 0 so that

g (0B (P(N), n(A), )\ {p1(N), p2(N),0} € {c € C |Rec < a} for X € A.
(12.6)
Let w(\) be a smooth family of eigenfunctions to the eigenvalue p;(A). Put

v1(A) ;== Rew(N) and wve(A) ;== =Tmw(N)

for A € A. Let m.()\) be the spectral projection corresponding to the three
critical eigenvalues p;(A), p2(A) and zero. Put

ms(A) = (I —m(N)),
Xs(A) = Relmmy(N),
Xy = XS(O)

We have m5(A)u = m5(A)u. Hence Im mg(A) is invariant under complex con-
jugation and the complexification of X () is Immy(A). It follows from
Lemma 8.2 that the projection 74(\) maps X, isomorphically onto X (\)
for A\ close to zero. We assume that this holds true for A € A (if necessary
make A smaller).

Introduce the coordinates

N(zy,79,25,0,0) : R x R x X, x S' x A — B,

N(xy,x9,24,60,\) :=T(0) [(;ﬁgi‘;) + v1(AN)xy + ve(N)xe + T (N) 24
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Equation (12.5) then recasts as !

T
T2
$S

0

O = Q(x1, T2, 7,0, \), (12.7)
where 2
Q(z1, 79, 74,0,\) = ON'(N(z1, 19,24, 0,\)S(N (1,29, 75,0,\),N).
Because
ON~H(T(o)p)T(c) = ON~(p)
and & is T equivariant we have the following important
Remark 12.1. The operator Q) does not depend on 6 € S*:
Q(z1, 19, 7,,0,\) = Q(21, T2, 75,0,\)  ford e S

Hence we write

Q(xla X2, Ts, )\) = Q(xb T2, Ts, 07 )\)

Expanding & and ON ! around N(0,0,0,0,\) = (gé;;) we get 3:

. ey
Q1,209,745 \) = ON-! (ﬂ”“)) 06 (ﬁ(A)) (0 (V)1 + a(N)s + mo(N)s)]

+7’(ZZ’1, T2, Ts, )\)

_ oN-! (;f&;) (Repi (Mo — Tmpr(N) e (N (12.8)

+(Tm py(X) 21 + Re pr(A) 22)v2(N)
(&(A))
+06 | A(\) ws(A)xs} 4 (1, 29, T, \)

Rep1(A) z1 — Impi(A) 22
Jm pl()\> ry| + Re P1 >\)

(
mo(A)TLOB (1 (A >O A(A), N Ts(N)s

+ ’I"(l’l, Lo, Ts, )‘)

LN is locally diffeomorphic also in the LP completion, 1 < p < oo, for each ), compare
with proposition 7.9
2the dependence of 9N ! on A is not indicated in the notation

(PO (o e oM (N - 0 (YO 9y — (2o
30N (ﬁ(/\))( 1()‘) 1+ 2(/\) 2+ a(/\) s+T(O) (fl()\)) 9) ( 1,42, 870)
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with
r(0,0,0,\) =0, 3(@@27%,\)7“(0, 0,0,A) =0 for A € A.

We use a standard “trick” and consider the parameter A as an additional
variable in state space by adding the equation

d

dt)\ =0 (12.9)
to system (12.7)/(12.8). It follows that system (12.8) without the nonlinear-
ity r has the invariant manifold zy; = 0 for xy, x5 and X sufficiently small
and 6 € S'. The spectral gap (12.6) for the generator and the spectral gap
mapping Theorem 6.15 imply that it is normally hyperbolic: Indeed, we have
the following formula for the flow S§ generated by (12.8) without r and (12.9)

1 pAcVE (11
) X2

Syl 0| = 0 :
A A
Ts mo(A) " teAsNir (N)

where

_ (Rep () —Imp () i
A0 5= (en) ) A = S, A)
To verify condition (8.1) we have to linearize the flow in x5 = 0 with respect
to all variables z1, 9, x5, @ and A, and use Theorem 6.15 and (12.6), the
A derivatives do not cause any difficulties. Because in a sufficiently small
neighbourhood of 7 = 0, z5 = 0, 2 = 0, A* = 0 for § € S' we have
that (12.8) is a small C! perturbation of the system (12.8) without r, and
because we can modify the equations so that the starting center manifold
for r = 0 becomes overflowing Theorem 8.10 and Remark 8.11 imply that
this manifold persists for (12.7) (we omit the details, the proof can be done
similar as for Theorem 8.15): There exists a § > 0 and a C* smooth graph
v ]9, 5[3 x ST — X, v = ~(x1, 22, A, 0) so that the persistent manifold is
given as the graph of . Because () does not depend on # the graph v also
does not depend on 6. Hence we have proven the following:

Theorem 12.2. There exists 6 > 0 and a smooth function v : ]—d, (5[3 — X,
which satisfies v(0,0,\) = 0 for |A| < 9§, such that for |\| < ¢

M = {N(wlvx%’}/(xl?x%)‘)?ea)‘) ‘ |.Z'1‘, |l'2‘ < 6}
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is a locally invariant exponentially attracting center manifold for (12.5). Any
global time reversible trajectory which stays in a sufficiently small tubular
neighbourhood of M lies on M.

The flow on M 1is given by the ordinary differential equation

T %epl()\) —’Jmpl()\) 0 T
O | za | = | Impi(A)  Repr(A) 0 To | + h(xy, 29, N), (12.10)
0 0 0 0 0

where
h(I1,$2,97>\) = 71207“(%,90277@1,%2;)\)7/\)7

120 denotes the projection onto x1, xo and 0 by dropping xs. The nonlinearity
h is of order two, i.e.

h(0,0,A) =0 and O, 2, 0h(0,0,X) =0 for A € A.

In (12.10) the (z1,x2) variables are decoupled from 6. If we assume

%%e p1(0) # 0, (12.11)

then generically, as the parameter A\ crosses zero, a Hopf bifurcation will
occur. Hence for \ near zero there exists a periodic solution z.(t,\) =
(21 (t, N), xar (t, X)) with period my(A) close to 2—”0). Solving for 6 we have

Jmpr(

t
0(t) = 6o +/ h(z1x(s, A), 2x(5,A), A) ds,
0
where 0, is the phase at t = 0. We can write
0(t) = ct + palt)

where

1 wo(N)
= h Tf 7A Y ™ 7A 7)\ d )
c 7T0()\)/0 (X1:(8, A), Tar(s,N\), A) ds

¢
pr(t) = 00+/ h(21(8, A), Zor (8, A), A) ds — ct
0

and p, is periodic with period my. When we go back to (¢,n) coordinates
we have
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Corollary 12.3. Under assumption (12.11) for \ near zero there generically
exists a solution (¥ (t),n(t)) on the center manifold M for (12.5) of the form

(¥(t), n(t)) = T(ct)p(t), (12.12)

where

p) = Tla[(55)) + 00 + e )
1)y (1 (), 220 (8), V)]

is mo(\) periodic.

Remark 12.4. Solutions of the form (12.12) are called self pulsations or
modulated waves, ¢ is called the optical frequency and fr—g is called the power
frequency.

Figure 12.1 shows a space time plot of a self pulsation calculated numer-
ically with LDSL [53, 56, 80].

Figure 12.1: A space time plot of optical field amplitutes (left) and car-
rier densities (right) of a self pulsating 3-section DFB semiconductor laser
calculated with LDSL



Chapter 13

Appendix

13.1 The Fejér Laplace and Fourier inversion
formulas

In most cases the Fourier transform of an integrable function, even if it is
bounded with compact support, will not be integrable. For example the
Fourier transform of the characteristic function x[_ ;) is the nonintegrable
function 2%72=. Therefore it is of interest to have generalizations of the Fourier
inversion formula when the Fourier transform is not integrable. In our work
we need the inversion formula for compactly supported discontinuous func-
tions for which both f(t+) := limy o f(t + h) and f(t—) := limpjo f(t — h)
exist at each ¢t € R. One can show that such functions have a Fourier trans-
form which is integrable in the weaker Cesaro sense and the Fourier inversion
theorem holds. A precise statement of this is given in Corollary 13.3. This
generalized inversion theorem does not seem to be well established in Fourier
Analysis textbooks. A proof of it can be found for the Laplace transforma-
tion in the classical book [77|, the Fourier version follows immediately from
the Laplace version.

In Remark 13.4 we note that if f is bounded measurable then the Cesaro
integrals in the inversion formula have ||f||;~ as a uniform bound. This
fact which we have not found in the literature is of importance if one has to
deal with multiple integrals containing Fourier integrals and wants to pass
to the limit using Lebesgue’s dominated convergence theorem. We will use
this Remark several times when we prove the spectral gap of the semigroup
generated by linear hyperbolic evolution equations needed for the existence
of smooth center manifolds.
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Definition 13.1 (Cesaro integrability). The function f € L} (R, C) is inte-
grable by Cesaro means of order 1 if the limit

i [ (1 - ’iR') f(z)dz

R—o0 _R

exists. If f is Cesaro integrable we denote this limit by

1) — /Z (@) da.

By partial integration we have

/_};( _%>f(x)dx = /_if(x)dx—}%/ORx(f(x)—i—f(—x)) da
= %/OR/if(w)dxdt- (13.1)

From (13.1) it is easy to see that if Cauchy’s principal value

PV/Z f(z)dz == lim /Zf(x) da

R—o00

exists then f is (C, 1) integrable and

(C,1) - /_Z f(z)dx = PV /_: (@) da.

Therefore Cesaro integrability is a weaker notion than integrability in the
sense of Cauchy’s principal value which is weaker than the usual notion of
L' (absolute) integrability.

Let f € L}, .([0,00[,C). Then the Laplace transform £f of f is defined

loc
by .

L£f(s) = /000 e " f(t)dt := lim e S f(t)dt

R—o0 0

whenever this integral exists as a convergent improper integral. If this in-
tegral converges for some sy € C then it converges for all s € C with
Res > NResy (see Chapter II in [77]). Hence three possibilities arise:

1) the integral converges for no point

1) it converges for every point

1) there exists 0. € R such that the integral converges for all s € C with
MRes > o, and diverges for Re s < o,.

The real number o, is called the abscissa of convergence. In case 2) one sets
0. 1= 00, in case 1) g, 1= —00.
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Theorem 13.2 (Fejér Laplace Inversion Theorem). (see [77] Theorem 9.2
p.77) For ¢ €]o., 00|

1 c+ioco 0 ,t<0
(O = [ etep ods =1 1o =0 . (132
i L(F(t+) + f(1=)) ,1>0

That is the Cesaro integral

c+ico R pT
(C,1) — / : e’ (£f) (s)ds = lim 1 /0 / eI (L) (c+ iv)idydr
R

—100 R—o0 R
— : (c+iv)t . o ‘Vl .
1%1_{20 _Re (Lf) (c+iv) < —R>zdu

converges to 2mi times the right side of (13.2) whenever the right side has a
meaning.

As an immediate consequence we have the general Fourier Inversion for-
mula

Corollary 13.3 (Fejér Fourier Inversion Formula). Let f € L] (R, C) and
t € R be a point where both the limit from the right f(t+) and left f(t—)
exist. Assume fi(s) = f(s), fa(s) == f(=s), s > 0, have both o. < 0.
Suppose that the Fourier transform of f in Cauchy’s principal value sense

exists, that is F~1f = limp_ ffR e~ f(1)dr converges. Then

(f(t+) + f(t=)) . (13.3)

DN | —

i(C, 1) — /00 U F T f(w) dw =

2m o

Instead of f € L}, .(R,C), o, < 0, we can simply assume f € L'(R,C).
This guarantees the uniform convergence of fooo e f(y)dy for —-R<u<R
and allows for interchanging the order of integration by Fubini, see the proof

of Theorem 9.2 in |77, p.77] for the details.
Remark 13.4. If f € L*(R,C) N LY (R, C) the limit (13.3) has || f||,~ as a

uniform majorant.

Proof. Since f € L' the order of integration can be exchanged due to Fubinis
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theorem and we have

L7 wl\ [
iw 1— —iwy du d
or | ( I /Ooe f(y) dy dw

L[~ 1 T sty " ity
_ L wt=y) ], — wit=y) | d
o | gty () e [ ) s
2 [ sin®((¢
TR —o0o (t_y)2

oo 2
< ||f||Loo/ sin udu

™

= [fllze

N RIS
N—
=
<
[\
N—

[e.9]

Here we have used the identity ffooo S‘g# du = m, which can be calculated
as follows: For 0 < r; < 7y let v be the positively oriented loop around
the origin 0 by first going along the path v;(s) = re™ (0 < s < 1),
then along [—rq, —71], 71(5) := ™™ (0 < s < 1) and [r,72). By the
residue theorem f7 %1_;22” dz = 2. Further we have lim,, o [ 11=e? 4

T2 22
— lim,, |o f% iz~ 'dz = 7. Hence

< sin? gz i T sin? "2 gin? g
/ 5 de = lim / 5 dx + / 5 dz
o I r110,r2To0 —ry T - x
) 11_621',2 11_e2iz
= lim fRe / — 3 dz — / — 5 dz
r110,r72T00 y 2 z " 2 z

= Tr.

O

Proposition 13.5. Let a € R and d_, be the delta distribution at —a. Then

Fe'v =6, inS*.

13.2 Regularity for linear inhomogeneous evo-
lution equations

In this short section we state and proof a well known regularity result (see
for example [15, Proposition 4.1.6, p.51]).

Let X be a Banach space and A be a closed densely defined operator in
X with domain D(A) generating a Cy semigroup (7'(?)),, of bounded linear
operators on X.
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Proposition 13.6. Let f € WH(]0,T[, X) and

u(t) = /0 T(t—s)f(s)ds.

Then
v € C(0,T],D(4)) 1 CX([0, 7], X)
and Lo(t) = Av(t) + f(t).
Proof. We follow the proof of [15, Proposition 4.1.6, p.51]. Let t € [0, 7] and
h € [0,T —t]. We have

v(t+h) —o(t) _/0 T(S)f(t—kh—sf)b—f(t_s) ds+T(h>/0 T(t—s)f(s)ds.

h h
Because
ft+h— })L St — )Ll(%,X)f,(t_ )
it follows that £2(t) = [ T(s) f'(t—s) ds+T(t) f(0) for all t € [0,T]. Hence

d+” e C([o, 1], ) Slmllarly one shows for ¢ € ]0, 7] that £* € C(]0,T], X)
and 4 —v(t) = LX(t) for t €10,T[. So v e C([0,T], X).
Let t € [0, and h € [0,T — t]. We have

=t = 4 [ resn-ap@ds— [ 1= 510

v —v t+h
_ (Hh]z (t)_%/t T(t + h — 5)f(s) ds.

By letting h | 0 it follows that for ¢ € [0,7[ we have v(t) € D(A) and
Av(t) = v'(t) — f(t). Since A is closed this remains true for ¢t = 7. Hence
v e C([0,T],D(A)). O



Bibliography

1]

2l

13l

17l

8]

191

[10]

S. A. Avdonin and S. A. Ivanov. Families of Ezponentials. Cambridge
University Press, 1995.

J. M. Ball. Strongly continuous semigroups, weak solutions, and the
variation of constants formula. Proc. Am. Math. Soc., 63:370-373, 1977.

U. Bandelow. Theorie longitudinaler Effekte in 1.55 pum Mehrsektions -
DFB - Laserdioden. PhD thesis, physics department HU-Berlin, 1994.

U. Bandelow, H. Wenzel, and H.-J. Wiinsche. Influence of inhomoge-
neous injection on sidemode suppression in strongly coupled dfb semi-
conductor lasers. FElectronics Letters, 28:1324-25, 1992.

U. Bandelow, L. Recke, and B. Sandstede. Frequency regions for forced
locking of self-pulsating multi-section dfb lasers. Optics Communica-
tions, 147:212-218, 1998.

P. W. Bates and C. K. R. T. Jones. Invariant manifolds for semi-
linear partial differential equations, volume 2 (old series) of Dynamics
Reported. John Wiley & Sons, 1989. ed. U. Kirchgraber and H.-O.
Walther, p. 1-38.

P. W. Bates, K. Lu, and C. Zeng. Existence and persistence of invariant
manifolds for semiflows in Banach spaces. Mem. Amer. Math. Soc., 645,
1998.

P. W. Bates, K. Lu, and C. Zeng. Persistence of overflowing manifolds
for semiflow. Comm. Pure Appl. Math., LI1:983-1046, 1999.

S. Bauer, O. Brox, J. Kreissl, B. Sartorius, M. Radziunas, J. Sieber, H.-
J. Wnsche, and F. Henneberger. Nonlinear dynamics of semiconductor
lasers with active optical feedback. Phys. Rev. E, 69:016206, 2004.

A. S. Besicovitch. Almost Periodic Functions. W. Lewis, at the univer-
sity press, Cambridge, 1932.

177



[11]

[12]

[13]

[14]

[15]

[16]

[17]

18]

[19]

20]

[21]

22]

178

S. Bochner. Beitrag zur absoluten Konvergenz fastperiodischer Fourier-
reihen. Jahresbericht der Deutschen Math. Ver., 39:52-54, 1930.

R.K. Brayton and W. L. Miranker. A stability theory for nonlinear
mixed initial boundary value problems. Arch. Rat. Mech. Anal., 17:
358-376, 1964.

B.Z.Guo and G.Q.Xu. On basis property of a hyperbolic system with
dynamic boundary condition. Differential and Integral Equations, 18(1):
35-60, 2005.

H. R. Cameron. Analytic functions of absolutely convergent generalized
trigonometric sums. Duke Math. J., 3:682-688, 1937.

T. Cazenave and A. Haraux. An Introduction to Semilinear Evolution
Equations. Oxford: Clarendon Press, 1998. Oxford Lecture Series in
Mathematics and its Applications 13.

Y. Champagne and N. McCarthy. Influence of the axially varying quasi-
Fermi-level seperation of the active region on spatial hole burning in
distributed-feedback semiconductor lasers. Journal of Applied Physics,
72:2110-2118, 1992.

H. E. Conner. Some general properties of a class of semilinear hyperbolic
systems analogous to the differential-integral equations of gas dynamics.
J. Differential Equations, 10:188-203, 1971.

P. G. Eliseev and A. E. Drakin. Self-distribution of the current in laser
diodes and its possible use for reducing the optical nonlinearity of the
active medium. Quant. Elect., 26:299-302, 1996.

P. G. Eliseev, A. G. Glebov, and M. Osinski. Current self-distribution
effect in diode lasers: analytic criterion and numerical study. IEEE J.
Select. Topics Quant. Elect., 3:499-506, 1997.

K-J. Engel and R. Nagel. One-Parameter Semigroups for Linear Evo-
lution Equations. Springer, 1999.

U. Feiste, M. Mohrle, B. Sartorius, J. Horer, and R. Loffler. 12 GHz to
64 GHz continuous frequency tuning in self-pulsating 1.55 p quantum
well DFB lasers. IEEE J. selected topics Quant. FElect., 1(2):535-538,
1995.

N. Fenichel. Persistence and smoothness of invariant manifolds for flows.
Indiana Univ. Math. J., 23:1109-1137, 1971.



23]

[24]

[25]

[26]

27]

28]

29]

[30]

[31]

32|

33]

[34]

[35]

[36]

179

S. Goldstein. On diffusion by discontinuous movements and the tele-
graph equation. Quart. J. Mech. Appl. Math., 4:129-156, 1951.

K. Groger and L. Recke. Applications of differential calculus to quasilin-
ear elliptic boundary value problems with non-smooth data. to appear
in Nonl. Diff. Equ. Appl. (NoDEA).

K. P. Hadeler. Traveling fronts for correlated random walks. Can. Appl.
Math. Q., 2:27-43, 1994.

H. Haken and M. Renardy. Laser as trail blaser of synergetics: Bifur-
cations of solutions of the laser equations. Physica 8 D, pages 57-89,
1983.

J. Hale and S. Lunel. Introduction to functional differential equations,
volume 99. Springer, 1993. Applied Mathematical Sciences.

D. Henry. Geometric Theory of Semilinear Parabolic Equations, volume
840. Springer, 1981. Lecture Notes in Mathematics.

E. Hille and R. Phillips. Functional Analysis and Semi-Groups, vol-
ume 31. AMS, 1957. Colloquium Publications.

T. Hillen. Nichtlineare hyperbolische Systeme zur Modellierung von
Ausbreitungsvorgingen und Anwendung auf das Turing Modell. Dis-
sertation Fakultdat fiir Mathematik, Universitdt Tiibingen, 1995.

T. Hillen. A turing model with correlated random walk. J. Math. Biol.,
35:49-72, 1996.

M. W. Hirsch, C. C. Pugh, and M. Shub. Invariant Manifolds. Lecture
Notes in Mathematics. Springer, 1977.

W. Horsthemke. Spatial instabilities in reaction random walks with
direction-independent kinetics. Phys. Rev. F, 60:2651-2663, 1999.

R. Hlner and M. Reed. Decay to equilibrium for the Carleman model in
a box. SIAM J. Appl. Math., 44:1067-1075, 1984.

F. Jochmann and L. Recke. Well-posedness of an initial boundary value
problem from laser dynamics. Math. Models Methods Appl. Sci., 12(4):
593-606, 2002.

M.A. Kaashoek and S.M. Verduyn Lunel. An integrability condition
on the resolvent for hyperbolicity of the semigroup. J. Diff. Eq., 112:
374-406, 1994.



180

[37] M. Kac. A stochastic model related to the telegrapher’s equation. Rocky
Mountain J. Math., 4:497-509, 1956.

[38] T. Kato. Perturbation Theory for Linear Operators. Springer, 1980.

[39] N. Korneyev, M. Radziunas, H.-J. Wnsche, and F. Henneberger. Bifur-
cations of a dfb laser with short optical feedback: Numerical experiment.
SPIE Proceedings Series, 4986:480-489, 2003.

[40] M. A. Krasnoselskij et al. Integral operators in spaces of summable
functions. Noordhoff International Publishing, 1976.

[41] Y. Latushkin and C. Chicone. Evolution Semigroups in Dynamical Sys-
tems and Differential Fquations, volume 70. AMS, Providence, 1999.
Math. Surv. Monogr.

[42] Y. Latushkin and R. Shvydkoy. Hyperbolicity of semigroups and Fourier
multipliers. Oper. Theory Adv. Appl., 129:341-364, 2001.

[43] X-B Lin and A. F. Neves. A Multiplicity Theorem for Hyperbolic Sys-
tems. J. Diff. Eq., 76:339-352, 1988.

einrich P. Lotz. Semigroups on an , One-parameter semi-
44| Heinrich P. Lotz. Semu L*>® and H*, O t ‘
groups of positive operators. Lecture Notes Math. 1184. Springer, 1986.

[45] Z. H. Luo, B. Z. Guo, and O. Morgul. Stability and Stabilization of
Infinite Dimensional Systems with Applications. Springer, 1999.

[46] Ricardo Mane. Persistent manifolds are normally hyperbolic. Trans.
Am. Math. Soc., 246:261-283, 1978.

[47] M. Mohrle, B. Sartorius, R. Steingriiber, and P. Wolfram. Electrically
switchable self-pulsations in integrable multisection dfb-lasers. IEFEE
Photonics Technol. Lett., 8:28-31, 1996.

[48] A. F. Neves, H. Ribeiro, and O. Lopes. On the spectrum of evolution

operators generated by hyperbolic systems. J. Functional Anal., 67:
320-344, 1986.

[49] A. Pazy. Semigroups of Linear Operators and Applications to Partial
Differential Equations. Springer-Verlag, Applied Mathematical Sciences
44 edition, 1983.

[50] D. Peterhof and B. Sandstede. All-optical clock recovery using multi-
section distributed-feedback lasers. J. Nonl. Sci., 9:575-613, 1999.



181

[51] H.R. Pitt. A theorem on absolutely convergent trigonometrical series.
J. Math. Phys., M.I.T., 16:191-195, 1938.

[52] T. Platkowski and R. Illner. Discrete velocity models of the Boltzmann

equation: A survey on the mathematical aspects of the theory. SIAM
review, 30(2):213-255.

[53] M. Radziunas. Ldsl  software tool. http://www.wias-
berlin.de/software /1dsl.

[54] M. Radziunas. Numerical bifurcation analysis of traveling wave model
of multisection semiconductor lasers. Physica D, 213(1):98-112, 2006.

[55] M. Radziunas and H.-J. Wnsche. Dynamics of multi-section DFB semi-
conductor laser: traveling wave and mode approximation models. SPIE
Proceedings Series, 4646:27-37, 2002.

[56] M. Radziunas and H.-J. Wiinsche. Multisection lasers: longitudinal
modes and their dynamics. Optoelectronic devices - advanced simulation
and analysis, pages 121-150, 2005. ed. J. Piprek, Springer.

[57] M. Radziunas, H.-J. Wnsche, B. Sartorius, O. Brox, D. Hoffmann,
K. Schneider, and D. Marcenac. Modelling self-pulsating DFB lasers
with integrated phase tuning section. IEEE J. Quant. Elect., 36:1026—
1034, 2000.

[58] M. Radziunas, H.-J. Wnsche, B. Sartorius, O. Brox, D. Hoffmann,
K. Schneider, and D. Marcenac. Modelling self-pulsating dfb lasers with
integrated phase tuning section. IEFE J. Quant. Elect., 36:1026-1034,
2000.

[59] L. Recke and D. Peterhof. Abstract forced symmetry breaking and forced
frequency locking of modulated waves. J. Differential Fquations, 144:
233-262, 1998.

[60] J. Rehberg, H.-J. Wnsche, U. Bandelow, and H. Wenzel. Spectral prop-
erties of a system describing fast pulsating DFB lasers. Z. Angew. Math.
Mech., 77:75-77, 1997.

[61] M. Renardy. On the linear stability of hyperbolic pdes and viscoelastic
flows. Z. Angew. Math. Phys. (ZAMP), 45:854-865, 1994.

[62] M. Renardy. Hopf-bifurkation bei Lasern. Math. Meth. Appl. Sci., 1:
194213, 1979.



63]

[64]

[65]

[66]

67]

68]

[69]

[70]

[71]

[72]

73]

[74]

[75]

182

J.E. Munoz Rivera and Reinhard Racke. Exponential stability for
wave equations with non-dissipative damping.  2004.  preprint,
http://www.math.uni-konstanz.de/ racke/dvidat/dvis.html.

R. Schatz. Longitudinal spatial instability in symmetric semiconductor
lasers due to spatial hole burning. IEEE J. Quant. Elect., 28:1443-49,
1992.

J. Sieber. Longitudinal dynamics of semiconductor lasers (phd thesis).
WIAS Report No. 20, 2001.

J. Sieber. Numerical bifurcation analysis for multi-section semiconductor
lasers. SIAM J. Appl. Dyn. Sys., 1:248-270, 2002.

J. Sieber. Longtime behavior of the coupled traveling wave model for
semiconductor lasers. BCANM Preprint 2003.23, 2003.

J. Sieber, M. Radziunas, and K.R. Schneider. Dynamics of multisection
lasers. Mathematical Modelling and Analysis, 9 (1):51-66, 2004.

J. Sieber, L. Recke, and K. R. Schneider. Dynamics of multisection
semiconductor lasers. J. Math. Sci., 124(5):5298-5309, 2004.

J. Sijbrand. Properties of center manifolds. Trans. AMS, 289:431-469,
1985.

Joel Smoller. Shock Waves and Reaction-Diffusion Equations. Springer,
1994.

D. Turaev. Fundamental obstacles to self-pulsations in low-intensity
lasers. WIAS Preprint No. 629, 2001.

Jan van Neerven. The Asymptotic Behaviour of Semigroups of Linear
Operators, volume 88. Birkhéuser, 1996. Operator Theory Advances
and Applications.

A. Vanderbauwhede. Centre Manifolds, Normal Forms and Elementary
Bifurcations, volume 2 of Dynamics Reported, pages 89-169. John Wiley
& Sons Ltd and B. G. Teubner, 1989.

A. Vanderbauwhede and G. looss. Center manifold theory in infinite
dimensions, volume 1 (new series) of Dynamics Reported. Springer,
Heidelberg, 1992. ed. C. K. R. T. Jones and U. Kirchgraber and H.-O.
Walther, p. 123-163.



[76]

7]

78]

[79]

[80]

183

H. Wenzel, U. Bandelow, H.-J. Wnsche, and J. Rehberg. Mechanisms of
fast self pulsations in two-section dfb lasers. IEEE J. Quant. Elect., 32:
69-79, 1996.

D. V. Widder. The Laplace Transform. Princeton University Press,
1941.

N. Wiener and H. R. Pitt. On absolutely convergent fourier-stieltjes
transforms. Duke Math. J., 4(2):4207436, 1938.

H.-J. Wnsche, O. Brox, M. Radziunas, and F. Henneberger. Excitability
of a semiconductor laser by a two-mode homoclinic bifurcation. Phys.
Rev. Lett., 88:023901, 2002.

H.-J. Wiinsche, M. Radziunas, and S. Bauer et al. Simulation of phase-
controlled mode-beating lasers. IEEE J. Sel. Top. Quant., 9(3):857-864,
2003.



	Introduction
	An overview of hyperbolic systems and frequently used symbols
	Examples of semilinear hyperbolic systems
	Turing model with correlated random walk
	Traveling wave model for semiconductor laser dynamics
	Neutral and retarded functional differential equations / linear hyperbolic systems with dynamic boundary conditions
	Boltzmann systems

	Nondegenerate linear hyperbolic systems
	Basic properties
	Estimates for spectra and resolvents

	Exponential dichotomy / spectral gap mapping
	General abstract theory: Growth rate, spectral gap, characterization of exponential dichotomy in terms of the resolvent (results of Kaashoek, Lunel and Latushkin)
	Proof of the spectral gap mapping / exponential dichotomy theorem for hyperbolic systems

	Systems containing identical speed and degeneracies
	Nondegenerate linear hyperbolic systems with full coupling containing identical speed
	Degenerate linear hyperbolic systems

	Semilinear hyperbolic systems: Fréchet differentiability of the solution map and stability by linearization
	Smooth center manifolds for semilinear hyperbolic systems
	Persistence of overflowing manifolds for semiflows in Banach spaces (theory of P. W. Bates, K. Lu, C. Zeng)
	Center manifolds for semilinear hyperbolic systems

	Center manifold / model reduction for the autonomous traveling wave model
	Nonautonomous traveling wave models
	Assumptions and results
	Variation of constants formula and proofs for the truncated problem
	A priori estimates

	Center manifold / model reduction for the traveling wave equation in the nonautonomous case
	Hopf bifurcation of rotating waves into selfpulsations for the traveling wave equation
	Appendix
	The Fejér Laplace and Fourier inversion formulas
	Regularity for linear inhomogeneous evolution equations


