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Anything that we scientists can do to weaken the hold of
religion should be done, and may in fact be our greatest
contribution to civilization.

—Steven Weinberg






Abstract

In order to obtain sensible results from Lattice QCD that may be compared with exper-
iment, extrapolation to the continuum is crucial. This procedure, however, constitutes
a significant source of systematic and statistical errors, which one aims to minimize.
The well-established Symanzik improvement program systematically reduces the or-
der of cutoff effects, allowing for better control of the aforementioned errors, as well as
larger and thus more affordable lattice spacings. Applied to the Wilson fermion action,
it entails the addition of the Sheikholeslami-Wohlert term with the O(a) improvement
coefficient cgy. In this work, a strategy is developed for the non-perturbative determi-
nation of csy in the theory with Ny = 3 + 1 massive sea quarks. It is embedded in
a general, mass-dependent renormalization and improvement scheme, for which we
lay the foundations. The improvement condition, formulated by means of the PCAC
relation in the Schrodinger functional, is imposed along a line of constant physics
that is designed to be close to the physical mass of the charm quark. The aim of this
rather elaborate approach is to avoid large, mass-dependent O(a?) effects in future
large volume simulations with four dynamical quark species. The numerical results
are worked out using the tree-level improved Liischer-Weisz gauge action. Since the
gradient flow coupling is employed in the definition of the line of constant physics, its
interdependence with the topological charge in regard to critical slowing down and
topology freezing is investigated in a supplemental study.
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Zusammenfassung

Um aussagekréftige, mit dem Experiment vergleichbare Resultate aus Berechnungen
der Gitter-QCD zu erhalten, ist die Extrapolation zum Kontinuum unabdingbar. Diese
Prozedur stellt jedoch eine mafigebliche Quelle systematischer und statistischer Fehler
dar, die es zu minimieren gilt. Das bew&hrte Symanzik-Verbesserungsprogramm fiihrt
zu einer systematischen Reduzierung der Ordnung von Cutoff-Effekten, die eine bes-
sere Kontrolle iiber die genannten Fehler sowie grofiere und damit erschwinglichere
Gitterabstinde ermoglicht. Auf die Wilson-Fermionenwirkung bezogen bedarf es nur
des Hinzufiigens des Sheikholeslami-Wohlert-Terms mit dem O(a)-Verbesserungsko-
effizienten cgy. In der vorliegenden Arbeit wird eine Strategie zur nicht-perturbativen
Bestimmung dieses Koeffizienten in der Theorie mit Ny = 3 + 1 massiven Seequarks
entwickelt. Diese ist in ein allgemeines, massenabhédngiges Renormierungs- und Ver-
besserungsschema eingebettet, dessen Grundlagen dargelegt werden. Die Auferlegung
der Verbesserungsbedingung, bei der die PCAC-Relation im Schrodinger-Funktional
Verwendung findet, geschieht entlang einer Linie konstanter Physik, welche dem
Charm-Quark ndherungsweise seine physikalische Masse zuordnet. Dieser vergleichs-
weise aufwendige Ansatz hat zum Ziel, groe, massenabhingige O(a?)-Effekte in
zukiinftigen Simulationen im grofien Volumen mit vier dynamischen Quarkspezies
zu vermeiden. Die numerischen Resultate dieser Arbeit werden unter Verwendung
der tree-level-verbesserten Liischer-Weisz-Eichwirkung gewonnen. Da die sogenannte
Gradient-Flow-Kopplung bei der Definition der Linie konstanter Physik Verwendung
findet, wird in einer zuséitzlichen Untersuchung die Wechselbeziehung dieser Kopp-
lung mit der Topologischen Ladung beleuchtet, insbesondere im Bezug auf die unter
den Namen Critical Slowing Down und Topology Freezing bekannten Phdnomene.

Schlagworter:
Gitter-QCD, O(a)-Verbesserung, nicht-perturbative Methoden, Charm-Quark
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1 Introduction

Elementary particle physics deals with the most fundamental building blocks of matter
and the way they interact. It explores the very basic laws of nature and tackles far-
reaching questions about the development of the universe. Our current knowledge
is comprised in the Standard Model of particle physics (SM), which consists of a set of
quantum field theories that describe the electromagnetic, weak and strong interaction
between elementary particles. Their basic properties are compiled in tab. 1.1, and the
particles involved in the SM are illustrated in fig. 1.1. Fundamental constituents of
matter in the narrow sense are fermions of spin 1/2, the quarks and leptons, for both
of which there exist 6 different types, called flavors. While quarks are subject to all
interactions, leptons participate only in the electromagnetic and weak interaction. For
both quarks and leptons, one distinguishes 3 generations of specific flavor pairs that
predominantly appear together in (flavor-changing) processes of the weak interaction.
In addition, the SM contains gauge bosons of spin 1, which mediate the forces between
the aforementioned fermions. For the strong, weak and electromagnetic interaction,
these are gluons g, the W and Z bosons, and the photon v, respectively.

One of the fundamental principles which guides the interactions between the ele-
mentary particles is gauge invariance. The postulation of invariance of the action under

local gauge transformations of the form!
SU(3). x SU(2)L x U(1)y (1.1)

not only requires the existence of the gauge fields, but also presents a determining
factor that governs the interactions we observe in nature. An immediate consequence
of gauge invariance is that the gauge fields are massless. The photon and the gluon
are found to be massless in nature indeed. In contrast, the W and Z bosons have a
considerable non-vanishing mass, which is responsible for the relatively short range of
the weak force. An explanation for this is given by spontaneous breaking of the elec-
troweak symmetry SU(2); x U(1)y in terms of the Higgs mechanism. The involved

IThe indices ¢, L, Y stand for “color”, “left” (referring to the chirality of the particles that carry weak
isospin) and the “weak hypercharge”, respectively. Compare to tab. 1.1.

13
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Figure 1.1: Elementary particles of the Standard Model. Quarks and leptons are shown in
violet and green, respectively, the three columns representing the different genera-
tions. The gauge bosons are displayed in red. As indicated by the shades, gluons
interact with quarks, photons with quarks and charged leptons, while the Z and
W bosons couple to all quarks and leptons. The Higgs boson is depicted in yellow.
The figure is taken from [1].

Higgs field, which also provides mass to the quarks and leptons via Yukawa coupling,
completes the SM. The existence of its excitation, the scalar Higgs boson, has been
confirmed at the Large Hadron Collider recently [2, 3], around 50 years after it had
been predicted theoretically (see e.g. [4, 5]).

The present work is concerned with quantum chromodynamics (QCD) and the strong
interaction. A striking feature of this interaction is the heavy dependence of its
strength on the energy, which manifests itself in a very different phenomenology in
the high and low energy realm. While at high energies, the interaction of quarks and
gluons becomes weak (asymptotic freedom), it becomes so strong at low energies that
quarks are not observed as free particles, a phenomenon known as confinement. Ac-
cordingly, the mathematical approaches differ depending on the energies involved.
While at high energies, perturbative methods are applicable as in the case of elec-
tromagnetic and weak interactions, the strong coupling at low energies calls for a
non-perturbative treatment.

The most successful non-perturbative approach to describe the phenomenology of
the strong interaction at low energies is Lattice QCD. Its starting point is the path
integral formalism, in which a discretized spacetime serves as a regulator. It employs
massive computational power as well as advanced numerical methods and algorithms,
and allows to compute low energy observables like for instance hadron masses and
decay constants. Among many further applications, it also provides a tool to extract



Interaction Strong interaction Weak interaction ‘ Electromagnetism
Theory Quantum Glashow—Salam—-Weinberg theory
chromodynamics SU(2)r x U(1)y
<ssM—  Quantum
electrodynamics
Charge Color (r,g,b) Weak isospin Electromagnetic
charge
Gauge group SU(3), Su(2). U(l)g
Gauge fields (#) g (8) W, Z (3) v (1)
Quarks yes yes yes
Leptons no yes yes
Range ~1fm ~ 0.1 fm (massive o0
(confinement) gauge bosons)
Relative strength || 1 10-° 1/137
CPT CPT CP T CPT
Physical Binding of Radioactive decay of | Binding of atoms,
phenomena atomic nuclei atomic nuclei optics, electricity

Table 1.1: The interactions and theories of the Standard Model of particle physics. Gravity, the

4% known interaction and its corresponding theory, general relativity, is not part of

the SM.

the fundamental parameters of QCD, the renormalization group invariant masses and
the A parameter, which is one of the major objectives of the ALPHA Collaboration
(see [6] for an overview).

Simulations in Lattice QCD are necessarily carried out in finite spacetime, and in
general at unphysically large quark (or equivalently, meson) masses for reasons of
affordability. This can be accounted for by a set of extrapolations. First, the infinite vol-
ume limit V — oo is taken, although in practice finite spacetime effects are sufficiently
suppressed if the correlation length of the lowest energy bound state, the pion, fits
well into the lattice (m;L 2 4). Second, the pion masses are extrapolated to the phys-
ical point, which by reference to the chiral symmetry of the QCD Lagrangian in the
massless limit is called chiral extrapolation. Finally, in order to get results comparable
with experiment, the continuum limit needs to be taken, i.e. the lattice spacing a is
sent to zero, a — 0.

The discretization of the theory leaves room for different formulations on the lattice,
and there exist a number of approaches, each with certain advantages and disadvan-
tages. However, all of them are constrained by the requirement to yield the contin-
uum theory if the lattice spacing is removed, such that there is no arbitrariness in the

15



1 Introduction

16

4‘\\\\‘\\\\\\\\\ 0.38

et
o

Nucleon

——i

et

]
a

o
[

T [T
=

I NN N A

——i
Ea

Vector meson

ro(Fiz
o
IS
T

o
1S
TR B}

X Wilson 25

a

O Improved

[
I N

[ Lo b

1““‘ MRS B I ) S N A R
0.00 0.06 0.10 0.15 0 0.01 0.02 0.03 0.04
a’o (a/r)?

ol

[ao]

A
T T

Figure 1.2: Left: Comparison of the continuum limit, taken in the (unimproved) Wilson theory
and the improved theory [10]. Right: Continuum limits of different observables
in the improved theory [11]. The figures are taken from the respective references.
Physical quantities are given in units of the string tension o ~ (465 MeV)? [12] and
the Sommer scale rp ~ 0.5 fm [13],i.e. a ~ 0.1 fm roughly corresponds to a?c ~ 0.05
and (a/r9)? ~ 0.04.

continuum limit. The Wilson formulation of Lattice QCD is the most straight forward
discretization and a computationally favorable choice, but suffers from cutoff effects of
first order in the lattice spacing. In order to be able to continuum extrapolate with rea-
sonable uncertainties, very small lattice spacings are in principle required, which are
however computationally expensive and usually unaffordable. Fortunately, the well-
established Symanzik improvement program [7-9] represents a systematic method to get
rid of discretization effects to leading order O(a) in the lattice spacing, rendering the
remaining effects smaller at small 2 and thus enabling a smoother extrapolation to the
continuum, with better control of systematic errors. The gain from this is exemplarily
depicted in fig. 1.2.

Since the inclusion of dynamical quarks poses another huge computational chal-
lenge, simulations in Lattice QCD were conducted in the approximation of no (Ny = 0,
quenched) or fewer (e.g. Ny = 2) dynamical quark flavors in the past. Despite being a
rather rough approximation, these computations led to remarkably good results, see
e.g. [14]. This is due to the fact that for the low energy observables usually considered
in Lattice QCD, the physical effects of dynamical quark flavors decrease in importance
as their mass increases. However, for a full description of the strong interaction and

high accuracy comparison with experimental data, the dynamical effects also of the



heavier flavors (strange, charm) need to be taken into account. Advances in computa-
tional power and algorithmic techniques have allowed to gradually approach this goal
in recent years.

The present work is the first step towards Lattice QCD simulations with Ny = 4
dynamical quark flavors within the effort of the ALPHA Collaboration. It covers the im-
provement of the Wilson fermion action, for which the improvement coefficient cgy [15]
as a function of the bare coupling g3 needs to be determined non-perturbatively. This
has been done before for various numbers of up to Ny = 3 massless, dynamical quark
flavors and different actions [16-22]. However, the inclusion of the charm quark poses
a new challenge, due to the unprecedented order of magnitude of mass-dependent
cutoff effects. This will be accommodated by switching to a mass-dependent renor-
malization and improvement scheme. Within this framework, cs, will not only be
determined under use of massive Wilson fermions, but the strategy is also adapted
in the sense that the improvement condition is imposed at a line of constant physics
(LCP). The fixation of the volume is realized in terms of the gradient flow coupling. As
a supplemental study to the main topic, we investigate it with regard to critical slow-
ing down, which refers to the well-known insufficiency of the Hybrid Monte Carlo
algorithm to tunnel between topological sectors as the continuum limit is approached.

The thesis is structured as follows. After a brief summary of the foundations of
quantum chromodynamics in sec. 2, its formulation on the lattice is discussed in sec. 3,
with an emphasis on the aspects that are important for our purposes. This is followed
by a discussion in sec. 4 of Monte Carlo simulations and the associated numerical
techniques that find application in this work. After a presentation of the Schrodinger
functional in sec. 5, the gradient flow coupling and the topological charge are subject
of sec. 6. The interplay of those two quantities, in particular how the gradient flow
coupling is affected by critical slowing down, is investigated in the quenched approx-
imation in sec. 7. The subsequent two chapters are then devoted to the Symanzik
improvement of Lattice QCD with four dynamical quark flavors. First, in sec. 8, the
framework of a massive scheme is discussed. Finally, in sec. 9, the determination of

csw within this scheme is presented. We close with a summary in sec. 10.

17






2 Quantum chromodynamics

2.1 Color, SU(3). and the QCD Lagrangian

Quantum chromodynamics is the theory of strongly interacting particles, i.e. quarks
and gluons. At its foundation is the notion of the color degree of freedom, which
is supported by experimental evidence of several kinds. First, the existence of color
reconciles the appearance of certain baryons with the Pauli principle. The AT, for
instance, possesses both a symmetric spatial and spin wave function. The additional
color degree of freedom ensures that the overall wave function is antisymmetric as
required for baryons, through the antisymmetric color wavefunction

1
999) = 7 €anclq°7°q°) 2.1)

where the color indices a,b,c = 1,2,3 are summed over. Correspondingly, color-

symmetric meson wavefunctions are given by
1) = = Lla) @2)
V3 G

The bound states’” wavefunctions (2.1, 2.2) are invariant under global SU(3), transfor-
mations, i.e. they are color-neutral. In analogy to chromatics, one labels the 3 new
degrees of freedom red, green and blue, and the color-neutral hadrons are called
white. In principle, antisymmetric baryon color wave functions could also be real-
ized with a different number N; of colors. However, the color factor N. = 3 enters

experimental observables like for instance the decay width I'(7® — 27), the branching
o(eT+e~—hadrons)

oletter —pt+p)"
the renormalizability of the Glashow-Salam-Weinberg theory can only be achieved if

fraction B(T~ — e V,vr) and the cross section ratio R = Moreover,
the contributions of all leptons and quarks to the Adler—Bell-Jackiw (ABJ) anomaly
[23, 24] in the electroweak sector cancel each other. This requires an equal number of
leptons and quarks (lepton-quark symmetry) in connection with N, = 3 [25].

As massive fermions, quarks are described mathematically by Dirac spinors ¢, §. In

19



2 Quantum chromodynamics
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Generation Flavor Mass Qem
. up (u) 23707 MeV +2/3
down (d) | 4.8%03 MeV -1/3
I charm (c) 1.275 + 0.025 GeV +2/3
strange (s) | 95+ 5 MeV -1/3
I top (t) 173.21 £ 0.51 + 0.71 GeV +2/3
bottom (b) | 4.18 & 0.03 GeV —-1/3

Table 2.1: Electromagnetic charge and renormalized masses [26] of the quarks in the Standard
Model. While the top quark mass corresponds to the so-called direct measurement,
the other masses 77; are given in the MS scheme at a renormalization scale y = 2 GeV
(i=u,d,s) and u = m; (i=c,b).

accordance with N, = 3, each of those carries a color index ¢ € {1,2,3}, as well as a
Dirac index « € {1,2,3,4} and a flavor index f € {1,..., N¢}, where Ny is the number
of quark flavors in the theory. Furthermore, the quark fields are functions of space

and time, indicated in the continuum by the spacetime coordinates x = (x, x1, X2, X3):

p(x) = p(x)S . (2.3)

The color and flavor indices are often summed over, in which case they will usually be
suppressed in favor of the matrix-vector notation shown on the left hand side of (2.3).
The Dirac equation, which describes the free propagation of the quark fields, emerges
as the Euler-Lagrange equation from the free quark Lagrangian

LE[, ] = $(x) (i7" = M) (=), (24)
where 7, are the gamma matrices and
M = diag(moll, ey mo,Nf) = diag(mo,u, mO/d, .. ) (25)

is the matrix of bare quark masses my; in flavor space. The corresponding renormal-
ized masses of the 6 different quark flavors in the SM are collected in tab. 2.1
The fundamental principle which rules the construction of interaction terms is the

postulation of invariance under local SU(3). gauge transformations ()(x) in color



2.1 Color, SU(3). and the QCD Lagrangian

space (cf. app. A.1):

v = P'(x) = Qx) P(x) (2.6)
¥ = P(x) =9x) Qx)". 2.7)

In order for the QCD Lagrangian to be invariant under (2.6, 2.7), L = L, the ordi-
nary derivative d;, in (2.4) needs to be replaced by a covariant derivative D, with the
transformation property

Dy(x) — Dj(x) = Q(x)Dy(x)Q(x)", (2.8)
which together with (2.6) implies

Duip(x) — Dy’ (x) = Q(x) Dyuip(x) , (29)

ie. Dy transforms the same way as ¢. The required behavior (2.8) can only be
achieved by introducing a coupling of the quark fields to gluon (or gauge) fields A,
parametrized! by go:

Dy(x) = 8y +igoAu(x) . (2.10)

The continuum gluon fields are represented at each spacetime point x by a traceless,
hermitean 3 x 3 color matrix
Au(x) = Ap(x). (2.11)

As an element of the algebra su(3), A, may be represented in the basis of SU(3)
generators (see app. A.1):
Au(x) = Ay(x)T". (2.12)

The Lorentz index u = 1,2, 3, 4 reflects the fact that there is one component per space-
time direction. The covariance of D, (cf. (2.8)), is fulfilled by having the gluon fields
transform according to the adjoint representation of SU(3),

Al (x) = Q(x)AM(x)Q(x)++gi0 (3,0(x)) Q)" . (2.13)

Consequently, the interaction of the quark fields with the gluon fields is incorporated

INote that the sign in (2.10) is a matter of convention, which propagates to (2.13) and (2.16). The
opposite choice is also widely used in the literature.

21
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Figure 2.1: Gluon self-interaction in the form of 3- and 4-
gluon vertices which emerge from L; (2.15).
The figure has been created under use of the
feynMF package [27].

in
Lely, 9, Al = (x) (iv"Dy = M) () . (2.14)
In addition, the kinetic terms of the gluon fields are contained in
1 "
LclA] = 5 tr [EwF*] (2.15)

where tr is the trace in color space, and F,, is the gluon field strength tensor

i

Fu(x) = _5[DH (x), Dy(x)] (2.16a)
= 0, Ay (x) — 0y Au(x)+igo[Au(x), Av(x)] (2.16b)
= 3, Ay (x) — 9y Ay (x)—gof " AL (x) AL (x) T, (2.16¢)

where in the last step we used the non-vanishing commutator of the generators, see
(A.3) in app. A.1. In particular, (2.16) incorporates the coupling of gluons to them-
selves, which in connection with (2.15) leads to self-interacting terms that correspond
to the Feynman diagrams displayed in fig. 2.1. This is a new feature compared to
quantum electrodynamics (QED), reflecting the non-Abelian nature of the gauge group
SU(3). It has severe phenomenological implications, which we are going to describe
in sec. 2.3. Gauge invariance of L (2.15) is ensured as the field strength tensor trans-
forms covariantly, too:

Fp(x) = Q(x) Fu (x)Q(x)" . (2.17)

Finally, in order for the gluon propagator to be well-defined, in the continuum one

needs a gauge fixing term

Ly[A] = _216 (0,AM)% . (2.18)



2.2 Chiral symmetry

The full Lagrangian of QCD? thus reads

Locpl, §, Al = Le[p, P, Al + Lo [A] + Lgg A], (2.19)

with the individual parts given in (2.14), (2.15) and (2.18), respectively.

Apart from the gauge principle, it is based on Lorentz invariance and renormal-
izability. In particular, the latter restricts the interaction terms in Locp to a mass
dimension of < 4. In addition to the local SU(3), symmetry, Locp is invariant under
the global transformations C (charge conjugation), P (parity) and T (time reversal),

cf. tab. 1.1. However, in principle, an additional term

2 ~
Lo = @% tr [FWF”V] (2.20)
with fw = %ewaﬁF“ﬁ is allowed by the aforementioned principles. It would violate
P, T, and (due to the CPT theorem) also the combined transformation CP. Since CP
violation would manifest itself in an electric dipole moment of the neutron, which can
be ruled out by experimental data up to a very small value, the parameter ® can be
restricted to |@| < 1071° [26]. The unanswered question of why the strong interaction
does not seem to break CP is called the strong CP problem. In any case, as the ® angle

is so small, we may ignore Lg in the following.

2.2 Chiral symmetry

The QCD Lagrangian exhibits (approximate) global flavor symmetries, which depend
on the nature of the quark masses and have important phenomenological conse-
quences. In the massless case, the left- and right-hand components of the spinor ¢,
defined by

Yr=Piy, Yr=Py, Yp=9P., P =9P; (2.21)

in terms of the projection operator P+ = % and 5 = iYpy17273, decouple, and the

fermionic Lagrangian £% = L¢| - cf. (2.14) becomes

LY =P, Y Dutpr + YY" Dyuyr - (2.22)

2We here ignore the Faddeev-Popov ghosts, which deal with the issue of unphysical, longitudinal
degrees of freedom of the gluon fields.
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The chiral components can thus be transformed independently, i.e. £ is invariant
under chiral transformations (see app. A.1) of the form

U(Nf)fL X U(Nf)fR = SU(Nf)fL X SLI(Nf)fR X u(l)fL X u(l)fR . (2.23)

Here, the subscripts L and R indicate transformations on the left- and right-handed
fields, and the subscript f emphasizes that we now deal with transformations in flavor
space in contrast to the color space associated with gauge transformations. = The
combinations of left- and right-handed transformations in (2.23) may be rewritten in

terms of vector and axial transformations as
SU(Ng)py x " SU(Nf)ga x U(1) gy x U(1)4a , (2.24)

see app. A.1 for details and notation. The underlying reason for the symmetry under

axial transformations is that the Dirac operator, D = 7*D,,, anticommutes with 7s:
{ys, D} =0. (2.25)

Details on the gamma matrices can be found in app. A.2.

If one includes degenerate masses in the Lagrangian, the axial symmetries are broken
explicitly, while the subgroup SU(Ny)sy remains valid for Ny = N}ieg degenerate
quark flavors:

SU(N;®) sy x U(1) gy - (2.26)

Due to m, ~ my, the isospin symmetry SU(2) fv is a very good approximate sym-
metry, and even remnants of SU(3)sy are reasonably manifested in hadron physics.
The conserved quantities associated with SU(2) sy and U(1)y are isospin and baryon
number, respectively. The observation of hadron multiplets (cf. fig. 2.2), the lightest of
which are approximately degenerate in mass, confirm that SU(Ny)sy is an (approx-
imate) symmetry not just of the Lagrangian, but also the ground state’ and hence
the full theory, i.e it is realized in the Wigner-Weyl mode. For non-degenerate masses,
SU(Ny) v breaks down to an N¢-fold U(1)sy symmetry, one for each flavor, such that
the corresponding flavor quantum numbers are still conserved.

Since the masses of the up and down, and to lesser extent also the strange quark

”

are quite small, the axial symmetries “SU(Ny) 4 and U(1)sa might still be satisfied

3Specifically, Q%, |0) = 0 for the vector charges Q% witha =1,..., NJ% -1
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Figure 2.2: SU(3);y multiplet of approximately mass-

degenerate pseudoscalar mesons. The quark-
antiquark bound states build an octet (black)
and a singlet (gray) according to 3®3 =8® 1.
They can be classified by the eigenvalues hyper-

charge Y and isospin Is.

approximately. However, there is convincing evidence that they—despite being sym-
metries of the (massless) Lagrangian—are realized differently in nature. First, full
"SU(N f)f 4 axial symmetry would imply the occurrence of parity doublets. Instead,
the masses of the nucleon N and its negative parity partner N* are found to be quite
different [26]:

my ~ 940 MeV, my+ ~ 1535 MeV . (2.27)

Second, the three pions, 7 and 7¥, are exceptionally light compared to all other
mesons. An explanation for both these observations is that chiral symmetry is sponta-

neously broken,

SU(Nf) s x SUNp) R M SU(Nf)sv (2.28)
ie "SU(N f)f , axial symmetry is realized in the Nambu—-Goldstone mode and does not
leave the ground state invariant?. This is reflected by the non-vanishing expectation

value of the quark condensate,

(py) #0, (2.29)

which transforms like a mass term. In that case, the pions can be identified with the
N]% — 1 massless Goldstone bosons with pseudoscalar (J* = 07) quantum numbers
predicted by the Goldstone theorem.

Finally, even in the massless case, the axial current corresponding to U(1)¢4 is
not conserved on the quantum level due to non-vanishing contributions of the ABJ
anomaly5 (cf. sec. 2.1 and sec. 6.2.1) in QCD. An overview on the realization of chiral

4Specifically, Q7 [0) # 0 for the axial charges Q% witha=1,..., Nj% —1.
5In the context of QCD, it is usually referred to as chiral anomaly.
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SU(Nf) v "SU(Nf) ¢4 Uy U(1)fa
massless full theory only Lr full theory only Lr
mass-degenerate full theory — full theory —
arbitrary masses — U(1) sy — full theory —
mode Wigner— Nambu- Wigner— explicitly broken

Weyl Goldstone Weyl (chiral anomaly)
conserved Isospin, — Baryon —
quantum Flavor number
number
related Hadron Goldstone baryon— 0 — vy,
phenomenology multiplets bosons antibaryon 1’ mass

(a)symmetry

Table 2.2: Overview on chiral symmetry in QCD and its realization in nature.

symmetry in QCD is given in tab. 2.2.

2.3 Asymptotic freedom and confinement

The QCD Lagrangian contains Ny + 1 parameters, the bare coupling gy and the bare
masses m; with i € {1,...,N f}. In order to get sensible results from any QCD cal-
culation, the theory needs to be renormalized. This necessitates the introduction of
a dimensionful renormalization scale y, and involves the replacement of the bare pa-
rameters in favor of renormalized quantities, a renormalized coupling g(¢) and renor-
malized masses 71;(p). Irrespective of the renormalization scheme, however, physical
observables P do not depend on the unphysical renormalization scale y. This is ex-

pressed in the renormalization group equation (RGE):

(1 9y + B() 9g + m;T(3) Om,| P(u, 3, 7;) =0. (2.30)

The B and 7 functions are logarithmic derivatives of the renormalized coupling and

the renormalized masses, respectively:

(2.31)
(2.32)

B(g) = 9ug(n)
miT(g) = p 9ummi(p) -
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Given their perturbative expansions,

B(g)=-8 (bo+3b1+...) (2.33)
and T(3)= - (do+gd1+...), (2.34)

the following special solutions of the RGE can be found:

—oh L, g 1 1 b
A= 1 (b0§2) W5 e 203 exp {_ /Og dx |:‘B(X) + m — bélx} } (2.35)
M; = m; (2b0§2)’57% exp {— /Ogdx {;8 — %Z(;] } : (2.36)

These are called renormalization group invariants (RGI). They are independent of y, since
a variation of y is compensated by simultaneous variations of () and 77; (). For this
reason, they can be considered the fundamental parameters of QCD. While the RGI

masses M; are scheme-independent,
Ml'- =M;, (2.37)

the A parameter in two different renormalization schemes,

(1)
! _ C“s
AN = Aexp { 2b, } , (2.38)
is related by the one-loop coefficient of
ag(p) = as(p) (1 +cWag(p) + .. ) , (2.39)

where as(u) = 3°(u)/(4). The perturbative expansion (2.33) for B used in (2.35)
leads to the following running of the coupling for large energies®:

+... (2.40)

®We here use the terms energy and renormalization scale interchangeably, since for the description of
high-energy (scattering) processes, y is usually set to the typical energy scale of the system in order
to ensure a fast convergence of the perturbative expansion.
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Figure 2.3: Measurements of a; () in the  Z polo fit OPL,

MS scheme at different en- \ v Pp—> jets (NLO)
ergy scales u = Q. The curves 02}
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0.1

— QCD 0(My) = 0.1185 + 0.0006

put. The figure is taken from ‘
10 Q[GeV] 100 1000

[26].

Note that this result can also be derived straight forwardly from higher order correc-
tions to the coupling in perturbative QCD, see e.g. [28]. Remarkably, the lowest order

coefficients,
1 11 2
1 [34,, (1 1
3 (N? —
do— L 3(Ne-1) (2.43)

are scheme-independent. In particular, N; = 3 and Ny = 6 imply by, b; > 0, and hence
B(Z) < 0 (cf. (2.33)), or equivalently (cf. (2.40))

2(u) -0 for p—oo. (2.44)

This is the mathematical expression of the important phenomenon called asymptotic
freedom, which was first discovered in [29, 30]. It states that strongly interacting par-
ticles are free in the limit of very high energies. Note that this behavior is strongly
based on the self-interaction of gluons, cf. fig. 2.1, which appear in form of the N,-
dependent terms in b, by. It can be understood in the way that the amplification of
the effective coupling at small distance by vacuum polarizations of quark-antiquark
pairs, known already from QED, is overcompensated by polarizations of virtual gluon
pairs. Asymptotic freedom is the foundation of the applicability of perturbation theory
for the description of high energy QCD processes, studied e.g. at the Large Hadron
Collider.

While the running of the coupling a,(y) with the energy is determined in QCD by
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T T T
V(r) [GeV] N

0.5 . -

Figure 2.4: Static potential V(r) as a function of the quark-
antiquark distance r as computed in [32], con-
J verted into physical units by setting the Som-

perturbation theory

mer scale [13] to rp = 0.5 fm. The figure is
taken from [33].

| . | . | .
0.4 0.6 0.8 7 [fm]

the beta function, its absolute value needs to be fixed by experiment. Measurements of
various kinds at different scales can be evolved to and compared at a reference scale,
which is usually taken to be the Z boson mass. This serves as a highly non-trivial test
of QCD, see fig. 2.3.

At low energies, the renormalization group predicts that the renormalized coupling
gets large. This provides an indication of why colored states like quarks or gluons
are not observed as free particles. Obviously, at a distance of roughly the diameter
of a hadron, a very strong force effectively binds them into color-neutral hadrons,
cf. (2.1, 2.2). This phenomenon is known as confinement and cannot be quantitatively
described with perturbative methods as the large coupling renders these useless in the
low energy sector. It requires non-perturbative approaches like Lattice QCD, which we
will address in the next section. Although confinement is not yet resolved definitely,

7

computations in Lattice QCD lead to a linearly rising term’ in the quark-antiquark

potential,
B
V(ir)=A+ - +or, (2.45)
see fig. 2.4, and therefore give a semi-quantitative understanding of it.
Altogether, the wealth of phenomena and the accuracy with which these can be de-

scribed impressively confirm QCD as the fundamental theory of the strong interaction,
and in the end the principle of gauge invariance that it relies on.

"This result may also be found analytically in the strong coupling limit, cf. e.g. [31].

29






3 Quantum chromodynamics on the
lattice

Lattice QCD is a straight forward non-perturbative approach to QCD based on the
path integral formalism, which goes back to the work of Kenneth G. Wilson [34]. In
the continuum, the correlation function of an arbitrary combination O of operators is

formally given by

(0) = ;/D[lﬁ,llﬂz A oiSaco[¥.y.A] Oy, y, A] . (3.1)

Here, Socp = | d*x Locp is the action associated with the QCD Lagrangian (2.19),
O on the right hand side is a functional of the fields which corresponds to the op-
erator O on the left hand side, the measure D[y, ¥, A] = D[p|D[P|D]A] represents
an infinite-dimensional integration over all possible field configurations in spacetime,
and Z = [ D[y, 9, A] eiecolP¥A] s the partition function of QCD.

The functional integral (3.1) as such is neither well-defined nor accessible to nu-
merical evaluation. However, it can be regularized by introduction of a discretized
spacetime lattice, where the measure becomes a finite product over the lattice sites.
The details of this procedure will be discussed in the upcoming sections 3.1-3.4. As-
suming we have a finite functional integral, the Boltzmann factor in (3.1) may still
wildly oscillate as the fields are varied. A remedy for this is obtained by performing a

Wick rotation, i.e. switching from real time t to imaginary time T,
t=—it, (3.2)

and corresponding rotation of the contour of integration in the path integral. This is

equivalent to a transition from Minkowski to Euclidean space,
—ds? = —dt* +dx? + dx3 +dx} = dv* + dxd +dxd +dxf, (3.3)

where the problem of the oscillating Boltzmann factor in (3.1) is cured as one gets rid
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Minkowski —  Euclidean Ref.
metric g =(,-1,-1,-1) — M =(1,111) app. A2
coordinates x = (tX) -  xF = (~it,X) (3.2)
derivative (9o, 9;) - (idf, BE) (3.6)
gluon field (Ao, Aj) - (iAf, AE) (3.7)
cov. derivative || (Do, Dj) — (1D§,DE )
v matrices (70,7} = (7, —z'y] Ey (3.8)
Table 3.1: Transition from Minkowski space to Euclidean space.
of the imaginary factor:
ISQCD — l/d X EQCD /d4xE EQCD ) SQCD 7 (34)
with d*xf = d®xdt. The Euclidean QCD Lagrangian defined by (3.4),
Léep = —Lacp (3.5)

can be easily derived from its Minkowski counterpart (cf. (2.14, 2.15, 2.19)). Under
consideration that the temporal derivatives translate to Euclidean space according to

=2 =i

_ :E
ot lar %0~

(3.6)
it is useful to apply two reparametrizations in order to obtain ﬁgc p in a compact form
that is reminiscent of its Minkowski counterpart. First, in order to adapt the gluon
fields to the above derivatives, one introduces Euclidean gluon fields defined by

Ao = iAf A; = AF,

and j j

i=1,23. (3.7)

Second, with regard to the fermionic part of the action, Euclidean gamma matrices 'yﬁ
are introduced, see app. A.2, which are related to the Minkowski gamma matrices by
— AF B

Yo = 0 and 9 =—iy7, j=123. (3.8)

An overview on the transition from Minkowski space to Euclidean space is given in

tab. 3.1.

With regard to the lattice discretization of the Euclidean action, it turns out to be
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convenient in addition to absorb the bare coupling in the gluon fields,
Q0A, — Ay, (3.9)

such that the covariant derivative (cf. (2.10)) and the field strength tensor (cf. (2.16))
read

Dy =9, +iA; and  Fj =—i[D;(x),D;(x)]. (3.10)

With these ingredients, (3.5)-(3.10), the fermionic part of the Euclidean QCD action

becomes

S, Al = [ @' §(x) (vEDE+ M) y(x) 1)

whereas the gauge part can be written as

1
SE[A] = 28 / dE tr [FEFE] (3.12)
Note that from here on, the superscript “E” will be dropped everywhere as we will
exclusively work in Euclidean space.

In this work, the theory with four dynamical quark flavors is usually considered,

where the bare mass matrix (2.5) acquires the form
M = diag(mq,,, mo,g, Mo,s, Mo,c) - (3.13)

We will differentiate between degenerate (mo,, = myz = mos = mo,) and non-degenerate
(mou # moaq # mos # mo,) masses. While for the former case the notation Ny = 4 is
well-established, we introduce the notation N =4 for the general latter case here, to which
all of the following will correspond to, unless noted otherwise.

3.1 Naive fermion action

Lattice QCD is formulated on discretized Euclidean spacetime, which in our case will
be a hypercubic lattice

X={xy=an, |np=0,...,3;, n, € Z}, (3.14)
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where a is the lattice spacing. The discretization of the fermion spinors ¢, ¢ is straight
forward, they are simply placed on the lattice sites. In order to write down the free
fermion action, cf. (3.11) with D, — 9, one simply needs to substitute the spacetime
integral by the sum over the lattice sites,

/d4x —at) ), (3.15)

xeX

and the derivative by a discretized symmetric expression (cf. app. A.3)

9p(x) = Fp(x) = o [plx+ap) — plx—af)] 3.16)

where /i denotes a unit vector in direction y. The free fermion action on the lattice
thus becomes

SEeely gl =a* ) $(x) (Z Y0 + M) ¥(x)

X

oY Bl) (Z T x+”ﬁ)2_a¢(x_”ﬁ)+/\4¢<x>>. (317)

Note that here, and from now on, we use the abbreviations )}, =) ;cxand }, = }3:0-

The gauge fields are introduced like in the continuum, based on the principle that
the fermion action shall be invariant under local gauge transformations Q(x) € SU(3),
where we now have x € X. The bilinear ¢(x)¢(x + afi) as it appears in (3.17), neglect-
ing -, for the moment as it is trivial in color space, transforms like (cf. (2.6, 2.7))

POY(x+ap) — Plx) Qx)" Qx +ap) p(x +ag) . (3.18)
If the fermion fields couple to a directed field U, (x), which transforms as
U, (x) = Q(x) U, (x)Q (x +ap) (3.19)
the expression
P)Up(X)p(x + ap) (3.20)

is gauge invariant. The same holds for the combination §(x)U,(x — aft)*y(x — ap).
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Hence, introducing the convenient notation
U_y(x) = Uy(x —ap)", (3.21)

the gauge invariant fermion action reads

Sely, 9, U] = 042 P(x) ():’Yy Jplx o) - 7 Uop()plx — af) +./\/ltp(x)> X
(3.22)

In terms of the Dirac operator
- 1 .
D=Y{nVu} =5 2 {m (Vi+Vi)} . (3.23)
M "

which employs a symmetric combination V, of the covariant forward and backward
derivatives (see also app. A.3),

(U (x) p(x +ap) — ¢(x)] (3.24a)
[(x) — U y(x) p(x —ap)] , (3.24b)

Vup =

1_/,7_

m\r—\a\H

it can be written in a very compact way:

Py, g, Ul =a' ) 9(x) (D + M) g(x) - (3.25)
X
This so-called naive fermion action approximates the continuum fermion action (3.11)
with leading order discretization errors of only O(a?), due to the use of the symmetric
(covariant) derivative. It is the basis for more sophisticated forms of lattice fermion
actions like the Wilson fermion action, which we will address in sec. 3.3.

The nature of the lattice gauge fields U, differs from the continuum case. From
(3.19), one immediately infers that U, (x) must be an element of the gauge group
SU(3), unlike the continuum counterparts A, (x), which belong to the algebra su(3).
The two are related by

Uy, (x) = exp (iaAu(x)) , (3.26)

where aA,(x) can be considered a lattice approximation of the continuum integral of
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Figure 3.1: [llustration of different lattice gauge field quantities. The dashed lines represent the
uv hyperplane of a lattice with lattice spacing a. The arrows show the orientation
of the link variables, and the dots stand for Xstart Or Xeng. (I) The link variable U, (x),
(3.26). (II) Product P[U] of link variables along a general path P, (3.27). (III) Product
P,[U] of link variables along a closed loop P, (3.29). The illustrated rectangular
shape in two dimensions is called Wilson loop. (IV) Plaquette variable Uy, (x) as the
shortest, non-trivial, closed loop of link variables on the lattice, (3.30).

Ay (x) along the link from x and x + p. Accordingly, U, (x) is called link variable!,
see fig. 3.1. Evidently, (3.26) employed in the naive fermion action (3.22) yields the
continuum fermion action (3.11) in the limit 2 — 0, as stated above.

3.2 Wilson gauge action

We now turn to the discussion of the lattice gauge action. Any such action has to be

build up from gauge invariant combinations of link variables. We note that the product

PlU = J] Uu(x) (3.27)
(x,p)eP

of link variables along any path P from the lattice site xsuar to the lattice site xepng
transforms as

P[U] — Q(xstart) P[U] QO (Xeng) - (3.28)

This is due to the fact that if each link is transformed according to (3.19), the transfor-
mation matrix Q' at the end point of one link cancels with the transformation matrix

() at the starting point of the next link on the path (cf. fig. 3.1). For the special case

lor gauge transporter
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of closed loops P, where Xstart = Xend, ONe may hence construct a gauge invariant

product of link variables by taking the overall trace tr in color space:
tr |:PC1[U]:| — tr |:PC1[U]:| . (3.29)

The shortest, non-trivial, closed loop is the plaquette, also depicted in fig. 3.1. The
corresponding plaquette variable is defined as?

Uy (x) = Uy(x) Uy(x +aft) Uy(x +ad)t U, (x)". (3.30)

In order to construct a lattice gauge action from tr[U,, (x)] that turns into the contin-
uum gauge action (3.12) in the naive continuum limit a — 0, i.e. whose leading term

in the lattice spacing is

% Y. tr [FuwFu] | (3.31)

80 % v

we need to express U, (x) in terms of the continuum gauge fields A,. This can be
done by using (3.26) for each of the four link variables, combination of the exponential
functions by iterative application of the Baker-Campbell-Hausdorff formula,

exp(A)exp(B) = exp(A+ B+ %[A,B] +...), (3.32)

and Taylor expansion of the continuum gauge fields A, around the spacetime point x.
One finds

Uy (x) = exp (ia*Fuy(x) +O0(a)) = 1+ ia®Fyy (x) + O(a%) . (3.33)

Note that tr[U,, (x)] already contains the O(a*) term of (3.31) we are seeking for. The
task now is to alter this expression in such a way that the contributions up to and
including O(a®) vanish. While tr[U,,, (x)] — tr[1 — Uy (x)] makes the constant disap-

pear, the other terms vanish if the real part of the trace is taken. Indeed, from

tr[Up (x)]* = tr{Uyf, (x)] = tr[Uy, (x)] (3.34)

2Note that e.g. U, (x)t = U_, (x + ap), see (3.21).
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follows
Retr[t — Uy ()] = 5 (tr[1 — Uy (x)] + b1 — Uy (x)])
B2 2 (01— U (0] + b1 — Uy ()
— m;tr[FW(x) + Fyu(x)] +0(a), (3.35)

where the leading O(4?) term vanishes due to the antisymmetry of the field strength
tensor. The O(a®) terms cancel each other similarly, whereas the O(a*) term remains
unaltered by the restriction to the real part. Hence, the so-called Wilson gauge action

e Z Y Retr[l — Uy (x)] . (3.36)

80 x p<v

fulfills the requirement to lead to (3.31) in the limit 2 — 0. It is customary to use

2 ) Retr[Uy(x ] Ztr[uw )] (3.37)
u<v
to replace the sum }_,, ., over all unoriented plaquettes in (3.36) by the sum }_,, , over all
oriented plaquettes,

2 LYYt — Uy ()] (3.38)
80 % uyv

Furthermore, if the set of all oriented plaquettes is denoted by Sp, the Wilson gauge
action (3.38) may be written under use of Y. )", , Uy (x) = Yees, U(C) as

== ) t[1-Uu()]. (3.39)
80 CesSy
In the literature, both formulations are widely used, in terms of unoriented plaquettes,
(3.36), or oriented plaquettes, (3.38) and (3.39).
From further terms in the expansion of the exponential in (3.33), we conclude that
the discretization error of (3.36, 3.38, 3.39) is—as for the naive fermion action (3.25)—

6

of the order O(a?), i.e. additional terms come with a factor a®. In sec. 3.8, we will

encounter another lattice gauge action, whose discretization error is further reduced.
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3.3 Wilson fermion action

We now further pursue the discussion of fermions on the lattice, starting from the

naive fermion action obtained in sec. 3.1,

Selp, .Ul =a*y ] 9(x) (D + M) y(x), (3.25)
with? ;;{ (V* +vy)} . (3.23)

The action as such suffers from the so-called fermion doubling problem. To explain this,
it is sufficient to consider the free naive fermion action of one quark flavor with mass
mp, i.e. we set Vy — 5y and M — mp. We consider the free fermion propagator in mo-
mentum space, which can be found by taking the inverse of the Fourier transformed
Dirac operator. It reads

-1 . .
_ mo—ia” 'Y, yusin (apy)

, 3.40
ms + a2 > sin? (apy) (349)

Byt — (m bia 'Yy sin (am)
U

where the momenta ap, may assume 271/L equidistant values in the range —7m <
ap, < 7. While for 2 — 0, this propagator correctly reproduces the physical pole,
there are 15 additional singularities. For mo = 0, these unphysical so-called doublers
are found when ap, € {0, 7} V.

A possible solution to get rid of the doublers is to add an extra Wilson term to the
momentum space Dirac operator, cf. (3.40):

Dw(p) =mo+ia~' ) yusin (apy) +a~ ) (1 - cos(apy)) - (3.41)
M |1z

This term effectively constitutes an additional mass term,

21
mo — Mo + ; ’ (342)

where [ is the number of momentum components with apy = 7. Hence, while the
physical pole remains the same, the doublers decouple from the theory for a — 0 as
they become infinitely heavy. The massless Wilson—Dirac operator, which incorporates

3Note that throughout this work, if equations are being reused, they are labelled according to their first
appearance.
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the Wilson term, can be written as (cf. (3.23))
Dy = 5 ; {n (Vi +9,) —aviv, ) (3.43)

where the interaction has been switched on again now. The corresponding Wilson

fermion action Sg\’ for Ny = 4" then assumes a form very similar to (3.25),
SE ., U] = a*} " $(x) (Dw + M) 9(x) . (3.44)
X

It respects the global symmetries C,P and T. Moreover, the Wilson-Dirac operator is
vYs5-hermitean,

(ysDw)" = 15Dw , (3.45)

which will be important for its use in Monte Carlo simulations, to be discussed in
sec. 4.4.

However, there are also two prices one has to pay for the removal of the fermion
doublers. First, it is obvious from (3.43) that the extra Wilson term induces cutoff
effects of the order O(a), which compared to the naive fermion action (3.25) is a change
for the worse. The O(a?) scaling to the continuum can be restored with the help of
the Symanzik improvement program, whose basic idea is described in sec. 3.7, and
whose application to the case of Ny = 4* non-degenerate, massive Wilson fermions is
the main topic of this thesis, see sec. 8 and 9.

Second, the Wilson-Dirac operator explicitly breaks chiral symmetry on the lattice,
because the Wilson term is a 1 in Dirac space and hence does not anticommute with
75, cf. (2.25). This is in accordance with the Nielsen-Ninomiya theorem [35-37], which
states that it is impossible to both conserve chiral symmetry on the lattice and remove
the doublers. The breaking of chiral symmetry by Wilson fermions has far-reaching
consequences. They concern the quark mass renormalization as well as the considera-
tion of dynamical quark effects in the numerical computation of Euclidean correlation
functions, as we will see in detail in sec. 3.5 and sec. 4, respectively.
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3.4 From Euclidean correlation functions to physical
observables

Having discussed the fermion and gauge fields on the lattice, we may now return to
the Euclidean correlation functions in the path integral formalism. The lattice equiva-

lent to the continuum expression (3.1) is

(0) = ;/'D[IIJ,IP, U] e—S[IW,U]O[l/J,@, uj, (3.46)
where
7 _ / D[, , U] =Sl (3.47)

is again the partition function. S[¢, ¥, U] summarizes the Wilson gauge (3.36) and
Wilson fermion (3.44) action,

Sly, 9, U] = SV, p, U] = SE[U] + SF [y, p, U], (3.48)

although the following holds for any valid discretized action. The measures D[y, ¢, U] =

D[y, p]D[U] are now finite products of the fermion and link variables:

Dy, 9l =] fl‘[ dy) ()% dgt) () (3.49)
DUl =] JdUu(x) . (3.50)
X M

The gauge invariant (U, (x) = d(Q(x) U, (x) Q(x + 1)) and normalized ([ dU, 1 =
1) so-called Haar measure dU,(x) integrates the link variables over the whole com-
pact group manifold SU(3). One usually works with gauge invariant observables
Oy, p, U], so that also (O) is gauge invariant.

Correlation functions like (3.46) can be numerically evaluated within the framework
of Monte Carlo simulations, which will be explained in detail in sec. 4. Under use of
the canonical operator formalism, the results may be used to extract physical observ-
ables like the energy spectrum of the theory. As hadron masses are conceptually the
simplest quantities to obtain from lattice computations, we concentrate on those for
the moment. If Oy and Oy are interpolators which correspond to the Hilbert space

operators Oy and O, that are able to annihilate or create some hadron, the spectral
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Figure 3.2: Extraction of the pion mass E; = m 0.1 '
from an Ny = 2+ 1 simulation on 0.1 ~
a 128 x 643 lattice carried out in the 0.09 "'-.Q
course of the CLS effort [38]. The ex- £ 008 "-,’
cited state contributions at small xg/a £ oo 4""%.,“ T
are taken account here by the fit shown 0.06 T
in red. meg is given in lattice units (a 0.05
set to unity). The figure is taken from 004 b
[38]. Xola

decomposition of the propagator of these interpolators reads*

C(x0) = (On(x0) On(0)) = }_(0|Onlk) (k|O};[0) e~ " (351a)
k

~ ¢~ oEH (1 + O(e*onE)) , (3.51b)

where Ep is the energy of the considered hadron, and AE denotes the energy gap
to the first excited state with the same quantum numbers. From the behavior for
large Euclidean time xo = ng - a, where ng € [0, T/a] labels the time slice number, the

energy of the ground state in units of the lattice spacing, aEy, can be derived. For this

C(XO)
C(X0+1)

plateau for sufficiently large xp, when the excited state contributions have abated and

purpose, one considers an effective mass® ameg(xo) = log ( ) , which reaches a

the ground state dominates. An example is shown in fig. 3.2. The value of aEy may

be obtained from a fit to ameg. It depends on the bare parameters of the theory,
aEy = aEx(go, amo,, amos, amgc) , (3.52)

which are at this moment unspecified. In order to arrive at physical predictions E¢P™

for Ey in the continuum, the main steps to be taken are the following:

1. Scale setting: The lattice spacing a is determined. This allows to relate dimen-
sionless numbers (like aEfy) to quantities in physical units (like Ep).

2. Renormalization: The bare parameters are eliminated in favor of physical observ-

ables under use of experimental input.

“We ignore technical aspects like momentum projection and smearing here.
5Note that the propagation in xo and T — xj is often identical up a possible minus sign, in which case
Mg is usually defined in terms of typical cosh or sinh functions.
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3. Continuum extrapolation: The limit 2 — 0 is taken, while the lattice volume is kept
large enough for finite volume effects to be small.

We are going to discuss the individual steps in detail in the following. Although one
principally follows the above order, they are intrinsically tied to each other and can
often not be considered truly isolated in practice.

The basic method to set the scale at a given bare coupling g is to use a phenomeno-
logical scale as input, say the proton mass mf,Xp, and identify with it the ground state
energy E, = m, obtained on the lattice by use of a proton interpolator in (3.51):

an,

a= W . (3.53)
The proton mass here serves as a simple example. It is actually more common to
use other phenomenological scales with more favorable properties (good statistical
precision, small systematic uncertainties, weak quark mass dependence), like e.g. the
() mass or pseudoscalar decay constants f., fx. Also, the use of the Sommer scale rg
or its variation r1, defined in terms of the static quark-antiquark potential (cf. (2.45)),
have been prominently employed. More recently, various gradient flow observables
(to be discussed in sec. 6.1) have emerged, which stand out due to the combination of
excellent statistical properties and the absence of excited state contributions with the
associated systematic errors. An overview on the most commonly used scales is given
in [39]. For simplicity, nevertheless, we will proceed assuming the scale was set with
the proton mass.

For the (basic) renormalization of the theory, it requires additional phenomenological
scales which together are sensitive® to all bare masses in the theory. Usually one
employs pseudoscalar meson masses, for instance those of the pion, the K- and the D-
meson. Depending on the bare coupling g, the bare masses m; = m;(go) are adjusted
such that the theory reproduces physical values for those observables. With the scale
set by the proton mass, this can be achieved by tuning to physical mass ratios:

EXp
m
anmy _ pr* , h=mnKD. (3.54)

Once the bare masses m;(go) are fixed by this, the energy spectrum (aEp)(go) can be

®While all observables are intrinsically dependent on the sea quark masses (in case those are un-
quenched), by sensitive we here mean that the respective quark masses enter the observables via
valence quarks. Moreover, the observables should be independent in the sense that they depend differ-
ently on the quark masses.
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computed for any hadron H # p, 7, K, D at a given go. Subsequently, with the lattice
spacing a(go) known from scale setting, physical predictions for Ey can be made in
the continuum limit,

providing a non-perturbative solution of the relativistic bound state problem. Since
small quark masses are associated with increased numerical effort, as we will see in
detail in sec. 4.7 and the end of the current section, one often simulates at unphysi-
cally large up and down (or equivalently pion) masses and extrapolates to the physical
ones. This procedure, called chiral extrapolation as the physical point lies at (almost)
vanishing masses, may be conducted simultaneously with the continuum extrapola-
tion.

The continuum limit is reached for go — 0. This can be derived from the insight that
a physical observable’ P = P(go,a) should be independent of a in the limit a — 0.
Consequently, a change in 2 needs to be compensated by a simultaneous change in
go(a), which may again (cf. (2.30)) be expressed in a renormalization group equation:

[ 9, — B(g0) 9g,] P(g0,4) = 0. (3.56)

The beta function is defined here with a relative minus sign in comparison to (2.31),

P(go) = —a dago(a) . (3.57)

The perturbative expansion of f(go) around go = 0 is completely equivalent to (2.33),
and the special solution A can again be found, by formally replacing 4 — 1/a and
g% — g2 in (2.35):

by

b1
A= % (bogd) *te 05 (14 0(g3)) - (3.58)
It relates the lattice spacing a to the bare coupling g3, and leads to the asymptotic scaling
g% ~ 1/ log (al) for a—0. (3.59)

Note that the continuum limit gg — 0 coincides with a critical point of the system, at

"We consider pure gauge theory here for brevity. The discussion may be extended to QCD, in which
case the bare masses are dependent on the lattice spacing as well, m(),i(ﬁ) with i € {u,d,s, c}.
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which the correlation length ¢ = 1/ (am,) diverges. The pion governs the correlation
length in its capacity as the lightest hadron in the theory. As such, it also rules the
finite volume effects, which for an observable P are determined by the ratio of the

lattice extent® L/a to the correlation length ¢:
Ply—co — P|y_js = O(e ™), (3.60)

where (L/a) /& = m,L was used. In principle, one has to take the infinite volume limit
for observables as well. However, due to the exponential decrease of finite volume
effects, (3.60), they can be neglected if m L is sufficiently large. As a rule of thumb,
this is the case for m,L 2 4. Note that the smaller the pion mass, the larger the lattice
volume has to be in order to fulfill this requirement. This provides another reason

why simulations at low pion masses are expensive.

3.5 Renormalization of the bare parameters

The hadron masses Ey are the simplest quantities one may compute on the lattice.
Other physical observables are derived from the matrix elements in (3.51a), or in gen-
eral from Euclidean correlators with composite operators of various kinds. These
require an additional renormalization on top of the previously encountered hadron
spectrum renormalization. We postpone the discussion of this matter to the next sec-
tion.

Meanwhile, we focus on the renormalization of the bare coupling and the bare
masses. The necessity to consider this arises for various reasons. It allows, for instance,
to make predictions for the strong coupling g*(jt) (cf. fig. 2.3) and the renormalized
quark masses 71;(p), or equivalently the RGIs A [40—-44] and M; [45], see (2.35) and
(2.36), respectively. This is done by computation of the renormalized quantity under
use of low energy experimental input (scale setting, cf. sec. 3.4), and evolution to high
energies, where it may be converted to a commonly used renormalization scheme in
the continuum, like MS. Moreover, the notion of a renormalized coupling or mass
may be employed to keep the physics on the lattice fixed, e.g. in terms of a line of con-
stant physics. We denote renormalized quantities on the lattice with a subscript R (in
contrast to the overbar used in the continuum), and—until further notice—work exclu-
sively in a mass-independent renormalization scheme, where the renormalization constants

depend only on the bare coupling and the renormalization scale ay, Z = Z(g3, ap).

8We assume a hypercubic lattice with V = T x L3 = L* here.
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In principle, the renormalization of the bare parameters reads

gk = Zg(8§,am) &5 (3.61)
ml = Zu (g%, an) mo,; , (3.62)

where the definition of the renormalization constants Z and the scale # depend on the
scheme. In sec. 5, we will encounter the Schrodinger functional, in terms of which a
renormalized coupling ¢% can be defined. The above principle mass renormalization
prescription has to be altered in the Wilson formulation of Lattice QCD, due to the
breaking of chiral symmetry, cf. sec. 3.3. As explained in detail in app. D and app. E,
the bare mass matrix M (3.13) may be decomposed in a flavor singlet mass and flavor
non-singlet mass components, which renormalize differently, with renormalization
constants Z,0(g3,au) and Z, (g3, ap), respectively. Note, however, that their depen-
dence on the renormalization scale y is the same, such that the ratio

_ Zm0 (g%' al”)

3.63
Zn(g ap) (3:69)

rm(85)

is y-independent. Furthermore, the singlet quark mass is subject to an additive renor-
malization, which manifests itself in the appearance of the so-called critical mass
Merit = Merit(¢5). Emphasizing its dependence on g3, one also speaks of the critical
line in the space spanned by the bare mass and the bare coupling. In terms of the

matrix
M = diag(myg,u, mg,q, My, M) (3.64)
of bare subtracted quark masses
My, = Mo, — Merit , (3.65)

the quark mass renormalization in the generic case of Ny = 4* Wilson fermions can be

written as’

M = Zin (85, ap) [y, + (rm(85) — 1) T [M] /Nf] . (3.66)

The derivation of this formula can be found in app. E.1. As a consequence, the renor-

9Note that in contrast to the trace tr in color space, see e.g. (3.29), the trace in flavor space is denoted by
Tr.
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malized quark mass mk vanishes if all the bare subtracted quark masses become zero:
mg;=0 Vje{l,...,Nj} = mp=0. (3.67)

For the special case of Ny = 4 degenerate masses'?, (3.66) reduces to
MR = Z,0(g5, ap) mg . (3.68)

We close this section with the introduction of the so-called hopping parameters, which
are closely related to the bare (subtracted) quark masses. By explicitly writing out all
the terms in the Wilson-Dirac operator (3.43), the Wilson fermion action (3.44) may be
cast into the form

SE . g, U] = a* 7(x) G (1 — i H) 9D (y), (3.69a)
i=u,d,s,c Xy
with
4
Ci =mg,; + A (3.69b)
K = 1 (3.69¢)
o 2(amg; +4) '
+4
H(x,y) = Y (1 =) Up(x)dxipy (3.69d)
u==1

where in (3.69d) the convenient notation 7y, = —7, is used. The irrelevant con-

stants C; can be absorbed in a redefinition of the quark fields, ) — /Cjyp() and
E(i) — E(i) V/Ci. The term H(x,y) is called hopping matrix as it incorporates all near-
est neighbor terms. Accordingly, x; are the hopping parameters, which are often used
instead of the bare masses g, in practice. The quark propagator D!, for instance,
may be expanded in a series of powers of «;, the hopping expansion, which is useful
especially for large masses. The critical mass mi; defines the critical hopping parameter

Kerit, and the bare subtracted quark masses (3.65) may be written as

! [1— ! } . (3.70)

My = —
i 2a Ki Kerit

10The flavor index may be dropped in that case.
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3.6 Renormalization of bilinears and the PCAC mass

We now proceed our discussion with the renormalization of composite operators in
the general case of Nf = 4" in a mass-independent scheme, as announced in the
previous section. We concentrate on quark bilinears, namely the vector current V,,
the scalar density S, the axial current A,, and the pseudoscalar density!! P. These
are generally of interest e.g. in flavor physics for the determination of hadronic matrix
elements and decay constants. Of particular importance for our purposes will be the
axial and pseudoscalar currents, and the PCAC relation that relates those, as will be
discussed below. The currents are defined in terms of the fermion fields as

Vi(x) =9(x) v T 9(x) (3.71)
$6(x) =9(x) T 9(x) (3.72)
Ay (x) = (x) 7prs T p(x) (3.73)
Pi(x) =p(x) 95T p(x) . (3.74)

Here, they are represented in the generator basis (cf. app. B), T°¢ extended by T =
1/N Iz Correspondingly, the components are labelled by ¢ € {0, ..., N]% —1}. We will
also frequently employ the bilinears in the flavor basis (cf. app. B), where the above
currents ¢ = V,, 5, Ay, P with their respective elements I' = 7, 1,7,7s, 75 of the
Clifford Algebra read

¢/ =9(x) T yix), (3.75)

withi,j € {1,..., N¢}.
In the framework of chiral Ward identities, which are subject of app. C, it can be
argued that the pseudoscalar density and the axial current, of which we consider off-

diagonal (j # i) components exclusively, renormalize according to

(AR)T =Za(gd) A (3.76)
(Pr)" = Zp(g5,ap) PV, (3.77)
and the scale-independent renormalization of the axial current vanishes in the contin-

uum limit, Z4( g%) — 1 for g% — 0. Moreover, the chiral Ward identities themselves

state that the vector and axial current, V,, and A, are (partially) conserved. Of partic-

'We will also use the expression "pseudoscalar current".
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ular importance for us will be the PCAC relation:
duAll(x) = 2mg; PU(x) | (3.78)

where mg;; = 3 (mo;+ mo,j) is the average bare mass of the quark flavors i and j.
Equation (3.78) is an operator relation, which is exact in the continuum. It may well

be written in terms of an expectation value with an operator O,
3, <A§Z(x) o> — 21my <Pif (x) o> . (3.79)

where O is arbitrary apart from the restriction that its support shall not contain x. On
the lattice (and after renormalization), the relation is violated due to the breaking of

chiral symmetry in the Wilson formulation (cf. app. C):
3, <(AR);{ (x) oR> = (mly + mb) <P{{ (x) oR> +0(a) . (C.13b)

Isolation of the masses on one side of the equation, and application of the respective
renormalization prescriptions for the currents, (3.76) and (3.77), leads to

i Zalgd) (Al 0)

"R = Zo(@an) 2(Pi(x) 0y O (3.80)

where m} = 3 (mi{ + mﬁ) is the obvious renormalized counterpart of the average

bare mass my ;. Note that the renormalization of the operator O drops out in the ratio
above. Equation (3.80) suggests the definition of the so-called bare PCAC mass:

) 3 (Ail(x) 0)
il p o (x) = ;<P]”((x))o> . (3.81)
After introduction of an improved version mgc ac,] With reduced cutoff effects in the
upcoming sec. 3.7, we will concretize the notion of the PCAC mass in the framework
of the Schrodinger functional in sec. 5.3. The dependence of mgc Ac On the spacetime
coordinate x, the operator O, and any other parameter that enters the above correlation
functions, is a pure lattice artifact. In connection with (3.80), this will play a central

role in the determination of the improvement coefficient csy, to be discussed in sec. 9.
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3.7 Symanzik improvement program in Ny = 4

As explained in sec. 3.4, the continuum extrapolation of results obtained at finite lattice
spacing is crucial in order to make predictions suitable for comparison with experi-
ment. Cutoff effects depend on the employed action as well as the observable under
consideration and may differ substantially. In general, their leading order is O(a),
i.e. the continuum is approached linearly for sufficiently small lattice spacings. For a
connected renormalized n-point correlation function, given in terms of a local gauge-

invariant composite operator ¢(x) as'?

Gu(x1, oo xn) = (Zp)" (p(x1) -.. p(xn)) , (3.82)

this may formally be expressed by
Gn(.xl, “oe ,xn) ’ﬂféo - Gn(xl, R ,xn>‘u:0 + O(a) . (3-83)

The size of the cutoff effects has impact on the statistical error of the continuum extrap-
olated value. Even more importantly, an uncertainty in their functional dependence on
the lattice spacing introduces a systematic error which makes the extrapolation more
difficult and in the worst case may impair its reliability. Hence, it is of utter impor-
tance to have the cutoff effects under control. Of considerable help in that sense is to
reduce the overall cutoff effects to the order O(a?). The absence of linear order cutoff
effects renders the extrapolation smoother and reduces its ambiguousness. This holds
in particular as cutoff effects which come in powers of the lattice spacing larger than
two, vanish fast for small (but affordable) lattice spacings. In turn, this reduces the
need for expensive simulations at very small lattice spacings.

The discretization effects in (3.83) stem from two distinct sources. On the one hand,
from the discretized actions in the path integral, on the other hand, from the dis-
cretized representations of the operators. Only if these two ingredients exhibit O(a?)
cutoff effects individually, the ones of the correlation function in (3.83) are of this order,
too. The Symanzik improvement program [7-9] is a well-established systematic approach
to achieve this.

12We assume that operator mixing under renormalization is absent.
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Symanzik effective theory and on-shell improvement

We discuss the basic idea behind the Symanzik improvement program in the following,
restricting ourselves to the case of Ny = 4 degenerate quark flavors, for which the bare
mass matrix M (cf. (3.13)) and the related bare subtracted mass matrix M (cf. (3.64))
are written as

M= mo - ]14 and M = mq . ]14 . (384)

The extension to Ny = 4" non-degenerate quark flavors is subject of sec. 8. The lattice
framework is defined by the Wilson gauge S¥ [U] (3.36) and Wilson fermion action
SW[, ¥, U] (3.44), which are combined in S[ip, ¥, U], as in (3.48). Symanzik improve-
ment is based on the observation that—sufficiently close to the continuum—the lattice
theory may be described in terms of the local so-called Symanzik effective theory (SET),
with the action

Seff = Sg+aSq + 61252 + O(EIB) . (3.85)

Here, Sy is the well-known continuum action, while the correction terms are regarded

as operator insertions in the continuum theory. They are of the form

S, = / dx Lo(x), (3.86)

where £; are linear combinations of local, gauge-invariant composite fields of dimen-
sion 4 + d that respect also the global symmetries of the theory. We will specify £;
below. Similarly, the renormalized lattice fields Zy¢(x) are described in the SET by
effective operators ¢; of dimension dim(¢,) = dim(¢o) + d:

Pest = Po + apy + a*pr + O(a) . (3.87)

The correlation function (3.82) in the SET assumes the form

Gn,eff(xlz /xn) = <(P0(X1) s ¢0(x”)>cont
+a [ dty (go(x1) .. o) L1(¥) om

+a i <¢0<X]) qbl(xk) cpo(xn)>cont-|-0(a2) , (388)
k=1
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where the subscript “cont” indicates that the continuum action Sy is employed in the
evaluation of the expectation values.

We restrict our discussion to on-shell quantities that can be derived from those cor-
relation functions G, (3.82) which only include fields ¢ at a physical distance to one
another, x; # x2 # ... # x,. In that case, the contact terms that arise from the integra-
tion over y in (3.88) may be absorbed in the definition of the field ¢;. Consequently,
the term £;(y) can be considered independent, and the equations of motions may be
used to substantially simplify it. To see this concretely, we write down the Symanzik

effective Lagrangian to first order, which reads [46]

Loym = Lo+aly = L3+ L8, (3.89a)
with!?
0 1 — " _
+ ap1 @DyD;ﬂP and “+ ao mé alp
+ apz @io}tvale + aos my tr[FyVFyv]
(3.89b) +aog mg Py, (3.89¢)
where 0,y = [y, 1]. It is split here into a mass-independent L’gym and a mass-

dependent part ﬁgqym for convenience. Note that purely gluonic terms beyond the
continuum gauge action are at least of dimension 6 and do not need to be taken
into account to the considered order. Moreover, the prefactors of the fermionic O(a°)
terms in (3.89) are set to one. The normalization of the kinetic term can be achieved
by rescaling of the fermion fields. In contrast, the mass m, as it appears in ﬁgym,
is understood to be related to the one in (3.84) by a multiplicative renormalization.
Following standard practice, however, this difference is neglected here. The terms
with p; and 0g, which involve covariant derivatives, can be eliminated under use of
the Dirac equation, i.e. they can be converted to terms which are already present in
the effective Lagrangian.

We consider the effective bilinears ¢ = Ay, P (cf. (3.73, 3.74)) next. The principle
which underlies the construction of improvement terms ¢; is the same as for the action,
they have to maintain the behavior of the respective currents under the symmetry

13The somewhat peculiar enumeration of the improvement coefficients here serves as preparation for the
extension to non-degenerate masses, which leads to additional mass-dependent terms, as we will see
in sec. 8.
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transformations of the theory. Up to O(a), the terms which fulfill this criterion for the
effective axial and pseudoscalar currents are'* [46]:

(Asym)y, = Ay, + awo PysT Dyt + awy myAj, + aws YysTiouy Dyip (3.90)
(Psym)© = P + aw myP° (3.91)

Here, the term with ws can be eliminated.

Improved lattice action

The insights from the SET pave the way to the improvement of the scaling behavior of
both the lattice action and the lattice operator representations. In order to let the O(a)
terms in the Symanzik expansion vanish, one simply needs to add discretized versions
of the Symanzik terms to the respective lattice quantities, with suitable improvement
coefficients c. Those depend on the lattice spacing, or equivalently the bare coupling,
¢ = c(g?).

For on-shell improvement of the Wilson fermion and gauge action, the O(a) counter-

terms that have to be taken into account can be read off from (3.89):

Lr = pDwp + mopip Lo = LclU]
_i
+ acsw l/’Z‘TwFuvl/J and + acs my tr[Fy F) -
+acy mpy (3.92a) (3.92b)

Here, Ls[U] is the Lagrangian associated with the gauge action, whose scaling behav-
ior as discussed in sec. 3.2 is

Sg=:a*)_LslU] = 2 t[FuwFu] +0(a?) . (3.93)

Note that the mass-dependent improvement terms in (3.92) could just as well contain
the bare mass mg instead of the bare subtracted mass Mg, as the difference () can
be absorbed in the improvement coefficients c¢; and cs. However, m, is advantageous
in view of the conjunction of O(a) improvement with renormalization, to be discussed
in the following. The mass-dependent improvement terms are both proportional to
terms that already appear in the unimproved Lagrangian and may thus be absorbed

l4Gee footnote 13.
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in the bare parameters. While this is straight forward for the bare mass, cf. (3.92a), in
the case of the bare coupling it may readily be seen under use of (3.93):

1
ﬁG,I = (ng —+ acs mq> tr[Fway] + O(QZ)

0
1

= 2 (1+ 2acsgj my) tr[FuFu] + O(a?)

— L W[FuFu]+ 0@

 2g% 1—2acsg3 m, e

- ’CG‘géﬁgé(leaggé mg) (3.94)
One introduces the improvement coefficients

by=01 and by =—205-g3, (3.95)
such that the absorption reads

8 = & =g (1+abg(gh)my) (3.96)

my — fig = mg (1+ aby,(g§)my) (3.97)

In this form, the O(a) corrections may be accounted for in the renormalization of the
bare parameters (cf. (3.61, 3.68)):

Sk = Zg(85,an) &3 (3.98)
mr = Z,0(85,ap) iy . (3.99)

We stress that this is again the mass-independent renormalization scheme here. The
significance of the above formulas lies in the fact that for fixed renormalized quan-
tities (e.g. if the continuum limit is taken), the modified bare parameters scale mass-
independently, whereas the scaling of the ordinary bare parameters is mass-dependent
if O(a) improvement is to be achieved. Accordingly, if the masses are varied, the bare
coupling needs to be varied simultaneously in order to keep g3 and hence the lattice
spacing fixed.
Under the provision of (3.96)-(3.99), the O(a) improved Wilson action reads

SV, U] = SEU]+ S [, ¥, U] + 6Sswly, 9, U] , (3.100)
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E:}E:}x + aﬂ o
x + afi
R Figure 3.3: Illustration of the term Qy,(x) as given in
v | (3.102b), which enters the clover discretiza-
i tion PP(,?OV) of the gluon field tensor (3.102a).

where the only remaining improvement term in the action is the Sheikholeslami—Wohlert

term,

ISswlp, ¥, U] = a°Cow 80 Z ‘TVV () (x) (3.101)

X
The coefficient csw(g3) is called the Sheikholeslami—Wohlert coefficient. There is some
arbitrariness in the discretization of the field strength tensor in (3.101), which does not
affect the considered order of improvement though. A particular, frequently employed

lattice representation is

FE™ () = — 7 (Qu(x) — Quplx) (3.102a)
with!®
Quu(x) = Uy (x) + Uy, (x) + Uy, v (x) + Uy u(x) . (3.102b)

Due to the shape of Q,,(x) provided by the involved plaquettes, illustrated in fig. 3.3,
it is referred to as clover term.
Improved bilinears and PCAC mass

For the improvement of the axial and pseudoscalar current, there is only one term that

needs to be considered [46]:

(A), = A, +aca(g§) 9, P° (3.103)
(P)¢ = P* (3.104)

15Note that in the literature, the definition of Quv(x) is often such that its indices are interchanged.
Correspondingly, in that case, a relative minus sign appears in (3.102a), and the orientation of the
plaquettes in fig. 3.3 is reversed.
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This is because the terms which correspond to w1, wj in (3.90) and (3.91) may again be
incorporated by means of the renormalization prescription (cf. (3.76, 3.77)):

(Art), = Za(85)  [1+aba(gh) mg] (A, (3.105)
(Pri)* = Zp(5,ap) [1+ abp(g5) my] P°. (3.106)

It is now straightforward to translate the renormalization in terms of the PCAC mass
in the unimproved Ny = 4* case, (3.80), to the improved Ny = 4 theory. It reads

o ZA((?(Z)) 1+abA(g%) mq
mg

= m x) +0(a?), 3.107

in terms of the improved PCAC mass (cf. (3.81)),

(3.108)

mrcaci(x) = —— (P(x) O)

Note that the currents, although written without flavor indices due to the degeneracy,
are still understood to be non-singlet currents.

All the renormalization and improvement coefficients in principle depend on g3.
Concerning the encountered improvement coefficients csw,c4 and bg, by, ba, bp, how-
ever, the difference made by the use of the original and the modified bare coupling is
of the order O(a?). We keep g3 as their argument to emphasize that all expressions are
set up to improve the theory up to O(a) only.

There exist non-perturbative as well as perturbative determinations for them, which
in general depend on the number Ny of flavors in the theory and the gauge action
which is employed. We will return to this issue in sec. 3.9, when we have another,
improved gauge action at our disposal. This so-called tree-level improved Liischer—Weisz
gauge action is subject of the upcoming section.

3.8 Tree-level improved Luscher—Weisz gauge action

The scaling violations of the Wilson gauge action are of order O(a?). According to
the Symanzik improvement program, one may add operators of dimension 6 to the
gauge action in order to reduce the order of cutoff effects as the continuum limit
is approached. These operators are given by the products U(C) of 6 link variables
along closed loops C € S; (i =1,2,3), where S; is the set of all rectangles (i = 1),
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P N

A
L4

Figure 3.4: Elementary closed loops from which improved gauge actions are built up in addi-
tion to the plaquette depicted in fig. 3.1. From left to right: rectangle (i = 1), chair
(i = 2), parallelogram (i = 3).

bent rectangles or chairs (i = 2) and parallelograms (i = 3) on the lattice, see fig. 3.4.
Together with the set of all oriented plaquettes, Sy, an improved lattice gauge action

may conveniently be written as

=

3
sU) = — Y ci(gd) Y e[ —u(0)] . (3.109)
i=0

CeS;

ON

Kt

Note that the unimproved Wilson gauge action S‘é\’ (cf. (3.39)) is recovered from (3.109)
for cp = 1 and ¢; = ¢ = c3 = 0. The improvement coefficient are subject to the nor-

malization condition
co(g5) +8 c1(g5) + 16 c2(g5) +8 cs(gp) =1, (3.110)

which is a convention that can always be enforced. In [47], it was argued that on-
shell improvement (cf. sec. 3.7) provides two more constraints on the improvement
conditions. To fix all the improvement coefficients, c;(g3) = 0 is a particularly suitable
choice, for which the remaining coefficients were calculated at tree-level order!® in
perturbation theory. They read [47]

co= co(gf=0) =5/3 (3.111a)
a=calgg=0) =-1/12 (3.111b)
0= cfgf=0) =0 (3.111c¢)
3= c3(g5=0) =0. (3.111d)

16For a computation of the next order in perturbation theory, see [48].
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The coefficients (3.111a, 3.111b) define the tree-level improved Symanzik or Liischer—Weisz
gauge action, which can be written as

SVIU) = 1 ¢ Y o[l —U(C)]. (3.112)

2
80i=01 Ces;

Its use leads to scaling violations of the order O(4?g3). We emphasize that S; is under-
stood to contain all oriented loops, and (3.112) may also be found in the literature as a
sum over all unoriented loops with an additional occurrence of 2 Re, see the discussion
at the end of sec. 3.2.

3.9 Results for improvement coefficients

3.9.1 cow

The improvement coefficient cs, with its perturbative expansion

cow(g3) = %) + cl g% + O(g?) (3.113a)

depends on the employed gauge action. The tree-level coefficient

W -1 (3.113b)
is universal, however, and has been computed along with the one-loop coefficient cg‘lg
for the Wilson gauge action S¥ in [49, 50]. The numerical value of the counterpart

for the tree-level improved Liischer-Weisz gauge action SEV is known from [51]. They
read

(3.113¢)

w —

a 0.2659(1) for Sg = SY¥
W= LW
0.196(6)  for Sg = Sg" .

Non-perturbative results for cs were obtained by the ALPHA Collaboration with var-
ious numbers of massless, dynamic quark flavors, and under use of both the Wilson
gauge action and the tree-level improved Liischer-Weisz gauge action. Details on the
strategies employed in these works as well as a compilation of their findings can be
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found in app. F1. For Ny = 2 in connection with S‘C’;V, the result reads [17]

1 —0.454¢% — 0.175¢3 + 0.012¢§ + 0.045¢8
1—0.720g2

CSW(S%) =

for B>52.  (3.114)

3.9.2 CA

The perturbative expansion is similar to (3.113a) for the improvement coefficient c 4, the
difference being that it vanishes at tree-level [52],

ca(gd) = gk +0(gd) - (3.115a)

The leading one-loop coefficient chl) was obtained for the Wilson gauge action first in

[50] and rederived with improved accuracy in [53]. The case of the tree-level improved

Liischer-Weisz gauge action has again been covered in [51]. The results are

—0.005680(2) x Cp  for Sg = SW
(1){ (2) xCp for S = 5g (3.115b)

c =
—0.004525(25) x Cp for Sg = SV,

with Cr = 4/3 (cf. (A.12)).

The non-perturbative determinations of c4, again performed for different numbers of
massless, dynamic quark flavors and both the gauge actions, S and SEV, are covered
in app. F2. The result for N r = 2 in connection with S‘év reads [54]

1 — 0.4485¢%

: 0

for 0.98 < g5 < 1.16. (3.116)

3.9.3 by, by, ba,bp

For the improvement coefficients bg, by, ba, bp and their respective perturbative expan-

sions,
bx(g3) = b + b2+ 0(gh), (3.117)

the parameters are known up to one-loop order, see tab. 3.2. Note that the numerical
one-loop expression of the combination b4 — bp as it appears in (3.107) is quite small,

namely [53]

b — bp = —0.00093(8) - g5 + O(g3) - (3.118)
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Table 3.2: Coefficients of the perturbative expansions (3.117) of bx € {bg, by, ba, bp}.

It was computed also non-perturbatively, along with b,, and the renormalization con-
stant Z (cf. (E.17)), in Ny = 0 [55-57] as well as Ny = 2 [58].

Regarding b,, there exist no non-perturbative results for any gauge action!”. Note,
however, that the fact that it is associated with sea quark effects is reflected in both, the

fact that it vanishes at tree-level order (in accordance with (3.95)), and the occurrence

of the explicit factor N Fin bél), see tab. 3.2.

17This is a significant restriction in large volume simulations with massive sea quarks, where one needs
to adopt a strategy to keep g% and thus the lattice spacing fixed (cf. sec. 3.7) without the knowledge

of by, see e.g. [38, 59].

X || 60| Ref. by Ref.
g 0| [46] 0.012000(2) - Ny | [46]
m | —1 [50] —0.07217(2) - Cr | [53]
A 1 | [50, 52] 0.11414(4) - Cr | [53]
P 1 | [50, 52] 0.11484(2) - Cr | [53]



4 Monte Carlo simulations and numerical
techniques

In this section, we cover the numerical simulation of Euclidean correlation functions,

which we recall here for convenience:

(0) = % /D[z/z,@, U] e S0y, g, U], (3.46)
with
Z= /qu,uu Step ] (3.47)

The different statistics of the fermion and boson fields demand substantially different
methods for the numerical integration of the respective degrees of freedom. Hence, it

is useful to split off the fermionic part of the integration:
/D e~S5elUl (U] (0), U], (4.1)
where
(OelUt) = o [ DIy, ) e ##U0[y, 3, ] 2)
Zr[U]
contains the integration over the fermionic degrees of freedom and

_ / D[y, ] e~ Srledl (4.3)

is the fermionic partition function. Note that Sr will from now on always represent
the Wilson fermion action (3.44), whereas S may be either the Wilson gauge (3.36) or
tree-level improved Liischer-Weisz gauge action (3.112).

We will explore the techniques to evaluate the different parts of the functional in-
tegral (4.1) step by step. In sec. 4.1, we consider the implementation of the fermionic

degrees of freedom in the path integral. We will learn that the fermionic expectation
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value (4.2) can be explicitly computed, whereas the partition function (4.3) is treated
numerically together with the gauge field integration in the framework of Monte Carlo
simulations. These will be explained in detail in the subsequent sections. First, in
sec. 4.2 and sec. 4.3, under complete neglect of the fermionic contributions included in
Zr. The contributions of the different flavors and the techniques they require will then
be incorporated gradually in sec. 4.4-4.6. After a brief survey on important numerical
techniques in sec. 4.7-4.9, we will finally summarize the estimation of statistical errors

using the so-called gamma method in sec. 4.10.

4.1 Fermions in the path integral

We first consider the fermionic path integral

1 _

(Oeltl) = 5o [ Pl e #00[y, .U @2)

The operator O may involve products of fermion fields ¢ and ¥, which need to obey
Fermi statistics, i.e. an interchange of any two components of i or ¥ is required to
produce a minus sign. To implement this, one needs anti-commuting Grassmann

variables #; and 7j;, one for each component of ¢ and ¥, respectively:
nify = —nini , 7iffj = =47 , qinfj = —N;fi , (4.4)
with
i,j €1{1,..., Neomp = 12N¢|X|} (4.5)

given in terms of the number |X| of lattice sites, cf. (3.14). For a given gauge configu-
ration U, the fermionic expectation value (4.2) may be computed in closed form with
the help of Wick’s theorem for Grassmann variables:

comp Ncomp
<’7i1ﬁ]’1 ’71;1’7],1 / H ddife 17, - 1,77, P <— Y ’71D1m’7M>
I,m=1
=Y sign(P) (D™ Nijp, -+ (D™D, - (4.6)
p



4.1 Fermions in the path integral

Here, the sum runs over all possible permutations P(1,...,1n) = (p1,...,pn) of the
numbers 1,...,n. The massive Wilson-Dirac operator (cf. (3.13, 3.43))

D = Dy + M (4.7)

with its Neomp X Neomp components is equipped with multi-indices, which stand short
for a set of four indices labelling spacetime coordinates as well as Dirac, color and
flavor components, e.g. i1 = (x,a,a, f). A proof of the above formula, which employs
the generating functional for fermions, can be found e.g. in [31].

As an example of its application, we consider the hadron correlator <OH(t) GH(0)>
already encountered in (3.51). For the specific case of the correlator of the operators

o (%) = d(x)ysu(x) (4.8a)
7+ (¥) = On-(y) = u(x)ysd(x), (4.8b)

between two spacetime points x,y € X, one finds

(O (%) O (1)) = (A(x)r51(x) T(y)ysd(y) )
= (1)arps (1o (AU T EAW)E )
= (1) (o (uDETWE) (d)Ea)G).

—tr |75 Dy (*ly) 75 D3 (vl | - (49)

In the third line the order of the Grassmann variables was changed and the fermion
expectation value was factorized in flavor contributions. Subsequently, the Wick theo-
rem (4.6) was applied. The notation of the quark propagators indicates that the flavor
and spacetime indices are fixed, whereas the other indices are summed over by the
trace tr that is to be understood in both color and Dirac space here. The pion propaga-
tor in the form (4.9) may be computed numerically for a given gauge configuration U.
Note that the correlator with mere time dependence, (3.51), which in the case at hand
is suitable to extract the pion mass, is found by momentum projection of (4.9).

The fermionic partition function Zr (4.3) in terms of the Grassmann variables reads

Ncomp NCOmP
o= i na on (- n00)
k=1

I,m=1

The Matthews-Salam formula [60, 61] allows to integrate out the fermionic degrees of
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freedom in the partition function and write it as a fermion determinant:
Zp = det[D] . (4.10)

It is convenient for later use to split the partition function in contributions of different

flavors:

Zrp = Hdet[Df] p (4.11)
f

with D¢ now being matrices of the size 12|X| x 12|X|. The path integral (4.1) under
use of (4.11) reads

(0) = % [ ol eso I;Idet[Df] 0, [U], (4.12a)

where the partition function with the fermions integrated out assumes the form

Z= / D[U] =5l T]det[D] . (4.12b)
i

The splitting of the fermionic part into a fermion determinant and the fermionic ex-
pectation value can physically be interpreted as follows. The fermion determinant
[1; det[Dy] represents dynamical sea quark effects, i.e. it describes the creation and
annihilation of virtual quark-antiquark pairs. This viewpoint is suggested by investi-
gation of the hopping expansion (see sec. 3.3) for the determinant, see e.g. [31]. The
fermionic expectation value (O) [U] describes the propagation of the state defined by
O under the interaction with the external gauge field U, which is itself affected by
the aforementioned dynamical quark effects. In the case of our example (4.9), it is the
valence quarks of a pion(-like) state that interact with U.

The question arises of how to treat the fermion determinant mathematically. A direct
determination of det[D¢|, which formally has (12|X|)! terms, is absolutely out of reach
regarding the computational costs that are of the order! O((12|X])?). Historically,
the first Lattice QCD computations were for this reason performed in the quenched
approximation, where the sea quark effects are simply ignored:

Zp =] ]det[Df] = 1. (4.13)
f

LThis refers to the use of Gaussian elimination.



4.2 Markov chain Monte Carlo simulations

They may be included nowadays by assignment of the fermion determinant to the
Boltzmann weight factor of the gauge field, e=5¢[U/, in the framework of Monte Carlo
simulations. However, since this is both computationally expensive and technically
involved, the consideration of the different flavors has been done stepwise. Depending
on the dynamical quark content of the theory, one speaks of Ny = 0 (quenched) and
Ny = 2 (including mass-degenerate up and down quarks), for instance. In the case
where strange and charm quark flavors with different masses add to the theory;, it is
labelled by Ny =2+1or Ny =2+1+1.

We follow the historical route and begin the discussion of Monte Carlo simulations
ignoring dynamical quark effects. As we gradually move on to the full theory with
four quark flavors, we will take account of more sophisticated numerical techniques.

4.2 Markov chain Monte Carlo simulations

In the Ny = 0 theory without dynamical fermions, the full path integral (4.12) reduces
to

(O)n—0= 5 / DlU] &5l (0, [U] (4.14)
with
Zo = / DU ¢Sl (4.15)

Quarks may only appear as valence (or spectator) quarks in (O),. In pure gauge
theory, the fermion expectation value simplifies to (O), [U] = O[U]. From counting

the link variables in
= Hnduy(x) , (3.50)
Xy

we conclude that the above integral is of dimension? 4 times the number of lattice sites,
ie. d = 4-(L/a)* on a hypercubic lattice of size L/a in each of the four directions.
In practical situations one virtually always faces L/a > 8, which means d > 2!4 =
16384. Those integrals cannot to be solved analytically, and they are also way too
high-dimensional for standard numerical integration methods (e.g. Simpson) to work.

A technique to compute them numerically is provided by Monte Carlo simulations.

2We ignore the different components of the links here for simplicity.
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These are based on the principle of importance sampling. One creates an ensemble
U™ | n=1,...,Ng} (4.16)

of Nt gauge field configurations U™, each of them being a specific choice of Uy (x) at
all (x, ), which are sampled from the space of all gauge configurations according to
the probability distribution given by the Boltzmann factor:

P(U) = Zlc e~ Sclll (4.17)

In the limit of an infinitely large ensemble, the path integral becomes the arithmetic
mean of the observable evaluated on the N sample configurations®:

<O>Nf:o = Zlc/D[U] ¢~ SclUl (O) ¢ (]

1 Nt
= lim — (n)
Jim ; (O)p [U™]. (4.18)

In practice, this exact expression is approximated by the estimator

L 1 N ;
0= Vd; (O)p [U( )] ~ <O>Nf:0 , (4.19)

whose statistical error is proportional to* 1/+/N, as we will see in sec. 4.10.
The gauge configurations cannot be importance sampled directly as the many link
variables are coupled via the action. Instead, one uses a Markov chain. Starting from

one configuration Ut(,i ), one generates a stochastic sequence of gauge configurations,
uld su? — . sulM o u® o uNe) (4.20)

The transition amplitude T(U — U’), which is equal to the probability of a configu-
ration U to be transformed into a configuration U’ in one Monte Carlo step, needs to
fulfill a few conditions in order to guarantee that the ensemble represents the aspired
probability distribution. Apart from the trivial statements reflecting that T(U — U’)

3This holds if P has a finite first moment.
4This holds if P has a finite second moment.



4.2 Markov chain Monte Carlo simulations

is a normalized probability distribution,

I) 0<T(U—U)<1 (4.21)
m  YrTu-u)=1, (4.22)
u/

the so-called balance condition is crucial:

m) ) T(Uu—Uu)pUu)=) T(U - u)pru). (4.23)
u u

The left hand side is the total probability to find U’ after a Monte Carlo step, whereas
the right hand side is equal to the total probability to hop out of U’. Note that due
to (4.22), the right hand side of (4.23) is the same as P(U’). Hence, once the prob-

ability distribution is obtained, the balance condition ensures that the Markov chain

(1)
th

itself is often not selected with the very probability P(U), in which case the system is

maintains it and the system is in equilibrium. However, the start configuration U

not in equilibrium from the start. Fortunately though, it can be shown (see e.g. [62])
that the balance condition® leads to the equilibrium distribution after a finite number
of Markov chain steps. This phase is called thermalization, and the Ny, gauge config-
urations sampled before the equilibrium is reached, marked with a subscript “th” in
(4.20), are usually discarded. A fourth crucial condition is ergodicity:

IV) VYUU 3IneN: TH(U—-U)>0. (4.24)

Here, T" is the transition probability to get from U to U’ in n Monte Carlo steps.
Ergodicity makes sure that the whole configuration space is accessible for the Markov
chain. Finally, we note that instead of III), many Monte Carlo algorithms implement
the stronger so-called detailed balance condition

b) T(U — U)P(U) =T(U — U)PU'), (4.25)

which obviously implies III).

%in combination with ergodicity, see below.
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4.3 Metropolis algorithm

The simplest algorithm which fulfills the detailed balance condition (4.25) is the
Metropolis algorithm [63]. It evolves a configuration U to U’ in two steps:

e A candidate configuration U’ is chosen with a selection probability Ts(U — U’).

e U’ is accepted with the acceptance probability

Ta(U — U') = min (1, (U~ U) exp (_S[U/D> .

To(U = W) exp (—S[U)) (%.26)

If U’ is rejected, one reuses U in the Markov chain, U’ = U.

It can easily be shown that the total transition amplitude T = Ts - T4 obtained this
way indeed satisfies the detailed balance condition:

Ts(U' — U)exp (—S[U'])
U U o sy ) P (51U
= min (Ts(U — U') exp (=S[U]), Ts(U' — U) exp (-S[U]))

Ts(U - W) exp (—S[U1)
Ts(W > W) exp (5[ ])'1>ep( S

=TU —U) P(U). (4.27)

T(U — U') P(U) = Ts(U — U') min <1,

= Ts(U' — U) min <

In pure gauge theory with the Wilson gauge action S (3.36), one usually conducts
the above steps individually for a single link, U (x) to U} (x). Hence, the Metropolis
Monte Carlo algorithm is called local. After a so-called sweep through the lattice,
where one repeats this update procedure for every link, one obtains the configuration
U’ from U. The proposal for a concerned link, U, (x) — U, (x), can be found by

U, (x) = XUy(x) , (4.28)

where X € SU(3) is a random element in the vicinity of 1. If X and X! are proposed
with equal probability, the selection probability is symmetric:

Ts(Uy(x) — U;,(x)) = TS(U;(x) — Uy, (x)) . (4.29)
In that case, (4.26) simplifies to

Ta(U, — U;,) = min (1,exp (—ASg)) (4.30)
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with
ASg = ASG[U;,(x)] — ASg[U,(x)] (4.31)

Note that AS; can be computed locally, since all but one link stay the same and only
six of the plaquettes which are summed over in S; are affected. From (4.30), we see
that a change in the action is always accepted if the action decreases or remains the
same, whereas a new configuration with an increased action is accepted occasionally.
This is in accordance with the principle that the path integral receives most of its
contributions from configurations which (nearly) minimize the action, while quantum
fluctuations are accounted for as well.

For completeness, we mention that there exist other update procedures which have
been applied for gauge fields. Among them are the heat bath algorithm [64], over-
relaxation [65, 66], the microcanonical update [67], the Langevin method [68, 69] and
the Hybrid Monte Carlo algorithm [70]. The latter, also suitable for simulations with
dynamical fermions, is the most widely-used algorithm in Lattice QCD nowadays and
will be the one we focus on in this work.

4.4 Pseudofermions

On our way to the path integral in the full theory, (4.12), we now move on from the
quenched approximation (4.14) to the Ny = 2 theory,

<O>Nf:o - <O>Nf=2 ’ (4.32)

by including the fermion determinant for the up and down quark in the Monte Carlo

integration:
e Sclll — e=SclUl TT det[Dy] . (4.33)
f=ud
In order for the interpretation of the right hand side of (4.33) as a Boltzmann weight to
be possible, the product of fermion determinants obviously needs to be real and non-

negative. The former is ensured by the fact that the massive Wilson-Dirac operator
Dy = Dw + my for any flavor f is ys-hermitean, see (3.45):

det[Ds]* = det[D}] = det[ysDfs] = det[Dy] (4.34)
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Correspondingly, the eigenvalues of a y5-hermitean operator are either real or come in
complex conjugate pairs. The non-negativity, however, is not ensured due to the break-
ing of chiral symmetry by the Wilson discretization®. This problem is circumvented in
different ways for the different quarks. For the light up and down quarks, one makes
use of the fact that these are to a very good approximation mass-degenerate, in which
case one finds that their contributions together are strictly non-negative:

[T detDf] >0. (4.35)
f=ud

The inclusion of the heavier strange and charm quark works on a different basis and
the discussion of this is postponed to sec. 4.6. Meanwhile, we will concentrate on
Ny = 2 as outlined at the beginning of this section. We note that the product of
fermion determinants for the two degenerate flavors, D, = D, can be summarized as

[ ] det[Dy] = det[D,] det[D]] = det[D,Dj], (4.36)
f=ud

where in the first step the 7s-hermiticity was used again. The fermion determinant
can be numerically implemented avoiding anti-commuting Grassmann variables, with
the help of so-called pseudofermions. These are bosonic degrees of freedom represented
by complex numbers ¢ = ¢r + iy with 12|X| components (cf. (4.5)), which may be
used to replace the integral over Grassmann variables by [72]

det[D,D}] = 7~ Neomp / Dig] e ¢ DD (4.37)
where

SprualU, ¢] = ¢"(DuD}) " '¢p (4.38)

is the pseudofermion action. The approach is based on a formal analogy of the Gaussian
integrals of fermions and bosons, provided that all the eigenvalues of the (normal
and thus diagonalizable) operator in the determinant are positive, in which case the
integral on the right hand side of (4.37) converges. This condition is fulfilled for the
combination of a Dirac operator and its adjoint, whose appearance, as we stress again,
is based on the even number of degenerate quark flavors, see (4.36). Under use of the

6Tt can in fact be shown that for Ginsparg-Wilson fermions [71], which respect chiral symmetry on the
lattice, the eigenvalues A of the associated Dirac operator lie on a circle in the complex half-plane
with Re A > 0.



4.5 Hybrid Monte Carlo

above equations, (4.37) and (4.38), the path integral average in Ny = 2 may be written
as

(Ohy,2 = 5 [ PIUIDIg] e 5841 (0}, [u1), (439
where

S[U, ¢] = Sg[U] + SprualU, ¢] (4.40)

summarizes both the gauge and the pseudofermion action, the abbreviation D[¢] =
D(¢pr]|D]¢1] is used, and

Z= / DU|D[¢] ¢S4 (4.41)

is the gauge and pseudofermion field partition function. The trade-off for the use
of pseudofermion fields that one has to take into account is that in contrast to the
local gauge action Sg, the pseudofermion action Spr 4 (4.38) is highly non-local as it
contains the inverse of D, D}. Somewhat simplifying, the computer time to determine
the inverse is proportional to the lattice volume V = (L/a)*, which makes a factor
V2 for a whole sweep over the lattice. Hence, in a local Monte Carlo algorithm like
the Metropolis, the computation of the change of the total action after a local update
U — U, (cf. (4.30, 4.31))

exp (—AS) = exp (=S[U’, ¢'] + S[U, ¢])
= exp (—Sc[U'] + Sc[U]) exp (—=Spe[U’,¢'] + Spe[U, ¢]) , (4.42)

would become very expensive. Updating all the fields globally by the Metropolis
algorithm would not lead to a gain as it would compromise the acceptance rate.
Obviously, the pseudofermion fields require new techniques. A very effective Monte
Carlo algorithm which updates the configurations globally in a specific way is the
aforementioned Hybrid Monte Carlo algorithm, which we are going to describe next.

4.5 Hybrid Monte Carlo

The Hybrid Monte Carlo (HMC) algorithm [70] combines the so-called molecular dy-
namics evolution with a Metropolis acceptance/rejection step. The idea is that can-

didate gauge field configurations U’ for a global update are created from U by nu-
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merical integration of the classical equations of motion in order to keep the change in
the action small, which allows for large steps in configuration space with a reasonable
acceptance probability. For convenience, we use anti-hermitean generators T% = iT"
(see app. A.1) in the following. Link variables may be written in terms of those as

Uy, (x) = exp (u,(x)) €SU@3), (4.43)
with
uy(x) = i uﬁ,a)(x) T" € su(3), uifz)(x) €ER. (4.44)
a=1

One then introduces conjugate momenta
8
Z: )T esud), m(x)eR, (4.45)

which allow to reformulate the expectation value (4.39) according to

(0} _, — 4 PIUIDIg] exp (=S[U,9]) (O} [U]
Ny=2 fD D[(P exp( [u 4)])
yiC) 1e><p<—zn ~ 5[U,g]) (O); [U]
= f’D[LI] ] exp( 27-(2 [u’ 47]) ’ (446)
where
¥ A ) )
xX,1,a

While the introduction of these auxiliary fields does not change the physical content
of the theory, (4.46) may be interpreted as a statistical system with the Hamiltonian

H{7, U, ¢] = ln +s[u, ¢] . (4.48)

Since this is reminiscent of the classical description of a molecular gas, the associated
Hamilton equations—expressed here in terms of U, (x) instead of 1, (x)—

fru(x) = =T 9%, S[U, ¢] = —F[U, ¢] (4.49)
U, (x) = 70 (x) Uy(x) , (4.49b)
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are also called molecular dynamics equations. The derivatives on the left hand sides of
(4.49a) and (4.49b) are understood to be with respect to the molecular dynamics (com-
puter) time t,, in which the configurations are evolved. The force F[U, ¢] on the right
hand side of (4.49a), formally a derivative with respect to the SU(3) group element

U, (x), is defined as follows:

9S(U, 9] _ 7, 35[e“U,g]

O, (x) Awn () |, o= 1 oSl (4.50)

w=0

Based on (4.49a) and (4.49b), the individual steps to obtain a gauge configuration U’
from U in the HMC algorithm, including the contributions of the pseudofermions in
N = 2, are the following;:

1. The pseudofermion integral is evaluated by importance sampling, i.e. one selects

a complex vector ¢ with the selection probability

P(¢) ~ exp <_¢+ (DuDZ) ! ¢> (4.51)

for the given gauge field U. In practice, this is done by randomly choosing a
complex vector x from the Gaussian distribution P(x) ~ exp (— Xt )(), such that
¢ = Dy x follows (4.51).

2. One selects a set” of 84 -|X| conjugate momenta n,(j’)(x) from the Gaussian

distribution
1,
P(m) ~ exp —57 ) - (4.52)

3. Both the link field U and the conjugate field 7t are evolved in ¢, via integration
of the molecular dynamics equations, yielding a candidate configuration U’ as
well as 77’ after a certain molecular dynamics time #),. The standard choice for
the integration length which defines this Monte Carlo step is t,, = 2, called
2 molecular dynamics units (MDU). The use of the Hamilton equations in principle
restricts the produced configurations to a hypersurface of constant energy in
phase space. However, the numerical integration is necessarily performed in
discrete steps and hence leads to a non-vanishing value of AH through numerical

errors.

"Recall that | X| denotes the number of lattice sites, cf. (4.5).
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Figure 4.1: [llustration of the leapfrog integration.

4. The candidate configuration (U’,7t') is accepted or rejected just as in the
Metropolis algorithm, with an acceptance probability

Ta(rr,U — 7/,U') = min (1,exp (—AH)) , (4.53a)
where
AH = H[7',U',¢] — H[m, U, ¢ . (4.53b)

We stress here that the pseudofermion field ¢ is not part of the molecular dy-
namics evolution, but affects the acceptance probability via (4.53b).

After this outline, we now have to define the way the molecular dynamics equa-
tions are integrated numerically. The basic method to evolve an initial configuration
(rr,U) = (7t(tm), U(twm)) to a new configuration (77, U’) = (7t (ty +t},), U(tm +t},)) is
the leapfrog integration. The evolution of (4.49a) and (4.49Db) is split into small steps of
the size € = t),/ Ny,

Ir(e): n(ty) —> mt(tm+e) = m(tn)—eF[U, 4’”% (4.54a)
Tu(e): U(ty) — U(twm+e) =eTEU(L,), (4.54b)

and the gauge field configuration U and the field 7r are integrated alternatingly. One
begins with a half step I;(e/2), then applies Ij;(€) and I(e), both (N, — 1) times,
and closes with another full step Ij;(e) and a half step I;(e/2):

n(0) ~ 7(ie) — n(3¢) — ... ~  7(Nye)

u(o) — U(e) — ... ... — U(Npe) .

(4.55)

The procedure is illustrated in fig. 4.1. It is equivalent to an N,,-fold application of the
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elementary leapfrog integrator

LF(e) = Zr(3¢) Tu(e) Tal3e) , (4.56)

and the interlacing of (4.54a) and (4.54b) leads to an error of only O(€%) in the inte-
gration of such a step. It ensures reversibility of the Monte Carlo step, as the selection

probability Ts = T}, in the molecular dynamics evolution follows
Tn(r,U — 7', U) = Ty(—7', U — -7, U), (4.57)

i.e. a configuration evolved from U to U’ by integration of the MD equations with con-
jugate momentum 7t is evolved back to itself if the opposite conjugate momentum —7r
is used in the subsequent step. This can easily be verified by explicit application of the
leapfrog integration steps (4.54a) and (4.54b). Reversibility is crucial for the fulfillment
of the detailed balance condition, the proof of which we address in the following. The
total transition probability for the step U — U’ is obtained by integrating over all 7, 77/
(we ignore the pseudofermion fields ¢ here):
2

TU—Uu)= /D[n]D[ﬂ’] Ta(r, U — 7', U') Tp(mr, U — 7, U') e 2™ . (4.58)

The acceptance probability (4.53a) may be reformulated as

o /
S n'?=S[U']
Ta(r,U - 7', U)=min | 1, ———

e~ =S[U]
eSS
= sy T\ Y s
e—n’Z—S[U’] o
:m'TA(—ﬂ,U — —m,U). (4.59)

Using this together with the reversibility of the molecular dynamics evolution, (4.57),
the total transition probability (4.58) multiplied by e~[U] becomes

e SUIT(U — U)
= /D[”]D[”/] Ta(—7', U — —m,U) Ty(—7', U — —m,U) o2 =S[U]
= /D[N]D[n’] Ta(7, U — 7, U) Tp(r, U — m,U) e 27 S

=SVt - U, (4.60)
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where in the second step the invariance of the integration measure under sign change
was used. Hence, the detailed balance condition (4.25) is indeed fulfilled, and the
HMC is an exact algorithm.

The acceptance rate P, of the algorithm is governed by the number N, of inte-
gration steps by which the integration interval #], is divided. A fine-grit integration
with large N, leads to large P, but is also associated with large computational costs.
These effects need to be balanced in order for the algorithm to be most efficient. The
optimal N, depends on the parameters of the simulation, like e.g. the lattice size L/a,
the bare parameters and the number Ny of dynamical fermions in the theory. Even
more importantly, it would differ substantially for the contributions of the gauge and
pseudofermion action to the force F[U, ¢] in (4.54a) if these were considered in isola-
tion. The way individual step scales for the different forces can be achieved will be
described in sec. 4.9.

We finally remark that, although the HMC is currently the most widely used algo-
rithm in simulations of dynamical fermions, it may also effectively be applied in the
quenched approximation or pure gauge theory. In the upcoming section, we describe
an extension of the HMC which allows the inclusion of the strange and charm quark
in Monte Carlo simulations.

4.6 Rational Hybrid Monte Carlo

In sec. 4.4, we have argued that the combination DL,D; of the operator D, and its
adjoint allows to implement the fermion determinant for the up and down quarks by
pseudofermions ¢. For the strange and the charm quark there is no (nearly) mass-
degenerate other quark flavor which would allow for such an approach. However,
the relatively large masses for those quarks lead to a substantial mass gap in the
eigenvalue spectrum, such that the weight of configurations in the functional integral
that lead to a negative determinant is negligible. Consequently, one may replace Dy

(f = s,c in the following) by the hermitean, non-negative operator |Qy|, defined by

N\ 172 _
Dy = |Qs] = (QQF) "~ with Qp=1sDy, (4.61)

without changing the outcome of the simulations. This allows to replace the respective
fermion determinant by a pseudofermion integral again (cf. (4.37)), which under use
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of (4.61) may be written as
-1
det[D] ~ / Digp] e 'l 9. (4.62)

However, the operator combination |Q f‘_l is not directly applicable as it contains a
square root, which is why it gets approximated by a rational function® R £, such that
|Qf|Rf ~ const. Instead of (4.62), one then uses

det[Df] = Wy - det[Rf] 7!, (4.63a)
where the pseudofermion integration
det[R/]"! / D[] e~ SrrsUA) (4.63b)
with
Spr (U, ¢1,¢2] = ¢ R ¢ (4.63¢)

is included in the path integral, whereas the correction term

-1

W = det[DR;] ~ / Dig'] e¢" (1QsIR) o (4.63d)

is treated as a reweighting factor. This means that the path integral expectation val-
ues are evaluated in the modified theory with the replacement det[Df] — det[Rs] 7!,
(*)mod, from which the original path integral expectation value (-) can be regained via
ow)

A—_/mod (4.64)

mod

Here, W = J]; Wy is the total reweighting factor for all quark flavors f that are im-
plemented in the simulation as described above. This approach is called the Rational
Hybrid Monte Carlo (RHMC) [74, 75]. The rational functions Ry ~ (Q fQ})*l/ 2 can be

built from the Zolotarev rational function of degree 1,

(]/ + al,e)(]/ + a3,e) cee (]/ + aanl,e)
(y +a2,e) (Y + ase) .- (y + A2ne)

Rue(y) = Ae (4.65)

80ther approximations, e.g. by polynomial functions [73] are possible, too.
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which provides an optimal approximation of the function y~!/2 in the range y € [¢, 1]
for some € > 0. The corresponding (positive) coefficients { A¢, a1, ..., a2} as well as
the relative deviation’

_ _ /2
) erg;z(l 1 -y Rue(y) (4.66)
that they minimize may be found analytically. If the spectral range of Q¢ Q} is given by
[r%’u, rj%,b] with r¢, > 0, the optimal rational approximation Ry for (Q fQ})_l/ 2 reads!”

Rf =17y Rue(rypQrQ}) (4.67)

with e = (r FalT f,b)z. An example which demonstrates the approximation of the exact
function by R 'z taken from a real RHMC simulation, can be found in fig. 4.2. The
accuracy of the rational approximation manifests itself in the smallness of fluctuations
of the reweighting factors Wy (cf. (4.63d)), which may be estimated stochastically [76,
77] by

1 N _ -1 ) S
Wiy = Nl 1 (1QfIRy) 1y Nzvoo, Wy (4.68)
=1

]

under use of N independent, random, and normally distributed pseudofermion fields

1je defined on the even lattice sites!!

. It may be argued [77] that a single random
source, N = 1, is already sufficient for a proper estimation of Wy if the maximal

relative deviation 6 obeys
12N, 62 <1074, (4.69)

where N, denotes the number of even lattice sites'2.
With the RHMC for the strange and charm quark at hand, one is finally able to
evaluate the full path integral (4.12) for the general case of Ny = 2+ 1+ 1 quark

9We follow standard notation here. Note however, that the relative deviation & actually depends on the
degree n of the Zolotarev rational function, i.e. § = Jj,.
R =R, s, see footnote 9.
11This statement refers to the case where even-odd preconditioning is applied to the fermion determi-
nant, see (4.96) in sec. 4.7.
12Gee footnote 11.
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-2

5 10 30 35 40

15 20 25
Q.
Figure 4.2: Left: Zolotarev rational approximation R ((4.67), blue) of degree n = 6 for
(QsQ1)~1/2 (red) as it appears in the pseudofermion representation of the strange
quark determinant, see (4.62). The operator QsQf is formally replaced by a real
variable, and the example is taken from an actual simulationona T/a = L/a =12
lattice with a dynamical strange-like quark (cf. sec. 9). The spectrum of Q;Q was
found to lie between 2, = 0.5* and r?{b = 6.5%, which is also the range of the real
variable Q;Q} displayed above. Right: Relative deviation 1 — (QsQf)!/2R; of the
approximation R from the exact expression (QsQ!)~1/2, as it appears in (4.66).

The dashed blue lines represent £4.
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flavors with degenerate up and down quark:

(OW)x 21141, mo
(0) = Oz =~y (@.70)

mod

with

(O) 2141, mot = 7 | DIUIDIg]) e 5041 (), [u1]. @)

The action is split into the different contributions (cf. (3.36, 3.112, 4.38, 4.63c))

S[uz 47] = SG [U] + SPF,ud[ur ‘Pud] + SPF,s[uz ‘Ps] + SPF,C[U/ 47c] (4-72)

with a number of different pseudofermion fields whose measures are all collectively
abbreviated by D|[¢] here, such that the partition function as before reads

7= / DIUID[¢] eS| 4.73)

Note that in applications where the strange and the charm quark are mass-degenerate
(for instance in the massless Ny = 4 theory), they can be treated just like the up and
down quark as described in sec. 4.4, without the need to use the RHMC.

The remainder of this section is mainly devoted to the question of optimizing the
efficiency of the algorithm, sec. 4.7-4.9, and will be concluded with the topic of auto-
correlations and error estimation in sec. 4.10.

4.7 Solver and even-odd preconditioning

The Monte Carlo simulations outlined in the previous sections involve the multiple
computation of the force F[U,¢| as it appears in (4.49a) and (4.54a). The pseud-
ofermion parts of the force (cf. (4.72)), in particular, contain derivatives of either the
inverse massive Dirac operator D;l (f € {u,d}, cf. (4.38)), or the rational approxima-
tion Ry (f € {s,c}, cf. (4.63c)), applied on the pseudofermion field ¢, respectively. In
both cases, Dirac equations need to be solved. While this is obvious for f € {u,d}, it
may be readily seen for f € {s,c} if the Zolotarev rational function (4.65) in Ry (4.67)
is expanded in partial fractions,

Y] "2n
R..(y)=A (1 , 4.74
) =4 (14 P+t ) @7
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with positive residues 7y due to A > 0 and a1 > a, > ... > ap, > 0 (see e.g. [78]).
The application of the different partial fractions with y = r;,% Q fQ} (cf. (4.67)) in the
denominators then amounts to finding the solutions 1y of

(QfQ} + Vfr,Wzk) pe=r5p0,  ke{l,...n}. (4.75)

Solving the Dirac equations is the most time-consuming part of the algorithm. Conse-
quently, a lot of effort has been put into the advancement of suitable solvers and the
optimization of their efficiency. We will only cover a few basics here and refer to the
literature, e.g. [79], for details.

Solver
We consider the general Dirac equation
App =1, (4.76)

and aim to solve it for ¢. In accordance with the discussion above, Ay may be the
massive Dirac operator Dy of flavor f with its 12| X| x 12| X| components (cf. (4.11)), or
the combination of the hermitean counterpart Qf = ysDy (cf. (4.61)) as it appears on
the left hand side of (4.75) in the framework of the RHMC. The most effective approach
to a large linear system like (4.76) is to solve it iteratively, i.e. by the successive creation
of approximate solutions ¢!, 2), ..., built such that ") minimizes the residue

rm = Aflp(”) -7 4.77)
in Krylov space K, defined by
K, = span (17, Ag,..., (Af)n 17) . (4.78)
The procedure is stopped once the convergence criterion
17D < e ]| (4.79)

is fulfilled for some %) = y(firal) after the k-th iteration. The convergence rate is

governed by the condition number, which in the case of Ay = Dy is given by the largest
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Abbreviation ‘ Prerequisite for As ‘ Minimized norm | recurrence
CG hermitean, positive definite | || - || p short
CR hermitean Il 1|2 short
GCR none (of the above) |12 long

Table 4.1: Overview on some iterative solvers which may be employed in Lattice QCD. The
abbreviations CG, CR and GCR stand for conjugate gradient, conjugate residual
and generalized conjugate residual, respectively.

and smallest eigenvalues Amax and Amin of the operator D}D It

x(Df) = v/Amax/ Amin - (4.80)

This becomes an issue for both small lattice spacings and small quark masses, as the
condition number for Dy is proportional to the inverse of those:

k(Dy) ~1/(amg) . (4.81)

Together with the choice of €, it also determines a bound for the relative deviation of

the found approximate solution from the exact one,

||ip — ptfinab)]|
]|

Hence, in total, a large condition number makes more iterations necessary and limits

<ex(Ay) . (4.82)

the accuracy of any approximate solution (together with machine precision).

There is a list of solvers that are slight variations of one another, suitable for different
cases depending on the properties of the matrix to solve on the left hand side of (4.76).
An overview is given in tab. 4.1. The conjugate gradient (CG) algorithm employs the

function

Q) = 5 (%30, — {x1) | (459

whose minimum is the solution ¢ sought for. Here, (-, -) represent the standard scalar
product and (x,y) A= (A fx,y> the one which corresponds to As. An iteration starts

from the last approximate solution x(!) (or an initial guess x(?)). One calculates the
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corresponding residue 7(?), and constructs the search direction vector

p) = 40) 4 g1 pli-D) (4.84)
with
(0,10 .
D R
By = (4.85)
0, i=0

The next approximate solution in the iteration is taken to be
x(i+1) e x(i) + (xi P(Z) , (486)

where

<r<z‘>,r<i)>
7 T ) -

is determined by the condition that that Q(x(") 4+ &; p?)) is minimized. The algorithm
gets its name from the fact that the residue r is the gradient of the function Q. Adding
the B;_; term in (4.84) ensures that the p’s are conjugate to one another, i.e. p() L Apl)
V' j # i, which is a requirement for (4.87) to exist.

The only changes of the conjugate residual (CR) with respect to the CG are

<7(i> A ;(z‘)>
P Af .
:Bl'*l = <?(i71),Af?(i71)> 7 1 Z 1 7 (488a)
#i) A 70)
and ;= < ! > (4.88b)

<Af;‘9‘(i), Afp’(i)> ’

Here, it is the residuals that are conjugate to one another instead of the search direction
vectors. While the CG works for a positive definite, hermitean matrix and is optimized
for the minimization of the scalar product (.) Ay the CR does not require positive
definiteness, and is optimized for the scalar product (.). The generalized conjugate
residual (GCR) has no prerequisites on the matrix, but the solutions (") are determined
recursively, which is why in practice the algorithm needs to be restarted with the last
approximate solution from time to time. Note that the above methods only require the

application of A; on a vector as well as the determination of scalar products.
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They can be combined with deflation. The guiding principle of this method is to
separate the low and high modes of the operator and treat them differently. The
deflated system with the high modes can be solved as before, but is equipped with an
improved condition number since its minimal eigenvalue is larger compared to the
original system, see (4.80). The solution of the deflation system is found otherwise, in
the case of a hermitean Ay in principle e.g. by explicit calculation of the eigenvectors.
We refer to [78] for details.

Finally, we note that equations like (4.75) can be solved for all k simultaneously with
so-called multi-shift solvers [80], as the right hand sides of the equations are the same.

A review of this matter is given in [77].

Even-odd preconditioning

The solving of the Dirac equation (4.76) can be accelerated by the use of precondition-
ing. In genera113, this involves a matrix M that is cheap to invert and similar to A fr
e.g. in the sense that the small eigenvalues of M and Ay are the same. In that case, the
spectral properties (4.80) of M1 A £ are more favorable than those of Af, which leads
to a faster convergence towards the solution of the preconditioned Dirac equation:

M 'App=My (4.89)

A particular type of preconditioning which makes use of the fact that the Dirac oper-
ator is a sparse matrix with non-vanishing contributions only for identical or neigh-
boring lattice sites (cf. (3.69)), is the so-called even-odd preconditioning. Classifying the
lattice sites as even or odd, depending on the sum of their respective coordinates,
2?:1 x;, the sites are reordered such that the Dirac matrix and the vectors in (4.89) read

AEL’ Aeo e e
Af<f f), (4’) ,7(’7)_ (4.90)
A?e A;ﬂ 1100 170

While the off-diagonal parts of A incorporate the hopping terms, (3.69d), the diagonal
parts AY and A% only contain the mass part of the Dirac operator, (3.69b). As such,
they are themselves diagonal and trivially invertible. The even-odd preconditioning

13We consider only left-preconditioning here.
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matrix

__Aeo 00\—1
M= (1 Af (A7) ) (4.91)
0 0

is hence cheap to build, and the combination M™1A 7 on the left hand side of (4.89)

assumes the form

-1 Af 0
M1Af = , (4.92)
0 O
with
Ap = AY — AP(AY) AT . (4.93)

The preconditioned Dirac equation (4.89) thus becomes an equation only for y°,
Ap gt =1 = AP(AY) (4.94)

Once the solution ¢ of this equation is found, it leads to the remaining components
y° via the second row of the original Dirac equation (4.76),

9= (AR (0 - Axy*) . (4.95)

Apart from its use in solvers, even-odd preconditioning may also serve to improve the
performance of the HMC algorithm. To this end, the determinant of the Dirac operator

is decomposed according to
det [A/] :det[ ﬂ det[ jﬁ} det [(A;f)*lAf] ) (4.96)

where the first two determinants are easy to evaluate.

4.8 Hasenbusch frequency splitting

A way to improve the performance of the pseudofermion integration for the up and

down quark, (4.37), is to introduce a mass parameter u? and split the corresponding
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determinant (4.36) according to [81, 82]

(4.97)

det |D,D}| = det | DD} + 4| det[ D,D} ]

D,D} + u?

Each of the determinant factors gets implemented by different pseudofermion fields
¢1 and ¢, with the action (cf. (4.38)):

Spe[U, @] = ¢1 (DD} + ) "1 + ¢3 (DD} + p*)(DuDY) o . (4.98)

1+p2(DyDf) !

The factorization separates the contributions of eigenvalues A of DD' which are larger
than u2 from those which are smaller, and improves the condition number (4.80) for
both factors with respect to the original pseudofermion representation. As this leads
to smaller residues (4.77), the splitting reduces the fluctuations of the pseudofermion
force along the molecular dynamics trajectory, and thus allows for coarser integra-
tion steps associated with lower computational costs at constant numerical error. The
parameter x> may be tuned for efficiency, and depending on the specifics of the simu-
lation, it may also be useful to split the pseudofermion determinant in more than two
factors. Moreover, as was pointed out in [83], the contributions from the different fac-
tors are quite different in size, which may be made use of in the framework of multiple
time scale integration, to be described in sec. 4.9. Since the term (D, D}, + y?) in the ¢,
pseudofermion action plays the role of the preconditioning matrix M~! in (4.89), the

approach is also called mass preconditioning.

Twisted mass reweighting

Finally, we remark that there exists a related method called twisted mass reweighting
[76]. The Wilson-Dirac operator is not protected against near-zero modes in the case of
very light up and down quarks, which may lead to instabilities in the HMC algorithm.
This can be averted by introduction of an infrared regulator y in a similar manner to
(4.97), or variations thereof:

det [D;Du} s det [DZDu + ﬂ (4.99)
or  det [D;Du} s det [(D;Du + 12)%(D! D, —1—2;42)’1} . (4.100)
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While the modified determinant enters the HMC and improves its performance, the
term which corrects for this,

Wi = det [D;Du (DD, + yl’-)—l} (4.101)

or W, = det [D;Du (DD, + 12)2(DID, + 2;12)} , (4.102)

can be estimated stochastically in a manner similar to the case of the RHMC (cf. (4.68)).
In contrast to the Hasenbusch frequency splitting, W; or W, is also treated as a
reweighting factor (cf. (4.64)), whose fluctuations are modest in case that y is cho-
sen appropriately. This holds especially for W, as the contributions of modes of the
Dirac operator with large eigenvalues are strongly suppressed [76].

4.9 Multiple time scale integration

In sec. 4.5, we have discussed the leapfrog method which integrates the molecular dy-
namics equation for the conjugate momenta 7r and the gauge configuration U alternat-
ingly. This method can be refined in two ways in order to make the integration more
efficient. The first one is multiple time scale integration [84]. The force F[U, ¢] which
determines the update of 71, see (4.54a), gets contributions from different sources, e.g
the gauge action, the pseudofermion action of the up and down quark, the rationally
approximated pseudofermion action, and different parts of the fermion determinant
in case Hasenbusch frequency splitting (sec. 4.8) is applied. The contributions of these
different actions are usually not only of different orders of magnitude, but also differ
substantially regarding the effort to compute them (sec. 4.7). Hence, it is generally
advantageous to integrate the different forces on individual time scales. To this end,

one divides the integration interval f, hierarchically, with step sizes

€ = t;n/Nz (4.103a)
€1 = t;n/(NlNz) (4.103b)
€ = t;l/(NoNlNz) . (4.103¢)

As the gauge force is the main contribution, it is integrated with the finest step size
€0. The other forces are smaller, but more expensive to compute, so they are usually
distributed on the other scales. A whole Monte Carlo step with the leapfrog integra-
tion on multiple time scales is performed by the following sequence of elementary

87



4 Monte Carlo simulations and numerical techniques

88

Z¥ (1)
¥ m/\/—\ﬁ
IS(EO) ¢ €1 ’
76 m/|\./|\./|\./\/|\/|\/|\m
— €Ep—
4
o[ [ ] T
U: NCAALAL AN LA A_ AL
IU(E())

Figure 4.3: [llustration of multiple time scale integration on two levels with N; = 2, Ny = 4
and the leapfrog as elementary integrator. This corresponds to (4.104) without the
occurrence of the coarsest level (Zn(%ez),Nz — 1). As an example, the pseud-
ofermion forces are integrated on the coarse scale (¢1, red) and the gauge force on
the fine scale (e, blue), indicated by the superscripts F and G. Compare to fig.4.1.

integrators (cf. (4.56)):
N N N
1 1 1 1 0 1 1
Zn(éez) {Zn(2€1) {I;T(zé‘()) Zu(é‘o) Zn(zeo)} Iﬁ(zel)} I;-((Eez)
(4.104)

This scheme is also depicted in fig. 4.3. The second way to possibly improve the effi-
ciency of the integration is the use of more sophisticated elementary integrators than
the leapfrog. One of them is the so-called Omelyan-Mryglod-Folk (OMF) integrator
of 2nd order [85]:

OMF; 1 (€) = T (Ae) Iu(%e) To((1—20)e) Iu(%e) To(Ae) . (4.105)

This is a generalization of the leapfrog, to which it reduces for the special cases of
A=1/2and A =1/4:

OMF, 1 ,5(¢) = LF(e) (4.106a)
OMF, 1 ,4(¢) = {LF(e/2)}* . (4.106b)

Note also that, for any 0 < A < 1/2, the OMF integrator of 2nd order updates the
gauge field twice. Furthermore, an OMF integrator of 4th order may as well be ap-
plied, which updates the gauge field five times.

We complete our discussion with the remark that the methods to increase the ef-
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ficiency of the HMC algorithm discussed here, namely even-odd preconditioning,
Hasenbusch frequency splitting, twisted mass reweighting, and multiple time scale
integration all go hand in hand and may well be used together. There exist further
techniques (e.g. domain decomposition [86], cf. sec. 9.5) which are not covered here as
they find no application in this work.

4.10 Autocorrelation and error estimation

So far, we have described in detail the way the estimator (cf. (4.19))

&

1

0- +
NCfn

ou™) (4.107)
1

for the path integral average (O) (cf. (3.46)) is obtained from an ensemble {U(l), e,
UWNet)} of configurations importance sampled with the help of Monte Carlo simula-
tions. We now discuss the error analysis for this Monte Carlo estimator.

If the configurations were statistically independent, the standard deviation or error
AO of the above estimator would simply be given by

1

AO = N oo, (4.108)
where
’ 1 N —\2
%= NG 1 1221 (0;—0) (4.109)

is the variance of the ensemble. However, while the steps in a Markov chain (cf. (4.20))
are independent in the sense that a produced configuration U’ can only be traced back
to its direct predecessor and does not know about any previous configurations, the
length of a Monte Carlo trajectory in configuration space is limited. In general this
leads to a correlation of subsequently produced configurations, which is reflected to
different extent in different observables O. Since it is a correlation between configu-
rations of one and the same Markov chain, one speaks of autocorrelation. It increases
the uncertainty AO for the estimate and needs to be taken into account in the error
analysis. A quantitative treatment is provided by the autocorrelation function for the
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observable O,
To(tn) = (O Oty — (00 (OliFtn)y | (4.110)

where the notation O = O[U®] is used. As indicated, the autocorrelation function
is translation invariant, i.e. it depends only on the difference t,, of the Monte Carlo
time of two configurations. Moreover, note that I'o(t, = 0) = ¢3. The effect of
autocorrelations can thus be disentangled from ordinary statistical fluctuations by the
use of the normalized autocorrelation function TY™ (t,,), which for large t, decreases

exponentially:

FO(tm) < tm )

Y™ (ty,) = ~exp | — , (4.111)
© ( m) FO(O) P TO,exp

where Tp exp is the exponential autocorrelation time for O which encodes the capability

of the algorithm to efficiently sample the observable O. For a quantitative analysis of

autocorrelations, one uses the related integrated autocorrelation time

1 s o TO,exp>1
Toim = 5+ 3 TE™ () & [ dty et/ O gy, (4.112)

tm=1

N

which can be obtained from the normalized autocorrelation function I'Y™ (t,,). The
error estimate which corrects for the autocorrelation is then given in terms of the

integrated autocorrelation time by
= V 2 10,int
AO = ——F—0p . (4.113)
Vv Nt

Note that this allows for the interpretation that the ensemble effectively contains
Nindep. = Net/ (270,int) independent configurations.

The inclusion of the autocorrelation with the above formulas relies on the assump-
tion that the autocorrelation function can be explicitly and reliably estimated. A
method which accomplishes this is the so-called gamma method [87, 88]. It uses

1 N—t,,

Y [O1,+6, — O] [0y, — O] . (4.114)
N = tw t,=1

TO(tm) =

as an estimate for the autocorrelation function (4.110). The summation in (4.112) is
truncated at a window W, which is chosen such that the statistical error of the esti-
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mators (4.114) is balanced against the systematic error from the truncation itself. The

optimal choice for W can be automatically obtained under the assumption that
To,exp = S TO,int (4115)

for some parameter S-. It should be given such that the autocorrelation function (4.114)
visibly builds a plateau without summing up too much noise, and can be adjusted if
necessary. For most systems and observables, S; ~ 2 is a reasonable choice.

The gamma method can be extended to derived observables F, which are functions of
a number of primary observables like O above, now labelled by an index «:

F=f(Oy). (4.116)

Estimators F for them are obtained from those of the primary observables according
to F = f(O,) , and the corresponding errors can be found under use of the partial
derivatives f, = %fm as

rF(tm) = thxfﬁraﬁ(tm) (4.117)
ap

Here, I, is the obvious extension of the autocorrelation function (4.110) to two differ-

ent primary observables O, and Oy,
Tap(tn) = (O Oy — 0Dy (0f )y (4.118)

and the estimator (4.114) is modified accordingly. Moreover, replica can easily be
included, allow for consistency checks and may in addition be used to cancel the
leading bias in the estimator for F. For details, we refer to [88]. Finally, we note
that in [89], it was shown how contributions from slow modes may be incorporated
in the autocorrelation function even if they are not directly detectable (cf. sec. 6.2.2).
Other approaches for error analyses, which handle the autocorrelation only implicitly
however, are binning, statistical bootstrap and the jackknife method.
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5 The Schrodinger functional

The Schrodinger functional (SF) provides
a useful tool to study QCD in finite vol-
ume. It involves a set of boundary con-
ditions which facilitates perturbative calcu-
lations as well as MC simulations, and is
particularly suitable as a renormalization
(cf. sec. 3.5 and sec. 3.6) and improvement
scheme (cf. sec. 3.7).

After a brief summary of its defini-
tion and main properties in the continuum
(sec. 5.1), we discuss its formulation on the
lattice including boundary improvement in

sec. 5.2. We then introduce the Schrodinger

Figure 5.1: The Schrodinger functional and
its gauge field boundary condi-
tions.

functional correlation functions (sec. 5.3), which will play an important role in the

O(a) improvement of the action, sec. 8 and sec. 9. The presentation mostly follows the

original literature [46, 90, 91], as well as the review given in [92].

5.1 The Schrodinger functional in the continuum

Definition and quantum mechanical interpretation

For the Schrodinger functional, spacetime is defined to be a V. = T x L? cylinder

with Dirichlet boundary conditions in the temporal direction and periodic boundary

conditions in the spatial directions for both the gauge and fermion fields, see fig. 5.1.

We restrict ourselves to the gauge fields A, first. At the boundaries in time, they are

fixed to

_faw
Ap(x) = {C;’((f)

atxg =0
5.1)
atxo =T,

93



5 The Schrodinger functional

94

where C and C’ are classical gauge fields, and A(X) € SU(3) is a time-independent
local gauge transformation which transforms the fields according to! (cf. (2.13, 3.9))

A(®) = AX) A (R)AX)T = (0,A(X)) AR)'. (5.2)
In space, the periodic boundary conditions imply

Ap(x + Lk) = Ax(x) (5.3a)

X
A(X + Lk) = A(X) (5.3b)

for k = 1,2,3, where k is a unit vector in the corresponding spatial direction. The

partition function

7|C,C' = / DI[A] / D[A] exp {—Sc[A]} (5.4)

involves the products D[A]| = []g,,dAj and D[A] = []zdA(X) of Haar measures,
and the gauge action Sg[A] as given in (3.12). In the quantum mechanical Schrédinger
representation, Z[C, C’] can be interpreted (cf. [90]) as the transition amplitude from
the state |C) to the state |C’), and the appearance of A in (5.1) and (5.4) plays the
role of the projector onto the physical (i.e. gauge invariant) subspace of Hilbert space.
Accordingly, the partition function is a gauge invariant functional of the boundary
gauge fields,

z[c®, ¢ = z[c, ], (5.5)
referred to as the Schrodinger functional.

Induced background field

If the coupling g2 is small, the Schrodinger functional is dominated by fields close to
the (in general multiple) minima of the action. Let us assume for the moment that the
boundary fields C, C’ lead to a unique minimum. In that case, the associated (boundary
induced) background field B, is unique as well, up to gauge transformations () which

preserve the boundary conditions:

Sc[A] > Sg[B] VA # B, (5.6)

! Note that in accordance with the original literature, we work with anti-hermitean instead of hermitean
gauge fields here, see app. A.1.
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where B denotes all possible gauge transforms of B. The boundary fields are usually
taken to be constant diagonal matrices [90]

i,
¢ =+ diag (9", 91", ¢)") , 57)

where the angles 4’1‘(/) are subject to the conditions

3 3
Y 9i=) 9 =0, (5.8)

so that the boundary fields are elements of the algebra su(3). If they are required to
belong to the so-called fundamental domain, defined by

¢1<¢2<¢3 and |ps—¢1| <27, (5.9)

the above statement about the uniqueness of the minimal action and the associated
background field is fulfilled [90]. The background field induced by (5.7) linearly inter-
polates between the boundaries,

XOC;( + (T — Xo)Ck
T 4

Bo(X) =0 ’ Bk(x) = k= 1,2,3 ’ (510)

and represents a constant color-electric field as the only non-vanishing components of
the associated field tensor are

Fo =3By = (C, —Cx) /T,  k=1,2,3. (5.11)

Hence, it is also referred to as Abelian background field. The boundary conditions (5.7)
preserve spatial translation invariance, a feature which for various reasons is useful
in the context of correlation functions formulated by means of the Schrodinger func-
tional, as we will see in detail in sec. 5.3.

The Schrédinger functional as a renormalization scheme

Due to (5.6), the effective action?

I'[B] = —log Z[C,C] (5.12)

2B and C,C’ may be used interchangeably as arguments, since there is a one-to-one correspondence
between them.

95



5 The Schrodinger functional

96

may be perturbatively saddle point expanded for weak couplings ¢ around B, accord-

ing to
T[B] = —To[B] 4 T1[B] + g2T1[B] +... . (5.13)

Under use of this, it was first argued in [90] that the SF is finite after renormalization
of the bare parameters® (cf. sec. 3.5). This property lays the ground for its use as a finite
volume renormalization scheme, in which a renormalized coupling may be defined via
the variation of the action with the boundary fields. More precisely, with the specific
choices [40]

7T 47
$1 = -3 4’12—471—?
1 27
2= =31 =3+ (5.14)
_ _1 + E A + 2£
()1)3_ 217 3 4)3_ 472 3 7

the non-perturbatively defined Schrodinger functional coupling reads

, (5.15)

-2 .

sp(L) = I'[B]
where the derivatives are to be understood with respect to 7. The numerator of (5.15) is
given analytically, and the denominator can be estimated as a path integral expectation

value (cf. (5.4, 5.12)),

I'[B

As indicated in (5.15), the only scale which enters the SF coupling is L. The coupling
has prominently been used for the non-perturbative determination of the A parameter
from hadronic low-energy input within the effort of the ALPHA Collaboration [40-
44, 95]. A direct approach on the lattice would have to satisty

a<pt<my <L (5.17)

3 Actually, this has explicitly been shown only in perturbation theory to finite order, see also [93, 94],
but it was confirmed by numerous non-perturbative computations.
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Lo = O(%fm) P HS = SE(r=1/Lma) Figure 5.2: lllustration of the ALPHA
¥ Collaboration  strategy to
SF( = 2/Lmax) determine the A parameter
+ from  low-energy  phe-
. nomenological input under
. use of the SF coupling (5.15).
. The figure is taken from [6].
1l HS, PT and DIS stand for
SF(yt = 2"/ Lmax) hadronic scheme, perturba-
PT: | tion theory and deep inelastic
DIS, jet-physics, ats = M3 &4 Agcp scattering, respectively. The
Lambda parameter A is
denoted by Aqcp.

in order to avoid large discretization and finite size effects. Direct compliance with
these conditions, however, is not feasible regarding the computational costs. This
multiscale problem can be overcome by finite size scaling, where the renormalization

scale is identified with the inverse of the spatial extent of the SF,
u=1/L. (5.18)

The SF coupling is computed at some large Lyax, which is put in relation to a hadron
mass in a hadronic renormalization scheme, as explained in sec. 3.4. Subsequently,
92 (Lmax) is evolved to high energies (i.e. Lmin) under use of the so-called step scaling
function, which is a non-perturbatively defined finite step analog of the B function
(2.31). The A parameter can then be derived from gﬁF(me), see (2.35). Finally, given
the perturbative expansion of the SF coupling, A may be converted to the MS scheme
via (2.38). The procedure is illustrated in fig. 5.2.

Inclusion of quarks

The SF was extended from the pure Yang-Mills theory to QCD in [91]. The inclusion
of quarks in accordance with the quantum mechanical interpretation described above
can be obtained by imposing the following Dirichlet boundary conditions in time:

Py l/)(x)|xg:0 = p(%) P l/](x)|xo:T = Pl(f) (5.19a)
B() P_leymo = p(3) P Pilur =3, (519)
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with Py = 1 (1+ 7). Only half of the fermion components are specified, as the
Dirac equation has a unique solution in that case. In principle, the fermion fields at
the boundaries introduce additional counterterms* in the action [91]. However, for
vanishing boundary fields,

p=p=p=p =0, (5.20)

no further renormalization apart from the one of the bare parameters is required, as

before without quarks. The most general boundary conditions in space are given by

p(x +Lk) =exp{ 6} w(x) (5.21a)
P(x + Lk) = exp {—if;} ¥(x) . (5.21b)

The phases (or fermion angles) 6 respect the periodicity of bilinears, and are usually
chosen identically, 6 = 0; = 6, = 63. In that case, the SF reads (cf. (5.4))

Z[C,C') = ZIC,p,,C 0" Bllypmpr—y—0 = | D% Al exp {~S[p, 4, A1} , (522

where S[y, , A] comprises the fermion as well as the gauge action, (2.14) and (2.15),
respectively.

It has been pointed out in [91] that the fermionic boundary conditions introduce a
finite gap in the spectrum of the Dirac operator. For the special case of C = C' = 0
and 6 = 0, the smallest eigenvalue of the massless and free squared Dirac operator
D?, which amounts to D}, D,, on the lattice (cf. (4.36)), is given by [91]

A2 = (%)2 . (5.23)
As explained in sec. 4.7, this largely facilitates the numerical simulation of Wilson
fermions (cf. (4.80)), and the associated feasibility to simulate massless fermions allows
to use the SF as a mass-independent renormalization scheme. Such a scheme has the
advantage of mass-independent and thus simpler renormalization group equations
(cf. sec. 8), and the fact that all quarks in the theory are mass-degenerate makes their
numerical implementation easier. First, only one quark mass has to be tuned, and
second, in the case of N r = 2,4, one may simulate doublets and hence avoid the more
expensive use of the RHMC, see sec. 4.6.

“These appear in QCD in contrast to the pure Yang-Mills theory due to the presence of gauge invariant
composite fields of dimension 3.
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5.2 The Schrédinger functional on the lattice

Boundary conditions

Given the discussion in the previous section, the formulation of the SF on the lattice is
straightforward. The boundary conditions for the fermion fields in time and space stay
the same, (5.19) and (5.21). The introduction of the fermion phase angle 6 is equivalent

to substituting
Ur(x) = A Up(x)  with A =exp(ifa/L) (5.24)

in the gauge covariant derivatives V, and V, (3.24) as they appear in the Wilson-Dirac
operator (3.43), see e.g. [46] for details. The boundary conditions for the continuum
gauge fields A, translate to those of the lattice gauge fields U, via

Uk (x)]xy=0 = exp {aCy} (5.25a)
Uy (x)]xo=1 = exp {aCy} , (5.25b)

where C]E/) is the same as in (5.7), and

U, (x + Lk) = Uy(x) . (5.26)
Accordingly, the lattice background field (cf. (5.10)) reads

Vi(x) =exp {aBu(x)} , (5.27)

and the partition function (5.22) assumes the familiar form
z[c,C') = [ Dl U] exp {=S[p,$, U]} - (5.28)

Actions and (boundary) improvement in the Schrédinger functional

In order to write down the various actions in the framework of the SF, it is convenient
to extend the definition of the fermion and gauge fields to the outside of the SF cylin-
der, where they are set to 0 and 1, respectively. For the fermion fields, this includes
the components at the boundaries which were not explicitly specified in (5.19). In that
case, the respective actions may be written again as a sum over all spacetime points,

and the Wilson fermion action in fact simply maintains the form given in (3.44). The
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gauge actions, in contrast, get slightly modified at the boundaries, where the purely
spatial plaquettes and—if present—rectangles are weighted with certain factors for
convenience, see below. In the formulation of the improved action on the lattice, the
clover term (3.101) is restricted to the bulk of the SF:

8Sswlp, p, U] = a° Z Y ¢(x) %wa( x) . (5.29)

=

Xo=—a x

For full improvement, however, one also needs to account for the effects of the bound-
aries in the form of boundary counterterms 65, and 65g;. The full O(a) improved
lattice action in the SF then reads

Sy, , U] = SY U] + 6Sc 5 [U] + SE[y, §, U] + 5Spp [, §, U] + 6Ssw[w, P, U] . (5.30)

To obtain the counterterms, one constructs the most general irrelevant boundary terms
in the Symanzik effective action first, similar to the procedure described in sec. 3.7.
These are generally of the form [46]

—11m/d3 {Ba(®)|xyme + B4(Z)|xy-T—c } , (5.31)

()

where B’ are local composite fields of dimension 3 + d at the respective boundaries.

The boundary fermion field counterterms that enter Bg/)

can be reduced under use
of the equations of motion and symmetry considerations. The corresponding lattice

counterterms read [46]

0Spp[U] = a* Y { (& —1) [0s(%) — OL(%)]

X

+(@-1)[0®) -0®] ), (5.32)
with
Os(%) = p(X) 1Vi p(%) (5.32a)
OLE) =P/ (X) M Vi p' (%) (5.32b)
(%) = {3 (PVs + ViP- )y} (5.320)
04(%) = {$(y) (P+ Vo + <%P_) 1/)(3/)}]/:”%3) . (5.32d)
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The pure gluon boundary fields that correspond to Bgl) are

tr {Flekl} and tr {FOkFOk} , (5.33)

with k,I = 1,2,3. One way to account for them in the improved lattice theory is, for

instance, to add the boundary gauge counterterms [90]

1

(5SG,b[U] = Tg‘% (Cs - 1) CZtr[]l - U(CS)]
)Y - ue), (5.34)
80 C

where C; and C; are space- and time-like oriented plaquettes at the boundaries, re-
spectively. However, as we will see below, discretizations in terms of plaquettes and
rectangles are also useful when these are present in the original action, which is the
case for the Liischer-Weisz gauge action (cf. sec. 3.8).

While the fermion counterterms in (5.32) are considered in the Wilson-Dirac oper-
ator, the boundary improvement terms 6Si, can be incorporated in the gauge action
S by introducing weight factors wy(C) and w(C) for the oriented plaquettes Sy and
rectangles Sj, respectively. The boundary improved SF Wilson gauge action (cf. (3.39))
then becomes

SESF[U) = SE U] +856[U) = gl 2, wo(C)tr[L —U(C)], 535)
0 CeSy

where under consideration of (5.34), the weight factor depends on the location of the

plaquette C as follows:

1cs(g3) if C € boundary
wo(C) = { ct(g3)  if exactly 1 link of C € boundary (5.36)

1 otherwise .

For ¢; = ¢; = 1, one obtains the unimproved SF Wilson gauge action S¥[U]. In the
case of the Abelian boundary gauge fields (5.7), the spatial counterterms in (5.32) and
(5.34) do not contribute, i.e. improvement is compatible with ¢ = ¢s = 1. Concerning

the temporal improvement coefficients, 2-loop results [90, 94, 96, 97] for c; and 1-loop
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results [50, 53] for ¢; are available:

ct(g3) = 1+ [—0.08900(5) + 0.0191410(1) Ny g3
+ [—0.0294(3) +0.002(1) Ny -+ 0.0000(1) N}] g5 +0(gd) (5.37a)
ci(g5) =1—0.01795(2) g%+ O(g3) - (5.37b)

We consider the boundary improved SF tree-level improved Liischer—Weisz gauge action

next:
1
SIéW,SF[U] — STéW[u] + (55G,b[u g7 C; Z wl tr 1-— U(C)] . (5.38)
0i=01 CeS§

If the counterterms are again expressed solely in terms of plaquettes, (5.34), one finds

les(g3) if C € boundary
wo(C) = { ct(g3)  if exactly 1 link of C € boundary (5.36)

1 otherwise ,

as for the Wilson gauge action, while the rectangles remain unchanged:

0 if C € boundary
w1(C) = {1 if exactly 2 links of C € boundary (5.39)

1 otherwise.

Referring to [51], this amounts to Choice A>. Another option is Choice B, defined by the
weight factors [51]

les(g?3) if C € boundary
wo(C) = € ct(g3)  if exactly 1 link of C € boundary (5.40)

1 otherwise

°Note that we have defined cs(g3) in a slightly different way compared to [51], for the purpose of
similarity to the case of the Wilson gauge action. The difference is a factor 2¢y, which is however
irrelevant here, as will become clear from the discussion below.
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and

1/2 if C € boundary
w1(C) = {3/2 if exactly 2 links of C € boundary (5.41)

1 otherwise

Note that in comparison to its original definition [51], the weights for the spatial loops
at the boundaries have been altered here, following the implementation of the SF in the
openQCD software package [77, 98] (documented also e.g. in [22]). Since the boundary
fields are fixed in the SE, this merely adds an irrelevant constant term to the action. For
the same reason, and the use of Abelian boundary gauge fields, c;(g?) is simply set to
one. The only significant difference between Choice A and B is the weight of the rect-
angles with 2 spatial links at the boundary. Accordingly, the boundary improvement
coefficients c;(g3) that concern the corresponding plaquettes are different (already at
tree-level). The advantage of Choice B, on which we will focus from now on, is that
it allows to express the SF background field analytically, which is useful for perturba-
tive computations. The tree-level value of ¢;(g3) is 1 [51]. The corresponding 1-loop
coefficient for Choice B has in principle first been worked out in [99] under use of the
Ny¢-dependent part of the 1-loop coefficient [96] as given in (5.37a), but for a varia-
tion for which an additional improvement associated with the rectangles appears. The

1-loop formula which corresponds directly to Choice B as it is defined above reads®
e 2\ _ % .02 4
t(g5) = 1+ [—0.001782 + 0.0191410 5| &t O(go) - (5.42a)

The fermionic boundary improvement coefficient is not known beyond tree-level for
the Liischer-Weisz gauge action in connection with Choice B:

ci(g3) = 1+ 0(g3) - (5.42b)

Finally, we remark that an important feature of Abelian background fields (cf. (5.7))
is that their use leads to particularly small cutoff effects once O(a) improvement as
described above is established [90].

®The difference in (5.42a) compared to [99] is merely a factor ¢y = 5/3 in the N r-independent part, and
a factor (co) ! = 3/5 in the Ny-dependent part of the 1-loop coefficient.
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5.3 Schrodinger functional correlation functions

Fermion fields at the boundaries of the SF are created by functional derivatives with
respect to the fermion boundary fields (5.19):

56 ~ .0

(%) =a e J(X) = —a 50 (@) (5.43a)
v 3 O )
I(X)=a 3@, Gk T(X)=—a> ) (5.43b)

As part of an operator O = O((, ', ¢, Z/), these act on the Boltzmann factor in the path

integral expectation value

/

©) = |3 [ Dl U 0 282 exp{-Slp. U} STy

Of particular importance are

O =a¢ Y 7)) 1573 (5.45a)
vz

and 07 =a* Y T/() 15 (), (5.45b)
vz

which represent a pseudoscalar quark-antiquark state at the boundaries xo = 0 and
xo = T, respectively. These states are of definite, zero momentum, due to the sum-
mation over the boundaries in (5.45) in connection with the gluon field boundary
conditions (5.7) that preserve spatial translation invariance (cf. sec. 5.1).

Under application of OJt, ©0'1', and currents which are suitable to create or annihilate
pseudoscalar states in the bulk (xo # 0, T) of the SF, namely 8VAZ and PY (cf. (3.73,
3.74, 3.75)), particularly useful, non-vanishing transition amplitudes can be built. The
Schrodinger functional correlation functions (SFCFs) read

o) == {4fx) OF) (5.46)
filxo) = —% <Pij(X) Oﬁ> , (5.47)



5.3 Schrodinger functional correlation functions

Figure 5.3: [llustration of the states involved in the
boundary-to-bulk Schrédinger functional
correlation functions and their propaga-
tion in time. Left: Forward correlation
function with O, Right: Backward cor-

relation function with Q'/i.

150 =3 (0" af) =
Fa-m =y (0P i) =y (o)

% <Ag (x) O’ﬁ> (5.48)

The unprimed (primed) correlation functions represent the transition amplitude for a
state created at the boundary xo = 0 (xo = T), which propagates forward (backward)
in time and is annihilated in the bulk at 0 < xp < T. Correspondingly, they are also
called forward and backward boundary-to-bulk correlation functions, respectively. While
the forward correlation functions fall off with xp, the backward counterparts fall off
with T — xq, which is the reason for the opposite parametrization in (5.48) and (5.49).
The SFCFs are illustrated in fig. 5.3. Due to the aforementioned spatial translation
invariance being respected by the SF boundary conditions as well as the boundary
operators, they merely depend on xp. In simulations, one may hence average over
all the spatial sites in the evaluation of the correlation functions in order to improve

statistics,

T(x) — (a/L) ) fl(x,®), X=AP. (5.50)

X

For completeness, we remark that the boundary-to-boundary correlation function fllj (x0),
also depicted in fig. 5.3, is of particular importance, too. It plays a role for instance
in the determination of the renormalization constant Zp (3.77) of the pseudoscalar
current, see e.g. [100]. Moreover, apart from the pseudoscalar operators (5.45), vector
operators with the replacement 5 — 7, k = 1,2, 3, can be considered.

We now return to the discussion of the bare PCAC mass, which was defined in
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sec. 3.6 as

3, <A§{(x) o>
2(Pi(x) O) '

mgCAC (x) =

(3.81)
with an arbitrary operator O. From the discussion above, it is clear that the operator
OJt (5.45a) is a particularly useful choice in the Schrodinger functional. It renders the
correlation functions in (3.81) space-independent, and therefore also leads to vanishing
spatial derivatives in the numerator. The PCAC mass in that case depends only on
time, and may be expressed in terms of the axial (5.46) and pseudoscalar (5.47) SFCFs
as

3o <Ag' (x) (’)ﬁ> Jof] (xo)

mil (x0) = = — . (5.51)
AT 2P 0)  2ff(x)
Accordingly, the backward PCAC mass is defined in the SF by
J <o'ﬁ A”'f(x)> Jof (T — xo)
1ij _ 0 0 a 0J A 0
Mpcac(Xo) = (5.52)

2(0 Pii(x))  2f)(T—x0) |

One may proceed very similarly for the improved PCAC mass (3.108), introduced in
sec. 3.7. As it is expressed in terms of the improved axial current (A I)g, cf. (3.103), it

is convenient to define the associated improved axial correlation function,

Z,I(xo) = f(x0) + acadofy (x0) , (5.53)

in terms of which the improved PCAC mass reads

; 3o ((AD§ () O dof;(x0)  doff(x0) +acaBi i (xo)
Mpcaci(¥0) = == ; . (554
2 (Pi(x) OF) 2y (x0) 2 (x0)

Note that the renormalization pattern of the PCAC mass stays the same in the Schrodinger

functional framework. In the improved case and N =4, this means

- ZA(;{%) 1—|—abA(g%) mq
mg

= m x0) + O(a?), 5.55
Zo(@, ) 1+ abol(g3) my A0 O (59

the only difference to (3.107) being the very definition of mpcac;.
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6 The gradient flow coupling and the
topological charge

6.1 The gradient flow coupling

The gradient flow (GF) considers the gauge fields in an additional 5th dimension, in
which the fundamental fields A, (x) (continuum) or U, (x) (lattice) are evolved in a
specific way along the so-called flow time t. It has gained in importance in recent
years, based on the insight that the gauge fields at positive flow time ¢t > 0 do not
require renormalization [101-103]. This allows to probe the theory in many interesting
ways. Among many applications (see e.g. [104] for a review), it in particular leads
to a definition of the renormalized gradient flow coupling in terms of the Schrodinger
functional [101, 105], which we will address in detail below. The coupling, for instance,
together with step scaling [106], became part of the ALPHA Collaboration strategy to
determine the A parameter in Ny = 3 [43, 44]. Important advances were also made in
the field of scale setting, where the new gradient flow scales ¢, [101] and wq [107] play
an important role (see [39] for an overview).

We first discuss general properties of the gradient flow and its coupling in the con-

tinuum (sec. 6.1.1), before we move on to the formulation on the lattice (sec. 6.1.2).

6.1.1 The Yang—Mills gradient flow

The Yang—Mills gradient flow B, (x,t) of the fundamental SU(3) gauge field A, is de-
fined by the non-linear flow equation [101]

0By (x,t) = DyGyu(x,t), Bu(x,0) = Au(x), (6.1)
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where t > 0 denotes the flow time, and with!
Dy — ay + [By, . :| and G],ﬂ/ — ayBV - ayBy + I:By, Bv] . (6.2)

As the right hand side of (6.1) obeys

056[B]

D,Gy ~ — (6.3)
where S; is the pure (Yang-Mills) gauge action that corresponds to (2.15), the flow
equation evolves the gauge field towards a local minimum of the action. As has been
argued in [101], this may be understood by the fact that the flow effectively constitutes
a smoothing? of the gauge field over a range v/8t. One remarkable feature of this
procedure is the fact that the gauge field B, at t > 0 is renormalized, rendering expec-
tation values of local, gauge-invariant quantities finite. While this was later proven for
the general case of correlation functions of smoothed gauge fields in [102], it was first

shown for the particular case of the energy density (cf. (3.12, A.16))

(E(x, b)) = —% (tr [Gpu(x, )Gy (x, )] ) = % (Gl (x0GL(x D) (64

in [101]. Specifically, in terms of the running coupling a(p) = gi/l—s( 1)/ (47) in the MS
scheme at a renormalization scale y = 1/+/8t, the perturbative expansion
3(N* -1
2 (B 1) = 200 a(u) (14 ) + 0@ 65)
with a finite coefficient ¢} has been derived in infinite volume.
The energy density at positive flow time may be used to define a non-perturbative
gradient flow coupling in finite volume. In order to be able to study the running of the

GF coupling, just as for the SF coupling, finite size scaling (cf. (5.18)) is applied, i.e. the
given renormalization scale runs with the size L of the box,

p=—==— (6.6)

1 Apparent differences with respect to the previously considered covariant derivative and field strength
tensor, (3.10), are due to the use of anti-hermitean generators T,, see app. A.1, which is standard in the
present context [101].

2The precise meaning of this statement is given in [101]. Somewhat simplifying, the gauge field By, (x,t)

emerges from a term ~ e (x=y)?/(2r2/4) Ay(y) with r = V8, integrated over y.
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where the smoothing fraction c represents the fraction of the box over which the gauge
field is averaged. This approach was implemented in a periodic box [108] and in the
Schrodinger functional [105]. In the latter case, the GF coupling is defined as

JCO:T/Z

Ser(L) = N1 (E(xo,t)) |2 o) s - 6.7)

Note that due to the broken translational invariance in time direction, the energy
density becomes explicitly dependent on xp. The normalization factor N1 in (6.7)
ensures ga = g2 + O(g3), and may be obtained from the leading order contribution of
the perturbative expansion of (E(xo, t)) in the SF, similar to (6.5). Apart from the size L
of the SF box, N ! implicitly depends on the smoothing fraction c, the ratio p = T/L,
the boundary fields ¢, as well as—since the SF breaks translational invariance in the
time direction—the time slice xg:

N =N(c,p,x0,¢) . (6.8)

In addition, there is a dependence3 of the GF coupling on the fermionic phase angle
0, which has been observed to be weak [105], however. Note that as indicated in (6.7),
the time slice xp is always fixed to the center of the lattice. Hence, in summary, to
complete the definition of the GF coupling, it suffices to specify the SF parameters
as well as c. We will return to this in the upcoming discussion of the gradient flow
coupling on the lattice.

Finally, we mention that it is also possible to define the GF coupling in terms of the
spatial components (G% (t)G%(t)) of the energy density only, see e.g. [105].

6.1.2 The gradient flow coupling on the lattice

On the lattice, the flow V},(x, t) associated with the lattice gauge links U, (x) is defined
by
1/'[2 atVy (x/ t) = _g(Z) {Taa?c,ysﬂow[v] } V]l(x/ t) 7 V]i(xr O) = u]‘»(x) ’ (69)

which replaces (6.1). The derivative ag# takes values in the Lie-algebra su(3) and is
defined to act on an arbitrary function of the link variable U, (x) as

9, FU(x)) = o F(ET Uy (x))]oco (6.10)

3Note that in perturbation theory, the dependence arises beyond tree-level order.
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For a complete definition of the gradient flow coupling on the lattice, three discretiza-
tions need to be chosen:

D1. The gauge action Sg
The gauge action S¢ that is used (possibly in connection with the Wilson fermion

action S‘ﬁ’ (3.44)) to produce the fundamental gauge field configurations U, (x).

D2. The flow action Sgqy
The flow action Sg, (cf. (6.9)) may be any discretization of the gauge action Sg,
independent of the choice in D1. For Sqqy = S‘é\’ (3.36) and Sqow = S%;W (3.112),
the flow V), is referred to as Wilson flow or Liischer—Weisz flow, respectively.

D3. The energy density E
Two valid choices for the discretization of the energy density (6.4), that both

involve the replacement U, (x) — V,(x,t), are*
E®PRD (xo, 1) =2 Y Retr[1 — Vi (x0,1)] (6.11)
j<v
and  EU)(x,t) = —%tr [Gp(,f,lov)(xg,t)G,Sf,lOV)(xo,t)] . (6.12)

The first option is based on (3.36) with the obvious generalization of the pla-
quette, Uy, (x) — Vyu(x,t), while the second option is the (symmetric) clover
definition with the straight forward generalization of the clover term (3.102),
F9 (x) = Gi™ (x,1).

The three choices determine the intrinsic cutoff effects of the gradient flow coupling,
together with the parameters already present in the continuum formulation. Accord-
ingly, the normalization N (cf. (6.8)) on the lattice depends on those, too. It has been
worked out in [105] for the case of

Sc=5Y, Sgow=5Y and E=E(V) (6.13)

in conjunction with vanishing boundary fields, ¢ = ¢’ = 0 (5.7). In the same work,
the gradient flow coupling has been investigated non-perturbatively for the above three
choices, (6.13), on N = 2 ensembles at L ~ 0.4 fm. Smoothing fractions in the range
¢ € [0.3,0.5] have turned out to be convenient, as their use leads to high statistical
precision at affordable cost (especially for ¢ S 0.3) and modest cutoff effects (especially

4The expressions are understood to be averaged over the spatial components.
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for ¢ 2 0.5). These properties make the GF coupling particularly interesting as an
alternative to the traditional SF coupling.

Furthermore, the gradient flow coupling was shown to exhibit a rather weak mass
dependence [105]. In accordance with the fact that the quark masses enter only as sea
quarks, the gradient flow coupling depends to a fairly good approximation only on the
trace of the mass matrix. While this is suggested by data displayed for instance in [39],
it has also been shown to be true for flow observables up to NLO in chiral perturbation
theory [109]. Finally, we mention that the Symanzik improvement program to obtain
O(a?) cutoff effects may be applied for flow observables. With regard to Sgq,, the
Zeuthen flow [110, 111] has been developed to serve this purpose.

6.2 The topological charge

6.2.1 The topological charge in the continuum
The winding number for a simple model
For simplicity, we consider a U(1) gauge field A in space R,

A:R—-u(l) =R (6.14)
and restrict ourselves to pure gauge configurations first, i.e. configurations that are
related to the vacuum by gauge transformations (cf. (2.13)),

ll,x’(x) with  Q(x) =e*™ e U(1). (6.15)

A = 0.0 () =

Without loss of generality, we impose limy_; +o Q)(x) = 1, which by (6.15) is equivalent

to
lim a(x) =2mny withny € Z. (6.16)
x—+oo
One then finds
1/OodxA(x) 1/Oodxo/(x)—n -n_=ne”z (6.17a)
27T J oo 27T J-oo ST ' '

For the graphic interpretation of this result, it is convenient to use a stereographic pro-
jection of R to the unit circle S!, which may be parametrized by the angle ¢, see fig. 6.1.
The gauge field A(x) is then fully specified by a(¢), and (6.17a) can be written as
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Figure 6.1: Stereographic projection of R — S!, N

x +— x/. The image of this map- -
. 1 . ' €S
ping equals S* without the north
pole (N). It may be compactified by
identification of N with x — =0
and parametrized by the angle ¢ <

[0,271].

reR

T T ol 1 T
e N T U K e «— —
N g 1 1 NG N — —
N T ! T
Figure 6.2: Illustration of homotopy classes of different winding number n. As indicated in

green, the position of the displayed unit vectors is given by ¢, whereas their orien-
tation is determined by «. The above representatives obey a = 1 - ¢.

1 27

7 ), dp /() =ny —n_=neZ. (6.17b)

In this formulation, it is obvious that n counts the number of rotations the unit vector
field that represents a receives as one moves around the circle (from ¢ = 0 to ¢ = 2).
For this reason, it is called winding number. It is a topological invariant that divides the
space of all possible vacuum gauge field configurations into topological equivalence
classes, so-called homotopy classes. Elements of the same class may be continuously
transformed into each other, while this is not true for elements of two distinct classes.
The simplest representatives of the homotopy classes with winding number # are those
with & = n - ¢ as shown in fig. 6.2.

The generalization to non-vacuum gauge fields A is straight forward, as these satisfy
(6.15) in the limit x — £oo, which is a corollary from the finiteness of the (Euclidean)
action. Consequently, they may be classified by the winding number n as well. How-
ever, away from the boundaries x — oo of the compactified IR, or equivalently away
from the north pole N of S!, they cannot be specified merely in terms of a, in contrast
to the pure gauge fields. The general space of gauge field configurations is in fact
connected, but two pure gauge configurations of different n can not be continuously

transformed into each other without leaving pure gauge (with zero action).
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The topological charge in continuum QCD

The concept of the winding number may be generalized to the case of QCD. Instead
of (6.14), the gauge fields correspond to a mapping

Ay R* = su(3) . (6.18)

The equivalent to the winding number n (6.17a) is the topological charge

1 ~
4
Qtop = /d X q(x) = 16772 /d4x tr |:Fy1/Fy1/:| ’ (6.19a)
where
= 1
Fyv = Eeyvvapa (6.19b)

denotes the dual field strength tensor and q is the topological charge density. In analogy to
(6.17a), the topological charge can be expressed as the spacetime integral over a total

derivative, namely of the Chern—Simons current [112]
1 a a 1 abc pa Ab pc

which subsequently may be reformulated under use of Gauss’ law as a surface integral

over the boundary of R*, or equivalently the infinitely large three-sphere S,
Qup = [dx0,K,(4) = [ oK (A) ez, (6.21)
S%

Instantons and the instanton bound

Instantons are non-vacuum gauge field configurations of topological charge Qiop =
+1 that minimize the (Euclidean) action. As such, they mediate tunneling processes
through the finite action barrier between the topologically distinct pure gauge sectors
described above. To obtain them, one may reformulate the gauge action (3.12) as (see
e.g. [113])

1

Sc = o Ty {tr {(P,w(x) ¥ ?Mx)ﬂ +tr [pw(x)ﬁw(x)} } . (6.22)

5Note that—in contrast to the continuum QCD discussion in sec. 2.1—we work in Euclidean space here
to facilitate the transition to the lattice.
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The non-negative first term vanishes for an (anti-)dual field strength tensor
F,, = +F, . (6.23)

The self-dual solutions [114, 115] satisfy the classical Yang-Mills equation of motion,
DVF;{V = 0, can be shown to be strongly located in spacetime® (see e.g. [116]) and
are identified with pseudo-particles, the (anti-)instantons. Their action is given by (see
e.g. [117])

S¢=—> - (6.24)
On the other hand, the action (6.22) under use of (6.19a) and (6.23) becomes
82 82
Sé = iTngp = T’Q{0p| ’ (625)
80 80
where in the last step the topological charge

Qlop = *1 (6.26)

of the (anti-)instanton, which follows from comparison with (6.24), has been used. A
general gauge configuration may contain several (anti-)instantons. Note, however, that
these can compensate each other with regard to the (global) topological charge. An
equal number of instantons and anti-instantons, for instance, yields Qip = 0. This
leads to the inequality

8> . . 8712

Sc > —- [#(instantons) + #(anti-instantons)] > —5-|Qiop| , (6.27)

80 80
which is called instanton bound for the action S¢ of a gauge configuration with topo-
logical charge Qop-

Distribution of the topological charge and the chiral anomaly

The QCD path integral is symmetric with respect to the topological charge, which
expresses itself in a vanishing expectation value,

{Qrop) =0. (6.28)

6 Accordingly, they represent an “instantaneous” event in spacetime.
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The width of its distribution increases with the physical volume, which is linked to an
increasing opportunity for (anti-)instantons to appear. This circumstance is considered
in the topological susceptibility

2
Xtop = <Q;JP> = ‘1//d4x/d4y (a(x)q(y)) , (6.29)

which in general depends on the number N¢ of quark flavors, their masses M (cf.
(3.13)), and the considered volume’ V.

The topological charge plays an important role in the context of the chiral anomaly
(cf. sec. 2.2). This is most prominently expressed by the (Atiyah—Singer) index theorem
[119], which states that, in analogy to (6.17), the topological charge is given by the
index of the Dirac operator, defined as the difference of the number of its left- and
right-handed zero modes:

index(D) = ny — ng = Qyop - (6.30)

The possibility of the index to be different from zero—and hence in the end the topo-
logical structure of the QCD vacuum—can be shown to lead to the chiral anomaly (see
e.g. [120]). Another demonstration of the intertwining of topological charge and the
chiral anomaly is the Witten—Veneziano formula [121, 122], that attributes the exception-
ally large #" mass to the non-vanishing of the topological susceptibility, xtop 7 0.

6.2.2 The topological charge on the lattice
Discretization in terms of the flow

The naive discretization of the topological charge Qiop and susceptibility xiop merely
consists of the choice of a discretization of the field strength tensor F,,. This, how-
ever, leads to non-integrable short-distance singularities, which prevent a well-defined
continuum limit for xiop, see e.g. [123].

While different approaches to solve this issue have been developed, see e.g. [123,
124], the gradient flow provides a particularly elegant remedy by defining the topo-

"Note that the infinite volume limit is often considered (finite size effects for affordable physical vol-
umes are usually found to be small compared to statistical errors). Quenched simulations lead to
limy_,co Xtop ~ (190 MeV)*, see e.g. [118].
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0.3f

Figure 6.3: Qualitative sketch of the expected distri-
bution of the topological charge. The
physical volume V determines the width
of the enfolding normal distribution (solid
black), while the width of the distribu-
tions” that belong to a certain sector (in
the sense of (6.32)) is set by the lattice %
spacing a (dashed blue).

o
o
o

probability density

logical charge® in terms of fields at positive flow time [101]:

Qtop(t) = -

4 ~
s Lt |G ()G (1) (6.31)

where G,(fvlov) is the smoothed counterpart of F,Eilov) known from (6.12). This definition

has led to a smooth continuum extrapolation of xtp and results similar to other ap-
proaches [125]. Furthermore, the topological charge is expected to approximate integer
values as the continuum is approached. Together with the aforementioned increase of
<Q$op> with the physical volume V, this leads to the expected distribution of Qiop On
the lattice illustrated in fig. 6.3.

The flow also provides an understanding of how the disjoint topological sectors
(cf. sec. 6.2.1) emerge in the continuum limit [101], while on the lattice the gauge field
space is connected and the topological charge is to some extent ambiguous. First, it is
known that fields which satisfy

h < 0.067, (6.32a)
where

h=max s, (x)  with  s,,(x) =Retr [1 — Uy (x)] (6.32b)

xXpv

is a measure for the smoothness of the field U, belong to disjoint topological sectors

8Note that we again adopt the convention of anti-hermitean generators in the framework of the gradient
flow (cf. footnote 1), which explains the relative minus sign between (6.19a) and (6.31).

9Note that these distributions are affected by cutoff effects and neither need to be normal nor centered
around an integer. The situation displayed in the figure is idealized.
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also on the lattice [126, 127]. Moreover, the gradient flow defines a one-to-one map-
ping between U, (x) and V} (x,t) [128], which allows to transfer the topological sector
classification of U to V and vice versa. Finally, as has been shown for Ny = 0 [101]
and Ny = 2 [129], the probability P;~¢067 for a gauge configuration V in fixed volume
to violate the bound (6.32) scales as

Py=o067 ~ a° . (6.33)

Hence, altogether, the limit 2 — 0 entails the division of the topological sectors.

The topological charge and the HMC

The observed suppression of the relative weight of configurations between the sectors,
(6.33), is a consequence of the increasing action barriers between the topological sectors
as the lattice spacing is reduced. This also has severe implications in regard to the use
of the Hybrid Monte Carlo algorithm. Transitions from one sector to another need
to pass through a configuration with large action, which corresponds to a large error
AH in the numerical integration (cf. (4.53)) that is unlikely to be accepted. In that
case, tunneling between different sectors is strongly suppressed, and Monte Carlo
simulations may get stuck in a topological sector, which is known as topology freezing.
Furthermore, the autocorrelation of the topological charge tends to become very large.
This phenomenon, which is referred to as critical slowing down, is in principle expected
for any observable as the continuum limit is approached. However, the topological
charge is notorious for the severity by which it is affected, as it couples strongly to
slow modes of the Dirac operator. This is quantitatively captured by the dynamical
critical exponent z, defined by!°

T~ (6.34)

which was found to be!! z = 5 for the topological charge and z ~ 1 for Wilson loops
[89], and is expected to be z = 2 for flow observables [130].

The effects of topology freezing and critical slowing down may to some extent be
compensated by very large ensembles. However, at some point in the limit 2 — 0, they
inevitably lead to a violation of ergodicity (cf. (4.24)), and an insufficiency of the HMC
to correctly sample the different topological sectors. In that case, the distribution of the

1OConsidering a factor a4 for the increase of lattice sites, and a factor a1 for the decrease in Monte
Carlo step size, the cost of the simulation at constant volume scales as a~7.
Note that z depends not only on the observable, but also on the theory and the update algorithm.
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topological charge observed in Monte Carlo simulations does not reflect the weights
of the different topological sectors in the path integral. This, however, may lead to
biased Monte Carlo estimates, in particular for observables which correlate with the
topological charge. We will see this explicitly for the gradient flow coupling in sec. 7.
In addition, the topological charge, in the usual capacity of the evaluated observable
with the largest autocorrelation, is suited to give an estimate for the global exponential
autocorrelation time Tex, = maxp To,exp (cf. (4.111)). This serves as a check for the
sufficiency of the thermalization Ny,, as well as the size N of an ensemble needed to
correctly estimate autocorrelations, and hence errors for any observable. In fact, Texp
may also be directly applied to improve the latter [89].

Finally, we remark that there is a way to reduce the problem of critical slowing
down, by use of open boundary conditions [98] to compute e.g. the hadron spectrum
in large volume simulations. However, since the present work focuses on Schrodinger

functional boundary conditions, we do not go into details here.



7 Critical slowing down and the gradient
flow coupling in the Schrodinger
functional

In [105], the GF coupling has been investigated on the lattice for Ny = 2 ensembles at
a physical volume with L ~ 0.4 fm. The path integral is in that case largely dominated
by the trivial topological sector (Qip = 0) and contributions from other sectors can
be considered negligible. In contrast, according to the discussion in sec. 6.2, sectors of
non-vanishing topological charge are expected to contribute in larger volumes, which
brings up the question about the well-known problems of topology freezing and crit-
ical slowing down. The aim of this section is to investigate whether and how the
determination of the gradient flow coupling is affected by these phenomena. To this
end, at fixed volume with L ~ 0.8 fm, we investigate both the gradient flow coupling
and the topological charge on the lattice, analyze the dependence of the former on the
latter, and extrapolate to the continuum to obtain g2 (L). Most of the results appeared
in [131], which the presentation here follows quite closely.

7.1 Setup of the numerical simulations

In order to be able to produce large statistics, we perform simulations in pure SU(3)
Yang-Mills theory (i.e. Ny = 0) with the Wilson gauge action S (3.38). We choose
SF boundary conditions with vanishing boundary fields, ¢ = ¢’ = 0 (5.7), and fix the
physical volume in terms of the Sommer scale rqg (cf. sec. 3.4):

L =19/0.563 ~ 0.8 fm . 7.1)

This defines the line of constant physics at which we simulate with the lattice sizes
L/a € {8,12,16,20,24}. The corresponding bare couplings (8 = 6/¢3) are determined
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under use of [32]
log (a/r0) = —1.6804 — 1.7331(B — 6) +0.7849(8 — 6)* — 0.4428(B — 6)°,  (7.2)

and can be found along with further parameters of the simulation in tab. 7.1. We
use the HMC of the openQCD package! [77, 98] and the contained implementation of
Schrodinger functional boundary conditions, as well as the 2-loop value of ¢; (cf. (5.37a))
for O(a) improvement. Each produced configuration is evolved by adaptive integra-
tion (see e.g. [105]) of the flow equation (6.9) with Sgow = S, including flow times
t that correspond to ¢ € {0.3,0.5}. Afterwards, on the smoothed configurations, the
topological charge

at (clov) ~(clov)
Qtop(t) == 1672 ;tr [Gyv (x/ t)Gﬂl/ (X, t)} (6.31)
and the GF coupling
T2p(L) = N1 2 (E(x0, 1)) [0 6.7)
with  E(vo,£) = E) (x0,1) = —tr [ G (x0, ) G (1) (6.12)

are measured using the clover discretization (3.102) for the field strength G,,. Statis-
tical errors are computed throughout under use of the gamma method (cf. sec. 4.10)
with help of the UWerr package [88].

7.2 Histories and (auto)correlations

7.2.1 The topological charge

Histories of the topological charge are shown in fig. 7.1 for ¢ = 0.3. As expected
from the discussion in sec. 6.2, the topological charge tends to assume values that are
closer to integers for smaller lattice spacings. For lattices up to L/a = 16, one observes
that non-trivial configurations appear to cluster more and more as the lattice gets finer.
This goes together with an increasing integrated autocorrelation time that corresponds
to severe critical slowing down with a dynamical critical exponent of z > 2 (cf. (6.34)),
displayed in fig. 7.2. Moreover, for the largest lattices L/a € {20,24}, configurations
from non-trivial sectors appear less often, see tab. 7.2. However, the autocorrelations

Wersion 1.2.



7.2 Histories and (auto)correlations

L/a B N Tmeas L/a c=0.3 c=05
8 | 5.9032 | 80000 6 8 98.66( 8) | 98.94( 8)
12 | 6.1410 | 80000 6 12 | 98.19(20) | 98.45(19)
16 | 6.3413 | 40000 6 16 | 98.46(62) | 98.56(61)
20 | 6.5119 | 15000 | 12 20 | *99.91( 3) | *99.96( 2)
24 | 6.6552 | 7000 12 24 | *99.52(36) | *99.54(36)
Table 7.1: Parameters of the numerical sim- Table 7.2: Fraction (%W,0 of configura-
ulations. N is the amount of tions with topological charge

configurations used for the mea-
surements, and Tmeas denotes the
Monte Carlo time between two
consecutive of those configurations
in MDU.

Qtop < € = 0.5 (cf. (7.5)), given in
percent. The values denoted with
an asterisk are biased.

1 , ) 1
0.50.. el 05
S Ofevemtaptns pbeppmnt s 0
-0.5 . " -0.5
.i o ; H .?

-1 -1

0 2 4 6 8 0 2 4 6 8

MDU[10%] MDUJ10%]

1 . 1 '
0.5 0.5
s O S
-0.5 -0.5
-1 -1

0 2 4 6 8 0 2 4 6 8

MDUJ10%]

MDU[10%]

Figure 7.1: Histories (in excerpts) of Qtop, for ¢ = 0.3. The plots in red, orange, green and blue
correspond to L/a = 12,16, 20, 24, respectively.
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Figure 7.2: Integrated autocorrelation time of the topological charge Qtop (top) and the (modi-
fied) gradient flow coupling (bottom), multiplied by (a/L)? and in units of 2 MDU.
The left (right) panel corresponds to ¢ = 0.3 (¢ = 0.5).
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Figure 7.3: Top: Histories of gZGF. Bottom: Correlation of §2GF and Qtop. All plots are shown
exemplarily for L/a = 12. The left (right) panel corresponds to ¢ = 0.3 (c = 0.5).
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of Qiop are obviously largely underestimated (cf. fig. 7.2), from which we infer that the
ensembles are not large enough to sample the topological sectors correctly.

7.2.2 The gradient flow coupling

The histories of the quantity N/ ~1#2E, whose expectation value is the gradient flow
coupling g2y, exhibit a certain amount of exceptionally large values, see fig. 7.3. This
phenomenon is more pronounced the larger c is chosen, and goes along with an in-
creasing correlation between the gradient flow coupling and the (absolute value of
the) topological charge, also displayed in fig. 7.3, and expressed in the correlation
coefficient (cf. (H.14))

5 0.26 for c = 0.3
cor (g, |Qrop|) = (7.3)
0.62 forc=05.

In particular, the large values of N "'#?E stem to a high amount from configurations
of non-vanishing topological charge. In turn, the correct sampling of the topological
sectors becomes a necessity in order to obtain correct results. However, as we have
seen in sec. 7.2.1, this requirement is not fulfilled for the two largest lattices, which

means that the results for gy on these lattices are biased.

7.2.3 The modified gradient flow coupling

In order to assess the impact of the non-trivial topological sectors and their insufficient
sampling on the determination of §2GF, we consider a modified GF coupling, which
has the same perturbative expansion but takes into account only gauge configurations

from the trivial sector:

(E(t) 6Qup0)

—2 —1 42
8GF0 = N7t (6 ) :
Qtop/O t=c212/8

(7.4)
On the lattice, where we have non-integer values of Qiop, all configurations with
|Qtop| < € and € € {0.1,0.2,...,0.5} are considered to belong to the trivial sector,

i.e. we replace
5Qf0p/0 - 5€Qtop10 = G)(Qtop + €)®<€ - Qtop) (7.5)

in (7.4). The results for L/a = 12 can be seen in fig. 7.4. The contributions from
non-trivial sectors do make a difference, and the effect is stronger for large c due
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Figure 7.4: Modified gradient flow coupling gZGF/O for L/a = 12 against the range €, where € <
0.5 can serve as definition of the trivial sector on the lattice. Results for larger € take
into account configurations which are considered non-trivial, but are nevertheless
shown in gray for completeness. The point at € = 1 corresponds to the original
definition g2 of the gradient flow coupling. Left: ¢ = 0.3. Right: ¢ = 0.5.

to the larger correlation discussed in sec. 7.2.2. Moreover, we see that the particular
choice of € has no big influence on the modified gradient flow coupling. We will use
€ = 0.5 in the following. In fig. 7.2, we compare the integrated autocorrelation time
for the gradient flow coupling in its original and modified form. We find that the
original coupling is affected by the bad sampling towards the continuum, which is
particularly pronounced in the case of ¢ = 0.5. In contrast, the modified coupling
does suffer less severely from critical slowing down and its autocorrelation scales with
z ~ 2 as expected (cf. (6.34)). In that sense, the modified gradient flow coupling can
be considered to be safer.

7.3 Results

The full set of results for the two couplings g%y and géF,O is listed in tab. 7.3. On the
coarser lattices (L/a € {8,12,16}), the simulations show a clear difference between the
two definitions. This suggests that in the studied volume (L ~ 0.8 fm), topologically
non-trivial configurations play a role in accurately determining the value of g&z. On
the two finer lattices (L/a € {20,24}), we do not observe a difference due to the critical
slowing down that affects the determination of the original coupling.

Since the results for g&p on the finer lattices (L/a € {20,24}) are biased, we con-
duct the continuum extrapolation only for §2GF/0. To compare data of different lattice
spacings we have to take into account an additional error being introduced by the way



7.3 Results

Table 7.

c=03 c=05

L/a SeF SEr0 ey SEEo

8 | 5.647( 3)(52) | 5.631( 3)(51) | 9.313( 21)(146) | 9.140(14)(126)
12 | 5.894( 5)(52) | 5.875( 4)(51) | 10.243( 43)(146) | 9.983(23)(126)
16 | 5.924(10)(52) | 5.908( 8)(51) | 10.487(117)(146) | 10.255(54)(126)
20 | *5.845(10)(52) | 5.845(10)(51) | *10.135( 74)(146) | 10.132(74)(126)
24 *5.818(28)(52) 5.810(17)(51) *10.128(123)(146) | 10.021(96)(126)
o | *5.818(62) 5.820(58) +10.156(258) 10.179(210)

3: Results for the (modified) gradient flow coupling and its continuum extrapolation.
The first error is statistical, the second one stems from the uncertainty associated
with the fixing of the physical volume. Biased values are denoted with an asterisk.
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10t
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(a/L)? x 1072

Figure 7.5: Continuum extrapolation of the modified gradient flow coupling (crosses). The
unbiased data for the gradient flow coupling is also shown (open circles), the points
being slightly shifted to the right for convenience. Statistical errors are displayed in

color, errors from the line of constant physics in gray. Left: ¢ = 0.3. Right: ¢ = 0.5.

the physical volume was fixed, (7.2)2. This uncertainty turns out to be larger than the
statistical errors (see tab. 7.3). We find that the data with L/a > 8 is well described by
a fit linear in (a/L)?, see fig. 7.5.

Hence, in conclusion, the modified gradient flow coupling g4, unlike its original

counterpart g4y, is not affected by the bad topology sampling in the studied volume.

2The error on a/ro(B) depends on B, but for simplicity we propagate its maximum value of 1% [32]
globally.
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8 Symanzik improvement for N, = 4*
massive, hon-degenerate Wilson
fermions

Before we begin the discussion of Symanzik improvement, we compile the main for-
mulas which define the unimproved Ny = 4" theory of non-degenerate quark masses.

The Wilson fermion action (3.44) can be rewritten as
SEIp, ¢, U]l =a*y_§(Dw + M+ meri)yp, @8.1)
X

where Dy is the massless Wilson-Dirac operator,

1 N X
Dy = 5 ; {0 (Vit Vi) —aviVu} (3.43)
while the matrix
M - diag(mq’u, mq’d, mq,s, mqlc) (3.64)

incorporates the bare subtracted quark masses

1|1 1
R S b , 3.65, 3.70
Mg = Mo, — Merit 24 I:Ki Kcrit] ( )

For completeness, we recall the Wilson and the tree-level improved Liischer—Weisz

gauge action,

sYu) = iz Y. w1 —U(C)] (3.39)
80 CeSo
and SgV[U] = 12 ¢ Y tr[l — (3.112)

80i=0,1 CesS;

127



8 Symanzik improvement for Ny = 4* massive, non-degenerate Wilson fermions

128

whose SF boundary improved counterparts, S‘g’SF and S](“;W’SF, are given in (5.35) and
(5.38), respectively.

The discretization errors of the different actions are of order O(a) for SY¥, O(a?) for
S¥, and O(a?g3) for SZV, as we have seen in sec. 3.3, sec. 3.2 and sec. 3.8, respectively.
Following the lines of sec. 3.7 (which refers to Ny = 4), one needs to improve both
the Wilson fermion action and the bilinears in order for cutoff effects in correlation
functions with bilinears to be of order O(a?). The way this can be accomplished for
Ny = 4" massive fermions is the subject of the present section. Although the choice of
the gauge action will affect numerical results (in sec. 9), it plays no role in laying the
theoretical foundations for improvement. Hence, unless otherwise noted, S will be
left unspecified here. The full lattice action is given by S = S} + Sg.

We begin with the construction of mass-dependent improvement terms in the
Symanzik effective theory, sec. 8.1. Subsequently, in sec. 8.2, we consider the corre-
sponding improvement in the underlying lattice theory, in a mass-independent renor-
malization and improvement scheme. After addressing the drawbacks of such a
scheme in conjunction with the presence of a dynamical charm quark, we discuss
generic mass-dependent schemes in sec. 8.3 and how they circumvent the problems.
Finally, in sec. 8.4, we specify the concrete mass-dependent scheme in which the de-
termination of cgy, to be described in sec. 9, will take place.

8.1 Symanzik effective theory

8.1.1 Spurionic symmetry

As described in sec. 3.7, the terms in the Symanzik effective theory are constructed
such that they obey all the symmetries of the original lattice theory, in particular gauge
symmetry, time reversal, parity and charge conjugation. An aspect which adds up to
this in the case of the non-degenerate mass matrix in N = 4*, is that the associated
explicit SU(4) ¢y flavor symmetry breaking should happen in the Symanzik effective
theory exactly in the way it does in the original theory. In other words, SU (4) v should
be recovered for the special case of Ny = 4 degenerate masses. This may be achieved
by imposing the spurionic vector symmetry (D.1) described in app. D, written here in
terms of the bare subtracted mass matrix:

M — M =VMV', VeSu@). (8.2)



8.1 Symanzik effective theory

The most general mass-dependent improvement terms may then be constructed for
both the action and bilinears by requiring them to maintain the behavior of the original
terms under all symmetry transformations, in particular SU(4)sy. Concerning the

action, this means invariance,

s 5 s, (83)
while bilinears in general transform covariantly.

o % o=oyy.u, (8.4)

where ¢ = Vi and E, = PV are the transformed fields. In that case, the Green

functions of operators O as path integral averages,

©) = [ Dlpp,u) e S¥ofy,p,ul, 3.4
also transform covariantly:
(0) % (0) . (8.5)

A similar approach has been used in the context of chiral perturbation theory [132]. We
stress again, however, that (8.3)-(8.5) is not the actual transformation behavior for non-
degenerate masses. Rather, it would be the behavior if the mass matrix transformed
according to (8.2). This is the case for degenerate quarks only, however.

In the following, we construct the improvement terms for Ny = 4" explicitly. Note
that, as this is a straight extension to the case of N F=4 described in sec. 3.7, many
comments on the procedure found there hold for the present case without changes
and will thus not be repeated here. The changes from Ny = 4 to Ny = 4" concern the
mass-dependent improvement terms only. They go back to the fact that apart from the
bare subtracted mass matrix M, terms that incorporate the trace Tr[M| may appear as
well. Obviously, this term is also invariant under (8.2). For the previously considered
case of N =4 degenerate masses, however, the terms with and without trace were
proportional to each other,

Tr[M]1y4 = meqﬂ4 = NfM , (8.6)

so that there was no need to consider them independently. In contrast, regarding non-
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degenerate masses now, we have to account for this difference. This leads to quite a
few additional terms, as we will see below. Note that most of the results have been
published in a slightly different form before [133].

8.1.2 Symanzik effective action

We begin with the construction of the Symanzik effective action. Splitting the effec-
tive Lagrangian into a mass-dependent and a mass-independent part like in Ny = 4
(cf. sec. 3.7),

ﬁSym = ﬁsym + ﬁsym P (87a)

it reads

Loym = iFwF;w + 9Dy Loym = PMy

+ap1 DDy +p Te[M] gy

+ ap Pioyy Fu + acy PM*y
+ aoy Te[M] My

and + acz Tr[M?] gy
+aoy (Tr[M])? gy
+ aos Tr[M] tr[F,, Fy)
+ ace PIPMy
(8.7b) +aoy Tr[M] 9Dy . (8.7¢)

Note that the Ny = 4 expression (3.89) is recovered under use of (8.6). In particular,
the terms with ¢7_4 and those with 0g_7 reduce to one term, respectively. The terms
with p; and 0s_7 can be eliminated in the case of on-shell improvement under use of

P> =D+ %O'WFW and the Euclidean space Dirac equation to leading order O(a°),
(P+M+pTe[M)p=0. (8.8)

We show an example explicitly. The p; term in (8.7b) may be rewritten as

1
YDuDuyp = ¢ <1D2 5w w) =9 ((M+P Tr[M])* — 50 w> Y, (8.9)



8.1 Symanzik effective theory

where the term involving the field strength tensor already appears in (8.7b) with py,
while the others are present in (8.7c) with 01, 07, 04. Similarly, one may get rid of the og
and o7 terms. Note that alternatively, the latter can be eliminated by a mass-dependent

rescaling of the fermion fields:
Y — (1 —aocgM — aoyTr[M]) ¢ . (8.10)

This way, the 0 and 07 terms are cancelled by the rescaling of [Py in (8.7b), while the
additional terms associated with the rescaling of y My and p Tr[M]¢y in (8.7¢) can be
absorbed in the coefficients o1, 07, 04. The Symanzik effective Lagrangian (8.7) hence

becomes

Lsym = iFwFMv +yDy
My + o TeM] g
+ apy Pioy Futp
+ acy YM?yp
+ aoy Tr[M] My
+ aos Tr[M?] gy
+ oy (Te[M))?
+ acs Te[M] tr[Fu Fy] - (8.11)

Note that although we have used the notation M here, the mass matrix in the Symanzik
effective theory actually differs from (3.64) by a multiplicative renormalization. We
will consider the corresponding improvement terms for the lattice action in sec. 8.2.1.
8.1.3 Symanzik effective bilinears

Axial current

We consider the axial current first. For the construction of the improvement terms,
we employ the generator basis, see sec. 3.6 and app. B.1, in terms of which the axial

current may be written as

Ay (x) = (x) vursT ¢(x) ce{0,...,15}. (3.73)
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It is convenient to work in this basis, as it naturally allows to take into account the
different behavior of the different components under SU(4)y flavor transformations.
The component with ¢ = 0 is the flavor singlet current. The 15 other components,
the flavor non-singlet currents, divide into 3 neutral (c = 3,8,15) and 12 charged cur-
rents. The names neutral/charged refer to the behavior of those non-singlet currents
under charge conjugation. The neutral currents transform trivially due to their diag-
onal generators, whereas the charged currents with non-diagonal generators do not,
see app. B.3. For the transformation of the generators under V € SU(4)y flavor
transformations, we introduce the notation

VITV = R¥(V)T . (8.12)

Note that in particular R (V) = 1 and R%(V) = 0 V d # 0. For the transformation
of the axial current, we find
J— VvV —

Ay =PmsTY = PVinsTVY = RE(V) AL, (8.13)
i.e. the 15 flavor non-singlet currents Aj;, with ¢ # 0 transform according to the adjoint
representation of SU(4), whereas Ag is invariant as stated above. Following the dis-
cussion of sec. 8.1.1, the terms in the Symanzik effective operator have to maintain the
transformation behavior (8.13) of the axial current under spurionic vector symmetry
(8.2).

For the flavor non-singlet currents (c # 0), the Symanzik effective expansion reads

(Asym), = AS +a- (woaypf + I TE[M]AS + w0rpryys (TS MYy + ngr[TCM]Ag) .
(8.14a)

In contrast to (3.90), we have immediately dropped the ws term here. The terms with
wy and w3 are relevant for non-degenerate masses only. In Ny = 4, the one with
wy can be absorbed in the w; term, while the w3 term vanishes. Moreover, the two
terms contained in the anticommutator of (8.14a) are a priori independent. They have
to contribute with equal weight, however, due to charge conjugation symmetry (see
app. B.3). In the case of the flavor singlet current (c = 0), one ends up with only two

mass-dependent improvement terms,

(Agym)l = A% +a- (woay P* + @ Te[M] A —i—szr[MAy]) . (8.14b)



8.2 O(a) improvement in the mass-independent renormalization scheme

The term with w; corresponds directly to the one with w; in (8.14a), and again ac-
counts for non-degeneracy. It has been reformulated in terms of A,, which is the
4 x 4-matrix that incorporates all the currents (cf. (B.2b) in app. B). There is no w3
term, since the flavor singlet equivalent to the w3 term in (8.14a) is already given by
the w; term. In app. B.2, the required behavior under SU(4)y is explicitly verified for
the O(a) terms in (8.14).

Pseudoscalar current

For the pseudoscalar current P, the mass-dependent O(a) terms (8.14a) and (8.14b) are
very similar, the only difference being the replacement

YuYs — Y5 (8.15)

in all terms. Moreover, as is well known from N = 4, a mass-independent improve-
ment term (similar to the one with wy in (8.14a)) does not appear in the expression of
the Symanzik effective pseudoscalar current, see (3.91). Hence, we find

(Psym)® = P+ a - (W Tr[M]P° + whpys {T¢, M} ¢ + wiTr[T°M]P°)  (8.16a)
and  (Psym)’ =P’ +a- (&) Tr[M]P° + @) Tr[MP]) (8.16b)

for the flavor non-singlets and singlet, respectively.

8.2 O(a) improvement in the mass-independent
renormalization scheme
8.2.1 Improvement of the Wilson action

The improved lattice action can be derived from the Symanzik effective action (8.11)
by replacing all the continuum terms by discretized counterterms, cf. sec. 3.7. The

O(a) improved lattice action reads

a*y (Lri+ Le,) (8.17a)
X
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with
Lr,1 = yDwp + pMyp L= Lc[U]
1
+ acsw 77010';41/1:‘141/7# +acs TI'[M] tr[FHVFW] .
+ac My and

+ ac, Tr[M]ypMy
+ acs Te[M?|gy
+acy (Tr[M])*pyp  (8.17b) (8.17¢)

We stress that the improvement coefficients csyw and ci_5 all depend explicitly on the
bare coupling g3. Note that L£r; does not contain an expression which directly cor-
responds to the p term in the Symanzik effective action (8.11). This is because the
appearance of the p term reflects the difference between the flavor singlet and non-
singlet masses, which is taken into account in the renormalization prescription, as we
will see below.

Similar to the case of Ny = 4, all but the cg, term may be absorbed in the bare
parameters and accounted for in the renormalization prescription of those. The ab-
sorption of the c5 term in the bare coupling is completely equivalent to (3.94) and can
literally be taken over, except for the replacement m,; — Tr[M]:

L6 = Ll g0 -amess Tim) 818)
With the abbreviation
bg = —2c5Nf- g5, (8.19)
the modified bare coupling (cf. (3.95)) reads
85 — & = 86 (1+abg(gf) Tr[M]/Ny) , (8.20)
and its renormalization is equivalent to the Ny = 4 case (cf. (3.98)):
3k = Zs(80,a1) & - (8:21)

The absorption of the fermionic improvement terms c;_4 is slightly more complicated
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in Ny = 4" than in Ny = 4 (cf. (3.97)):
My — Tig; = Mg+ acimy ; + acyTr[M]mg ; + acTe[M?] + acy(Te[M])? . (8.22)
After introducing a new set of improvement coefficients,

dm =c1+ NfC3 , (8.23a)

dy =2+ NfC4 , (8.23b)

=
3
I
()
S
-

3
I
Q
N
~

the reparametrization of the bare quark masses (8.22) becomes

~ 2 7
Mg — MMg; = Mg+ abymg; + by, Tr[M]m, ;

+a (s — b) Trz[\]]\fz] +a (d —Bu) (Tr[M))*

(8.24)
The coefficients by, b,, and d,,, d,, correspond to flavor non-singlet and singlet im-
provement terms, respectively®. In contrast to the Ny = 4 case considered in sec. 3.7,
in Ny = 4" one has to differentiate for each of those between dynamical quark loop
(b, d) and valence quark (b, d,,) etfects, see also [133]. The form (8.24) is more con-
venient in the context of renormalization, because the flavor non-singlet and singlet
improvement terms renormalize differently (cf. (3.63, 3.66, E.1, E.2)). The renormalized
improved quark masses thus read [133]

mk = Z,, (3%, an) [mq,i + (rm(85) — 1) TEE;;/I] +a- {bm (83)m3 ; + b (85) Tr[M]my,
r[ M? = - r ?
 (rn(sBn(58) — ) T+ (rn(5B1n(5h) ~Eut) TR 1]

(8.25)

where we show the dependence on the (modified) bare coupling explicitly again here,
restricting ourselves to contributions which affect the order O(a). The above formula is
explicitly derived in app. E.2. Note that the appearance of the mass-dependent O(a°)
renormalization term is related to the one of the p term in (8.11).

Together with (8.20), (8.21), (8.24) and (8.25), the action for Ny = 4% in the
mass-independent renormalization and improvement scheme again requires only the
Sheikholeslami-Wobhlert term for O(a) improvement. We recall it here for convenience

!The dependence on the bare coupling g3 is suppressed for a moment.
2For the singlet, this can easily be seen by taking the sum over all quark flavors, ¥, Mg,
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(cf. (3.100, 3.101)):
Sy, p, U] = SE U]+ SE [, §, U] + 6Ssw [y, 9, U], (8.26)
with

OSswltp, ¢, U] = 0 Csw go 2 va yv x)p(x) . (8.27)

X

The lattice field strength tensor F,, is chosen to be the clover term F,Eilov) (3.102) as
before.

8.2.2 Improvement of bilinears

The improved bilinears on the lattice, first considered for non-degenerate masses in
[133], can easily be derived from the effective bilinears given in (8.14) and (8.16).

Axial current (generator basis)

After replacing the continuum expressions by lattice counterparts and relabelling® the
coefficients, the renormalized axial currents (cf. (8.14)) read

(Arn)y, = ZA(85) [A; +a- (CA(g%)éHPC +EA(g%)Tr[M]A‘; + bA(g%)%wryy% (TS, M} ¢
+ falg) oM} )| (8.250)

<mﬁ:m@wﬂ£+w@wmwum@mwwH@%WW@m.
(8.28b)

Note that similar to the case of the masses, (8.25), the flavor non-singlet and singlet
contributions renormalize differently4. The flavor singlet renormalization constant Z 4
can be expressed in terms of the flavor non-singlet counterpart as (see e.g. [133])

ZA(85,an) = Za(g5) - T4 (85, ap) - (8.29)

We briefly comment on the significance of the improvement terms in (8.28). First

3We follow the notation employed in [133].
4Furthermore, dynamical and valence quark effects are distinguished by the notation of the improve-
ment coefficients, b4,d 4 and by, d 4, as in the case of the quark masses, cf. (8.24).
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of all, for the charged flavor non-singlet currents (c # 3,8,15), the f4 term does not
contribute, because the associated generators have zeros on the diagonal and M is a
diagonal matrix. Moreover, the mass dependence of the b4, da terms is enclosed in the
explicit factor Tr[M], which reflects the fact that these terms represent sea quark (loop)
contributions. One may therefore conclude that they contribute only at a higher order
in perturbation theory. The mass dependence of the other terms, in contrast, stems

from the valence quark propagators involved in the axial current.

Axial current (flavor basis)

For practical use, it is often more convenient to work in the flavor basis, see (3.75).
The 12 off-diagonal currents (i # j) are linear combinations of the 12 charged flavor
non-singlet currents in the generator basis (cf. (B.2b)):

ij
AZ:( ) A;TC> . (8.30)
c#0,3,8,15

The quantities in the sum on the right hand side share the same renormalization and
improvement properties, (8.28a). Hence, in the flavor basis, the off-diagonal renormal-

ized and improved flavor current can be written as
ij ~2
(Ari)j =Za(g5) %

.. - .. —_ ' 2 — i
[A;z +a- <cA(g%>ayPZf FBalgTe(M 4] + A0 G s L, ) ‘/’)} '
(8.31)

We can simplify the expression under use of
(A7, M} = ATM A+ MAT = Ay + g AT = (mg+my,) AT, (8.32)
and—since it is valid only up to O(a?) anyway—factorize it according to
(Ari)it =Za(85)%
T (o balgd) NEVY 213 i
14+ aba(g5)Tr[M] +a (mg;i+mg;)| |Ap+aca(gy)ouP’| . (8.33)

In this convenient form, the improved axial current (3.103) as well as the mass effects

are factored out, and the renormalized and improvement axial current resembles the
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one in Nf = 4, cf. (3.105). Alternatively, in the b4 term, one may replace the average
bare subtracted quark mass by the PCAC mass®,

1 ..
E(mq,i"‘mq,j) — Mpcac - (8.34)

In contrast to the simple off-diagonal case, the diagonal flavor currents (i = j) are
linear combinations of uncharged flavor non-singlet currents (c = 3, 8,15) and the flavor

singlet current (c = 0), e.g.

11
All = ( A;,TC> = A (T (8.35)
¢c=0,3,8,15

Due to the different renormalization and improvement pattern of the singlet and non-
singlet contributions, (8.28a) and (8.28b), the behavior of AZ is more involved. How-
ever, we do not pursue its discussion here, as we will only deploy off-diagonal cur-

rents.

Pseudoscalar current (generator and flavor basis)

For completeness, we also mention the renormalized and improved pseudoscalar cur-
rent in the generator basis (cf. (8.16)),

(Pro)” = Zp(85,a1) [PC +a- <bp(g%)Tr[M]PC + bp(g%)%%wrs {T*, M}y
+fp(83) Tx[T°M] PO)} (8.36a)
(Pl = Zo(@ ) [P+ (Al TeMIP + dolyTemr]) |, @360)
and the corresponding off-diagonal components in the flavor basis (cf. (8.33)),

(Pri)" = Zp(23,ap) [1 +a-bp(g3)Tr[M] +a- L(mq,i + mq,]-)] P . (8.37)

5This is because they are related by a finite renormalization, see (E.16, E.17), which can be absorbed in
the improvement coefficients.
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8.2.3 Problems in the presence of a massive charm quark

In the previous sections, we have obtained the expressions for the renormalized and
O(a) improved action and bilinears for non-degenerate Ny = 4* Wilson fermions in
a mass-independent scheme. The main advantages of such a scheme, responsible for its
wide use, are that it facilitates both the determination of renormalization constants
and improvement coefficients as well as the renormalization group equations which
govern the scale evolution of renormalized parameters (cf. sec. 2.3). Moreover, it is
the natural scheme to study explicitly the effects of non-vanishing masses, as these are
analytically expressed in the formulas, see e.g. (8.20, 8.21) and (8.25).

We now examine the applicability of a mass-independent scheme in (large volume)
lattice simulations at physical quark masses in Ny = 4%, i.e. including the charm quark.
The crucial factor here is the size of the mass terms which multiply the improvement
coefficients. For typical lattice spacings a < 0.1 fm, assuming® m, ~ 100 MeV and
mgc ~ 1 GeV (cf. tab. 2.1), these terms are roughly of the sizes

0.05 (8.38a)
0.5. (8.38b)

amgs S
and amge S

In Ny < 3 simulations with small lattice spacings and quark masses, where (8.38a)
holds for all the dynamical quarks, a viable way to account for the small mass-
dependent improvement terms is to treat their coefficients perturbatively” (or even ne-
glect them). In N F= 4*, however, the effects of terms containing am, . in the improved
theory are expected to be numerically much more important®, due to (8.38b), thus
requiring a non-perturbative treatment of the associated improvement coefficients. In
consideration of the numerous appearance of those for non-degenerate quark flavors,
cf. (8.20), (8.25), (8.31) and (8.37), this, however, seems unfeasible.

There is another, related issue which concerns the propagation of the unavoid-
able uncertainties in both the improvement coefficients and renormalization constants.
These are amplified in Ny = 4* by the large charm mass and thus are likely to lead
to significant errors. The issue arises at the O(a”) level in the context of quark mass

The exact values depend on the renormalization scheme and scale, but this is not of importance for the
qualitative statement to be made here.

7Note that this does not necessarily hold for observables that include charm valence quarks. An example
is given in [133].

8Note that it is well-known that O(a)-improvement in the mass-independent scheme breaks down if
amgc ~ 1, see e.g. [57, 134], so that (8.38b) can already be considered possibly threatening. We
assume, however, that this is not the case here.
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renormalization in the Wilson formulation already, where we have
M = Zn (85, ap) [y, + (rm(88) —1) Te [M] /Ny, (3.66)
with the ratio of the flavor singlet and non-singlet renormalization constants,

ZmO (g(z)/ Ll‘u)

. 3.63
Zn (85, a1) (369)

rm(80) =
Although the corrections of r,,(g3) to 1 are of order O(g3), they may be of significant
magnitude and require a non-perturbative treatment, see app. E in [95]. In the presence
of a heavy dynamical charm quark, they get blown up by a factor

(8.38)
Tr[M] =~ myg . (8.39)

Therefore, even a small error in 7,,(g3) may lead to a huge error in .
At the next order in the lattice spacing, a similar situation emerges for the improved
quark mass of any flavor i, which may be written as (cf. (8.22)),
Mg = My; + ac méri +acy myimg,e +a(c3 +cyq) mé/c
+ O(amgjmyx) with j#k; j k€ {u,d,s,c} . (8.40)

Here, the charm mass appears quadratically in association with two (i # c) or four
(i = c) improvement coefficients c;. The relative corrections are particularly large for
the light masses with i = u, d:

~ 8.40 (8.38D)
Mg,y ( = ) Mg,y +...+a (C3 + C4) ms,c ~ (C3 + C4) Mg, (841)

Consequently, for observables in the light sector (that do not involve charm valence
quarks), the large charm mass cutoff and renormalization effects and assigned un-
certainties in the mass-independent scheme would likely surpass the small physical
effects of a massive dynamical charm quark (see e.g. [135]) that one is interested in.
In summary, a mass-independent renormalization and improvement scheme is inap-
propriate to describe the effects of a dynamical charm quark in the framework of the
Ny = 4" theory, due to the large number of improvement coefficients for which a
non-perturbative treatment is needed, as well as the amplification of uncertainties that

concerns light observables in particular. In the next section, we will discuss a mass-
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dependent renormalization and improvement scheme which avoids these problems.

8.3 O(a) improvement in the mass-dependent
renormalization scheme

In the mass-independent renormalization scheme used so far, the renormalization condi-
tions are imposed at vanishing masses, i.e. in the massless theory. Correspondingly,
apart from a possible dependence on the renormalization scale ay, all the renormal-
ization constants depend only on g3, or g3 in the improved theory:

Z=27(3%) . (8.42)

In the mass-dependent renormalization scheme, the mass-dependent improvement terms
are shifted from an explicit appearance in the renormalization prescriptions to an
implicit appearance in the renormalization constants, for which the renormalization

conditions are imposed at finite masses:
Z=7(g,aM) . (8.43)

The absorption of all mass effects is reflected in the notation 7, and makes the use of
g% as its argument obsolete. It is instructive to reconsider explicitly the improvement of
the Wilson action and the bilinears in the mass-dependent scheme, to see how it avoids
the problems discussed in sec. 8.2.3.

8.3.1 Improvement of the coupling

In the unimproved theory, the renormalization of the coupling reads

Sr = Z(85,a1) 85 (3.61)

irrespective of the renormalization scheme. In the improved theory and the mass-
independent scheme, we found

(8.21) ~ "y
SR = Zg(85,am) &5

=" Zo(g5,an) (14 abg(g5)Tr[M]/Ny) &5 - (8.44)
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We stress that Z; is the same function (determined by the same renormalization con-
dition) as in (3.61), only the argument at which it is evaluated changes. In contrast, in
the mass-dependent scheme, (8.44) becomes

8k = Zo(g3,aTr [M], ap) &5 - (8.45)

Note that the masses enter the renormalization constant via sea quarks (cf. (8.44)). The
comparison of these rather simple renormalization prescriptions illustrate the advan-
tages and disadvantages of the two different schemes. First, the mass-dependent scheme
involves only one constant. Second, the renormalization constant Zg may be employed
directly at the non-vanishing masses aTr [M] one is interested in. In this way, one
avoids the situation in the mass-independent scheme, where the need to connect the
massive theory with the massless theory (by the functional mass dependence as it is
explicitly contained e.g. in (8.44)) may introduce large uncertainties, as discussed in
sec. 8.2.3. On the other hand, the explicit information on the mass-dependence gets
lost in the mass-dependent scheme’. Moreover, the imposition of the renormalization

conditions is certainly more involved at finite masses.

8.3.2 Improvement of bilinears

In the mass-independent scheme, the renormalized and improved off-diagonal axial
current has been derived in sec. 8.2.2:

(ARI)Z —_ZA(8~%)><
. 2\ LA( 3(2)) ‘ ‘ ij . 2 ij
14+a-ba(gy)Te[M] +a > (mq/, + mq,]) {AV +a-cp (gO)BVP ] .

(8.33)

In the mass-dependent scheme, the term with b4 is absorbed in the renormalization
constant, such that (8.33) becomes

(Ana = Za(g o) [1-+0. 22D

; (mq,i+mq,j)} Al +a-ca(g8)aP7]

(8.46a)

9This statement refers to the situation where Zg is known only for one specific aTr [M].
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This form is convenient especially for light valence quarks (7, j # c), for which the by
term is rather small and may be treated as before in Ny < 3. Alternatively, also the b4
term could be absorbed, at the cost of the renormalization constant becoming (valence
quark) flavor dependent:

(Ar)} = Z(g3,aM) | A]l +a-ca(gh)a,P] . (8.46b)
The corresponding equations for the pseudoscalar current read

(Pri)’ = Zp(g3, aTr [M]) [1 . be(g)

5 (g + ) | P (8.47a)

and (Pr))¥ = Z1(g3,aM)P¥ . (8.47b)

8.3.3 Improvement of the quark mass

We finally consider the renormalization of the quark masses, and recall that the unim-

proved expression in the mass-independent scheme reads
my = Zm (g5, ap) [mg,; + (rm(g5) — 1) Te [M] /Ny] . (3.66)

In the mass-dependent scheme, the dimensionful term that comes with Tr[M]| can—
for instance—be attributed to the critical mass, which in that case becomes mass-

dependent:
Merie(85, Tr [M]) = merit(85) — (rm(83) — 1) Tr [M] /Ny . (8.48)
The mass renormalization (3.66) may then be written as
M = Zin (85, ap) [mo; — meg (85, Tr [M])] - (8.49)

The improved version in the mass-independent scheme is obtained from (3.66) by
the replacements g5 — g3 and m,; — iy, and given in (8.25). The improvement
terms may, like in the previously discussed case of the coupling, be absorbed in the
renormalization constants (see app. E.4 for an explicit derivation):

mly = Z,,(g3,aTr [M], ap) (1 + aby, (g%)mq,i) mo; — mM (g3, Te [M]) ] . (8.50a)
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The above form might be useful in the case of light quarks, if the by, (g3) term can be
handled properly. Its advantage is that it preserves the flavor-independence of the
renormalization constants, as well as the mere dependence of those on the trace of the
quark masses, Tr [M]. Alternatively, in particular with i = ¢ in mind, one may absorb
the by,(g3) term as well (cf. (8.46b)),

il = Z2, (58, aM, ape) | mo; — il (3, e [M]) |, (3.50b)

which however goes along with a loss of the aforementioned features. Note that the
mass-dependent (improved) critical mass in (8.49, 8.50) reduces to the ordinary critical

mass in the case of massless quarks, (cf. (8.48) and app. E.4):
Mgy (85,0) = miriy(85,0) = Merie(85) - (8.51)

With the bilinear currents in the mass-dependent scheme at hand, see sec. 8.3.2, the
renormalization of the quark mass may also be formulated by means of the PCAC
mass (cf. (5.55)),

(10 (Ba(68) ~Br(sh)) mheaca] Micac(o) +0(%)

(8.52)

il — ~ZA(85/ aTr [M])
R Zo(gh, aTr [M], ap

where the replacement (8.34) has been exercised!’ to eliminate the bare masses. The
renormalized strange quark mass, for instance, may then be obtained from the linear

combination
1
my = my’ — Emﬁd

_ Za(gaTe (M)
Zp(g3, aTe [M], ap

A (Ba(sh) ol i) mency

1 o~ o~
= 51+ 0 (Bald) ~ Bo(ah)) mitaca] miaca ) +O(),
(8.53)

where the up and down quark are assumed to be degenerate.

10The notation b of the improvement coefficients indicates that these differ from the ones which multiply
the bare subtracted masses, cf. (8.46b, 8.47b) and footnote 5. Moreover, note that the difference

between the use of mgc Ac and mlIZC ac,1 in the improvement terms merely affects the order 0(a?).
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8.3.4 Improvement coefficients in the mass-dependent scheme

So far, we have considered only the renormalization constants in the mass-dependent
scheme. This is in accordance with the fact that we have always examined renor-
malized and improved quantities up to order O(a) only. As announced in sec. 3.7, the
improvement coefficients csw, ¢4, as well as e.g. bg, by, b, bp, do in the massive N =4
theory in fact depend on the modified bare coupling g§ = (1 + ab,(g5)Tr[M]/Ny) g5
instead of g3, which has been disregarded as the difference affects merely the order
O(a?). FPor the improvement coefficient c4 as it appears in (8.46), for instance, one
finds

ca(g,aM) = ¢a 80/ +a):qu = (85,0) +0(a*), (8.54)
_\,_/ )
= CA(go) = CA(go)

where the dependence on the bare coupling and the masses has been separated in
the notation. In the presence of a massive charm quark, the size of the O(a?) mass
effects may be large, very similar to the O(a) mass effects considered in the framework
of renormalization before. Hence, although strictly speaking not necessary for O(a)
improvement, it is a self-evident approach to avoid the explicit introduction of large
charm mass cutoff effects to the order O(a?) that would go along with the use of
ca(g3,0), and to treat also the improvement coefficients in a mass-dependent scheme.
The same argumentation holds for the only remaining improvement coefficient in the

action,
Cow = Csw(g5,aM) , (8.55)

which we consider at finite masses as well. Hence, in summary, all the renormalization
constants and the improvement coefficients become dependent on the quark masses
aM in the mass-dependent scheme:

Z — Z(g%,aTr [M], (ap)) (8.56a)
¢ — ¢(g5,aTr [M]) . (8.56b)

Note that the above tilde notation will be dropped in the following.
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8.4 Determination of improvement coefficients in Ny =3 +1

The mass-dependent scheme in Ny = 4* described in the previous section schedules
the determination of the renormalization constants and improvement coefficients as

functions of all the quark masses, i.e.
aM = diag(amq,u,amqld,amqls,amq,c) (8.57)

in (8.56). Recall, however, that the main objective of the mass-dependent scheme was
to avoid the expansion in the large charm mass am,.. In order to simplify things, one
might consider intermediate schemes in which some of the lighter masses are set to
zero again. For instance, the massive charm scheme, where the renormalization constants

and improvement coefficients depend on the charm mass only:

aM — diag(0,0,0,am,,) . (8.58)
Another option is the massive charm and strange scheme, where

aM — diag (0,0, amys, amg) . (8.59)

Concerning the renormalization constants Z(gZ,aM, (au)), these choices are equiv-
alent to neglecting all the improvement terms with am,,, am; 4, and, in the case of
(8.58), am, 5. Consequently, O(a) improvement would not be fulfilled strictly anymore,
although the effects would be rather small. Of course, they could also be treated
separately (e.g. in a perturbative manner).

In the case of the improvement coefficients, where (as discussed before) mass effects
concern the overall order O(a?) only, we decide to impose the improvement conditions
in Ny = 3+ 1, where the up, down and strange quark are mass-degenerate light
quarks,

aM — diag(amy;, amg;, am,;, amg,) . (8.60)
In other words, restricting ourselves to cs in the following, we will determine
_ 2
Cow = csw(go,amq,l,amqlc) . (8.61)

In comparison to (8.57), which we understand to correspond to Ny = 2+1+1 un-

der neglect of isospin breaking, the number of mass parameters is reduced by one,
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which—as will become clear in sec. 9—will simplify the determination of cg signifi-
cantly.

In principle, it would be desirable to vary all the bare parameters g3, amyg, amq  and
find an interpolating formula for cs, in this 3-dimensional space. However, as this is
not practicable, instead we fix the light and charm mass to (approximately) physical

values!! indicated by an asterisk,

amg; — am;,l , amg,c — amg ., (8.62)
and interpolate only in g3:
Cow = csw(g%,am;,l,amglc) ) (8.63)
With these two approximations at hand,
CSW(g%r”M) ﬂ Csw(g%,amqll,amq,c) ﬁ Csw(g%,am;,l,amglc) , (8.64)

the existing O(a?) cutoff effects are modified explicitly by terms proportional to
a® (Mg, — my), aZ(mq,d —my ), a*(mgs — my) a*(mg,e — my.) . (8.65)

Obviously, the relevant point here is to ensure that the charm mass is fixed accurately,
so that the difference mg, — m; . does not become too large in (large volume) simula-

tions at or close to the physical point.

I The exact meaning of this statement will be clarified in sec. 9.1.

147






9 Determination of ¢, for Ny =3 + 1
massive Wilson fermions

The improvement coefficient cs,, has been determined as a function of the bare cou-
pling ¢ for various numbers of massless, dynamical quark flavors and different ac-
tions before [16-22]. The improvement condition by which it is defined is set up in the
framework of the Schrodinger functional (cf. sec. 5), and has essentially been deployed
in the same way' it was originally proposed in [46]. The associated Sheikholeslami-
Wohlert term has found successful application in the improvement of simulations with
massless quarks (e.g. [136] with Ny = 4) or light quarks (e.g. [38, 137] with Ny = 3).
As explained in the previous section, the mass-dependent improvement terms of order
O(am,,) can in these cases be treated perturbatively or even be neglected due to the
smallness of am, , cf. (8.38a).

The present work, designed to be applied in simulations with a massive charm
quark, differs from the previous cases in two fundamental aspects. First of all, the
determination is performed with massive, dynamical quarks for the reasons explained
in sec. 8. Second, the size of the SF box is kept constant. In the aforementioned previ-
ous simulations (see app. F for a review), in contrast, it was the lattice resolution that
was held fixed. These two new aspects go hand in hand, and are taken into account
together by a line of constant physics (LCP). While this approach has substantial advan-
tages to be discussed further below, its technical implementation is considerably more
involved. Numerical results will be obtained under use of the tree-level improved
Liischer-Weisz gauge action,

Sg =SV 9.1)

In the next section, sec. 9.1, we specify the line of constant physics, which in partic-
ular fixes the quark masses am;,l and amg,c (cf. (8.62)). Its definition is completed in
sec. 9.2 by numerical input from the Ny = 2 theory, and the strategy to tune the bare

I This holds up to small deviations of technical nature.

149



9 Determination of csw for Ny = 3 + 1 massive Wilson fermions

150

parameters to it is described in sec. 9.3. Subsequently, in sec. 9.4, the improvement
condition which determines csy (g3) along this LCP is discussed. Afterwards, we sum-
marize the procedure in sec. 9.5 and specify some technical details of our numerical
simulations. Finally, in sec. 9.6, we present results. A short account of the subject has
been published in [138] already.

9.1 Line of constant physics

In sec. 8.4, it has been outlined that csy will be determined in Ny = 3+ 1 at fixed
quark masses,

Cow = csw(g%, am;’l,amglc) . (8.63)

This will be given a specific meaning in the following, by relating the bare masses to
the relevant physical scales. In the Ny = 3 + 1 theory, and in a finite volume like in the
case of the Schrodinger functional, these are the temporal and spatial extents T, L of
the lattice and the RGI masses M; and M, of the light and charm quark, respectively.
Until further notice, we restrict the discussion to lattices with T = L only. For reasons which
will become clear in sec. 9.4 (when the improvement condition for cs is discussed), we
will—somewhat unconventionally—use the notation T instead of L in the upcoming

discussion.

9.1.1 Fixing of the physical scales

On the lattice, the bare parameters gé, amy | and amg,. may be considered functions
of the three continuum scales T, M; and M.. These functions are governed by the
theory (N f), the lattice resolution T/a, and renormalization constants Z. Under the
reasonable assumption that the mapping

T Ny, T/a;Z
(TO®M; @ M) ———— (g5 @ amy; @ amg,) 9.2)

is injective?, the scales uniquely determine the bare parameters. Hence, the light and

the charm bare subtracted masses, amy | and am,, may be assigned values am; ; and

2This only needs to be ensured in a relevant area in the vicinity of the physical masses.
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amyg . that correspond to (approximately) physical RGI masses M} and M

T 86
™ ¢ = S am, 93)
TM; amg .

This is the exact meaning of (8.62) in sec. 8.4. In order to fix M; and M, in physical
units, however, the setting of the scale T is required (cf. sec. 3.4).

Fixed lattice resolution approach

In principle, one could choose g3 at one’s discretion for some fixed T/a, and ad-
just x; and x. such that—under knowledge of the scale T (as well as renormalization
constants)—the dimensionless products TM; and T M, assume the aspired values T M}
and TM:

* *
T™; T/a, gzg amy |

TM} amg .

(9.4)

Apart from issues concerning the practical implementation of this fixed lattice resolution
approach at finite masses, which we will get back to below, it is conceptually advan-
tageous for the determination of csy to fix all the relevant physical scales, including
T. The reason® for this is related to the fact that cg,, (just like any other improvement
coefficient) is ambiguous to the order O(a), even at fixed bare parameters*. To explain
this, first note that so far, we have suppressed the explicit dependence on the lattice

resolution a/T. Including it, we get

_ 2
Csw = Csw(80,a/ T, amg,; , amg,)

= Cé\\//lv(g%’a/T/ aMl /aMC) s (95)

where in the second line, we used the physical mass scales as arguments, which is re-
flected in the superscript M of the new function name. In addition to what is shown in
(9.5), csw depends on the chosen improvement condition and its kinematic parameters
(cf. sec. 9.4). In perturbation theory, however, where the improvement coefficient cgy,

3The upcoming discussion is based on [92].
4Gee (8.54) for the impact of different masses.
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is expanded in g3,

cé\év(g%,a/T, aM;,aM;) = cé\fv(o)(a/T, aM;,aM;) + g% cé\f\,(l)(a/T, aM;,aM;) + O(gé) ,

(9.6)

M(0

the coefficients cqy M)

)(0, 0,0) and csw ' (0,0,0) are unique. Consequently, if (and only
if) all the scales and the improvement condition are kept constant, cs is unique in
the limit ¢ — 0 (or a — 0). In that case, as opposed to the fixed lattice resolution
approach, one avoids the explicit introduction of O(a) cutoff effects in ¢, already at
tree level in perturbation theory, which may possibly get large in the non-perturbative
regime (g% > 0).

Line of constant physics approach

For these reasons, we introduce the conditions

T=T" (9.7a)
TM; = T*M; (9.7b)
TM, = T*M; (9.7¢)

to fix all the physical scales to particular values T*, M and M, which will be spec-
ified later. The above equations define the line of constant physics (LCP) at which the
improvement condition for cs, will be imposed. This terminology refers to the tra-
jectory in bare parameter space defined by the scales, on which the corresponding
physics remains unchanged as the lattice resolution is varied. A direct implication of
(9.7a) is that the lattice spacing a changes with® T*/a. As T*/a is bound to integer
values, and is even further constrained due to practical considerations (see sec. 9.5.1),
the lattice spacing may only assume specific, discrete values, see fig. 9.1. The same

holds for the bare parameters:

T 8"

T*
T* My I ant 9.8)
T*M; amg .

5Here and in the following, if the volume is fixed by the line of constant physics, this will be emphasized
by the notation T*/a for the lattice resolution, instead of T/a.
61 would like to thank Patrick Fritzsch, who provided me with templates for this figure.
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Figure 9.1: The LCP (9.7) is imposed at fixed physical volume T = T* ~ 0.8 fm with L = T
and vanishing boundary conditions indicated by the transparent sides®.

In particular, the determination of ¢, in terms of a LCP can only take place at specific,
discrete values g3* = ¢3*(T*/a) of g3. This may be considered an additional restriction
on top of those described in sec. 8.4, by which (8.64) becomes

Ny=3+1
I LCP
csw(g%,aM) _ csw(g(z),amq,l,amq,c) — csw(g%*,amgll,am;,c). 9.9)

Note, however, that irrespective of the approach, practicability admits simulations at
only a few discrete values of g5 and thus requires a subsequent interpolation of ¢y in
g% anyway. The new aspect brought in by the LCP is merely that these values gZ* are
predetermined by the physical scales, as well as the feasible lattice resolutions T*/a.
This aspect should be taken into account in the choice of T* though, to ensure that a
reasonable range of g3 is covered for the interpolation of csy. It is the only scale where
one has a substantial freedom to choose. In contrast, the RGI masses, especially M,
are bound by the requirement to be close to the physical point in order to minimize
the explicitly introduced cutoff effects in (8.65).

We still need to assign values to the RGI masses, M;" and M;. While the choice for
M is obvious from the discussion in sec. 8.4,

M7 = Mcphys , (9.10a)
we opt for
M} = M phys/3 , (9.10b)

in the case of the light RGI mass, which to a very good approximation is the average
of the physical up, down and strange RGI masses. Hence, the trace of the mass matrix

will also be close to its correct physical value, which may be of particular importance
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in large scale simulations with massive fermions (see e.g. [38]).

9.1.2 Implicit definition of the LCP in Ny = 2

There are two qualifications to be added to the definition of the LCP. First, the quanti-
ties M ppys and M, ppys are unknown in the Ny = 3 + 1 theory, which is why we have
to make use of the estimates from the Ny = 2 theory. Hence, (9.10) gets replaced by

Ny=2)

M} = Ms(,phys /3 (9.11a)
. Ny=2
M; = Mc(,p{lys ). (9.11b)

Second, the direct realization of the line of constant physics in terms of the quantities
T* (not yet specified), M; (cf. (9.11a)) and M} (cf. (9.11b)) on the lattice, see (9.8),
requires the knowledge of scale setting as well as the mass renormalization constants.
Since again none of this is available in N F=3+1,we need to resort to N =2 results
here as well, which leads to the bare parameters7 g%*, ;' k7 (within Ny = 2). For the
implementation of the LCP in N r=3+1,itis convenient to define three independent
lattice quantities @, ®,, ®3, that are easily accessible functions of the bare parameters
only®:

O; = (g%, k%), i=1,23. (9.12)

In particular, their computation should require no external input like e.g. renormal-
ization constants’. In the N ¢ = 2 theory, one may translate the LCP to a specific point
®F, @5, P; in the image of the functions ®;. To this end, one evaluates ®;( g%*, K, K})
at different lattice resolutions T*/a and extrapolates to the continuum. The obtained
values @7 directly correspond to T*, Mj and MY (within N = 2), and do in partic-
ular not depend on the specifics of the lattice discretization due to universality. The
implementation of the described procedure is subject of sec. 9.2.
In Ny =3 +1, the LCP conditions (9.7) then get replaced by

D =PF, Dy=D5, D3=D, (9.13)

’In the present context, the hopping parameters are frequently used instead of the bare subtracted
masses.

8Note that the dependencies in (9.12) hold for both N r =2and Ny = 3+1, although in the former case
the masses enter only via valence quark masses.

9Recall that these are not available in N F=3+1
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Ny=2 Ny=2 Np=3+1

T —— s g} (a/T") ————> ®(a/T") ~ @ — > g2(a/T")

Mf s ki (a/T*) = D3(a/T*) ~m~= D ———— 1 (a/T¥)

Figure 9.2: [llustration of the strategy to establish an implicit LCP in Ny = 3 + 1. The first three
steps leading to @7 are conducted in Ny = 2, the last one in Ny = 3 + 1. The solid
arrows show the main dependencies of the parameters, whereas the dotted arrows
denote unavoidable minor dependencies. The dashed arrow is a weak dependence
minimized by the chosen definition of ®3 (see (9.23b) and fig. G.2). The wiggly
arrows symbolize continuum limits.

which implicitly defines the bare parameters (within Ny = 3 + 1), depending on T* /4.
The whole strategy and the dependencies of the involved quantities are illustrated in
tig. 9.2. We emphasize again that the implicit definition of the LCP avoids scale setting
and mass renormalization in Ny = 3 + 1. The price to pay for this is that the resulting
LCP will not exactly correspond to the values of the (physical) input quantities T*, M
and M, as the translation to ®F was conducted in Ny = 2. Nevertheless, we expect
this effect, which—as was explained before (cf. sec. 8.4 and (8.65))—concerns cs,, only
at the order O(a), to be reasonably small. Having described the inevitable detour by
means of the Ny = 2 theory, we are now ready to understand why the fixed lattice
resolution approach, in addition to its conceptual drawbacks, is also highly unfeasible,
as has been alleged above. At fixed T/a, one would have to deal with different values
of T while keeping M; and M at their physical values. The quite elaborate (cf. sec. 9.2)
Ny =2 translation of T*, M} and M} to ®; would have to be performed once for each
T (or equivalently ¢3), which is certainly very cumbersome to implement.

The missing ingredients to complete the LCP are the definitions of ®; and T*, which
we are going to address in the remainder of this section. For the selection of suitable

®;, the following criteria should be taken into account:

C1. They should be finite volume quantities defined by means of the Schridinger
functional, since this is computationally cheap (cf. sec. 5.1) and convenient, in
particular as the SF is also the framework in which the improvement condition
on cgy will be formulated.
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As such, they will (like ®} in the continuum) generally depend on the details of the
Schrodinger functional, in particular the boundary conditions ¢, ¢’ for the gauge fields
(5.7) and the fermionic boundary angle 6 (5.21). We here anticipate our choices. These
are vanishing boundary conditions,

p=¢'=0, (9.14)
while
0.5 for Nf =2
0 = (9.15)
0 for Nf =341

is chosen differently for the different theories. This is because we will reuse existing
Ny = 2 ensembles that correspond to (9.14) and (9.15), see sec. 9.2, while we employ
a vanishing fermionic boundary angle for the determination of csy, as before in [16,
17, 21, 22]. The alteration of the LCP by the change in 6 is expected to be negligible
compared to the aforementioned effects on the LCP that result from the involvement
of Ny = 2 results in its implicit definition.

C2. Since on the lattice the ®; are determined by the bare parameters of the theory,
see (9.12), they should preferably be chosen such that they are independent of one
another, with each of them depending strongly on one of the bare parameters but
only weakly on the others, see fig. 9.2. The better this requirement is fulfilled,
the simpler will be the tuning of the bare parameters to the LCP in Ny =3 + 1.

C3. The quantities should have good statistical properties (good signal-to-noise ratio,
small autocorrelations, ...) and mild cutoff effects.

Keeping these aspects in mind, we now turn to the pending definitions of ®; and the

specification of T™.

.(I)l

As the first quantity to implicitly fix T, M; and M., we choose the gradient flow cou-
pling introduced in sec. 6.1:

D1 = Zer - (9.16)
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As explained there, and indicated in (6.7), it mainly depends on T and is expected
to be only weakly dependent on M; and M, (cf. criterion C2) due to the findings in
[39, 105, 109]. Moreover, it has proven to provide excellent statistical precision, while
its cutoff effects are modest [105] (cf. criterion C3). Note that in accordance with the
discussion in sec. 6.1, g4 is only weakly sensitive to 8 and therefore expected not to
be significantly affected by the ambiguity (9.15). To complete its definition, several
parameters need to be specified. The smoothing fraction ¢ which links the flow time ¢
to the size T = L of the box, see (6.6) and (6.7), is taken to be

c=03, (9.17)

which puts the emphasis slightly more on statistical precision than small cutoff effects
(cf. sec. 6.1). Next, the discretized action Sg,, that governs the evolution of the gauge
fields in flow time, see (6.9), needs to be chosen. We stress again that this choice is
independent from the gauge action S¢ that is used in the Boltzmann factor of the path
integral (4.1), as the links U, (x) of the gauge configurations sampled with S merely
provide the starting point V,(x,0) of the flow. We use the Wilson flow,

Stow = ST, (9.18)

for which the the normalization N~ (cf. (6.7)) in the Schrodinger functional is known!?

in combination with vanishing boundary conditions from [105]. Finally, the discretiza-
tion of the field strength tensor G, which enters g2y via the energy density (6.4) must
be specified. We use the symmetric clover definition (6.12),

E = E(cov) | (9.19)

e &, and d;

We define effective meson masses (EMM) by

I =1 = =3olog (f44(x0)) |, r/a, ii € {Lc}, 9.20)

10T the meantime, the normalization has also been calculated for other options, see for instance [110,
111, 139], but neither this nor the implementation of other flow actions than (9.18) in the utilized
openQCD code had been available at the time this work was started.
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where fZI is the improved Schrodinger functional correlation function of the axial

current given in (5.53). Its spectral decomposition (cf. (3.51)) reads

ij (546) / 1ij i
Ai(x0) 7 (Ad(x) OFF)

~ <0\Ag‘ [PS) (PS|O i) ¢t . (1 + O(e*onE?s)) +0(a), (921)

where PS stands for the pseudoscalar ground state of valence quark flavors ij and i
denotes the SF boundary state with vacuum quantum numbers, see e.g. [140, 141].
Employing (9.21) in (9.20), one finds

Ty = mils + O(e T/24E5) 4 O(a) . 9.22)

If the volume T is sufficiently large for contributions AEZS from excited states to be
negligible, the EMM are close to (infinite volume) masses of pseudoscalar mesons with
valence (anti-)quark flavors i and j. As such, they may well serve to fix M;, M, on the
lattice. In order to obtain quantities that depend primarily on either M; or M., but only

weakly on the respective other RGI mass (cf. criterion C2), we choose the combinations

o, =T T (9.23a)

O3=T- (rSC - ;w) . (9.23b)
The subtraction of 1@, in (9.23b) is aimed at cancelling the leading influence of M, in
@3 (cf. fig. 9.2). The effectiveness of this measure is studied in Ny = 2, see app. G.3.
Note that for dimensional reasons, however, the explicit appearance of the scale T
(which is already captured by ®;) in ®; and @3 is unavoidable. The notation I'** is
employed to emphasize that the axial current in (9.20) is defined as the non-singlet
axial current of two distinct (but otherwise arbitrarily chosen from u, d, s) flavors with
equal, light mass.

Note that the above argumentation, in particular (9.21) and (9.22), holds equally
well for I’Z with the pseudoscalar correlation function fp. As both operators have

the same pseudoscalar quantum numbers, the corresponding effective meson masses
ij . _T/2.AE7 \ T—
approach the same meson masses mgs in the large volume (O(e T/2DEps) ~ 7% O)

and continuum (O(a) 229, O) limit. The advantage of FZ is that in the chiral limit,
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mgs — 0, the excited state contributions vanish also for finite T:
lii% l—‘11£1|Chiral limit = 0 (9.24a)

lim TP |chiral timit 7 0 (9:24b)

The underlying reason for this is the PCAC relation (3.79), which renders TZ propor-

tional to the quark masses!!,

o 3 <4g<x) 01>> oy 70 < Pi (x) (’)ji>

<Ag (x) O Al(x) oﬁ‘>

, (9.25)

which is not the case for l"g Consequently, if the involved quark masses are small as
in the case of ®,, FZ is more sensitive to the bare masses than FZ, which allows to
tune ®, with an improved accuracy. This may be seen in app. G.3, where a detailed
numerical discussion of the mass dependence of the effective meson masses is given.

There are several choices to be made which have impact on the size of the dis-
cretization effects in (9.22). The first one is the use of the improved correlation function
fZ’I already indicated in the above equations. Although this is not a necessity for the
determination of cg,, as the difference with respect to the use of the unimproved cor-
relation function f;{ is merely an O(a?) effect, the knowledge of the 1-loop coefficient
CS) (cf. (3.115)) may be applied, while some non-perturbative results on c, are also
available (cf. app. E2). We will come back to the use of ¢4, discussed separately for
Ny =2 and Nf=3+1,insec. 9.24 and sec. 9.3.

Second, different discretizations of T'/ and the involved logarithmic derivative (cf.
(9.20)) are possible, covered in detail in app. G.1. We opt for

g . i Xo+a
rv=r/. = ! log (fA’I( 0+ 4)

= 1 (9.26)
W 2072\ (x - a)

XQ:T/Z

over Flé) as given in (G.1), to avoid an explicit introduction of cutoff effects, see (G.5)

and (G.6).

e consider the continuum here.
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o T*

Having specified the LCP in its explicit form (9.7) with the associated mass scales
(9.11), and its implicit form (9.13) in terms of the three quantities ®; (9.16, 9.23a,
9.23b), the only missing ingredient to complete its definition is the scale T™.

It is advantageous to establish the LCP in a rather large volume to minimize excited
state contributions to the EMM, cf. (9.21). However, if the volume gets too large, the
signal strength of the ®; gets impaired. Moreover, regarding the determination of
@4, the effects of critical slowing down and topology freezing (cf. sec. 6.2.2) possibly
become threatening (cf. sec. 7), and the size of the cutoff effects becomes significant

[105]. A good compromise is
T ~ 08 fm. (9.27)

This particular value is chosen because corresponding Ny = 2 ensembles (9.27) already
exist and may be reused. These will provide the exact definition of T*, to be described
in detail in sec. 9.2. We close this section with the remark that the LCP as defined above
replaces the improvement point M“¥(T /2, T /4) =0in previous determinations of cgy
with massless quarks at fixed lattice resolution, cf. (F1) in app. F. In the upcoming
section, we will determine the values ®} in N =2 by which the LCP is characterized.

9.2 Determination of ®*in Ny =2

The determination of the values ®* has been outlined in sec. 9.1, cf. (9.13) and fig. 9.2.
They are defined as the continuum extrapolated values of the quantities ®; (cf. (9.16,
9.23a, 9.23b)) in massless Ny = 2 with the scales'?> T, M;, M, set to T* (9.27) and the
(partly) physical Ny = 2 RGI masses M (9.11a) and M7 (9.11b), respectively:

®F = lim | g2 9.28a
1 a/T—0 L gGF i Nf:2r T=T* ( )
®35= lim | T-T¥ (9.28b)
2
a/T—0 L i Nf:2/ T=T+*, M]:Mf
] 1N
D} = ] /hTrgo T. <rs€ - 2r55> . (9.28¢)

INg=2, T=T*, Mi=M}, M.=M;

12We remind the reader that all the Schrodinger functional parameters employed here were specified in
sec. 9.1. In particular, the spatial size of the lattice is equal to its temporal size, T = L.
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notation | dynamics | mass notation | dynamics | mass
u dynamical | massless u or I | dynamical | light
d dynamical | massless dorl dynamical | light

s or I | quenched | light s or 1 | dynamical | light

B~ W N | HF
B~ W N | HF

c quenched | charm c dynamical | charm

Table 9.1: Basic properties and notation used for the different quark flavors present in the
Ny =2 (left) and Ny = 3 + 1 (right) theories. The definition of light and charm mass
in Ny = 2 is straight forward, expressed by (9.11a) and (9.11b), respectively. In
Ny = 3+ 1, however, the exact meaning of this terminology is given by the tuning
of the masses to the LCP (9.13), which implies that the light and charm quarks are to
be understood as light- and charmlike quarks, respectively. Recall that in this context
light always means one third of the strange mass, cf. (9.11a).

Note that in contrast to Ny = 3 + 1, only the (quenched) strange quark corresponds to
a light flavor with index I in Ny = 2, while the (dynamical) up and down quarks are
massless. Accordingly, the EMM with two light valence quarks are labelled with the
superscript s5 instead of su (cf. (9.23)). The tilde notation here indicates the unaltered
consideration of non-singlet axial current components. An overview on the notation of
the quark flavors in the different theories and their basic properties is given in tab. 9.1.
In the following, we present the Ny = 2 ensembles which provide the exact definition
of T*. These will be deployed for the determination of ®} subsequently.

9.2.1 Scale setting and ensembles in Ny = 2

In [95, 142], a typical hadronic scale L has been implicitly defined through a LCP in
Ny = 2, formulated in terms of the Schrédinger functional coupling (cf. (5.15)):

g2(Ly) = 4484, Limil,c=0. (9.29)

Here, mif., - refers to the PCAC mass of the degenerate up and down quark!?, cf. (5.51).

In the course of [142], the bare parameters (B, x) were tuned to the LCP (9.29) for a
couple of lattice resolutions, leading to a set of ensembles that correspond to

Ly with Li/a€ {6,8,10,12,16} . (9.30)

13Note that the PCAC mass without explicit declaration of a time argument always corresponds to the
center of the lattice, i.e. m%AC = mf‘)dCAC(xo) |l xo=T/2-
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Lo/a B Kerit Tmeas || 8ap(L1) | ampd e
12 5.2638 | 0.135985 6 4.423(75) | -0.01154(83)
16 5.4689 | 0.136700 6 4.473(83) | -0.00424(24)
20 | 56190 | 0136785 | 6 | 4.49(10) | -0.00257(11)
24 5.7580 | 0.136623 6 4.501(91) | +0.00067(7)
32 5.9631 | 0.136422 10 4.40(10) -0.00096(4)

Table 9.2: Properties of the Ny = 2 ensembles corresponding to the lattice extent L, created in
the course of [142]. The numbers are taken from the same reference. Tymeas denotes
the Monte Carlo time between two consecutive measurements, given in MDU. Note
that the observables g2; and amlﬁ’é ac both refer to the related ensembles with L =
Ly/2, cf. (9.30) and (9.31).

At the very same bare parameters, a second set of ensembles with twice the volume,

ie.
L, =21, with Ly/a € {12,16,20,24,32} (9.31)

was created, which corresponds to a scaling step with respect to (9.30). The extent
Ty or T, of the SF box in time is the same as the one in space for all of the above

ensembles,
T,=L; and T, =1L,. (9.32)

The main properties of the ensembles in the larger volume are compiled in tab. 9.2.
The fact that they were generated with vanishing boundary conditions and under use
of 6 = 0.5 is reflected in (9.14) and (9.15). Moreover, the Wilson gauge action

Sc =S¢ (9.33)

was employed. While this does not directly affect the continuum extrapolated values
®* due to universality, it is relevant for O(a) improvement, which is implemented for
the action S = S} + S{¥ by the use of the non-perturbative result for cy (cf. tab. F.1
in app. F), as well as the perturbative 2-loop and 1-loop expressions for ¢; and c;,
respectively (cf. (5.37)).

The results of [95] directly relate a physical value to Li. In this work, the scale in
N¢ = 2 has been set for a range of inverse bare parameters g’ € {5.2,5.3,5.5} under
use of the kaon decay constant fx, based on the principle described in sec. 3.4. The
knowledge of the scale fx can be transferred to the knowledge of the scale L; by
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L,
a

building the product L fx = afx and extrapolating to the continuum. However,
since the lattice resolutions at the LCP are known for slightly different values of B
(cf. tab. 9.2), the values L /a first need to be interpolated to the p’ at which afx has

been computed!*. In doing so, one finds [95]
Ly fx = 0.315(8)(2) , (9.34)

where the first and second error refer to statistical and systematic uncertainties, re-
spectively. Together with fx ;nys = 155 MeV (as used in [95]), this allows to identify
the scale L1, which approximates to

Ly ~ 04 fm . (9.35)

It is convenient to reuse the existing Ny = 2 ensembles. For the reasons described at
the end of sec. 9.1, we opt for the ones in the larger volume. The previously stated
value T* ~ 0.8 fm (cf. (9.27)) thus results from

T* =L, = 2L, (9.36)

the exact definition of these scales being provided by the LCP (9.29). In order to clearly
distinguish between the different theories, we use the notation T* in the case of Ny = 3 +1,
whereas the same physical scale will be denoted by Ly in the framework of Ny = 2. Note
that apart from the need to produce new configurations, our approach of reusing
the ensembles also avoids the interpolation of the bare coupling ¢3 as a function of
the lattice spacing, which due to the restrictions on the lattice resolution would be
necessary if a value slightly different from L, was chosen.

9.2.2 Fixing the RGI masses on the lattice

While @7 (9.28a) may be computed directly with the help of the Ny = 2 ensembles
(sec. 9.2.3), the observables ®3 (9.28b) and @3 (9.28c) involve valence quarks at fixed

14 Actually, in advance of this step, the hopping parameters were retuned in [95] for the lattice resolutions
Ly/a € {6,8,12} (cf. tab. 9.2) and g3 was computed with higher statistics in order to improve the
matching of the LCP and the overall precision. The resulting small deviations of the Schrodinger
functional coupling from the aspired LCP were then translated to values of L /a that differ slightly
from the integer values used in [142] (cf. tab. 9.2).
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RGI masses, which we recall here for convenience:

N¢=2

My = Ms(lp}flys )3 (9.11a)
Nf=2

M: = MC(,P{WS ) (9.11b)

After extracting the values of the dimensionless combinations
z; = LoM7, ie{lc}, (9.37)

from available results in the literature in the following, we will relate those to the
associated hopping parameters x of the aforementioned valence quarks, which enter
the evaluation of @3 (sec. 9.2.4) and @3 (sec. 9.2.5) in practice.

The RGI strange quark mass in Ny = 2 is given in units of the kaon decay constant by
[95]

(Nr=2)
SRS .887(19)(7) (9.38)
fx
which together with (9.11a) and (9.37), as well as the values of L;fx (9.34) and L; =
Ly/2 (9.36) leads to

Np=2) (Nr=2)
LZM( / 2 M
Z = +hys =5 Lifk %}WS —0.186(7) . (9.39)
K

The dimensionless RGI charm quark mass in Ny = 2, in contrast, is derived indirectly
according to
zZr =2zp- Z—i , (9.40)
Zp
from the dimensionless RGI bottom quark mass, that is readily available from an
Ny=2 HQET analysis of the ALPHA Collaboration [143],

Ng=2 N¢=2
zp = LZMlgp{IYS) = 2L1Mb(,p{1ys) = 26.50(52) . (9.41)
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The converting ratio

* M
Z*li _ Tbphys (9.42a)
Z; Mc,phys
can either be obtained from quenched simulations of the ALPHA Collaboration [144,

145],

oM\ _ 1738(28) 2
i —

b(fghfo) - = 4.29(9), (9.42b)
VoMcrp{lys = 4.055(58) ¢ |ALPHA
or taken from the HPQCD Collaboration [146],
%
o =4.51(4) . (9.42¢)
¢ IHPQCD
Employing the average value of
Zp
- =440 (9.42d)
Cc
together with (9.40) and (9.41) leads to
zr =60. (9.43)

Note that a similar result on z} is obtained directly under use of (cf. (9.27))

Ly~4GeV . (9.44a)
from [147], where
N¢=2
MC(, ohys ) = 1.51(4) GeV (9.44b)

is given in physical units.

As announced earlier, we now derive the relation of z; to the associated hopping
parameters «(g3) for the bare couplings g5 = 6/f given in tab. 9.2. M} is related
to the renormalized mass m¥ by (E.12) in terms of the scale-dependent but flavor-
independent conversion factor /, see (E.11). The renormalized mass mlR* itself can be

*

expressed in terms of the bare subtracted quark mass my ; via the flavor-independent

renormalization constant Z,, see (E.14). Taking into consideration that we work in
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massless Ny = 2 now, such that one may replace g% — g% in all renormalization

constants (cf. the discussion in app. E), and finite size scaling (cf. (5.18))
u=1/L, (9.45)

associated with the Schrddinger functional is employed, the corresponding equations,
(E.11) and (E.14), may be written as

h(1/Ly) = M/mg(1/Ly) (9.46)
and

M? = 1(1/L1) Zuw(g2 a/L1) {1 +abm(g3)m;,i] nt, . (9.47)
Note that while the particular scale (9.45) is in principle irrelevant in the sense that
the product hZ,, is scale-independent, it is self-evident to use L; with regard to the

evaluation of the single factors, in particular Z,, as it is directly intertwined with the

*

bare couplings in question via the LCP (9.29). After solving (9.47) for my;,

2 M
_1 Zl: \/1 + 4ﬂbm(g0) h(l/Ll)Zm(g%,a/Ll)
m*i = > 7 (948)
¥ 2abu(g5)

and using the positive solution 7 ; > 0, the hopping parameters (cf. (3.70)) become

1 -1
K= { +2am;l}
Kerit ’

-1
1 1 M
_ {Kcﬁt(gé) " bu(gd) (1 — \/1 +4abm(g%)h(l/L1)Zm(g(2),a/L1)> } . (9.49)

Since there are no direct results for Z,,( g(z), a/Ly) available, one uses

g3,a/L1) Zp(g3,a/L1)
Z4(83)

z(gh) = 2! (950

to replace it by the renormalization constants Z4, Zp and Z that appear in connection
with the PCAC mass (cf. (E.17)). In terms of the dimensionless RGI masses z; (9.37),
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Lz/ll ﬁ Kerit bm Z ZA Zp h Kf Kz(
12 5.2638 | 0.135985 || -0.5240 | 0.9710 | 0.7754 | 0.5068 0.135689 | 0.125521
16 | 54689 | 0.136700 || -0.6532 | 1.0530 | 0.7909 | 0.5110 0.136496 | 0.129520
20 | 5.6190 | 0.136785 || -0.7087 | 1.0854 | 0.8010 | 0.5125 | 1.308 || 0.136628 | 0.131342
24 5.7580 | 0.136623 || -0.7422 | 1.1048 | 0.8096 | 0.5186 0.136495 | 0.132221
32 5.9631 | 0.136422 || -0.7715 | 1.1223 | 0.8211 | 0.5188 0.136329 | 0.133278

Table 9.3: Improvement coefficient b, and renormalization constants associated with the LCP
in the volume Li, taken from the references mentioned in the main text, either
directly or by application of interpolating formulas given therein. The last two
columns show the resulting hopping parameters associated with the RGI masses
My (9.11a) and M7 (9.11b), respectively, according to (9.51).

the final formula to be applied then reads

. _ IR B o\ Zpr(gga/L1) a  zf
= {Kcﬁt(g%) b 57 (1 \/ A7, (5 2(5D) Lzh(l/La)}

-1

(9.51)

In Ny = 2, non-perturbative results for a range of bare couplings exist for b, (5) and
Z( g%) [58], as well as Z4 ( gé) [148]. Moreover, specifically for the LCP, i.e. the relevant
bare couplings ¢ = 6/, the volume L; and the lattice resolutions L;/a, we know

Kerit ( g%) from [142], while Zp( gé, a/Ly1) and the conversion factor
h(1/L1) = 1.308(16) (9.52)

are given in [95]. This way, from (9.51), we get the hopping parameters «;, x associated
with the central values of the RGI masses zJ, z;, given in (9.39) and (9.43), respectively.
The results are listed in tab. 9.3.

9.2.3 Determination of ®7

We now turn to the determination of ®}, whose definition we recall for convenience:

®F = lim | 2 9.28a
! a/T—0 [gGF :|Nf—2, T=L, ( :
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Ly/a | ens. | Ny EZGF Tint Qfit
12 A | 301 8.59(6) 1.4(2)
16 Aqg | 100 7.85(8) 1.8(6)
20 Ay | 19 7.64(25) | 3(2)
24 By | 1000 7.54(7) 14(4)
32 B3y | 700 7.45(10) | 29(9)
oo without Lp/a =12 | 7.31(10) 0.99
oo with  Ly/a=12 | 7.19(7) 0.45

Table 9.4: Results for the GF coupling in Ny = 2, determined in the SF at fixed Ly ~ 0.8 fm. Tint
is given in units of 2 MDU, where Tieas as given in tab. 9.2 for the different lattice
sizes has been taken into account. The values of Ty, for Ly/a = 12,16 are to be
considered upper bounds, following from the fact that 7j in units of Tmeas = 6 MDU
is compatible with no autocorrelation at all.

Given some specific subsets'® (cf. tab. 9.2) of the respective existing Ny = 2 ensembles,
labelled by Ay,,, and By,,, (cf. tab. 9.4), we evaluate the GF coupling g2 (6.7) by
integrating the flow equation® (6.9). The results are listed in tab. 9.4 and illustrated
in fig. 9.3. Due to the implementation of O(a) improvement (cf. sec. 9.2.1), we expect
the leading cutoff effects in g4y to be quadratic in the lattice spacing, and thus employ
the fit'” ansatz

Sep = @ +51- (a/Ly)? (9.53)

to extract ®7. The value for L, /a = 12 seems to deviate from this behavior, suggesting
that it is affected by higher order cutoff effects. This has also been observed in [105] for
the same lattice spacing, in half the physical volume fixed by the very same LCP (9.30),
i.e. L1/a = 6. It is reasonable to exclude this point from the continuum extrapolation,
which then leads to

¥ =7.31(10) . (9.54)

5For Ly/a = 12,16,20, MC histories of géF for ensemble subsets A1y, A1, Axg with somewhat peculiar
numbers of configurations N - see tab. 9.4 - were readily available from work done in the course
of [105] These have been used here. Regarding L,/a = 24,32, we employed relatively large subsets
Bys, B3y to achieve sufficient statistics, compared to the ensemble subsets Cjy, C16, Cag, Co4, C32 which
will be used in connection with the determination of @3, d>§, see sec. 9.2.4 and sec. 9.2.5, respectively.

16 An adaptive integrator (see e.g. [105]) was deployed here.

17Fit details like the fit parameters, their covariance matrix and the quality of the fit are listed in tab. H.1,
see app. H.3.
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Figure 9.3: The GF coupling and its continuum extrapolation (9.53), which leads to @7 ((9.54),
black). The fit excludes the data for L/a = 12 (red).

Since we do not know about the GF coupling and its cutoff effects in the Ny = 3 +1
theory, a rough determination like (9.54) is sufficient for our purposes, and we take its
central value for the definition of the LCP.

9.2.4 Determination of ©;

Next, we consider

®% = lim [ T -T* ] ) (9.28b)
a/T—0 Ny=2, T=Ly, Mi=M

For the determination of L,I'*°, we again use certain subsets of the N =2 ensembles,
labelled by C;,,, (cf. tab. 9.5). The incorporated improved axial current correlation
function f41 (cf. (9.20)) is evaluated under use of the valence quark hopping param-
eters xj, listed in tab. 9.3, as well as the improvement coefficient c4 that is available
non-perturbatively for the relevant case of Ny = 2 and the Wilson gauge action S,
see (3.116). This ensures full O(a) improvement, i.e. cutoff effects in LI are again
expected to be of order O(a?).

However, we observe that the results for L,I’*°, which can be found in tab. 9.5 and
fig. 9.4, can not be reconciled with this behavior, making a reasonable continuum
extrapolation impossible. A very similar pattern appears for LI, calculated with
K = Kcrit in the chiral limit, from which we know that it is supposed to vanish in the
continuum, see (9.24a). We attribute this behavior to the imprecise tuning of ami. , -
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Ly/a | ens. | Ny | LT | LoT" | LTS | Tine | Qge
12 | Ci» | 500 | 1.41(7) | 0.76(6) | 0.65(1) | 4(1)
16 Ci6 | 500 | 0.79(6) | 0.11(5) | 0.68(1) | 7(2)
20 Cyo | 180 | 0.51(4) | -0.15(4) | 0.66(2) | 9(4)
24 | Coy | 500 | 0.79(3) | 0.19(3) | 0.60(1) | 17(6)
32 | Cx | 180 | 0.48(2) | -0.14(2) | 0.62(1) | 8(3)
oo without Ly/a = 12 0.59(1) 0.01
oo with Ly/a=12 0.61(1) 0.00

Table 9.5: Results of the Ny = 2 runs to determine LT

cor

at z; = L, Mj. The parameters f,
Kerit and Tmeas associated with the ensembles are listed in tab. 9.2, while «j can be
found in tab. 9.3. Ty corresponds to the quantity LIS,

2 MDU under consideration of Tyeas (cf. tab. 9.2).

and is given in units of
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Figure 9.4: Top: L,I'** at z; = LoMy (filled circles) and LoT* at z;, = z5 = 0 (open circles).
Bottom: LoTSS. and its continuum extrapolation (9.56), which leads to P35 ((9.57),

cor

black). The point for Ly /a = 12 (red) is excluded.

170



9.2 Determination of ®* in Ny =2

to zero, see tab. 9.2, and define a corrected quantity
LT, = Lo (F - F“d) (9.55)

that differs from L,I'*® only by cutoff effects. As one can see in fig. 9.4, L,I'S  shows
an improved behavior, and is therefore used for the continuum extrapolation to ®3. A

fit!® quadratic in a/L,,

LTS, = @5 + 52 (a/La)?, (9.56)

gives!?

5 =059(1) . (9.57)

Note that again the L,/a = 12 value is not taken into account. As a side remark, we
mention that the alternative discretization Fl(Jz)
results to the case of I/ = Fzgl) (cf. (9.26)), both on the lattice (L,I'S.) and in the

continuum (P3). Details can be found in app. G.2. The same holds if the unimproved

of the light EMM gives very similar

axial correlation function (c4 — 0) is used for the effective meson masses, see app. G.4.

9.2.5 Determination of ©;

Finally,

1
@5 = lim [T- <rsc - r55> } , (9.28¢)
a/T—0 2 Ny=2, T=Ly, Mj=M}, Mc=M;

is determined very similarly to the case of ®3, on the ensembles Cy,,,. We again use
the quantities which correct for the massless sea quark contributions,

LI =L, (r“ - r“d) (9.58)

Lo, = Ly (1 - 1), 9.55)

18See footnote 17.

YThe quality of the fit, Qg = 0.01, is quite poor. This is partly due to the obviously underestimated
autocorrelation for Ly /a = 32 and the associated error, see tab. 9.5. However, as explained before, a
rough determination of the continuum extrapolated value ®j is sufficient for our purposes, so that
we make do with the situation.
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Ly/a | ens. | Ny | Lorsc | L, ( s %rggr) Tt | O
12 | Cp | 500 | 7.40(7) 6.32(3) 3(1)
16 | Cig | 500 | 6.94(10) 6.49(4) 7(2)
20 | Cyp | 180 | 655(7) 6.37(6) 8(3)
24 | Cpy | 500 | 6.64(6) 6.15(5) 18(6)
32 | Cyp | 180 | 6.28(5) 6.11(4) 14(6)
oo without Ly/a = 12 5.96(5) 0.30
o with Ly/a=12 6.17(4) 0.00

cor
LyM7. While the parameters B, Kerit, Tmeas, k; and «7 are given in tab. 9.2 and

tab. 9.3, the results on I'* and T, are the same as in tab. 9.5. T corresponds to

Table 9.6: Results of the Ny = 2 runs to determine Ly (I, — iTS ) at z7 = LoyMf and zf =

the quantity L, (T'5¢, — %I’f:f,r), and is given in units of 2 MDU under consideration
Of Tmeas (cf. tab. 9.2).

such that in total, the quantity of interest becomes
1_.. 1. 1
L, (rigr - zrzgr) =" (r“ -5 - zr“d) : (9.59)

Note that in comparison to (9.55), the correction is only half as large in absolute size.
The results are shown in tab. 9.6 and fig. 9.5. The usual fit*" ansatz,

1. .-
Lo (1%, 5T ) = @5+ 52+ (/L2 .60

without consideration of the L/a = 12 result, yields?!
P3 =5.96(5) . (9.61)

In contrast to the case of @3, the use of the alternative discretization Fé) instead of
il = l"lgl) gives quite different results on the lattice. These relative cutoff effects, inves-
tigated in detail in app. G.2, become significant as they enter here in combination with
the charm mass. However, we find (cf. (G.9)) q)g,(z) = 5.94(5) with 1"?2), i.e. agreement
between the two definitions in the continuum, as expected. The same holds if I'V is
considered with the unimproved axial current (c4 — 0). As one can see in detail in

app. G.4, this has a small effect on the lattice results, which vanishes as the continuum

20See footnote 17.
ZFootnote 19 applies here as well, for 3.
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Figure 9.5: L, (T%, — I'%5./2) and its continuum extrapolation (9.60), which leads to ®} ((9.61),
black). The point for L/a = 12 (red) is again excluded from the fit.

limit is taken.

9.3 Tuning to the line of constant physics
In the previous two sections, we have defined a LCP,
P =P7, O=D;, I3=093, (9.13)

in terms of the three quantities

1
D1 =ggp(T), ®=T-T", d3=T- <F“ - 2r5“> , (9.16, 9.23a, 9.23b)

by fixing the values
o7 =731, P;=059, P;=596 (9.54,9.57, 9.61)

from numerical input of the Ny = 2 theory. We are now in the position to implement
this LCP in Ny = 3 + 1 with the tree-level improved Liischer-Weisz gauge action SV,

which, as discussed in sec. 8.4 and the introduction to the present sec. 9, is the starting
point for the determination of

Cow = Csw (g3, amy ;, anmyg ) (8.63)
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at fixed, non-vanishing quark masses, to be discussed in sec. 9.4. Affiliated with the
LCP is the use of the same SF extent in time and space,

T=1L, (9.62)

see (9.32). SF boundary improvement in terms of the improvement coefficients ¢; and
¢t is implemented perturbatively like in Ny = 2 (see sec. 9.2.1 and (5.37)). However,
in the present case of the gauge action SZ, these are only known to 1-loop and tree-
level order, respectively (cf. (5.42)). The lattice setup is completed by the fermion
boundary angle 6 = 0 as outlined in (9.15). Details on the algorithmic implementation
of the MC simulations will be discussed in sec. 9.5. Once a representative ensemble
of gauge configurations is generated, the practical evaluation of the quantities ®; in
Ny = 3+ 1 on those is straight forward. There are merely two changes with respect
to the previously considered Ny = 2 case to be accounted for. First, the gradient flow
coupling g2y acquires a different normalization?> N~ due to the use of Sg = SEV
(9.1) as gauge action, see (6.13) and the discussion in sec. 6.1.2. Second, while the
EMM (cf. (9.26) and (5.53)) that appear in ®; and ®3 were defined in terms of the non-
perturbatively available c4 (cf. (3.116) and sec. 9.2.4) in N¢ = 2, we use the perturbative
1-loop expression (3.115) in Ny =3 + 1.

The task to be addressed in the following is to adjust the bare parameters such that
the quantities ®; = P; (g%, k1, kc) assume the values @ prescribed by the LCP (9.13).
This poses a classical optimization problem of a function

SR =R, (g5,x1, k) — (D1, Do, D3) . (9.63)

The tuning of the bare parameters, however, needs to (and can only be) carried out up
to a certain precision. The tolerated deviations of ®; from ®; have to be well defined,
which is subject of sec. 9.3.1. After reformulation of the optimization problem in
sec. 9.3.2, our strategy to solve it will be discussed in sec. 9.3.3 and sec. 9.3.4. Finally,
we discuss the error estimation of the obtained bare parameters at the line of constant
physics in sec. 9.3.5, and conclude in sec. 9.3.6.

9.3.1 Imposed precision

We aim to match the physical quantities T, M, M with a certain precision. Introduc-
ing the vector notation X = (X1, X, X3) = (T, M;, M,), they are represented by X7,

22T am grateful to Alberto Ramos for providing me with the numbers.
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while §X; = X; — X7 are the actual deviations, and ||6X;|| denotes the (maximal) allowed
deviations:

0Xi] < |l6Xil|,  i€{1,23}. (9.64)

As explained in sec. 8.4, it is particularly important to fix the charm mass on the lattice,
i.e. to fix T and M, rather restrictively, whereas the precision required for M; is of less
importance. The allowed deviations are thus set to

[T [[6Mcl| _ -, [[oM;]|
T Mz =5% and Mz*

=11%. (9.65)

In the following, they will be translated to allowed deviations of ®;, ®;, ®3,
([[6T[[, [[oMy[, [[6Mel]) — ([[6P1]l, |6z, [[6Ps]]) - (9.66)

Since each ®; can be considered as a function ®; = ®; (T, M;, M), each deviation 6P;

gets contributions from all the deviations 6 X;:

oD, od 0D, 3 9d;

ot Tt am, an,*Me = ]Zl X,

5D, =

0X; . (9.67)
Higher order terms will be neglected, and the derivatives are always understood to be
evaluated at the LCP, e.g.

9b; _ o
9X; — X

. ije{1,23}. (9.68)
X=X*

The maximal allowed deviations, unlike the deviations themselves, can not compen-

sate each other, i.e. one has to assume the most unfavorable addition of deviations:

0D;

|99, 2D 2
Jowul = |57 1o + 3 l]Hfst\H\aMCWMCH |53

06X . (9.69)

The quantities ®; were constructed such that they depend mainly on X; (see criterion
C2 in sec. 9.1), so that

’E)CD

0D;
10X > ]

16X, forj#i (9.70)
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is supposedly fulfilled. For this reason, and in order to avoid the involvement of off-
diagonal derivatives, we propagate only the main error, and approximate the allowed
deviations by

9D,
X,

PP — 1

16X < [|oi]] - 9.71)

The inequality holds because only positive terms are dropped in the approximation,
cf. (9.69). We will employ [|6®P*¥|| as upper bounds for the modulus of the devi-
ations 0®; from the tuning point. This is a stronger criterion which implies that the

tuning target (9.65) for the physical quantities is fulfilled just like the original criterion:
0] < 0@ = o] < o]l & foXi| < floXil . (972)
We will determine [|6®:"""|| for i € {1,2,3} via (9.71) in the following.

1) 6T — 6@,

In order to determine [|§®;PP"™|| and the involved derivative |92t

T |r—7T
functional relationship of the gradient flow coupling ®; = g2 and T. Itis given in per-

, we need the

turbation theory at large energies by (2.40), which to lowest order in the Schrodinger
functional with finite size scaling y = 1/T (cf. (5.18)) becomes

. —2bplog (TA) + ... . (9.73a)
Dy
The corresponding differential reads
1 aTr

so that the aspired relative maximal allowed deviation of T (cf. (9.65)) translates to an
absolute maximal allowed deviation of 1/®;. Hence, we use this quantity instead of ®;
to formulate a precision condition, to ensure that T associated with the outcome of the
tuning procedure is symmetrically distributed around T* in the statistical limit. From
(9.71) and (9.73b), we find an allowed deviation of the function 1/®; that in relative
terms amounts to

16 (/1) ™™ |
1/@%

T
= 2by D7 H(;,*H ~ 4%, (9.74)
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where by ~ 5.277 - 1072 from (2.41) with Ny =4, &7 = 7.31 from (9.54) and H‘;—Z” =5%
from (9.65) was used. Note that the above use of perturbation theory up to an energy
scale as low as y ~ 4 ~ ﬁ ~ 250 MeV is justified by the slow running of the
gradient flow coupling, see [149].

2) 5M1 — 0Py and oM. — 0P3

In contrast to the previously considered case, the derivatives | 922 and | 9%
M| v =My OMe | M, =M
cannot be assessed with analytical methods. Instead, we use our estimates from

Ny =2, listed in tab. G.4 of app. G.3:

0P, [ 0 ( . >
SV = —— | lim L,I™*® =295(3)-T* (9.75a)
‘aM! Mm=m:  IM;\ a0 N2, zmzt
0P; Co9 [ 1 .

= 1 L FSC - 71—~ss —078(1) - T* 7
‘aMC M,=M aMC <all>% 2< 2 )) 0 8( ) (9 5b)

Nf:Z, zl:z;‘, Ze=2}%
Together with the target precisions (9.65), this leads to the relative allowed deviations

l6@3™™ ] _ 1

&~ o -2.95 T*-0.11 My ~ 10% (9.76a)
(scbapprox 1

w = & 078 T*-0.05 M} ~ 4% (9.76b)
3 3

where z7 = T*M; = 0.186 and z; = T*M? = 6.0 was used, see (9.39) and (9.43),
respectively.

9.3.2 Reformulation of the optimization problem

An optimization problem like the one outlined in the introduction of this section,
where one is interested in the point where the function ® assumes a specific value
d* = (@7, P35, D}), is usually trivially reconsidered as the search for the point where
the function ® — ®* vanishes. However, in our case, it should in addition be taken
into account that the function 1/®; is to be considered instead of ®;. It is convenient

in practice to consider the following distance functions,

1/®) —1/®;
/o1

Dy — D3
o5 7

b; — D
Ds(®3) = ———2, (9.77)

Di(®;) = —
1(®1) o

Dy (d,) =
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which not only vanish at the aspired line of constant physics
Di(®;) =0, 9.78)

but in terms of which the fulfillment of the relative allowed deviations (9.74) and (9.76)
may also neatly be expressed as (cf. (9.72))

IDy| < 4%, |Dy| <10%, |Ds| <4%. (9.79a)

The sign convention in the definition of D; is chosen to ensure that D; and ®; —
@7 have the same sign. Hence, D; monotonically increases with T (cf. (9.73)), just
as D, and D3 monotonically increase with M; and M, (cf. (9.75)), respectively. An
aspect which has not been taken into account so far are the statistical errors of ®;
that propagate to statistical errors of the distance functions D;. We do require the
tuning criteria (9.79a) to be fulfilled also if those are added to the mean value in an
unfavorable way, i.e. we replace

IDi| — |Di| + |ADj] (9.79b)

in (9.79a). The optimization problem is then reformulated in terms of the function®®
(cf. (9.63))

D:R*— R, (g3 x,x)+ (D1,Da,D3) . (9.80)

Although the aspired tuning point is well defined by (9.78) and (9.79), it is crucial for
the optimization procedure to assess the tofal distance of a point in bare parameter
space that does not yet fulfill the tuning criteria. To achieve this, a (scalar) global
distance function

D:R*—=R, (g x,x)—D (9.81)

has to be defined, which should
1. be positive semidefinite: D(®1, Py, P3) > 0.

2. vanish at and only at the LCP: D(®1,9,,P3) =0 < D;j(®;)=0 Vi.

2 Note that here and in the following, we will frequently use ®; and the bare parameters interchangeably
as arguments of the distance functions. Although being a slight abuse of notation, the meaning of
this is obvious as the mapping ® (cf. (9.63)) provides a one-to-one correspondence between these two
sets of parameters.
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3. monotonically increase with the modulus of D; .

This suggests the basic form
D(®1, @2, @3) = f (w1 - (D1(®@1)) + ;- (Da(@2))* + w3+ (D3(@3))*) ,  (9.82)

where the factors w; > 0 weigh the individual distance functions in a certain way, and
f : R>p = R>¢ is any function that preserves the above criteria. It seems useful to
account for the difference in the tolerated relative allowed deviations, cf. (9.79a), i.e. to
ensure an equal treatment of the relative deviations of 1/®1, ®,, ®3, by considering

D(®1, @5, ®3) = /- (D + (Da(®2))* + w- (Ds(®3))? (9.83)
with w = 10/4) (9.83b)

The chosen overall factor in combination with the square root ensures that D is an
upper bound for the individual distance functions, D;(®;) < D(®q, o, P3) Vi, with
equality D, = D in the case of D; = D3 = 0. Furthermore, D and max; D;(®;) are
of the same order of magnitude. The particular choice of f and w; will affect the rate
of convergence of the iterative tuning procedure in which D — 0 is minimized, to
be described in the upcoming section. Note, however, that the actual tuning criteria
continue to be expressed in terms of the individual distance functions D;, via (9.79).

9.3.3 Ilterative solution of the optimization problem

Each evaluation of @ (or equivalently D) at some point in bare parameter space, from
now on denoted by

X= (g%,;q,xc) , (9.84)

requires its own MC simulation. Since this is rather expensive in Ny = 341, an
effective iterative optimization technique is desired, to keep the computational effort
of the tuning small. This requirement gains even more in importance since, as we will
learn in sec. 9.4, the tuning will need to be conducted about

#(lattice sizes) x #(average no. of csy per lattice size) = O(25) (9.85)

5 0(5)

times. Our iterative approach schedules the following steps:
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S0. Computation of D; at some initial guess ¥"tal and in its vicinity.

S1. Interpolation of the data for D by a fit function Dfit,

S$2. Minimization* of |Dit| leads to bare parameters ¥™.

S3. Computation of D; at (and possibly in the vicinity of) the bare parameters ¥™i".
S4. If tuning criteria are not yet reached, return to step SI1.

With regard to step SO, reasonable initial guesses ¥l may be obtained by inter- or
extrapolation of previous results at other parameters (T /a and cs,). We will return to
this in sec. 9.6.1. Furthermore, the suitability and effectiveness of different approaches
concerning step S1 and S2 depend on the properties of the function to be optimized.

We will discuss our strategy concerning this matter in the following two sections.

9.3.4 Step S1: Interpolation of data
Direct fit Dgitr of the global distance function D

As a first, direct approach to the interpolation of D scheduled in step S1, we aim to
use 3-dimensional Taylor polynomials of order 1 or 2 around a central point ¥(¥) to
approximate the data D:

) 1 T
D% F) = F+F - (¥—x0) + 5 (x—%) P (x-%") . (86
For this scalar function, we have 1 fit parameter F to zeroth order, a gradient vector F’
of 3 fit parameters (F 1 F2 3 ) to first order, and an additional Hessian matrix F”, i.e. a
symmetric matrix of second derivatives with 6 fit parameters (F4, .. .,F9) to second

order. We summarize all these parameters by
F:{PO,Fl,...,P3,P4,...,P9} . (9.87)

There are two features that make the application of this kind of fit difficult, both
related to the form of the global distance function D, (9.83a), which is basically the sum
over the squared individual distance functions D;. First, each D;, like the associated

®;, is strongly dependent and monotonically increasing with exactly one of the bare

24In principle, one is interested in the one and only zero of D, approximated by Dfit. In practice, however,
pfit may not possess a zero, which is why we use a more general minimization condition here. Note,
furthermore, that a zero of Dgitr—introduced in (9.86)—may also not be unique. These issues will be
discussed further in sec. 9.3.5.
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parameters, x;, while it is by construction expected to rather weakly depend on the
others. The data for D;, however, shows that there is in fact a significant overlap of
dependencies on the bare parameters, as a result of criterion C2 (cf. sec. 9.1) not being
adequately fulfilled. This leads to a slightly more complicated dependence of D on
the bare parameters, and presumably impedes the direct fit of D. Second, and more
importantly, there is an issue related to the involved squares. Even if the D; were
perfectly independent, and under the assumption that each of the them is adequately
approximated by a Taylor polynomial of first or second order, one automatically needs
a Taylor polynomial of higher order to obtain an equally valid fit for D. In turn, a direct
fit of D in terms of a Taylor polynomial of first or second order like (9.86) is often not
feasible. In practice, this manifests itself as follows. If there are N9 < 11 data points
and only a linear Taylor polynomial with 4 fit parameters can be used, the quality
of the fit is very poor and it serves at most as a very rough approximation. In the
case of N9 > 11 data points, a quadratic Taylor polynomial may be applied, which
usually leads to slightly more reasonable fit results, but only if the data is restricted to

a relatively small area in bare parameter space. An example will be provided below.

Composite Fit Dfit, based on the individual distance functions D;

In view of this, it may be more useful in general to resort to fits of the individual
distance functions D;, which have a much simpler dependence on the bare parameters:

Dft(X,F) = F* + F - (a‘c’ - f(o)) + % (9? — 55’(0)> ' F/ (a? — a‘c’“”) : (9.88)

These approximations are used to construct a composite fit D of the global distance

function (cf. (9.83)):

DY (% F, B, F) = \/w - (DiY(%, )’ + (DEY(%, R)) +w- (D%, F3))*,  (9.89)

where we have summarized the fit parameters of each individual distance function by
F={FF, B, R (9.90)

Practical implementation

In practice, for a given set of data D;({¥!,...,#"}), all possible Taylor fits are consid-
ered, by varying
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e the central point #?) € {#!,...,%N} of the Taylor expansion.
e the number of points N fit jncluded in the fit, with 4 < Nfit < Ndata,
e the order of the Taylor polynomial (second order only if Nfit > 11).

e the fit type, Dt or D

com*

Mainly based on x? and the related fit qualities Qg (cf. app. H), but also under consid-
eration of the range covered by the ingoing data, one of those fits is selected. Consis-
tent with the previous discussion, the best results, expressed by large Qg and manifest
in a fast convergence of the algorithm, are in general obtained under use of the point
closest to the LCP as the central point, i.e. ¥0) = ¥ with D(¥") < D(¥) Vi # m,
a number Nfit > 11 that allows for second order Taylor polynomials Dt employed to
approximate the individual distance function, which result in Dfif . As an example, in
fig. 9.6, the direct fit D as well as the individual and composite fits Dfit and Dft |
are shown, together with Nfit — Ndata — 12 data points taken from calculations at
T/a =16,csw = 1.7. As one can see, the individual fits Dlﬁt of second order describe
the respective data rather well, Qg (D) = 0.40, Qg (Dit) = 0.82, Qg (DEt) = 0.28.

This transfers to Dﬁi(fm,

which (like the global distance function) is dominated by D5,
even if one takes into account the increased weight of D; and D3 by the factor w
(cf. (9.83)). In contrast, the data for D is only moderately well described by the direct
fit, Qqe(D ) = 0.09.

Although clearly superior in quality concerning the description of data, Dfit

com also

has disadvantages in comparison to D | to be discussed next.

9.3.5 Step S2: Fit minimization and error estimates

In the subsequent second step of an iteration, the absolute value of the respective fit
function Dfit(¥) = Dft (2, F) or Dft(%) = Dt (¥ F\, F,, F;) as an approximation of D
is minimized, leading to the point
XM = arg min ‘Dﬁt(f)
x

, (9.91)

which comes into consideration for fulfilling the tuning criteria (cf. step S3 and S4).
X¥min js obtained numerically under use of standard optimization algorithms. In our
case, we apply the (quasi-)Newton method, which is broadly applicable? to the mini-

ZNote that in the case of DIt = Dgit , Y™ js accessible analytically as well, due to the linearity of the fit
parameters (cf. (H.5) in app. H.). This, however, is not the case for pfit = Dgém.
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D, Dt
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Figure 9.6: Illustration of data (left panel) and data embedded in the corresponding fit func-
tions (right panel) for the last iteration of the tuning procedure in the case of
T/a = 16, csw = 1.7. The central point of the Taylor expansion is %(0) — pmin
and Nfit = Ndata — 12 points are taken into account, all of which are connected to
x¥0) by straight lines to guide the eye. The colormap on the right hand side encodes
the function values, respectively. Note that these vary substantially in magnitude
between the different D; and D.

183



9 Determination of csw for Ny = 3 + 1 massive Wilson fermions

184

mization of all the fit functions presented in the previous section.

The reason why we refrain from imposing Dt = 0 directly is that this stronger
condition can in many cases not be met, i.e. one finds Dgitr(a_cmin) # 0. This holds
especially if Dfit = Dfit is employed, which may be understood as follows. Dfit
is positive semidefinite by definition, as it is the sum of positive semidefinite terms
(Dlﬁt)z. As such, it vanishes if and only if all Dlﬁt vanish simultaneously. In theory,
each (unknown) exact function D; determines a hyperplane D; = 0 in bare parameter
space, and the three hyperplanes defined this way meet at exactly one point, the LCP,
which fulfills D = 0. However, already the tiniest deviation of a fit Dlﬁt from the
corresponding real functional dependence D; makes the three hyperplanes Dft = 0
not meet in a single point. Hence, the minimum ¥™" of Dt generally leads to?

Dft (™) > 0. (9.92)

In contrast, in the case of Dg}r, one usually does find
DE(F™") =0, (9.93)

at the cost of ¥™" not being unique27 if a second order fit is employed, in which case it
is reasonable to select ¥™" such that the distance to the central point %) of the expan-
sion is minimal. Note that this behavior, in particular the occurrence of implausible
negative values D! < 0 outside the region covered by data, can also be seen in fig. 9.6.
Although (9.92) does not pose a problem in principle, as it still iteratively minimizes
the distance to the LCP and may well lead to fulfillment of the tuning criteria, related
to this issue, amongst others, is the rather problematic estimation of errors of ¥™1, to

be discussed next.

Error propagation to x™"

The error estimates A¥™" are relevant mainly as they, with regard to step S3 of an
iteration, allow to evaluate the D; in a sensible range of the bare parameters if more
than the single computation at the best estimate ¥™" is wanted. Moreover, in principle,
if one was interested in matching the LCP exactly, one could continue the iterative

process until the proposal ¥™" is compatible with the best available data point, and

201f the fit qualities of Dlﬁt are good enough, one may find a value Dfit  (¥™I") that is compatible with
zero within errors though.
?Recall that ¥™™ is defined as the zero of the absolute value of D, see (9.91). It is not unique in the case

when the quadratic form Dgitr itself has a negative minimum.
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propagate the associated errors A¥™™ to the results on cg,. We will return to this issue
in sec. 9.3.6, after we discuss technical details of the error propagation itself in the
following.

Depending on the employed fit D, the errors of the data D or D; are the basic
quantities that determine the errors of ¥™". We denote the elements of the data sets
by DI = D(#) and D{ = D;(¥), respectively, with j € {1,..., N9} For simplicity,
we restrict the discussion to the former case of the global distance function D and
its direct fit Dgitr first. The errors AD translate to (correlated) errors AF of the fit

parameters (cf. (9.86)) according to

oF* : oF?
K TAY j Dk

cov (F*, F*) }jk =5 cov (DI, DY) =
oF" N2 oF!

= ] _—

Y oy (D) 55 (9.94a)

I~ ~—
analytical analytical

where in the second step the independence of the data at different points in bare

parameter space,
cov (Df, Dk) = (ADj>2 ik, (9.94b)

was used. The partial derivatives in (9.94a) are known analytically for the present case
of linear fit parameters, see (H.9) and (H.11) in app. H.2. Hence, also the above covari-
ance matrix of the fit parameters F; can be obtained analytically. As these covariances

are propagated further via the fit function Dfi{ to the errors® A¥™I" sought for,

12 Jxmin " i
min\< __ o K
(Axgm)* = Y0 St cov (FLFY) SE (9.940)
KA St e — N =
numerical analytical numerical

this does not hold true anymore. In fact, due to the non-analytic nature of the depen-

dence of ¥™" on F; via the minimization of the corresponding fit Dgitr, the derivatives

in (9.94c) can only be determined numerically. Of course, the nested equations (9.94a)

2We are only interested in the diagonal entries of the covariance matrix here.
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and (9.94¢) can also be combined to

inN 2
i 2 oxn A\ 2
min — ]

(Axp)* =) < e ) (aD')", 9.95)

] ‘\/_/

numerical
where the entire derivatives (that are composed of the derivatives occurring in (9.94))
are treated numerically. We will refer to (9.94) as semi-analytical and (9.95) as numerical
error propagation. The partial derivatives are evaluated numerically in a symmetric
way, such that the one that appears in (9.95), for instance, reads

oxmin  yiin (D', ..., DI +dAD/,...,DN) —xp (D!, ..., D/ —dADJ,..., D)
oD/ 2dADJ ‘

(9.96)

The natural scale for the derivatives is given by d =1, but this parameter may be

varied to check the numerical results for stability. Inserted in (9.95), we find
A min\2 __ 1 N min Dl D] dAD] DN
(Axg™) _ng[xa ( yoo, D)+ e, )—
~ , ‘ 2
xmin (Dl,. ..,Di - dADf,...,DN)] , (9.97)

The case of the individual fit functions Df is quite similar and emerges from (9.94)
and (9.95) after two changes. First, each appearance of D/ is to be replaced by ¥_; D/.
Second, the equivalent to the covariance matrix (9.94b) is

- N2
cov (Dg, Df) — (ADj ) 5k 5, . (9.98)
The occurrence of §;; here is equivalent to the neglect of all cross correlations between

the different individual distance functions at one and the same ¥/, i.e. cov ( DZ , D{ ) =

Although in reality, these certainly exist, their computation from cov (QD{:, @;) poses
additional effort which seems not to be justified, for reasons which will become clear
in sec. 9.3.6, where the discussion will be resumed. We find

. 2
(Axmin)? = Y <8x“ ) (AD{I>2 (9.99)
ij

D!

—
numerical
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(9.94a) semi-analytical )
AD AF ADit
(9.95) numerical e (9.94¢)
Axmin
7
499 fit fit
AD; AFE, ADSf ADft

Figure 9.7: Propagation from the error of the data, either AD or ADj, to errors A¥™" of the iter-
ative estimate ¥™" of the point in bare parameter space that corresponds to the line
of constant physics, D = 0. For each case, the semi-analytical approach to evaluate
derivatives is represented by the outer path, whereas the fully numerical approach
is depicted by the inner path. Solid lines represent analytic error propagation,
whereas the error propagation along the dotted lines is conducted numerically. In-
termediately occurring quantities do explicitly enter the error analysis only if an
arrow points to them, i.e. AF or AF; in the semi-analytical approach.

for the numerical error propagation.

The propagation of errors from AD or AD; to A¥™" as discussed above is illustrated
diagrammatically in fig. 9.7. We use the results of the fully numerical evaluation of
derivatives, (9.95) and (9.99), while the semi-analytical approach (e.g. (9.94)) may serve
as a cross check. Note, however, that the use of the individual data D{ suffers from

o the neglect of covariances, (9.98)
e Y™ being the minimum (9.92) instead of the zero (9.93) of the fit function
e a factor 3 in the number of terms summed over, cf. (9.95) and (9.99).

This manifests itself in larger, less reliable, and more unstable (under variation of the
approach to estimate partial derivatives, as well as the parameter d, cf. (9.96)) error
estimates with respect to the use of D/. Concerning the error analysis, D is thus

fit

advantageous over D .

9.3.6 Conclusions

The main properties of the two fit approaches Dt = Dfit and Dfit = Dfi{ = discussed
in the previous sections, are summarized in tab. 9.7, showing the complementary

advantages and disadvantages. While the requirement to accurately describe data is
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Dfit H Qgie(N9 <10, d = 1) ‘ Qge(N9ata > 10, d = 2) ‘ Dflt "’mm) ‘ Error propagation

fit
Ddlr

Dﬁt

com

poor moderate good

moderate good poor

Table 9.7: Summary of general properties of the direct fit Dgitr (9.86) and the composite fit Dfit |

(9.89). N9ata denotes the number of data points, which allow for the use of Taylor
polynomials of order d.

met primarily by Dt as we have learned in sec. 9.3.4, Dt is conceptually cleaner
and allows to properly estimate the errors AX™" of the point at the LCP, according to
the discussion in sec. 9.3.5.

During the tuning procedure, the fit quality is more important than proper error
estimates. Consequently, the use of Df{ | crucially accelerates its convergence. D'I! is
not very useful in this regard, but may serve as a complement especially to estimate
the (order of) errors and assess a range in bare parameter space for the subsequent
search for the tuning point. If one aims at propagating the error AX™" at the end
of the tuning procedure, one needs both a satisfying fit quality Qg and a reliable
estimation of the error A¥™". In principle, both D and Df  (the latter without
the neglect of covariances, cf. (9.98)), may be applied. However, one would need to
gather a lot of high quality data in the immediate vicinity of the estimated LCP for
reliable fits. In comparison to our approach to simply abort the iterative procedure
once the tuning criteria (9.79) are fulfilled, this amounts to a huge additional effort.
This, however, is not justified because, as we will see in sec. 9.6.4, the obtained errors
AX™N if propagated to csy, are presumably small compared to the errors that stem
from the determination of cy (in terms of an improvement condition, cf. sec. 9.4) itself.

9.4 Improvement condition

In this section, we discuss the strategy to determine cs, at the bare parameters {g2,aM}
determined by the LCP, by formulation of an appropriate improvement condition
based on the PCAC relation, established in [46]. Although the presentation is tai-
lored to the massive Ny = 3 + 1 theory, the difference to the massless case is—as will
become clear below—insignificant for its implementation.

As we know from sec. 3.6, sec. 3.7 and app. C, the PCAC relation is violated in the
Wilson regularized lattice theory due to the breaking of chiral symmetry by the Wilson
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term (3.43):

3 ((Ar)] (x) Ox)) = 2 { (Prr) (x) Ox)) +O(a), (9.100)

or equivalently

~ l]
mg _ dyy <(AR1)”,, (x) OR> +0(a), (9.101)
2((Pr)” (x) Ox)

which, very similarly to (3.80), amounts to a definition of the renormalized mass mg In
the above equations, we have z = 1 in the unimproved and z = 2 in the improved
theory. Recall further that (AI)Z and (P;)7 are the improved flavor non-singlet axial
and pseudoscalar current (cf. (3.73, 3.74, 3.75)) with quark flavors j # i, respectively,
as known from sec. 8. In contrast to the massless case considered before, there are
quite a few more improvement coefficients in the massive Ny = 3 + 1 case, namely

ba,ba,bp, bg and csw, ¢4 in the mass-independent scheme,

ij = b i l.,
(ARI)P{ = ZA(g%) [1 +a- bA(g%)Tr[M] +a- &(rnqli + mq,]-)] [A;{ +a- cA(g%)BVP]}

2
(8.33)
i 2 ) bp(g(z)) ) ) ij
(Pro)? = Zp(g3) |1+ Bp(RVTr[M] +a- 250 (g4 my )| P, 8.37)
but only csw, c4 in the mass-dependent scheme (cf. (8.46b)):
(Ar)l = Z (g3, aM) [AZ +a-calgl aM)8yPij] (9.102)
(Pri)¥ = Z(g3,aM, au) PV . (8.47b)

For the sake of brevity, we use the mass-dependent scheme in the following. How-
ever, the particular renormalization scheme does not play a role for the imposition of
the improvement condition, as we will see soon. Employing the Schrédinger func-
tional with its boundary operators as well as the associated Schrodinger functional
correlation functions, we find

ij ZZ (g5, aM) (1ij

m] = _ZASVIE) 00 (x0) +0(a7) (9.103)
Z) (g5, aM, ap)
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under use of the bare improved PCAC mass in the SF,

mgCACI(XO) " <(Al)g * ?ﬁ> = 3OfoI(XO) aOfA(XO) Fac0 fP(XO) , (5.54)

2 (Pi(x) OF) 2fp (x) 27 (x)

or its primed (backward) counterpart mgjc ACI (cf. (6.52)). Up to now, in all equations
for the PCAC masses, we have suppressed quite a few of its arguments. In the present
case, the improved PCAC mass mgc ACI inherits a dependence on g%, aM, cgy from the
action and on c4 from A;. Moreover, it depends on xg like the inserted currents, the
choice of the operator O/ or O'/* (the latter case being associated with mg]C ac,y) as well
as all the parameters of the Schrodinger functional, namely the temporal and spatial
sizes T and L, the boundary gauge fields Cx and C; (cf. (5.7, 5.25)), and the fermion
angle 0 (cf. (5.21)). If we summarize the latter parameters by

Psg = {x0, O, T,L,Cy, G4, 6} , (9.104)

and the renormalization constants by

it 77 (g3, aM
Zitpenc (85,aM, app) = A0 ——"— A(Zgo M) (9.105)
Zp(8y aM, ap)
equation (9.103), with all arguments explicitly listed, becomes®
mg = ZmPCAC (go,aM ap) - mPCACI(gO,uM Csw, €A, Psp) + O(a%) . (9.106)

The idea for the determination of the improvement coefficients csy and c 4 at given bare
parameters {g3,aM} is the following. If they assume the correct values, referred to as
Csw,1 and c4 1 from now on, this implies z = 2 in (9.106) irrespective of the parameters
Psg. In other words, the dependence on Psr is a pure lattice artifact, which is required
to vanish up to O(a?) effects. This fact may in turn be used to adjust the improve-
ment coefficients such that both chiral symmetry is restored and the cutoff effects of
first order in the lattice spacing disappear in on-shell quantities. The PCAC relation is
particularly useful to this end, as it has been shown to suffer from large cutoff effects
both perturbatively [46] and non-perturbatively [150], rendering it particularly sensi-
tive to csw. Hence, one may formulate the following (principal) improvement condition

2Note that the case of primed backward PCAC masses, previously considered in (5.54), is included here
as part of Pg.
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to determine cqy 1 ( g%, aM) and c4 1( g%, aM):

. 1 | i 2 ! i 3
e nc (88 aM, csw, can, PP) = milenci (oo, PE) = miepci( ... . PE) . (9.107)
Regarding (9.106), this can be understood as one bare PCAC mass to eliminate the

numerical constant Z.

mpeac, and two more to fix the improvement coefficients cgy 1

and c1. It is now obvious that the non-vanishing and non-degeneracy of the quark
masses in Ny = 3+ 1 as well as the employed renormalization scheme and potential
if

improvement coefficients of the axial and pseudoscalar current, all encoded in Zmpc ac

play no significant role in the procedure, as mentioned above.

From the many possibilities to probe the quark dynamics by variation of the differ-
ent parameters embodied in Psg, one needs to select one or two of those. It is beneficial
to use xo and O)7, as this choice requires merely one set of Monte Carlo simulations,
at all other parameters in Psr fixed. Hence, using the short notation again, one avails

oneself of

3 . 3 i
mgCAC,I(xo)' meCAC,I(xO)’ mgCAC,I(yO)’ mI;]CAC,I(y(J) (9.108)

at two different time slices xo # yo. In order to avoid the need to simultaneously
vary csw and cy, it is convenient to consider the two principal conditions in (9.107)
separately. Moreover, instead of equating PCAC masses at different time slices xg and
Yo (which would be necessary for (9.107)), particularly useful improvement conditions
[16] are imposed by the equations

D Mpcaci(vo) = m;]CAC,I(yO) (9.109)

° o
1) mpeacy(¥0) = mpepc(X0) S (9.110)

i.e. under consideration of all four PCAC masses listed in (9.108). In practice, the first

condition is used to determine c,4 ;. To this end, the PCAC mass is split according to

mph e r(x0) = r (xg) + ca s (xo) (9.111a)
with30
) 1 (ax gy £ ) wn (Nij
r(x) = 2 - +(/§)i])‘ fa_x) and s"(xp) = W : (9.111b)
2fp " (x0) 2fp " (x0)

30Note that the second time derivative 93 is replaced here by 939y, cf. app. A.3.
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The improvement coefficient c41 = ca1(yo) that leads to the fulfillment of (9.109) is
thus determined at the time slice yo by

_"(yo) — 7 (yo)
s"(yo) — s (yo)

I’) CALl (yo) = (9112)
The subsequent application of c41 in (9.110) is expressed by the use of effective quark
masses (cf. (9.111a))

MOi(x0,y0) = r(x0) + eas(yo) s (x0) , 9113)
in terms of which the improvement condition for cs,, 1 becomes
') AM(xq,y0) := M¥(x0,0) — M (x0,0) =0 . (9.114)

Other improvement conditions are in principle possible, leading to different results
covered by the inevitable O(a) ambiguity of the improvement coefficients®!. However,
the improvement condition (9.114) is characterized by its proximity to perturbation
theory, i.e. the tree-level value of AM'(x,1o) is very small [151] and the results for
Csw,1 stay rather close to their perturbative counterpart. This issue is further elucidated
in app. 1.3, and is the reason why (9.114) has found successful application in previous
determinations of cgy.

The two distinct valence quark flavors i and j that enter AM? still have to be chosen.
In our case of Ny =3+1, these can have the mass either of the light quark, m;,l/
or the charm quark, mj .. Since we aim to improve primarily light quark physics,
i.e. correlation function where the charm quark enters only as a sea quark, we opt for
two light quarks. The improvement condition in its final form thus reads

AM™ (x0,y0) = M (x0,y0) — M"(x0,0) = 0 . (9.115a)

The time slice arguments xp and vy also need to be specified. They should be far away
from the boundaries, but also from each other, so that

3 1
xo=-T and Yo = =T (9.115b)
4 4
is a reasonable choice. Note that unlike in the case of previous determinations of cy,

cf. (F.3), we don’t use the tree-level value of AM"? on the right hand side of (9.115a).

31The effective quark mass M (xg, yo), for instance, depends on the definition of c 4 1 only at order O(a?).
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Figure 9.8: sy, is determined at T = T* ~ 0.8 fm, but—in contrast to the LCP simulations—
with L = T/2. Moreover, non-vanishing boundary fields (9.119) are used, indicated
by the colored sides. Compare to fig. 9.1.

Moreover, it can easily be shown that the arguments xp and y( are interchangeable. In
particular, the improvement conditions (9.112) and (9.114) imply

ca1(x0) = cai(vo) (9.116a)
and  AMY(yg,x0) =0. (9.116b)

Finally, to complete the definition of AM"? and the improvement condition, we need
to fix the remaining Schrodinger functional parameters

{T/ L/ Ckr CI/UG} € PSF ’ (9117)

cf. (9.104). As described in sec. 9.1, a rather large volume (cf. (9.27)) is needed for the
line of constant physics. In contrast, the improvement condition is better imposed in a
smaller volume, as AM"? is cheaper to compute and more sensitive to cgy in that case
(see e.g. [22, 46]). Since the bare parameters determined by the LCP have to stay the
same though, in regard to the setup of those simulations, we replace

L—L/2 (9.118)

while keeping the lattice spacing constant, i.e. we change L/a — (L/2)/a. However,
as the size of boundary effects (O(a?) after improvement) in the measurement of AM*
decreases with the distance of the measurement points xop = 3T /4 and yo = T/4 from
the boundary, it is advantageous to keep T large. Therefore, while decreasing L, we
leave T = T* unaltered. The SF setup of the improvement simulations is illustrated in
fig. 9.8. In addition, the computation of AM"? requires non-vanishing boundary gauge
fields, because otherwise, with a zero SF background field, F,, vanishes to tree-level
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order in perturbation theory, such that the correlation functions entering the improve-
ment condition become insensitive to csw (which multiplies F,, in the improved action)
to that order, see [46]. On the other hand, the background field in lattice units (azFW)
should also not be too strong to avoid large lattice effects. A good compromise be-
tween the two criteria, which leads to a non-vanishing but small background field
(56.27), is given by the boundary conditions [16, 46]

(p1,¢92,¢3) = = (—m,0, ) (9.119a)

(91,2, ¢3) = ¢ (=57,27,37) , (9.119b)

| — N~

cf. (5.7) and (5.25). These have proven to be useful in previous determinations of ¢y,
and will also be employed in this work. Concerning the SF boundary improvement
coefficients c; and ¢; as well as the boundary fermion angle, we stick to the perturbative

expressions as well as 6 = 0 as employed in the tuning simulations, see sec. 9.3.

9.5 Setup of the numerical simulations

In this section, we provide information on the numerical simulations performed to
tune®? the bare parameters to the LCP (cf. sec. 9.3) and to impose the improvement®
condition (cf. sec. 9.4). For convenience, a condensed overview on the respective lat-
tice setups, gathered from the discussion given in previous chapters, can be found in
tab. 9.8.

General procedure and employed software

As has been explained in detail in sec. 4.1, the gauge field and fermion integrations
are treated separately, see (4.12). The production of representative gauge field config-
urations is executed under use of the openQCD package [77, 98] and the contained
implementation of Schrodinger functional boundary conditions. The gradient flow
coupling ®; = g2, is the only pure gauge field observable relevant for our purposes
(tuning). As such, its evaluation does not involve the integration of fermion fields, and
it can be measured “on the fly” by use of the built-in adaptive integrator (see e.g. [105]).
In contrast, the quantities ®,, $3 (tuning) and ml'édc AC M d AMHE (improvement) de-

32We will refer to the respective simulations as “tuning” or “improvement” simulations in the following.
3See footnote 32.
34Version 1.2.
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Nf:2 Nf:3—|-1 Nf:3+1 Ref.

(LCP) (LCP) (IMPR)
S sy SEW SEW 9.33), (9.1)
Stow || S& sy s 9.18)
T T* ~ 0.8 fm T* ~ 0.8 fm T* ~ 0.8 fm 9.27)
L T T T/2 9.32), (9.62), (9.118)
¢, ¢ || 0 0 #0 9.14), (9.119)
0 0.5 0 0 9.15)
Csw NP — — 3.114)
Ct 2-loop 1-loop 1-loop 5.37a), (5.42a)
Ct 1-loop tree-level tree-level 5.37b), (5.42b)
ca NP 1-loop implicitly NP 3.116), (3.115)

Table 9.8: Comparison of the lattice setups (illustrated in fig. 9.1, fig. 9.8) and improvement
coefficients used in the N =2 and N r=3+1 simulations. In the case of the latter,
we differentiate between the tuning (LCP) and the improvement (IMPR) runs. The
last column refers to the respective equations where details can be found. NP stands
for “non-perturbative”.

pend on the Schrodinger functional correlation functions introduced in sec. 5.3. The
fermion integration for the determination of those leads to propagators (cf. (4.9) and
[152]), whose computation is performed under use of the respective gauge field en-
sembles and with the help of the sfcf package® [152]. The ensemble mean values
and error estimates are provided for all observables by the UWerr package [88] and
its implementation of the gamma method (cf. sec. 4.10). In this context, ®; = gap is a
primary observable, while the other quantities are treated as derived observables.

In the following sec. 9.5.1, we present details on the algorithmic setup of our sim-
ulations. Afterwards, in sec. 9.5.2, we describe the way these are implemented in

practice.

9.5.1 Algorithmic setup

Although our simulations are of the type Ny = 3 + 1 with respect to the masses of
the dynamical quarks, only two of the degenerate quarks (the up and down) may be
treated collectively in MC simulations, as has been discussed in sec. 4.4. The strange
and charm quark, in contrast, are implemented solely in terms of the RHMC and

3T am grateful to Christian Wittemeier, Jochen Heitger and Hubert Simma for providing me with the
code.
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the associated reweighting (sec. 4.6). Hence, from the algorithmic point of view, we
conduct Ny = 2+ 1 + 1 simulations. The parameters that govern the performance of
the Markov chain Monte Carlo algorithm need to be chosen with care, in order for the
following requirements to be fulfilled. First, of course, it should be ensured that

#1. the computation of a MC step is fast and effective.
Moreover, as the computations will be rather expensive in Ny = 2+ 1+ 1 anyway,

#2. the expectation value
Prce = <min (1,e_AH)> , (9.120)
of the acceptance probability (cf. (4.53)) should be rather large. We aim for

Pycc € [0.90,0.99] . (9.121)

However, an eye also has to be kept on feasibility, especially as the tuning procedure
schedules the simulation at many different points in bare parameter space (cf. sec. 9.3).
Hence,

#3. the amount of algorithmic parameters should be moderate to keep the associated

effort to adjust them small.

In the following, we will discuss the algorithmic choices one by one, ordered by their
affiliation to the different areas of a MC simulation covered in sec. 4.

RHMC (sec. 4.6)

For the correctness of the RHMC algorithm, the spectra [rj%,a,rj%,b] of the operators
Q fQ} with f € {s,c} need to be accurately estimated, the practical implementation of
which will be discussed in sec. 9.5.2. Given that this is the case, the maximal relative
deviation ¢ of the rational approximation Ry, cf. (4.66), decreases with the number n
of poles, while the numerical effort increases, cf. (4.75). We thus opt for the minimal
n that fulfills the condition (4.69). In practice, for the charm quark, n = 6 is virtually
always sufficient, while the strange quark requires either n = 6 or n = 8 (as we will
see in tab. 9.12 and tab. 9.13).
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T/a | 8 | 12| 16 | 20 | 24
no|[12]10] 100505

Table 9.9: Hasenbusch frequency splitting masses y (cf. (4.97)) employed for the various lattice
sizes T/a.

Solvers (sec. 4.7)

We use the conjugate gradient (CG) for the degenerate flavors f € {u,d}, and the multi-
shift conjugate gradient (MSCG) for the rationally approximated pseudofermion actions
of the flavors f € {s,c}. The reason why we refrain from the more sophisticated
solvers described in sec. 4.7, is mainly that the computational gain turns out to be
small compared to the increased effort to tune the involved parameters. With regard
to the deflated solvers, this is arguably due to the use of SF boundary conditions and the
induced mass gap (cf. (5.23)), as well as the fact that the up and down masses in our
simulations are substantially far away from the chiral limit, close to which deflation is

most useful. The use of SAP solvers is not suitable for our lattices®®.

Hasenbusch frequency splitting (sec. 4.8)

In order to empirically optimize the efficiency of the pseudofermion integration, sev-
eral test simulations with different versions of the splitting under use of various u?
were performed. With all other parameters of the simulations held fixed, the accep-
tance as well as the MC time per trajectory were compared. Although the multiple
splitting of the up and down quark fermion determinant was also considered, it turned
out to be sufficient to use two factors as in (4.97). For simplicity, one and the same u?
is employed for all simulations at a certain T/a. The results can be found in tab. 9.9.

Twisted mass reweighting (sec. 4.8)
The use of twisted mass reweighting is not necessary as the quark masses differ sig-
nificantly from zero (cf. (9.11)).

Multiple time scale integration (sec. 4.9)

The integration of the gluonic and the different fermionic forces is performed in the
framework of multiple time scale integration. For the sake of simplicity, i.e. with

36This is due to the fact that technically, in the openQCD code, an additional time slice is used for the
implementation of the Schrodinger functional.
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T/a 8 12 16 20 24

L/a |8]4]12]6]|16]8 [10] 24 |12
Lol |44 66 8[8]10]10] 64496
TLn | 81| 8 |1]64]8 144 | 8

Table 9.10: Chosen degrees of parallelization for the different lattice sizes.

regard to requirement #3 above, a rather simple scheme with only two integration levels
is applied. While the gluonic force is integrated on a fine level with step size ¢y, all the
fermionic forces are integrated uniformly on a coarser level with step size €;. Actually,
since in both cases an OMF integrator of 4th order is applied throughout, the fixed choice
Ny = 1 already leads to an integration of the gauge field with an effective step size that
is five times smaller than the one of the fermion fields (see the discussion in sec. 4.9).

The only parameter then left to rule the integration scheme is N; (cf. (4.103)).

Parallelization

Our simulations are carried out on lattices of the size (T/a) x (L/a)® with (cf. tab. 9.8)

T/a € {8,12,16,20,24} (9.122a)
and L/a€{T/a,T/2a} . (9.122b)

They can be parallelized in the spatial directions®, if there exists a divisor Ligca/a > 4
of L/a with Ligcay = L/n and n > 1. In all but one case we choose an isotropic
parallelization, with the respective highest possible degree of parallelization, n°. Only
for T/a = L/a = 24, different Lj,, for the different spatial directions are used. Our

selection is listed in tab. 9.10.
9.5.2 Practical implementation

Adjustment of algorithmic parameters

According to the discussion in the previous section, a simulation at some point ¥
in bare parameter space, irrespective of whether it is a tuning or improvement run,

requires the adjustment of the following parameters:

37Parallelization in the temporal direction is not possible due to the technical complication of a formal
additional time slice used in the openQCD code.
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e Ranges [rs,, 7fp] of the rational approximations with f € {s,c}
e Number of poles n of the rational approximations
e Number of steps N that #), is divided into for the integration of the forces F.

To do so, before the actual simulation, we create an ensemble which is relatively small
but sufficient to determine the acceptance probability P, (cf. (9.120)) as well as the
extrema of the spectra of Q;Qf and Q.Q! (cf. (4.61)). The latter is done under use of
the ms2 program, which is part of the openQCD package. It also provides the number
of poles n needed to fulfill the condition (4.69). With these informations at hand, the
number of poles and the ranges are adapted (the latter under use of a safety margin),
while N; is adjusted by hand to increase or decrease the acceptance such that it is
expected to lie in the aspired range (9.121) according to requirement #2. This way, the
parameters are iteratively optimized until the results stabilize. In the process, each run
is started from the last configuration of the previous one, which serves the purpose of
a pre-thermalization. Afterwards, the actual simulation is started.

Reweighting

The RHMC reweighting factors Wy, (4.68) with f € {s,c} are computed under use of
the program ms1 of the openQCD package. The total reweighting factor W = W1 - W1
is implemented for each primary observable according to
oW
)=

A /mod 4.64

mod

A derived observable, like for instance the (unimproved) PCAC mass mfi’é Acs is then
obtained by

(5.51) dof4?(x0) 9o (A§(x0) OM)
©2fpin)  2(P(xo) O%)
(Af"(x0 +a) O™) — (Aj(x0 — a) O™)
4 (P4 (xg) O
(468) (A§(x0 +a) OM W) — (A§(x0 —a) O™ W)
B 4 (Pd(xy) O W)

migdCAC (x0)

mod —(9.123)

mod

Note that the factor (W) __,; drops out in ratios of reweighted observables.

mod
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Quantity H LCP ‘ IMPR H Ref. ‘ Results

Algorithmic e yes | yes (4.53)

Pec yes yes (9.120)

Ep yes | yes (L.7) app. L4
Basic %top , yes yes38 (6.31) app. 1.4

8Gr 8GFo yes | yes (6.7), (7.4) sec. 9.6.5

SECF yes | yes (5.46)-(5.49) | app. 13
LCP Dy, Py, P53 || yes | no (9.16), (9.23) | sec. 9.6.1

mgCAC yes | yes (9.111a) sec. 9.6.5

Rpcac no yes (9.138) sec. 9.6.5
Masses CA no yes (9.112) app. L4

Mvd no yes (9.113) sec. 9.6.2

AMM no yes (9.115) sec. 9.6.2

Table 9.11: Main observables obtained from the Monte Carlo simulations in the framework of
the tuning (LCP) and the imposition of the improvement condition (IMPR). The
definitions of the respective quantities are referred to in the second last column,
while the last column directs to the sections where the corresponding results (usu-
ally for all T/a and csy) are discussed.

Analyzed quantities

Several algorithmic and basic quantities are computed by default, while further spe-
cific observables are only evaluated either for the tuning or the improvement simula-
tions. An overview is given in tab. 9.11. The parameter S: (cf. (4.115)) that enters the
error analysis with UWerr is adjusted individually for each simulation and observ-
able, and usually lies in the range of S; € [2,10]. As an example, detailed results of

the simulations at®® T*/a = 24 and ¢, = 1.8 are shown in app. 1.

Thermalization and replica

In the case of the tuning runs, a single simulation with n,p, = 1 is sufficient and
convenient. This is because the question whether a promising run fulfills the tuning
criteria is often decided only as more statistics is accumulated (cf. (9.79b)). A single
run offers more flexibility with regard to continuation runs and facilitates the choice
of Ny,.

3Since the normalization for the gradient flow coupling is not known for non-vanishing boundary
conditions (9.119), t2E(t) is considered here instead.

3We remind the reader that the notational use of T*/a indicates simulations at the line of constant
physics, while T/a denotes the lattice resolution in general, see footnote 5.
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In contrast, for the improvement runs, significantly larger ensembles need to be gen-
erated to obtain sufficiently small errors, in which case replica are essential. Our
procedure involves two separate runs. First, a single thermalization run with nep = 1,
where a certain number Nt(}th) of configurations is discarded after visual inspection of
the histories of the observables listed in tab. 9.11, and in consideration of their autocor-
relations. Second, from the remaining ensemble, ., = 8 configurations of maximal
distance to each other in Monte Carlo time are selected. These provide the starting
points for the Nrep = 8 replica runs, from which the main results are derived. If the
distance between the start configurations is again large compared to the largest auto-
correlation, these can be considered independent, and the replica runs do in principle
not need to be thermalized. However, this is checked again, see app. 1.2, and de-
pending on whether there is an indication of an incomplete thermalization, a certain
amount of configurations Nt(;ep) is again discarded.

Finally, note that in all cases, a new simulation of the type n,p = 1 at certain
parameters T/a, L/a, csw, and X is preferably started from a configuration of a run

with the same T/a, L/a and similar cgy and X.

9.6 Results

An overview on the created ensembles at the line of constant physics is given in
tab. 9.12 and tab. 9.13. The main results of the tuning®’ to the LCP (sec. 9.1-9.3) and
the imposition of the improvement*! condition (sec. 9.4) are presented in sec. 9.6.1 and
sec. 9.6.2, respectively. The outcome for cgy(g3) for the various lattice sizes is com-
binedly described by a Padé fit in sec. 9.6.3. In sec. 9.6.4, the results of the afore-
mentioned sections are revisited under consideration of errors due to the unavoidable
mismatch of the line of constant physics. This is followed by a check of cutoff effects of
a renormalization-independent ratio of PCAC masses and the gradient flow coupling
g2. in sec. 9.6.5. Finally, in app. I, we investigate the stability of the results (app. 1.2),
the time dependence of the SFCF (app. 1.3), as well as additional results for Ep, Qiop,
and ca (app. 1.4).
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T*/a | csw || N Pace Ny | ns: [rsatsp] | He [Teartep)
19 || 3500 | 94.1(1) || 7 | 6:[0.10,7.55] | 6: [0.81,7.99]
20 || 5000 | 92.9(1) || 7 | 6:[0.09,7.93] | 6: [0.83,8.34]
. 21 || 3000 | 913(2) || 7 | 6:[0.08,7.76] | 6: [0.69,8.29]
22 || 3000 | 955(1) || 8 | 6:[0.09,828] | 6: [0.77,8.52]
23 || 5500 | 94.0(1) || 8 | 6:[0.08,828] | 6: [0.72,8.52]
24 || 5000 | 922(2) || 8 | 6:[0.09,8.28] | 6: [0.74,8.52]
T*/a | csw || Ng Pace Ny | ns: [rsatsp] | net [FearTep)
18 || 1400 [ 962(2) [[ 9 | 6:[0.07,7.26] | 6: [0.46,7.46]
19 || 1400 | 941(3) || 9 | 6:[0.07,7.60] | 6: [0.43,7.61]
12 |20 || 2100 | 922(3) || 9 | 6:[0.06,7.88] | 6: [0.40,8.08]
2.1 || 1300 | 89.0(5) || 9 | 6:[0.06,7.88] | 6: [0.40,8.08]
22 || 2000 | 87.0(4) || 9 | 6:[0.08,7.88] | 6: [0.40,8.08]
T*/a | csw || N Pace Ny | ns: [rsatsp] | net [Feartep)
15 || 2300 | 892(5) || 9 | 6: [0.06,6.90] | 6: [0.32,7.00]
16 || 2500 | 87.1(4) || 9 | 6:[0.05,6.90] | 6: [0.32,7.00]
L6 | 17 | 1400 | 848(5) | 9 | 6:[0.05,7.40] | 6:[0.33,757]
18 || 1400 | 87.7(5) || 10 | 8: [0.05,7.24] | 6: [0.31,7.32]
19 || 1500 | 84.9(5) || 10 | 8: [0.04,7.48] | 6: [0.29,7.58]
20 || 1800 | 87.9(5) || 11 | 8: [0.05,8.03] | 6: [0.30,7.74]
T*/a | csw || N Paee Ny | ns: [rsatsp] | net [FearTep)
15 || 1300 [ 91.7(3) |[ 8 | 8:[0.05,6.74] | 6: [0.26,6.85]
16 || 1200 | 96.2(2) || 9 | 8: [0.04,6.90] | 6: [0.26,7.04]
20 |17 || 1300 | 954(2) || 9 | 8 [0.05,7.06] | 6: [0.25,7.16]
1.8 || 1500 | 93.9(2) || 9 | 8:[0.04,7.06] | 6: [0.25,7.16]
19 || 1500 | 924(3) || 9 | 8: [0.04,7.06] | 6: [0.24,7.16]
T*/a | csw || N Pace Ny | ns: [rsatsp] | Het [FearTep)
15 || 1500 | 95.7(2) |[ 9 | 8:[0.04,694] | 6: [0.19,7.02]
by | 16 || 2000 | 941(2) 8: [0.03,6.94] | 6: [0.19,7.02]
1.7 || 2000 | 932(3) || 9 | 8: [0.03,7.00] | 6: [0.19,7.10]
1.8 || 2000 | 96.5(1) || 10 | 8: [0.03,7.00] | 6: [0.19,7.10]

Table 9.12: Overview on the tuning ensembles at the line of constant physics. Ny = #iyep X
Nt /replicum gives the number of configurations, with the distance t], between
two consecutive configurations being 2 MDU in all cases. P, is the acceptance
(9.121), N; the integration step size (4.103), and n: [rf,a,rf,b] denotes the number
of poles and the ranges of the rational approximations (sec. 4.6) that were used in
the simulations for the flavors f € {s,c}. These may include a safety margin with
respect to the actually measured spectra. The bare parameters that correspond to
the ensembles can be found in tab. 9.14 and tab. 9.15.
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T*/a | csw || Ng Pace Ny | ns: [rsa,tsp] | net [Peartep)
1.9 96.13(3) || 6 | 6:[0.22,7.51] | 6: [0.94,7.87]
2.0 9555(3) || 6 | 6:[0.10,8.10] | 6: [0.80,8.40]
. 21 || o ooo | 94814) || 6| 6:[008,815] | 6: [0.69,851]
2.2 94.04(5) || 6 | 6:[0.10,8.28] | 6: [0.77,8.52]
2.3 93.11(5) || 6 | 6:[0.11,8.56] | 6: [0.81,8.98]
24 91.90(6) || 6 | 6:[0.12,8.80] | 6: [0.81,9.00]
T*/a | csw || Ng Pace Ny | ns: [rsatsp] | ne [Peartep)
18 91.69(6) || 6 | 6: [0.07,7.45] | 6: [0.50,7.70]
1.9 98.77(1) || 8 | 6: [0.07,7.60] | 6: [0.43,7.70]
12 |20 || 8x4000 | 99.41(1) || 9 | 6:[0.06,7.88] | 6: [0.40,8.08]
2.1 95.03(4) || 7 | 8 [0.06,8.33] | 6: [0.44,8.52]
22 94.09(5) || 7 | 6:[0.08,8.64] | 6: [0.40,8.87]
T*/a | csw Ng¢ Pace Np | ns: ["s,arrs,b] Ne: [rc,ﬂrrc,b}
15 98.90(1) || 8 | 6: [0.06,6.90] | 6: [0.32,7.00]
16 99.52(1) || 9 | 6: [0.06,6.90] | 6: [0.32,7.00]
o 17 | gy a0 | 9840 || 8 | 8 [0.06,7.42] | 6: [031,7.59]
18 98.03(2) || 8 | 8:[0.06,7.49] | 6: [0.31,7.64]
19 99.10(1) || 9 | 8:[0.04,7.54] | 6: [0.29,7.66]
2.0 99.48(1) || 10 | 8: [0.05,8.03] | 6: [0.30,7.74]
T*/a | csw || Ng Paec Ny | ns: [rsatsp] | net [Feartep)
15 97.19(3) || 8 | 8: [0.05,6.74] | 6: [0.26,6.85]
16 96.51(3) || 8 | 8 [0.06,7.10] | 6: [0.28,7.20]
20 | 17 || 8x3000 | 98.42(1) || 9 | 8: [0.05,7.20] | 6: [0.24,7.30]
18 98.08(2) || 9 | 8 [0.05,7.10] | 6: [0.24,7.20]
19 93.59(6) || 8 | 8 [0.05,7.50] | 6: [0.24,7.60]
T*/a | csw || Ng Pace Ny | ns: [rsa,tsp] | net [Peartep)
15 98.61(1) || 9 | 6:[0.05,7.00] | 6: [0.22,7.10]
o | 16 || g a000 | 982601 || 9| 8:10.05,7.00] | 6:[0.20,7.10]
17 94.06(4) || 8 | 8 [0.05,7.15] | 6: [0.20,7.20]
18 97.40(2) || 9 | 8 [0.05,7.50] | 6: [0.20,7.60]

Table 9.13: Overview on the improvement ensembles at the line of constant physics. N =
firep X Ngg/replicum gives the number of configurations, with the distance #), be-
tween two consecutive configurations being 2 MDU in all cases. P, is the accep-
tance (9.121), Nj the integration step size (4.103), and ny: [rf,a,rf,b] denotes the
number of poles and the ranges of the rational approximations (sec. 4.6) that were
used in the simulations for the flavors f € {s,c}. These may include a safety
margin with respect to the actually measured spectra. The bare parameters that
correspond to the ensembles can be found in tab. 9.14 and tab. 9.15.
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Csw g(z),L KL KeL D D, O]

19 || 1.7848 | 0.13741 | 0.12033 || 7.174) | 0593) | 5.95(1)

20 | 1.8067 | 0.13645 | 0.11960 | 7.17G3) | 056(2) | 5.99(1)

2.1 1.8340 | 0.13560 | 0.11900 7.36(5) 0.61(3) 6.02(1) (T*/a = 8)
22 || 1.8534 | 0.13450 | 0.11820 | 7.17(5) | 0.60(3) | 6.03(1)

23 | 1.8825 | 0.13369 | 0.11770 || 7.36(3) | 0.62(2) | 5.97(1)

24 | 1.9069 | 0.13278 | 0.11750 || 7.314) | 057@3) | 5.93(1)

Csw g KL KeL Dq D, D3

1.8 || 1.7334 | 013742 | 012776 || 7.13(5) | 0.583) | 5.93(2)
1.9 || 1.7600 | 0.13656 | 0.12714 || 7.26(4) | 0.60(3) | 5.92(2)
20 || 1.7876 | 013573 | 012653 || 7.35(5) | 0.62(3) | 5.99(3)
21 || 1.8152 | 0.13486 | 0.12591 || 7.29(6) | 0.60(4) | 5.93(3)
22 || 1.8423 | 0.13401 | 0.12529 || 7.42(7) | 0.60(4) | 5.91(3)

(T*/a = 12)

Csw || & (2),L Kl L Ke,L D D, D

15 || 1.6266 | 0.13918 | 0.13224 || 7.38(9) | 056(2) | 5.93(3)

1.6 1.6482 | 0.13825 | 0.13139 || 7.42(10) | 0.61(2) 6.06(7)

1.7 || 1.6741 | 0.13741 | 0.13087 || 7.29(8) | 0.59(2) | 5.84(5)  (T*/a =16)
1.8 || 1.7036 | 0.13661 | 0.13018 || 7.32(7) | 057(2) | 5.90(5)

1.9 || 1.7331 | 013582 | 0.12949 || 7.44(9) | 0.59(2) | 5.94(3)

2.0 || 1.7626 | 0.13503 | 0.12880 || 7.46(7) | 0.59(2) | 6.03(4)

Csw g(z) L KL KL Dy D, D3

1.5 || 1.5868 | 0.13822 | 0.13287 || 7.20(7) 0.61(2) 5.91(8)
1.6 || 1.6153 | 0.13749 | 0.13240 || 7.30(10) | 0.57(2) 5.91(5)
1.7 || 1.6434 | 0.13669 | 0.13178 || 7.29(7) 0.60(2) 5.85(5)
1.8 || 1.6714 | 0.13588 | 0.13126 || 7.49(5) 0.63(2) 5.81(6)
1.9 || 1.6993 | 0.13504 | 0.13046 || 7.36(9) 0.62(2) 5.81(8)

(T*/a = 20)

Csw 851 KIL KL D D, D3

15 || 1.5527 | 013751 | 0.13325 || 7.19(6) | 0.622) | 6.02(8)

16 | 15783 | 013672 | 0.13253 || 7.23(11) | 0.59(1) | 6.02(6)  (T*/a = 24)
1.7 || 1.6065 | 0.13595 | 0.13202 || 7.24(9) | 0.622) | 6.00(5)

1.8 || 1.6344 | 013515 | 0.13132 || 7.11(7) | 0.56(1) | 5.87(6)

Table 9.14: Results of the tuning to the line of constant physics. The bare parameters are
labelled with a subscript L.
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Figure 9.9: Accuracy of the tuning to the line of constant physics. The observables ®; (see
also tab. 9.14) and their autocorrelations are shown in the left and right panel, re-
spectively. The points are shifted horizontally depending on T*/a, but in all cases
correspond to the respective central values of the intervals separated by the dotted
vertical lines.

9.6.1 Tuning to the line of constant physics

The tuning results, i.e. the bare parameters ¥, = ( gélL, KL, K1) at the line of constant
physics and their associated values ®; are given in tab. 9.14. The achieved accuracy
of the tuning is illustrated in the left panel of fig. 9.9, where the ranges of ®; covered
by the plots correspond to the allowed deviations from the LCP, respectively. The
fulfillment of the tuning criteria is thus reflected by the fact that all data points with
their respective error bars fit into the plot range. The dependence of the LCP bare
parameters on csy, depicted in fig. 9.10, may well be described by linear fits whose
slope parameters are listed in the same figure.

Note that these fits*? were employed to estimate initial guesses ¥t for the tuning
procedure at a new cg,, and given T/a, cf. step SO in the iterative tuning approach in
sec. 9.3. Fig. 9.11 shows an example of a second type of interpolation*® of the LCP

bare parameters, in T*/a at given cs,, which has been made use of as well.

40gee footnote 32.
#41Gee footnote 32.
42 Actually, precursors of those fits, with preliminary data.
#3See footnote 42.
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12 0.2730 | —0.00852 | —0.00617
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20 0.2811 —0.00797 | —0.00596
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Figure 9.10: Results for the bare parameters tuned to the line of constant physics. Top left:
Linear slope parameters of the bare parameters at the LCP as a function of cg.
Top right: Bare coupling g%rL at the LCP. Bottom left: Light hopping parameter «;,
at the LCP. Bottom right: Charm hopping parameter «. 1 at the LCP.

csw = 1.8 csw = 1.8 csw = 1.8
1.9 0.145 0.145
0.14 0.14
1.8 o .
. 0.135 * 0.135
® 1
- — —
NS 1T = o013 < 013 e
39 . < < °
. 0.125 0.125
1.6
0.12 0.12 hd
15 0.115 0.115
0 5 10 15 20 ] 10 15 20 0 5 10 15 20
T*/a, T*/a T*/a

Figure 9.11: Dependences of g3;,%;1,%.1. on T*/a and the respective polynomial interpola-
tions to for cgy = 1.8.
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Figure 9.12: Autocorrelations of T*AM”d(%T*, %T*) (left) and T*M"4(T* /2, T* /4) (right) in the
improvement simulations. The points are shifted horizontally, cf. fig. 9.9.

9.6.2 Improvement condition: Individual and global linear fits

The results for T*AM"?, in terms of which the improvement condition (9.115) is formu-
lated along the LCP, as well as additional quantities of interest are shown in tab. 9.15,
while the observed autocorrelations of T*AM"? are illustrated in fig. 9.12.
Two different kinds of fits for T*AM" as a function of csy and T*/a are performed.
First, the individual fits,
T*AM" (cqy, T* /a) = sT/9) . [csw — T/ (9.124a)

sw,I

which consider each T*/a independently by a fit linear in csy, with a total of 10 fit
parameters. Second, the global fit, where only a single slope parameter s appears as

one of 6 fit parameters:

T*AM" (cqy, T* /) = s - (Ti) [esw = clui™] - (9.124b)
The respective fits are depicted in fig. 9.13.
(T*/a)

For each lattice size T*/a, the fit parameter cs 1 = ¢ directly provides the im-

sw,l
provement coefficient at which the improvement condition T*AM"*? = 0 is fulfilled*.
Subsequent interpolations of the bare parameters to the respective cgy 1, under use of

the linear fits shown in fig. 9.10, lead to the corresponding improvement point bare

#Note that this is not the case for (otherwise equivalent) linear fits of e.g. the form T*AM"d (csw, T*/a)
= q(T/a) 4 p(T*/a) o
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(T*/a =8)
cow || 851 K1 L koL || PE(t) 1072) | T*mid, o | T*M" || T*AM™
1.9 || 1.7848 | 0.13741 | 0.12033 3.831(4) 0.504(7) | 0.684(25) || 0.047(7)
2.0 || 1.8067 | 0.13645 | 0.11960 3.851(4) 0.491(8) | 0.621(23) || 0.028(7)
2.1 || 1.8340 | 0.13560 | 0.11900 3.895(5) 0.509(8) | 0.707(32) || 0.021(8)
2.2 || 1.8534 | 0.13450 | 0.11820 3.898(5) 0.516(8) | 0.643(28) || -0.014(8)
2.3 || 1.8825 | 0.13369 | 0.11770 3.945(6) 0.521(9) | 0.724(30) || -0.013(8)
2.4 || 1.9069 | 0.13278 | 0.11750 3.963(6) 0.521(10) | 0.723(31) || -0.016(9)
(T*/a = 12)
cow || 851 KL KoL PE(t) 1072] | T*mid, o | T*M" || T*AM™
1.8 || 1.7334 | 0.13742 | 0.12776 7.474(8) 0.247(4) | 0.311(11) || 0.032(4)
1.9 || 1.7600 | 0.13656 | 0.12714 7.576(8) 0.242(4) | 0.306(9) || 0.012(7)
2.0 || 1.7876 | 0.13573 | 0.12653 7.699(9) 0.237(4) | 0.300(11) || 0.020(5)
2.1 || 1.8152 | 0.13486 | 0.12591 7.837(10) 0.243(5) | 0.300(10) || -0.004(7)
2.2 || 1.8423 | 0.13401 | 0.12529 ||  7.898(10) 0.223(4) | 0.267(11) || -0.011(6)
(T*/a = 16)
Csw g%’L KiL Ke,L 2E(t) [1072] | T*mid. T*MHd T*AMH?
1.5 || 1.6266 | 0.13918 | 0.13224 8.187(9) 0.160(3) | 0.192(6) || 0.026(3)
1.6 || 1.6482 | 0.13825 | 0.13139 8.213(9) 0.159(2) | 0.164(5) || 0.018(4)
1.7 || 1.6741 | 0.13741 | 0.13087 8.315(9) 0.156(2) | 0.139(6) || 0.014(3)
1.8 || 1.7036 | 0.13661 | 0.13018 8.466(9) 0.167(2) | 0.144(6) | 0.004(3)
1.9 || 1.7331 | 0.13582 | 0.12949 || 8.607(10) 0.165(3) | 0.136(6) || -0.008(3)
2.0 || 1.7626 | 0.13503 | 0.12880 ||  8.735(11) 0.154(2) | 0.113(6) || -0.015(4)
(T*/a = 20)
Csw géL KiL Ke,L t2E(t) [1072] T*mi-f,dc AC T*M"4 T*AM"
1.5 || 1.5868 | 0.13822 | 0.13287 || 8.365(13) 0.1502) | 0.153(5) || 0.018(4)
1.6 || 1.6153 | 0.13749 | 0.13240 || 8.461(14) 0.131(2) | 0.135(5) || 0.006(3)
1.7 || 1.6434 | 0.13669 | 0.13178 || 8.569(12) 0.139(2) | 0.117(5) || -0.000(3)
1.8 || 1.6714 | 0.13588 | 0.13126 || 8.610(13) 0.132(3) | 0.097(5) || -0.003(3)
1.9 || 1.6993 | 0.13504 | 0.13046 || 8.703(16) 0.1402) | 0.093(5) || -0.007(5)
(T*/a = 24)
csw || 851 KiL Ko || £PE(t) 1072 | T*mid,c | T*M™ || T*AM™
1.5 || 1.5527 | 0.13751 | 0.13325 || 8.353(13) 0.129(2) | 0.135(4) | 0.007(4)
1.6 || 1.5783 | 0.13672 | 0.13253 || 8.405(13) 0.120(1) | 0.1093) || 0.011(2)
1.7 || 1.6065 | 0.13595 | 0.13202 || 8.463(12) 0.119(1) | 0.092(3) || -0.004(2)
1.8 || 1.6344 | 0.13515 | 0.13132 || 8.519(13) 0.113(2) | 0.076(4) || -0.007(2)

Table 9.15: Results of the improvement condition runs along the LCP.
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Figure 9.13: Main results for T*AM"? of the improvement runs, as listed in tab. 9.15. The left
panel shows the individual linear fits (9.124a), whereas the global linear fit (9.124b)
is displayed in the right panel.
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Figure 9.14: Interpolation of the bare parameters g3,,x;1, %, at the LCP to the values
g%pm, k.1 determined by the improvement coefficients cg, 1 in the case of the
global fit. Compare to fig. 9.10
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T/a || csw1 Qsit || 831 K11 Kel
8 2.211(25) | 0.21 || 1.8597 | 0.13450 | 0.11836
12 2.105(30) | 0.12 || 1.8163 | 0.13482 | 0.12588
16 1.828(19) | 0.73 || 1.7129 | 0.13640 | 0.12997
(34)
(20)

(individual)

20 1.760(34) | 0.47 || 1.6600 | 0.13619 | 0.13140
24 1.686(20) | 0.01 || 1.6028 | 0.13605 | 0.13205

T*/a || cowr Qsit || 861 K1 K1

(21) | 0.15 || 1.8575 | 0.13459 | 0.11841

12 2.105(24) | 0.12 || 1.8163 | 0.13482 | 0.12588

16 1.833(19) | 0.68 || 1.7144 | 0.13636 | 0.12993 (global)
(28)
(24)

20 1.755(28) | 0.46 || 1.6586 | 0.13623 | 0.13143
24 1.688(24) | 0.01 || 1.6035 | 0.13603 | 0.13204
0.14

Table 9.16: Results of the respective interpolations to T*AM*! = 0 for the individual (top) and
global (bottom) fit. While the actual Qg of the global fit is given in the last row of
the associated table, the other values of Qg were formally computed from the x?
contribution of the corresponding T*/a data and nq. = 2 degrees of freedom for
a linear fit. The difference to the Qg; of the corresponding individual T*/a linear
fit may serve as a measure of how much the description of the individual T*/a
data decreases in quality if the global fit is used. The covariance matrices of the fit
parameters can be found in tab. H.1, see app. H.3.

parameters g3,k 1, K1, Via e.g.

2
dg oL
csw=0 dCSW sw,l -

861 = 8oL (9.125)
This is displayed for the case of the global fit in fig. 9.14. The overall results of the
imposition of the improvement condition are compiled in tab. 9.16.

We find that the individual and global fits lead to quite similar results. We continue
to consider both cases, and will use the more restrictive global fit in the end. It is
particularly valuable with regard to T*/a = 24, where data is available to a lesser
extent, see also app. 1.2.
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Figure 9.15: Left: Padé fit (cf. (9.129)) of the results from the imposition of the improvement
condition, which were obtained under use of the global fit (cf. right panel of
fig. 9.13). Right: Magnification of the rectangle area shown on the left.

9.6.3 Padé fit of csw (g2)

The resulting combinations®

Csw,1(85;) of both the individual and global linear fits
(cf. tab. 9.16) are now to be interpolated. Apart from describing the data well, the
fit function should incorporate the perturbative behavior of cgy 1, given in (3.113a) and

(3.113¢). To this end, we employ a Padé fit of the form

1+ aggy +bggy + gl

wi(g1) = 9.126
Cowa(801) = (o= 0.196)g2, (©-126)

The global fit results lead to
a =—0.254(10) , b =-0.055(6), c = +0.004(5), (9.127)

with again very similar results for the individual fits. As the coefficient c is compatible
with zero, it is sufficient to use a Padé fit of second order, which gives

a= —0257(7), b=—0050(4). (9.128)

45We stick to the non-standard notation with the subscripts I for the moment, for clarity and consistency
with the previous discussion.
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Figure 9.16: Comparison of our result (9.129)

212

——Ny=3
221 _ perturbative ,
ol —Ny=3+1 /

in Ny = 3+1 (solid line) to the
non-perturbative determination of
csw(g§) in Ny = 3 [22] (dash-dot
line), cf. tab. F1 in app. F. The
dashed line represents the per-

turbative 1-loop formula for the

Liischer—-Weisz gauge action, see 0 0.5 1 1.5
(3.113¢). 20

The fit quality amounts to Qg = 0.59, and the covariance matrix of the fit parameters
is listed in tab. H.1, see app. H.3. We hence quote the main result of our work*®,
~ 1-0.257g5 — 0.050g3

csw(85) = T~ 045387 for 0< g5 <186. (9.129)
: 0

It is illustrated in fig. 9.15, and compared to the previously obtained Ny = 3 result for
csw(g3) in conjunction with the Liischer-Weisz gauge action in fig. 9.16.

9.6.4 Errors from deviations from the LCP

So far, we have neglected the fact that the line of constant physics was hit only up to a
certain precision, defined by the tuning criteria (9.79). We will now semi-quantitatively
discuss how this mismatch affects the previously obtained results on csw (g3).

The fact that the bare parameters X, = (8§, %L, %.L) only approximately corre-
spond to the LCP is expressed in the occurrence of errors®’ A% = (Agé/L, Axi1, Axcp),
that need to be propagated to errors Acg,,1 in addition to the statistical ones, Acgy 1,
which stem from the imposition of the improvement condition. We restrict the dis-
cussion to Ag%,L' In principle, it would be desirable to derive it from the first hand
principles described in sec. 9.3, i.e. as the error of X} = ¥™" in the last iteration of the
tuning procedure. However, not only is this out of reach, as we have discussed, but the
order of magnitude of Ag%/L can also be estimated from the following considerations.
The dependence of gé/L on csy is obviously quite well compatible with a linear be-
havior, see fig. 9.10. If we consider the deviations from the fit function statistical, and

#6We now switch to standard notation, cgy,1 — csw and g3 ; — g2
47We denote the errors by A to differentiate them from previously occurring statistical errors, like Acgy 1.
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T*/a g(Z)I A g% . A g%l Table 9.17: Estimates for uniform errors Agé/L from set-

) Y ° ting x2/ngof = 1 with regard to the linear
8 1.8575 || 0.0023 | 0.0010 fits shown in fig. 9.10. The errors are trans-
12 1.8163 || 0.0003 | 0.0002 ferred to g3, which is obtained by interpo-
16 1.7144 || 0.0032 | 0.0014 lation to cgy1 (cf. (9.132)). While the dis-

played central values g3 correspond to the
20 1.6586 || 0.0002 | 0.0001 ’ < 9
global case (cf. tab. 9.16), the errors Agpy are

assume x?/ngof = 1 (cf. app. H.2), this determines the scale of uniform errors Ag%’L.
The results of this estimation can be found in tab. 9.17. In the following, for some fixed
T*/a, we label the data at the different investigated values of cg, in ascending order
by a subscript (j) with j = 1,...,N,,,. For instance, at T*/a = 16, we have N, = 6,
with j = 4 corresponding to csw = 1.8, i.e. gé/L,( y = 1.7036 and T*AME‘f) = 0.004,
cf. tab. 9.15. The whole set of bare couplings at the LCP is then denoted by

{gé,L} = {gé/L,(l)/ . -,gS,L,(j), . ,gS,L,(NCSW)} . (9.130)

The errors A g%’L now propagate to the results csy (¢3) in a twofold way. First, the im-
position of the improvement condition, (9.124), depends on the bare couplings { g%/L}

at the various cg, at which T*AM" is determined,

Csw,I = Csw,I ({g%,L}) . (9131)

Second, the interpolation of g%{L to gal, see (9.125) and fig. 9.14, depends on { gélL} via
both the linear fit parameters, and again cgy 1:

zzlg2
801 = 8ol o ({&00}) + = ({800 }) - cowr ({850)) - (9.132)

dCew

Consequently, the mismatch of the coupling, A g%lL, expresses itself in additional errors
Acgy1 and Ag(z]ll, depicted in fig. 9.17. There exist correlations between the two due to
(9.132), but it is presumably sufficient to consider them independently to estimate the
size of their effects on the total error of cgy 1, which will be done in the following for
the example of T*/a = 16.
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214

1.88
Figure 9.17: Illustration of the errors on cgy
as a function of g%,l using the ex- 1.86
ample of T*/a = 16. The cen- T
tral point and the statistical er- E 1.84
ror Acgy 1 shown in black, as well © *
as the fit function are taken over 182 F J
from fig. 9.15. The orange er-
ror bars represent the errors due 18 ‘ ‘
to the mismatch of the LCP, Ag%/l 7 1.71 ) 1.72 173
(cf. tab. 9.17) and Acgy 1 (cf. (9.135)). 80,1

L4 ACsw,I

To estimate Acgy,1, we investigate the dependence (9.131) by evaluating T*AM'(‘]% again

at slight variations of the elements gS’L/ 0 of { g(Z)IL}, which after the usual interpolation
to cew 1 give information on the derivatives in

2

X aCsw,I X

Acgy = Z(Bgz _-Agé,L> , (9.133)
J 0L, (j)

where correlations are neglected. At T*/a = 16 and cs = 1.8, for instance, we find

o =
) 0,L,(4)

0
Csw,I ~ —0.5, (9134)

where the first quantity was computed for the case of the individual fit, and also for the
otherj e {1,..., N, }. The evaluation of the second quantity needs much more effort
since additional Monte Carlo simulations at modified gélL/(j) are required. Assuming,
somewhat simplifying, that its order of magnitude is the same for all j (or csw), together
with (9.133) and Agérl = 0.0014 (see tab. 9.17), this leads to a rough estimate of

Acgw1 ~ 0.005 . (9.135)

° A83,1
The errors Agéll are obtained via (9.132) from propagation of the errors of the fit pa-

rameters, Ag%/L]C 0 and A (dg%’L / dcsw>, but neither Acgy 1 nor ACSW,I, and are listed
in tab. 9.17. They may subsequently be transferred to additional contributions to the
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total error of cgy 1 under use of the Padé fit (9.129), according to (H.15). Irrespective of
the order of the Padé fit and the use of the global or individual fit results, one obtains

aCsw,I

ag %,I

- Agh ~0.003, (9.136)
851=1.7144

which hence, like Acgy, 1 (9.135), turns out to be much smaller than the statistical error
(cf. tab. 9.16),

Acgy1 ~ 0.019 . (9.137)

Conclusion

In conclusion, we find that under the given assumptions, the achieved precision of the
tuning to the LCP renders both the associated errors ACSW,I and A g%rl dominated by the
statistical errors Acgyy 1 that emerge from the imposition of the improvement condition.
Finally, we note that the errors AKZ,L and Ax.p from the mismatch of the hopping
parameters contribute to Acgy 1 as well. This could be investigated in a similar way to

(9.133, 9.134, 9.135), but is assumed to be insignificant in comparison with (9.137), too.

9.6.5 Cutoff effects and cross checks

In this last section, we investigate two additional quantities, the PCAC mass ratio
Rpcac for the tuning and improvement simulations, as well as the gradient flow cou-
pling géF (without normalization) for the improvement simulations. In particular, we

aim to
PO. check that the continuum results are in accordance with expectations
P1. verify the absence of O(a) cutoff effects and thus our results for cgy

P2. investigate the size of remaining O(a?) cutoff effects.

PCAC mass ratio

If all the improvement coefficients assume proper values, defined by appropriate
improvement conditions (like (9.115) for cgy), the cutoff effects of the renormalized

masses

mg = Z%PCAC (g%, aM,ap) - mgCAC,I(g%,aM, Csw, €A, Psp) + O(a”) (9.106)
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are of second order in the lattice spacing, z = 2. It is instructive to verify this behavior
by considering the PCAC mass ratio

2mpepc (T*/2) — mpd ac (T*/2)
mf?C(:AC,I(T*/ 2)

Mic L 0@?). (9.138)

:1+a(bA—bp)

Rpcac =

The expression on the right hand side follows from using (9.106), after which the
~1

e AC) , i.e. the ratio of

Zp and Z, (cf. (8.46, 8.47, 9.105)), drops out. Note that the masses of the up and

down quark were neglected on the O(a) level, amg,, am, 4 < amg, and mg, m < ms.

flavor-independent part of the renormalization constants (Zij

Furthermore, the time slice xy € Psg, at which the unrenormalized PCAC masses are
taken, was specifically chosen as xo = T*/2 here. Consequently, the deviation of
Rpcac from 1 is a pure lattice artifact that may be studied on the lattice under use
of PCAC masses of different flavors. Given the estimate am, . < 0.5 (cf. (8.38b)) and
the available results for by — bp in theories with different Ny (cf. sec. 3.9), the size of
the O(a) term can be assumed to be rather small. If this is the case, a continuum
extrapolation of Rpcac linear in (a/ T*)2 should be applicable.

This will be carried out in the following for both the tuning and the improvement
simulations. Although the latter are the very same simulations which determined*®
Csw1 (and c4) in the first place, the investigation is useful also with regard to P1 as
the improvement condition involves the PCAC masses at time slices xo = 37" /4 and
Yo = T*/4 (cf. (9.115b)), whereas the PCAC mass ratio Rpcac depends on the PCAC
mass in the center of the SF, xo = T*/2 (cf. (9.138)). Even more importantly, Rpcac
involves the charm as a valence quark, in contrast to the PCAC masses which enter the
improvement condition. The tuning simulations, in contrast, are truly independent
of the determination of the improvement coefficients, and in addition employ a SF
with different boundary conditions and larger spatial extent, as has been explained in
sec. 9.4. Each case thus provides an independent check.

We begin with the evaluation of Rpcac for all combinations of {T*/a,csy}, the
results being listed in tab. 9.18 and tab. 9.19 for the tuning and improvement runs,
respectively. For each T*/a, an interpolation to the respective c, 1, displayed in the
left panel of fig. 9.18, leads to the PCAC mass ratios Rpcac at the improvement points,
to be found in tab. 9.20. These are finally extrapolated to the continuum, as depicted
in the right panel of fig. 9.18.

“8We use the notation cqy 1 again for the coefficient that fulfills the improvement condition, to distinguish
it from values of csy at which the simulations took place, cf. footnotes 45 and 46.
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(T*/a =38)
Cow 8oL KL Ke L T*mitac | T'micac | T*micac Rpcac
1.9 || 1.7848 | 0.13741 | 0.12033 || 0.112(5) | 2.020(5) | 4.713(7) || 0.8333(2)
2.0 || 1.8067 | 0.13645 | 0.11960 || 0.105(4) | 2.009(4) | 4.713(5) || 0.8302(2)
2.1 || 1.8340 | 0.13560 | 0.11900 || 0.112(6) | 2.002(6) | 4.709(7) || 0.8265(3)
2.2 || 1.8534 | 0.13450 | 0.11820 || 0.109(5) | 1.991(4) | 4.698(6) || 0.8243(2)
2.3 || 1.8825 | 0.13369 | 0.11770 || 0.111(4) | 1.933(4) | 4.550(5) || 0.8255(2)
24 || 1.9069 | 0.13278 | 0.11750 || 0.101(5) | 1.891(5) | 4.464(6) | 0.8248(2)
(T*/a = 12)
csw || 8oL KLL KeL T*miglac | Tmieac | T*mieac || Recac
1.8 || 1.7334 | 0.13742 | 0.12776 0.101(6) 1.711(5) 3.620(5) 0.9171(3)
1.9 || 1.7600 | 0.13656 | 0.12714 || 0.103(4) | 1.685(3) | 3.572(4) || 0.9147(3)
2.0 || 1.7876 | 0.13573 | 0.12653 || 0.101(5) | 1.662(4) | 3.526(5) || 0.9139(2)
2.1 || 1.8152 | 0.13486 | 0.12591 || 0.098(6) | 1.630(5) | 3.464(6) || 0.9129(4)
2.2 || 1.8423 | 0.13401 | 0.12529 || 0.096(6) | 1.595(4) | 3.396(4) || 0.9112(3)
(T*/a = 16)
Csw 8oL KL Ke L T*mitac | T'micac | T*micac Rrecac
15 || 1.6266 | 0.13918 | 0.13224 || 0.0943) | 1.612(3) | 3.283(3) || 0.9533(2)
1.6 || 1.6482 | 0.13825 | 0.13139 || 0.098(3) | 1.620(2) | 3.300(2) || 0.9522(2)
1.7 || 1.6741 | 0.13741 | 0.13087 || 0.098(3) | 1.564(3) | 3.181(3) || 0.9529(2)
1.8 || 1.7036 | 0.13661 | 0.13018 || 0.095(3) | 1.553(3) | 3.166(3) || 0.9514(2)
1.9 || 1.7331 | 0.13582 | 0.12949 || 0.094(3) | 1.541(3) | 3.145(3) || 0.9496(2)
2.0 || 1.7626 | 0.13503 | 0.12880 || 0.091(3) | 1.524(3) | 3.1203) || 0.9480(2)
(T*/a = 20)
Cow oL KL Ke L T*mitac | T'micac | T micac Rpcac
1.5 || 1.5868 | 0.13822 | 0.13287 0.106(3) 1.599(3) 3.193(3) 0.9681(2)
1.6 || 1.6153 | 0.13749 | 0.13240 || 0.0943) | 1.532(3) | 3.065(3) || 0.9693(2)
1.7 || 1.6434 | 0.13669 | 0.13178 || 0.096(2) | 1.499(2) | 2.995(2) || 0.9691(1)
1.8 || 1.6714 | 0.13588 | 0.13126 || 0.095(2) | 1.4302) | 2.851(2) || 0.9698(2)
1.9 || 1.6993 | 0.13504 | 0.13046 || 0.095(2) | 1.431(2) | 2.856(2) || 0.9687(2)
(T*/a = 24)
Cow 8oL KL KeL T*mitac | T'micac | T*micac Recac
15 || 15527 | 0.13751 | 0.13325 || 0.0992) | 1.552(2) | 3.072(2) || 0.9781(1)
1.6 || 1.5783 | 0.13672 | 0.13253 || 0.096(2) | 1.541(2) | 3.056(2) || 0.9771(1)
1.7 || 1.6065 | 0.13595 | 0.13202 0.093(2) 1.464(2) 2.897(2) 0.9785(2)
1.8 || 1.6344 | 0.13515 | 0.13132 || 0.087(1) | 1.438(1) | 2.852(1) || 0.9780(1)

Table 9.18: Results for the PCAC masses of different quark flavors and the mass ratio Rpcac

(cf. (9.138)) for the tuning runs.
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(T*/a = 8)

Csw ShL KL KeL T*mlbé‘éAC T*mpcac | TMicac Rpcac

1.9 || 1.7848 | 0.13741 | 0.12033 || 0.504(7) | 3.119(8) | 6.218(8) || 0.9221(4)
2.0 || 1.8067 | 0.13645 | 0.11960 || 0.491(8) | 3.100(9) | 6.211(10) || 0.9191(3)
2.1 || 1.8340 | 0.13560 | 0.11900 || 0.509(8) | 3.105(9) | 6.217(10) || 0.9169(3)
2.2 || 1.8534 | 0.13450 | 0.11820 0.516(8) 3.101(8) 6.217(9) 0.9146(4)
2.3 || 1.8825 | 0.13369 | 0.11770 || 0.521(9) | 3.073(9) | 6.166(11) || 0.9122(3)
24 || 1.9069 | 0.13278 | 0.11750 || 0.521(10) | 2.972(10) | 5.940(11) || 0.9129(4)

(T*/a =12)
Csw oL KL KeL T m%’ngC T*mipeac | TMicac Rpcac

1.8 || 1.7334 | 0.13742 | 0.12776 0.247(4) 2.095(4) 4.144(5) 0.9514(3)
1.9 || 1.7600 | 0.13656 | 0.12714 || 0.242(4) | 2.059(4) | 4.078(5) || 0.9505(3)
2.0 || 1.7876 | 0.13573 | 0.12653 || 0.237(4) | 2.026(4) | 4.0204) || 0.9489(3)
2.1 || 1.8152 | 0.13486 | 0.12591 || 0.243(5) | 1.993(5) | 3.950(5) || 0.9473(3)
2.2 || 1.8423 | 0.13401 | 0.12529 || 0.223(4) | 1.941(4) | 3.865(5) || 0.9465(3)

(T*/a = 16)
Csw oL KL KeL T*mf‘)‘éAc T*mpeac | TMicac Recac

15 || 1.6266 | 0.13918 | 0.13224 || 0.160(3) | 1.7993) | 3.538(3) || 0.9717(2)
1.6 || 1.6482 | 0.13825 | 0.13139 || 0.159(2) | 1.799(3) | 3.546(3) || 0.9701(2)
1.7 || 1.6741 | 0.13741 | 0.13087 0.156(2) 1.740(3) 3.422(3) 0.9710(2)
1.8 || 1.7036 | 0.13661 | 0.13018 || 0.167(2) | 1.7393) | 3.414(3) || 0.9696(2)
1.9 || 1.7331 | 0.13582 | 0.12949 || 0.165(3) | 1.727(3) | 3.395(3) || 0.9686(2)
2.0 || 1.7626 | 0.13503 | 0.12880 || 0.154(2) | 1.698(3) | 3.353(3) || 0.9668(2)

(T*/a = 20)
csw || 851 KIL Kot || Tmidac | Tmitac | T*mcac | Recac

15 || 1.5868 | 0.13822 | 0.13287 || 0.1502) | 1.721(2) | 3.359(3) || 0.9804(1)
1.6 || 1.6153 | 0.13749 | 0.13240 || 0.131(2) | 1.6402) | 3.213(3) || 0.9803(2)
1.7 || 1.6434 | 0.13669 | 0.13178 || 0.1392) | 1.613(2) | 3.1493) || 0.9802(2)
1.8 || 1.6714 | 0.13588 | 0.13126 || 0.132(3) | 1.5303) | 2.987(3) || 0.9807(2)
19 || 1.6993 | 0.13504 | 0.13046 || 0.140(2) | 1.538(3) | 2.998(3) || 0.9794(3)

(T*/a = 24)
Csw oL KL KeL T*mf‘)‘éAc T*mpcac | TMicac Recac

15 || 15527 | 0.13751 | 0.13325 || 0.1292) | 1.632(2) | 3.179(2) || 0.9858(1)
1.6 || 1.5783 | 0.13672 | 0.13253 || 0.120(1) | 1.613(2) | 3.154(2) || 0.9850(2)
1.7 || 1.6065 | 0.13595 | 0.13202 || 0.119(1) | 1.536(1) | 2.995(2) || 0.9859(1)
1.8 || 1.6344 | 0.13515 | 0.13132 || 0.113(2) | 1.510(2) | 2.948(2) || 0.9856(1)

Table 9.19: Results for the PCAC masses of different quark flavors and the mass ratio Rpcac
(cf. (9.138)) for the improvement runs.
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Figure 9.18: Left: PCAC mass ratio Rpcac (9.138) for the different combinations of {T*/a, csw },
and the respective linear interpolations (solid lines) for each T*/a. The vertical,
dashed lines indicate the improvement points cs,, 1 determined by the global fit,
at which the O(a) improved PCAC mass ratios Rpcac are determined. Right:

Improved PCAC mass ratios Rpcac for the different lattice sizes T*/a and their

extrapolation to the continuum under neglect of T*/a = 8.
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global LCP IMPR
T*/a Csw,1 Qsit | Rpcac Qsit | Rpcacs
8 | 2.202(21) |[ 0.00 | 0.82679(9)(33) || 0.00 | 0.91517(15)(33)
12 | 2.105(24) || 0.06 | 0.91248(18)(34) || 0.51 | 0.94759(18)(34)
16 | 1.833(19) || 0.00 | 0.95035(9)(19) || 0.00 | 0.96894(9)(19)
20 | 1.755(28) || 0.00 | 0.96906(8)(5) || 0.01 | 0.98013(11)(5)
24 | 1.688(24) || 0.00 | 0.97784(7)(1) || 0.00 | 0.98564(7)(1)
Ok 0.00 0.00
) 0.99979(15) 0.99856(14)

Table 9.20: Results for the mass ratio Rpcac (9.138), interpolated to the improvement points
Csw 1 under use of the data shown in tab. 9.18 (tuning, LCP) and tab. 9.19 (improve-
ment, IMPR). The first error on Rpcac1 follows from the associated linear fit (cf. left
panel of fig. 9.18), whose fit quality is given in the previous column, respectively,
while the second error is due to the uncertainty of ¢, 1, determined by the global
fits. The combined errors are taken into account for the continuum extrapolations
(cf. right panel of fig. 9.18), for which the fit quality and the continuum values are
given in the last two rows. Note that the point at T*/a = 8 is not taken into account
here.

In the case of the global fits, the procedure yields

Rpcaci(a/T* — 0) = 0.99979(15) for the tuning runs

and  Rpcaci(a/T* — 0) = 0.99856(14) for the measurement runs.
(9.139)

The results for the individual fits are almost identical. With regard to PO, we thus find
approximate agreement of the continuum limit of Rpcac1 with the expected value 1
(cf. (9.138)). The deviation is presumably due to the fact that the errors from the LCP
have not been taken into account. These are probably non-negligible especially in view
of the given large statistical precision of Rpcac, and propagate to the (first) error of
Rpcacp. This would also explain why the fit quality of Rpcac as a linear function of
Csw is quite bad in many cases, see tab. 9.20. Furthermore, the investigation reveals
a dominance of O(a?) cutoff effects. However, the dependence of Rpcac on csy is
negligible (at large T*/a) or weak (at small T*/a). Consequently, the continuum limit
Rpcac; is almost insensitive to ¢y, and may thus not serve as a cross check of our
results for cgy 1 (cf. P1). Finally, referring to P2, we observe a moderate size of O(a?)
cutoff effects, which in view of the involvement of the charm quark might not be
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Figure 9.19: Left: t*E(t) for the different combinations of {T*/a, csy }, and the respective linear
interpolations (solid lines) for each T*/a. The vertical, dashed lines indicate the
improvement points cs,, 1 determined by the global fit, at which the O(a) improved
t?E(t) are determined. Right: Improved t?>E(t); for the different lattice sizes T*/a
and their extrapolation to the continuum under neglect of T*/a = 8.

self-evident but is reassuring.

Gradient flow coupling

For the tuning to the LCP, the gradient flow coupling ®; = g4 was fixed to ®}. There
was no need to distinguish between T* and L as they were the same, i.e. we had
t = c2L2/8 = c*T*?/8 (cf. (6.7)). In the case of the improvement simulations, where
the spatial volume is reduced by a factor two with respect to the tuning simulations
(cf. (9.118)), we retain the scaling of the flow time by specifying t = ¢>*T*?/8. However,
for the boundary conditions of the improvement simulations (cf. (9.119)), the normal-
ization of the gradient flow coupling is not known. Hence, we only display the results
for ?E(t) in the left panel of fig. 9.19, in combination with the smoothing fraction
¢ = 0.25 up to which measurements were taken. Interpolation to csy 1 for each T*/a
leads to the data whose extrapolation to the continuum is shown in the right panel of
the same figure.

As for Rpcac, we assume that the error due to imprecise tuning to the LCP is not
negligible in view of the statistical precision of our data. With regard to P1 and P2,
we thus interpret the modest cutoff effects to be in accordance with (a/T*)? scaling,
except for the case of T*/a = 8. The latter, however, may be understood by noting
that the ratio of the lattice spacing and the smoothing range, € = a/+/8t = a/(cT*) =
1/2, becomes large, see [149] for details. We find that t?E(t) also only rather weakly
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depends on csy, which in combination with the limited quality of the data does not
allow for a precision test of our results for cgy.

Finally, we remark that as the topological charge Qiop at ¢ = 0.3 does not leave
the trivial sector (cf. app. 1.4), the gradient flow coupling gZy associated with t2E(t)

basically equals the corresponding modified coupling §2GF,0.
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10 Summary

In the first part of this work, the gradient flow coupling was investigated in pure SU(3)
Yang-Mills theory in a volume of approximately V ~ (0.8 fm)*. A significant corre-
lation between the coupling and the topological charge was found, which increases in
strength with the smoothing fraction c. Simulations suffering from a bad sampling of
topological sectors and critical slowing down would lead to a biased determination of
géF in the continuum. In contrast, the determination of an alternative definition for
the coupling, géF,O, which takes into account only the trivial topological sector, is not
affected by the bad topology sampling in the studied volume.

The second, major part of this thesis was devoted to O(a) improvement of the Wil-
son fermion action in the N F = 4* theory of four non-degenerate, massive fermions.
Due to the large cutoff effects that go along with the charm quark mass, as well as
the numerous improvement terms that arise in the case of non-degeneracy, the previ-
ously expedient approach of a mass-independent renormalization and improvement
scheme had to be abandoned. We argued that a mass-dependent scheme is more suit-
able to accommodate the dynamical charm quark effects, and presented an outline of
the associated renormalization patterns of the bare parameters and bilinears. Within
this framework, the determination of the Sheikholeslami—Wohlert coefficient cg,, as the
first step of the Symanzik improvement program in Ny = 4* was performed. The im-
provement condition was formulated in the Schrédinger functional with Ny = 3 +1
massive, dynamical quarks, which in comparison with Ny = 4* represents a vast sim-
plification at the bearable cost of a rather insignificant introduction of small overall
O(a?) cutoff effects. It was imposed along a line of constant physics, which employs
the gradient flow coupling and effective meson masses, set up to implicitly fix the
volume of the Schrodinger functional as well as the light and charm quark masses.
The relation between these two sets of quantities was established under use of the
N = 2 theory. The lattice extent was held constant at a value of T* ~ 0.8 fm, chosen
large enough to ensure a good signal, while small enough to avoid the involvement
of non-trivial topological sectors and the associated problems of critical slowing down

and topology freezing that had been considered earlier. Both the use of massive Wil-
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son fermions and the fixed volume approach represent an innovation with respect to
previous determinations of cs, with a smaller number of dynamical quark flavors.

Our numerical effort involved the tree-level improved Liischer-Weisz gauge action.
The sensitivity of the quantity T*AM" (that is required to vanish by the improvement
condition) on csy was found to be satisfying even for the finest lattices, and the results
for the different lattice sizes could reasonably be described by a restrictive, global fit.
The main result of this work is expressed in the interpolating formula

1—0.257¢2 — 0.050g%
Csw(80) = . 50453g2 80 for 0< 2 <1.86. (9.129)
: 0

It builds the basis for further steps in the Symanzik improvement program, such as
the determination of ¢4, and may be employed in future large volume simulations
under inclusion of dynamical charm quark effects, to extract physical observables in
the continuum limit with severely reduced errors.
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A Notation

A.1 Groups and group transformations

The group SU(N)

SU(N) is the group of complex N x N matrices which are unitary,
o0 =0ta=1, (A.1)
and special, det () = 1. As a compact Lie group, its elements can be parametrized by
Q = exp{ia"T"}, (A.2)

witha” € Randa € {1,...,N 2_ 1}. Here, T" are hermitean, traceless N x N matrices,
the generators of the group, which obey the Lie Algebra

[T?, T%) = ifbeTe (A.3)

with totally antisymmetric SU(N) structure constants. For N = 2, these are equal to

the Levi-Civita tensor components e while for N = 3 the non-vanishing compo-

nents are:
13-, (A.4)
f147 _ f246 _ f345 _ f516 _ f257 _ f637 — %, (A.5)
A58 — 678 \2@ . (A.6)

The anticommutator of the generators reads

1

{T“, Tb} = d"°TC 4 6"y, (A7)

where the coefficients d*¢ are totally symmetric.
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The generators are usually chosen as T% = A?/2, where A? are the 3 Pauli matrices
for N = 2, and the 8 Gell-Mann matrices for N = 3:

010 0 —i 0 1 0 O
A=1l100[,A=]i 0 o, A=]0o -1 of, (A.8)
0 0O 0 0 O 0 0 O
0 01 0 0 —i
AM=looo|l,A°’=|00 0], (A9)
1 00 i 0 0
0 0O 00 O 1 0 O
A=1oo0 1|, AM"=]0 0 —i PLI 01 0 (A.10)
4 4 \/§
010 0 i O 0 0 -2
In particular, this implies the normalizations
T = 1/2 (A.11)
2 3/4 forN=2
and Cr = N 1 = / (A.12)
2N 4/3 for N =3
for the trace condition! and the Casimir operator,
Te[T* - T?] = Tg - 6% (A.13)
and 1" = CF -y, (A14.)

respectively.
Instead of the hermitean generators T*, one may also employ anti-hermitean genera-
tors T%, related by T% = iT". Those obey

[T?, TY) = fobeTe (A.15)

and  Tr[T" T = —Tg - 6", (A.16)

as follows immediately from (A.3) and (A.13).

INote that in contrast to the main text, where tr and Tr denote the trace in color and flavor space,
respectively, the symbol Tr stands for the trace in general here.
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Group transformations

In QCD, two particular group transformations are of fundamental importance. On the

one hand, these are the local gauge transformations
Q(x) = exp(ia®(x)T") € SU(N,), (A.17)

with N; = 3. They act in color space—indicated by the subscript c—for instance on
the color components of a spinor ¢ = (Yreq, Pgreen, IPblue)T- On the other hand, there
are several global flavor transformations, which are marked with a subscript f. These are

Up =exp{iafT"} € SU(Ny)fr (A.18a)
Ur = exp{iaxT"} € SU(N¢)r (A.18Db)
Uél) =expling} € U(1)f (A.18¢)
uy) = exp{iag} € U(1)z, (A.18d)

which act only on the left- or right-handed components (cf. (2.21)), respectively:

7/ JR—
Yir=Uryryr  and  §p 0 =P, U} - (A.19)

In Ny = 4, we have ¢p = (Yur, Yar, ¥sr, Per) | and Yr = (Pur, Par, Psr, Per) '~ Impor-
tant combined left- and right-handed transformations are the vector and axial trans-

formations, which are obtained from (A.18) by taking
Ny = K] = AR and A4 = —0K[ = &R, (A.20)

respectively. Acting on ¢ = (1, ¥, s, )| in the case of N ¢ = 4, they amount to

V. =expliaj,T"} € SU(Nf)sy (A.21a)
A =exp{ia}ysT"} € "SU(Nf) 14 (A.21b)
v = exp{iay} eU(l)sv (A.21c)
AW =explinays} € U(1)sa, (A.21d)
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with

’_ o _ vyt
=Y e YTV (A22)

Y = Ay §=paA.

As indicated above, the transformations denoted by V, V(1) and A form subgroups
of the chiral group (2.23), respectively. This is not the case for the axial, flavor mixing
transformations A. These form a coset of SU(Ny)y, which is reflected by the use of
the notation "SU(Nf)}A.

A.2 Gamma matrices

In Minkowski space with the metric g,, = diag(1, -1, -1, —1), the gamma matrices T
obey the anti-commutation relation

v} =28l (A.23)
For the matrix 5 = i70y17273, the following equations hold:
(15,7} =0 and %=1, (A.24)
In Euclidean space, the gamma matrices are related to those in Minkowski space by
Y= and 9f =iy;, j=1,23. (A.25)
The anti-commutation relation (A.23) becomes
{vi vE} =264, (A.26)

while (A.24) remains valid also for vf = y5yEyEqL.

A.3 Discrete derivatives

We consider a smooth function f : R* — R, whose derivatives in the continuum with
respect to the p-direction are denoted by f/, f”, and so forth. On a lattice with lattice
spacing a, discretizations of these derivatives may involve f(x + nafi) with n € Z.
Straight forward discretizations of the first derivative f' are obtained by the forward and



A.3 Discrete derivatives

backward lattice derivatives,

duf(x) =
9, f(x) =

[f(x+ap) = f(x)] (A.27)
[f(x) = flx—ap)], (A.28)

SIS

respectively. They introduce discretization errors of the form O(a), as can readily be
seen by using the Taylor expansion

612
flxkap) = f(x) £af'(x) + 5 f"(x) + O(a) (A.29)

in the above expressions. The situation is improved in the case of the symmetric lattice

derivative,

) 1, 1 A A
8uf(x) = 5 (9 +8,) F(x) = 5 [fx+ap) = flx—ap)] . (A30)
which equals ' up to O(a?). Concerning the discretization of the second derivative f”,

the same order O(a?) of discretization effects is obtained by the use of

1
(2a)?
1

a2

9y f (x0) =

and 9,0, f(x0) =

[f (x0 + 2afi) —2f(x0) + f(x0 — 2af) | (A.31)
[f(xo +apt) —2f(x0) + f(x0o—aft) | . (A.32)

Obviously, the latter corresponds to the former with the replacement 22 — 4. It is thus
advantageous to use 9,0, f, as its leading discretization errors are reduced by a factor

four. Furthermore, it may be evaluated closer to the edges of a finite lattice.
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B The axial current

B.1 Representation in the flavor and the generator basis

We consider the axial current with Ny flavors. While concrete expressions are shown
for Ny = 2 for simplicity, the results will be applied in sec. 8.1.3 for Ny = 4. In C NNy
regarded as a complex vector space, we define the flavor basis as matrices A with

components

’ 1 ifk=il=j
(A = (B.1a)
0 otherwise,

wherei,j € {1,...,N f}. The axial current in this basis reads

Ny . (Ne=2 All A12
A=Y A MY N (B.1b)
ij=1 Al A
and its components are defined as
Al =rusAlp = Pyrsy) . dje{l,..., Ns}. (B.1¢)

In order to discuss the behavior of the axial current under SU(Nfy) flavor transforma-
tions and renormalization, it is convenient to switch to the generator basis, which con-
sists of the generators of SU(Ny), T° withc € {1,..., NJ% —1}, extended by T" = 1/Ny.
In N = 2, for instance, it reads

1 0
0 -1/

10 a_1(01 2 1[0 i o
0 1 10 2\i o
(B.2a)

T =

S
N —
N =
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In this basis, the axial current becomes

N2-1 .
f N=2)1 [ AQ+ A3 Al —iAZ2

A=) A;Tc( L )E S (B.2b)
c=0 AL +iAL AD - A

and its components can be written as

A =9ysT9,  ce{0,...,Nf—1}. (B.2c)

B.2 The improved axial current under flavor transformations

Next, we discuss the behavior of the mass-dependent improvement terms of the axial
current, as listed in sec. 8.1.3, under SU(4) v flavor transformations in the generator
basis, while charge conjugation is considered in app. B.3.

Under the generalized, vector spurionic SU(4) v transformations (cf. (8.2))

v S vy, $Lyvt and M L vMmvT, (B.3)
with the notation
VItV = R¥(V)T?, (8.12)

the bilinear combinations as they appear in (8.14a) and (8.14b) behave like the axial

current:

%4
A5, = RUYV)AL . (8.13)

We show this explicitly for the examples of the wy and w; terms in (8.14a):

3,P° =0, (PysTY) Te[M]AS 5 Te[VMV'] RY(V) AY
Y%, @V*%chl;v) = R(V) T[M]AS, .
and
= 9 (RA(V)PysT'y)
= RY(V) 9, P* (B.4a) (B.4b)

Note that the SU(4) sy matrices V and V1 act in flavor space and therefore commute
with the Dirac matrices 7, and 7s.



B.3 The improved axial current under charge conjugation

B.3 The improved axial current under charge conjugation

Under charge conjugation, the axial current in the continuum transforms as

Ay = Ty S Pruvs(T] Ty, (B.5)

where the superscript T denotes the transposed matrix. It immediately follows that
those components whose generators T¢ are diagonal, are invariant under charge con-
jugation. They are hence referred to as neutral currents, see sec. 8.1.3.

Regarding the improvement terms in Ny = 47, the ones with the coefficient w; in
(8.14a) transform as (M = M)

PrrsTEMY S PyuysMIT T (B.6a)
and Py sMTY S Gryys [T My . (B.6b)

As T¢ and M do not commute for non-degenerate masses, the individual terms do not

transform like A}, under charge conjugation. However, the sum of both terms does:

Frvs{T, M = Py {17, M}y (B.72)

The other linear combination, the difference of the two original terms, does not trans-
form like A;:

Frvs [T My S —Prs [T, M) ¢ (B.7)

Since the Wilson formulation of Lattice QCD is required to be charge symmetric,
Pyuys [T, M] ¢ is not included in the Symanzik effective axial current (8.14a).
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C Chiral Ward identities

Ward identities may be derived by application of symmetry transformations on the
fields in the path integral. These lead to relations between different classical currents,
which are reinterpreted as operator relations in the quantum theory. While they hold
exact in the continuum, they may be violated by cutoff effects on the lattice, depending
on whether the lattice regularization respects or violates the respective symmetry.

We briefly sketch the derivation of the chiral Ward identities in the lattice regularized
theory, loosely following [153]. Consider a multilocal operator O(xy, ... ,x;,) of quark
and gluon fields at the sites x1 # x2 # ... # x,. Its expectation value (cf. (3.46)),

O(xy, ..., /D U] e SWRUO(xy, . x,) c1
O, - x)) = ooy [P0 U (0 ), (€
is invariant under local SU(Ny) ¢ X SU(N¥) g transformations, i.e. (A.18a) and (A.18b)
with the replacements af ,; — a7/ (x), as these merely constitute a change of integra-
tion variables. Hence, now considering the two special kinds of vector (X = V) and
axial (X = A) transformations, one finds

0
5 (x)

(O(x1, ... ,x4)) =0, (C.2)

or equivalently

(200~ (o0, ) i ). 3)

ol (x das (x)

If the expressions in (C.3) are explicitly written out, the equations for two different fla-
vor indices 2 may be combined such that the non-singlet, so-called point-split currents!
V;i] (x) and Al i (x) with j # i (cf. (3.75)) emerge for the vector and axial transforma-
tion, respectively. For the specific choice O(xq,x;) = gbi(xl)%(xz), it can be shown
that the terms that stem from the left hand side of (C.3) yield propagators, present
only if x = x; or x = x3. The remainder from the right hand side of (C.3) contains

IThese involve fields at x and the nearest neighbor points, see [153].
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C Chiral Ward identities

terms which combine either the point-split vector current V,ij (x) with the scalar den-
sity S”(x), or the point-split axial current with the pseudoscalar density P7(x). In
the latter case of the axial transformation, the variation of the Wilson term yields an
additional O(a) contribution with an operator O%S of dimension five:

X=V:  =o(n-2) (Wx)f(x) —8-x) (g)Fx)

= < x)O> mol—m0])<5ij(x)0>. (C.4)
X=A:  —0(x =) (Yi(x)§;(x2) 75 — 5(x1 — )75 (;(x1);(x2))

— () 0) = mue ) (0 0)

—a (0} 0) . (C.5)

Although of higher order in the lattice spacing, the operator O%S may under renor-
malization mix with operators of lower order, namely those already present on the
right hand side of (C.5) [154]:

(O] = 25 |Os + 3 {(Za = D8, &) + ) P} | . co

Hence, by using (C.6) in (C.5) to replace Ow5/ additional terms arise at leading order,
and (C.5) may be cast into the form

X=A:  =(xa—x) ($ilx),(x2)) 15— 61 — )15 (y(x1),(x2) )
=Zj Oy <Alp{(x> O> — (Tipcac +m{)CAC) <Pij(x) O>
+0O(a) . (C7)

The bare PCAC mass? Tiih ac is related to the ordinary bare mass g, by
pcac = Mo, — ;i , (C.8)

where the mixing coefficients 7; are regular functions of the bare parameters of mass-
2
dimension one, 1; = M [154].
Several important conclusions may be drawn from (C.4) and (C.7), and the obser-

vation that the propagators on the left hand sides of these equations are finite and

ZNote that the definition here differs by cutoff effects from mi,c ac» the quantity employed in the main
text (cf. e.g. (3.81)).
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renormalized after multiplication with the field renormalization constants. The first
implication concerns the renormalization of the (point-split) vector and axial current.
In the special case of degenerate bare masses mg; and mg; (X = V) or vanishing
PCAC masses 7rihc ac and W]PC ac (X = A), this embodies that the respective correla-
tion functions with V,i] or fl;{ have to be finite and renormalized as well. Hence, while
the point-split vector current V;j requires no renormalization, the point-split axial cur-
rent AZ is renormalized by a finite and scale-independent factor, i.e. subject to a pure
lattice renormalization that vanishes in the continuum (no-renormalization theorem
[155, 156]):

Zy =1, Z:(g8) =1+0(a) . (C.9)

Furthermore, it may be argued [154] that the difference between the point-split cur-
rents and their respective local counterparts is finite, allowing to replace the former
by the latter in (C.4) and (C.7), in conjunction with the finite lattice renormalizations
constants (cf. (3.76))

Zy(g5) =1+0(a),  Za(gf) =1+0(a). (C.10)

A second implication of (C.4) and (C.7) in the situation where field renormalization
has rendered the left hand sides finite applies to the renormalization of the scalar and
pseudoscalar density. The fact that the total derivative of the point-split vector or axial
current vanishes after integration over x implies relations between the renormalization

constants that appear on the respective finite right hand sides, namely

Zn (85, an) = Zs (g5, am) ! (C.11a)
Ziitpeac (86, ap) = Zp (g%/ a,u)_l , (C.11b)
up to finite contributions. This behavior is reflected e.g. in (3.107) and (E.15).

A third and immediate consequence of (C.4) and (C.7) emerges in the special case of

X # x1,x2, which leads to the chiral lattice Ward identities. For the vector current
(X = V), this is the PCVC relation (Partially Conserved Vector Current),

Zy 3, <v;;f (x) o> — (mo; — mo) <sff(x) o> . (C.12a)
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Application of (C.11a) allows to write this equation as®

3 (VR (x) Ox)) = (i — mf) - {(Sv)"(x) Ok ) - (C.12b)

The vector current is hence conserved for degenerate masses, mZR = m{{, and the relation
is exactly fulfilled as the lattice regularization respects SU(Ny) sy symmetry.

For the axial current (X = A), the PCAC relation (Partially Conserved Axial Current)
reads

Za 0y <AZ(X) O> = (Mbcac + Mheac) <Pij(x) O> +0(a) . (C.13a)
It may be written under use of (C.11b) in terms of renormalized quantities as
3 ((AR){i(x) Or) = (mi +mf) - (P{(x) Or)+0(a). (C.13b)

The PCAC relation is thus violated on the lattice, in accordance with the breaking of
chiral symmetry by the Wilson term, cf. sec. 3.3.

Note that, although the explicitly given terms in (C.4), (C.5) and (C.7) refer to the
special choice of the operator O taken above, the chiral lattice Ward identities (C.12)
and (C.13) hold generally for any multilocal operator O with fields at sites different
from x. Moreover, we wish to emphasize again that all of the above holds in the case
of non-singlet currents (j # i). The singlet case, affected by the chiral AB] anomaly
(cf. sec. 2.2), can be considered separately in terms of an anomalous chiral Ward iden-
tity, which is however not of importance here.

3Note that even for non-degenerate masses, the difference of two bare masses renormalizes multiplica-
tively with Z,, (g3, ap). This can be readily seen from (3.66).



D Spurionic chiral symmetry

We have seen in the main text that chiral symmetry is broken in several ways. Beside
the spontaneous breaking that goes along with the non-vanishing expectation value of
the quark condensate (sec. 2.2), this happens explicitly on the level of the Lagrangian
in a twofold way. First, by non-vanishing and even more so by non-degenerate quark
masses (sec. 2.2), and second, by the Wilson regularization on the lattice (see sec. 3.3).
In order to disentangle these two sources of explicit symmetry breaking, it is instruc-
tive to consider spurionic chiral transformations, under which the bare mass matrix (3.13)

is assigned the behavior

M=M=V MV',  VeSUNf)py (D.1)
M= M =ATMAT,  Ae"SU(Nf)sy - (D.2)

Evidently, in combination with the transformations of the fields, (A.22), the mass term
P My in the action then obeys a generalized, spurionic chiral symmetry, irrespective of
the nature of the mass matrix M. This allows to consider the effects of the Wilson
term in isolation. Concretely, the imposition of (spurionic) vector symmetry (D.1)
is relevant for the construction of the Symanzik effective theory in the case of non-
degenerate, massive quarks, sec. 8.1, while the breaking of (spurionic) axial symmetry
(D.2) has important consequences for the quark mass renormalization in the Wilson
formulation, which will be discussed in app. E.

In preparation for the latter, we now study the behavior of the quark masses under
spurionic chiral symmetry transformations for the specific case of Ny = 4 in more
detail, following the lines of [153]. It is useful to decompose the bare mass matrix

(3.13) into an SU(4) sy flavor singlet and non-singlet part [133]:
15
M =gy -1y + Z MEAC . (D.3)
c=1

This is a generalization of M, from which the physical case can be retrieved by restrict-
ing the generalized Gell-Mann matrices in the sum to the diagonal ones, c = 3,8, 15.
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Using Tr[A%] = 0 and the trace property (A.13), one finds

May = *TI‘[M] (D.4)

N~ ] =

M = ~Tr[MAY] . (D.5)
Under infinitesimal spurionic vector transformations (D.1), the masses transform as

May — May (D.6)

L L (D.7)

where the explicit form (A.21a) of V € SU(4) rv with (A.20) and the commutator (A.3)
of the Gell-Mann matrices were used. Under infinitesimal spurionic axial transforma-
tions (D.2) with A € 'S LI(4_)} , as given in (A.21b), one finds

2 .
May —> May — focmc (D.8)
e — wm® — Al — inmgy , (D.9)

Hence, under spurionic vector transformations, the average mass is a singlet, whereas
the non-singlet mass components form an adjoint multiplet. In contrast, under spuri-
onic axial transformations, the flavor singlet and non-singlet mass components trans-

form into each other.



E Quark mass renormalization

The observed behavior of the generalized mass M under spurionic vector transfor-
mations, (D.6) and (D.7), and spurionic axial transformations, (D.8) and (D.9), has
important consequences for the renormalization of quark masses in the Wilson reg-
ularization. The vector transformations leave room for different multiplicative renor-
malizations of the singlet mass m,, and the non-singlet mass components ‘. More-
over, the invariance of m,, allows this term to mix with the identity 1, which makes
it subject to an additive renormalization that manifests itself in the appearance of the

critical mass Meyit:

s = Zn(g5,ap) me (E.1)
MRav = Zpo (85, a1) [May — Merit] (E.2)

This rather complicated renormalization pattern would become obsolete if spurionic
axial symmetry was respected, as the mixing of all the mass components under these
transformations would enforce a uniform, multiplicative renormalization. However,
since this spurionic axial symmetry is explicitly violated by the Wilson formulation
of Lattice QCD, there is no constraint which prevents the masses from renormalizing
according to (E.1) and (E.2).

E.1 Unimproved Ny = 4* theory

We consider the physical case again, where the bare mass matrix (3.13) is split into
(cf. (D.3))

M =1y - 1y + A, (E.3)
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E Quark mass renormalization

i.e. the sum in the non-singlet part now only involves diagonal generators A°. The

individual masses accordingly read

my; = May + MEAG . (E4)
c=3,8,15

Taking into account that the two parts renormalize differently, the renormalized quark

mass of flavor i may be defined in terms of the matrix
M - diag(mq,u, mq’d, mqls, mqlc) (3.64)

of bare subtracted quark masses

Mg,i = Mo, — Merit (3.65)
as follows [133]:
mh = Mpay+ Y mRAS
c
LD 7,0(83 ) [y — Mesi] + Zun (3, ap ZmW
P00 o — ]+ Zo( 5 an) (i + i) — )
= Zu(gh an) _ mogs"zﬁ )) [May — Merie] + (Mg — [Mav — mcm])]
8 7,(, an) :mq,l- + ( e ((5;,’51 ;’)) 1) Te[M] /Nf} ) (E.5)
where in the last step
May — Merit = <Z mo,i) /Nf — merie = Tr[M]/ Ny . (E.6)
was used. The ratio of the flavor singlet and non-singlet renormalization constant is
usually abbreviated by
rm(85) = W , (3.63)
m(8o )
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such that (E.5) becomes

My = Zn(85,ap) [, + (rm(8§) — 1) Tr [M] /Ny] . (3.66)

E.2 Improved Ny = 4* theory

For the O(a) improved expression of mk, one has to replace g§ — g3 and mg; — iy
(cf. (8.20, 8.22)) in (3.66):

mi = Zu(&8,a) [fig; + (rm(@) — 1) Te [M] /Ny, (E7)
where (cf. (3.64)) M = diag(#igu, My 4,1, Mg, ). In that case, after a little algebra,

g+ (re(85) - 1) Tr [M] /Ny

2 2 2 rm(85) — 1
= [mq,i + acymy ; + aco Te[M]mg; + acsTe[M7] + acy (Tr[M])”| + Tf X
[Tr [M] + ac1 Tr[M?] + aca(Tr[M])? + acsNfTr[M?] + acyNy (Tr[M] )2]

[M]
)N,
[

T
= mg; + (rm(0) — 1 " [Clm;i + o Tr[M]my,;
rm(23) — 1
9 e
n(83)

Ny
1 Tr

+

cq + Tm(&o) — 1 (c2+ NfC4)) (TY[M])z}

e
( "

0)
2
0

M]

-1

Tr[M?]
Ny

2
(”ﬁf”} , (E8)

+ (rm(gé) (c1+ Nyc3) —c1)

+ (rm(g5) (c2 + Nycs) — c2)
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one finds
; ~ ~ Tr|M -
= 2o ) g+ (@) — 1) T - { g + B ()T M
2 2\ 2\ Tr[M?] NG (2N T (2 (TI[M])Z
+ (1 (83)ebn () = bu(98)) ==+ (1 (83) () = Tn(8)) =77 ¢ |
(8.25)
The new coefficients are related to the old ones by
by, =c1, dw =1+ NfC3 , (8.23a)
Em =Cy, Em =+ NfC4 . (8.23b)

While the renormalized quark masses m} on the lattice depend on the bare (improved)
coupling g3 and the renormalization scale y, their continuum extrapolated counter-
parts

i (1) = lim g (35, ap) (E.10)

are related to the scale-independent continuum RGI masses M; via the flavor-
independent conversion factor (cf. (2.36))

h(p) = M/m(u), (E.11)
which in particular cancels the y-dependence of 7;,

M; = h(p) - m;(p) - (E.12)

E.3 Improved Ny = 4 and massless N; = 2 theories

We now consider the renormalization of the quark mass, (8.25), for two special cases.
On the one hand, the theory with Ny = 4 degenerate masses, cf. (3.84), and on the other
hand, the massless N ¢ = 2 case, where in addition to the dynamical, massless up and
down quarks, one treats the strange and charm quark in the quenched approximation,
cf. tab. 9.1.

In Ny = 4, after use of Tr[M] = Nymg, Tr[M?] = Npmg and (Tr[M])* = N7mg, the by,

_ _ fra
and b,, terms vanish, while the d,, term may be absorbed in the one with d,,. Hence,



E.3 Improved Ny = 4 and massless Ny = 2 theories

(8.25) reduces to
MR = Z,yo (35, am) [1 + ady (g5)mg| mg . (E.13)

In the case of Ny = 2, one has to differentiate in (8.25) between the effects of dynam-
ical and valence quarks. The former are embodied in the appearance of the flavor trace
of the bare subtracted mass matrix, which vanishes by definition, Tr[M] = 0. Thus,

the renormalization prescription reads
my = Zn (g5, ap) [1 + abu(g5)mg] my,; , (E.14)

for a valence quark of flavor i. Note that the use of the improved bare coupling g3 as
an argument of Z,, is not necessary, since it is equal to g3 for massless sea quarks, see
(3.96).

As we have seen in sec. 3.6, a renormalized mass may also be formulated in terms
of the PCAC mass. With its improved version in Ny = 4 given in (3.107), for Ny = 2
we find

Za(g3) 1+ aba(g3) Mgi = 5
mi x)+0(a), E.15
Zp(g%, 61]/1) 14+ abp(g%) mq,i PCAC,I( ) ( ) ( )

my =

where the tilde notation indicates the involvement of non-singlet currents. The two
equations (E.14) and (E.15) relate the improved PCAC mass mi;ic ac,1 and the bare sub-

tracted mass m,; according to

it Zm(g5,an) Zp(g5,ap)
PCACI — ZA (g%)

[1+ (b (3) + bp(83) — ba(85)) amy,] my; + O(a?),
(E.16)

where in Ny = 2 the cases i = s,c of the valence strange and charm quark are of

particular interest. Finally, we note that the overall renormalization factor

Zn(92,a1) Zp(22,
Z(g5) = (80 ”Zﬁj(g(zs(go ”V), (E.17)

as it appears in (E.16), is finite and independent of the renormalization scale y, since

the divergent parts of Z,, and Zp cancel each other.
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E.4 Improved Ny = 4* theory in a mass-dependent scheme

In order to perform the transition of the mass renormalization prescription from the
mass-independent to the mass-dependent scheme, (8.25) may be reformulated so as
to disentangle the sea quark effects (that come with a trace) from the flavor-specific
terms (that come with m, ;). Adding and subtracting two terms with constants f and
f, we write

wa- {0 1) b+ (1-F) Bl Tl

(a8 (53) — ) T+ (rn(5B1n(5h) ~ ) T }]

and factoring out leads to

—

iy = Zn(83, ap) (1 +af bu(g8)my, +af Em(g%)Tr[M]) {mq»‘ + (rm(8) —1) rz@ﬂ

+a- { (1= ) bu(gBym2;+ (1= F + f ) bu(gD) Te[M]my,

r 2
# (rulB)insh) — bulah) T

+ (ru(d) (@n(3) — F bunlsD)) + (F ~ 1) Bu(sD)) mﬁf”}] . (E19)

In order to make the terms in the second line disappear, f = 1 and f = 2 is cho-

sen, and all the remaining O(a) terms may in analogy to (8.49) be absorbed in the

M

mass-dependent critical mass th (8.48), which is considered in the notation m_,.

cri
Additional factorization of the term in the first line leads to

k= 2o ) 1+ 20 (T 1+ b)) o — (55T )
= Zm(g8,aTx [M] ,ap) (1 + aby, (86)mq,i) [mo,i —mM (g5, Tr [M])] (8.50a)

where in the last step, the sea quark contributions were absorbed in the renormaliza-
tion constant Z,,(g3,aTr [M],au) in a similar way to (8.4, 8.45).



F Previous non-perturbative
determinations of ¢, and c4

F1 ¢

Previous non-perturbative results of the ALPHA Collaboration on the determination
of csw are available for the Wilson gauge action in Ny = 0 [16], Ny = 2 [17], Ny = 4
[21], and for the Liischer-Weisz gauge action in Ny = 3 [22]. All these works deal with
massless quarks and in principle follow the standard procedure discussed in sec. 9.4,

with a few crucial differences to be described in this appendix.

Fixed L/a approach

The principal difference to the strategy described in the main text (cf. sec. 9.1 and
sec. 9.4) is the fact that, instead of the lattice extent L (cf. (9.7a)), it is the lattice resolu-
tion that is fixed to L/a = 8, with T = 2L or T = 2L — a, see fig. F.1.

This fixed L/a approach comes with a few advantages. First, in opposition to the
restrictions imposed on g3 by the line of constant physics (LCP), the values of the bare
coupling at which ¢ is determined may be chosen at one’s discretion. Second, in

e

; £3 53 o 220
b i m

SECEEN R, s wh <4

15 x 8 15 x 8 15 x 8 15 x 8 15 x 8 15 x 8°

Figure F1: Fixed L/a and T = 2L — a as used in the determination of csy in Nf = 3 with

massless quarks [22], to be compared with the LCP approach illustrated in fig. 9.8
in sec. 9.4.
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conjunction with the use of massless quarks!, it makes the setting of a scale obsolete.
It also conveniently avoids the problem of critical slowing down (cf. sec. 6.2.2) for
small g2. Finally, as discussed in sec. 9.4, the slope in AM" (cf. 9.115a) as a function
of cgw is larger in small volumes, leading to a clearer signal. This also simplifies the
determination of cg, at small bare couplings.

However, as a matter of principle, the fixed L/a approach gives rise to potentially
large O(a) ambiguities in cgw, see e.g. [92]. Hence, cgy is properly defined only at a
LCP, and the fixed L/a approach has to be considered an approximation. Its validity
is usually checked by a single simulation at L/a = 16, where the weakness of the
dependence of csy on L/a is verified.

Improvement condition

Instead of the LCP (9.7), it is the improvement point
M"(T/2,T/4) =0, (F.1)

defined in terms of the effective quark mass (9.113), that determines the hopping pa-
rameter x, of which there is only one due to the degeneracy. The improvement condition

is formulated very similarly to (9.115) in terms of
AM"(3T/4,T/4) = M"(3T/4,T/4) — M"¥(3T/4,T/4) . (F2)
However, instead of requiring this quantity to vanish, one fixes it to its tree-level value
AM" (3T /4,T/4) = AM“©) (3T /4,T/4), (E3)

to ensure csw(0) = 1. cgy is only weakly dependent on a possible mismatch in (F.1).
Hence, a rough tuning of « to the improvement point is sufficient.

The work on Ny = 3 is special concerning two aspects. First of all, as mentioned
before, the Liischer-Weisz gauge action (3.112) is used instead of the Wilson plaquette
gauge action (3.39). Secondly, for technical reasons that is the use of version? 1.0 of the
openQCD code, lattices of temporal size T = 2L — a were employed, such that—since

LThese can be tuned without the knowledge of a scale, cf. (F.1).
2We remind the reader that version 1.2 is used in the present work, see sec. 9.5.



E2 CA

Ref. | S¢ | Ny | result range of validity
_ 2 1 6
[16] | S | 0 | cow(g?) =" 0'65633_3;;2% 0.054g4 0<g<1
_ 2_ 6 8
07 | sY | 2 | co(gd) = 1-0.454g2 0‘115§g;0(;212g0+0.045g0 B> 52
. 0
1-0.1921g3—0.1378¢2 +0.0717g5
[22] | SE¥ | 3 | caw(8h) = 1070.38815% : p=33
w o\ _ 1-0.1372¢3—0.1641g5+0.1679g5 )
21] | SY | 4 | cow(gd) = s 0 0<g2<12

Table E1: Results for cqy(g3) from previous works.

T/2 is not an integer—instead of (F.1),

(M(L,L/2) +M(L—a,L/2)) =0 (F4)

N =

is used.

Results

The results of the previous determinations of csy are compiled in tab. F1 and partly
illustrated along with the main result of the present work in fig. 9.16. The formulas
incorporate the perturbative behavior of csy, given by (3.113a) and (3.113c), in a fashion
very similar to (9.126).

For completeness, we note that further results on cgy exist, namely in connection
with the Wilson gauge action S and Ny = 3 [18], the so-called RG-improved gauge
action and Ny = 0,2,3 [19], as well as Ny = 3 stout-smeared fermions and the tree-
level improved Liischer-Weisz gauge action [20].

F.2 Ca

Within the ALPHA Collaboration, non-perturbative results on c4 were obtained for
massless quarks and the Wilson gauge action in Ny = 0 [16], Ny = 2 [54], and the
Liischer-Weisz gauge action in Ny = 3 [141].

In all of those cases, the associated non-perturbative results for ¢, were employed,
see app. F.1, but more suitable improvement conditions on which c,4 is more sensitive
than the one designed for cg, (cf. sec. 9.4) were chosen. In particular, these incorpo-
rate vanishing boundary fields (cf. (9.14)). In the case of Ny = 0, the improvement
condition entails a variation of the fermion angle 6 (cf. (5.21)) within the fixed L/a
approach (cf. app. F1). The works on Ny = 2 and Ny = 3 differ from this, as they
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both feature a line of constant physics, which fixes the volume of the SE. In addition,
based on the work of [157], the improvement condition in those cases is formulated
in terms of a variation of the boundary states, designed such that exclusively either
the pseudoscalar ground or first excited state contributes. Finally, we note that in the
case of Ny = 3, the results were projected onto the trivial topological sector, due to
topology freezing for small lattice spacings, in a fashion very similar to the one de-
scribed in sec. 7. We refer to the original publications and (3.116) for further details and
numerical results. For completeness, we remark that c4 was also non-perturbatively
determined in the case of Ny = 3 and the so-called Iwasaki gauge action [158].



G Effective meson masses on the lattice

The quantities
O, =T T (9.23a)

1
Oy =T- <rsc - 2r5”> ) (9.23b)

are defined in terms of the effective meson masses

I =T = ~dolog (f1,(x0)) |, i€ {lic}, 9.20)
with
11(x0) = £(x0) +acadofF (xo) - (5.53)

G.1 Discretizations of I

The symmetric derivative do (cf. (A.30)) in (9.20) can either be applied to the loga-

rithmic function as a whole, or on le after using the chain rule. We label the two

resulting discretizations Flgl) and Flé), respectively:

i Y (x +a
I =~ log M (9.26)
2a far(xo—a) ) lx=1/2
VA 1COL I G1)
= a1(x0) lxo=1/2
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The explicit expressions can easily be obtained under use of (A.30) and (5.53). They

read
i YT 4ta)+ | FI(T4+2a)— FI(T)
Il _—%log 3 i 62 [1:] i — r(2 } ©2)
fA(f—aH'TA[ () — P(E_Za)} x=T/2
and
i 1 G- fG o] v |G +e -20G) G o)
o A +4 [AG+a - -a)

(G.3)

Note that in (G.3), the alternative discretization djdg (cf. (A.32)) of the second deriva-
tive has been used instead of 53.

The difference between the two quantities l"lgl) and 1"72) is a pure lattice artifact.
On the one hand, they both inherit discretization errors from the correlation function
fi{,l (cf. (9.21))—which themselves stem from the discretized action and the operator
O/t (cf. (5.46)). On the other hand, the respective discretizations of the logarithmic
derivative introduce further cutoff effects. The latter can be investigated in isolation
by ignoring the former in the approximation of no excited states (cf. (9.21),(9.22)), that
is by using

lel(xg) ~ e‘miZS"‘O ) (G.4)

In doing so, we find

ij ;
I"l(]l) — _71 IZA(XO + a) ((;:4) _l log <672IZWZI{ >
2a fl(xo—a) ) lx=1/2 2a
— mi (G.5)
and
i dof : ij
1"(]2) = _ %fa(x0) (@4 1sinh (amﬁs)
f(x0) =12 a
= mpg <1 + g(amgs)z + O(a4)> . (G.6)



G.2 Results for @3 and @3 under use of I' ()

Ly/a | ens. | Ng Lzrg) Lzrgg) Lzrg)mr Tnt | Qfit
12 | Cyp | 500 | 1.42(7) | 0.76(6) | 0.66(1) | 5(1)
16 | Cie | 500 | 0.80(6) | 0.11(5) | 0.69(1) | 7(2)
20 | Cpo | 180 | 0.51(4) | -0.15(4) | 0.66(2) | 9(4)
24 | Cypy | 500 | 0.79(3) | 0.19(3) | 0.60(1) | 17(6)
32 | C3p | 180 | 0.48(2) | -0.14(2) | 0.62(1) | 8(3)
oo without Ly/a = 12 0.59(1) 0.01
oo with Ly/a=12 0.61(1) 0.00

Table G.1: Results of the Ny = 2 runs to determine LI at z; = LpM[ under use of the

- (2),cor
alternative discretization 1"1(12) (cf. (G.1)). See tab. 9.5 for further explanations and

comparison to the results obtained with T';; = Flgl).

Hence, the discretization of the logarithmic derivative as used in Fzgl) introduces no

explicit errors in the absence of excited states, as opposed to the one in I’Zgz). For this

reason, we use

"

I’ = F(l) (G.7)

as mentioned in the main text, cf. (9.26). The relative cutoff effects between the two

discretizations, apparent in (G.5) and (G.6), will be investigated explicitly in the Ny = 2
theory in app. G.2.

G.2 Results for ®; and ©; under use of I’

The quantities ®; and ®3; have been determined in sec. 9.2.4 and sec. 9.2.5 as the
continuum extrapolated values of the specific effective meson masses given in (9.28b)
and (9.28¢), respectively, under use of the standard discretization I = Fl(Jl) (cf. (9.26)).

We here provide the results obtained with the alternative discretization Flgz) (cf. (G.1)),

and check for agreement between the two definitions in the continuum.

The light EMM I, and ©;

(2),cor

(2)
. . . ij
The results for LZF?E),cor by use of the discretization I 2

ference from the standard lattice discretization I';; = Flgl) is insignificant. Accordingly,

are listed in tab. G.1. The dif-
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Ly/a | ens. | Ny | LTy | Lo (rf(;)’mr - %rg)w) T | Qar Lol 1) cor
12 Cip | 500 | 7.95(8) 6.86(4) 4(1) 0.553(15)
16 | Cis | 500 | 7.20(10) 6.75(5) 7(2) 0.265(9)

20 | Gy | 180 | 6.69(8) 6.51(7) 9(4) 0.145(6)

24 | Gy | 500 | 6.73(6) 6.24(5) 18(7) 0.096(3)

32 Csp | 180 | 6.33(5) 6.16(4) 13(5) 0.051(3)

oo without Ly/a = 12 5.94(5) 0.36

0o with  Ly/a=12 6.10(4) 0.00

Table G.2: Left: Results of the Ny = 2 runs to determine LZ(rig),cor - %Ff(’g)lcor) at zj' = LyMy

and z} = Ly M} under use of the alternative discretization Fl(Jz) (cf. (G.1)). See tab. 9.6

for further explanations and comparison to the results obtained with T = l"l]1 .

Right: Results for LJ?E,D wors Which incorporates the relative cutoff effects of the

two discretizations, cf. (G.10) and fig. G.1.

the continuum extrapolation leads to

which is exactly the same as @3 (cf. (9.57)).

The charm EMM I7;)  and @7,
Similarly, the results for L (T?E),Cor — Fig)lcor) by use of the discretization Flé) are listed

in tab. G.2, and illustrated together with those obtained with I';; = 1"?1) in the left panel
of fig. G.1.

The continuum extrapolated value
@7 ) = 5.94(5) (G.9)

is again well in accordance with ®3, see (9.61), as expected. However, in this case,
the results on the lattice differ significantly for the two definitions. This comes as no

surprise as the respective cutoff effects scale with the masses of the valence quarks,
or equivalently, the pseudoscalar mass mjg in the approximation of no excited states.
This is true also for the difference between 1"1(]1) and 1"1(]2), which by comparison of (G.5)



G.2 Results for @3 and @3 under use of I' 5

quadratic
linear

),cor/2)

SS
(d

Ly <Ff§),c0r -

5 10 0 5 10

(a/ Lo x10° (a/Lo)?  x10”

Figure G.1: Left: Ly (T?E),mr — %rﬁ),cor) for the two discretizations d = 1,2 of the effective
meson masses, as listed in tab. 9.6 and tab. G.2, respectively. The fits, linear in

(a/L)?, are illustrated by the solid and the dashed line for d = 1 and d = 2,
respectively. The continuum extrapolated value qD;, 5 for d = 2 (shown as the

empty black squared symbol) is slightly shifted to the right for convenience. Right:

Difference Lzrig—l),cor (cf. (G.10) of the two discretizations of the effective meson

masses. The solid line illustrates the fit given in (G.11), quadratic in (a/L;)?, while
the dashed line represents the associated tangent with the slope parameter a;. The

dotted line shows a fit linear in (a/ Lz)z. The data for L, /a = 12 (red) is not taken
into account in any of the above fits.
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and (G.6) amounts to

LaT{y ) = Loy — LaT{y) = = (Lzmgs) <L2> L o). .10

The relative cutoff effects between the two discretizations are thus quite small in the

53
(d),cor’

the case of the quantity LZ(F?Z),CM — %F?Z),Cor). In the right panel of fig. G.1, the relative
cutoff effects (G.10) are displayed for L,I',. We find that the data may indeed well be

(d)
described by a fit quadratic in (a/L,)?:

case of the light quarks that enter L,I’ but larger if the charm is involved as in

Lzl"lgzil) = ag+a(a/Ly)? + ax(a/Ly)* (G.11a)
with

ap = 0.005(11), ay =40(11), a, = 68(25)-107. (G.11b)

..\ 3
The slope parameter a; = % (Lzmgs) of this fit together with the approximately

known scale L, ~ 4 GeV ! (cf. (9.44a)) allows to estimate the mass
mpg ~ 1.55 GeV (G.12)

of a pseudoscalar meson with a light and a charm valence (anti-)quark in Ny = 2.
This serves as a cross check, as it is roughly of the order of the masses [26] of the
D-mesons D°(1865), D*(1870) and D; (1968), whose valence quark content is cii, cd
and c3, respectively. If the relative cutoff effects are modelled by a fit linear in (a/ L2)2
(shown as the dotted line in fig. G.1), the same procedure yields an even better value
of

m% ~ 1.86 GeV . (G.13)

Note, however, that the quality of the fit in that case is worse as the curvature obviously
present in the data is not taken into account, and the continuum extrapolated value is
not compatible with zero as for the quadratic fit (cf. a9 in (G.11b)).



G.3 Mass dependence of the effective meson masses I'y, I'p in Ny =2

G.3 Mass dependence of the effective meson masses I'4, I'p
in Nf =2

Since we know the relation between the RGI masses and the hopping parameters in
Ny = 2 (cf. sec. 9.2.2), this theory allows to study the dependence of the quantities

N 1 .
L, -T¥ and L2-<FSC—2F“), (G.14)

in terms of which ®5 and ®; are defined (cf. (9.28)), on the light and charm quark
masses. As explained in sec. 9.1, the definition of the effective meson masses incorpo-

rates the axial current,

I =T = ~dolog (f11(x0)) |, _rp, i € {Lc}, (9.20)

and we will compare this to the use of the pseudoscalar density in the similar quantity
' = —3ylog (f;f(xo)) otynr  BjE{LCc). (G.15)

To this end, we compute both FZ and FZ under use of the Ny = 2 ensembles (cf. sec.

9.2.1) at the dimensionless RGI masses z; = L, M; in the combinations

(z1,zc) with  z; <z (G.16)
and

z1,zc € {0,2},3z2},0.52;,09z%, z%,1.1z% } . (G.17)

The results for the respective continuum extrapolated values are given in tab. G.3 and
depicted in fig. G.2.

We find that the deviation of I'4 and I'p plays a role only if both the masses of the
involved valence quarks are small, i.e. z; in the case of I's;. Once there is a heavy
(charm-like) quark involved, the difference becomes insignificant. This is in com-
pliance with the behavior expected from the discussion in sec. 9.1, see (9.24). The
dependence of the quantities (G.14) on the dimensionless RGI masses z; and z. under
use of the pseudoscalar density, I' = I'p, may very well be described by linear func-
tions. An effective description of the data for I'§ at small z; is achieved if the deviation
from I'§ is modelled by a third order polynomial fixed to the values I'(z; = 0) = 0
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Z] lim, o LoT%) Qfit lim, o LT Qfit
0 0 2.07(12) 0.84
zr 0.59(1) 0.01 230(11) 0.73
322‘ 1.60(2) 0.04 2.79(10) 0.52
0.5z* 6.17(5) 031 6.29(7) 0.04
0.9z* 9.82(5) 0.12 9.82(5) 0.00
z* 10.69(5) 0.07 10.69(5) 0.00

2 || limaso Lo (T = 47%) | Qae | limeso Lo (T = 4TF) | Qs

0 6.10(5) 0.22 5.28(5) 0.01
z 5.96(5) 0.30 5.30(4) 0.01
3z 5.76(4) 0.37 5.31(4) 0.01

0.5z 5.39(3) 0.13 5.30(3) 0.00
0.9z* 5.35(3) 0.07 5.29(3) 0.00
z 5.35(3) 0.07 5.29(3) 0.00

ze | limaso Lo (15 = 31%) | Que || timosso Lo (T3 = 4T%) | Qu

zZ 0.29(1) 0.01 1.10(5) 0.76
3z} 0.83(1) 0.03 1.33(5) 0.53
0.5z% 3.46(4) 0.21 3.07(4) 0.04
0.9z 5.49(5) 0.30 4.85(4) 0.01
z* 5.96(5) 0.30 5.30(4) 0.01
1.1z* 6.43(5) 0.30 5.73(4) 0.01

S5

Table G.3: Dependence of lim,_,o L2F¢ on the light quark mass z; (top), lim, 0 Lo (rfpc _ %1‘5{/}5)

on the light quark mass z; (middle) and lim,_,o L, Ffpc — %l";f on the charm quark
mass z. (bottom). All quantities are shown for ¢ = A and ¢ = P and with the
respective other quark mass held fixed to z; = z¥ withi = [ or i = c. Qg gives the
quality of the continuum extrapolations, which in the case of ¢ = A were conducted
under use of the corrected quantity FZ =T, (cf. (9.55)). Some errors of the results
for ¢ = P are assumingly underestimated due to the poor fit quality, especially for
large masses.
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Figure G.2: Continuum extrapolated values of LZFf (left) as well as LZ(F(SPC - %Ff}f ) and LT’ o

(right) for ¢ = A, P as a function of the light mass z; = LyM; of the strange-like
quark flavor s (top) and the mass z. = Ly M, of the charm-like quark flavor (bottom).
The respective other quark mass is held fixed to z7 (top) and zj (bottom). The points
that correspond to @5 and @3 are highlighted in red and green, respectively.
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A P

<

2.95(3) | 1.45(1)

aizl (lima*)() LZI“(S;)
2 (ﬁmﬁo L (T3 - 415) )

= (hrnH) L (T — 4r%) )

] :zf,zC:zzf

-0.712) | -0.002(6)

NI

] :zl*,zfzzé

0.78(1) | 0.73(1)

<

z;zzl*,zczzé

Table G.4: Dependence of the quantities Lzrf; and Lo (I’f’f — %Ff on the dimensionless RGI

masses z; and z at the points z; = zJ, z. = z} that define the LCP, under use of the
oth component of the axial current (I' = I'4) and the pseudoscalar density (I' = I'p).

and I'%(z; = z}) = I'$(z; = z7), see fig. G.2. A very similar approach describes the
dependence of I'}{ on z.

As explained in sec. 9.1, see (9.23), it is advantageous with regard to the tuning in
Ny = 3+1 (sec. 9.3) for LIy to strongly depend on z;, and L, (Ffif — %F;f) to strongly
(weakly) depend on z, (z;). The partial derivatives of these quantities’ with respect to
z; and z, at the LCP are shown in tab. G.4 for both the cases ¢ = A and ¢ = P. We
find that the wanted dependencies of Lzl"jf on z; as well as L, (ij - %Ff;) on z. are
stronger for ¢ = A than ¢ = P. The axial current is thus better suited to determine
@7 (in Ny = 2) and fix ®; to it (in Ny = 3 +1). However, this comes at the cost
that Lo (Ff,f — %Ff;) does unwantedly depend also on z; for ¢ = A, which is not the
case for ¢ = P. The subtraction of half the light EMM I's;; from I's; serves its purpose
to minimize the dependence on z;, perfectly for ¢ = P, while the resulting quantity
drops by ~ 12 % from z; = 0 to z; = z} in the case of the axial current. This might
be a disadvantage with regard to the effort of the tuning of ®3 to ®3 in Ny = 3+ 1.
Nevertheless, we opt for the use of the axial current.

G.4 I', with unimproved axial current correlation function in
Ny =2

In this section, the continuum extrapolations of the quantities LoIS5,

and L (T, —
3% ), which lead to ®; and @}, respectively, are considered with the unimproved axial

current correlation function f4 employed in the EMM T, i.e. with ¢4 — 0. The results

1Due to the fixed volume, L, = 0, the derivatives with respect to the RGI Masses M; may be retrieved
under use of 2020) — 9(LT) — 1 9(L.1)
9z;  @OL)M+L,(0M;) — Ly oM; *




G.4 T 4 with unimproved axial current correlation function in Ny = 2

Ly/a | ens. LTS, Qfit Lolg o Qfit
12 | Cp 0.65(1) 0.63(1)
16 Cie 0.68(1) 0.67(1)
20 | cy 0.66(2) 0.65(2)
24 | Cy 0.60(1) 0.60(1)
2 | cy 0.62(1) 0.62(1)
o 0.59(1) 0.01 0.59(1) 0.01

11ss 11ss
Ly/a | ens. || Ly (rzgr - jrgf)r) Qfit || L2 ( ?)fcor - frgfcor) Qsit

12 | Cno 6.32(3) 6.25(3)
16 | Cie 6.49(4) 6.45(4)
20 | Cyo 6.37(6) 6.34(6)
24 | Cy 6.15(5) 6.13(5)
32 | Cyp 6.11(4) 6.10(4)
® 5.96(5) 0.30 5.96(5) 0.31

Table G.5: Additional results of the Ny = 2 runs on LpI'S, (top) and Ly(LoIs5, — 5LoIS))
(bottom) with the improved and unimproved axial correlation function, f41 and f4,
respectively. In the latter case, the EMM are labelled with a subscript 0. Compare
to tab. 9.5 and tab. 9.6. The data for L,/a = 12 is excluded from the continuum

extrapolations.

are compared to the original ones of sec. 9.2.4 and sec. 9.2.5 in tab. G.5. The effects
on the lattice results are rather small in size, and significant only for L, (TS, — %Tﬁir),
illustrated in fig. G.3. The cutoff effects are still in accordance with an O(a?) behavior.
In both cases, the alteration does not affect the continuum extrapolated values, as

anticipated.
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Figure G.3: L, (rggr - %Fiir> as shown in

264

fig. 9.5 (filled symbols), compared
to the same quantity with c4 set
to zero (empty symbols). The fits,
linear in (a/Ly)?, are illustrated
by the solid and the dashed line
for the non-perturbative c4 and
cq =0, respectively. The contin-
uum extrapolated value in the case
of cx = 0 (shown as the empty
black squared symbol) is slightly
shifted to the right for convenience.
The data for Ly /a = 12 (red) is not
taken into account in the fits.
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H Fit methods

The present chapter briefly covers the description of data by fit functions. Although
most of the presented methods constitute established textbook knowledge, we include
them here for completeness, to set our notation, and to ensure transparency of our
results. The presentation is mostly based on [159, 160].

We consider an N-tuple of data (yi,...yn) with errors (o7,...0n) at points
(x1,...xn) in D dimensions, y,,0, € R and x, € RP. These are to be described
by a fit function

f:RPxR — R, (x,¢) — f(xc) (H.1)

with a number of P fit parameters ¢ = (cy,...,cp).

H.1 Optimal fit parameters by x> minimization

The optimal fit function is defined by the parameters ¢ that minimize the x? function,

R - R, ¢~ x*¢) (H.2)
with
N _ 2
xXl)=1Y, Vi J;(an,c)) : (H.3)
n=1 n

The minimum of x? is given at the point where its gradient vanishes!, which leads to

P equations for the P fit parameters sought for:

x> _ al (yn — f(xu,c)) Of (xu,c) _
@__2,;1 2 %, =0, peil...,P}. (H.4)

1x? possesses a global minimum as it is restricted from below. Possibly existing local minima do play a
role if the fit parameters are non-linear, see below.
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In the case of linear fit parameters, where the fit function may be written as
P
fx,c) = Zcq fq(x) ’ (H.5)
q=1

the partial derivatives %(xn ;¢) = fp(xy) depend on x,, only, such that the equations
(H.4) become

P N N
LY e = RS peqny me
g=1n= n n= n

o, o,

This linear system can be written in matrix form as

Ac=1b, (H.7a)
where
N N
Apg = Zl f"ﬁfﬁ”) folxn) by = ; Iy ((:2(") Yn - (H.7b)

Note that A = A({x;}, {0;}) and b = b({x;},{vi}, {0:}). The optimal fit parameters in
the linear case (H.5) are thus simply given by ¢ = A~!b. In the more general case of
non-linear fit parameters, the equations (H.4) are coupled, do not necessarily possess
a unique solution and may not be solved analytically. Instead, one employs numerical
non-linear optimization techniques (cf. sec. 9.3).

H.2 Error analysis and fit quality

With the optimal fit parameters given, their covariance matrix, which encodes the
uncertainties and mutual correlations needs to be determined. Its inverse, to first
order in the deviation from the optimal fit parameters, is given by the curvature? of

X2, i.e. one half times the Hesse matrix:

Ix*(c) (H8)

oV epe) = 5 g
p

N —

2Note, however, that in the general case of non-linear fit parameters, a P-dimensional paraboloid not
necessarily has to be a good approximation of x* around the minimum, in which case better approx-
imations need to be applied to render the method more precisely (e.g. “profile likelihood method”).



H.2 Error analysis and fit quality

This corresponds to the notion that the uncertainties are smaller the larger the cur-
vature. For non-linear fit parameters, again, the Hesse matrix can only be computed
numerically. In the special case of linear fit parameters, in contrast, the covariance may
analytically be obtained from the covariance matrix cov(y,, y») of the data by linear
error propagation:

cov(cp, ¢q) = cov((A™ )y by, (A" )y by)
- )ov' pr ) o o)

-1
oz A e VYY)

Uﬁénm

=(A ). (H.9)

Note that we have assumed uncorrelated data {y;} here, in the second line. The result
is in accordance with (H.8):

() a1 3 |, % (yn — fxnic)) Of (xn;c % = Ay

2
1 o E)cp

SN

(H.10)
Moreover, (H.9) is equivalent to the generic and possibly more familiar expression

d 0
cov(cy, ¢q) Z Cp Ym) - aycl , (H.11)

as can readily be seen by application of (H.7) to the second line of (H.9).
The standard errors of the c,’s are easily retrieved from the diagonal elements of
(H.9):

0p = /cov(cp,cp) = A/ (A7 )pp . (H.12)

More generally, the uncertainty Af = oy of any function f that depends on the fit
parameters c, in particular the one of the fit function itself, may be derived by lin-
ear propagation of the fit parameter errors under consideration of their correlations,
similar to (H.11):

(BfP (x0) = ¥ O couicyep) - 1) (H13)

o dcy dcy
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A useful measure which disregards the absolute size of the variances is the correlation

cov(cp, cq)

\/cov(cp,cp) -cov(cg, ¢4)

cor(cp, cq) = (H.14)

Errors 0y ; in the variables x;, if they are independent of those of y; (i.e. cor (0y, 0}) =
0 Vije{l,...,N}), can be projected under use of the partial derivatives of the fit
function f with respect to the components of x:

2 (H.15)

T = 07 + (f' (%) - 0s)

As the fit function and thus f’(x;) depends on the deployed errors o;, the fitting proce-

dure should then be repeated with 0y ; and possibly iterated until f'(x;) and therefore
Ototi 15 stable.

Once the optimal fit parameters are determined, one should evaluate the compati-

bility of the data with the model chosen to describe it. To this end, one considers the

expected distribution of x*forne{1,...,N} independent, random variables {, with

individual, normal probability distributions

1 _ (= flem)? )
p n) = e o, H.16
f(xn),0n (y”) man (

whose expectation values and errors are given by the fit function f(x,) and the errors
0y of yy, respectively. The probability pdf(x?, N) for a certain x> > 0 to occur in this
setting can be obtained by integration over the product of those individual distribu-

tions:

_ A2
(XZ)N/Z 1-6 x/2

S0 = X*) = 55 TNy B

N
pdf(XZ/N) = /dﬂ [H Pf(xn),on(gﬂ)
n=1

The probability for a x* smaller than a value x2 to occur is given by the cumulative
probability cdf( x2,N), while its counterpart

AN —1— [Ma pdfEN) = [ di pdfd H1
Que(xw N) =1 = = dx” pdf(x’, N) = |, dx” pdf(x’, N) (H.18)

cdf(x3,N)

provides the probability for x> > x2.
As the expectation value of x? is monotonically increasing with N, it is instructive



H.2 Error analysis and fit quality
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Figure H.1: Left: Probability distribution function pdf(x?, N) as defined in (H.17). Right: Fit
quality function Qsit(x2, N) as defined in (H.18).

to consider the quantity x2/N, which for large N approximates a normal distribution

whose expectation value and width behave like

2
<X2/N>z1, UXZ/N%ﬁ.

The distributions of x>/ N and the associated Qg; are depicted for different degrees of
freedom N in fig. H.1.
In the case where the data {y,, 0, } determines the fit function f and the associated

(H.19)

X%, the quantity Qg(x2, ) provides the probability of statistically distributed data
with x> > xZ to occur under the assumption that the fit function represents the
correct model. However, the number of degrees of freedom is in that case diminished

by the number of fit parameters,
Ngof — N-P ’ (HZO)

which can be understood in the way that this very number of data points is needed to

fix the parameters. Hence,
Qiie (Xfie o) = / L 4x° pdf(x*, ngor) (H.21)
Afie

is used as a measure to estimate the quality of the fit, with a large value indicating a
large probability for the fit function to constitute a valid model.
If the data {y;} is given without errors {c;}, these are first set to one, so that each
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data point has the same weight in the determination of the optimal fit parameters. The
covariance matrix cov(c,,c,) of the fit parameters may then be estimated by scaling
the errors {0;} such that instead of the minimized x?,/740f One obtains the expectation
value, i.e. < X%it/ nd0f> 1. However, even if constant ¢; is a valid assumption and the
fit model is correct, the procedure leads to biased error estimates due to the presence
of statistical fluctuations of X%it /ngof around 1. As the size of these fluctuations follows
(H.19), the resulting fit parameter error estimates are more reliable the larger n4.¢, and
should be considered with care especially if 74, is small. In addition, the opportunity
to assess the quality of the fit via Qg (H.21) is not given in the case of missing data

errors {0; }.

H.3 Details on performed fits

In the present work, the optimal fit parameters and their covariance matrix in the case
of all linear or linearizable fit functions were analytically calculated as described in
sec. H.1. The non-linear Padé fit results (sec. 9.6.3) were conducted with the python
package kafe [160], which under the surface applies the TMinuit class of the ROOT
package [161]. All results were subjected to an independent cross check under use
of the (non-linear) curve_fit routine, which is part of the SciPy library [162]. In
tab. H.1, we list the respective covariance matrices of the fit parameters for complete-

ness.



H.3 Details on performed fits

ref. fit function misc fit parameters covariance matrix Qrit
PR ot =7.31 0.0105 —3.6863
(9.53) | gAp(a?) 0.99
s1 = 136.20 —3.6863 16282
. @5 = 0.59 0.0001  —0.0513
(9.56) | LoT% . (a?) 0.01
5y =22.82 —0.0513  28.607
% =596 0.0025 —0.8833
9.60) | Ly (rggr - frggr) (a?) 0.30
s3 = 135.67 —0.8833  398.22
¥ =221 63 2.1
(9.124a) | T*"AM"(cay) | T*/a= 8| W1 7 10 0.21
s®) = —0.141 2.1 35
M2 _
=2.105 92 32
(9.124a) | T*AM"(cqy) | T*/a = 12 Cswil 104 0.12
s12) = —0.105 32 26
16 _
= 1.828 35 0.7
(9.124a) | T*AM"(cqy,) | T*/a =16 Cswil 1074 0.73
s(10) = —0.083 0.7 0.7
2% = 1760 1.6 22
(9.124a) | T*AM"(cgy) | T*/a =20 1074 0.47
520 = —0.059 22 16
24 = 1.686 41 03
(9.124a) | T*AM"(cqy) | T*/a = 24 Cswil 104 0.01
s = —0.063 03 16
2 = 1.688
59.2 0.5 0.6 0.8 0.5 7.6
gf\?i = 1.755 05 773 29 40 24 387
(]6) 1 833 0.6 29 343 5.0 3.0 482
(9124b) T*AMud(Csw) global SWI 0.8 4.0 5.0 59.1 41 66.2 014
( ) — 2 105 0.5 24 3.0 41 422 39.3
?;‘;I ' 76 387 482 662 393 6382
s = —1.257
global a = —0.257 62 36 B
(9126) | cswi(ghy) . -107° 0.59
219 order b= —-0.050 3.6 21

Table H.1: Fit parameters and their associated covariance matrices for the most important fits

employed in this work. The first column of the table refers to the respective explicit
forms of the fit functions listed in the second column. The covariance matrices are

ordered according to the shown order of the fit parameters, i.e. the element in the

first column and row is the variance of the first fit parameter etc.
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| Additional results and checks

.1 Detailed results of the simulations (example)

In this section, we provide detailed results of the numerical simulations described in
sec. 9, for the quantities listed in tab. 9.11. We use the runs at T*/a = 24 and csw = 1.8
as an example. The results of the tuning simulation are listed in tab. I.1. Monte Carlo
histories of selected observables (and the impact of different Ny, for ®;) are shown in
fig. 1.1 and fig. 1.2. The corresponding results of the improvement simulations can be
found in tab. 1.2, fig. 1.3 and fig. 1.4. Furthermore, fig. 1.5 gives information on the
stability of the results with regard to the thermalization (i.e. the choice of Nth ) and
replica, see also app. 1.2.

PAAH

o
Wy w)

Q‘mp

' ‘ ‘ “ — total [ ] ! } [ ]
i I Ilght }

V\M “\‘ i “w' o |

HH ‘\IN H‘ ’ “'1} M! - % ‘

i ‘h\\ i |

0 1000 2000 3000 0 1000 2000 3000 0 1000 2000 3000
2 MDU 2 MDU

Figure 1.1: MC histories and histograms of ¢!, normalized RHMC reweighting factors, and
the topological charge Qtop.
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Tuning (LCP)

e Algorithmic & Basic

Ng | 3000 (2 MDU) Result Tine[2 MDU]
N | 1000 Pacc (96.54 + 0.12) % | 0.53 + 0.04
Ny |10 Ep 1.79778 + 0.00003 | 1.78 + 0.25
Se | 410 exp(—AH) | 0.9994 + 0.0020 | 0.49 + 0.02

¢ Rational approximation

n r;—ry spectrum [ms2] max(W) [ms1]

Ds | 8 2.60e-02 —7.00e+00 | 3.81e-02 — 6.31e+00 8.66e-02
D; | 6 1.90e-01 —7.10e+00 | 2.07e-01 — 6.37e+00 3.93e-02

e Topological charge & GF coupling
c=0.3

Result Tint|2 MDU]

Quop | -0.0014 + 0.0012 | 1.54 + 0.31

Q%Op 0.0010 £ 0.0010 | 1.50 + 0.30

50 | 998+ 0.2)% | 150 + 030
e | 711+007 12.79 + 6.07
ro | 711 £0.07 12.85 £ 6.10

e Main results
Result D;[%)] Tint[2 MDU]

®; | 711+£0.07 —-2.8+1.0 | 12.79 £ 6.07
o, | 056001 —-49+23|1.77+£041
D3 | 587+0.06 —-15+1.0| 33.52+£20.44

Table 1.1: Detailed results for the tuning run at T*/a = 24, L/a = 24, ¢ = 1.8 and g% =
1.6344, x; = 0.13515, k., = 0.13132 (cf. tab. 9.14).
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.1 Detailed results of the simulations (example)
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Figure I.2: MC histories and histograms of the primary observable ®; (left panel). The figures

shown in gray.

in the right panel show the expectation values of bins of 200 configurations (top)
and the overall expectation value in dependence of Ny, (bottom) for &1, ®; and Ps.
The configurations which were in the end discarded due to the choice of Ny, are
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Improvement (IMPR)

e Algorithmic & Basic

Ng¢ | 8x4000 (2 MDU) Result Tint[2 MDU] | Qrep
NP | o Pacc (97.40 + 0.02) % | 050 + 0.01 | 0.56
Ny |9 Ep 1.79768 + 0.00002 | 1.92 + 0.08 | 0.70
Se | 410 exp(—AH) | 1.0003 + 0.0004 | 0.49 + 0.01 | 0.82

e Rational approximation

n r;—ry spectrum [ms2] max(W) [ms1]

Ds | 8 5.00e-02 —7.50e+00 | 7.47e-02 — 6.11e+00 1.74e-02
D; | 6 2.00e-01 —7.60e+00 | 2.30e-01 — 6.20e+00 1.55e-02

e Topological charge & GF coupling

c=0.3
Result Tint[2 MDU] | Qrep
Qtop 0.0001 +£ 0.0001 1.08 £ 0.06 | 0.14
Q2 0.0002 & 0.0001 | 0.80 + 0.04 | 0.20
5€Qt0p,0 (100.0 £ 0.0) % 0.79 £0.03 | 0.14
(PE(t)) (852 + 0.01)-10°2 | 5.19 + 0.60 | 0.31
(PE()) |gup=o | (852 £0.01)-102 | 519 + 0.60 | 031

e Main results
‘ Result T*/a - Result | Tine[2 MDU] | Qrep

aM*(T/2,T/4) 0.0031 £ 0.0002 0.076 = 0.004 | 1.11 £0.09 | 0.15
aAM" (3T /4,T/4) | -0.0003 + 0.0001 -0.007 + 0.002 | 0.85 & 0.06 | 0.80

Table I.2: Detailed results for the improvement run at T*/a = 24, L/a = 12, cs,y = 1.8 and

9% = 1.6344, i = 0.13515, K. = 0.13132 (cf. tab. 9.15).
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.1 Detailed results of the simulations (example)
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Figure 1.3: MC histories and histograms of e~*!, normalized RHMC reweighting factors, and

aAM

Figure 1.4:

the topological charge Qtop.
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MC history and histogram of t>E(t) for one replicum (left panel). The figures in the
right panel show the expectation values of bins of 200 configurations (top) and the
overall expectation value in dependence of Ny, (bottom) for t*E(t) and aAM"? for
one replicum.
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Figure L.5: The quantities aAM"!, aM"! and 2E(t) (top left), their autocorrelations Ty (top

right), and their replica qualities Qrep (bottom right) in dependence of the thermal-

ization Nt(;eP ). For the eventual choice of Nt(;eP ) , filled circles are used, and the

results of the single replica are compared (bottom left).

1.2 Stability of results for T*AM"? and c, |

Thermalization stability

First, we check the thermalization for the quantity T*AM"?. To this end, the results
of the thermalization run (11rep = 1, Nt(}tlh) # 0) are compared with those of the replica

Nt(}:ep ) = 0), cf. the discussion in

runs without additional thermalization (1rep = 8,
sec. 9.5.2. If both ensembles are fully thermalized, their results should be in agreement

up to statistical deviations. In the left panel of fig. 1.6, the difference

T*AMud,th o T*AMud,rep

(5th,rep —
\/((5 (T*AMuH) )2 4 (5 (T*AMudrer) )2

(L1)
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Figure 16: Stability of the results for T*AM"? without additional thermalization of the replica,
Nt(ﬁep) = 0. The left panel shows the deviation 6P of the results from the thermal-
ization and replica runs, (I.1), whereas the quality Qrep of the replica distributions

is displayed in the right panel.

is shown for all runs. The probability Q(null-hypothesis) for statistical deviations
to be larger or equal to the ones observed are also displayed for each T*/a in the
figure. In the right panel, the quality of the replica distribution for T*AM"? is shown.
We emphasize again that the displayed results are all obtained without an additional
Nt(;eP) = 0. In the cases! of |§"P| > 2 or Qrep < 0.10,
this number was increased to exclude biased results due to incomplete thermalization.

thermalization of the replica, i.e.

Fit stability

We investigate the stability of the individual fits of T*AM"4 as a function of cgy, shown
in the left panel of fig. 9.13. To this end, we examine x?/nqf, the fit quality Qg and
the improvement point csy 1 in the case where 1 or 2 data points are excluded from
the fit. The results can be found in fig. I.7. The aforementioned quantities under
consideration of all points in the fit are shown as squared dots (at x = 3.5). The circled
dots, in contrast, correspond to the case of data points taken away from the margins,
according to the table in fig. .7. Hence, the further a circled dot is plotted on the left
hand side in fig. 1.7, i.e. the smaller the x, the more “left-leaning” is the fit, and vice
versa. For the judgment of the data, one should keep in mind that, since the different
tits (= different x) take into account a different number of data points, the meaning of
Xz/ ngof varies slightly, in the sense that the more data points are involved, the more
1 (cf. (H.19)). This effect is taken into account

~
~

likely it should be to get x?/nqof

1Concretely, this concerns (T*/a, csw) = (8,2.0),(12,2.2),(20,1.8), cf. fig. L6.
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Figure 1.7: The table shows the number of points taken away from the left (small csy) and right
(large csy) side in the fits of T*AM"4, and the corresponding value of x at which the
results can be found as circled dots in the neighboring figures. These illustrate the
stability of the fits, with respect to cq, 1 (fop right), X2/ nqof (bottom left), Qg (bottom
right). The original results with the respective full data sets are shown as solid lines
at x = 3.5, and error bands in the case of cgy .

by Qg:. We find that both the fit quality and the stability are mostly satisfying. The
exception at T*/a = 24 is partly due to fact that only four data points enter the fit,
and is a reason why the global fit (9.124b) is used in the end, cf. sec. 9.6.2.

1.3 Time dependence of Schrodinger functional correlation
functions

In fig. 1.8 and fig. 1.9, we compare the time dependences of the SFCFs f4 and fp and
quantities derived thereof, for the cases of

T/a=8, cow =24, 5= 19069 (1.2a)
and T/a=16,cs = 1.7, g% = 1.6741 . (1.2b)



1.3 Time dependence of Schrodinger functional correlation functions

For the sake of brevity, we constrain ourselves to the improvement simulations. The
first and second derivative of f4 and fp are shown since they enter 7*¢, s“¢ and thus
mf‘)‘éAClI (9.111) with perturbative c4 (3.115), as well as ¢4 (9.112) and M"? (9.113). The
respective primed counterparts are illustrated as well. One observes that the SFCFs
and their derivatives are affected by boundary effects. At yo = T/4, which is relevant
for the imposition of the improvement condition (9.114), this concerns the coarsest
lattice T/a = 8 the most, and is responsible for the weak occurrence of a plateau in

the plots of m!id. ac, and M*?. However, we generally find

" (xg) & " (x0) and mi;dCAC,I<x0) ~ mg‘gAC,I(xO) (L3)
for both xg = T/4 and xo = 3T /4. The imposition of the improvement conditions on

ca (9.109) and cgw (9.114) lead to
M (xg) = M (xp) . (L4)

at xo = T/4 and xo = 3T /4, respectively. This can be seen in the case of the T/a = 8
simulation, where ¢ = csw 1, along with the approximate fulfillment of (9.116a). Con-
sequently, the transition from c4 = 0 (in ) or the perturbative use of ¢4 (in m{é‘é AC,D
to the non-perturbatively improved c41 (in M*?) is a rather small step, ensuring that
the order of magnitude of c4 1 is roughly similar to the perturbative estimate. Hence,
the O(a) effects that accompany our choice of the non-perturbative improvement con-
dition are reasonably small. The same holds for cgy, 1.

In contrast, the values of 74 and mi ac,1 differ significantly between xo = T/4 and
xo = 3T /4, especially for large lattice spacings (T /a = 8):

r(xo) # " (yo) and mI%léAC,I(xO) = ’”%AC,I(]/O) , (I.5)

and similarly for the primed counterparts. Hence, the above argumentation is unlikely
to be true for an alternative improvement condition that enforces M*? to be equal at
different time slices, like e.g.

M (x9) = M (yp) . (L6)
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Figure 1.8: xo-dependence of Schrodinger functional correlation functions and derived observ-

ables that are relevant for the imposition of the improvement condition on csy, for
the case of T"/a = 8 and csy = 2.4. Note that all quantities employ the flavor
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Figure 1.9: xo-dependence of Schrédinger functional correlation functions and derived observ-

ables that are relevant for the imposition of the improvement condition on csy, for

the case of T*/a = 16 and c¢s = 1.7. Note that all quantities employ the flavor

combination ud.
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I.4 Additional quantities (Ep, Qop, c4)
Average plaquette
The average plaquette?
Ep = (S} /(6]X]) 17)

is defined as the expectation value of the sum of plaquette variables (cf. (3.30))

Sp=Y_) Retr[Uu(x)], (1.8)

x u<v

as it also appears in the Wilson gauge action (3.36), divided by the number 6|X| of
terms summed over (cf. (3.14)). The results of our simulations are compiled in fig. I.10.

Topological charge

The results for the expectation values of the topological charge Qiop (6.31), its sec-

2
top

attributed to the trivial topological sector, are shown for ¢ = 0.3 in fig. .11, while the

ond moment Qi (cf. (6.29)), and the fraction 5(€2mp,0 (7.5) of configurations that are
corresponding autocorrelations can be found in fig. 1.12.

We find that the expectation value of Qiop is compatible with zero in all cases (except
at T/a =12,L/a = 12,csy = 2.2). Apart from the tuning simulations at T/a = 8,12,
virtually all configurations of the respective ensembles belong to the trivial sector.

2Note that while the normalization of Ep is a matter of convention, we follow the definition employed
in the openQCD package.
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Figure L.11: Qiop, Qtzop and (S€Qt0p/0 with € = 0.5 for the tuning (left panel) and improvement
(right panel) simulations and ¢ = 0.3. The horizontal black line in the plots at the
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Tint s LCP
g40t
S5 200 ° o
<& L %% ‘g g ‘ows  Ssm
14 1.6 1.8 2 2.2 2.4
%40 b iTa=8 12 16 20 24
AL 20 - @
@ A#ﬂdg_okot—n—AJ—t—tk
14 1.6 1.8 2 2.2 2.4
X
=40
220 r o
3 L g o0 g ows om % o % o .o
e 14 1.6 1.8 2 2.2 24
o)
CSW

Tnt, IMPR
5 40 t
@ 20 W' L)
1.4 1.6 1.8 2 2.2 2.4
8“40 F T a=8 12016 20 24
AL 20t °
@ L o @ g gn %% % o @ o .o
1.4 1.6 1.8 2 2.2 2.4
X
TS 40t
220 o4
oS 14 16 1.8 2 2.2 24
CSW

Figure 1.12: Autocorrelations of the quantities shown in fig. 1.11.
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Figure 1.13: Results from the improvement simulations for c4 | as given by (9.112). The points
are shifted horizontally, cf. fig. 9.9.

Improvement coefficient c 41

The improvement coefficient c4y, defined by (9.112), is shown in fig. I.13. Note that
strictly speaking, the displayed c4; were evaluated at values of cs, that do not cor-
cowrs that
together with cqy 1 fulfills both the equations (9.112) and (9.115) is obtained by inter-
polation to cgy 1. Without going into further details here, one may anticipate that those

respond to cgy 1. Hence, the unique real improvement coefficient ca1 = ca;

CAlle,,; lie in a reasonable range below the perturbative estimates for T > 16, while
they are rather far off for T < 16. These are supposedly cutoff effects that are rooted
in the very definition of c4 1 used for the determination of c,, 1. For a proper determi-
nation of the improvement coefficient c 4, it is more useful to adapt a strategy similar

to the one described in app. F.2.
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