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Abstract

Quantum game theory is an exciting new topic that combines the physical behaviour of
information in quantum mechanical systems with game theory, the mathematical descrip-
tion of conflict and competition situations, to shed new light on the fields of quantum
control and quantum information. This thesis presents quantizations of some classic
game-theoretic problems, new results in existing quantization schemes for two player, two
strategy non-zero sum games, and in quantum versions of Parrondo’s games, where the
combination of two losing games can result in a winning game. In addition, quantum
cellular automata and quantum walks are discussed, with a history-dependent quantum

walk being presented.

Page ix



Page x



Statement of Originality

This work contains no material that has been accepted for the award of any other degree
or diploma in any university or other tertiary institution and, to the best of my knowledge
and belief, contains no material previously published or written by another person, except

where due reference has been made in the text.

I give consent to this copy of the thesis, when deposited in the University Library, being

available for loan, photocopying, and dissemination through the digital thesis collection.

g}! . %/ 4th January, 2005

Signed Date

Page xi



Page xii



Acknowledgments

A work of this magnitude could not possibly have been undertaken without scorning the
advice of too many people to mention here. George W. Bush and Rupert Murdoch are
just two of the people whose advice was not even sort, nor did they provide any funding.
However, generous funding was provided by the GTECH Corporation with help from the
SA Lotteries Commission. Travel funding was provided by The University of Adelaide
postgraduate travel award, the D. R. Stranks postgraduate travel scholarship and the
Department of Electrical and Electronic Engineering at The University of Adelaide. The
support, direction and encouragement of my supervisor, A /Prof. Derek Abbott is grate-
fully acknowledged. I would also like to thank various colleagues and collaborators for
useful discussions and help with various parts of this work: Prof. Jens Eisert of Potsdam
University, Prof. Neil F. Johnson of Oxford University, Wanli Li of Princeton University,
Prof. David Meyer of the University of California San Diego (UCSD), Joseph Ng of the
University of Queensland, Dr. Arun Pati of the University of Bangor, and a number of
others with whom I spoke at conferences and during interstate or overseas visits. I would
like to thank my fellow students at the Centre for Biomedical Engineering and those I
spent time with at the Physics Departments at Melbourne, Oxford and Potsdam Univer-
sities. Finally, I would like to thank my family and friends, without whom life would be

impossible.

—Adrian Flitney

“Returning home I read a book on Physics. I don’t understand it very well ... Why

isn’t nature clearer and more directly comprehensible?”

—Shin’ichiro Tomonaga, Nobel prize winner in Physics, 1965

Page xiii



Page xiv



Thesis Conventions

Typesetting. This thesis is typeset using KTEX2e software. Plots were generated by
Mathematica 4.1. CorelDRAW 7.467 was used to generate some of the schematic
diagrams, while the remainder were generated with standard ETEX picture com-

mands.

Spelling. Australian English spelling has been adopted throughout, as defined by the
Macquarie English Dictionary (A. Delbridge (ed.) Macquarie Library, North Ryde,
NSW, Australia, 2001). Where more than one spelling variant is permitted such as
biassing or biasing and infra-red or infrared the option with the fewest characters

has been chosen.

Mathematics. The International Standards Organization has established the recognized
conventions for typesetting mathematics. The most important points are given

below.
1. Equations are treated as part of the text and include the appropriate punctu-
ation.
2. Simple variables are represented by italic letters, e.g., x, y or z.
3. Vectors are written in bold face italic, e.g., B or 7.
4. Superscripts or subscripts that are descriptions and not variables are in upright

font, e.g., ka where A stands for Alice as opposed to k; where i =1,...,n.

Referencing. The Harvard style is used for referencing and citation.

Page xv



Page xvi



Publications

FLITNEY-A. P AND ABBOTT-D (2005). Quantum games with decoherence, J. Phys. A, 38,
449-59.

FLITNEY-A. P AND ABBOTT-D (2004c). A semi-quantum version of the game of Life, in A. S.
Nowak and K. Szajowski (eds.), Advances in Dynamic Games: Applications to Economics,
Finance, Optimization and Stochastic Control (Proc. 9th Int. Symp. on Dynamic Games

and Applications, Adelaide, Australia, Dec. 2000), Birkhéduser, Boston, pp. 667-79.

FLITNEY-A. P AND ABBOTT-D (2004b). Quantum two and three person duels, J. Optics B,
6, S860-6.

FLITNEY-A. P AND ABBOTT-D (2004a). Decoherence in quantum games, in P. Heszler and
D. Abbott and J. R. Gea-Banacloche and P. R. Hemmer (eds.), Proc. SPIE Symp. on
Fluctuations and Noise in Photonics and Quantum Optics II, Vol. 5468, Maspalomas,
Spain, pp. 313-21.

FLITNEY-A. P, ABBOTT-D AND JOHNSON-N. F (2004). Quantum walks with history depen-
dence, J. Phys. A, 30, 7581-91.

FLITNEY-A. P AND ABBOTT-D (2003c). Quantum models of Parrondo’s games, Physica A,
324, 152-6.

FLITNEY-A. P AND ABBOTT-D (2003b). Quantum duels and truels, in D. Abbott and
J. H. Shapiro and Y. Yamamoto (eds.), Proc. SPIE Symp. on Fluctuations and Noise in
Photonics and Quantum Optics, Vol. 5111, Santa Fe, New Mexico, pp. 358—69.

FLITNEY-A. P AND ABBOTT-D (2003a). Advantage of a quantum player against a classical
one in 2 X 2 quantum games, Proc. Roy. Soc. (Lond.) A, 459, 2463-74.

FLITNEY-A. P AND ABBOTT-D (2002¢). Quantum version of the Monty Hall problem, Phys.
Rev. A, 65, 062318.

FLITNEY-A. P AND ABBOTT-D (2002b). Quantum models of Parrondo’s games, in D. K.
Sood and A. P. Malshe and R. Maeda (eds.), Proc. SPIE Nano- and Microtechnology:
Materials, Processes, Packaging and Systems Conf., Vol. 4936, Melbourne, Australia, pp.
58-64.

FLITNEY-A. P AND ABBOTT-D (2002a). An introduction to quantum game theory, Fluct.
Noise Lett., 2, R175-87.

Page xvii



Publications

FLITNEY-A. P, NG-J AND ABBOTT-D (2002). Quantum Parrondo’s games, Physica A, 314,
35-42.

Page xviii



List of Figures

Figure
1.1

2.1
2.2
2.3

4.1
4.2
4.3
4.4
4.5
4.6

4.7
4.8

4.9

4.10

4.11

4.12

Page
Layout of the thesis . . . . . . . . . . . .. ... ... . 5
Quantum Penny Flip . . . . .. .. ... 13
Protocol for a two person quantum game . . . . . . ... .. .. ... ... 14
Protocol for an N-person quantum game . . . . . . . . ... .. .. .. .. 19
Schematic of a truel . . . . . . . ... 33
Game tree for a duel between Alice and Bob . . . . . ... ... ... ... 35
Game tree for a one shot truel . . . . . . .. ... 35
Game tree for a two-shot truel . . . . . . .. ... 36
Quantum circuit for Alice “firing” at Bob . . . . . . .. .. ... 0. 38
Expectation of Alice’s payoff in a two shot quantum duel as a function of
phases . . . . . . 40
Expectation value of Alice’s payoff in a repeated quantum duel . . . . . . . 40
Improvement in Alice’s payoff in a two shot quantum duel if she chooses
to shoot in the air on her second shot . . . . . . . . ... ... ... .. .. 41
Alice’s preferred strategy in a one shot quantum truel with Alice being the
poorest shot . . . . . . . . ... 44
Alice’s preferred strategy in a two shot quantum truel with Alice being the
poorest shot . . . . . . . . .. 45
Alice and Bob’s preferred strategy in a two shot quantum truel with Bob
being the poorest shot . . . . . . . . ... oo 46
Alice’s preferred strategy in a one-shot quantum truel with decoherence . . 48

Page xix



List of Figures

5.1

5.2

5.3
5.4
5.5

5.6

5.7

6.1
6.2
6.3
6.4
6.5

7.1
7.2
7.3
7.4
7.5
7.6

7.7

7.8

7.9

Expected payoffs in quantum Prisoners’ Dilemma as a function of entan-

glement . . ... 54
Payoffs as a function of entanglement in quantum Prisoners’ Dilemma when

Alice defects . . . . . . . Lo 54
Expected payoffs in quantum Chicken as a function of entanglement . . . . 57

Payoffs as a function of entanglement in quantum Chicken when Alice defects 58

Payoffs as a function of entanglement in quantum Deadlock when Alice

defects . . . . . 59

Payoffs as a function of entanglement in quantum Stag Hunt when Alice
defects . . . . . . 60

Expected payoffs in quantum Battle of the Sexes as a function of entanglement 61

Flow of information in a quantum game with decoherence . . . . . . . . .. 71
Payoffs in quantum Prisoners’ Dilemma with decoherence . . . . . . . . .. 72
Payoffs in quantum Chicken with decoherence . . . . . . ... .. .. ... 73
Payoffs in quantum Battle of the Sexes with decoherence . . . . . . . . .. 74

Payoffs with optimal strategies as a function of decoherence in Prisoners’

Dilemma, Chicken and Battle of the Sexes . . . . . . ... ... ... ... 75

Classical capital-dependent Parrondo’s game . . . . . . . .. ... .. ... 80
Results for a classical capital-dependent Parrondo game for various sequences 80
History-dependent Parrondo’s games . . . . . . . . ... ... ... .... 81
Results for a classical history-dependent Parrondo game for various sequences 82
Tilted sawtooth potential . . . . . . . . . .. ... ... L. 84

Expected gain for a quantum position-dependent Parrondo game for vari-

OUS SEQUENICES . .+« o v v v e e e e e e e e e 85

Expected gain for a quantum position-dependent Parrondo game as a func-

tion of game mixture . . . . . .. ..o 86

Expected gain for a quantum position-dependent Parrondo game for vari-

ous parameter values in the potentials . . . . . . .. ... ... ... ... 86

Quantum circuit for a history-dependent Parrondo game . . . . . . . . .. 87

Page xx



List of Figures

7.10

8.1
8.2

8.3

8.4
8.5

9.1
9.2
9.3
9.4
9.5
9.6
9.7
9.8
9.9
9.10

Quantum circuits for various periodic sequences of games A and B in a

history-dependent Parrondo game . . . . . . .. ... .00 89

Probability density distribution for an unbiased quantum walk . . . . . . . 96

Probability density distributions for 2-, 3- and 4-coin unbiased quantum

Expectation value and standard deviation of position for a 3-coin quantum

walk for various parameter values . . . . . . .. ... ... .. 100
Probability density distribution for biased 3-coin quantum walks . . . . . . 100

An example of a Parrondo effect in a 3-coin history-dependent quantum walk 102

One-dimensional cellular automaton . . . . . . . .. ... .. .. ... ... 107
One-dimensional partitioned cellular automata . . . . . . . . . ... .. .. 107
Simple patterns in Conway’s Life . . . . .. .. ... ... .. ... .... 109
A Lifeglider . . . . . .. o 110
One-dimensional quantum cellular automaton . . . . . . .. ... .. ... 110
Destructive interference in semi-quantum Life . . . . . . ... ... .. .. 117
Wicks in semi-quantum Life . . . . . . . .. ... ... . 0L, 118
A stable loop in semi-quantum Life . . . . . . ... ... ... ... .... 118
A stable boundary in semi-quantum Life . . . . . . ... ... ... .. .. 119
A collision between a glider and an anti-glider in semi-quantum Life . . . . 119

Page xxi



Page xxii



List of Tables

Table

3.1

5.1
5.2

7.1

Page
Monty Hall problem . . . . .. .. .. ... oo 24
Payoff matrices for various 2 x 2 games . . . . . .. ... ... 51
Critical entanglements for 2 X 2 quantum games . . . . . . . . . .. .. .. 62

Expected payoffs per qubit for various sequences in a history-dependent

Parrondo game . . . . . . ... 91

Page xxiii



Corrigenda

Typographic errors in names: “Laundauer” should be “Landauer” (page 2), “Morgenstein”
should be “Morgenstern” (pages 2 and 177), “Wohl” should be “Wolf” (pages 2 and 170),
and “Wilkins” should be “Wilkens” (pages 3, 17, 50, 55 and 170).

Page 15: Replace the sentence above Eq. (2.7) with:
“A particular choice of maximally entangling operator J, for a general N player two

strategy game, may be written (Benjamin and Hayden 2001b) as”

Page 37: In the paragraph below Eq. (4.7) replace the phrase “... invert a general |¢)” with
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Page 40: In the caption to Figure 4.6 the last sentence should end with “ ... with the subscript

A referring to Alice and B to Bob.”

Page 66: In the first paragraph, change the sentence beginning “These techniques work by

encoding ...” to “The former technique works by encoding ...”

Page 67: Equation (6.4) is more clearly written as
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J1:-Jn=0
Page 69: In the fourth line of Eq. (6.6), Mj should be Uy in both instances.
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