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APPLICATIONS OF DIFFERENTIAL CALCULUS TO NONLINEAR
ELLIPTIC BOUNDARY VALUE PROBLEMS WITH DISCONTINUOUS
COEFFICIENTS

D.K. PALAGACHEV, L. RECKE AND L.G. SOFTOVA

ABSTRACT. We deal with Dirichlet’s problem for second order quasilinear non-divergence
form elliptic equations with discontinuous coefficients. First we state suitable structure,
growth, and regularity conditions ensuring solvability of the problem under considera-
tion. Then we fix a solution ug such that the linearized in ug problem is non-degenerate,
and we apply the Implicit Function Theorem: For all small perturbations of the coef-
ficient functions there exists exactly one solution u = ug, and u depends smoothly (in
W?2P with p larger than the space dimension) on the data. For that no structure and
growth conditions are needed, and the perturbations of the coefficient functions can be
general L*°-functions with respect to the space variable z. Moreover we show that the
Newton Iteration Procedure can be applied to calculate a sequence of approximate (in
W?2P again) solutions for ug.

1. INTRODUCTION

This article concerns quasilinear elliptic boundary value problems in non-divergence
form of the type

(1.1)

Throughout the paper  C R"™ will be a bounded domain (open and connected set) with
C*-smooth boundary 99, a;; = a;; and b are Carathéodory functions, and as usual, the
summation over indices i, 7, k, . . . is understood from 1 to n, if these appear pairwise. Our
assumptions will be, on the one side, general enough to include cases such that

a;j(z, u, Du)Djju(z) + b(x,u, Du) =0 in €,
u=0 on 0.

e the functions a;;(-,u,§) and b(-, u, §) can be discontinuous,
and, on the other side, strong enough to have
e existence of strong solutions u € W2P(Q) to (1.1) with p > n;

e applicability of the Implicit Function Theorem and the Newton Iteration Proce-
dure to such solutions.

In Section 2 we summarize known results ensuring existence of solutions u € W??(Q)
to (1.1) with p > n. In the semilinear case, i.e. when the coefficients a;;(z,u,&) are
independent of &, we suppose, among other conditions, that

(1.2) a;j(-,u) € VMOQ)NL>®(Q) for all 4,5 =1,...,nand u € R.

In the general case of quasilinear operators we have to suppose that, for a certain p > n,
(1.3) aij(-,u, &) € WHP(Q) for all 4,5 =1,...,n, u € R and £ € R".

If n = 2, the assumptions (1.2) and (1.3) can be weakened to

(1.4) a;(-,u) e L¥(Q) foralli,j=1,...,nandu € R
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and
(1.5) a;;(-,u, &) e L®(Q) foralli,j =1,...,n, u € R and £ € R",

respectively.

Our main new results are presented in Sections 3 and 4. There we suppose that the
functions a;; are differentiable with respect to the variables u € R and £ € R". Moreover,
we fix a solution ug € W2P(Q) N WyP(Q) to (1.1) with p > n and assume that the
homogeneous linearized boundary value problem

OJZ']'(JZ', Up, DUO)DUU
+ (Dékai]’(l’, Ug, Du0>Diju0 + ngb(x, Ug, DUO)) Dku
—+ (Duai]’(l’, Ug, DUO)DUUO + Dub(x, Ug, DUO)) u = 0 in Q,
u = 0 on Jf2

(1.6)

has no solution u # 0. Then, in Section 3, a result of the type of the Implicit Function
Theorem will be proved, which, roughly speaking, asserts the following: For all small
perturbations of the coefficient functions a;; and b there exists exactly one solution u
to (1.1) close to ug in W2P(Q), and this solution depends C'-smoothly in the sense of
W?2P(Q) on the perturbations. Remark that the perturbations of the coefficient functions
a;; do not have to satisfy (1.2) or (1.3), but only (1.4) or (1.5), respectively. Hence, as
a byproduct of an application of the Implicit Function Theorem we get existence results
for solutions u € W2P(2) N W, *(Q) with p > n for (1.1) with coefficient functions a,,
which do not necessarily satisfy (1.2) or (1.3), but which are in a certain sense close to
functions satisfying (1.2) or (1.3), respectively.

In Section 4 we consider the following sequence of linear non-homogeneous boundary
value problems determining to Newton iteration ;. for given u; (I =1,2,...):

(aij(@, uy, Dug) Djjugq
+Dyaij(x, w, Dug) (w1 — w) Diju
+Deg, aij(z, ur, Dup) Dy(wi11 — i) Dijwg
+Dyb(x, uy, Dug) (w1 — wy)
+D¢, b(x,u, Duy) Dy (w11 — w) + b(x,w, D) = 0 in Q,
L w1 = 0 on 0.

(1.7)

We prove that, if the initial iteration wu; is sufficiently close to uy in W*P(£2), then there
exists a unique sequence of solutions ug, us,... € W2P(Q) N Wy (Q) to (1.7), and u,
converges to ug in W2P(Q) as | — oo.

In Section 5 we state some remarks concerning similar results for

e other boundary conditions,
e quasilinear elliptic systems in non-divergence form,
e nonlinear elliptic equations and systems in divergence form.

For the results of Sections 3 and 4 we do not need any growth conditions on the
functions a;;(z, -, -) and b(z, -, -), but only some uniform boundedness and continuity of
these functions and their derivatives, which ensures that the superposition operators

wis iy u(-), Du()) and w e b(-,u(-), Du(-))

are C! from W1*°(Q) into L>(). The corresponding proofs are presented in the Ap-
pendix of this paper. For the sake of simplicity of the formulations, in the Appendix
we introduce the notion of C*-Carathéodory functions and a norm in the space of those
functions, which is just the norm measuring the smallness of the perturbations of the
coefficient functions a;; and b, which is used for the result of the type of the Implicit
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Function Theorem in Section 3.

Finally, let us mention some notations commonly used in the paper. We write | - | for
the absolute value in R and the Euclidean norm in R", respectively, and 2 is a bounded
and C'!'-smooth domain in R". For functions u : Q — R we denote by D;u the partial
derivative of u with respect to the i-th component of the independent variable x € €,
Du = (Dyu, ..., Dyu) is the gradient of u, and D;;u is the second partial derivatives with
respect to the i-th and the j-th components of x. For functions b : 2 x R x R* — R we
write D,b and D, b for the partial derivatives of b with respect to the variable u € R
and to the k-th component of the variable & € R"™, respectively. As usual, a function
a:QxR™ — R is called Carathéodory function, if a(-,v) is measurable for all v € R™
and a(x, ) is continuous for almost all (a.a.) x € Q.

By L*(Q) and W*P(Q) we denote the usual Lebesgue and Sobolev spaces with their
norms || - ||, and || - ||xp, respectively (k=1,2,...,1 <p < 00). Finally, VMO(RQ) is the
class of functions with vanishing mean oscillation in Q (cf. [13], [21]), i.e., the space of all

f € Ll (Q) such that

loc

sup v¢(r) < 400 and lirr(l)”yf(r) =0.

Here v; : (0,00) — R is the VM O-modulus of f defined by

1
vf(r) = sup sup ——
0<p<r € |Qp7$‘ Qp,x

1f(y) = fay..|dy,

where Q,, == {y € Q: |y —z| < p}, fq,. is the average [Q, .| fﬂp’m f(y)dy, and |2, .|
stands for the Lebesgue measure of 2, ,.

2. SELECTED EXISTENCE THEOREMS

This section collects known results regarding strong solvability of the Dirichlet problem
for elliptic operators with discontinuous coefficients.

2.1. Linear equations with VMO coefficients. Let us consider the linear Dirichlet
problem

Lu = a;j(x)Djju(z) = f(r) ae in(,
(2.1) { u = 0 on 0.

Concerning the coefficient functions a;; : 2 — R we suppose these are measurable, a;; =
aj; for all 2,5 = 1,...,n, and that the following conditions are fulfilled:
(21) Uniform ellipticity of L: There exist positive constants A and A such that for
a.a. r € Qand all n e R”
Anl* < agi(@)ming < Alnl*.
(22) VMO property: a;; € VMO(Q) for alli,5 =1,...,n.

Theorem 2.1. ([4, Theorem 4.4]) Suppose (21) and (22). Then for all p € (1,00) and all
f € LP(Q) there exists a unique solution u € W*P(Q) N Wy P(Q) of (2.1).

Obviously, £ is a linear bounded operator from W#P(Q) into LP(€2). Hence, by Banach’s
inverse operator theorem, Theorem 2.1 claims that £ is an isomorphism from W2?(Q) N
Wy P(Q) onto LP(£2). This property will be used repeatedly in Sections 3 and 4 below.
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2.2. Semilinear equations with VMO coefficients. In this subsection we consider
the semilinear Dirichlet problem
(2.2) Su = a;;(z,u)Diju+b(x,u, Du) = 0 a.e. inQ,

’ u = 0 on 0f.
Suppose the coefficients a;; : @ X R — R and b : 2 x R x R" — R are Carathéodory
functions, a;; = a;; for all 4,7 = 1,...,n, and that the following conditions are fulfilled:

(23) Uniform ellipticity of S: There exists a non-increasing function A : [0, 00) —
(0,00), such that for a.a z € Q and all u € R, € R™ it holds
1
MuDnl* < aij(z, wnim; < <7l
’ 77 Aul)

(24) Local uniform continuity of a;; with respect to u: For all M > 0 there exists a
non-decreasing function gy : [0, 00) — (0,00) with lim o par(t) = 0 such that
for a.a. z € Q and all u,u’ € [-M, M] it holds

|aij(z,u) — ai(z,w)] < par(ju — o))

(25) VMO property of a;; with respect to x, locally uniformly in w: For all M > 0 it

holds
) 1 1
lim ( sup sup sup —— ’aij(y,u) - al-j(z,u)dz}dy> =0.
rl0 |u|<M 0<p<r zeQ ‘Qp,x| Qp,x |§2p,ar|Q
p,T

(26) Quadratic gradient growth of b: There exist p > n, by € LP(Q2) and a non-
decreasing function v : [0, 00) — (0, 00) such that

(b, u, )] < w(|ul) (bi(2) + [¢1%)

for a.a. z € Q, all w € R and all £ € R™.
(27) Monotonicity of b with respect to u: There exists non-negative function by €
L™(€2) such that

signw - b(w, u, §) < AJul)ba(z) (1 + [£]) .

Theorem 2.2. ([18, Theorem 1.1], [16, Theorem 2.6.9]) Suppose (23)—(27). Then there
exists a solution u € W>P(Q) N W, P(Q) of (2.2).

Since any u € W??(Q) with p > n is uniformly continuous, the assumptions (24) and
(25) ensure that a(-,u(-)) € L*(2) NVMO(?), and the corresponding V M O-modulus is
bounded in terms of ||u|[z=(q) and of the continuity modulus of u (see [18, Lemma 2.1]
or Lemma A.1 below). Further, assumptions (27) and (26,) give a priori estimates for
solutions u to (2.2) in L>(92) and W2P(). Whence the existence result follows from the
Leray—Schauder principle.

2.3. Quasilinear equations with smooth coefficients. Consider the general quasi-
linear Dirichlet problem
(2.3) Qu = a;j(z,u, Du)Djju + b(x,u,Du) = 0 a.e. in €,

’ u = 0 on Jf.
Concerning the coefficient functions a;; : 2 X R x R" — R we suppose these are C'' smooth
and a;; = aj; for all 4,7 = 1,...,n. Further, we suppose that b : @ x R x R" — R is a
Carathéodory function and that the following conditions are fulfilled:
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(23) Uniform ellipticity of Q: There exists a non-increasing function A : [0,00) —
(0, 00), such that for a.a z € 2 and all u € R, £, n € R™ it holds
1
Il
(lul)

(29,) Growth conditions for a;;: There exist p > n, ® € LP(Q2) and a non-decreasing
function p : [0, 00) — (0, 00) such that for all x € Q, u € R and £ € R™ it holds

|Duaz‘j(l‘7u7£)| + |Dkaij(x’u7§)| < :U’(|u| + |£|)CI>(1’),
| De,aij(z,u, §)| < plful +[£]),
‘kaaij(x’ u, 5) - ijaik(xa u, 5)‘ < 'U’(|u|)(1 + |£|2)71/2

AJu|nl?* < aij(@,u, nin; <

and

n

<Duaij(x7 U, é)gkgk - Duakj(xv Uu, é)gkgz + Dkaij (l’, u, S)gk - Dkakj(xv Uu, §)£z>
k=1

< pl[ul) (1 + €)Y (|¢] + @ ().

(210,) A local uniform continuity property of b with respect to (u,€): There exists p > n
such that b(-,u,&) € LP(Q2) for all u € R and all £ € R", and for all M,e > 0
there exists § > 0 such that for a.a. x € Q and all (u,§), (v, £') € R x R* with
ju— |+ [€ — €] < & and [ul, ], €] |€] < M it holds

/ |b(z,u,&) — bz, v, ) |Pdx < e.
0

Theorem 2.3. ([14, Theorem 7.1]) Suppose (26,)—(210,). Then there exists a solution
ue Wr(Q)NW,P(Q) of (2.3).

As in the case of semilinear operators, the monotonicity condition (27) and (2s) ensure
an L>°(Q) a priori estimate for any solution to (2.3) (see [6, Theorems 10.4, 10.5]). As-
sumptions (2¢,) and (29,) provide for an a priori bound for a suitable Holder norm of Du.
Hence, Theorem 2.3 follows from (2;4,) and the Leray-Schauder fixed point theorem.

2.4. Planar quasilinear equations with L coefficients. It the present subsection
we consider the general quasilinear Dirichlet problem (2.3) in the case of two independent
variables (n = 2). In this case the regularity assumptions on the coeflicient functions a;;
can be significantly weakened. In fact, consider the Dirichlet problem

2
Qou = Z aij(x,u, Du)Dijju + b(z,u, Du) = 0 ae. in QC R?

1,7=1

(2.4)
u = 0 on 0,

supposing that a,;; and b are Carathéodory functions and ajz = ag;.

Theorem 2.4. Let n = 2 and 2 be convex. Suppose (27) and let Qs be a uniformly
elliptic operator, that is, there are positive constants A and A such that

(2.5) Anl* < aij(z, u, &)min; < Alnl?

for a.a. v € Q and allu € R, &, n € R2. Then there exists a number py > 2 such
that, whenever condition (2¢,) is fulfilled with a certain p € (2,py), there exists a solution
u e WH(Q)NW,P(Q) of (2.4).
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Theorem 2.4 is a particular case of [16, Theorem 3.2.9]. In fact, each uniformly elliptic
operator in two dimensions satisfies the Cordes condition ([16, Remark 1.2.17]), that is,

Z?vj=1 a’zzj (l‘, u, f)
(an(x,U,f)—i—aQQ(x,u,é))z S14e

for any e € (0,2MA/(A\? + A?)). It is proved by Campanato in [2] (see also [16, Theo-
rem 1.2.3]) that in case of a convex domain 2 there exists py > 2 such that the linear
Dirichlet problem

for all u € R, € € R? and a.a. x € Q

(2.6)

Lu = felif) ae. in,
u = 0 on 02

is uniquely solvable in W29(Q) "Wy %(Q) Vq € [2,po) for any linear operator L satisfying
(2.6). The number py depends on € and ¢, i.e., on A and A.
Take now p € (2,pg) such that (26,) is satisfied and let v € W12P(Q). The linear
Dirichlet problem
2
Z aij(x,v, Dv)Di;j(Tv) 4+ b(z,v,Dv) = 0 ae. in QCR?

ij=1

Tv = 0 onodf

admits a unique solution Tv € W2P(Q) N W, ?(Q) as consequence of Campanato’s result
and of (25,,) (which gives b(-, v, Dv) € LP(Q)). Thus, a nonlinear operator 7: W1 (Q) —
W2P(Q) N W,P(Q) is defined which, considered as a mapping from W12 (Q) into itself,
is continuous and compact. This way, the Leray—Schauder theorem implies existence of a
fixed point of 7, which is the desired solution of (2.4) (see [17], [22] or the proof of [16,
Theorem 3.2.9] for details).

2.5. Quasilinear operators satisfying the Campanato condition. For p € (1, 00)
let us denote

n 1/p
(Zi,jzl fQ |Dz‘ju|pd$>

cu € WHP(Q) N W, P(Q), Au # 0
(Jo | Suprda)'” 0

C(p) == sup

Because of the Calderén—Zygmund inequality, C'(p) is a finite number, and it is well known
that C(p) > 1 for p > 2. Moreover, if € is convex then lim, > C'(p) = C'(2) = 1 as proved
by C. Miranda and G. Talenti.

In this subsection we consider once again the general quasilinear Dirichlet problem (2.3)
supposing that a;; and b are Carathéodory functions and a;; = aj; for all 7,5 =1,...,n.
Moreover, we assume:

(211) Campanato’s ellipticity condition: There exist positive constants «, v and d,
with v+ 0 < 1 such that

7
Trm—aai(z,u, &)1 <O|Tr7|+ ——||7|lnxn

fora.a. x € Q, all u € R, £ € R”, and all symmetric matrices 7 € R"*". Here
17|l nxn is the Euclidean norm of the matrix 7 and Trr =" | 7.

Theorem 2.5. ([19, Theorem 1.1, Remark 1], [16, Proposition 3.2.18]) Let conditions
(26,), (27) and (211) be satisfied. Then there exists a solution u € W>P(Q) N W, P(Q) of
(2.3).
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The proof makes essential use of (2;7) which ensures that the quasilinear operator Q is
near (see [3], [16]) to the Laplacian both considered as mappings from W2?(Q)NW, " (Q)
into LP(€2). A relevant example of a quasilinear operator Q satisfying condition (211) could
be a uniformly elliptic one given by a coefficients matrix {a;;};;_; with small enough
difference between the highest and the lowest eigenvalue.

More precisely, suppose that a;; satisfies (2.5). Decomposing a;; into Ad;; + (a;; — Ad;;)
with Kronecker’s d;;, we get

|Tr 7 — aa;j(z,u, &)1 = |Tr 7 — aATr 7 — (a5 — Noij)7ij
< |1 — oA Tr 7| + alai; — Aol | 7]

< |1 — aA|.|Tr 7| + &(Z(aii —A) + Z ‘az’j|> 17l

i=1 ij=1
i3]

an?*(A — \)C(p)
C 17|,
(p)
since |a;;| < A — Xfor i # jand A < a; < A as it follows from (2.5). Let o € (0,1/\).
Then (21;) will be satisfied with § =1 — aX and v = an?(A — \)C(p) if

(2.7) 7ﬂ<§—1)0@)<L

Remark 2.6. Global unicity of strong solutions to (2.2), (2.3) or (2.4) can be invoked
under additional assumptions on the data which, roughly speaking, require a;;’s to be
independent of uw and both a;j(x,€) and b(x,u, ) to be Lipschitz continuous in £. The
reader is referred to [6, Theorem 10.2] (cf. also [18, Theorem 1.4] and [16, Theorem 2.6.12])
for details.

< |1 —aA||Tr7| +

3. APPLICATION OF THE IMPLICIT FUNCTION THEOREM

Let Q C R” be a bounded and C*'-smooth domain and consider the general quasilinear
Dirichlet problem

(3.1)

aij(x,u, Du)Dijju + b(z,u, Du) = 0 a.e. in ),
u = 0 on dN)

and its formal linearization at u = ug

Ojij(l', Ug, DUO)DZ‘J'U
+ (De¢, aj(x, up, Dug)D;jug + De, b(x, ug, Dug)) Dyv
+ (Dya;(z, ug, Dug) Djjug + Dyb(x, ug, Dug))v = 0 a.e. in Q,
v = 0 onJf.

(3.2)

We impose the following hypotheses:

(31) aij,b: Q@ x R x R" — R are C''-Carathéodory functions and a;; = aj; for all
i,j = 1,...,n (for the notion of C*-Carathéodory functions see Definition A.2
in the Appendix).

(35,) uo € W2P(Q) N W, P(Q) is a solution to (3.1) with p > n.

(33) There exists a positive constant A such that for a.a x € Q and all n € R" it

holds
aij(w, uo(), Duo(x))min; > Anl*.

(34) The maps z € Q +— a;;(z,up(x), Dug(x)) € R are in VMO(Q) N L>(Q) for all

ih,j=1,...,n.
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(35) There does not exist a non-zero solution v € W2?(Q) N Wy *(Q) to (3.2).

Theorem 3.1. Suppose (31)(35). Let U C R x R™ be an open and bounded set and
K C U a compact such that (ug(x), Dug(z)) € K for a.a. x € Q.

Then there exist neighborhoods V- C CH(QxTU )™ xCHQxT) of zero and W C WP(Q)N
WyP(Q) of ug and a C*-map ¢ : V. — W with ¢(0) = ug such that for all

(Wz‘j};}:hg) eV, ueW

we have
(a;j(x,uw, Du) + a;;(z, u, Du)) D;;u
(3.3) +b(z,u, Du) + b(z,u, Du) = 0 inQ,
u = 0, ond)

if and only if u = @({a;}7;-1,b).
Proof. For the sake of simplicity, let us denote
a={ay)r, for {ag)r,_ eClQx ).
Denote by U the set of all u € W2P(Q) N W, P(Q) such that there exists a compact
K C U with (u(x), Du(x)) € K for all z € Q. Obviously, U is open in W?P(QQ). Because
of assumption (3;) and Lemma A.3, there exist C''-maps
Ay :CHOQ X T xU — L¥(Q), B:CYQ,TU) xU — L®(Q)
such that
(Ai(@ ) (@) = aij(w, u(x), Du(w)) + @y (v, u(z), Du(x)),
(Bhw)(x) = b, u(x), Du(x)) + bz, u(z), Du(x)).
Hence, the problem (3.3) is equivalent to

(3.4) F(a@,b,u) =0,
where
(3.5) F(a,b,u) := Ay(@, u)Diju+ B(b, u).

Obviously, the map F is C'-smooth from C'(Q x U)" x CH(Q x U) x U into LP(Q).
Moreover, @ = 0, b = 0, u = uq is a solution to (3.4) because of (32,). Let us solve (3.4)
with respect to u nearby of this solution by means of the Implicit Function Theorem. In
order to do this we have to check that

(3.6) D, F(0,0,up) € Iso (W2P(Q) N WyP(Q); LP(Q)).
Because of (3.5) we have
DuF(O, O, Uo)U = Al-j((), U())Dij’U —+ (DuAZ](O, Uo)’U) Dl-ju -+ DUB(O, Uo)U

for all u € U and v € WP(Q) N W, P(Q). Hence, the linear operator D, F(0,0,uq) is the
sum of the two linear operators

(3.7) v € WHP(Q) N W, P(Q) = Ay (0,u0)Dijv € LP(9),
(3.8) v € WHP(Q) N W, P(Q) = (DyAi;(0,u0)v) Diju+ Dy B(0, up)v.

By the definition of the map A,;, the value of the right-hand side of (3.7) in a point €
is a;j(x, up, Dug(z))D;;v(z). Hence, the assumptions (33) and (34) and Theorem 2.1 imply
that (3.7) is an isomorphism.
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Similarly, the definitions of A;; and B imply that the right-hand side of (3.8) in a point
xeis

Dyaij(x, uo(x), Dug(z))v(z)Djijug(x)+De, aii(z, up(x), Dug(x))Dyv(z) Djjue(z)
+D,b(z, up(x), Dug(x))v(x)+De, b(z, ug(x), Dug(x)) Do (z).

Hence, because of the compact embedding W2P(Q2) — W1P(Q), the linear operator (3.8)
is compact. Therefore, the linear operator D,F(0,0,ug) is Fredholm (index zero). In
particular, it is an isomorphism if it is injective. Thus, assumption (35) yields that (3.6)
Is true.

Hence, the Implicit Function Theorem can be applied to (3.5) in the described way and
this gives the assertion of Theorem 3.1. U

4. APPLICATION OF THE NEWTON ITERATION PROCEDURE

In this section we again suppose the domain  to have a C''-smooth boundary, and
consider the general quasilinear Dirichlet problem

{aij(fEaU»DU)DijU+b(9€,u,DU) = 0 ae inQ,

(4.1) u = 0 onodfd

and its formal linearization in u = ug
CLZ‘j(ZL', Uo, DUO)DZ‘]'U
+ (ngaij (l’, Ug, DUQ)DZ‘jUQ + ngb(l‘, Uo, DUO)) Dk?}
+ (Dya;(z, ug, Dug) Djijug + Dyb(x, ug, Dug))v = 0 a.e. in Q,
v = 0 on 0,

but this time together with the following sequence of linear non-homogeneous boundary
value problems determining to Newton iteration wu;,; for given u; (I =1,2,...):

(4.2)

(aij(@, uy, Dug) Djjug
+Dya;(z, w, Dw) (w1 — w)Dijw
+ D¢, aij(z, uy, Duy) Dy (w1 — w) Dijw
+Dyb(x, u, Dug) (w1 — wy)
+De¢, b(x, uy, Dug) Dy (w41 — w) + b(z,u, Dug) = 0 in Q,
L u = 0 on 0L

(4.3)

Definition 4.1. Denote by A, the set of all symmetric matriz functions {a;;}} ;= €
L>(Q)", for which there exists A > 0 such that

(4.4) aij(z)nin; > An|? for alln € R" and a.a x € Q
and for which the map u € W?P(Q) N Wy P(Q) — a;;Dyju € LP(Q), is an isomorphism.

Obviously, any of the symmetric matrix functions {a;;}7;_, € L>®(Q)™, considered in
Section 2 (e.g., with a;; € VMO(Q), or a;;’s satisfying the Cordes condition (2.7)) is in
A,, and any symmetric matrix function, which is close to them in LC’O(Q)”2 and which
satisfies (4.4) is in A, as well.

We impose the following conditions:

(41) aij,b: Q@ x R x R" — R are C"*-Carathéodory functions and a;; = aj; for all
i,j =1,...,n (for the notion of C*'-Carathéodory functions see Definition A.2
in the Appendix below).

(49,) uo € W2P(Q) N Wy P() is a solution to (4.1) with p > n.
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(43p) {ai; (-, u0(-); Duo(-))}7j=1 € Ap.
(44) There does not exist a non-zero solution v € W2?(Q) N W, P(Q) to (4.2).

Theorem 4.2. Suppose (41)—(44). Then there exists a neighborhood W C W?2P(Q) N
Wol’p(Q) of ug such that for any uy € W there exists a unique sequence of solutions
Up, U, ... € WHP(Q) N Wy P(Q) to (4.3), and w; converges to ug in W>P(Q) as | — oc.

Proof. We proceed as in the proof of Theorem 3.1. Writing F'(u) for F'(0,0, ), the problem
(4.1) is equivalent to

(4.5) F(u)=0
with
(4.6) (F(u)) (z) == aij(z,u(x), Du(x))D;u(z) + b(x, u(z), Du(z)).

Lemma A.3 implies that (4.6) defines a map F' € C*(W?P(Q); LP(Q)). Assumption (45,,)
yields that ug is a solution to (4.5). Finally, (43,) and (44) imply (as in the proof of
Theorem 3.1) that

F'(ug) € Iso(W*P(Q) N Wy (Q); LP(Q)).

Hence, all conditions for the applicability of the abstract Newton iteration procedure (see
[24, Proposition 5.1]) to (4.5) in the solution ug are checked up to the following one:

(4.7) F’ is Lipschitz continuous in a neighborhood of .
For proving (4.7), we use the quasilinear structure of F. Because of (4.6) we have

where A;;, B € C? (Wl’oo(Q);LOO(Q)) are the superposition operators generated by a;
and b. Hence

F'(u)w = Aij(u)Dijjw + (A;j(u)w) D;ju + B'(u)w
Therefore (F'(u) — F'(v)) w is a sum of the following terms:

(4.8) (Aij(u) — Aij(v) Dijw,
(4.9) (A;j(u) v)) wD;ju,
(4.10) Ajj(v)w Dz’j(u —v),
(4.11) (B'(u) = B'(v)) w

The LP-norm of (4.8) can be estimated by
(4.12) const |[u — v Lr()l|w]lw2r@)

in view of the mean value theorem and because Aj; is locally bounded from W?*?(Q)
into £ (W?2(Q), L>=(Q)) (as a locally Lipschitz continuous map, cf. Lemma A.3). The
LP-norms of (4.9) and (4.11) can be estimated by (4.12) because Aj; and B’ are lo-
cally Lipschitz continuous from W?2?(Q) into £ (W??(Q), L>(2)) . Finally, the LP-norm
of (4.10) can be estimated by (4.12) again, because Aj; is locally bounded from W?*?(Q)
into £ (W?%P(Q2), L>(Q)). O
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5. CONCLUDING REMARKS

Results of the type of Sections 3 and 4 are true also for other boundary conditions, in
particular for the regular oblique derivative problem

Qu = a;;(z,u, Du)D;; + b(z,u, Du) =0 a.e. in €,

5.1

1) %—Fa(x)u:O on OS2

Here ((z) = (¢1(),...,{,(2)) is a unit vector field defined on 9 which is never tangen-
tial to 99, o(z) < 0 and ¢;, o € C*1(9N2). We dispose of various existence results for
(5.1) under the set of hypotheses given in Section 2. Precisely, we refer the reader to [15]
when Q is a linear operator, to [5] in case Q is semilinear, to [23] for general quasilinear
operators with smooth coefficients and to [7] in the situation considered in Theorem 2.4.

The results of Sections 3 and 4 can be generalized to weakly coupled systems of the
type
(52)  ag(z, u', o u, Duty . D) Dgu® + 0% (x,ut L uN, Dut o DuY) = 0.

In (5.2) the index « varies from 1 to N, but there is no summation over «. If ellipticity
conditions of the type (33) are fulfilled for each «, then the main part of the lineariza-
tion in a solution (uf, ..., u)) generates, in the case of homogeneous Dirichlet boundary
conditions, for example, an isomorphism
1, N «a alN N
ve (W Q) NW, () — [af(up, ... ud, Dy, . .., Duy’)Dijv }a:1 € (LP(Q))" .

ij
Hence, the whole linearization of (5.2) generates a Fredholm operator (index zero) from
(W2e(Q) N Wol’p(Q))N into (L7(Q))", and it is an isomorphism iff it is injective.

Results of the type of Sections 3 and 4 are also true for boundary value problems
for elliptic equations and systems in divergence form, see [20] for the case N = 2 and
[12] for N > 2. In comarison with the results of the present paper for non-divergence
type equations, in those papers some of the assumptions are weaker (arbitrary Lipschitz
domains and arbitrary discontinuities in x, mixed boundary conditions), some stronger
(the equations have to be linear with respect to the gradient Du). In the case N > 2
there are involved other function spaces (Sobolev-Campanato spaces), and the maximal
regularity theory for the linear problems, used in [12], is developed in [8, 9, 11]. The
maximal regularity theory for the linear problems, used in [20], is developed in [10].

APPENDIX: SUPERPOSITION OPERATORS

In this section €2 is a bounded domain in R", and we consider superposition operators
of the type

(A.1) (A(u)) () = a(z,u(x), Du(zx)) for a.a. x € Q.

Our first result proposes sufficient conditions in order that the superposition operator A

maps functions v € C(Q2) with Du € (VMO(2) N L>*(Q))" into VMO(Q) N L>(Q). It
generalizes Lemma 2.1 in [18] and Lemma 2.6.2 in [16].

Lemma A.1. Let a: QxR xR" — R be a Carathéodory function satisfying the following
conditions:
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(A1) a(-,u,&) € VMO(Q) locally uniformly in (u,&): For all M > 0 it holds

1 ’a(y,u,f) — ﬁﬂ/ a(z,u,f)dz)dy

ym(r) == sup sup sup ——
[ul,|€]<M 0<p<r TEQ ‘Qp,x| Q.

tends to zero as r tends to zero.
(Ag) Continuity properties of a(x,-,-): For all M > 0 there exist cpy > 0 and a non-
decreasing function pyy : [0,00) — (0,00) with limy_q par(t) = 0 such that for
a.a. v € Q, allu, v € R and all £, & € R™ it holds
ja(z, u, &) — a(a, v, )| < par(lu—v']) + en|€ = &'
(A3) a(x,0,0) € L>(Q).
Then A(u) € VMO(2) N L=(Q) for any u € C(Q) with Du € (VMO(Q) N L>(Q))".
Proof. Let u € C(Q) with Du € (VMO(Q) N L>*(2))", and take M > |Juw1.x(q). Then
for a.a. x € Q2 we have
la(z, u(z), Du(x))| <la(z,0,0)] + |a(z, u(z), Du(z)) — a(z,0,0)|
<lla(-,0,0)[|z(0) + par ([[ullL=(e)) + carl| Dufl oo (sryn-

Hence, A(u) € L>(Q).
Now, take x € Q and 0 < p < r. Then

(o) = / ofy. ). Dutw) = g [ atz.ute). Du(:))az)dy
<2U\(p.0) + Lp.a) |
with
(o) = / Ja(y, u(y), Duy)) — aly, u(2), (D)o )|y
Lp,z) : |pr|/}a y,u(z), (Du)g,,) — |pr|/ z,u(z), (Du)g, ., ) dz’dy,

(Du)q, . = / Duy)dy.
mp,x|
Qp@

It follows from (Aj) that

Li(p, x) < pr(wu(r)) + earypu(r)

with w, being the modulus of continuity of u and vp, the VMO modulus of Du. Further,
(A7) yields

IQ(pv l’) < /YM(T)

Hence sup ., sup,cq [ (p,x) — 0 as r — 0, and this completes the proof. 0

The second result of this section describes conditions which imply that the superposition

operator A is a C''-smooth map from W1*°(Q) into L>°(2). Moreover, we show that the
corresponding evaluation map

(a,u) = a(-,ul-), Du(-))
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is C'' on suitable function spaces. The smoothness of evaluation maps depends on the
choice of the function spaces (see, e.g., [1, Proposition 2.4.17]). In order to introduce our
function space of the Carathéodory functions a let us use the following terminology:

Definition A.2. Let U C R X R", and let a : Q2 x U — R be a Carathéodory function.
(1) The function a is called C'-Carathéodory function on Q x U if the following condi-
tions are fulfilled:
(Ay) For almost all x € § the function a(x,-) is continuously differentiable.
(As) For all compact sets K C U there exists cx > 0 such that for a.a. x € Q and
all (u, &) € K it holds

la(z,u, &) + | Dualz,u,§)| + Y |De,alz,u,&)] < ck.
j=1
(Ag) For all compact sets K C U and all ¢ > 0 there exists 6 > 0 such that for a.a.
x € Q and all (u,§), (W, &) € K with |u—u'|+ || = ¢&|| < 0 it holds

la(z,u, &) — a(x, v, &) |+|Dya(z,u, &) — Dya(z,u', &)
+ Z |D¢;a(x,u,§) — De,a(z, v, &)] < e.
=1

(ii) The function a is called CYt-Carathéodory function on Q x U if (A4) and (As) hold
and the following condition is fulfilled:

(A7) For all compact sets K C U there exists Lx > 0 such that for a.a. x €  and
all (u, &), (', &) € K it holds

\a(:c,u,f)—a(:c,u’,ﬁ’)\ + \Dua(x,u,ﬁ) - Dua(:c,u’,flﬂ

+Z |D§ja(l‘7u7£) - ija(l‘7ula§,)| < Lk (|u - ul| + |£ - §,|)
j=1

(iii) Let K C R x R™ be a compact. The vector space of all C*-Carathéodory functions
on Q) x K, equipped with the norm
la|| :== sup esssup|a(z,u,&)|+ sup esssup|Dya(z,u,§)]
(w,€)eK  z€Q (u,€)eK  z€Q

n

+Z sup esssup |Dga(z,u,§)|
et (u,£)eK  x€Q

will be denoted by C'(Q x K).

Lemma A.3. Let U C R x R" be bounded and open. Denote by U the set of all u €
Whe(Q) such that there exists a compact K C U with (u(z), Du(x)) € K for a.a. x € Q.
Then the following is true:

(i) U is open in W (Q);

(i) Let a € CHQ x U). Then there exists a C'-map A : U — L>®(Q) such that for
a.a. v € Q alla € CL(Q x U) and all w € U it holds (A.1). If, moreover, a is a
CY1-Carathéodory function, then the derivative A’ is locally Lipschitz continuous.

(iii) There exists a Ct-map E : CL(Q x U) x U — L>®(2) such that for a.a. © € €, all
a€CYQxU) and all u €U it holds

(A.2) (E(a,u)) (x) = a(x,u(x), Du(x))
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Proof. Assertion (i) is obvious. Let us show that assertion (ii) is true. We have

Dua(:c, u, g) = lim CL(.’L’, U+, g) — CL({L’, u, é)
v—0 v
for a.a. x € Q, all u € R and all £ € R™. Thus, D,a(-,u, &) is the limit almost everywhere
of a sequence of measurable functions and, hence, measurable. Analogously we get that
the functions De;a(-,u, ) are measurable.
Now, let us fix a function u € U. By definition there exists a compact K C U with
(u(x), Du(z)) € K for a.a. x € Q. Hence, because of assumption (As), we get that

(A.3) a(,u(-), Du(-)), Dya(-,u(-), Du(-)), De;al-,u(-), Du(-)) € L*(€).

If the superposition operator A is differentiable in u then its derivative can be calculated
pointwise for a.a. x € (), i.e.

(A.4) (A'(u)v)(x) = Dya(z,u(x), Du(z))v(x) + De,a(x, u(z), Du(x))Dyv(x)

Thus, the right hand side of (A.4) is a candidate for the derivative A’(u). Because of (A.3)
the map

(A.5) v = Dyalc,ul-), Du(-))o(-) + Deal- ul-), Du(-)) Dyo(-)

is linear and bounded from W' () into L>(£2). Let us show that (A.5) is indeed the
derivative of A in u. For a.a z € Q and all v € WH(Q) we have

a(z,u(z) + v(x), Du(x) + Dv(x)) — a(x,u(z), Du(z))
—Dya(x,u(z), Du(z))v(x) — De,a(z, u(x), Du(x))Dyv(x)
= /0 (Dua(x, u(z) + tv(z), Du(x) + tDv(z))v(z) — Dya(x, u(x), Du(z))v(x)
+D¢,a(z, u(z) + tv(z), Du(x) + tDv(x))Dyv(z) — De,a(x, u(z), Du(:c))Dw(x))dt.

Take & > 0. There exist a compact set K C U and § > 0 such that for all v € WH>(Q)
with [[v]|wieeq) < 0 it holds (u(z) + v(x), Du(x) + Dv(z)) € K for a.a. x € Q. Taking ¢
small enough we can assume that it is the § corresponding to K and € from (Ag). Hence,
we have for a.a. z € Q and all v € W™(Q) with [[v][y1..(g) < 0 that

|a(z, u(z)+v(x), Du(z) + Dv(z)) — a(z, u(z), Du(x))
— Dya(z,u(z), Du(z))v(x) — De,a(z, u(x), Du(:p))Dkv(x)’ < ellvllwiee ()

Now, let us show that the derivative A’ is continuous in u. Take £, K and § as above.
Then, again by (Ag), for a.a z € Q and all v,w € WH(Q) with |[vyreq) < & we have

[(A(u+v) = A'(u)w) ()]
= | (Dya(z,u(z) + v(z), Du(z) + Dv(x)) — Dya(z,u(z), Du(x))) w(x)

+ (Dg.a(z,u(z) + v(z), Du(z) + Dv(z)) — De,a(z,u(z), Du(z))) De,w(x)
< egllw|lwre()-

Analogously, one shows that the derivative A’ is locally Lipschitz continuous if condition
(A7) is satisfied.

(iii) In order to show that the evaluation map E is continuously differentiable we show
that its partial derivatives with respect to a and to u exist and are continuous. Obviously,
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the map E(-,u) is linear. Hence, the partial derivative D,E of E with respect to a exists
everywhere, and for a.a. x € Q, all a,b € C}(Q x U) and all u € U we have

(A.6) (D,E(a,u)b) (x) = b(z,u(z), Du(x)).

Moreover, as above one shows that the partial derivative D, E of E with respect to u
exists everywhere, and for a.a. x € Q and all a € C1(Q2 x U), u € U and v € W1>(Q) we
have

(A.7) (D, E(a,u)v)(xz) = Dya(z, u(x), Du(x))v(z) + De,a(x, u(z), Du(z))Dyv(z).

Let a € C1(2 x U) and u € U be fixed. We are going to show that D,F and D,E are
continuous in the point (A, u).

There exists a ¢ > 0 such that for all v € Wh*(Q) with [|v]|wie@) < 0 it holds
(u(z) + v(z), Du(z) + Dv(z)) € U for a.a. = € Q. Hence, for a.a. z € Q, all b,c €
C'(Q x U) and all v € W**(Q) with [|v]|yre(q) < 6 we have

| (DuB(a + b, + v)e — DoEla, u)e) (x)]
~ |e(a, u(x) + v(z), Du(z) + Do(a)  clz, u(a), Du(a))

— ’ /0 (Duc(z, u(z) + tv(z), Du(z) + tDv(z))v(z)

+ D¢, c(z, u(x) + tv(z), Du(x) + tD'U(x))Dkv(x))dt’

< leller@xm lvllwree -
Finally, in order to show that D, E is continuous in (A, u), we take an arbitrary ¢ > 0
and the ¢ from above. Choosing § small enough we can assume that it is the J corre-

sponding to U and ¢ from (Ag). Hence, we have for a.a. x € Q, all b € C}(Q x U) and all
U,w E Wl’OO(Q) Wlth ||b||C1(QXU) + ||U||W1,00(Q) < 6 that

|(DuE(a+b,u+v)w — D,E(a,u)w) ()]
= | (Dya(z,u(z) + v(x), Du(z) + Dv(z)) — Dya(z, u(zx), Du(z))) w(zx)
+ (D¢, a(x,u(z) + v(z), Du(z) + Dv(z)) — De,a(x, u(x), Du(x))) De, w(z)
+ Dbz, u(x) + v(z), Du(x) + Dv(z))w(z) + D¢ b(x, u(z) + v(x), Du(zr)De,w(x)
< (e + 0)lwllwr(q)-
U
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